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ABSTRACT

The ability to learn good representations of states is essential for solving large re-
inforcement learning problems, where exploration, generalization, and transfer are
particularly challenging. The Laplacian representation is a promising approach
to address these problems by inducing informative state encoding and intrinsic
rewards for temporally-extended action discovery and reward shaping. To obtain
the Laplacian representation one needs to compute the eigensystem of the graph
Laplacian, which is often approximated through optimization objectives compat-
ible with deep learning approaches. These approximations, however, depend on
hyperparameters that are impossible to tune efficiently, converge to arbitrary rota-
tions of the desired eigenvectors, and are unable to accurately recover the corre-
sponding eigenvalues. In this paper we introduce a theoretically sound objective
and corresponding optimization algorithm for approximating the Laplacian repre-
sentation. Our approach naturally recovers both the true eigenvectors and eigen-
values while eliminating the hyperparameter dependence of previous approxima-
tions. We provide theoretical guarantees for our method and we show that those
results translate empirically into robust learning across multiple environments.

1 INTRODUCTION

Reinforcement learning (RL) is a framework for decision-making where an agent continually takes
actions in its environment and, in doing so, controls its future states. After each action, given the
current state and the action itself, the agent receives a reward and a next state from the environment.
The objective of the agent is to maximize the sum of these rewards. In principle, the agent has to visit
all states and try all possible actions a reasonable number of times to determine the optimal behavior.
However, in complex environments, e.g2., when the number of states is large or the environment
changes with time, this is not a plausible strategy. Instead, the agent needs the ability to learn
representations of the state that facilitate exploration, generalization, and transfer.

The Laplacian framework (Mahadevan, [2005; [Mahadevan & Maggionil 2007) proposes one such
representation. This representation is based on the graph Laplacian, which, in the tabular case, is a
matrix that encodes the topology of the state space based on both the policy the agent uses to select
actions and the environment dynamics. Specifically, the d—dimensional Laplacian representation is
a map from states to vectors whose entries correspond to d eigenvectors of the Laplacian.

Among other properties, the Laplacian representation induces a metric space where the Eu-
clidean distance of two representations correlates to the temporal distance of their corresponding
states; moreover, its entries correspond to directions that maximally preserve state value informa-
tion (Petrik, 2007). Correspondingly, it has been used for reward shaping (Wu et al., |2019; Wang
et al.,[2023)), as a state representation for value approximation (e.g., Mahadevan & Maggionil 2007;
Lan et al} [2022; Wang et al.| [2022; [Farebrother et al.l 2023), as a set of intrinsic rewards for ex-
ploration via temporally-extended actions (see overview by Machado et al.,|2023)), zero-shot learn-
ing (Touati et al., |2023)), and to achieve state-of-the-art performance in sparse reward environments
(Klissarov & Machadol [2023)).

When the number of states, |S|, is small, the graph Laplacian can be represented as a matrix and
one can use standard matrix eigendecomposition techniques to obtain its eigensystem and the cor-
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Figure 1. Average cosine similarity between the true Laplacian representation and GGDO for dif-
ferent values of the barrier penalty coef cient, averaged over 60 seeds, with the best coef cient
highlighted. The shaded region corresponds to a 95% con dence interval.

responding Laplacian representation. In practice, howggrs large, or even uncountable. Thus,

at some point it becomes infeasible to directly compute the eigenvectors of the Laplacian. In this
context, Wu et al. (2019) proposed a scalable optimization procedure to obtain the Laplacian rep-
resentation in state spaces with uncountably many states. Such an approach is based on a general
de nition of the graph Laplacian as a linear operator, also introduced by Wu et al. (2019). Im-
portantly, this de nition allows us to model the Laplacian representation as a neural network and to
learn it by minimizing an unconstrained optimization objective gtamh drawing objectivéGDO).

A shortcoming of GDO, however, is that arbitrary rotations of the eigenvectors of the Laplacian min-
imize the graph drawing objective (Wang et al., 2021). This is, in general, undesirable since rotating
the eigenvectors affect the properties that make them useful as intrinsic rewards (see Appendix C for
more details). As a solution, Wang et al. (2021) proposedjémeralized graph drawing objective
(GGDO), which breaks the symmetry of the optimization problem by introducing a sequence of de-
creasing hyperparameters to GDO. The true eigenvectors are the only solution to this new objective.
Despite this, when minimizing this objective with stochastic gradient descent, the rotations of the
smallest eigenvectorsre still equilibrium points of the generalized objective. Consequently, there

is variability in the eigenvectors one actually nds when minimizing such an objective, depending,
for example, on the initialization of the network and on the hyperparameters chosen.

These issues are particularly problematic becauseimp®ssible to tune the hyperparameters

of GGDO without already having access to the problem solution: previous results, when sweeping
hyperparameters, used the cosine similarity betweerirtleeeigenvectoraind the approximated
solution as a performance metric. To make matters worse, thdyestparameters are environ-

ment dependent as shown in Figure 1. Thus, when relying on GDO, or GGR@; impossible

to guarantee an accurate estimate of the eigenvectors of the Laplacian in environments where one
does not know these eigenvectors in advamdech obviously defeats the whole purpose. Finally,

the existing objectives angnable to approximate the eigenvalue®f the Laplacian, and existing
heuristics heavily depend on the accuracy of the estimated eigenvectors (Wang et al., 2023).

In this work, we introduce a theoretically sound max-min objective and a corresponding optimiza-
tion procedure for approximating the Laplacian representation that addedisthesaforementioned
issues. Our approach naturally recovers both the true eigenvectors and eigenvalues while eliminat-
ing the hyperparameter dependence of previous approximations. Our objective, which we call the
Augmented Lagrangian Laplacian Objective (ALLO), corresponds to a Lagrangian version of GDO
augmented with stop-gradient operators. These operators break the symmetry between the rota-
tions of the Laplacian eigenvectors, turning the eigenvectors and eigenvalues into the unique stable
equilibrium point of min-max ALLO under gradient ascent-descent dynamics, independently of the
original hyperparameters of GGDO. Besides theoretical guarantees, we empirically demonstrate that
our proposed approach is robust across different environments with different topologies and that it
is able to accurately recover the eigenvalues of the graph Laplacian as well.

2 BACKGROUND

We rst review the reinforcement learning setting, before presenting the Laplacian representation
and previous work on optimization objectives for its approximating approximation.

We refer to the eigenvectors with corresponding smallest eigenvalues as the “smallest eigenvectors”.
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Reinforcement Learning. We consider the setting in which an agent interacts with an environ-
ment. The environment is a reward-agnostic Markov-decision prddess (S;A;P; o) with

nite state spaceS = f1; ;jSjg,> nite action spaceA = f1; ;jAjg, transition proba-
bility mapP : S A'! (' S), which maps a state-action pdis; a) to a state distribution
P(js;a) in the simplex ( S), and initial state distributiong 2 ( S). The agent is character-
ized by the policy : S! ( A) that it uses to choose actions. At time-steg 0, an ini-

tial stateSy is sampled from . Then, the agent samples an actidg from its policy and, as

a response, the environment transitions to a new Sgtdollowing the distributionP (Sp; Ao).

After this, the agent selects a new action, the environment transitions again, and so on. The agent-
environment integaction determines a Markov process characterized by the transition Pnatrix
where(P )sso = .on  (S;@)P(sYs; @) is the probability of transitioning from stageto states®

while following policy .

