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ABSTRACT

We investigate the mechanisms that arise when transformers are trained to solve
arithmetic on sequences where tokens are variables whose meaning is determined
only through their interactions in-context. While prior work has studied trans-
formers in settings where the answer relies on fixed parametric or geometric infor-
mation encoded in token embeddings, we devise a new in-context reasoning task
where the assignment of tokens to specific algebraic elements varies from one
sequence to another. Despite this challenging setup, transformers achieve near-
perfect accuracy on the task and even generalize to unseen groups. We develop
targeted data distributions to create causal tests of a set of hypothesized mecha-
nisms, and we isolate three mechanisms models consistently learn: commutative
copying where a dedicated head copies answers, identity element recognition that
distinguishes identity-containing facts, and closure-based cancellation that tracks
group membership to constrain valid answers. Our findings show that the kinds
of reasoning strategies learned by transformers are dependent on the task struc-
ture and that models can develop symbolic reasoning mechanisms when trained
to reason in-context about variables whose meanings are not fixed.

1 INTRODUCTION

The hallmark of abstract reasoning is the ability to work with words and symbols whose meaning
is unknown ahead of time (Newell, 1980; Lampinen et al., 2024). Yet much of the performance
of language models (LMs) can be attributed to the power of the token embedding, for example
pre-encoding the attribute female in the embedding for “Queen,” (Mikolov et al., 2013) or pre-
encoding divisible-by-two within the embedding of the token “108” (Zhou et al., 2024; Hu et al.,
2025; Kantamneni & Tegmark, 2025; Nikankin et al., 2025). What mechanisms can a transformer
language model employ if it is unable to pre-encode solutions in the embeddings of the words?

In this work, we devise a simple in-context learning setting where tokens serve as pure variables,
acquiring meaning only through their interactions within each sequence. This allows us to ask: What
computational strategies do transformers develop when deprived of meaningful embeddings?

We adopt a familiar arithmetic problem setting, training small transformers to predict answers to
arithmetic problems sampled from finite groups. What makes our setting unique is that each token is
a variable that can represent any algebraic element: the meaning of each token is only fixed within a
single sequence. Complementary to previous studies of emergent arithmetic reasoning (Power et al.,
2022; Zhang et al., 2022; Nanda et al., 2023; Zhong et al., 2023), solving problems in this setting
forces models to infer structure solely from observations of contextual relationships (Piantadosi &
Hill, 2022) rather than relying on fixed information encoded within token embeddings.

Surprisingly, we find that models trained on this task develop fundamentally different reasoning
strategies than those previously observed when LMs solve arithmetic in fixed-token settings. Rather
than learning geometric representations of a Fourier basis, we find that models acquire symbolic
reasoning mechanisms based on sparse relational patterns (Zucchet et al., 2025). We identify three
primary algorithmic strategies models employ beyond verbatim copying: commutative copying,
identity element recognition, and closure-based cancellation. These findings suggest that the kinds
of reasoning strategies learned by transformers are dependent on the task structure, with symbolic,
context-based strategies emerging when tokens carry no consistent meaning across contexts.

∗Correspondence to todd.er@northeastern.edu. Open-source code and data available at algebra.baulab.info.

1

mailto:todd.er@northeastern.edu
https://algebra.baulab.info


Published as a conference paper at ICLR 2026

<latexit sha1_base64="6ks24cGuv+pmL5MWn3H5y46L850="></latexit>

a b c d e f g h i j k l m n o p

<latexit sha1_base64="nQ54NhK87zB18M0EQ9MMrZHHSUg=">AAACGXicbVDLSgMxFM3UV62vUZduQosiCGWmanVZdOOygn1Ap5RMetuGZjJDkhHL0L8QN/6KGxeKuNRV/8a0VdDWAwcO59zLffgRZ0o7zshKLSwuLa+kVzNr6xubW/b2TlWFsaRQoSEPZd0nCjgTUNFMc6hHEkjgc6j5/ctxXrsFqVgobvQggmZAuoJ1GCXaWC3b8XzoMpEEREt2N8QOPsCuYcHw2PDE8NQD0f6paNk5J+9MgOeF+y1ypax3dD8qDcot+8NrhzQOQGjKiVIN14l0MyFSM8phmPFiBRGhfdKFhpGCBKCayeSyId43Tht3QmkoNJ64vzsSEig1CHxTafbrqdlsbP6XNWLdOW8mTESxBkGngzoxxzrE4zfhNpNANR8YQahkZldMe0QSqs0zM+YJ7uzJ86JayLvFfPHazZUu0BRptIey6BC56AyV0BUqowqi6AE9oRf0aj1az9ab9T4tTVnfPbvoD6zPL7AOn/0=</latexit>

0 1 2 3 4 5
<latexit sha1_base64="dibtNzOugmBIhp5WScYqgj58qzU=">AAACIXicbZBLS0JBFMfn9jR7WS3bDEoRBHKvlbqU2rQ0yAd4ReaORx2cO/cyMzeSi9+idZu+SpsWRbiTvkzjIyjtwA/+/M85nIcXcqa0bY+tldW19Y3NxFZye2d3bz91cFhVQSQpVGjAA1n3iALOBFQ00xzqoQTiexxqXv9mkq89gFQsEPd6EELTJ13BOowSbaxWquh60GUi9omW7HGIbXyKHUPOcGG4NFwZ8oaCC6L9U9lKZeysPQ28LJy5yJTS7vnTuDQot1Ijtx3QyAehKSdKNRw71M2YSM0oh2HSjRSEhPZJFxpGCuKDasbTC4f4xDht3AmkQWg8dX93xMRXauB7ptLs11OLuYn5X64R6U6xGTMRRhoEnQ3qRBzrAE/ehdtMAtV8YAShkpldMe0RSag2T02aJziLJy+Lai7r5LP5OydTukazSKBjlEZnyEEFVEK3qIwqiKJn9Ire0Yf1Yr1Zn9ZoVrpizXuO0J+wvr4BEnqhhg==</latexit>

0 1 2 3 4 5 6 7

<latexit sha1_base64="M9899NhN47I+hjKxQawU2Ud+6DY=">AAAB6nicbZC7SgNBFIbPxluMt6hgYzMYBKuwaxEtQ9JYJmgukCxhdjKbDJmdWWZmhbDkEWwsFLG19S18Ajsbn8XJpdDEHwY+/v8c5pwTxJxp47pfTmZtfWNzK7ud29nd2z/IHx41tUwUoQ0iuVTtAGvKmaANwwyn7VhRHAWctoJRdZq37qnSTIo7M46pH+GBYCEj2Fjrttor9fIFt+jOhFbBW0ChfFL/Zu+Vj1ov/9ntS5JEVBjCsdYdz42Nn2JlGOF0kusmmsaYjPCAdiwKHFHtp7NRJ+jcOn0USmWfMGjm/u5IcaT1OApsZYTNUC9nU/O/rJOY8NpPmYgTQwWZfxQmHBmJpnujPlOUGD62gIlidlZEhlhhYux1cvYI3vLKq9C8LHqlYqnuFcoVmCsLp3AGF+DBFZThBmrQAAIDeIAneHa48+i8OK/z0oyz6DmGP3LefgClAZEZ</latexit>

C6
<latexit sha1_base64="sBQr2q6wSH3leYghv5suZqucGIo=">AAAB6nicbZDLSgMxFIbPeK31VhXcuAkWwVWZEakuS3XhskV7gXYomTTThiaZIckIZegjuHGhiFu3voVP4M6Nz2J6WWjrD4GP/z+HnHOCmDNtXPfLWVpeWV1bz2xkN7e2d3Zze/t1HSWK0BqJeKSaAdaUM0lrhhlOm7GiWAScNoLB1Thv3FOlWSTvzDCmvsA9yUJGsLHW7XXnvJPLuwV3IrQI3gzypcPqN3svf1Q6uc92NyKJoNIQjrVueW5s/BQrwwino2w70TTGZIB7tGVRYkG1n05GHaET63RRGCn7pEET93dHioXWQxHYSoFNX89nY/O/rJWY8NJPmYwTQyWZfhQmHJkIjfdGXaYoMXxoARPF7KyI9LHCxNjrZO0RvPmVF6F+VvCKhWLVy5fKMFUGjuAYTsGDCyjBDVSgBgR68ABP8Oxw59F5cV6npUvOrOcA/sh5+wGjf5EY</latexit>

D4(c)
<latexit sha1_base64="U+HKLzQfs0E4YYiTAWxDi5VjyfA=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKVC9C0YvHCvYD2hg22027dLMJu5tKCf0fXjwo4tX/4s1/46bNQVsfDDzem2Fmnh9zprRtf1uFtfWNza3idmlnd2//oHx41FZRIgltkYhHsutjRTkTtKWZ5rQbS4pDn9OOP77N/M6ESsUi8aCnMXVDPBQsYARrIz32J1jGI+alyqvNrr1yxa7ac6BV4uSkAjmaXvmrP4hIElKhCcdK9Rw71m6KpWaE01mpnygaYzLGQ9ozVOCQKjedXz1DZ0YZoCCSpoRGc/X3RIpDpaahbzpDrEdq2cvE/7xeooMrN2UiTjQVZLEoSDjSEcoiQAMmKdF8aggmkplbERlhiYk2QZVMCM7yy6ukXas69Wr9/qLSuMnjKMIJnMI5OHAJDbiDJrSAgIRneIU368l6sd6tj0VrwcpnjuEPrM8fjPaSjw==</latexit>ωs2 =

<latexit sha1_base64="Z4dn4Cbc1ddJLJSWud5UeKJsxRk="></latexit>

0 1 2 3 4
<latexit sha1_base64="Ui86TvGZIaR5slpbEjfMLUXiYcs="></latexit>

0 1 2 3
<latexit sha1_base64="ixuyFsBtPAFTQIXV+S3uwsWnnYs="></latexit>

0 1 2

<latexit sha1_base64="ULfHvDHg9I6naqTZXa56tn7tSrc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbVoEciF48Y5ZHAhswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoJRbea3nlBpHstHM07Qj+hA8pAzaqz0UOtd9oolt+zOQVaJl5ESZKj3il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5mfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCW/8CZdJalCyxaIwFcTEZPY36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5LmRdmrlCv3V6XqbRZHHk7gFM7Bg2uowh3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AwX2NeA==</latexit>

C3
<latexit sha1_base64="nYzXLr1m7h7p7Th7lPHsG+VacXg=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNokciF48Y5ZHAhswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoJRbea3nlBpHstHM07Qj+hA8pAzaqz0UOtd9Yolt+zOQVaJl5ESZKj3il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5mfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCW/8CZdJalCyxaIwFcTEZPY36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5LmRdmrlCv3l6XqbRZHHk7gFM7Bg2uowh3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AxIWNeg==</latexit>

C5
<latexit sha1_base64="QkjzPacHc9WfzygKTqs9rYBiiCk=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYNQY9ELh4xyiOBDZkdGpgwO7uZmTUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+txvP6HSPJKPZhqjH9KR5EPOqLHSQ71f6RdLbtldgKwTLyMlyNDoF796g4glIUrDBNW667mx8VOqDGcCZ4VeojGmbEJH2LVU0hC1ny5OnZELqwzIMFK2pCEL9fdESkOtp2FgO0NqxnrVm4v/ed3EDG/8lMs4MSjZctEwEcREZP43GXCFzIipJZQpbm8lbEwVZcamU7AheKsvr5PWVdmrlqv3lVLtNosjD2dwDpfgwTXU4A4a0AQGI3iGV3hzhPPivDsfy9ack82cwh84nz/DAY15</latexit>

C4

<latexit sha1_base64="6ks24cGuv+pmL5MWn3H5y46L850="></latexit>

a b c d e f g h i j k l m n o p

Sampled Groups
<latexit sha1_base64="/La15+bwEfGG4zuEUfaRXvu8gUc=">AAAB+3icbVDLSsNAFL2pr1pfsS7dDBbBVUlEqhuh6EKXFewD2hAm02k7dDIJMxOxhPyKGxeKuPVH3Pk3TtostHpg4HDOvdwzJ4g5U9pxvqzSyura+kZ5s7K1vbO7Z+9XOypKJKFtEvFI9gKsKGeCtjXTnPZiSXEYcNoNpte5332gUrFI3OtZTL0QjwUbMYK1kXy7OgixnhDM05vMT5XvZpe+XXPqzhzoL3ELUoMCLd/+HAwjkoRUaMKxUn3XibWXYqkZ4TSrDBJFY0ymeEz7hgocUuWl8+wZOjbKEI0iaZ7QaK7+3EhxqNQsDMxknlQte7n4n9dP9OjCS5mIE00FWRwaJRzpCOVFoCGTlGg+MwQTyUxWRCZYYqJNXRVTgrv85b+kc1p3G/XG3VmteVXUUYZDOIITcOEcmnALLWgDgUd4ghd4tTLr2Xqz3hejJavYOYBfsD6+AQzUlHY=</latexit>

Gs1 =

<latexit sha1_base64="a/3WOuoThYsc2/U5ABVn4je2rk0=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqheh6MVjFfsBbSib7aZdutmE3YlQQv+BFw+KePUfefPfuG1z0OqDgcd7M8zMCxIpDLrul1NYWV1b3yhulra2d3b3yvsHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Gbmtx+5NiJWDzhJuB/RoRKhYBStdN+66pcrbtWdg/wlXk4qkKPRL3/2BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6ZScWGVAwljbUkjm6s+JjEbGTKLAdkYUR2bZm4n/ed0Uw0s/EypJkSu2WBSmkmBMZm+TgdCcoZxYQpkW9lbCRlRThjackg3BW375L2mdVb1atXZ3Xqlf53EU4QiO4RQ8uIA63EIDmsAghCd4gVdn7Dw7b877orXg5DOH8AvOxzc4AI0s</latexit>

V =Vocabulary
Predicted Next Token

<latexit sha1_base64="oztgJ65IVzFO56vMGpy9Wi2LXUo=">AAAB63icbZDLSgMxFIbPeK3jrerSTbAIrspMF9VNsejGZQV7gXYomTRtQ5PMkGSEMvQV3LhQxJ34LO7diG9jpu1CW38IfPz/OeScE8acaeN5387K6tr6xmZuy93e2d3bzx8cNnSUKELrJOKRaoVYU84krRtmOG3FimIRctoMR9dZ3rynSrNI3plxTAOBB5L1GcEms0p+xevmC17Rmwotgz+HwuWHW4nfvtxaN//Z6UUkEVQawrHWbd+LTZBiZRjhdOJ2Ek1jTEZ4QNsWJRZUB+l01gk6tU4P9SNlnzRo6v7uSLHQeixCWymwGerFLDP/y9qJ6V8EKZNxYqgks4/6CUcmQtniqMcUJYaPLWCimJ0VkSFWmBh7HtcewV9ceRkapaJfLpZv/UL1CmbKwTGcwBn4cA5VuIEa1IHAEB7gCZ4d4Tw6L87rrHTFmfccwR857z8/B5C7</latexit>

