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ABSTRACT

As neural networks grow in scale, their training becomes both computationally
demanding and rich in dynamics. Amidst the flourishing interest in these training
dynamics, we present a novel observation: Parameters during training exhibit in-
trinsic correlations over time. Capitalizing on this, we introduce correlation mode
decomposition (CMD). This algorithm clusters the parameter space into groups,
termed modes, that display synchronized behavior across epochs. This enables
CMD to efficiently represent the training dynamics of complex networks, like
ResNets and Transformers, using only a few modes. Moreover, test set general-
ization is enhanced.
We introduce an efficient CMD variant, designed to run concurrently with train-
ing. Our experiments indicate that CMD surpasses the state-of-the-art method for
compactly modeled dynamics on image classification. Our modeling can improve
training efficiency and lower communication overhead, as shown by our prelimi-
nary experiments in the context of federated learning.

1 INTRODUCTION

The research of training dynamics in neural networks aims to comprehend the evolution of model
weights during the training process. Understanding stochastic gradient descent (SGD) is of
paramount importance as it is the preferred training method used in practice. By studying these dy-
namics, researchers strive to achieve predictability, enhance training efficiency, and improve overall
performance. In this work we show, for instance, how a good model can improve distributive and
federated learning.

Outside the scope of deep learning, time profiles and correlation methods have been valuable for
studying complex systems since the 1990s, as demonstrated by the foundational work of Aubry
et al. (1991; 1992). Studies in variational image-processing such as Burger et al. (2016) and Gilboa
(2018) also highlight the emergence of specific time profiles during gradient descent. However, these
methods often rely on properties like convexity and homogeneity, which neural networks training
dynamics typically lack.

Research into deep learning training dynamics dates back to the early days of neural networks,
with initial studies focusing on two-layer models (Saad & Solla, 1995b;a; Mace & Coolen, 1998;
Chizat & Bach, 2018; Aubin et al., 2018; Goldt et al., 2019; Oostwal et al., 2021). These simpler
models continue to offer valuable insights, but our interest lies in the dynamics of contemporary,
complex models that feature significantly larger numbers of weights and layers. These complexities
introduce higher degrees of nonlinearity. Another popular simplification is the first-order Taylor
approximation of the dynamics, particularly in the realm of infinitely wide neural networks, as in
Jacot et al. (2018); Lee et al. (2019). However, this often results in performance shortcomings.

A different approach examines the low-dimensional sub-space hypothesis, positing that effective
training can occur in a limited set of directions within the weight space, see Li et al. (2018a); Gur-
Ari et al. (2018); Gressmann et al. (2020). Recently, Li et al. (2023) employed the eigenvectors
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of the covariance between weight trajectories to define a 40-dimensional training sub-space. They
achieve strong performance in this constrained sub-space, setting the SOTA for compactly modeled
dynamics in image classification. Other studies proposed to represent the training dynamics of
complex models through a concise set of representative trajectories wm(t):

wi(t) � bi +
X
m

ai;mwm(t); (1)

where bi; ai;m are scalars and wi(t) is the trajectory of the i’th tunable weight (parameter) of the
network. Common solution approaches employ dynamical analysis techniques, relying on Koopman
theory and Dynamic Mode Decomposition (DMD), see Schmid (2010); Dogra & Redman (2020);
Naiman & Azencot (2021). Our experiments and analysis indicate that DMD and its variants do
not adequately capture the complex dynamics inherent in neural network training (see Fig. 1 and
Appendix H).

Our main observation is that network parameters are highly correlated and can be grouped into
“Modes” characterized by their alignment with a common evolutionary profile. This captures the
complex dynamics, as illustrated in Fig. 1. Our findings are substantiated through comprehensive
experiments; a selection of key graphs is presented in the main body, while the Appendix offers a
rich array of additional results, ablation studies, stability evaluations and details regarding various
architectures and settings. Our contributions are three-fold:

• The introduction of Correlation Mode Decomposition (CMD), a data-driven approach that effi-
ciently models training dynamics.

• Devising efficient CMD which can be performed online during training, out-performing the state-
of-the-art method for training dynamics dimensionality reduction of Li et al. (2023) in both effi-
ciency and performance.

• We pioneer the use of modeled training dynamics to reduce communication overhead. Our pre-
liminary experiments offer a promising avenue for future research.