Laplacian Representation. In graph theory, the object of study is a node ¢evhose elements

are pairwise connected by edges. The edge between a pair ofniadésV is quanti ed by a non-
negative real numbens., o, which is 0 only if there is no edge between the nodes. The adjacency
matrix, W 2 RVIVI | stores the information of all edges such tft),. o = wy. 0. The degree

of a nodev is the sum of the adjacency weights betwseand all other nodes iW and the degree
matrixD 2 RVilVi s the diagonal matrix containing these degrees. The Laplaciamle ned as

L =D W, and,justas the adjacency matrix, it fully encodes the information of the graph.

If we consider the state space of an MDBP as the set of noded, = S, andW as determined

by P , then we might expect the graph Laplacian to encode useful temporal informationMbhout
meaning the number of time steps required to go from one state to another. In accordance with
Wu et al. (2019), we broadly de ne theaplacianin the tabular reinforcement learning setting as
any matrixL = | f (P ), wheref : RISISI 1 Symy; (R) is some function that mag@ to

a symmetric matriX. For example, ifP is symmetric, the Laplacian is typically de ned as either
L=1 PoL=I1 (1 ) ,where =(I P ) 'is amatrix referred to as the successor
representation matrix (Dayan, 1993; Machado et al., 2018). In the case Whér@ot symmetric,

L isusually de ned as = | %(P + P>) to ensure it is symmetric (Wu et al., 2019).

The Laplacian representatign : S | RY, maps a state to d corresponding entries in the set
of 0 <d |Sj smallest eigenvectors &f, i.e., (s) =[ei[s]; ;eqls]]”, whereg; is thei th
smallest eigenvector df ande;[s], its s th entry (Mahadevan & Maggioni, 2007; Stachenfeld
et al., 2014; Machado et al., 2017).

The Graph Drawing Objective. Given the graph Laplaciah, the spectral graph drawing opti-
mization problem (Koren, 2003) is de ned as follows:

xd
min hui; Luji 0}

Ui, ;ug2RS i=1
such that h,lj;uki = ks 1 k d;

whereh; i is the inner product iR’SI and jk 1S the Kronecker delta. This optimization problem has

two desirable properties. The rstone is that themallest eigenvectors bfare a global optimizef.

Hence, the Laplacian representatiomssociated with. is a solution to this problem. The second
property is that both objective and constraints can be expressed as expectations, making the problem
amenable to stochastic gradient descent. In particular, the or@gnatrainecoptimization problem

(1) can be approximated by the unconstraigeaph drawing objectivéGDO):

X X X ,
min hui;Luii + b hujud (2
u2 RdiS . .
i=1 j=1 k=1

2For ease of exposition, we restrict the notation, theorems, and proofs to the nite state space setting.
However, we generalize all of them to the abstract setting in Appendix A.5, where the state space is an abstract
measure space, in a similar fashion as in the work by Wu et al. (2019) and Wang et al. (2021).

3The Laplacian hagSj differentreal eigenvectors and corresponding eigenvalues only if it is symmetric.

“For proofs in the tabular setting, see the work by Koren (2003) for the @¢ase2, and Lemma 1 for
arbitraryd. For the abstract setting, see the work by Wang et al. (2021).
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whereb2 (0;1 ) is a scalar hyperparameter améE [u7 ;  ;ug]” is the vector that results from
concatenating the vectofs; ), (Wu etal., 2019).

The Generalized Graph Drawing Objective. As mentioned before, any rotation of the smallest
eigenvectors of the Laplacidnis a global optimizer of the constrained optimization problem (1).
Hence, even with an appropriate choice of hyperparanbe@DO does not necessarily approximate
the Laplacian representation As a solution, Wang et al. (2021) present the generalized graph
drawing optimization problem:

xd
min. chui;Luji 3)
u?2 RIS i=1

suchthat huj;uki= %, 1 k j d;

wherec; > > cq > 0is a monotonically decreasing sequencel dfyperparameters. Corre-
spondingly, the unconstrainggneralized graph drawing objecti¢6é GDO) is de ned as:

xd xd xd )
min Ghuj;Luiji + b min(G; &) huj;ui ko 4)
UZRUS j=1 k=1

Wang et al. (2021) prove that the optimization problem (3) has a unique global minimum that cor-
responds to the smallest eigenvectors pfor anypossible choice of the hyperparameter sequence
(c)Y, . However, in the unconstrained setting, which is the setting used when training neural net-
works, these hyperparameters do affect both the dynamics and the quality of the nal solution.
In particular, Wang et al. (2021) found in their experiments that the linearly decreasing choice
¢ = d i+ 1 performed best across different environments. More importantly, under gradient
descent dynamics, the introduced coef cients are unable to break the symmetry and arbitrary rota-
tions of the eigenvectors are still equilibrium points (see Corollary (1) in Section 4).

The Abstract and Approximate Settings. Lastly, the previous optimization problems (1)-(4) can
be generalized to the abstract setting, whers potentially an uncountable measure space (e.g.,
the continuous spad®"). In practice, the only thing that changes is that nite-dimensional vectors
u; are replaced by real-valued functions: S ! R,° and matrices by linear operators that map
these functions to functions in the same space (see Appendix A.5 for a detailed discussion). This
generalization is useful because it allows to introduce function approximators in a principled way.
Speci cally, we replace thd functions(u1;  ;ug) by the parametric model :S! RY, where

is a nite dimensional parameter vector. In our case,represents a neural network, anda
vector containing the weights of the network. This choice allows us to nd an approximate solution
by iteratively sampling a transition batch, calculating the corresponding optimization objective, and
propagating the gradients by means of any stochastic gradient descent-based optimizer. In the fol-
lowing chapters we will see why this gradient descent procedure is incompatible with GGDO and
how our proposed objective, ALLO, overcomes this incompatibility in theory and in practice.

3 AUGMENTED LAGRANGIAN LAPLACIAN OBJECTIVE

In this section we introduce a method that retains the bene ts of GGDO while avoiding its pitfalls.
Speci cally, we relax the goal of having a unique global minimum for a constrained optimization
problem like (3). Instead, we modify the stability properties of the unconstrained dynamics to ensure
that the only stable equilibrium point corresponds to the Laplacian representation.

Asymmetric Constraints as a Generalized Graph Drawing Alternative. We want to break the
dynamical symmetrgf the Laplacian eigenvectors that make any of their rotations an equilibrium
point for GDO (2) and GGDO (4) while avoiding the use of hyperparameters. For this, let us consider
the original graph drawing optimization problem (1). If wedet 1, meaning we try to approximate

only the rst eigenvectorey, it is clear that the only possible solutionuis = e;. This happens
because the only possible rotations are;. If we then try to solve the optimization problem for

5As a consequence, the eigenvectors of the Laplacian are commonly called eigenfunctions. However, tech-
nically speaking, the eigenfunctions are still eigenvectors in the space of square integrable functions.
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d=2, but x u; = ey, the solution will be(u; u,) = (e1; ey), as desired. Repeating this process

d times, we can obtain. Thus, we can eliminate the need for theyperparameters introduced by
GGDO by solvingd separate optimization problems. To replicate this separation while maintaining
a single unconstrained optimization objective, we introduce the stop-gradient opEKatoGDO.