21 = 0
<latexit sha1_base64="XJvDtaIz7ThfusBogwCpYDMi7EI=">AAAB63icbZDLSgMxFIbP1Fsdb1WXboJFcFUmLqqbYtGNywr2Au1QMmnahiYzQ5IRytBXcONCEXfis7h3I76NmbYLbf0h8PH/55BzThALro3nfTu5ldW19Y38pru1vbO7V9g/aOgoUZTVaSQi1QqIZoKHrG64EawVK0ZkIFgzGF1nefOeKc2j8M6MY+ZLMgh5n1NiMsvDFdwtFL2SNxVaBjyH4uWHW4nfvtxat/DZ6UU0kSw0VBCt29iLjZ8SZTgVbOJ2Es1iQkdkwNoWQyKZ9tPprBN0Yp0e6kfKvtCgqfu7IyVS67EMbKUkZqgXs8z8L2snpn/hpzyME8NCOvuonwhkIpQtjnpcMWrE2AKhittZER0SRaix53HtEfDiysvQOCvhcql8i4vVK5gpD0dwDKeA4RyqcAM1qAOFITzAEzw70nl0XpzXWWnOmfccwh857z89fZC6</latexit>

01 = 1
<latexit sha1_base64="P3gQ3ys8sdjV9xjQj/cBpX9m48c=">AAAB63icbZDLSgMxFIbPeK3jrerSTbAIrsqMSHVTLLpxWcFeoB1KJk3b0CQzJBmhDH0FNy4UcSc+i3s34tuYabvQ1h8CH/9/DjnnhDFn2njet7O0vLK6tp7bcDe3tnd283v7dR0litAaiXikmiHWlDNJa4YZTpuxoliEnDbC4XWWN+6p0iySd2YU00DgvmQ9RrDJLP+s7HXyBa/oTYQWwZ9B4fLDLcdvX261k/9sdyOSCCoN4Vjrlu/FJkixMoxwOnbbiaYxJkPcpy2LEguqg3Qy6xgdW6eLepGyTxo0cX93pFhoPRKhrRTYDPR8lpn/Za3E9C6ClMk4MVSS6Ue9hCMToWxx1GWKEsNHFjBRzM6KyAArTIw9j2uP4M+vvAj106JfKpZu/ULlCqbKwSEcwQn4cA4VuIEq1IDAAB7gCZ4d4Tw6L87rtHTJmfUcwB857z9CEpC9</latexit>

14 = 0
<latexit sha1_base64="CGCPNPpO6N85mBUx2Y8k/dLMkTA=">AAAB63icbZDLSsNAFIZPvNZ4q7p0M1gEVyWpUt0Ui25cVrAXaEOZTCft0MkkzEyEEvoKblwo4k58FvduxLdx0nahrT8MfPz/Ocw5x485U9pxvq2l5ZXVtfXchr25tb2zm9/bb6gokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH15nefOeSsUicadHMfVC3BcsYATrzDo7rZS6+YJTdCZCi+DOoHD5YVfity+71s1/dnoRSUIqNOFYqbbrxNpLsdSMcDq2O4miMSZD3KdtgwKHVHnpZNYxOjZODwWRNE9oNHF/d6Q4VGoU+qYyxHqg5rPM/C9rJzq48FIm4kRTQaYfBQlHOkLZ4qjHJCWajwxgIpmZFZEBlphocx7bHMGdX3kRGqWiWy6Wb91C9QqmysEhHMEJuHAOVbiBGtSBwAAe4AmerdB6tF6s12npkjXrOYA/st5/AEgpkME=</latexit>

43 = 2
<latexit sha1_base64="t3Oge4R4YBH39YGX3GStEN6KkRQ=">AAAB63icbZDLSsNAFIZP6q3GW9Wlm8EiuCpJheqmWHTjsoK9QBvKZDpph04mYWYilNBXcONCEXfis7h3I76Nk7YLbf1h4OP/z2HOOX7MmdKO823lVlbX1jfym/bW9s7uXmH/oKmiRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf3Sd5a17KhWLxJ0ex9QL8UCwgBGsM8stV896haJTcqZCy+DOoXj5YVfjty+73it8dvsRSUIqNOFYqY7rxNpLsdSMcDqxu4miMSYjPKAdgwKHVHnpdNYJOjFOHwWRNE9oNHV/d6Q4VGoc+qYyxHqoFrPM/C/rJDq48FIm4kRTQWYfBQlHOkLZ4qjPJCWajw1gIpmZFZEhlphocx7bHMFdXHkZmuWSWylVbt1i7QpmysMRHMMpuHAONbiBOjSAwBAe4AmerdB6tF6s11lpzpr3HMIfWe8/Q5KQvg==</latexit>

12 = 3
<latexit sha1_base64="v+gT5yeE6bLNLqTQrud1lF3RBYI=">AAAB63icbZDLSgMxFIbPeK3jrerSTbAIrspMF9VNsejGZQV7gXYomTTThiaZIckIpfQV3LhQxJ34LO7diG9jpu1CW38IfPz/OeScEyacaeN5387K6tr6xmZuy93e2d3bzx8cNnScKkLrJOaxaoVYU84krRtmOG0limIRctoMh9dZ3rynSrNY3plRQgOB+5JFjGCTWSWvUurmC17Rmwotgz+HwuWHW0nevtxaN//Z6cUkFVQawrHWbd9LTDDGyjDC6cTtpJommAxxn7YtSiyoDsbTWSfo1Do9FMXKPmnQ1P3dMcZC65EIbaXAZqAXs8z8L2unJroIxkwmqaGSzD6KUo5MjLLFUY8pSgwfWcBEMTsrIgOsMDH2PK49gr+48jI0SkW/XCzf+oXqFcyUg2M4gTPw4RyqcAM1qAOBATzAEzw7wnl0XpzXWemKM+85gj9y3n8AQImQvA==</latexit>

20 = 2

<latexit sha1_base64="3VVt+ool4cAqBUIlywU9NUtHvxU=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8UgWIVdi2gjBm0sEzAXSJYwOzmbjJmdXWZmhbDkCWwsFLHVh7G3Ed/GyaXQ6A8DH/9/DnPOCRLOlHbdLyu3tLyyupZftzc2t7Z3Crt7DRWnkmKdxjyWrYAo5ExgXTPNsZVIJFHAsRkMryZ58w6lYrG40aME/Yj0BQsZJdpYNewWim7Jncr5C94cihfv9nny9mlXu4WPTi+maYRCU06Uantuov2MSM0ox7HdSRUmhA5JH9sGBYlQ+dl00LFzZJyeE8bSPKGdqfuzIyORUqMoMJUR0QO1mE3M/7J2qsMzP2MiSTUKOvsoTLmjY2eytdNjEqnmIwOESmZmdeiASEK1uY1tjuAtrvwXGiclr1wq17xi5RJmysMBHMIxeHAKFbiGKtSBAsI9PMKTdWs9WM/Wy6w0Z8179uGXrNdvLOWQMg==</latexit>e
<latexit sha1_base64="fofiwTfAKshqp172b7zACeTRFxg="></latexit>

pn = i, ka = b, jd = d, · · · , lk = g, ed = j, ej =

Sampled Facts

(a) (b)

<latexit sha1_base64="vf0+tJqMIKyQiTIKFLSIIyM5lgw=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4Krsi1YtQ9OKxgv2Adl2yabYNzWZDkq2Upf/DiwdFvPpfvPlvTNs9aOuDgcd7M8zMCyVn2rjut7Oyura+sVnYKm7v7O7tlw4OmzpJFaENkvBEtUOsKWeCNgwznLalojgOOW2Fw9up3xpRpVkiHsxYUj/GfcEiRrCx0mN3hJUcsCDTgTe5Dkplt+LOgJaJl5My5KgHpa9uLyFpTIUhHGvd8Vxp/Awrwwink2I31VRiMsR92rFU4JhqP5tdPUGnVumhKFG2hEEz9fdEhmOtx3FoO2NsBnrRm4r/eZ3URFd+xoRMDRVkvihKOTIJmkaAekxRYvjYEkwUs7ciMsAKE2ODKtoQvMWXl0nzvOJVK9X7i3LtJo+jAMdwAmfgwSXU4A7q0AACCp7hFd6cJ+fFeXc+5q0rTj5zBH/gfP4Ai3CSjg==</latexit>ωs1 =

Variable
Assignment <latexit sha1_base64="y02YUJ3gvkLzRign/IG63QGWEb4=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0oPtev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vktZF1atVa/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwAHpI2m</latexit>s1

<latexit sha1_base64="6ks24cGuv+pmL5MWn3H5y46L850="></latexit>

a b c d e f g h i j k l m n o p

<latexit sha1_base64="7BcdAG8N8HjXCUAO6oyfMe26hew=">AAACHnicbVDLSgNBEJz1GeNr1aOXwaB4CrsxiR6DXjxGMA9IljA720mGzM4uM7NiWPIlXvwVLx4UETzp3zh5CJpYUFBUd9Pd5cecKe04X9bS8srq2npmI7u5tb2za+/t11WUSAo1GvFINn2igDMBNc00h2YsgYQ+h4Y/uBrXG3cgFYvErR7G4IWkJ1iXUaKN1bFLbR96TKQh0ZLdj7CDT7BrWDA8MywalgzLuA0i+Gnr2Dkn70yAF4U7Ezk0Q7Vjf7SDiCYhCE05UarlOrH2UiI1oxxG2XaiICZ0QHrQMlKQEJSXTt4b4WPjBLgbSUOh8cT9PZGSUKlh6JtOc19fzdfG5n+1VqK7F17KRJxoEHS6qJtwrCM8zgoHTALVfGgEoZKZWzHtE0moNolmTQju/MuLol7Iu+V8+aaYq1zO4sigQ3SETpGLzlEFXaMqqiGKHtATekGv1qP1bL1Z79PWJWs2c4D+wPr8BqV7nd8=</latexit>

0 1 2 3 4 5 6

<latexit sha1_base64="i4xiuhwO2Z+2cS0NIHizG67DHqU=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaNAY9ELh4xyiOBDZkdBpgwO7uZ6TUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dQSyFQdf9dnIbm1vbO/ndwt7+weFR8fikZaJEM95kkYx0J6CGS6F4EwVK3ok1p2EgeTuY1Od++4lrIyL1iNOY+yEdKTEUjKKVHur9ar9YcsvuAmSdeBkpQYZGv/jVG0QsCblCJqkxXc+N0U+pRsEknxV6ieExZRM64l1LFQ258dPFqTNyYZUBGUbalkKyUH9PpDQ0ZhoGtjOkODar3lz8z+smOLzxU6HiBLliy0XDRBKMyPxvMhCaM5RTSyjTwt5K2JhqytCmU7AheKsvr5PWVdmrlCv316XabRZHHs7gHC7BgyrU4A4a0AQGI3iGV3hzpPPivDsfy9ack82cwh84nz/HjY18</latexit>

C7

<latexit sha1_base64="yL1NXe02O0v9bsdYzrCDmTj3x/I=">AAAB9HicbVBNSwMxEJ2tX7V+VT16CRbBU9lVqR6LXjxWsB/QLks2zbah2WRNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEdokkkvVCbGmnAnaNMxw2kkUxXHIaTsc3c389pgqzaR4NJOE+jEeCBYxgo2V/N4Yq2TIgkwHl9OgXHGr7hxolXg5qUCORlD+6vUlSWMqDOFY667nJsbPsDKMcDot9VJNE0xGeEC7lgocU+1n86On6MwqfRRJZUsYNFd/T2Q41noSh7Yzxmaol72Z+J/XTU1042dMJKmhgiwWRSlHRqJZAqjPFCWGTyzBRDF7KyJDrDAxNqeSDcFbfnmVtC6qXq1ae7iq1G/zOIpwAqdwDh5cQx3uoQFNIPAEz/AKb87YeXHenY9Fa8HJZ47hD5zPHwfKkkk=</latexit>ωs3

Sequence

…
<latexit sha1_base64="hQc/1AFTG3aHgoo2Db2IIK3wvsA="></latexit>

bd = b, ai = c, gf = g, · · · , eh = d, li = k, pb =
<latexit sha1_base64="W0YfM5wpbQJMwZnDi5Xo0wipfmc=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdi2gjBm0sEzAXSJYwOzmbjJm9MDMrhCVPYGOhiK0+jL2N+DZOLoVGfxj4+P9zmHOOnwiutON8Wbml5ZXVtfy6vbG5tb1T2N1rqDiVDOssFrFs+VSh4BHWNdcCW4lEGvoCm/7wapI371AqHkc3epSgF9J+xAPOqDZWbdAtFJ2SMxX5C+4cihfv9nny9mlXu4WPTi9maYiRZoIq1XadRHsZlZozgWO7kypMKBvSPrYNRjRE5WXTQcfkyDg9EsTSvEiTqfuzI6OhUqPQN5Uh1QO1mE3M/7J2qoMzL+NRkmqM2OyjIBVEx2SyNelxiUyLkQHKJDezEjagkjJtbmObI7iLK/+FxknJLZfKNbdYuYSZ8nAAh3AMLpxCBa6hCnVggHAPj/Bk3VoP1rP1MivNWfOeffgl6/UbMXGQNQ==</latexit>

h

<latexit sha1_base64="1LJNH0j1W/vzfVOy3zflYEi9yUE=">AAAB63icbZC7SgNBFIbPxltcb1FLm8EgWIXdFIlNMGhjGcFcIFnC7GQ2GTKzu8zMCmHJK9hYKGInPou9jfg2ziYpNPGHgY//P4c55/gxZ0o7zreVW1vf2NzKb9s7u3v7B4XDo5aKEklok0Q8kh0fK8pZSJuaaU47saRY+Jy2/fF1lrfvqVQsCu/0JKaewMOQBYxgnVllt1btF4pOyZkJrYK7gOLlh12L377sRr/w2RtEJBE01IRjpbquE2svxVIzwunU7iWKxpiM8ZB2DYZYUOWls1mn6Mw4AxRE0rxQo5n7uyPFQqmJ8E2lwHqklrPM/C/rJjq48FIWxommIZl/FCQc6Qhli6MBk5RoPjGAiWRmVkRGWGKizXlscwR3eeVVaJVLbqVUuXWL9SuYKw8ncArn4EIV6nADDWgCgRE8wBM8W8J6tF6s13lpzlr0HMMfWe8/SaOQwg==</latexit>