Figure 1: Correlated dynamics. Left: Correlation matrix of weight trajectories, clustered to modes,
for a simple network (See Fig. 10a in the Appendix) trained on MNIST (LeCun et al. (1998)).
Middle: Clustered correlation matrix of weight trajectories for ResNet18 (He et al. (2016a)) trained
on CIFAR10 (Krizhevsky et al. (2009)). The block diagonal structure indicates high correlations of
the parameter dynamics within each mode. Right: Three weight trajectories from SGD training are
reconstructed via DMD, which uses exponentials (Top) and CMD, which uses reference trajectories
(Bottom). These highlight the effectiveness of CMD in capturing complex training dynamics. See
Appendix A.1, Figs. 6, 7 for extended findings.

2 PREVIOUS WORK

Dimensionality reduction techniques, particularly those using correlation matrices, are key to our
approach and have roots in statistics and information visualization, see Nonato & Aupetit (2018);
Sorzano et al. (2014); Van Der Maaten et al. (2009); Van der Maaten & Hinton (2008). Various stud-
ies explore low-dimensional sub-space training using similar methods. For example, random projec-
tions can capture a substantial amount of the gradient’s information (Li et al., 2018a). Hessian-based
methods focus on its top eigenvectors, (Gur-Ari et al., 2018). Dimensionality has been further re-
duced via smart weight sampling, (Gressmann et al., 2020). The work by Li et al. (2023) bears the
most resemblance to our research. The authors affirm low-dimensional training dynamics, using top
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eigenvectors of the covariance matrix to span the training space. The gradient is fully computed
for all of the weights before being projected onto this basis, making their method more involved
than regular (stochastic) gradient descent. They also introduce an ef�cient Quasi-Newton training
scheme that bene�ts from the low-dimensional representation. Our approach distinguishes itself
from Li et al. (2023) by focusing on dynamics mode decomposition, rather than training in a low-
dimensional sub-space. Both methods use dimensionality reduction to compactly model the dynam-
ics, but operate differently. Our analysis is not based on eigenvectors but on nonlinear clustering,
yielding improved performance. DMD and Koopman theory, (Schmid, 2010; Tu, 2013; Williams
et al., 2015; Kutz et al., 2016), decompose dynamics to modes using well-studied operators. They
extend to neural training dynamics analysis (Manojlović et al., 2020; Dogra & Redman, 2020; Red-
man et al., 2021), including advanced methods for highly non-linear cases Yeh et al. (2023).�Simánek
et al. (2022) also incorporates DMD for training optimization. Contrary to these, we extract modes
from the observed correlation in the dynamics without using a prede�ned operator, implying a more
adaptive, data-driven approach. The geometry of loss landscapes has been a topic of interest, see
Shalev-Shwartz & Ben-David (2014); Keskar et al. (2016); Li et al. (2018b); Draxler et al. (2018).
We showcase our dimensionality-reduction technique in this regard as well.

We demonstrate the relevance of our approach for communication overhead in distributed learning,
a widely-studied challenge addressed by various techniques, including order scheduling and data
compression (Ho et al., 2013; Cui et al., 2014; Zhang et al., 2017; Chen et al., 2019; Shi et al., 2019;
Hashemi et al., 2019; Peng et al., 2019; Dryden et al., 2016; Alistarh et al., 2017). In Federated
Learning, communication is particularly problematic (Li et al., 2020). For instance, Chen et al.
(2021) �nds communication takes up more than 50% of the training time in their experiments.
Solutions involve adaptive weight updates to reduce communication load (Seide et al., 2014; Alistarh
et al., 2017; Hsieh et al., 2017; Luping et al., 2019; Kone�cn�y et al., 2016; McMahan et al., 2017;
Ström, 2015; Chen et al., 2021). In our work we propose for the �rst time to use dynamics modeling
to reduce the number of communicated parameters.

3 METHOD

We present several approaches to apply our method, starting by discussing the underlying correlated
dynamics (Sec. 3.1). Following this discussion we introduce the basic CMD version, calledpost-
hocCMD, which analyzes dynamics after they occur (Sec. 3.2). We then present the more ef�cient
online CMD (Sec. 3.3) andembeddedCMD (Sec. 3.4), which embeds CMD dynamics to the
training process. In Sec. 3.5 we demonstrate accuracy landscape visualization via CMD.