This operator does not affect the objective, but it indicates that, when following gradient dynamics,
the real gradient of the objective is not used. Instead, when calculating derivatives, whatever is
inside the operator is assumed to be constant. Speci cally, the objective becomes:

X X X ,
mln hui;Luii+ b h,lj JJu K T (5)
u2 R4isj . .
i=1 j=1 k=1

Note that in addition to the stop-gradient operators, the upper limit in the inner summation is now
the variablg , instead of the constat These two modi cations ensure that changes only to
satisfy the constraints associated to the previous vet?tqr)$:11 and itself, but not the following

ones, i.e.(u; )jd: i+1 - Hence, the asymmetry in the descent direction achieves the same effect as
havingd separate optimization problems. In particular, as proved in Lemma 2 in the next section,
the descent direction of the nal objective, yet to be de ned, becofhesly for permutations of a
subset of the Laplacian eigenvectors, and not for any of its rotations.

Augmented Lagrangian Dynamics for Exact Learning. The regularization term added in all of

the previous objectives (2), (4), and (5) is typically referred to as a quadratic penalty with barrier
coef cient b. This coef cient shifts the equilibrium point of the original optimization problems (1)
and (3), and one can only guarantee that the desired solution is obtained in the llifnit (see
Chapter 17 by Nocedal & Wright, 2006). In practice, one can incrbasdél a satisfactory solution

is found. However, not only is there no direct metric to tell how close one is to the true solution, but
also an extremely largeis empirically bad for neural networks when optimizing GDO or GGDO.
As a principled alternative, we propose the use of augmented Lagrangian methods. Speci cally, we
augment the objective (5) by adding the original constraints, multiplied by their corresponding dual
variables( jx )1 « j 4. Thisturns the optimization problem into the following max-min objective,
which we call theaugmented Lagrangian Laplacian objecti{&LLO):

o XX xd X 5
max mldﬂS huij; Lu;i + ik h,lj;JUkK ik + b mj;Jukki ik (6)
UZRI i=1 k=1 i=1 k=1
where =1[ 11; 21; 22 5 d¢1, . dd] 2 R¥9D =2 s a vector containing all of the dual

variables. There are two reasons to introduce the additional linear penalty, which at rst glance do
not seem to contribute anything that the quadratic one is not adding already. First, for an appropri-
ately choset, the equilibria of the max-min objective (6) corresponds exactly to permutations of the
smallest Laplacian eigenvectors, and only the sorted eigenvectors are a stable solution under gradi-
ent ascent-descent dynamics. Second, the optimal dual variabke® proportional to the smallest
Laplacian eigenvalues, meaning that with this single objective one can recover ndiathlgigen-

vectors and eigenvalues bf(see the next section for the formalization of these claims). Moreover,

the calculation of the linear penalty is a byproduct of the original quadratic one. This means that the
computational complexity is practically unaltered, beyond having to update (and Gt@®) dual
parameters, which is negligible considering the number of parameters in neural networks.

Something to note is that the standard augmented Lagrangian has been discussed in the literature as
a potential approach for learning eigenvectors of linear operators, but dismissed due to lack of em-
pirical stability (Pfau et al., 2019ALLO overcomes this problem through the introduction of the
stop-gradient operators, which are responsible for breaking the symmetry of eigenvector rotations,
in a similar way as how gradient masking is used in spectral inference networks (Pfau et al., 2019).

Barrier Dynamics. For the introduced max-min objective to work, in thedmhas to be larger

than anite value that depends dn Moreover, iff (P ) in the de nition ofL is a stochastic matrix,
which is the case for all de nitions mentioned previously, one can exactly determine a lower bound
for b, as proved in the next section. In practice, however, we found that incrdagrwelpful for

nal performance. In our experiments, we do so in a gradient ascent fashion, just as with the dual
variables.
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4 THEORETICAL RESULTS

To prove the soundness of the proposed max-min objective, we need to show two things: 1) that the
equilibria of this objective correspond to the desired eigensystem of the Laplacian, and 2) that this
equilibria is stable under stochastic gradient ascent-descent dynamics.

As an initial motivation, the following lemma deals with the rst point in th&tionary setting

While it is known that the solution set for the graph drawing optimization problem (1) corresponds to
the rotations of the smallest eigenvector& pfthe Lemma considers a primal-dual perspective of the
problem that allows one to relate the dual variables with the eigenvalleéek the Appendix for a
proof). This identi cation is relevant since previous methods are not able to recover the eigenvalues.

Lemma 1. Consider a symmetric matrix 2 RISISI with increasing, and possibly repeated,
eigenvalues ; isj» and a corresponding sequence of eigenvedte ‘Q;Jl . Then, given a
number of components, d jSj , the pair(u; ), ; ( k)1 k j d whereu; = g and j =

i ik isasolution to the primal-dual pair of optimization problems corresponding to the spectral

graph drawing optimization problem (1). Furthermore, any other primal solution corresponds to a
rotation of the eigenvector®; )", .

Now that we know that the primal-dual pair of optimization problems associated to (1) has as a
solution the smallest eigensystem of the Laplacian, the following Lemma shows that the equilibria
of the max-min objective (6) coincides only with this solution, up to a constant, and any possible
permutation of the eigenvectotsjt not with its rotations .

Lemma 2. The pairu ; is an equilibrium pair of the max-min objective (6), under gradient
ascent-descent dynamics, if and only ifcoincides with a subset of eigenvectors of the Laplacian

(e (i))L; ., for some permutation : S!S ,and , = 2 (j) jk.

Proof. DenotingL the objective (6), we have the gradient ascent-descent dynamical system:
uilt +1] = ui[t] primal gui(u[t]; [th; 81 i d;
KIH= 0% (Ul (D5 81 k] d;
@ ik

wheret 2 N is the time index, pima; dual > O are step sizes, argl,; is the gradient of. with
respect tau;, considering the stop-gradient operator. We avoid the notatigh. to emphasize that
gu, is not a real gradient, but a direction that ignores what is inside the stop-gradient operator.

The equilibria of our system satisty [t + 1] = u; [tjand ;, [t +1] =  [t]. Hence,

X Xi

gu(u; )=2Lu; + jup+2b  (hujsupi )u; =05 81 0 d (7)
j=1 j=1

@@j-k(U; ):hJj;Uki ik =0; 81 Kk ] d: (8)

We proceed now by induction overconsidering that Equation (8) tells us that corresponds to
an orthonormal basis. For the base dasel we have:

Qu,(u; )=2Lug+ 313uU;=0:

Thus, we can conclude thaf is an eigenvectog ;) of the Laplacian, and that;;; corresponds to

its eigenvalue, specically 1., = 2 (4, for some permutation : S!S . Now let us suppose
thatu; = e gyand x = 2 () j forj<i . Equation (8) foii then becomes:
'x 1
Qu(u; )=2Lu; + qu; + i€ () =0:

j=1

In general, we can express as the linear combinatiom; = P jsz'l Cj € (j) since the eigenvectors

of the Laplacian form a basis. Also, given tiat ; uxi = 0, we have that; =0 forj <i . Hence,
i %l X1 i X1

2 glegp+ i Gemn+r gepn= G2 g+ aegt e =0:
j=i j=i j=1 j=i j=1
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By orthogonality of the eigenvectors, we must have that each coef cightimplying that ; =0

and eithercy =0 or j = 2 ;. The last equation allows us to conclude that a pgir; ci )

can only be different t0 simultaneously foj;k suchthat ()= (), i.e.,u; liesin the subspace

of eigenvectors corresponding to the same eigenvalue, where each point is in itself an eigenvector.
Thus, we can conclude, that = e jyand j = 2 ; j,asdesired. O

As a corollary to Lemma 2, let us suppose that we x all the dual variabl@site., j =0. Then,

we will obtain that the constraints of the original optimization problem (1) must be violated for any
possible equilibrium point (see the Appendix for a proof). This explains why optimizing GGDO in
Equation (4) may converge to undesirable rotations of the Laplacian eigenvectors, even when the
smallest eigenvectors are the unique solution of the original constrained optimization problem.