21 = 7
<latexit sha1_base64="xHfmz3yiz6eRpy8Z8NE0ZGvRGIs=">AAAB63icbZDLSsNAFIZP6q3GW9Wlm8EiuCqJheqmWHTjsoK9QBvKZDpph04mYWYilNBXcONCEXfis7h3I76Nk7YLbf1h4OP/z2HOOX7MmdKO823lVlbX1jfym/bW9s7uXmH/oKmiRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf3Sd5a17KhWLxJ0ex9QL8UCwgBGsM6vsVMu9QtEpOVOhZXDnULz8sKvx25dd7xU+u/2IJCEVmnCsVMd1Yu2lWGpGOJ3Y3UTRGJMRHtCOQYFDqrx0OusEnRinj4JImic0mrq/O1IcKjUOfVMZYj1Ui1lm/pd1Eh1ceCkTcaKpILOPgoQjHaFscdRnkhLNxwYwkczMisgQS0y0OY9tjuAurrwMzbOSWylVbt1i7QpmysMRHMMpuHAONbiBOjSAwBAe4AmerdB6tF6s11lpzpr3HMIfWe8/Q5SQvg==</latexit>

30 = 3
<latexit sha1_base64="Jsc1GIbw//aiJRPBcWeNCwgA70M=">AAAB63icbZDLSsNAFIZP6q3GW9Wlm8EiuCqJaHVTLLpxWcFeoA1lMp20QyeTMDMRSugruHGhiDvxWdy7Ed/GSduFtv4w8PH/5zDnHD/mTGnH+bZyS8srq2v5dXtjc2t7p7C711BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7zO8uY9lYpF4k6PYuqFuC9YwAjWmXXqVs66haJTciZCi+DOoHj5YVfity+71i18dnoRSUIqNOFYqbbrxNpLsdSMcDq2O4miMSZD3KdtgwKHVHnpZNYxOjJODwWRNE9oNHF/d6Q4VGoU+qYyxHqg5rPM/C9rJzq48FIm4kRTQaYfBQlHOkLZ4qjHJCWajwxgIpmZFZEBlphocx7bHMGdX3kRGiclt1wq37rF6hVMlYcDOIRjcOEcqnADNagDgQE8wBM8W6H1aL1Yr9PSnDXr2Yc/st5/AEmpkMI=</latexit>

41 = 5
<latexit sha1_base64="Pkt0+LUXJzIFFKTkKWIwYbCd1mM=">AAAB63icbZDLSsNAFIZP6q3GW9Wlm2ARXJXERXRTLLpxWcFeoA1lMp20Q2cmYWYilNBXcONCEXfis7h3I76Nk7YLbf1h4OP/z2HOOWHCqNKu+20VVlbX1jeKm/bW9s7uXmn/oKniVGLSwDGLZTtEijAqSENTzUg7kQTxkJFWOLrO89Y9kYrG4k6PExJwNBA0ohjp3PLdqt8rld2KO5WzDN4cypcfdjV5+7LrvdJntx/jlBOhMUNKdTw30UGGpKaYkYndTRVJEB6hAekYFIgTFWTTWSfOiXH6ThRL84R2pu7vjgxxpcY8NJUc6aFazHLzv6yT6ugiyKhIUk0Enn0UpczRsZMv7vSpJFizsQGEJTWzOniIJMLanMc2R/AWV16G5lnF8yv+rVeuXcFMRTiCYzgFD86hBjdQhwZgGMIDPMGzxa1H68V6nZUWrHnPIfyR9f4DTLWQxA==</latexit>

60 = 6
<latexit sha1_base64="p/LAnNOiUeUDEBJTs01oVHG9gFY=">AAAB63icbZDLSsNAFIZP6q3GW9Wlm8EiuCpJkeqmWHTjsoK9QBvKZDpph04mYWYilNBXcONCEXfis7h3I76Nk7YLbf1h4OP/z2HOOX7MmdKO823lVlbX1jfym/bW9s7uXmH/oKmiRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf3Sd5a17KhWLxJ0ex9QL8UCwgBGsM6t8VnV6haJTcqZCy+DOoXj5YVfjty+73it8dvsRSUIqNOFYqY7rxNpLsdSMcDqxu4miMSYjPKAdgwKHVHnpdNYJOjFOHwWRNE9oNHV/d6Q4VGoc+qYyxHqoFrPM/C/rJDq48FIm4kRTQWYfBQlHOkLZ4qjPJCWajw1gIpmZFZEhlphocx7bHMFdXHkZmuWSWylVbt1i7QpmysMRHMMpuHAONbiBOjSAwBAe4AmerdB6tF6s11lpzpr3HMIfWe8/Q5mQvg==</latexit>

24 = 0
<latexit sha1_base64="YNQNv6AKQID2NEGITwaWbTiKT0w=">AAAB63icbZDLSsNAFIZP6q3GW9Wlm8EiuCqJSnVTLLpxWcFeoA1lMp20QyeTMDMRSugruHGhiDvxWdy7Ed/GSduFtv4w8PH/5zDnHD/mTGnH+bZyS8srq2v5dXtjc2t7p7C711BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7zO8uY9lYpF4k6PYuqFuC9YwAjWmeWeVs66haJTciZCi+DOoHj5YVfity+71i18dnoRSUIqNOFYqbbrxNpLsdSMcDq2O4miMSZD3KdtgwKHVHnpZNYxOjJODwWRNE9oNHF/d6Q4VGoU+qYyxHqg5rPM/C9rJzq48FIm4kRTQaYfBQlHOkLZ4qjHJCWajwxgIpmZFZEBlphocx7bHMGdX3kRGiclt1wq37rF6hVMlYcDOIRjcOEcqnADNagDgQE8wBM8W6H1aL1Yr9PSnDXr2Yc/st5/AEackMA=</latexit>

13 = 4
<latexit sha1_base64="YNQNv6AKQID2NEGITwaWbTiKT0w=">AAAB63icbZDLSsNAFIZP6q3GW9Wlm8EiuCqJSnVTLLpxWcFeoA1lMp20QyeTMDMRSugruHGhiDvxWdy7Ed/GSduFtv4w8PH/5zDnHD/mTGnH+bZyS8srq2v5dXtjc2t7p7C711BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7zO8uY9lYpF4k6PYuqFuC9YwAjWmeWeVs66haJTciZCi+DOoHj5YVfity+71i18dnoRSUIqNOFYqbbrxNpLsdSMcDq2O4miMSZD3KdtgwKHVHnpZNYxOjJODwWRNE9oNHF/d6Q4VGoU+qYyxHqg5rPM/C9rJzq48FIm4kRTQaYfBQlHOkLZ4qjHJCWajwxgIpmZFZEBlphocx7bHMGdX3kRGiclt1wq37rF6hVMlYcDOIRjcOEcqnADNagDgQE8wBM8W6H1aL1Yr9PSnDXr2Yc/st5/AEackMA=</latexit>

13 = 4
<latexit sha1_base64="v+gT5yeE6bLNLqTQrud1lF3RBYI=">AAAB63icbZDLSgMxFIbPeK3jrerSTbAIrspMF9VNsejGZQV7gXYomTTThiaZIckIpfQV3LhQxJ34LO7diG9jpu1CW38IfPz/OeScEyacaeN5387K6tr6xmZuy93e2d3bzx8cNnScKkLrJOaxaoVYU84krRtmOG0limIRctoMh9dZ3rynSrNY3plRQgOB+5JFjGCTWSWvUurmC17Rmwotgz+HwuWHW0nevtxaN//Z6cUkFVQawrHWbd9LTDDGyjDC6cTtpJommAxxn7YtSiyoDsbTWSfo1Do9FMXKPmnQ1P3dMcZC65EIbaXAZqAXs8z8L2unJroIxkwmqaGSzD6KUo5MjLLFUY8pSgwfWcBEMTsrIgOsMDH2PK49gr+48jI0SkW/XCzf+oXqFcyUg2M4gTPw4RyqcAM1qAOBATzAEzw7wnl0XpzXWemKM+85gj9y3n8AQImQvA==</latexit>

20 = 2
<latexit sha1_base64="PDhh/KC0ZUvqZG9lJCI2ow7qfhc=">AAAB63icbZDLSsNAFIZP6q3GW9Wlm8EiuCqJSnVTLLpxWcFeoA1lMp20QyeTMDMRSugruHGhiDvxWdy7Ed/GSduFtv4w8PH/5zDnHD/mTGnH+bZyS8srq2v5dXtjc2t7p7C711BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7zO8uY9lYpF4k6PYuqFuC9YwAjWmXV6VnG6haJTciZCi+DOoHj5YVfity+71i18dnoRSUIqNOFYqbbrxNpLsdSMcDq2O4miMSZD3KdtgwKHVHnpZNYxOjJODwWRNE9oNHF/d6Q4VGoU+qYyxHqg5rPM/C9rJzq48FIm4kRTQaYfBQlHOkLZ4qjHJCWajwxgIpmZFZEBlphocx7bHMGdX3kRGiclt1wq37rF6hVMlYcDOIRjcOEcqnADNagDgQE8wBM8W6H1aL1Yr9PSnDXr2Yc/st5/AEUgkL8=</latexit>

34 = 0
<latexit sha1_base64="I9KRhyxcstgG1ATY0+wZxl5310c=">AAAB63icbZDLSsNAFIZPvNZ4q7p0M1gEVyWpWN0Ui25cVrAXaEOZTCft0MkkzEyEEvoKblwo4k58FvduxLdx0nahrT8MfPz/Ocw5x485U9pxvq2l5ZXVtfXchr25tb2zm9/bb6gokYTWScQj2fKxopwJWtdMc9qKJcWhz2nTH15nefOeSsUicadHMfVC3BcsYATrzCqdVs66+YJTdCZCi+DOoHD5YVfity+71s1/dnoRSUIqNOFYqbbrxNpLsdSMcDq2O4miMSZD3KdtgwKHVHnpZNYxOjZODwWRNE9oNHF/d6Q4VGoU+qYyxHqg5rPM/C9rJzq48FIm4kRTQaYfBQlHOkLZ4qjHJCWajwxgIpmZFZEBlphocx7bHMGdX3kRGqWiWy6Wb91C9QqmysEhHMEJuHAOVbiBGtSBwAAe4AmerdB6tF6s12npkjXrOYA/st5/AEmnkMI=</latexit>

23 = 5
<latexit sha1_base64="g9s6C5qgQHeSlX6uQDYOQZdVJ6w=">AAAB63icbZDLSsNAFIZP6q3GW9Wlm8EiuCqJaHVTLLpxWcFeoA1lMp20QyeTMDMRSugruHGhiDvxWdy7Ed/GSduFtv4w8PH/5zDnHD/mTGnH+bZyS8srq2v5dXtjc2t7p7C711BRIgmtk4hHsuVjRTkTtK6Z5rQVS4pDn9OmP7zO8uY9lYpF4k6PYuqFuC9YwAjWmVU+q5x2C0Wn5EyEFsGdQfHyw67Eb192rVv47PQikoRUaMKxUm3XibWXYqkZ4XRsdxJFY0yGuE/bBgUOqfLSyaxjdGScHgoiaZ7QaOL+7khxqNQo9E1liPVAzWeZ+V/WTnRw4aVMxImmgkw/ChKOdISyxVGPSUo0HxnARDIzKyIDLDHR5jy2OYI7v/IiNE5KbrlUvnWL1SuYKg8HcAjH4MI5VOEGalAHAgN4gCd4tkLr0XqxXqelOWvWsw9/ZL3/AFFLkMc=</latexit>

65 = 4
<latexit sha1_base64="W0YfM5wpbQJMwZnDi5Xo0wipfmc=">AAAB6HicbZC7SgNBFIbPxltcb1FLm8EgWIVdi2gjBm0sEzAXSJYwOzmbjJm9MDMrhCVPYGOhiK0+jL2N+DZOLoVGfxj4+P9zmHOOnwiutON8Wbml5ZXVtfy6vbG5tb1T2N1rqDiVDOssFrFs+VSh4BHWNdcCW4lEGvoCm/7wapI371AqHkc3epSgF9J+xAPOqDZWbdAtFJ2SMxX5C+4cihfv9nny9mlXu4WPTi9maYiRZoIq1XadRHsZlZozgWO7kypMKBvSPrYNRjRE5WXTQcfkyDg9EsTSvEiTqfuzI6OhUqPQN5Uh1QO1mE3M/7J2qoMzL+NRkmqM2OyjIBVEx2SyNelxiUyLkQHKJDezEjagkjJtbmObI7iLK/+FxknJLZfKNbdYuYSZ8nAAh3AMLpxCBa6hCnVggHAPj/Bk3VoP1rP1MivNWfOeffgl6/UbMXGQNQ==</latexit>

h

<latexit sha1_base64="5sYyZdUDwE71wwRKFVcDHXM9Xz8=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEoxeh6MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cdPmoNUHA4/3ZpiZFyacaeO6X05pZXVtfaO8Wdna3tndq+4ftHWcKkJbJOax6oZYU84kbRlmOO0mimIRctoJJ7e533mkSrNYPphpQgOBR5JFjGCTS75/fTGo1ty6Owf6S7yC1KBAc1D97A9jkgoqDeFY657nJibIsDKMcDqr9FNNE0wmeER7lkosqA6y+a0zdGKVIYpiZUsaNFd/TmRYaD0Voe0U2Iz1speL/3m91ERXQcZkkhoqyWJRlHJkYpQ/joZMUWL41BJMFLO3IjLGChNj46nYELzll/+S9lnd8+v+/XmtcVPEUYYjOIZT8OASGnAHTWgBgTE8wQu8OsJ5dt6c90VrySlmDuEXnI9v9G+Niw==</latexit>

66 = 5
<latexit sha1_base64="XjsC28/WdZUWrk/mrAk0LRKrDL4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkmR6rHoxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSg+lX+6WyW3HnIKvEy0kZcjT6pa/eIGZpxBUySY3pem6CfkY1Cib5tNhLDU8oG9Mh71qqaMSNn81PnZJzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTtCF4yy+vkla14tUqtfvLcv0mj6MAp3AGF+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1jUnnzmBP3A+fwAJKI2n</latexit>s2

<latexit sha1_base64="WsBvnc2voOR1jU/FdahH57BHvvk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lUqseiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1Bqw8GHu/NMDMvSKQw6LpfTmFldW19o7hZ2tre2d0r7x+0TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfjm5nffuTaiFg94CThfkSHSoSCUbTSvemf98sVt+rOQf4SLycVyNHolz97g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUpOrDIgYaxtKSRz9edERiNjJlFgOyOKI7PszcT/vG6K4ZWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb/8l7TOql6tWru7qNSv8ziKcATHcAoeXEIdbqEBTWAwhCd4gVdHOs/Om/O+aC04+cwh/ILz8Q0KrI2o</latexit>s3
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fp = k, ae = a, pk = e, · · · , lc = k, ap = c, ll =

Figure 1: An overview of the data generation process. (a) Variable Assignment: We sample a set
of finite groups and assign the elements of each group a non-overlapping set of vocabulary symbols.
(b) Sequence Generation: Sampled facts are converted into variable statements via the latent map-
ping φs and concatenated together to form a sequence. (c) Sample Diversity: Every sequence is
constructed by sampling a new set of groups, defining a new latent mapping, and sampling a new
string of facts. The vocabulary symbols are assigned specific meanings within individual sequences,
but can take on very different meaning across sequences.

