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ABSTRACT

Stability guarantees are crucial when ensuring that a fully autonomous robot does
not take undesirable or potentially harmful actions. Unfortunately, global stability
guarantees are hard to provide in dynamical systems learned from data, especially
when the learned dynamics are governed by neural networks. We propose a
novel methodology to learn neural contractive dynamical systems, where our
neural architecture ensures contraction, and hence, global stability. To efficiently
scale the method to high-dimensional dynamical systems, we develop a variant
of the variational autoencoder that learns dynamics in a low-dimensional latent
representation space while retaining contractive stability after decoding. We further
extend our approach to learning contractive systems on the Lie group of rotations
to account for full-pose end-effector dynamic motions. The result is the first highly
flexible learning architecture that provides contractive stability guarantees with
capability to perform obstacle avoidance. Empirically, we demonstrate that our
approach encodes the desired dynamics more accurately than the current state-of-
the-art, which provides less strong stability guarantees.

1 STABILITY IN ROBOT LEARNING

Deploying a fully autonomous robot requires guarantees
of stability to ensure that the robot does not perform un-
wanted, potentially dangerous, actions. Consider the robot
in Fig. 1, which is trained from demonstrations (black
dots) to execute a sinusoidal motion (orange). If the robot
is pushed away (red perturbation) from its planned tra-
jectory, then it should still be guaranteed to reproduce a
motion similar to the demonstration pattern (blue). Man-
ually designed robot movements could achieve such sta-
bility guarantees, but even skilled engineers struggle to
hand-code highly dynamic motions (Billard et al., 2016).
In contrast, learning robot dynamics from demonstrations
has shown to be an efficient and intuitive approach for
encoding highly dynamic motions into a robot’s repertoire
(Schaal et al., 2003). Unfortunately, these learning-based
approaches often struggle to ensure stability as they rely
on the machine learning model to extrapolate in a con-

Figure 1: Robot motion executed via a neural
contractive dynamical system (NCDS).

trolled manner. In particular, it has turned out to be surprisingly difficult to control the extrapolating
behavior of neural network models (Xu et al., 2021), which hampers stability guarantees.

Stability is commonly ensured through asymptotic or contraction guarantees. Asymptotic stability
ensures that all motions converge to a fixed point (known as the system’s attractor) (Khansari-Zadeh
& Billard, 2011; 2014; Neumann & Steil, 2015; Zhang et al., 2022b;a). This is suitable when the
only requirement is that the robot eventually reaches a certain configuration, e.g. its end-effector
is at a specific goal position. Many tasks, however, require the robot to dynamically follow desired
trajectories, e.g. in flexible manufacturing, human-robot interaction, or in entertainment settings.
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In these cases, asymptotic stability is insuf cient. A stronger notion of stability is provided by
contraction theoryLohmiller & Slotine, 1998), which ensures that all the path integrals regardless
of their initial state incrementally converge over time. Unfortunately, the mathematical requirements
of a contractive system are dif cult to ensure in popular neural network architectures.

Existing contractive learning methodsfocus on low-capacity models tted under contraction con-
straints. Ravichandar et al. (2017) and Ravichandar & Dani (2019) both use Gaussian mixture models
to encode the demonstrations and model the dynamical system with Gaussian mixture regression
(GMR), which is tted under contraction constraints. Blocher et al. (2017) also use GMR to model
the system dynamics but instead include a stabilizing control input that guarantees a local contractive
behavior. Likewise, Sindhwani et al. (2018) model the dynamical system with a well-crafted kernel,
under which optimization remains convex w.r.t. contraction constraints. Note that the above works
impose the contraction constraints during optimization, which complicates model training.

Developing high-capacity (deep) models is dif cult as off-the-shelf neural network architectures
provide no stability guarantees. Instead, current approaches split the task into two steps: rst, learn
a non-contractive dynamical system, and then estimate a Riemannian metric (Sec. 2.1), parametrized
by a neural network, under which the system becomes contractive (Tsukamoto et al., 2021a; Dawson
et al., 2023). The approach, thus, requires training two separate networks, which is impractical and
comes with additional challenges. For example, Sun et al. (2020) learns the metric by regularizing
towards a contractive system, such that stability @aly be ensured near training data. Alternatively,
Tsukamoto & Chung (2021) develop a convex optimization problem for learning the metric from
sampledoptimal metrics. Unfortunately, accessing such optimal metrics is a dif cult problem in
itself. Additionally, Kozachkov et al. (2022) introduce a network of small and simple recurrent neural
networks with built-in contractive behavior as an alternative to a single, larger network.