Corollary 1. The pointu is an equilibrium point of objectives (2) or (4), under gradient descent
dynamics, if and only if, forany i d, thereexistsd | dsuchthatu;;u;i& j . That
is, the equilibrium is guaranteed to be different to the eigenvectors of the Laplacian.

Finally, we prove that even when all permutations of the Laplacian eigenvectors are equilibrium
points of the proposed objective (6), only the one corresponding to the ordered smallest eigenvectors
and its eigenvalues is stable (see Appendix D for empirical con rmation), in contrast with GGDO.

Theorem 1. The only permutation in Lemma 2 that corresponds to an stable equilibrium point of
the max-min objective (6) is the identity permutation, under an appropriate selection of the barrier
coef cientb, if the highest eigenvalue multiplicity is 1. That is, there exist a nite barrier coef cient
such thatu; = ¢ and ,, = 2 ; jk correspond to the only stable equilibrium pair, whereis

thei th smallest eigenvalue of the Laplacian agdits corresponding eigenvector. In particular,
anyb > 2 guarantees stability.

Proof Sketch.Complete proof is in the Appendix. We have tigat and@=@ ;c de ne the chosen
ascent-descent direction. Concatenating these vectors and scalars in a singlgectdr the
stability of the dynamics can be determined from the Jacobian mafg). Speci cally, if all the
eigenvalues of this matrix have a positive real part in the equilibriumupair , we can conclude

that the equilibrium is stable. If there is one eigenvalue with negative real part, then it is unstable
(see Chicone, 2006; Sastry, 2013; Mazumdar et al., 2020). As proved in the Appendix, for any pair

1 i<j |Sj,there exists a real eigenvalue proportional tg i. This means that, unless
the permutation is the identity, there will be at least one negative eigenvalue and the equilibrium
corresponding to this permutation will be unstable. O

5 EXPERIMENTS

We evaluate three different aspects of the proposed max-min objective: eigenvector accuracy, eigen-
value accuracy, and the necessity of each of the components of the proposed objective.

Eigenvector Accuracy. We start by consider-
ing the grid environments shown in Figure 2.
We generate200, 000 transition samples in
each of them from a uniform random policy and
a uniform initial state distribution. We use the
(x;y) coordinates as inputs to a fully-connected

neural network : R? ! RY, parameterized _. o : :
by , with 3 layers of 256 hidden units to ap_Flgure 2: Grid environments. Color is the 2nd

proximate thed dimensional Laplacian relore_smallest Laplacian eigenvector learned by ALLO.
sentation , whered = 11. The network is trained using stochastic gradient descent with our
objective (see Wu et al., 2019), for the same initial barrier coef cients as in Figure 1.

Figure 3 shows the average cosine similarity of eigenvectors found using ALLO compared to the
true Laplacian eigenvectors. In all three environments, it learns close approximations of the smallest

6Accompanying code is available herenttps://github.com/tarod13/laplacian_dual
dynamics .
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Figure 3: Average cosine similarity between the true Laplacian and ALLO for different initial values
of the barrier coef cienb, averaged over 60 seeds, with the best coef cient highlighted. The shaded
region corresponds to a 95% con dence interval.

d eigenvectors in fewer gradient updates than GGDO (see Figure 1) and without a strong depen-
dence on the chosen barrier coef cients.

As a second and more conclusive experiment, we select the barrier coef cient with the best perfor-
mance for GGDO across the three previous environmémts:0), and the best barrier increasing
rate, parrier fOr our method across the same environments fer = 0:01). Then, we use these
values to learn the Laplacian representation in 12 different grid environments, each with different
number of states and topology (see Figure 6 in the Appendix), and we consider b@thythand
pixel-based representations (each tile of the grid corresponds to a pixel), with 1 million samples.

Figure 4A compares the average cosine similarities obtained with each method (a&ryheep-
resentation (see detailed results for both representations in Appendix E). In particular, it shows the
mean difference of the average cosine similarities across 60 seeds. Noticeably, the baseline fails
completely in the two smallest environments (i@rjdMaze-7 andGridMaze-9 ), and it also

fails partially in the two largest ones (i.&ridMaze-32 andGridRoom-64 ). In contrast, ALLO

nds close approximations of the true Laplacian representation across all environments, with the
exception ofGridRoomSym-4 , where it still found a more accurate representation than GGDO.
These results are statistically signi cant for 9 out of 12 environments, with a p-value threshold of
0.01 (see Table 1 in the Appendix). Again, this suggests that the proposed objective is successful in
removing the untunable-hyperparameter dependence observed in GGDO.

Eigenvalue Accuracy. The dual variables of ALLO should capture the eigenvalues of their associ-
ated eigenvectors. Here, we quantify how well they approximate the true eigenvalues in the same 12
grid environments as in Figure 4A. In particular, we compare our eigenvalue accuracy against those
found with a simple alternative method (Wang et al., 2023), based on GGDO and on Monte Carlo
approximations. Figure 4B shows that the average relative error for the second to last eigenvalues,
meaning all except one, is consistently larger across all environments when using the alternative
approach, with a signi cance level @01 This is not surprising given the poor results in eigen-
vector accuracy for GGDO. However, in several environments the error is high even for the smallest
eigenvalues, despite GGDO approximations being relatively more accurate for the associated eigen-
vectors. Across environments and across the eigenspectrum, our proposed objective provides more
accurate estimates of the eigenvalues (see Appendix F for the exact values).

Ablations. ALLO has three components that are different from GGDO: (1)stioe-gradient as

a mechanism to break the symmetry, (2) thial variables that penalize the linear constraints and

from which we extract the eigenvalues of the graph Laplacian, and (3) the mechanism to mono-
tonically increase the barrier coef cient that scales the quadratic penalty. Our theoretical results
suggest that the stop-gradient operation and the dual variables are necessary, while increasing the
barrier coef cient could be helpful, eventually eliminating the need for the dual variables if all one
cared about was to approximate the eigenvectors of the graph Laplacian, not its eigenvalues. In this
section, we perform ablation studies to validate whether these insights translate into practice when
using neural networks to minimize our objective. Speci cally@ndMaze-19 , we compare the
average cosine similarity of ALLO, with the same objective but without dual variables, and with
GGDO, which does not use dual variables, nor the stop gradient, nor the increasing coef cients. For
completeness, we also evaluate GGDO objective with increasing coef cients.
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Figure 4: Difference of cosine similarities when approximating eigenvectors (A), and of relative
errors for eigenvalues (B). Error bars show the standard deviation of the differeG&end GM
stand forGridRoom andGridMaze . black bars correspond to p-values bela@1.