3.1 THE UNDERLYING CORRELATED DYNAMICS

Hypothesis 1 The dynamics of neural network parameters can be clustered into very few highly
correlated groups, referred to as “Modes”.

Let W = f wi (t)gN
i =1 denote the set of time-pro�les of the neural network trainable weights during

the training process, wherei is the weight index,t is the training time, andN is the total number
of such weights. We refer toW as the 'trajectories' where eachwi (t) is a single 'trajectory'. The
trajectories are clustered toM modes, whereM � N . Let W m � W be the subset of trajec-
tories corresponding to modem within W . Using a minor abuse of notation, whent is discrete
we useW ; W m to denote the matrices where the (discrete) trajectories are arranged as rows. De-
tails of the discrete case will be provided in Sec. 3.2. The correlation of two trajectoriesu; v is
denotedcorr (u; v). Any two time trajectoriesu; v that are perfectly correlated (or anti-correlated),
i.e. jcorr (u; v)j = 1 , can be expressed as an af�ne transformation of each other,u = av + b. Thus,
under the assumption of correlated dynamics, the following approximation is used to describe the
dynamics of a weight trajectory

wi (t) � ai wm (t) + bi ; 8wi (t) 2 W m ; (2)

whereai ; bi are scalar af�ne coef�cients associated withwi , andwm (t) is a single common weight
trajectory chosen to represent modem termed 'reference weight'. Note that in terms of the usual
dynamics decomposition approach of Eq. (1), the case of Eq. (2) is a speci�c case where a single
wm (t) models each trajectory. Figs. 1, 7 demonstrate that Eq. (2) approximates the dynamics using
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a notably small set of modes (10 or less in most cases), supporting our hypothesis of correlated
dynamics. Surprisingly, parameters of the same layers are typically distributed between the modes,
see Fig. 10b in the Appendix.

While neural networks are notoriously known for their complex dynamics, the data-driven approach
of Eq. (2) is simple yet effective at capturing these training intricacies. The reference weights hold
the advantage of not being restricted to common assumptions typically made in classical dynamics
analysis. For instance, we show DMD (a classical analysis approach) to be too restrictive even for
simple cases in Appendix H.2.

Our key novelty lies in leveraging the correlation between parameter trajectories to compactly model
the training dynamics. We will show that this approach outperforms current modeling methods.

3.2 POST-HOC CMD

In this section we introduce the basic CMD version, calledpost-hocCMD, which analyzes dynamics
after they occur. This algorithm models dynamics as per Eq. (2): It splits the trajectories to modes,
associates a reference trajectory to each mode and approximates the af�ne coef�cients.

Consider a discrete time setting,t 2 [1; ::E ], whereE is the number of epochs, and denoteNm the
number of trajectories in modem. Thenwm ; wi 2 RE , W 2 RN � E ; W m 2 RN m � E . We consider
1D vectors such asu 2 RE to be row vectors, and de�ne�u := u � 1

E

P E
t =1 u(t), hu; vi = uvT ,

kuk =
p

uuT , corr (u; v) = h�u; �v i
jj �u jjjj �v jj . LetA; B 2 RN s.t.A(i ) = ai ; B (i ) = bi , and letAm ; Bm 2

RN m be the parts ofA; B corresponding to the weights in modem. Denote~wm =
�
wm
~1

�
2 R2� E ,

where~1 = ( 1; 1; � � � 1) 2 RE , and ~Am = [ AT
m ; B T

m ] 2 RN m � 2. In this context, Eq. (2) reads as

W m � ~Am ~wm : (3)

Step 1. Find reference trajectories. Given the trajectorieswi 2 W , use correlation to select
wm . To avoid a largeN � N matrix, we sampleK trajectories to construct the absolute trajectory
correlation matrixC1, i.e.

C1[k1; k2] = jcorr (wk1 ; wk2 )j; C1 2 RK � K ; (4)
wherewk1 ; wk2 take any pair of theK sampled trajectories andM � K � N . C1 is used to
cluster theK trajectories toM modes. In each mode,wm is chosen as the weight trajectory with the
highest average correlation to the other weights in the mode. Details on the sampling and clustering
procedures are available in Appendix C.2, C.3.

Step 2. Associate weights to modes.Givenf wm gM
m =1 andW , partitionW to f W m gM

m =1 . Let

C2 2 RN � M : C2[i; m ] = jcorr (wi ; wm )j: (5)
To getf W m gM

m =1 , we obtain the mode of eachwi 2 W asarg max of thei th row C2[i; :].