2 TASK DESCRIPTION

In this section, we describe our in-context learning task. At a high level, our task involves simulating
a mixture of finite groups.1 Each task sequence presents several examples of products between
elements in a group and the model is trained on the ordinary next-token language modeling objective,
with the goal that it will learn to predict the outcome of unseen group products (Figure 1).

More formally, we have a set of m groups G = {G1, G2, . . . , Gm} that the model is trained to
simulate. Recall that for any finite group G, the product of two elements x, y ∈ G is written as
z = x · y ∈ G. We call each such product “x · y = z” a fact. Training data consists of sequences
of k facts written using a vocabulary of variable tokens vi ∈ V whose meaning may vary between
sequences. In practice, the vocabulary is small, with N = |V | <

∑
i |Gi|. A typical sequence s

takes the form shown in Equation 1, where individual facts consist of four tokens.

s = “vx1vy1 = vz1, vx2vy2 = vz2, · · · , vxkvyk = vzk” (1)

We describe the positions of a fact with the following terminology: The first element vxi, occupies
the “left-slot”; vyi is the “right-slot”; = is the “predictive token”; and vzi is in the “answer-slot”.

To generate a training sequence s, we first sample2 a set of groups Gs from G whose total number of
elements is less than or equal to the number of variable tokens N . We define the set of all sampled
group elements to be Hs =

⋃
Gs, where |Hs| ≤ N . We then construct a one-to-one latent mapping

φs : Hs → V that randomly assigns all elements of Hs to distinct tokens in V . We ensure that
each group in Gs is assigned a non-overlapping set of variables so that the meaning of each variable
within a given sequence is determined by the underlying group structure (Figure 1a).

Given this latent mapping, we then assemble s by sampling facts from the groups in Gs, converting
them to variable statements via φs, and concatenating them together (Figure 1b). The statement
“φs(x)φs(y) = φs(z)” only appears in s when there is a corresponding valid fact “x · y = z”
among the sampled groups in Gs. Importantly, while the mapping φs is fixed within a sequence,
it varies between sequences, ensuring that vocabulary tokens vi ∈ V act as variables without fixed
global meaning (Figure 1c).

1While not imperative for understanding our task setup, we provide a brief review of relevant topics from
group theory in Appendix A.

2For more details about how we sample groups to construct Gs, see Appendix C.2.
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Figure 2: In-context algebra performance.

3 CAN TRANSFORMERS LEARN IN-CONTEXT ALGEBRA?

We train transformer models on the in-context algebra task (§2) and evaluate both their in-
distribution performance and their ability to generalize across contexts. We report results for one
representative model throughout, but observe qualitatively similar patterns across multiple training
runs (see Figure 7 in Appendix C). Our main model is a 4-layer autoregressive transformer with
8 attention heads per layer and hidden size 1024, trained with next-token prediction on sequences
of k=200 algebra facts (∼1000 tokens). The training distribution G = {C3, . . . , C10, D3, D4, D5}
includes cyclic (Ci) and dihedral groups (Di) of up to order 10, with sequences written using N=16
variable tokens plus the special tokens ‘=’ and ‘,’. Because group-to-variable assignments are ran-
domized per sequence, tokens act as placeholders whose meaning must be inferred from context.

Performance increases with context length. Accuracy increases monotonically with the number of
in-context facts k, but the rate of improvement depends on the group order (Fig. 2a). Smaller groups
(e.g., C4, C6) reach high accuracy with only a few facts, whereas larger groups (e.g., C8, C10)
require substantially more context to achieve similar performance (see Fig. 10 in Appendix C.3).

Phase transition on non-copyable queries. At large k, many queries are trivially solvable by copy-
ing a previously seen fact (about 90% of queries are copyable at k=200 versus 45% at k=50). To
address this, we evaluate the model with held-out data where the final fact “xy=” and its commu-
tative pair “yx=” never appear elsewhere in the sequence. In this setting, the model still achieves
near perfect accuracy, and we observe an abrupt improvement during training (a phase transition) on
non-copyable queries (Fig. 2b), suggesting the emergence of strategies beyond verbatim retrieval.

Generalization across algebraic structure. The model also transfers to unseen groups: on the com-
plete set of order-8 groups (for groups excluded from training), the model also achieves near-perfect
performance (Fig. 2c). Interestingly, hold-out performance is good for non-group structures such as
semigroups, but is worse for quasigroups and collapses on magmas (Fig. 11b in Appendix C.3). The
model still achieves non-trivial accuracy for quasigroups, particularly on cancellation data (Fig. 12
in Appendix C.3), though generalization remains consistently stronger for groups than non-groups.

4 HYPOTHESIZING MODEL MECHANISMS

When analyzing a random in-context algebra sequence, it is possible that multiple algorithms could
theoretically produce correct predictions. That can make it challenging to identify which mecha-
nisms the model actually implements. Consider the sequences shown in Equation 2 and Equation 3
that differ only by which fact is bolded. The model could correctly predict “dp=p” by either copying
the answer from the duplicate fact appearing earlier (i.e., dp=p) or by recognizing d is an identity

3
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Data k = 50 k = 100
Dcopy 100.0% 100.0%
Dcommute 98.0% 99.0%
Didentity 99.0% 100.0%
Dassociate 60.2% 56.5%
Dcancel 97.0% 92.0%

Associate

Figure 3: Algorithmic coverage: (a) the percentage of training data that can be solved by each
mechanism: copying (green), commutative copying (purple), identity recognition (yellow), closure-
based elimination (red), associativity (blue), compared to the empirical model performance (black).
The gray shaded region represents unexplained performance. (b) Coverage of sequences where
neither form of copying is possible. Identity recognition solves 28.7% of the problems (yellow),
closure-based cancellation can solve an additional 39.1% (red) and associativity solves 16.9% (blue).
Model performance on hold-out sequences is shown in black. (c) The model achieves high accuracy
on almost all algorithmic distributions (97-100%), except for associative composition (60%).

element (i.e., dc=c) and applying the identity rule.

“kb = i, dc = c, cl = p, jp = l,dp = p, en = e, bb = n, pj = l, dp = ” (2)

“kb = i,dc = c, cl = p, jp = l, dp = p, en = e, bb = n, pj = l, dp = ” (3)

To disambiguate between potential mechanisms, we design five targeted data distributions to test
specific algorithms that can solve algebra sequences when a corresponding set of facts is present in
the context. We describe each data distribution and the hypothesized algorithm it tests below:

1. Verbatim Copying (Dcopy). This data tests whether the model copies exact facts from the con-
text. We construct sequences s ∈ Dcopy to contain at least one duplicate of the final fact.

2. Commutative Copying (Dcommute). In many groups, knowing that ab=c often implies that ba=c.
This data tests whether the model copies these commutative facts from the context. We construct
s ∈ Dcommute to contain at least one instance of the commutative fact (e.g., yx=z for final fact
xy=), and no duplicate facts.

3. Identity Element Recognition (Didentity). This data tests whether the model can recognize and
apply the identity rule. We construct s ∈ Didentity such that the final fact contains an identity
element (e.g., xy=x) and that at least one prior fact in the context reveals the identity element
(e.g., zy=z). We remove any duplicate or commutative facts.

4. Associative Composition (Dassociate). This data tests whether the model can chain fact results to-
gether to answer a new fact via associativity. Given a final fact xy = z, we construct s ∈ Dassociate
so that it contains a minimum set of facts that would enable a solution via association. For exam-
ple, the three facts xg=f , gd=y, fd=z can be composed (i.e., (xg)d=fd ⇒ x(gd)=z ⇒ xy=z)
to compute xy=z. We make sure to only use triples without duplicate or commutative facts.

5. Closure-Based Cancellation (Dcancel). This data tests whether the model can track group mem-
bership and appropriately apply the cancellation law to eliminate invalid answers (e.g., xb=g
eliminates g as an answer to “xy=”). Given a final fact xy=z, we construct s ∈ Dcancel by in-
cluding all the facts that share x in the left-slot (e.g., xb=g) or y in the right-slot (e.g., cy=e),
and removing duplicate and commutative facts.

4.1 MEASURING COVERAGE AND PERFORMANCE ON TARGETED DISTRIBUTIONS

We seek to answer two questions: (1) What fraction of in-context algebra sequences can theoretically
be solved by these hypothesized algorithms? and (2) Does the model successfully solve sequences
that algorithmic strategies can solve when presented with the appropriate facts in-context?

Algorithmic Coverage. To understand the breadth of data that our hypothesized mechanisms might
explain, we implement Python equivalents of all five algorithms (Appendix G) and measure their
coverage, i.e., the percentage of sequences they can theoretically solve. We apply the algorithms
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sequentially in the following order: verbatim copying, commutative copying, identity recognition,
closure-based cancellation, and associative composition, where each algorithm is only applied to
sequences unsolved by previous mechanisms. We compute algorithmic coverage over both random
training sequences (Figure 3a) and random hold-out sequences where neither form of copying is
possible (Figure 3b), using 2000 sequences for each evaluation.

We find that verbatim copying can solve a large percentage of the training data, with its area under
the curve (AUC) being 67.9% (Figure 3a, green). Commutative copying accounts for an additional
12.1% of cases (purple), with the identity solving 4.2% (yellow), closure-based cancellation solving
2.7% (red), and associativity solving 3.6% (blue) for total coverage AUC of 90.4%. In contrast, the
model accuracy (black) achieves an AUC of 92.4%. While the hypothesized algorithms can explain
most of the model’s empirical training performance, they do not explain everything the model has
learned (∼2.0% AUC, gray); there may be other interesting mechanisms this analysis misses.

When a sequence cannot be solved via copying or commutative copying, we see a very different
trend (Figure 3b). In this more challenging setting, the model achieves a slightly lower AUC of
87.3% (black). Identity recognition is able to solve 28.7% of hold-out cases (yellow), closure-based
cancellation can solve another 39.1% (red), and associativity solves 16.9% (blue) bringing the total
hold-out coverage AUC to 84.7%. Here, the AUC gap between the model’s empirical performance
and our algorithmic coverage is 2.6% (gray), and is primarily for algebra sequences with fewer facts.

Model Performance on Subdistributions. We evaluate the model on 400 sequences sampled from
each distribution Di, and report results at k = 50 and k = 100 facts (Figure 3c), with more results in
Appendix C. We find the model gets near perfect performance on four of the five data distributions
that we test: verbatim copying (100.0%), commutative copying (99.0%), identity element recogni-
tion (100.0%), and closure-based cancellation (97%). However, model performance on sequences
that test associative composition is worse (60.2%), suggesting only partial learning of this property.

5 CAUSAL VERIFICATION OF LEARNED MECHANISMS

Based on the results in Section 4.1, we perform causal interventions to understand how the model
mechanistically implements the algorithms with stronger empirical evidence: (1) verbatim copying,
(2) commutative copying, (3) identity element recognition, and (4) closure-based cancellation.

5.1 CAUSAL INTERVENTIONS

In order to understand the internal computations underlying the model’s capabilities, we use causal
interventions (Vig et al., 2020; Meng et al., 2022; Geiger et al., 2025) to verify how the model
implements the targeted behavior. This is typically done by implicating model components such as
attention heads or directions in a model’s activation space (Wang et al., 2023; Geiger et al., 2024;
Mueller et al., 2025). Similar to prior work, we quantify the importance of a component via its
indirect effect (IE; Pearl, 2001). We compute IE as the change in probability of the target variable
token vtarget under some intervention across a pair of algebra sequences that differ in a meaningful
way (sclean, scorrupt). Equation 4 shows an example of computing IE for an attention head a(l,h) at
layer l, head h, by patching its activations from sclean into scorrupt:

IE(l, h) = P (vtarget|a(l,h)sclean
→ scorrupt)− P (vtarget|scorrupt) (4)

where a(l,h)sclean → scorrupt indicates activations a(l,h) are being patched (or replaced) from sclean into the
same location in scorrupt. The average indirect effect (AIE) can be computed over a dataset D as:

AIE(D, l, h) =
1

|D|
∑
D

(IE(l, h)) (5)

5.2 COPYING AND COMMUTATIVE COPYING

In this subsection, we investigate how the model implements verbatim and commutative copying
(see also Appendix D). As shown in Section 4.1, a large percentage of our training data (∼80%) can
either be solved by verbatim copying or commutative copying (Figure 3a), and the model achieves
high performance (97-100%) when either form of copying is possible (see Figure 3c).
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Figure 4: An analysis of copying (§ 5.2). Attention patterns (a-d) and direct logit contributions (e-h)
of the copying head (layer 3, head 6) across variations of the same algebra sequence. (a) When
verbatim copying is possible, the head attends to the answer-slot of the previous fact “kc = f” and
(e) directly promotes that token’s logit (green). (b) When the exact fact is absent, the head’s attention
shifts to the answer-slot and predictive token of the commutative fact “ck = f” and (f) promotes
that token (purple). Note this fact was also in (a) but not attended to, indicating exact facts take
precedence over commutative ones. (c) When both exact and commutative facts are absent, the head
often self-attends and (g) no longer strongly promotes one token. (d) When injecting a matching
“corrupted” fact with an incorrect answer (“kc = j”, red), the head attends to each answer-slot and
(h) promotes both variables (green, red).

Verbatim Copying. We search for attention heads responsible for copying the correct answer from
the context by computing the average indirect effect (AIE) of each attention head a(l,h) (layer l, head
h). We patch the activations of each head a(l,h) from the final predictive token in sclean, taken from
Dcopy, into the same token position in scorrupt, a randomly sampled sequence where copying is not
possible, and measure its IE. We compute AIE(Dcopy, l, h) over 200 samples from Dcopy.

We find a single attention head (layer 3, head 6) with high AIE (0.91) that is primarily responsible
for copying, with no other head having an AIE higher than 0.08 (Figure 13a). We visualize the
attention patterns of this copying head in Figure 4a, and find that it attends to the answer-slot of
duplicated facts (shown in green), much like the n-gram heads observed in Akyürek et al. (2024).
On Dcopy, head 3.6 strongly promotes the logit of the attended-to token (Figure 4e) which can be seen
by applying the model’s unembedding matrix to the attention head output U(a(l,h)). This allows us
to understand its output contribution in terms of vocabulary tokens (Nostalgebraist, 2020; Elhage
et al., 2021; Dar et al., 2023). The top logit consistently matches the attended-to token (Figure 14).

Commutative Copying. In many groups, knowing that ab = c will also imply that ba = c. To
investigate how the model implements such commutative copying, we compute the indirect effects
of patching attention head activations from sequences in sclean ∈ Dcommute, to non-copying sequences
scorrupt, where neither verbatim nor commutative copying are possible. We find the same pattern:
head 3.6 is again the only head with strong AIE (0.48) for commutative copying (Figure 13b).
In the absence of duplicate facts, head 3.6 attends to the predictive token and answer-slot of the
commutative fact (Figure 4b) and similarly promotes the attended-to token (Figure 4f).