The curves in each panel of Figure 5 represent the different methods we evaluate, while the different
panels evaluate the impact of different rates of increase of the barrier coef cient. Our results show
that increasing the barrier coef cients is indeed important, and not increasing it (as in GDO and
GGDO) actually prevents us from obtaining the true eigenvectors. It is also interesting to observe
that the rate in which we increase the barrier coef cient matters empirically, but it does not prevent
our solution to obtain the true eigenvectors. The importance of the stop gradient is evident when one
looks at the difference in performance between GGDO and ALLO (and variants), particularly when
not increasing the barrier coef cients. Finally, it is interesting to observe that the addition of the dual
variables, which is essential to estimate the eigenvalues of the graph Laplacian, does not impact the
performance of our approach. Based on our theoretical results, we conjecture the dual variables add
stability to the learning process in larger environments, but we leave this for future work.

Figure 5: Average cosine similarity for different objectives in the environr@gidMaze-19 |, for
initial barrier coef cientb = 0:1, and for different barrier increase rateSrier.

6 CONCLUSION

In this paper we introduced a theoretically sound min-max objective that makes use of stop-gradient
operators to turn the Laplacian representation into the unique stable equilibrium point of a gradi-
ent ascent-descent optimization procedure. We showed empirically that, when applied to neural
networks, the objective is robust to the same untunable hyperparameters that affect alternative ob-
jectives across environments with diverse topologies. In addition, we showed how the objective
results in a more accurate estimation of the Laplacian eigenvalues when compared to alternatives.

As future work, it would be valuable to better understand the theoretical impact of the barrier coef -
cient in the optimization process. Since we can now obtain the eigenvalues of the graph Laplacian, it
would be also interesting to see how they could be leveraged, e.g., as an emphasis vector for feature
representations or as a proxy for the duration of temporally-extended actions discovered from the
Laplacian. Finally, it would be exciting to see the impact that having access to a proper approxi-
mation of the Laplacian will have in algorithms that rely on it (e.g., Wang et al., 2023; Klissarov &
Machado, 2023).



Published as a conference paper at ICLR 2024

ACKNOWLEDGMENTS

We thank Alex Lewandowski for helpful discussions about the Laplacian representation, Martin
Klissarov for providing an initial version of the baseline (GGDO), and Adrian Orenstein for provid-

ing useful references on augmented Lagrangian techniques. The research is supported in part by the
Natural Sciences and Engineering Research Council of Canada (NSERC), the Canada CIFAR Al
Chair Program, and the Digital Research Alliance of Canada.

REFERENCES
Carmen ChiconeOrdinary Differential Equations with Application$pringer, 2006.

Peter Dayan. Improving Generalization for Temporal Difference Learning: The Successor Repre-
sentation.Neural Computation5(4):613—624, 1993.

Jesse Farebrother, Joshua Greaves, Rishabh Agarwal, Charline Le Lan, Ross Goroshin,
Pablo Samuel Castro, and Marc G. Bellemare. Proto-Value Networks: Scaling Representation
Learning with Auxiliary Tasks. Iinternational Conference on Learning Representations (ICLR)
2023.

Yuu Jinnai, Jee Won Park, David Abel, and George Dimitri Konidaris. Discovering Options for Ex-
ploration by Minimizing Cover Time. linternational Conference on Machine Learning (ICML)
2019.

Martin Klissarov and Marlos C. Machado. Deep Laplacian-based Options for Temporally-Extended
Exploration. Ininternational Conference on Machine Learning (ICMRP23.

Yehuda Koren. On Spectral Graph Drawing.lternational Computing and Combinatorics Con-
ference (COCOONRO003.

Charline Le Lan, Stephen Tu, Adam Oberman, Rishabh Agarwal, and Marc G. Bellemare. On the
Generalization of Representations in Reinforcement Learningntérnational Conference on
Arti cial Intelligence and Statistics (AISTATS)022.

Marlos C. Machado, Marc G Bellemare, and Michael Bowling. A Laplacian Framework for Option
Discovery in Reinforcement Learning. imternational Conference on Machine Learning (ICML)
2017.

Marlos C. Machado, Clemens Rosenbaum, Xiaoxiao Guo, Miao Liu, Gerald Tesauro, and Murray
Campbell. Eigenoption Discovery through the Deep Successor Representatintertational
Conference on Learning Representations (IGLZR)18.

Marlos C. Machado, Andre Barreto, Doina Precup, and Michael Bowling. Temporal Abstraction
in Reinforcement Learning with the Successor Representatiournal of Machine Learning
Research24(80):1-69, 2023.

Sridhar Mahadevan. Proto-value Functions: Developmental Reinforcement Learnilmerira-
tional Conference on Machine Learning (ICMI2005.

Sridhar Mahadevan and Mauro Maggioni. Proto-value Functions: A Laplacian Framework for
Learning Representation and Control in Markov Decision Procedsesnal of Machine Learn-
ing Research8(10):2169-2231, 2007.

Eric Mazumdar, Lillian J Ratliff, and S Shankar Sastry. On Gradient-Based Learning in Continuous
Games.SIAM Journal on Mathematics of Data Scien2€l):103-131, 2020.

Jorge Nocedal and Stephen J. WrigRtimerical OptimizationSpinger, 2006.

Marek Petrik. An Analysis of Laplacian Methods for Value Function Approximation in MDPs. In
International Joint Conference on Arti cial Intelligence (IJCABOO7.

David Pfau, Stig Petersen, Ashish Agarwal, David G. T. Barrett, and Kimberly L. Stachenfeld.
Spectral Inference Networks: Unifying Deep and Spectral Learninmtémnational Conference
on Learning Representations (ICLR019.

10



Published as a conference paper at ICLR 2024

Shankar SastryNonlinear Systems: Analysis, Stability, and Contfpringer, 2013.

Kimberly L. Stachenfeld, Matthew Botvinick, and Samuel J. Gershman. Design Principles of the
Hippocampal Cognitive MapAdvances in Neural Information Processing Systems (NeurlPS)
2014.

Ahmed Touati, 8remy Rapin, and Yann Ollivier. Does Zero-Shot Reinforcement Learning Exist?
In International Conference on Learning Representations (ICRB23.

Han Wang, Archit Sakhadeo, Adam M. White, James Bell, Vincent Liu, Xutong Zhao, Puer Liu,
Tadashi Kozuno, Alona Fyshe, and Martha White. No More Pesky Hyperparameters: Ofine
Hyperparameter Tuning for RIIransactions on Machine Learning Resear2622, 2022.

Kaixin Wang, Kuangqi Zhou, Qixin Zhang, Jie Shao, Bryan Hooi, and Jiashi Feng. Towards Bet-
ter Laplacian Representation in Reinforcement Learning with Generalized Graph Drawing. In
International Conference on Machine Learning (ICMRp21.

Kaixin Wang, Kuanggi Zhou, Jiashi Feng, Bryan Hooi, and Xinchao Wang. Reachability-Aware
Laplacian Representation in Reinforcement Learningintarnational Conference on Machine
Learning (ICML) 2023.

Yifan Wu, George Tucker, and O r Nachum. The Laplacian in RL: Learning Representations with
Ef cient Approximations. Ininternational Conference on Learning Representations (ICLR)
20109.