Step 3. Obtain the af�ne parameters.Givenwm , W m , get ~Am by a pseudo-inverse of Eq. (3)

~Am = W m ~wT
m ( ~wm ~wT

m ) � 1 2 arg min
~A m

kW m � ~Am ~wm kF ; (6)

wherek � kF denotes the Frobenius norm. Reconstruction of the modeled dynamicsW Recon
m , is

performed by re-plugging~Am to the right-hand-side of Eq. (3)

W Recon
m = AT

m wm + B T
m

~1; (7)

where, e.g., modem weights at end of training appear at the last column, denotedW Recon
m (t)

�
�
�
�
t = E

.

We tested post-hoc CMD on image classi�cation, segmentation and generative image style transfer.
The performance upon replacing the weights with the CMD modelled weights produces similar, and
even enhanced results, compared to the original network weights, see Fig. 2. Further experimental
details and additional post-hoc results, and ablation studies are in Appendix B. As far as we know,
we are the �rst to assess dynamics modeling in image segmentation and generative style transfer.
Post-hoc CMD is resource-intensive due to full training trajectory usage. Thus we introduce ef�cient
CMD variants for real-time computation during training.
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Figure 2:Post-hoc CMD examples. CMD representation is highly general and models well diverse
architectures operating on various tasks. Here, the successful modeling is evident through its ability
to follow the performance dynamics while even providing a performance boost. Left: CIFAR10
performance on ViT-b-16 (Dosovitskiy et al., 2020), pre-trained on JFT-300M. Middle: StarGAN-
v2 (Choi et al., 2020) style transfer, qualitative result of the original network compared to the result
of CMD modeling of its dynamics. Right: Segmentation results, using PSPNet Architecture (Zhao
et al., 2017). See more details and results in Appendix B and Figs. 15, 18. 'GD' in the legend stands
for SGD.

3.3 ONLINE CMD

We introduce an iterative CMD version that mitigates the computational drawbacks of post-hoc
CMD. Designed to run alongside the regular training process, with negligible overhead - we term
it online. Transforming post-hoc CMD into an iterative algorithm, we eliminate the need for full
training trajectories, reducing memory and computation.

Warm-up phase. We observed that the reference trajectories can be selected once during training,
and do not require further updates (see Fig. 16 and Table 4 in Appendix C.5). Thus we perform
Step 1 of Sec. 3.2 once at a pre-de�ned epochF , and the selected reference weights continue to
model the dynamics for the remainder of the training process. After the warm-up phase, we perform
ef�cient iterative updates, variants of Step 2 and Step 3 of Sec. 3.2.

Step 2 (iterative).This step requires computingC2, the trajectory correlation matrix of Eq. (5).C2
is calculated using inner products and norms. Denotewt 2 Rt as the discrete trajectory of a weight
w at times1 throught. Givenhwm;t � 1; wi;t � 1i , kwi;t � 1k2, we may obtainhwm;t ; wi;t i , kwi;t k2 as:

hwm;t ; wi;t i = hwm;t � 1; wi;t � 1i + wm (t)wi (t); kwi;t k2 = kwi;t � 1k2 + w2
i (t): (8)

Step 3 (iterative). Let ~Am (t) be ~Am evaluated on trajectories up to timet. Given ~Am (t � 1), we
have by Eq. (6)

~Am (t) =
�

~Am (t � 1)( ~wm;t � 1 ~wT
m;t � 1) + W m (t) ~wT

m (t)
�

( ~wm;t ~wT
m;t ) � 1; (9)

~wm;t ~wT
m;t = ~wm;t � 1 ~wT

m;t � 1 +
�

w2
m (t) wm (t)

wm (t) 1

�
; (10)

whereW m (t); ~wm (t) are thet th column ofW m ; ~wm respectively, and~wm;t are columns1 through
t of ~wm . Note that we only used the weights at the current timet, along with the2 � 2 matrices
~wm;t � 1 ~wT

m;t � 1, ~wm;t ~wT
m;t , which are also iteratively maintained via Eq. (10). In all of our experi-

ments - invertability of this2� 2 was never an issue (generally, a pseudo-inverse can be used). Thus
we use Eq. (9), Eq. (10) for iterative updates, see derivation of Eq. (9) in Appendix C.4.