In this paper, we propose thaeural contractive dynamical system (NCE®)ich is the rst neural
network architecture that is guaranteed to be contractive for all parameter values. This implies that
NCDS can easily be incorporated into existing pipelines to provide stability guarantees and then
trained using standard unconstrained optimization. As demonstration data may be high dimensional,
we secondly propose an injective variant of the variational autoencoder that allows learning low-
dimensional latent dynamics, while ensuring contraction guarantees falettealeddynamical
system. Thirdly, as most complex robotic tasks involve full-pose end-effector movements (including
orientationdynamics), we extend our approach to cover the Lie g®0f8). Finally, we show that

NCDS can trivially be modi ed to avoid (dynamic) obstacles without sacri cing stability guarantees.

2 LEARNING CONTRACTIVE VECTOR FIELDS

Our ambition is a exible neural architecture, which is guaranteed to always be contractive. We,
however, rstintroduce contraction theory as this is a prerequisite for our design.

2.1 BACKGROUND: CONTRACTIVE DYNAMICAL SYSTEMS

To begin with, assume an autonomous dynamical system f (x;), wherex; 2 RP is the

state variablef : RP ! RP is aC?! function andx; = dx=it denotes temporal differentiation.

As illustrated in Fig. 1, contraction stability ensures that all solution trajectories of a nonlinear
systent incrementally converge regardless of initial conditiens x o, and temporary perturbations
(Lohmiller & Slotine, 1998). The system stability can, thus, be analyzed differentially, i.e. we can ask
if two nearby trajectories converge to one another. Speci cally, contraction theory de nes a measure
of distance between neighboring trajectories, known asdhéraction metri¢in which the distance
decreases exponentially over time (Jouffroy & I. Fossen, 2010; Tsukamoto et al., 2021b).

Formally, an autonomous dynamical system yields the differential relation J (x) x, where

J (x) = @&g is the system Jacobian anx is a virtual displacement (i.e., an in nitesimal spatial
displacement between the nearby trajectories at a xed time). Note that we have dropped the time
indext to limit notational clutter. The rate of change of the corresponding in nitesimal squared
distance x> x is then,

d > —_ > —_ > .
a(x X)=2 x> x =2 x> J(x) x: 1)

It follows that if the symmetric part of the Jacobidiix) is negative de nite, then the in nitesimal
squared distance between neighboring trajectories decreases over time. This is formalized as:
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De nition 1 (Contraction stability (Lohmiller & Slotine, 1998)) An autonomous dynamical sys-
temx_= f (x) exhibits a contractive behavior if its Jacobidr{x) = @&ex is negative de nite, or
equivalently if its symmetric part is negative de nite. This means that there exists a constabt
such that x> x converges to zero exponentially at r&e. This can be summarized as,

9 > 0 st 8x; %J(x)+ J(x)” I o 2

The above analysis can be generalized to account for a more general notion of distance of the form

x> M (x) x, whereM (x) is a positive-de nite matrix known as the (Riemannian) contraction
metric (Tsukamoto et al., 2021b; Dawson et al., 2023). In our work, we learn a dynamical system
f so that it is inherently contractive since its Jacohidm) ful lls the condition given in Eq. 2.
Consequently, it is not necessary to speci cally learn a contraction metric as it corresponds to an
identity matrix. For our purposes, we, thus, de ne contraction guarantees following Eq. 2.