A ADDITIONAL THEORETICAL DERIVATIONS

A.1 PROOF OFLEMMA 1

Proof. Let jx 2 R denote the dual variables associated to the constraints of the optimization
problem (1), and. be the corresponding Lagrangian function:
xd X X _
L(ui)isCjkdx )= hujsLugi + ik (hujued k)
i=1 j=1 k=1
Then, any pair of solutiongu; )i; ( )k j must satisfy the Karush-Kunh-Tucker conditions. In
particular, the gradient of the Lagrangian should be 0 for both primal and dual variables:

X1 xd .

Fo LU (e j)=2L0u; +2 Uy + ik Ug T jup=0;81 i d; (9)
k=1 j=i+l

ro Lui)isCpdx j)=huj;ud 5 =0; 81 k j d: (10)

The Equation (10) does not introduce new information since it only asks again for the solution set
(u; )9, to form an orthonormal basis. Equation (9) is telling us something more interesting. It asks
Lu; to be a linear combination of the vectdrs ), , i.e., it implies thalL always mapsi; back

to the space spanned by the basis. Since this is true figrth# span ofu; )., must coincide with

the span of the eigenvectqs (i))?:l , for some permutation : S !'S |, as proved in Proposition

1, also in the Appendix. Intuitively, if this was not the case, then the scaling effegtalbng some

e (j) would take points that are originally in span)f., outside of this hyperplane.

Since we know that the span of the desired basis is(sp@p)f’zl , forsome permutation: S!S |
we can rE,strict the solution to be a set of eigenvectorns.offhe function being minimized then
becomes idzl (iy» Which implies that a primal solution is the set @fsmallest eigenvectors.
Now, any rotation of this minimizer results in the same loss and is also in(&p#h, , which
implies that any rotation of these eigenvectors is also a primal solution.

Considering the primal solution wheue = e;, Equation (9) becomes:
X1 xd .
ro L&) Cpde j)=20 i+ e+ ik €k + i€ =0;81 i d:
k=1 j=i+l

11
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Since the eigenvectors are normal to each other, the coef cients all m@stvileich implies that
the corresponding dual solution is = iand , =0forj 6 k. O

A.2 PROPOSITION1

Proposition 1. LetT 2 RS S be asymmetric matrixy;; ;us 2 RSand ;; ; s 2 Rbeits

eigenvectors and corresponding eigenvalues,@nd ;eq 2 RS be ad dimensional orthonor-
mal basis of the subspa&e := spar((g;)i). Then, ifE is closed under the operation af, i.e.,

T(E) E ,there mustexistd dimensional subset of eigenvectbys; ;vgqg f ui; ;usg

such thate coincides with their span, i.eg = spar{(v;);) = spar((e;)i).

Proof. Letw 6 (]1_, be a vector inE. Then, by de nition of E, it can be expressed as a linear

combinatiorw = id:l i€, where ; 2 R, and at least one of the coef cients is non-zero. Let us
consider now the operation @f onw in terms of its eigenvectors. Speci cally, we can express it as
ﬁ .
Tw = jhuj;wiuj ;

j=1
which, by linearity of the inner-product, becomes

x xd
Tw = j i h.lj 6l uj :
j=1 i=1
Considering the hypothesis thais closed undef , we reach a necessary condition:
|

x3 xd _' . X
J- ihuj;ei uj = i€ ; (11)
j=1 i=1 i=1
where ; 2 R, and at least one of them is non-zero.

We proceed by contradiction. Let us suppose that there does not ekidiemensional subset of

eigenvectorgvy;  ;vgg such thate = sparf(v,)i). Since the eigenvectors form a basis of the
whole space, we can express eachs linear combinations of the form
3 X _
e = Gj uj = hJj;eiIUjZ
j=1 j=1

So, supposing thaE does not correspond to any eigenvector subspace, there musti®xist
differentindicesj1;  ;jqo and corresponding paisc;j«) such that;,j, 6 0. If this was not the
case, this would imply that all the lie in the span of some subsetabr less eigenvectors, and so
E would correspond to this span.

Hence, we have that the coef cients are arbitrary and that at leagt 1 inner products are not
zero. This implies thaw lies in a subspace of dimension at le&st. spanned by the® eigenvectors

Vi, ;Vgo with v = uj, . Now, the condition in Equation (11) requires this subspace to be the
same ag, but this is not possible sindeisd dimensional. Thus, we can conclude that there must
exist a basis ofl eigenvectory;;  ;vq of T such thakE = sparf(v,)i) = sparf(e,)i). O

A.3 PROOF OFCOROLLARY 1

Proof. Taking the gradient of GGDO (4), referred tolasere, leads us to a similar expression as
in Equation (7) for a paifu; = 0) and index:

X X |
rubl(u)=2clu;+ j uj +2b gy (huisupi )uj;

2y 7
=0

12
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wherec; is some constant function of andg; . CompariBg with the proof of Lemma 1in A.1, we
can notice that there are two key differences: the dual SLﬁg ij Uj is now0, and the indices in

the barrier term jdzl cj (huj;uji j Ju; go now fromlto d, as opposed to onl§ toi. If we
require the gradient to & as well, meaning that is an equilibrium point, then we have that:
Xj .
LUi = Cij (h,li;UjI ij )Uj ’

j=1
for some non-zero constar®; . That is, the vectoku; has to lie in the subspace spanned by the
d vectorsuy; ;Uq. This is only possible, however, if at least 1 of the coef ciehis; u; i i
is different from O for som¢. But then, this means that the restrictions of the original optimization
problem are violated in any possible equilibrium point.

A.4 PROOF OF THEOREM 1

Proof. Let us de ne the following vectors de ning thezdescegt directionsifand :
3
@11
a
@ 2;1

@
@2:2

®

2 3
Qu,
gUZ
Qu = : g =
gud

@
@ g

Then, the global ascent-descent direction can be represented by the vector
Qu
g
To determine the stability of any equilibrium point of the ascent-descent dynamics introduced in

Lemma 2, we only need to calculate the Jacobiag, dfie matrixJ := J (g) whose rows correspond
to the gradients of each entry @f and determine its eigenvalues (Chicone, 2006).

g:

We proceed to take the gradients of Equation 7 and 8:

Jij (U ) =(r g 9o (u; )7)7 12
8 iP1
§2L+ il +2b(huj;uji DI +2u; U +2 bug ug; ifi=j;
k=1
:g ijl+2thi;ujiI+ui uj ; ifi>j ;
" 0; ifi<j :
Mo WE L ag ) = @3
.. @ Sy .
J iy )= Fgui(u1 )=2u; ok tuk i (1 k) (14)
jk
. @@L
Ve W)= g ogy W )=0¢ (15)

13
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Then, we have that in any equilibrium point; ,i.e., in a permutation of the Laplacian eigen-
system (as per Lemma 2), the Jacobian satis es:
8

EZL 2 il +4be (j e(i)+2:(P11be(k) ek, ifi=j;
Jij (u; ):§2be(i) e () ifi>j ;
" 0; ifi<j ;
Jey (U )= €4y ik € ks
Jius )=2eg 4 k*tew i@ x);
J,o Wy )=0:

Now, we determine the eigenvalues of this Jacobian. For this, we need to solve the system:
Jv = v; (16)

where denotes an eigenvalue of the Jacobiananitk corresponding eigenvector.