PerformanceOur experiments show that after theF warm-up iterations we may �x not only Steps
1, but also Step 2, and continue with iterative Step 3 updates, while maintaining on-par performance
with post-hoc CMD, as shown in Table 4 in Appendix C.5. Online CMD outperforms the current
SOTA low-dimensional model of Li et al. (2023) on various image classi�cation architectures, as
highlighted in Table 1, while requiring a substantially shorter warm-up phase.

Ef�ciency Unlike Eq. (6), which is performed once at the end of the warm-up phase, the iterative
updates, Eq. (9), Eq. (10), do not require trajectory storage at all. Moreover, their overhead is
computationally negligible compared to a training step, see Appendix C.6 for the calculations. Thus
we have an online dynamics modeling procedure with negligible overhead - setting the ground for
training enhancement. The full Online CMD algorithm is available in Algorithm 3 in Appendix C.1.
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3.4 EMBEDDING THE MODELED DYNAMICS IN TRAINING

This method gradually integrates CMD dynamics into training, aimed at leveraging modeled dynam-
ics for enhanced learning. This improves accuracy and reduces the number of trained parameters.
Experiments show that gradual CMD embedding stabilizes training, whereas instantaneous CMD
use in SGD is unstable (Fig. 3). Two naive approaches failed: 1) periodic CMD weight assignment
reverted to regular SGD paths; 2) training only the reference weights after the warm-up phase.

Let us describe the gradual embedding approach of choice. We rely upon the online algorithm of
Sec. 3.3, where after a short warm-up phase the af�ne parametersai ; bi are iteratively updated at
each epoch. EveryL epochs we further embed additional parameters. A parameterwi for which the
model is stable (change ofai ; bi in time is negligible) is CMD embedded from then on, i.e. it gets
its value according to the CMD model and not by gradient updates. Additionally, from this point on,
ai ; bi are �xed.

Figure 3: Embedding CMD in training . Left: Naively assigning CMD-modeled weights to the
model every 20 epochs, and performing SGD in between. Dots represent the CMD model perfor-
mance. Performance is repeatedly drawn back to the CMD-less (regular SGD) case. Middle: Online
CMD and Embedded CMD, compared to regular SGD. An additional naive approach which trains
only the reference weights post warm-up is also presented (green). Performance is portrayed along
the training epochs. CMD runs useM = 10 modes,F = 20 warm-up epochs. We use an embed-
ding rate ofP = 10%, andL = 10 epochs (Right), which lead to� 50% reduction in the total
number of trained parameters in the whole training cycle. Both online and embedded CMD variants
considerably improve performance, compared to regular SGD. Both naive approaches do not.

As shown in Appendix C.8, the af�ne parametersai ; bi tend to exhibit minimal or no changes after a
certain epoch, denotedt = � i . Thus, after� i we may �x ai ; bi , i.e. useai  ai (� i ); bi  b(� i )8t >
� i . DenoteI (t) = f i : t > � i g. To embed the modeled dynamics towi , we perform

wi (t)  
�

SGD update ifi =2 I (t)
ai wm (t) + bi if i 2 I (t)

: (11)

After � i , we say thatwi is anembedded weight, andai ; bi its embedded coef�cents. Note: Embedded
coef�cients are frozen in time, embedded weights are not. Letci be a criterion of change inai ; bi ,
for instanceci (t) =

p
kai (t) � ai (t � L )k2 + kbi (t) � bi (t � L )k2. One way to obtain� i is by

� i = t : ci (t) is in the bottom P% of the unembedded weights: (12)

Other reasonable ways include� i = t : ci (t) < �; for un-embeddedwi , using a small threshold
� > 0. The full online embedding algorithm is available in Algorithm 4 in the Appendix. Note that
we do not embed the reference weightsf wm gM

m =1 . Sec. 4 demonstrates the bene�t of embedded
dynamics in the context of federated learning, where we can locally store the embedded coef�cients
to signi�cantly reduce the communication overhead.

3.5 CMD ACCURACY AND LOSSLANDSCAPEV ISUALIZATION

Reducing the search space to 1-2 dimensions allows for loss landscape visualization. To this end we
use CMD with 2 modes, as seen in Fig. 4, where different parts of the dataset are used for accuracy
visualization. Expectedly, training and validation sets differ in landscape smoothness. Smoothness
as well as minima points also vary across the CIFAR10 classes. See further details in Appendix G.
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Figure 4: Visualization of accuracy landscape. A grid is created based on the two reference
weights, and colored by accuracy values. The accuracy landscape of the training set (left) is very
smooth, compared to that of the validation set (second left). The landscape of the Automobile class
(3rd left) is rather regular whereas the Dog class (right) is much more irregular and suboptimal. The
original CMD model is marked with a black dot, the optimal model is marked with a red dot.