Non-Copying Sequences. When neither copy-inducing fact is present in the context, head 3.6 often
self-attends (Figures 4c), not strongly promoting any token (Figure 4g). However, when the query
contains an identity fact, we find head 3.6 has an interesting identity demotion behavior (§ 5.3).

Corrupt Copying. While copying the answer-slot of a commutative fact can solve facts for abelian
groups, this doesn’t work for non-commutative facts. When analyzing the copying behavior of head
3.6 on cyclic and dihedral groups separately, we find that more than 97% of the time it promotes
the token it attends to, even if that token is the wrong answer (see Figure 14b). We illustrate this
behavior in Figure 4d, where we inject a duplicate fact with an incorrect answer and show that head
3.6 attends to both duplicates (red, green) and promotes both of their logits (Figure 4h).
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Figure 5: Identity Recognition. (a) PCA decomposition of fact hidden states at the final attention
layer reveals a clear separation of identity facts (blue) and non-identity facts (red). (b) Head 3.1
promotes the logits of both variables in the query (a and e), while head 3.6 demotes the logit of the
identity variable, e. (c) PCA steering on its own can induce identity behavior, but it promotes both
variables in the query to have near-equal logits. Inserting a false identity fact for either query variable
triggers identity demotion, which, along with PCA steering, achieves cleaner identity control.

5.3 IDENTITY RECOGNITION

Our coverage analysis has revealed that when verbatim and commutative copying are no longer
allowed, the identity algorithm can solve close to 30% of all hold-out problems. In this section, we
use data from Didentity to study how the model solves sequences where the query is an identity fact.
Recall that an identity element e ∈ G satisfies e · x = x · e = x for all elements x ∈ G, so that if
one variable in the question is known to be the identity, the answer is equal to the other variable.

Our experiments suggest that identity recognition emerges from the interaction of two complemen-
tary mechanisms: query promotion, that elevates both variables in the question as potential answers,
and identity demotion that suppresses the known identity element. When both mechanisms activate
simultaneously, the non-identity token is correctly selected.

Structure from PCA. First, we note that our transformer’s representations reveal a strong signal
correlated with the presence of an identity element in the question. To analyze this, we use PCA
to plot final-layer attention outputs at the predictive token position (the “=” symbol) just before the
model predicts an answer. There is a clear separation between facts containing identity elements
(blue) and non-identity facts (red) along the first PCA dimension (Figure 5a). This separation is
invariant to the specific variables in the fact or the underlying group. This suggests the model has
learned to recognize and solve identity facts differently from those without an identity element.

Query Promotion and Identity Demotion. To analyze the role of the final layer attention at pre-
dicting identity facts in Figure 5b we use the logit lens (Nostalgebraist, 2020) and find two heads
whose logits correlate strongly with identity variables. Head 3.1 promotes both variables in a given
fact, serving as a “query promotion” mechanism. This strategy of predicting that the answer is equal
to the question is appropriate for problems in which one of the factors is the identity, although on its
own it would have the undesirable effect of promoting the identity element itself as the answer.

On identity fact sequences, head 3.6 acts as an “identity demotion” mechanism, attending to previous
identity facts in the context and suppressing the identity token’s logit (Figure 5b, pink). Combined
with the previous strategy, this serves to leave only the non-identity factor as the promoted answer.

Causal Verification. Our experiments suggest that the dominant PCA direction in representation
space controls the query promotion submechanism. To understand the causal effects, we perform
representation steering experiments along this learned direction (see Appendix E for details). When
we intervene on the final layer attention output of a non-identity fact and steer it toward the identity
cluster, the model begins producing equal logits for both query tokens (Figure 5c: i vs. ii).

In addition to query promotion, we can also manipulate the model’s identity recognition by introduc-
ing false identity facts to influence the identity demotion signal. When we inject a fact incorrectly
suggesting one of the query tokens is an identity element, the identity demotion head (3.6) responds
by suppressing that token and causes a cleaner identity prediction (Figure 5c, iii, iv).

On the other hand, when the model is presented with a false identity fact in-context while the query
is a non-identity fact, it typically confuses the prediction. However, if we steer in the negative PCA
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direction (away from the identity cluster), the model recovers and correctly predicts the non-identity
answer. These steering experiments demonstrate that the learned PCA direction has causal influence
over the model’s identity reasoning, enabling us to both induce and suppress identity predictions.

5.4 CLOSURE-BASED CANCELLATION

The closure-based cancellation algorithm is a combination of two key submechanisms: (i) tracking
which variables belong to the same group (i.e., the closure), and (ii) systematically eliminating
invalid answers using the cancellation law, which implies that for elements x, y, z ∈ G, if y ̸= z
then xy ̸= xz and yx ̸= zx (see Appendix A).

We hypothesize the algorithm can be understood at a high level as computing the difference of two
sets: Sclosure - Scancel. Consider the sequence sampled from Dcancel shown in Equation 6. For the
final query pe =, the closure contains all elements that have previously appeared in facts involving
p or e, i.e., Sclosure = {p, e, f, a, n}. The cancellation law then eliminates candidates from facts that
share a variable in the left- or right-slot: p (from pf = p), n (from ee = n), f (from ae = f ), and e
(from pp = e), leaving a as the only valid answer (i.e., Scancel = {p, n, f, e}).

“pf = p, ee = n, pf = p, pf = p, ae = f, pp = e, pf = p, pn = f, pp = e, pe = ” (6)
We use causal interventions to determine how the model implements these two submechanisms.
Our analysis reveals evidence of both a closure subspace, that promotes the logits of variables in the
same group, and an elimination subspace that demotes answers based on facts present in the context.

Closure Submechanism. The closure submechanism emerges naturally from autoregressive train-
ing: when predicting the right-slot of a fact like xy =, the model must identify which variables could
plausibly follow x. These are precisely the elements that belong to the same group (i.e., the closure).
In fact, when we analyze the model’s predictions at left-slot positions, we find nearly uniform logits
across all elements previously associated with that variable, confirming the model has learned how
to compute group closure (see Figure 15, Appendix F).

Inspired by previous work showing subspaces can encode high-level causal variables (Geiger et al.,
2024; Prakash et al., 2025), we aim to identify a subspace W that captures the model’s representation
of the closure set, Sclosure. We construct counterfactual pairs (s, s′) from Dcancel that have different
closure and elimination sets (Si, S

′
i) such that under intervention, the expected counterfactual answer

corresponds to a modified set difference: vCF = Sclosure−S′
cancel, where the closure set comes from s

and the elimination set comes from s′. We perform subspace-level patching from s into s′ and train
W to maximize the likelihood of producing the expected counterfactual output vCF (Equation 7).
If the intervention causes the model to predict vCF, we take this as evidence that the subspace W
correctly represents the hypothesized closure set.

P (vCF|(Wals + (I −W )als′) → als′) (7)
We can measure its accuracy as how often the model’s predicted answer under intervention matches
the expected counterfactual target (Figure 17). We train a 16-dimensional W on the model’s final
layer attention output al, and find that it can achieve good intervention accuracy (99.8%) after a few
epochs of training on 2000 data pairs (Figure 18). More details are in Appendix F.2.

For the closure subspace, we train probes (Alain & Bengio, 2017; Belinkov, 2022) to understand
what the subspace has learned, and how it represents variables. We train each probe on the subspace
to detect whether a variable is in the group closure or not. We find probes are able to identify when
a variable is in the closure subspace with high accuracy (Figure 20), and that these variable-level
probes partially align with the model’s unembedding matrix (Figure 21), furthering evidence that
the closure subspace promotes variables it has seen before in the context.

Cancellation Submechanism. To understand the cancellation submechanism, we train a subspace
using a similar construction to the above, but vary the patching setup. If this new subspace W ′ cap-
tures the elimination set, then it should generate the counterfactual answer arising from the opposite
set difference, where the closure comes from the corrupt sequence s′, and the elimination set comes
from the clean sequence s, giving: (S′

closure − Scancel) = v′CF.

We similarly train this subspace and find it also achieves high intervention accuracy, indicating it
successfully represents the elimination set (Figure 19). Intervening in this subspace causes variables
to be less likely to be predicted by the model. Both subspaces are trained on a single attention layer,
and we find they capture partial contributions from several attention heads (Appendix F.1).

8



Published as a conference paper at ICLR 2026

(a) (c)(b)
(d) (e)

1 2

3

4

5

6

7
8

Figure 6: Dissecting Phase Transitions. (top) Average training loss of transformer models broken
into 5 stages of learning. (bottom) We track 7 metrics corresponding to different skills the model
acquires throughout training. (a) The first sharp drop in loss corresponds to learning to predict struc-
tural tokens: ‘=’ and ‘,’ (➀, gray). (b) Next, the model begins to learn how to predict group closure
(➁, orange), and also learns the identity’s query promotion submechanism (➂, yellow, § 5.3). (c)
This sharp drop in loss corresponds to the model learning how to copy answers verbatim from the
context (➃, green), along with commutative copying (➄, purple). (d) After learning to copy, the
model quickly improves on cancellation (➅, red) and identity sequences (➆, yellow) in parallel. We
hypothesize this joint improvement corresponds to the fact that both tasks share a similar “demo-
tion” submechanism – identity demotion and cancellation. These complement the closure and query
promotion submechanisms learned previously. (e) Accuracy on associative sequences increases last
(➇, blue), after all other mechanisms have been learned.

6 PHASE TRANSITIONS CORRESPOND TO LEARNING OF DISCRETE SKILLS

We find that models undergo distinct phase transitions during training (Figure 6; see also Ap-
pendix C). Across seeds and configurations, the same sequence of stages marked by drops or plateaus
in loss recurs (Figure 7). We study the training loss by computing several metrics at each model
checkpoint. For each hypothesized mechanism (§4), we evaluate the model using 128 randomly
sampled data points from the corresponding datasets described in Section 4. For structural tokens,
we compute the model’s accuracy of predicting ‘=’ and ‘,’ tokens across a batch of 128 prompts. For
computing group closure, we measure the top-K matching accuracy at the left-slot position (more
details are provided in Appendix F).

The earliest ability to emerge is prediction of structural tokens: ‘=’ and ‘,’ (Figure 6a, gray). This
is followed closely by group closure (§ 5.4): the model learns that combining two elements always
yields another valid group element (Figure 6b, orange). This ability appears in left-slot predictions
of facts, where the model distributes probability nearly uniformly across all valid candidates (Ap-
pendix F). At the same time, the model learns the query promotion submechanism (Figure 6b, yel-
low), achieving around 50% on identity sequences (§5.3). The next sharp drop in loss corresponds
to the model learning contextual copying (§ 5.2), first reproducing facts verbatim (Figure 6c, green)
and then extending to commutative copying (Figure 6c, purple).

Later mechanisms emerge more gradually. The model develops identity recognition, steadily im-
proving on identity-related facts and acquires elimination reasoning in parallel, applying cancel-
lation laws and closure constraints to rule out inconsistent candidates. Unlike closure and copying,
these abilities do not show sharp transitions but appear jointly, suggesting they build on top of copy-
ing: once the model can retrieve and recombine facts, it can also infer identities and apply elimina-
tion strategies (Appendix B). We hypothesize these are learned jointly because the identity demotion
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mechanism (§5.3) and the elimination subspace (§5.4) perform similar functions, and their “promo-
tion” submechanism counterparts are learned at similar times earlier in training. Finally, models
begin to solve some associative sequences, after all other mechanisms have been learned.

7 RELATED WORK

Arithmetic as a testbed for interpretability. Arithmetic tasks have long served as controlled set-
tings for studying and interpreting transformers (Liu et al., 2023). Small transformers trained on
modular arithmetic exhibit “grokking” where they first memorize training data before converging
to interpretable, generalizing solutions with periodic embeddings (Power et al., 2022; Liu et al.,
2022; Nanda et al., 2023; Zhong et al., 2023; Stander et al., 2024; Morwani et al., 2024). Pretrained
LLMs exhibit similar periodic structure in their number embeddings (Zhou et al., 2024; Hu et al.,
2025; Kantamneni & Tegmark, 2025; Nikankin et al., 2025), enabling modular arithmetic without
explicit training. Deng et al. (2026) find that arithmetic-fine-tuned LMs rely on symbolic subgroup
patterns, instead of using partial products, but Bai et al. (2025) show that implicit chain-of-thought
training does induce partial products and Fourier number representations. More closely related to
our setting, He et al. (2024) show that transformers trained on permutations of one group develop hi-
erarchical “circle-of-circles” representations, and Zhong & Andreas (2024) demonstrate that models
with trained embeddings, but otherwise frozen random weights can still implement familiar geomet-
ric solutions. While these works study arithmetic settings where tokens have some fixed structure,
our work examines a complementary setting where we remove fixed meanings of tokens altogether,
requiring models to solve problems where token referents vary arbitrarily between sequences.

Mechanisms of in-context learning. The ability of transformers to learn from demonstrations has
been attributed to several mechanisms. Early work identifies induction heads that underlie copying
(Elhage et al., 2021; Olsson et al., 2022; Feucht et al., 2025), while theory frames ICL as Bayesian
inference (Xie et al., 2022; Akyürek et al., 2023; Wurgaft et al., 2025) or gradient-descent-like
adaptation (Von Oswald et al., 2023). More recent studies show LM representations capture task-
level structure (Todd et al., 2024; Hendel et al., 2023; Yin & Steinhardt, 2025; Minegishi et al.,
2025), and token representations flexibly adapt to context (Park et al., 2025a; Marjieh et al., 2025).

Symbolic reasoning and causal interpretability. Neural systems have long been studied as poten-
tial mechanisms for symbol manipulation, from tensor product (Smolensky, 1990) and holographic
reduced representations (Plate, 1995) to recent cognitive-science studies of emergent symbolic rea-
soning in modern networks (Swaminathan et al., 2023; Yang et al., 2025). More recently, mecha-
nistic interpretability has started mapping internal symbolic reasoning circuits in transformers (Li
et al., 2023; Brinkmann et al., 2024; Prakash et al., 2024; Saparov et al., 2025; Wu et al., 2025; Li
et al., 2025), using causal intervention techniques (Mueller et al., 2025; Geiger et al., 2024; 2025).

Variables versus value processing in LMs. A few works have tried to disentangle the ability of
LMs to solve math abstractly from their ability to perform arithmetic computation. Cheng et al.
(2025) find that LMs are better at abstract variable-based formulation of solutions compared to nu-
meric computation of the same word problems, while Calais et al. (2025) find that in other problem
settings LMs struggle with textual comprehension more than equation solving. Mirzadeh et al.
(2025) similarly find that LMs lack robustness to changes in numeric values of math problems.