2.2 NEURAL CONTRACTIVE DYNAMICAL SYSTEMS (NCDS)

From De nition 1, we seek a exible neural network architecture, such that the symmetric part of
its Jacobian is negative de nite. We consider the dynamical system f (x), wherex 2 RP
denotes the system's state &ndRP ! RP is parametrized by a neural network. It is not obvious
how to impose a negative de niteness constraint on a network's Jacobian without compromising its
expressiveness. To achieve this, we rst design a neural netiforiepresenting the Jacobian of our

nal network. This produces matrix-valued negative de nite outputs. The nal neural network will
then be formed by integrating the Jacobian network. Speci cally, we de ne the Jacobian as,

Jix)= @ ()73 (x)+ Ip); ®3)
whereJ :RP ! RP D isaneural network parameterized by 2 R* is a small positive constant,

andlp is an identity matrix of siz® . Intuitively, J can be interpreted as the (approximate) square
root of J} . Clearly,Jt is negative de nite as all eigenvalues are bounded from above by

Next, we take inspiration from Lorraine & Hossain (2019) and integfatéo produce a function

f , which is implicitly parametrized by, and has Jacobia#ii . The fundamental theorem of
calculus for line integrals tells us that we can construct such a function by a line integral of the form

z
x=f(x)=xo+ lff (c(x;1;X0)) c(X;t; Xo)dt; 4)
0

c(X;t;Xxo)=(1 t)xo+tx and c(t;xo;X)= X Xog; (5)

wherex o andxy = f (xo) represent the initial conditions of the
state variable and its rst-order time derivative, respectively. The
input pointx o can be chosen arbitrarily (e.g. as the mean of the
training data or it can be learned), while the corresponding function
valuex has to be estimated alongside the parameterBhere-
fore, given a set of demonstrations denote®as fx;; x;g, our
objective is to learn a set of parametergalong with the initial
conditionsx andxg, such that the integration in Eqg. 4 enabl
accurate reconstruction of the velocitiesgiven the state; .

é:'gure 2: The learned vector eld

grey) and demonstrations (black).
Yellow and green trajectories
The integral in Eq. 4 is similar to neural ordinary differentigihow path integrals starting from
equations (Chen et al., 2018b), with the subtle difference thaf§fmenstration starting points and
is a second-order equation as the outcome pertains teetheity "andom points, respectively.
at statex. We can, thus, view this system as a second-order neural ordinary equation (Norcliffe
et al., 2021) and solve it using off-the-shelf numerical integrators. The resulting fuficidhhave
a negative de nite Jacobian for any choice ofind is consequently contractive by construction.
In other words, we can control the extrapolation behavior of the neural network that parametrizes
our dynamical systerh via the negative-de niteness d (x). We call this theneural contractive
dynamical system (NCDS3Ind emphasize that this approach has two key benfljave can use
any smooth neural netwotk as our base model, aifd) training can then be realized using ordinary
unconstrainedptimization, unlike previous approaches. Figure 2 shows an example NCDS vector
eld, which is clearly highly exible even if it guarantees contractive stability.
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3 LEARNING LATENT CONTRACTIVE DYNAMICS

Learning highly nonlinear contractive dynamical systems in high-dimensional spaces is dif cult.
These systems may exhibit complex trajectories with intricate interdependencies among the system
variables, making it challenging to capture the underlying dynamics. In the experiments, we show
that NCDS works very well for low-dimensional problems, but when only limited data is available,
the approach becomes brittle in higher dimensions. A common approach in such cases is to rst
reduce the data dimensionality, and work as before in the resulting low-dimensional latent space
(Chen et al., 2018a; Hung et al., 2022; Beik-Mohammadi et al., 2021). The main dif culty is that
even if the latent dynamics are contractive, the associated high-dimensional dynamics need not be.
This we solve next.

3.1 BACKGROUND: DEEP GENERATIVE MODELS

Variational autoencoders (VAEs). The main goal ofleep generative modeksto approximate

the true underlying probability densipfx) given a nite set of training data in an ambient space

by considering a lower-dimensional latent spZcen particular, thevariational autoencoder (VAE)
(Kingma & Welling, 2014; Rezende et al., 2014) is a latent variable model, often speci ed through a
priorp(z) = N(z j O; 14) wherez 2 Z, and a likelihood (xjz) = N(xj (z); lp 2(z)) with

x 2 X. Typically, the mean and the variance of the likelihood are parametrized using deep neural
networks :Z! Xand ?:Z! RP with parameters , andlp andly being identity matrices

of sizeD andd, respectively. These neural networks are trained by maximizing the evidence lower
bound (ELBO) (Kingma & Welling, 2014). The latent varialdés approximated using a variational
encoder (x) and is often interpreted as the low-dimensional representation of an obsemvation
In our work, we use a VAE to provide low-dimensional representations of individual points along
observed trajectories in order to learn a latent contractive dynamical system.