4 CMD FOR EFFICIENT COMMUNICATION IN DISTRIBUTED LEARNING

We propose for the �rst time to use training dynamics modeling for ef�cient communication in
distributed learning. In conventional (non-distributed) learning, as discussed above, a reduction in
trained parameters leads to decreased computation. Nonetheless, in distributed scenarios, modeling
trajectories may reduce the No. of communicated parameters as well, offering further signi�cant
bene�ts. Speci�cally in Federated Learning (FL), communication ef�ciency is crucial (Li et al.,
2020). For example, Chen et al. (2021) �nd in their FL experiments that communication accounts
for over 50% of the total training time. Following their experimental setting, we concentrate on
FL, where client models handle unique per-client data. Although developed for FL, our method is
adaptable for distributed learning.

Let C be the set of client models, trained locally on distinct data. Periodical 'synchronization
rounds' occur at timets as follows: A subsetC(ts) � C is randomly selected and aggregated in
a Central Server using standard averaging (McMahan et al., 2017). We consider the (less standard)
practice that aggregates only a subset of the weights

Central Server:wmain
i (ts) =

1
jC(ts)j

X

client2 C ( t s )

wclient
i (ts); 8i =2 I (ts); (13)

whereI (ts) is the set of indices of the un-aggregated weights at timets. Un-aggregated weights do
not require communication with the central server, hence increasing the size ofI while maintaining
performance is bene�cial. To this end, we harness the embedded CMD modeling of Sec. 3.4, where
the analyzed set of weight trajectories isf wmain

i (ts)gi 2I ( t s ) as follows: The coef�cientsf ai ; bi g are
maintained in the Central Server as in Sec. 3.4, and calculated w.r.t.f wmain

i (ts)gN
i =1 . Let � s;i be

the round in whichai ; bi are embedded. Atts = � s;i , the pairf ai ; bi g is distributed to the client
models. Each client maintains a local copy of all the embedded coef�cientsf ai ; bi gi 2I ( t s ) . The
client synchronization is performed, similarly to Eq. (11), as

Local Client:wclient
i (ts)  

�
wmain

i (ts) if i =2 I (ts)
ai wm (ts) + bi if i 2 I (ts);

(14)

whereI (ts) = f i : ts > � s;i g, and� s;i is updated at the Central Server via Eq. (12). Note that only
the weights corresponding to indicesi =2 I (ts) and the setf wm gM

m =1 require communication. Ad-
ditionally, eachai ; bi pair is sent once during the training from the main model to the clients (when
they are selected as embedded coef�cients). Note: CMD is performed solely onf wmain

i (ts)gN
i =1 .

In basic FL,N weights from each of thejCj selected clients are sent to a central server during each
synchronization step. These are aggregated into a main model, which is then distributed back to
all jCj clients. Thus, before employing any compression, the total data volume transmitted for each
synchronization, is given by:

Sync. Volume (Baseline)= N (jCj + jCj); (15)

where usually this is measured in �oating point numbers (depending on the variable-type of theN
weights).
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In our scenario, due to the progressive change inI , the communicated volume is not constant. Thus,
we consider the following average:

Sync. Volume (CMD)= N̂ not-embedded(jCj + jCj) +
2N
Es

jCj; (16)

whereN̂ not-embeddedis the number of un-embedded parameters, averaged overEs synchronization
rounds. Note that upon full embedding, theM reference weights are still required for communica-
tion. The term2N

E s
jCj accounts for the following: Eachai ; bi pair is embedded and communicated

once during training. TheN pairs form a total of2N communicated parameters. Communication is
performed to all clients, i.e.2N jCj total volume. Average round communication is thus2N

E s
jCj.

In Fig. 5 our approach is compared to Chen et al. (2021), showing comparable accuracy with
signi�cant reduction of communicated weights.