8 CONCLUSION

We have studied LMs trained on a focused algebra task designed to isolate abstract in-context rea-
soning behavior in the absence of fixed-meaning symbols. Our findings suggest that the kinds of
reasoning strategies learned by transformers are dependent on the task structure. In our in-context
algebra setting, where tokens carry no fixed meaning, we have analyzed the mechanisms learned
by transformer LMs in detail and found that models develop symbolic mechanisms instead of the
familiar parametric or geometric strategies found in settings where tokens do have fixed meanings.
We have seen that transformers can learn to manipulate symbols in-context without needing to re-
fer to their underlying meaning, similar to the way that high-school algebra students learn to solve
math problems by manipulating letter variables without constantly thinking about the values they
might contain (Usiskin, 1988). Understanding when and why models choose different computa-
tional strategies remains an important open question for future interpretability work.
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A GROUP THEORY

In this section, we review relevant terms from group theory that are used in our analysis.

A group (G, ·) is a non-empty set G equipped with a binary operation · : G×G → G that satisfies
the following properties:

• Associativity. For all elements x, y, z ∈ G: (x · y) · z = x · (y · z)
• Identity. There exists an identity element e ∈ G such that e · g = g · e = g for all g ∈ G

• Invertibility. For each element g ∈ G, there exists an inverse element g−1 ∈ G such that
g · g−1 = g−1 · g = e

The order of a group is the number of elements contained in the set G, and we denote it as |G|. For
notational convenience, we refer to a group (G, ·) simply as G.

A group G is called abelian (or commutative) if for all x, y ∈ G, the following holds: x · y = y ·x.

Our training data consists of two main families of groups: cyclic groups and dihedral groups (§ 2).

A cyclic group of order n, denoted Cn, consists of all powers of a single generator element: Cn =
{e, g, g2, . . . , gn−1} where gn = e is the identity. Every cyclic group Cn has the same structure as
(i.e., is isomorphic to) doing arithmetic modulo n. For example, in C5, multiplying group elements
(e.g., Equation 8) works exactly like adding numbers mod 5 (e.g., Equation 9):

g3 · g4 = g2 (8)
≡ 3 + 4 = 2 (mod 5) (9)

A dihedral group Dn is the group of symmetries of a regular n-gon (square, hexagon, etc.), with
order |Dn| = 2n. Its elements consist of n rotations and n reflections. We note that while all cyclic
groups are abelian, dihedral groups are non-abelian for n ≥ 3.

An important consequence of group structure is the cancellation law, which states that we can
“cancel” common terms in equations. Specifically, for any group G with elements x, y, z:

• Left cancellation: If xy = xz, then y = z

• Right cancellation: If yx = zx, then y = z

Equivalently (by contrapositive): if y ̸= z, then xy ̸= xz and yx ̸= zx. This rule guarantees
that distinct group elements produce distinct products which helps ground our understanding of the
closure-based cancellation mechanism described in Section 5.4.

For completeness, we briefly describe other algebraic structures we test on that lack some subset of
group properties:

• A semigroup is a set with an associative binary operation, but does not require an identity
element or inverses.

• A quasigroup is a set where equations ax = b and ya = b always have unique solutions
for any a, b, but the operation need not be associative. Finite quasigroups are equivalent to
Latin squares (Jacobson & Matthews, 1996).

• A magma is simply a set equipped with a binary operation, with no other required structural
properties.

B DISCUSSION: CONTEXTUAL REASONING IS RICHER THAN JUST COPYING

In this section, we provide additional context about how our findings relate to prior work investigat-
ing the mechanisms underlying in-context learning.

Since the introduction of in-context learning (ICL; Brown et al., 2020), understanding the ICL ca-
pabilities of LLMs has become a major area of research (Dong et al., 2024; Lampinen et al., 2025).
Seminal work by Elhage et al. (2021) and Olsson et al. (2022) studied ICL through the lens of
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context-dependent loss reduction and identified induction heads that copy tokens from earlier in the
context. Beyond literal copying, Olsson et al. (2022) hypothesized that much of in-context learning
could be explained as “in-context nearest neighbors” or “analogical sequence copying” via induction
heads that operate on higher-level abstractions beyond literal tokens.

Subsequent research has revealed increasingly sophisticated variations of induction-like behavior
showing models transport abstract contextual information such as multi-token concepts (Feucht
et al., 2025), few-shot task representations (i.e., function vectors) (Todd et al., 2024; Hendel et al.,
2023; Yin & Steinhardt, 2025), syntactic and semantic relations (Ren et al., 2024), or abstract vari-
ables (Yang et al., 2025). At the implementation level, these mechanisms all involve attention heads
moving information between token positions. However, each mechanism differs substantially in the
kind of information they transport and how it is processed.

Thus, it is unclear from prior work whether all forms of contextual learning are best characterized as
some form of “fuzzy copying” — where characterizing them by the level of abstraction at which they
operate is enough — or if qualitatively different computational strategies emerge. For instance, when
studying how LLMs perform tasks that require entity binding, several prior works have observed
models transport token positional information pertaining to where tokens appear in a sequence (Feng
& Steinhardt, 2024; Dai et al., 2024; Prakash et al., 2024; 2025; Wu et al., 2025). While it is
still “copied” forward via attention, this form of contextual reasoning seems fairly distinct from
traditional or “fuzzy” induction as it is related to a token’s relative position instead of its meaning.

Studying this question is challenging in pretrained LLMs because token hidden states often reflect
both immediate context and parametric knowledge encoded during pretraining. This entanglement
makes it difficult to isolate pure contextual reasoning. To study this in a more controlled setting,
we design a contextual reasoning setting that eliminates parametric knowledge by removing fixed
token meanings entirely. Our in-context algebra task assigns tokens to algebraic elements randomly
within each sequence, forcing models to infer all structure from observed relationships alone (§ 2).

We analyze the mechanisms that transformers consistently develop when trained on our in-context
algebra setting and find that they still learn both induction-style copying and “fuzzy” commutative
copying (§5.2). This is expected, as copying can solve a large portion of the training data on its
own (§4.1, Figure 3a). However, we also identify two additional mechanisms that seem qualita-
tively different from the fuzzy copying strategies seen in prior work: identity element recognition,
and closure-based cancellation. At the level of individual operations, these are not entirely unprece-
dented; inhibition signals or demotion of tokens through attention heads have been documented
before (Wang et al., 2023; Merullo et al., 2024), and closure-based cancellation relies on a similar
elimination submechanism.

What seems distinctive is not the operations themselves but what they operate over: rather than
suppressing based on fixed syntactic or semantic token information, both mechanisms are driven
by relational structure derived entirely in-context. Identity recognition works by observing which
element leaves others unchanged across multiple facts, then applying both query promotion and a
conditional suppression rule to select the non-identity variable (see §5.3 and Appendix E). Closure-
based cancellation infers group membership to construct a set of valid candidates, then systemati-
cally eliminates those ruled out by the cancellation law (§5.4, and Appendix F).

These mechanisms are examples of how models can reason about tokens as variables by manipulat-
ing references in-context without knowing their underlying meaning. Taken together, our findings
provide additional evidence that the contextual strategies that transformers can develop look increas-
ingly different from mere copying. Understanding when and why models learn different contextual
strategies remains an important open question for future work.

C MODEL ARCHITECTURE AND TRAINING

In this section, we provide more details about our training setup.

Model Training Details. We train autoregressive transformer models (Vaswani et al., 2017), on
in-context algebra sequence data sampled as described in Section 2, with a batch size of 128, and
sequences with 200 facts. Our vocabulary consists of 16 variable tokens, a predictive token, and a
separator token (N = 18 in total), and each fact is made up of 5 tokens. As an additional hold-out
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Figure 7: Consistency across runs. We observe qualitatively similar patterns across multiple train-
ing runs, both in terms of (a) phase transitions in the loss curves and (b) corresponding “grokking”
increases in hold-out evaluation performance.

scheme, we select one variable token (e.g., a) that is never assigned as an identity element during
training. This ensures that we can test both per-sequence hold-outs (where copying is not possible),
and variable-assignment hold-outs where the exact assignment of elements to variables is unseen.

Tooling and Compute. Our transformer implementation is based on code adapted from
nanoGPT (Karpathy, 2022); we use Rotary Positional Embeddings (RoPE) (Su et al., 2024) in-
stead of learned positional embeddings. We use the AdamW optimizer (Loshchilov & Hutter, 2019)
with a learning rate of 10−5, and 1000 warmup steps. The primary model we study in the main
paper has 4 layers, with 8 attention heads per layer, and a hidden state dimension of 1024. As shown
in Figure 7, we observe qualitatively similar patterns across different seeds, both in terms of phase
transitions in the loss and hold-out evaluation accuracy. We usually see convergence (eval. accuracy
≥ 99%) between 30,000 and 75,000 steps and save the checkpoint with the best evaluation accuracy.

We train our models with either NVIDIA A100 80GB GPUs or NVIDIA A6000 48GB GPUs. Train-
ing statistics are logged using Weights and Biases (Biewald, 2020). Experiments are implemented
using NNsight (Fiotto-Kaufman et al., 2025) and PyTorch (Paszke et al., 2019), and run on work-
stations with NVIDIA A6000 48GB GPUs. We use SymPy (Meurer et al., 2017) for simulating
various group structures for our in-context algebra setting and use a custom implementation for
magmas, semigroups, and quasigroups, with quasigroup generation based on Jacobson & Matthews
(1996)’s method for Latin squares.

C.1 MODEL ARCHITECTURE HYPERPARAMETERS

In this subsection, we study the effect of three hyperparameters that govern model capacity: (1) num-
ber of layers, (2) number of attention heads per layer, and (3) hidden state dimension. The training
loss and evaluation accuracy of each hyperparameter sweep is shown in Figure 8, and the corre-
sponding breakdown of model performance by metric and hyperparameter configuration is shown
in Table 1, where results are reported using the checkpoint with the highest evaluation accuracy.

For each hyperparameter setting, there are noticeable drops in loss throughout training which cor-
respond to the learning of discrete skills relevant for the task (§ 6), and is consistent with similar
findings of phase transitions and skill-learning in prior work (Olsson et al., 2022; Nanda et al., 2023;
Singh et al., 2024; Chen et al., 2024; Kangaslahti et al., 2025; Kim et al., 2025; Hoogland et al.,
2025). In general, models with more capacity (i.e., more layers, larger hidden dimension, or more
heads) learn the task more quickly and have shorter loss plateaus. Having fewer layers corresponds
to longer loss plateaus, and delayed generalization (Figure 8, left). Models with smaller model di-
mensions (∼d ≤ 256) fail to generalize well when trained on the same amount of data (Figure 8,
middle). Using hidden size d = 128 achieves accuracy near random guessing and d = 256 only
achieves ∼60% accuracy while the models with hidden size d ≥ 512 achieve 95% evaluation accu-
racy or above. Models trained with only two attention heads per layer exhibit delayed generalization
compared to four or eight heads per layer (Figure 8, right).
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Figure 8: (top) Training loss over training steps for various architecture hyperparameters: number
of layers, model hidden dimension, and number of attention heads per layer. (bottom) Evaluation
accuracy for each hyperparameter sweep. With more model capacity (more layers, larger hidden
size, or more heads), models achieve better performance and converge more quickly. There are
some cases for model dimension where the model only partially converges (or does not converge at
all), suggesting the model needs sufficient capacity to solve this task.

Table 1: Effect of model architecture hyperparameters: layers, heads, and hidden size. For each con-
figuration, we report metrics at the training step with maximum evaluation accuracy (up to 60,000
steps). Scores under 90% are highlighted in red, indicating poor performance. Results show that
models require sufficient hidden size (dimension ≥ 512) to learn the task effectively. In general,
more capacity yields better evaluation performance. Associativity scores show high variance (and
consistently lower scores) across all configurations despite consistent evaluation accuracy. Corre-
sponding training curves are shown in Figure 8.

Configuration Evaluation Metrics
# Layers # Heads Dim. Eval. Acc. Copy Commute Identity Associativity Closure

Sweep 1: Number of Layers
2 8 1024 93.5% 100.0% 98.4% 100.0% 78.1% 100.0%
4 8 1024 99.4% 100.0% 100.0% 100.0% 85.9% 100.0%
6 8 1024 98.6% 100.0% 100.0% 96.9% 59.4% 100.0%
8 8 1024 99.4% 100.0% 100.0% 100.0% 51.6% 100.0%

10 8 1024 98.8% 100.0% 100.0% 100.0% 75.0% 100.0%

Sweep 2: Number of Attention Heads
4 2 1024 99.2% 100.0% 100.0% 100.0% 59.4% 100.0%
4 4 1024 95.9% 100.0% 100.0% 98.4% 64.1% 100.0%
4 8 1024 99.4% 100.0% 100.0% 100.0% 85.9% 100.0%

Sweep 3: Hidden State Dimension
4 8 128 13.3% 9.4% 17.2% 62.5% 17.2% 51.6%
4 8 256 61.3% 100.0% 87.5% 85.9% 56.2% 97.7%
4 8 512 96.9% 100.0% 95.3% 100.0% 82.8% 100.0%
4 8 1024 99.4% 100.0% 100.0% 100.0% 85.9% 100.0%
4 8 2048 98.6% 100.0% 100.0% 100.0% 87.5% 100.0%
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Figure 9: Effect of group sampling probability pmix. We train five models with the same seed (42)
and architecture (4 layers, 8 heads, 1024 hidden size), but vary the group sampling probability
pmix ∈ {0.0, 0.3, 0.5, 0.7, 1.0}. (a) The training loss curves for different values of pmix follow a
consistent pattern: lower values of pmix have steeper early drops, but longer plateaus that follow.
Higher values of pmix have shorter loss plateaus. (b) Evaluation accuracy for different values of pmix.
Training runs with higher values of pmix tend to achieve better held-out evaluation performance.

C.2 GROUP SAMPLING PROBABILITY AND TASK DIVERSITY

To generate an in-context algebra sequence, we first sample a set of groups from the training distri-
bution G (see Section 2). In this subsection, we provide more details about our sampling procedure,
and investigate the effect of the group sampling probability pmix as a training hyperparameter.

When sampling a mixture of groups Gs, for a sequence s, the first group is sampled uniformly from
G. After an initial group is chosen, additional groups are iteratively sampled with replacement with
probability pmix, continuing while the total order is less than or equal to the number of variables
|V | = N or a random draw from the interval [0, 1] exceeds pmix. A new group is added to Gs only
if the total order of Gs would remain less than or equal to N . Thus, choosing pmix = 0 results in
sequences containing exactly one group, while pmix = 1 maximizes the number of groups mixed
within each sequence, up to total order |V |. Thus, pmix can be thought of as a measure of in-context
task diversity. The algebra model we study in the main paper uses pmix = 0.7.

In Figure 9a, we show loss curves and evaluation accuracy for transformer models trained with
the same seed but different values of pmix ∈ {0.0, 0.3, 0.5, 0.7, 1.0}. Training loss curves follow
a consistent pattern: models trained with lower values of pmix have steeper early drops, but longer
loss plateaus. Higher values of pmix correspond to shorter loss plateaus, but higher training loss.
However, lower train loss does not necessarily correspond to higher evaluation accuracy (Figure 9b).