To facilitate the solution of this system, we use the following notation:

2 3
1;1
2;1
2 3
Wi 2;2
V= v Vo = . ; = ;
. d;1
W
d;d
wherew; 2 RIS/ forall1 i d,and x 2 R,foralll k j d. With this, the eigenvalue
system (16) becomes:
d W P4 PJ - ) ;
2 jadiwit o k=i k= w81 0 d
17
5P, o (17)
k=1 Ik j Wk = 81 j i d

Since the Laplacian eigenvectors form a basis, we have the decompasition }S:'l i€ ()

for some sequence of redls; )}SZjl . Hence, replacing the values of the Jacobian components in the
upper equation of the system (17), we obtain:

X1 X1
2(e iy ¢© (j))Wj + 2L 2l +4be OO +2 be k) © () Wit
j=1 k=1
xd X
+ 2@ ktem i@ K)ok wi=0
j=1 k=1
K 1 ¥Ei K 1
=) 2 bgeg+2 (j ice)tabe g+ bge )+
j=1 j=1 j=1

14



Published as a conference paper at ICLR 2024

K 1 Yo
+2 e+ ik € (k) Gje )=0:
k=1 j=1

Since the eigenvectors form a basis, we have that each coef cient in the sum of terms we have must
be 0. Hence, we obtain the following conditions:

8

%Cij[z( () )*2b ]=2bg j; 81 j<i d

ECH (4b ): 25, 81 i d . (18)
G20 gy i) 1=0; 81 i<j jS]

Each of these conditions specify the possible eigenvalues of the Jacobian indtitst and fore-

most, the third condition tells us that= 2( ;) i) is an eigenvalue independenttpffor any
possible paii  j. Since we are supposing the eigenvalues are increasing with their index, for the
eigenvalues to be positive, the permutationS | S must preserve the order for all indexes, which
only can be true for the identity permutation. That is, all the Laplacian eigenvector permutations that
are not sorted are unstatle.

In addition, deriving the rest of the eigenvalues from the remaining two conditions in (18) and the
second set of equations of the system (17), we obtain a lower bouhthiatrguarantees the stability
of the Laplacian representation. In particular, from the second set of equations of the system (17)

we can obtain a relationship between the coef ciegjtsandc; with j ,foralll j i d:
xd xd N N !
Jj Wk = € ) k€ () ik ey = G G = i (19)
k=1 k=1 =

Replacing this into the second condition in (18) we get that 2b 2 ? 1. These set of
eigenvalues (two for eadl) always have a positive real part, as longbes strictly positive. In
addition, ifb 1, we get purely real eigenvalues, which are associated with a less oscillatory
behavior (see (Sastry, 2013)).

Finally, if we assume that 6 2( j) forj <i (i.e.,, is not an eigenvalue already

considered), we must have thgt = 0, and so, by (19), c; :p i - Replacing this into

the rst CCB1dItIOI’I in (18), we get that = () i)+ b [« o N+ 2 1
2+b [ o i)+ b2 1. Thus, ifbis larger than the maximal eigenvalue difference

for the rst d eigenvalues of., we have guaranteed that these eigenvalues of the Jacobian will be
positive. Furthermore, since the eigenvalues are restricted to the [@r&jewe have thab > 2
ensures a strict stability of the Laplacian representation. O

A.5 ABSTRACT SETTING

For sake of completeness, we now discuss how Lemma 2 and Theorem 1 are affected when we
consider an abstract measure state space.

Abstract measure state spaces. First, our state space is now a trigl§; ; ), whereS is a set
of states, is an appropriate algebra contained in the power $&{S) and whose elements are
those sets of states that can be measured, and ! [0;1] is a valid probability measure for
the pair(S; ) . Also, for clarity, let us denote now the state distribut®(s; a) corresponding to
the state-action paifs; a) asP( js;a). In this manner, while the policy remains the same, the
Markov process induced by it cannot be represented anymore by a fgirir its place, we have
now the transition probability maP :S! ( S)8denedbyP (js)= . (ais)P(js;a).

"Note that this conclusion only apply to the case where there are no repeated eigenvalues. This is the case
since otherwise = 0 is an eigenvalues and then the Hartman-Grobman theorem that allows to conclude
stability is not conclusive.

8The simplex( S) refers here to the set of probability measures de ned ¢8er) .
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Moreover, associated with each transition probability meaBufgs) for s 2 S, there is a transition
probability densityp (js) : S ! [0;1 ), de ned as the Radon-Nikodym derivatiye (ss) =

dpdﬂ K This is the same to say that the probability of reaching a state in tli® s8t, starting
S

from states, is the integral of the density iB: P (Bjs) = 5 p (s9s) (ds9.

Abstract Laplacian. gSecond, let us consider thvector spaceof square -integrable functions
L?() = fu2 R®: gu(s)® (ds) < 1g . The measure naturally induces an inner-product in
this spaceh; i :L2() L ?()! [0;1),denedashvi;voi = ¢ vi(s)vo(s) (ds), whichis
the expected correlation of the input vectarsv, 2 L 2( ) under the measure With this, we can
de ne the transition operatd® : L?( )! LZ 2( ) as:

[P vi(s) = SV(SO)D (s9s) (dsY:

Note that, just as the original transition matBx mapped vectors RIS to itself, the transition
operator does the samelirf( ). Hence, it is its abstract analogous and, correspondingly, we can
de ne the abstract graph Laplacian as the squangtegrable linear operatdr = | f(P ) in
EndL?( )), wherel is the identity linear operator arid: End(L?( )) ! EndL?( )) is a function

that mapsP to aself-adjointsquare -integrable linear operatdr(P ).° That a linear operator is
self-adjoint means, essentially, that its corresponding density with respect &ymmetric. Thus,

this restriction is equivalent to ask thhtis a symmetric matrix in the nite-dimensional case.
Hence, wherp (sYs) 6 p (sjs®), we can de nef in such a way that the density 6{P ) is

1(p (sis) + p (sYs)) (see Equation 4 by Wu et al., 2019).

Extension of Lemma 2. After the introduced rede nitions, ALLO takes the exact same functional
form as in Equation (6):

xd xd X
max  min hup;Luji + o hupdugk e+ (20)
ui; ue2L2() j=1 k=1
X X 5
+b hJj ; Ju K ik -
j=1 k=1

In the abstract setting, and in general, we can de ne the differddffalof a linear operatoF as:

_d _ . Lu+tv) Lu.
DF (u)[v] = aL(u + V), = tI![n —
Now, letus xthe dual variables, anindexl i d, and the functions; withj 6 i, We denote

our ALLO objective with these xed values by; = Fi( ;(uj)jei) : L2( ) 'L 2( ). Then, the
change of this operator at the functionin a directionv;, with step size, where the stop gradient
operators affedt now;!? is:

X X1X
Fi(ui + tvy) = huj;Luji + ik huj; JuK Kk *

isi j=1 k=1

X X X 1% ,
+ ik hJj;JUkK ik +b hJj;\]UkK ik +

j=i+1 k=1 j=1 k=1
k6 i
#
X X ,

+ b hJj;JUkK ik + hui + tvi;L(ui + tvp)i +

j=iv1 k=

i

°End(L?( )) denotes the space of endomorphism4.6f ), i.e., the space of linear operators between
L2( ) and itself.
1%This means thalu; + tviK= JuiK= u;.
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+ i hui +tvi);dup + tvike o+ bh(up + tvi)idu + tviK Tt
X1 X1 5
+ i h(ui + tvi); JucK ik + b hu; + tvi); JucK i+
k=1 k=1
xd xd 5