5 RESULTS

We provide a focused comparison between our approach and the most closely related contempo-
rary works: Li et al. (2023) that uses the SOTA P-BFGS for compactly modeled dynamics in im-
age classi�cation, and Chen et al. (2021)'s APF and aggressive APF (A-APF) aimed at reducing
communicated parameters in FL. While we are �rst to leverage dynamics modeling for ef�cient
communication, APF targets parameters that are nearly constant over time, which is infact plateau
dynamics.

Table 1:CIFAR10 test accuracy results for different modeling methods. P-BFGS stands for the
algorithm proposed in Li et al. (2023). Warm-up phase length (equal to CMD or longer) is noted in
each P-BFGS column title. Best result in each row is in bold, second best is underlined. Vit-b-16
model is pre-trained on ImageNet1K. For the full experimental details see Appendix D, Tables 5, 6
speci�cally.

Model Baseline SGD Online CMD P-BFGS (equal) P-BFGS (long)
ResNet18 90:91%� 0:52 92.43%� 0:34 89:34%� 0:54 91:03%� 0:38
WideRes 92:70%� 0:48 93.21%� 0:50 88:65%� 0:77 92:78% � 0:25

PreRes164 90:64%� 0:98 91.34% � 1:20 90:76%� 1:14 90:91%� 0:77
LeNet-5 75:36%� 0:57 76.77%� 0:60 74:67%� 0:35 76:44%� 0:37

GoogleNet 92:05%� 0:48 93.07%� 0:49 92:01%� 1:05 92:41%� 0:38
ViT-b-16 97:86%� 0:11 97.99%� 0:28 95:05%� 0:69 -

Dimensionality reduction. In Table 1 we compare our online CMD method to P-BFGS (Li et al.,
2023) on various architectures, ranging from very simple networks to vision transformers. We add
results of CMD embedding for some of the models in Table 10 in the Appendix. For implemen-
tation details see Appendix D. P-BFGS appears twice in the table: With CMD-equivalent warm-
up, and with an 80-epoch warm-up as they originally propose. Dimensionality is 40 unless the
warm-up is� 40 epochs, then it matches the warm-up length due to method constraints. Our on-
line CMD method outperforms P-BFGS in all experiments. With just a handful of modes (10 or
less), we achieve superior performance, regardless of the warm-up phase duration. P-BFGS requires
substantially more dimensions and a longer warm-up phase than CMD, yielding models with low
performance for equal warm-up phases to CMD and less than 40 dimensions. Furthermore, On-
line CMD has constant memory consumption and negligible computational overhead (see Appendix
C.6, C.7). On the other hand, P-BFGS requires a matrix linearly dependent on the number of di-
mensions, leading to memory issues when training large models such as Wide-ResNet (Zagoruyko
& Komodakis, 2016) or a vision transformer - ViT-b-16 (Dosovitskiy et al., 2020). In fact, we could
not train P-BFGS on ViT-b-16 using a single GPU, like CMD. Moreover, we could not calculate
the P-BFGS parameters for the long warm-up case using our computational device (125GB RAM
memory), therefore only the equal warm-up phase option is available in the results.

CMD as a regularizer A by-product of applying CMD for dynamics modeling is smoother trajec-
tories, demonstrated in Figs. 1, 7. Smoothed trajectories have been shown to improve performance,
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for instance in using EMA and SWA, (Tarvainen & Valpola, 2017; Izmailov et al., 2018). We com-
pare this performance boost with CMD in Table 2, using several SGD variants. It can be observed
that CMD even slightly out-performs EMA and SWA. See additional information in Appendix D.
Notably, EMA and SWA are speci�cally designed for smoothing and relate to CMD solely through
this by-product; they do not involve dynamics modeling.

Table 2:CIFAR10 test accuracy results on ResNet18 for different regularizers. Different train-
ing optimization techniques are used. Best result in each row is in bold, second best is underlined.
CMD entails excellent implicit regularization, competing well with dedicated training regularization
algorithms. 'Mom' stands for momentum and 'SCH' stands for learning rate scheduler.