Recall that our evaluation data excludes copying and commutative copying sequences (Section 3).
We find that models trained with higher values of pmix tend to achieve better held-out evaluation
accuracy, even though they have higher training loss (Figure 9b). One reason for this might be that
sequences generated using higher values of pmix have more groups per sequence, and thus more
in-context task diversity. This aligns with findings from previous work showing that higher task
diversity leads to more robust generalization (Raventos et al., 2023; Kirsch et al., 2024; Ye et al.,
2024; Park et al., 2025b; Wurgaft et al., 2025). Similarly, since repetition is more likely to happen
in sequences with fewer groups (i.e., lower values of pmix), models trained with lower sampling
probabilities have lower task diversity (e.g., copying is much more common as a possible solution).

An additional benefit of training with higher mixing probabilities (more groups per sequence) is that
models tend to achieve high evaluation accuracy (generalize) faster than lower mixing probabilities.
This was initially surprising, but is consistent with Kim et al. (2025) who show that increased task
diversity actually shortens loss plateaus. While having more groups in a sequence is a more difficult
problem, Figure 9b shows this configuration learns more quickly. Using a mixing probability of
pmix = 0.0, where only a single group is sampled per sequence, has the slowest time to held-out
generalization, while higher values of pmix begin to generalize sooner.
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Figure 10: Heldout performance on in-distribution groups. (a) Model accuracy on cyclic groups
generally increases with context length, except for very small groups which tend to degrade in
performance with longer contexts. The model needs more facts to achieve the same performance
with larger groups. (b) Dihedral groups follow a similar trend. Larger groups get better with more
facts. D5, which has 10 elements, reaches near-perfect accuracy around 200 facts, while smaller
dihedral groups converge earlier (around 75-100 facts).
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Figure 11: (a) Performance on algebraic structures unseen during training (where copying is pos-
sible). This includes the three unseen groups of order 8: C4 × C2, Q8, and C2 × C2 × C2 (also
called Z3

2), and 3 non-group structures: semigroup, quasigroup, and magma. The model achieves
comparable performance on the unseen groups as it does to the in-distribution order 8 groups, while
quasigroups and magmas have worse accuracy. (b) Model performance on held-out sequences for
unseen algebraic structures. The hold-out performance of the model is surprisingly good for all
groups, as well as the semigroup. However, holdout performance on the quasigroup is poor, only
achieving a max of 50% at 200 facts and the model performs even worse on the magma (near zero).

C.3 PERFORMANCE ON GROUPS AND NON-GROUP ALGEBRAIC STRUCTURES

In this section, we compare the model’s performance in-distribution to the model’s performance
on groups not seen during training, as well as non-group structures. Figure 10 shows the model’s
performance on in-distribution cyclic and dihedral groups. Performance typically increases with
the number of facts in the sequence, and groups with more elements take longer to achieve perfect
accuracy. For C3, the performance actually begins to decreases after 25 facts.
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Figure 12: Model performance on a cancellation-based subset of quasigroup sequences. Although
the overall hold-out performance of the model on quasigroups is poor (≤ 50%) (see Fig. 11b), we
find that performance is much better on quasigroup sequences where cancellation gives a unique
answer, getting up to 100% around 50 shots, and doing cancellation just as well as in-distribution
groups. This suggests the closure-based cancellation mechanism learned by the model is a general-
izable symbolic mechanism that does not depend on the specific algebraic structure of the data.

For unseen group structures of order 8, the model still performs very well (Figure 11). The holdout
accuracy is similar to that of in-distribution groups. The model is also able to solve the semigroup
with near-perfect accuracy with enough facts in the sequence, while hold-out performance (where
copying is not possible) on quasigroups and magmas is significantly worse.

Finite quasigroups are naturally solvable via the cancellation law, thus we evaluate on a subset of
quasigroup sequences where cancellation can solve the problem. We find that on this subset, the
model does much better than the overall hold-out accuracy previously reported, providing evidence
that some mechanisms (i.e., closure-based cancellation) learned by the model are generalizable sym-
bolic mechanisms that do not depend on the specific algebraic structure the data is sampled from, as
long as the data possesses that property.

C.4 ADDITIONAL PERFORMANCE ON DATA SUBSETS

We extend Figure 3c to show performance on data subsets for varying number of facts (Table 2).

Table 2: Model performance on different data subsets from § 4. The model gets near-perfect ac-
curacy (97 − 100%) on almost all sequences, except for those solved via associativity, on which it
maxes out at 65% for 5-fact sequences.

Number of Facts
Key 5 10 25 50 75 100 150 200
Dcopy 100.0% 100.0% 100.0% 100.0% 100.0% 100.0% 100.0% 100.0%

Dcommute 92.0% 89.0% 95.0% 98.0% 98.0% 99.0% 100.0% 99.0%
Didentity 94.0% 97.0% 99.0% 99.0% 100.0% 100.0% 100.0% 98.0%
Dassociate 65.0% 62.0% 66.0% 60.2% 62.0% 56.5% 50.0% 40.0%
Dcancel 57.0% 75.0% 94.0% 97.0% 94.0% 92.0% 81.0% 76.0%

D ADDITIONAL RESULTS ON COPYING

In this section, we provide additional experimental details and results related to the copying and
commutative copying mechanisms. Figure 13a shows a heatmap of the average causal effect of
patching from verbatim copying sequences into no-copy sequences for each attention head in the
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Figure 13: (a) Average causal indirect effect (Equation 5) for each attention head when patching
from copying sequences into non-copying sequences, where darker green indicates a stronger change
in probability. A single head (layer 3, head 6) is strongly implicated in verbatim copying behavior
(AIE=0.91). (b) The same head is implicated when performing patching from commutative copying
sequences into non-copying sequences, though the causal effect is slightly weaker (AIE=0.479).
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Figure 14: Decoding the output of each attention head at the final layer via the model’s unembedding
matrix reveals how often an attention head’s highest logit matches the correct answer on copying
sequences. (a) For cyclic groups, we see one head stand out: head 3.6’s highest decoded logit
matches the correct answer more than 99.5% of the time on sequences where verbatim copying is
possible (green), and 97% of the time for commutative copying sequences (purple), while almost
never promoting the correct answer on non-copying sequences (black). (b) For dihedral groups,
where not all facts are commutative, we see a similar same trend for exact copying sequences (green,
Dcopy), while for commutative copying head 3.6 only matches the correct answer 32.5% of the time
(purple, Dcommute). However, if we instead measure whether the highest decoded logit matches the
most attended-to token, this happens 97% of the time (shown in red).

model, computed as AIE(Dcopy, l, h) for an attention head at layer l and head index h. Figure 13b
shows a similar heatmap of average causal effects for each attention head when patching from com-
mutative copying sequences into no-copy sequences, similarly computed as AIE(Dcommute, l, h) for
each layer l and head index h. In each case, we identify a single attention head (layer 3, head index
6), which has a much higher AIE than other heads and is primarily responsible for copying behavior.

To understand the behavior of these heads under various data settings, we characterize each head’s
output using direct logit attribution, or the “logit lens” (Nostalgebraist, 2020; Elhage et al., 2021).
We apply the unembedding matrix to each attention head output (i.e., U(a(l,h)) and compute how
often the token with the highest decoded logit matches the target token.

Figure 14a shows how often each attention head promotes the correct answer token when using only
cyclic groups to generate copying sequences. This is computed using 200 prompts for each of 3
prompt distributions: sequences where verbatim copying is possible (s ∈ Dcopy), sequences where
commutative copying is possible (s ∈ Dcommute), and sequences where neither form of copying is
possible. The highest logit promoted by the copying head (layer 3, head 6) almost always matches
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the target answer for both verbatim (green) and commutative copying sequences (purple), but almost
never on non-copying sequences (black).

However, performing this same analysis on sequences sampled using only dihedral groups yields a
slightly different result (Figure 14b). When verbatim copying is possible, we still see head 3.6’s top
logit matches the correct answer token more than 99% of the time (green), as expected. However,
on sequences sampled from Dcommute, this value drops to 32.5% (purple). If we instead measure
whether the highest decoded logit matches the most attended-to token, this happens 97% of the
time for head 3.6 (shown in red). This is curious because for these sequences, head 3.6 seems to
be “blindly” copying the symbol it attends to even though it is not the correct answer. While this
strategy would solve any commutative pair of facts, it cannot solve non-commutative facts found in
dihedral groups. In Figure 4d, we show a related behavior where head 3.6 will attend to and promote
the answers of injected, incorrect facts in addition to correct ones.

E IDENTITY RECOGNITION DETAILS

In this section, we provide additional details about the steering experiments mentioned in Sec-
tion 5.3. We use them study whether the separation of identity and non-identity facts seen via
PCA in Figure 5a is causally relevant to downstream predictions.

To extract the PCA steering direction, we sample 1000 sequences, ensuring that each sequence has
200 facts, and gather final attention layer outputs at the predictive token position (the “=” symbol)
for each sequence. We then perform PCA on the activations, and find that the variation along the
first principle component separates identity facts from non-identity facts (Figure 5a). We denote this
PCA direction as v1, and evaluate its role through several experiments. In each experiment we use
a sample of 5000 non-identity sequences, each containing 200 facts.

PCA Steering Controls Query Promotion. We first test the effect of steering non-identity se-
quences towards the identity cluster along v1. Concretely, this is done for non-identity sequences
by adding 5v1 to the final attention layer output at the final prediction token. While the default be-
havior of the model is to predict an answer that is not present in the query fact, we find that steering
towards the identity cluster using v1 causes the model to predict query variables 99.2% of the time
over the 5000 non-identity sequences we evaluate on. Upon examining the model’s output logits, we
find that both query variables are strongly promoted as likely answers (with near-equal logits). This
suggests that v1 encodes a signal for “query promotion”. Interestingly, query promotion by itself is
a sufficient criteria to distinguish between identity and non-identity facts, since only identity facts
will have one of the query symbols as an answer.

Adding False Identity Facts Controls Identity Predictions. While steering non-identity sequences
with v1 can promote both query variables, it does not reliably promote one over the other. Recall
that the other submechanism identified as important for solving identity facts was identity demotion.
Next, we study whether we can cause the model to treat arbitrary non-identity facts as identity facts
through a combination of PCA steering and injecting false identity facts into the context.

Concretely, given a non-identity sequence with a query xy=, we replace a random fact in the se-
quence with a false fact indicating that either the left-slot (x) or right-slot (y) should “act” as an
identity element (e.g., x?=?, or ?y=?, where ‘?’ could be any variable). We then steer the model
towards the identity cluster using v1 as before, and measure whether the model predicts the non-
identity variable (e.g., y or x) under this counterfactual setup.

We find that using PCA steering and injecting a false left-slot identity fact causes the model predict
the right variable 96.1% of the time. And similarly, PCA steering along with injecting a false right-
slot identity fact causes the model to predict the left variable 79.6% of the time. These results
show that we can control whether a model treats a fact as an identity fact (i.e., uses its identity
mechanisms) through a combination of two simple interventions: PCA steering along v1 to induce
query promotion, and false identity fact injection to suppress a specific variable.

Steering Away from the Identity Cluster. Injecting a false identity fact into non-identity sequences
confuses the model, causing it to wrongly predict one of the two query symbols. We find that steering
away from the identity cluster (subtracting v1 instead of adding) can erase this confusion, causing
the model to predict the correct non-identity answer 97.0% of the time.
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Sequence:’hp=e,il=i,li=i,nc=c,bi=l,ne=e,fe=h,pp=f,ba=i,pc=h,eh=n,la=a,
pp=f,pf=n,fe=h,fh=c,il=i,ef=h,hh=f,cp=h,pc=h,hh=f,cn=c,bi=l,(hc=/bi=)’
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Figure 15: Closure submechanism (§5.4). When predicting the right-slot of a fact, the model pro-
duces nearly uniform logits over all variables previously associated with the left-slot in the context.
Here, we show the logits at the left-slot for the same sequence that differs only in the final query
fact (hc=, vs. bi=). For different left-slot variables (h vs. b), the model produces higher logits over
either (a) the six elements connected to h: {c, e, f, h, n, p} (shown in red), or (b) the four variables
associated with b: {a, b, i, l} (shown in blue).

F CLOSURE AND ELIMINATION SUBSPACES

In this section, we provide additional details about results related to the closure and elimination
subspaces described in Section 5.4.

At the left-slot of a given fact (e.g., hc=), the “goal” of the model is to predict any variable that could
be associated with the left-slot variable (e.g., h). This requires identifying all variables previously
connected to h in the context. This set of variables is precisely what we call the “closure” of the
group. We find the model is very good at this task, producing near-uniform logits over all previously
seen elements of the query’s group, an example of which is shown in Figure 15.

We quantify the model’s ability to compute the closure by measuring the top-K matching accuracy at
the left-slot position. We identify the K variables with the highest predicted logits. Top-K matching
accuracy is then computed as the proportion of these top-K predictions that correspond to variables
from the corresponding group G that have appeared in the context so far. Perfect performance means
the model assigns the K highest logits exactly to the K group members seen in context, regardless
of their relative ordering. We also report top-1 accuracy, which is whether the highest logit is one
of the variables in G. Over a batch of 2000 randomly sampled algebra sequences with 200 facts, we
find that our model gets 100.0% top-1 accuracy, and 100.0% top-K matching accuracy, indicating
it has correctly learned how to compute within-group closure.

F.1 HOW ARE CLOSURE AND CANCELLATION SETS COMPUTED?

In this section, we investigate how the set difference operation introduced in Section 5.4 is imple-
mented by the transformer model. For a given query xy=, recall that the closure set Sclosure contains
all elements that have previously appeared in the context associated with x or y, and the cancellation
set Scancel is the set of answers from previously seen facts that share either x in its left-slot or y in its
right-slot. Upon examining attention patterns and attention head outputs via the logit lens (Nostal-
gebraist, 2020), we find evidence that these two sets are built up from contributions across several
attention heads. We find that the closure computation is reused across token positions, and also
describe a few heads implicated in constructing the cancellation set in more detail below.

Closure Computation. We find that the same circuitry used to compute group closure is reused
across token positions: both at the left-slot prediction, and at the predictive token (‘=’). While
we measure the model’s ability to compute closure using facts’ left-slot predictions, we also find
that group closure dominates predictions at the predictive token during early phases of training –
producing near-equal logits of group symbols until other strategies are learned (Figure 6b, orange).
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Figure 16: Cancellation Set Construction. Several attention heads in the model work together to
build the cancellation set and contribute to the cancellation subspace. (a) Typical attention pattern
of Head 3.2, which primarily attends to the answer-slot of facts that share the same symbol as the
query’s left-slot. (b) The attended-to tokens (e.g., {a, h, i, e, n}) have their logits demoted from head
3.2’s output contribution (red). (c) Typical attention pattern of Head 3.4, which primarily attends
to the answer-slot of facts that share the same symbol as the query’s right-slot and (d) similarly
demotes the attended-to token’s (e.g. {e, h, n, k, a}) logits (red).