+ ji hJj JJup + tviK T b hJJ' JJup + tviK ji
j=i+1 j=i+l

= Fi(ui)+t ZI’Ui;LVii + iih,li;Vii +2thi;vii f'(Ui;JUiK i T

X1 X1 #

+ i s vii +2 0 bhu;vil hug; JugK Kk +O(t?):
k=1 k=1

Hence, we can conclude that its differentidF;, is given by:

DF;i(ui)[vi] = lim Fi(ui + tvi) Fi(u 1)

ti1 t
=2hu;Lvii + gihupsvii +2bhugsvii h(ui; JuiK i+
X1 X1
+ ik il +2 brug; vii - hug; Juc K ik
k=1 k=1
*
i 1
= Vi ; 2luj+ iui+2b hu;JduiK i U+ ik Uy +
k=1
_ +
K 1
+2b hu; ; Jug K ik Uk
k=1
* ) ) +
X X
= v 2luj+ ik Uc +2b hu; ; Ui ik Uk
k=1 k=1

Now, we have that the gradient in an arbitrary inner-product vector space is de ned as the vector
r F(u) suchthaDF (u)[v] = hv;r F(u)i . Thatis, the gradient of ALLO with respecttp, given
the stop gradient operators, denotedjds ; (u;)%, ), is:
§ Xi X _
gi( ;(ui)i:]_):: rFi(ui):ZLui+ KkUc +2b hui ; uki ik Uk -
k=1 k=1

We can note that this expression is exactly equivalent to the one obtained in the nite dimensional
case in Equation (7). Similarly, one can derive an analogous to Equation (8), and, since the proof of
Lemma 2 only depends on the properties of the inner product, and not a speci ¢ inner product, we
can conclude that Lemma 2 applies to the general abstract setting as well. In particular, we have that
the set of permutations af eigenvectors of the Laplacian is equal to the equilibria of the gradient
ascent-descent dynamics for ALL®.

Extension of Theorem 1. By analogy with the previous derivation, we can obtain the Hessian of
Fi with respect tay; , considering the stop gradients (i.e., the gradierg; pfby replacing matrices

Note that our derivation is exactly the same one would follow to calculate the gradient in the nite dimen-
sional case if one only uses the de nitions of differential and gradient. Under this light, the fact that we are
considering abstract spaces instead of nite dimensional ones seems irrelevant for Lemma 2.
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with their linear operator counterparts in Equations (12)-(15). Then, since the Laplacian is a self-
adjoint square -integrable linear operator, typically called Hilbert-Schmidt integral operator, it is

also a compact operator. Thus, any vector can be expressed as a countable sum of eigenvectors, i.e.,
there are potentially in nite, but at most countable eigenvectors, and so the steps from Equation (17)
to Equation (19) still hold, due to thepectral theory of compact operators

18
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B ENVIRONMENTS

Figure 6: Grid environments where the Laplacian representation is learned with both GGDO and
ALLO. Color corresponds to the second smallest eigenvector of the Laplacian learned by ALLO.

C LEARNED EIGENVECTORS

Figure 7: Second to seventh Laplacian eigenvectors in increasing order for the environment
GridRoom-64 . The top row corresponds to ALLO, while the bottom one to GGDO. The green
bounding boxes indicate the location of a local minimum or maximum.

Figure 7 shows the difference between the smallest eigenvectors of the Laplacian (those learned via
ALLO) and rotations of them (those learned via GGDO). One can note how, in general, the rotations
present two characteristics: they have more local minima and local maxima, and their location is
distributed irregularly in the state space. The rst characteristic is relevant considering that the
eigenvectors are used as reward functions to discover options, i.e., temporally-extended actions, that
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have as sink states these critical states. The more sink states, the shorter the trajectories associated
with an induced option, and, as a resthie less exploration

Similarly, the irregularity is a manifestation of eigenvectors of different temporal scales being com-
bined, which affects the temporal distance induced by the Laplacian representation. In particular, as
studied by Wang et al. (2023), if each eigenvector is normalized by their corresponding eigenvalue,
the representation distance corresponds exactly to the (square root of the) temporal distance. How-
ever, the eigenvalues, which are a measure of the temporal scale (see Jinnai et al., 2019), are only
de ned for the original eigenvectors. Hence, the distance induced by the permutations cannot be
normalized and, as a resdiltjs not as suitable for reward shaping

D LEARNING WITH RANDOM PERMUTATIONS

Figure 8: Average cosine similarity between the true Laplacian representation and ALLO for
parrier = 0:01, averaged over 60 seeds. Each 20,000 gradient steps the coordinates of the Laplacian
representation are randomly permuted. The shaded region corresponds to a 95% con dence interval.

As an additional sanity check for Theorem 1, Figure 8 shows the evolution of the cosine similarity for
the 12 grid environments considered under random permutations. Speci cally, each 20,000 gradient
steps a random permutation is sampled and then the output coordinates of the approxinaagor
permuted accordingly. If any arbitrary permutation (or rotation) of the Laplacian eigenvectors were
stable, the cosine similarity would decrease after the permutation and it would not increase again.
On the contrary, we can observe how in each case learning is as successful as in the initial cycle
without permutations.

E AVERAGE COSINE SIMILARITY COMPARISON

In addition to the results considered in Figure 4, Figure 9b shows the cosine similarigdioof

the components of the Laplacian representation. It is worth noting that in some environments (e.g.,
GridRoom-32 andGridMaze-32 ) GGDO struggles with the rst 2 eigenvectors, which are the
most relevant to induce options for exploration.

As a supplementary robustness test, we changed the state representation used as input to the neural
network. In particular, we used a pixel representation where each tile in the subplots of Figure 6
corresponds to a single pixel. In this way, the inputs ranged from a siZze & 3 to a size of

41 41 3. Correspondingly, we added two convolutional layers with no pooling, stride of 2, and
kernel size of 3 to the previous fully connected network.

Figure 10 contains analogous cosine similarity comparisons to those observed in Figure 9 for the
(x;y) state representation. There are three main differences with the previous results. First, the
average cosine similarity difference (Figure 10a) is now only signi cant in 7 out of 12 environments,
instead of 9 of 12 (see Tables 1 and 2), but the difference is higher for several environments (e.g.,
GridRoom-32 andGridRoom-1 ). Second, ALLO only nds the true Laplacian representation
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(a) Average cosine similarity across tieéomponents.

(b) Cosine similarity for each of the component&R and GMstand for GridRoom and
GridMaze . black bars correspond to p-values bel@@1.

Figure 9: Cosine similarity difference between ALLO and GGDO when using (the )
Etate representation Error bars show the standard deviation of the differences, de ned as
,i,_,_oznAL,_o + éGDOZnGGDO’ where denotes the sample standard deviation, ke num-

ber of seeds< 60 in all cases).

in 6 out of 12 environments, as opposed to 11 out of 12. From those 6 where perfect learning is not
achieved, 4 have a cosine similarity above 0.9, one corresponds to the same environment where the
Laplacian representation was not perfectly learned before, and there is one for which the similarity
is only 0.61. Focusing on these results, we observed that ALLO was able to recover the Laplacian
representation for some seeds, but for others the output of the neural network collapsed to a constant.
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