Optimizer / Method Baseline SGD EMA SWA Online CMD
SGD 90:68%� 0:29 92:02%� 0:16 92:09%� 0:10 92.26% � 0:12

SGD + Mom 90:91%� 0:52 92:22%� 0:43 92:28%� 0:44 92.43% � 0:34
SGD + Mom + SCH 91:29%� 0:23 91:28%� 0:23 91:29%� 0:24 91.68% � 0:21

Adam 89:59%� 0:43 91:43%� 0:39 91:65%� 0:43 91.70%� 0:51

Federated Learning In Table 3 we contrast CMD with APF and A-APF. As a baseline, we per-
form FL training without any communication boosting. TheVolumecriterion quanti�es the average
number of parameters communicated per round, expressed as a ratio to the baseline number of
parameters. We note that no additional compression is performed here. We closely followed the
experimental setting provided in Chen et al. (2021), as detailed in Appendix F.1. CMD is preferable
in terms ofVolumeto APF and A-APF as seen in Table 3.

Figure 5: Federated Learning, ResNet18 on
CIFAR10. Test loss and accuracy throughout
training. CMD with two modes is harnessed
for FL, compared to regular SGD (Baseline)
and Aggressive APF (A-APF). Each trend-line
is the average of 10 runs.

Table 3: Federated Learning, ResNet18 on
CIFAR10. CMD signi�cantly reduces volume
(48.12%) while boosting test accuracy compared
to the baseline. In contrast, APF marginally re-
duces communication but attains a slightly higher
accuracy boost, and A-APF reduces communica-
tion (not as much as CMD) with a negligible ac-
curacy boost. Overall, CMD offers a favorable
trade-off between communication and accuracy.

Volume Test Accuracy
Baseline 100% 91:4%� 0:3

Ours 48.12% 91:7%� 0:2
APF 90:22% 92.0% � 0:2

A-APF 60:75% 91:5%� 0:4

6 CONCLUSION

In this paper, we have presented a new approach to model neural network parameter dynamics,
leveraging the underlying correlated behavior of the training process. We show the model applies
for a wide variety of architectures and learning tasks. By incorporating a low-dimensional approxi-
mation and using iterative update techniques, we introduce Online CMD, an ef�cient online method
that models the training dynamics with just a handful of modes, while enhancing performance. We
also incorporated the modeled dynamics into the training process and demonstrated the ef�ciency
in Federated Learning, improving the communication overhead. The idea to use modeled dynamics
for this task is novel in itself.

Our experiments showcase a range of bene�ts: We improve accuracy relative to regular SGD train-
ing and also surpass the state-of-the-art in low-dimensional dynamics modeling. The model can
also be used effectively for visualization of accuracy and error landscapes. Additionally, our feder-
ated learning method signi�cantly reduces communication overhead without compromising perfor-
mance. Our approach could be effectively combined with other techniques, opening up new avenues
for optimizing complex neural network training.
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REPRODUCIBILITY

Detailed pseudo-code of our CMD algorithm is described in Algorithms 1, 2. Our other CMD
variants, Online CMD and Embedded CMD are descibed in Algorithms 3, 4. All the algorithms
are available in the Appendix. The parameters used for our experiments in Sec. 5 are available
in the Appendix D, speci�cally Table 5 (training parameters) and Table 6 (CMD parameters). All
of our algorithms: Post-hoc, Online, and Embedded CMD, have an implementation provided here,
alongside a script which executes them in the setting of the results in Sec. 5.
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APPENDIX

A CORRELATION RELATED EXPERIMENTS

A.1 MANUAL INSPECTION OFMODELED TRAJECTORIES

Figure 6: For each mode, weight trajectories are portrayed as mean and variance of the normalized
trajectories (shaded area) alongside the reference trajectory (solid line). Each subplot represents a
mode characterized by its parameter count (size), inter-mode correlation (corr1), and correlation of
the mean trajectory with the reference trajectory (corr2). Formally, corr1 for the clustermth clus-
ter Cm is 1

(N m
2 )

P
i 2 Cm

P
j 2 Cm ;j>i corr(wi ; wj ), whereNm is the size of the cluster, and corr2 is

corr
�

1
N m

P
i 2 Cm

wi ; wm

�
. Notably, corr2 consistently indicates a strong alignment of the mean

trajectory with the reference trajectory, demonstrating its ef�cacy in capturing the general dynamics,
even upon less-than-perfect values in corr1. Additionally, larger modes exhibit higher corr2 as well
as corr1 values, suggesting more consistent behavior within the collective dynamics. The mode-
average dynamics display varied patterns, including sharp decreases and subsequent stabilization,
re�ecting the learning process's adaptation phases. This diversity is effectively encapsulated by the
reference trajectories, af�rming our dynamics modeling approach despite the variation in correla-
tion.
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