Without additional structural information (e.g., that variables represent group elements), randomly
predicting a symbol from the closure is a near-optimal strategy. But as data-specific structure is
learned, the closure prediction is built upon by other mechanisms such as the elimination subspace.

Cancellation Set Construction. A few attention heads at the final predictive token exhibit atten-
tion patterns that are suggestive of partial cancellation law behavior. For example, head 3.2 primarily
attends to answer-slots of facts that share the same symbol in its left-slot as the query (i.e., facts of
the form x? = ?, where ? can be any variable token, see Figure 16a). We find that head 3.2 places
an average of 74.4% of its attention probability mass on answer-slots of facts that share the same
left-slot symbol as the query (averaged over 200 prompts). After attending to these tokens, head
3.2’s attention contribution subsequently demotes the logits of each answer token (Figure 16b). We
find another attention head (layer 3, head index 4) that primarily attends to answer-slots of facts that
share the same symbol in its right-slot as the query (i.e., facts of the form ?y = ?, see Figure 16c),
doing so 57.1% of the time. Similarly, head 3.4 demotes the logits of the answer-slot tokens it
attends to (Figure 16d). These examples show how multiple attention heads help identify a set of
tokens that should be eliminated as answers, and we find that learning a low-dimensional subspace
over the attention layer can cleanly capture the corresponding cancellation subspace.

F.2 SUBSPACE CONSTRUCTION

Here we describe how we construct a learnable subspace that can characterize multi-dimensional
high-level variables such as the closure and cancellation sets described in Section 5.4.

We learn a set of Householder unit-vectors
{
vi ∈ Rd, ||vi||=1

}
(where d is the model’s hidden

dimension), to construct a series of Householder matrices, Hi = I − 2viv
T
i , that are composed

to form an orthogonal matrix Q = HkHk−1 · · ·H1 ∈ Rd×d, (Householder, 1958). The first k
columns of Q, denoted Qk ∈ Rd×k, form an orthonormal basis for our intervention subspace.
We construct our subspace projection as W = QkQ

T
k and perform subspace-level interventions by

mixing information between activations of the model on sequences s and s′ as shown in Equation 10:

Whs + (I −W )hs′ → hs′ (10)

where hs represents an activation taken from the model under sequence s, hs′ represents an activa-
tion taken from the same location under sequence s′, and → means the activation hs′ is replaced
with the intervened representation Whs+(I−W )hs′ . While we use hs to denote “activation” here,
it could be a representation taken from any location in the model.
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Figure 17: Identifying the closure subspace. To determine the intrinsic dimension and location of
where the closure set is represented by the model we train a closure subspaces, sweeping over model
components (attention layer output, MLP layer output, and full layer output) and over the number of
dimensions (k ∈ {2, 4, 6, 8, 10, 12, 16, 20, 24, 32}). For each configuration, we report the validation
accuracy of intervening with that subspace. We find that the closure set computation is best captured
(≥ 99%) in the final layer attention output with an intrinsic dimension of ∼16, which is exactly the
number of variable tokens in the model’s vocabulary.

F.2.1 SUBSPACE TRAINING DETAILS

We train closure and elimination subspaces over different model components (attention layers,
MLP layers, full layers), and sweep over different values for the subspace dimension k ∈
{2, 4, 6, 8, 10, 12, 16, 20, 24, 32}. We measure the interchange intervention accuracy (Wu et al.,
2023; Prakash et al., 2025) for each trained subspace and report the results in Figure 17.

We find that the closure set computation is best represented in the final attention layer and that a
16-dimensional subspace is sufficient to achieve near-perfect intervention accuracy (99.9%), and
that it converges pretty quickly during training (Figure 18a). Subspaces trained at most locations are
unable to meaningfully influence the construction of the closure set. It can be partially controlled
(∼70%) by a subspace trained on the input to the final attention layer (i.e., the layer 2 output is the
same location as the layer 3 attention’s input), but requires more dimensions and doesn’t achieve as
clean of performance as the final attention layer (Figure 17).

For the elimination subspace, we find that training on counterfactual sequence pairs similar to those
used for the closure subspace (d = 16) results in a subspace that plateaus around ∼75% intervention
accuracy, even after extended training (Figure 18b, red). Analyzing the subspace intervention failure
cases reveals that 99.9% of these sequence pairs fit into one of two categories: either (i) at least one
sequence ends in an identity fact, or (ii) the counterfactual target renders the query an identity fact
under intervention. Because of this, we choose to exclude sequences that end in identity facts (and
counterfactually-imposed identity facts) from the training distribution of the elimination subspace.
We find that without identity sequences, the elimination subspace quickly achieves near-perfect
intervention accuracy (Figure 18b, blue).

The inability of the elimination subspace to capture the model’s predictions on identity sequences
suggests that the mechanism the model uses to solve identity sequences is distinct from the closure-
based cancellation mechanism under study here. The identity mechanism is explored in more detail
in Section 5.3. The fact that identity facts are easily separated from other facts under PCA might
explain some of the reason why training the elimination subspace fails to converge on identity se-
quences, though this distinction doesn’t matter for training the closure subspace (Figure 18a, red).
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(a) Closure Subspace (d=16)
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(b) Elimination Subspace (d=16)

Exclude Identity Facts Include Identity Facts % Non-Identity Facts

Figure 18: Subspace Intervention Accuracy. We train subspaces to represent the closure set and
cancellation set used by the model (§ 5.4). (a) The closure set promotes the variables of a particular
group in a sequence can be well-approximated by a 16-dimensional subspace (which is the same
as the number of variables in the model’s vocabulary), and achieves very good intervention accu-
racy both when identity facts are excluded (99.9%, blue) or included (97.5%, red) in its training
data. (b) The cancellation set eliminates possible answers via the cancellation law and can also
be well-approximated by a 16-dimensional elimination subspace if identity sequences are excluded
from its training data (blue). When identity facts are included, the trained subspace only achieves
∼75% intervention accuracy, suggesting that identity facts are solved differently. Interestingly, the
percentage of the holdout data distribution that are not identity sequences is 71.1% (§ 4.1), shown as
a dotted black line, and this roughly aligns with the intervention plateau of the elimination subspace.
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Figure 19: Identifying the elimination subspace. We also train elimination subspaces, sweeping
over model components (attention layer output, MLP layer output, and full layer output) and over
the number of dimensions (k ∈ {2, 4, 6, 8, 10, 12, 16, 20, 24, 32}) to determine where the cancella-
tion set is represented by the model. For each configuration, we report the validation accuracy of
intervening with that subspace. We find that the cancellation set computation is also best captured
(≥ 99%) in the final layer attention output with an intrinsic dimension of ∼16, the same as the
number of variable tokens in the model’s vocabulary.
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Figure 20: Closure and elimination probe generalization accuracy. We train individual probes (col-
umn) on the closure and elimination subspaces for each symbol (row) to test for the presence of each
variable in the closure set or cancellation set. (left) Probe are accurately able to predict closure set
membership within the closure subspace. Probes achieve between 91−96% accuracy for the symbol
they are trained on, and chance performance on all other symbols. (right) Probe accuracy for pre-
dicting cancellation set membership using the elimination subspace. Overall accuracy is lower than
for the closure probes, but still decent overall. The probe for a achieves 77% accuracy, perhaps due
to the fact that during training a was never seen as the identity element, but all other probes classify
elimination-membership with 81−87% accuracy.

We also perform a sweep over layers and dimensions for the elimination subspace and find that the
cancellation set is best represented in the final attention layer with a subspace of ∼16 dimensions
(Figure 19). While it is the same size as the closure subspace, we find these subspaces are distinct
from each other, as they are unable to produce valid counterfactuals in the opposite setting.

F.2.2 PROBING THE CLOSURE AND ELIMINATION SUBSPACES

We train probes to better characterize how the trained closure and elimination subspaces represent
the closure set and cancellation set. We train individual probes to detect whether a variable is in
the group closure or cancellation set using both the closure and elimination subspaces (Figure 20).
We find the probes can accurately predict with high accuracy whether variables are in the closure
set (91−96%) (Figure 20, left), and with good, but slightly worse accuracy for predicting whether a
variable is in the cancellation set (77−87%) (Figure 20, right).

We compare the directions of the learned probes with the unembedding directions of the model to
check how aligned they are with the output space. We find that the closure probes show a weak
positive alignment (average cosine similarity of +0.38) with the unembedding vectors with the
corresponding variable (Figure 21, left). This matches our intuition that the closure subspace does
in fact promote (increase the probability of) the variables that are present in the group closure.

In contrast, the elimination probes show a weak negative alignment (average cosine similarity of
−0.17) with their corresponding unembedding vectors and near-zero similarity with off-diagonal
entries (Figure 21, right). This suggests the elimination subspace “demotes”, or lowers the probabil-
ity of variables that are present in the cancellation set, again matching our intuition from Section 5.4.

We also compute the cosine similarity between the trained probes for both subspaces and find that
for each subspace the probe for one symbol is independent of those for other symbols (Figure 22).
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Figure 21: Cosine similarity between learned probe directions (columns) and model unembedding
vectors (rows) for the closure and elimination subspaces. (left) The probe directions in the clo-
sure subspace weak positive alignment with the model’s unembedding direction for their respective
variable with an average cosine similarity of +0.38, suggesting the closure subspace does indeed
promote those tokens when present. (right) The probe directions in the elimination subspace show
weak negative alignment with the model’s unembedding direction for their respective variables, with
an average cosine similarity of −0.17, suggesting the elimination subspace demotes the those tokens
when present, though the effect is less strong than seen for the closure subspace.
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Figure 22: Cosine similarity between learned probe directions for closure (left) and elimination
(right) subspaces. Each probe is trained to detect a specific symbol in the respective set. High
diagonal values indicate probes learn distinct, symbol-specific directions, while off-diagonal values
near zero suggest orthogonality between different probe directions. The elimination subspace probe
for the a variable shows a distinct trend from other probes — it has mostly negative cosine similarity
with the other elimination probes — which might be explained by the fact that a was not seen as an
identity element during training.

33



Published as a conference paper at ICLR 2026

G DATA COVERAGE PSEUDOCODE

In this section, we provide some pseudo-code examples showing how we check the coverage of
each algorithm hypothesized in Section 4. Optimized code implementations can be found through
our project website: algebra.baulab.info.

1 def check_copyable(sequence):
2 """ sequence (str): A sequence of consecutive algebra facts.
3 ex: ’,fk=i,kn=g,cd=d,kh=c,in=c,nf=h,cg=g,if=n,gf=c,id=h,cg=g,df=g’
4 """
5 facts = sequence.split(’,’)
6 query = facts[-1]
7 return any([fact.split(’=’)[0] == query.split(’=’)[0]
8 for fact in facts[:-1]])

Code Block 1: Verbatim Copying. A python implementation to check if verbatim copying could
solve the given algebra sequence.

1 def check_reverse_copyable(sequence):
2 """ sequence (str): A sequence of consecutive algebra facts.
3 ex: ’,fk=i,kn=g,cd=d,kh=c,in=c,nf=h,cg=g,if=n,gf=c,id=h,cg=g,df=g’
4 """
5 facts = sequence.split(’,’)
6 query = facts[-1]
7 return any([fact.split(’=’)[0] == query.split(’=’)[0][::-1]
8 for fact in facts[:-1]])

Code Block 2: Commutative Copying. Python implementation to check if commutative copying
could solve the given algebra sequence.

1 def check_identity_solvable(sequence):
2 """ sequence (str): A sequence of consecutive algebra facts.
3 ex: ’,fk=i,kn=g,cd=d,kh=c,in=c,nf=h,cg=g,if=n,gf=c,id=h,cg=g,df=g’
4 """
5 facts = sequence.split(’,’)
6 query = facts[-1]

8 left_identity = [fact[0] == fact[-1] and fact[1] in query.split(’=’)[0] for fact in
facts[1:-1]]

9 right_identity = [fact[1] == fact[-1] and fact[0] in query.split(’=’)[0] for fact in
facts[1:-1]]

11 return any(left_identity or right_identity)

Code Block 3: Identity Recognition. Python implementation to check if identity recognition could
solve the given algebra sequence.

1 def check_closure_elimination_solvable(sequence):
2 """ sequence (str): A sequence of consecutive algebra facts.
3 ex: ’,fk=i,kn=g,cd=d,kh=c,in=c,nf=h,cg=g,if=n,gf=c,id=h,cg=g,df=g’
4 """
5 facts = sequence.split(’,’)
6 query = facts[-1]

8 share_symbol = [fact for fact in facts[1:-1] if query[0] in fact or query[1] in fact]

10 share_a_on_left = [fact for fact in facts[1:-1] if fact[0] == query[0]]
11 share_b_on_right = [fact for fact in facts[1:-1] if fact[1] == query[1]]

13 share_symbol_slots = share_a_on_left + share_b_on_right

15 def get_closure_set(facts):
16 return set(’’.join([x for x in facts]).replace(’=’, ’’))

18 set_closure = get_closure_set(share_symbol) # includes answers
19 answer_closure = get_closure_set([x[-1] for x in share_symbol_slots])

21 return len(set_closure - answer_closure) == 1 and (set_closure - answer_closure) ==
sequence[-1]

Code Block 4: Closure-based Cancellation. Python implementation to check if a closure-based
elimination rule could solve the given algebra sequence.
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1 def check_associative(sequence):
2 """
3 sequence (str): A sequence of consecutive algebra facts.
4 ex: ’,fk=i,kn=g,cd=d,kh=c,in=c,nf=h,cg=g,if=n,gf=c,id=h,cg=g,df=g’
5 """
6 facts = sequence.split(’,’)
7 query = facts[-1]

9 triplets = determine_associative_pairs(query)

11 is_associative=False
12 for triplet in triplets:
13 all_facts_exist = True
14 for fact in triplet:
15 if fact not in facts: # Need each fact of an associative triplet
16 all_facts_exist=False
17 break
18 if all_facts_exist: # If there’s a triplet of facts that compose to solve the query
19 is_associative=True
20 break

22 return is_associative

Code Block 5: Associativity. Python implementation to check if composition of facts via
associativity could solve the given algebra sequence.

H USE OF LARGE LANGUAGE MODELS

As per the ICLR 2026 author guidelines, we provide details about our use of large language models
(LLMs) in the preparation of this manuscript. LLMs were primarily used as a general-purpose tool to
aid and polish writing, both at the sentence level (e.g., grammar or re-wording sentences), and at the
paragraph level (e.g., re-organizing sentences in a paragraph). When considering LLM suggestions,
the resulting text went through many subsequent editing rounds. LLM use did not contribute in any
way that we would consider equal to the level of an author.
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