Injective ows. A limitation of VAEs is that their marginal likelihood is intractable and we have

to rely on a bound. Whedim(X) = dim( Z), we can apply the change-of-variables theorem to
evaluate the marginal likelihood exactly, giving riseimrmalizing ows(Tabak & Turner, 2013).

This requires the decoder to be diffeomorphic, i.e. a smooth invertible function with a smooth inverse.
In order to extend this to the case whemn(X) > dim(Z), Brehmer & Cranmer (2020) proposed
aninjective ow, which implements a zero-padding operation (see Sec.3.2 and Equation 6) on the
latent variables alongside a diffeomorphic decoder, such that the resulting function is injective.

3.2 LATENT NEURAL CONTRACTIVE DYNAMICAL SYSTEMS

As brie y discussed above, we want to reduce data dimensionality with a VAE, but we further
require that any latent contractive dynamical system remains contractive after it has been decoded
into the data space. To do so, we can leverage the fact that contraction is invariant under coordinate
changes (Manchester & Slotine, 2017; Kozachkov et al., 2023). This means that the transformation
between the latent and data spaces may be generally achieved through a diffeomorphic mapping.

Theorem 1 (Contraction invariance under diffeomorphisms (Manchester & Slotine, 2017))
Given a contractive dynamical system= f (x) and a diffeomorphism applied on the state
x 2 RP, the transformed system preserves contraction under the change of coordirmite$x).

Equivalently, contraction is also guaranteed under a differential coordinate chqng:e% X -

Following Theorem 1, we learn a VAE with an injective decoderzZ ! X. LettingM = (2)
denote the image of, then is a diffeomorphism betweef andM, such that Theorem 1 applies.
Geometrically, spans a-dimensional submanifold of on which the dynamical system operates.

Here we leverage the zero-padding architecture from Brehmer & Cranmer (2020) for the decoder.
Formally, an injective ow :Z! X learns an injective mapping between a low-dimensional latent
spaceZ and a higher-dimensional data spatelnjectivity of the ow ensures that there are no
singular points or self-intersections in the ow, which may compromise the stability of the system
dynamics in the data space. The injective decodisrcomposed of a zero-padding operation on the
latent variables followed by a serieskfinvertible transformationgx. This means that,

= Ok o1 Pad; (6)
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wherePad(z) = [z z4 0 Of represents ®-dimensional vector with additionalD d
zeros. We emphasize that this decoder is an injective mapping beBEnvaeth (Z) X, such thata
decoded contractive dynamical system remains contractive.

Speci cally, we propose to learn a latent data representation using a VAE, where the decoder mean

follows the architecture in Eq. 6. Empirically, we have found that training stabilizes when
the variational encoder takes the foqn(zjx) = N(z j  (x); lg 2(x)), where ! is the
approximate inverse of given by,

!=Unpad g,* o @)

whereUnpad : R® | RY removes the ladd d dimensions of its input as an approximation to the
inverse of the zero-padding operation. We emphasize that an exact inverse is not required to evaluate
a lower bound of the model evidence.

It is important to note that the stake solely encodes the positional information of the system,
disregarding the velocity. In order to decode the latent velocityinto the data space velocity
X, we exploit the Jacobian matrix associated with the decoder mean functja@omputed as

J (z) = @ =g. This enables the decoding process formulated as below,

x=J (z)z C)

The above tools let us learn a contractive dynamical system on the latent Zpadeere the
contraction is guaranteed by employing the NCDS architecture (Sec. 2.2). Then, the latent vklocities
z given by such a contractive dynamical system can be mapped to the dataXspsicg Eq. 8.
Assuming the initial robot con guratiorg isinM (i.e.,xo = f (zp)), the subsequent motion follows

a contractive system along the manifold. If the initial con guratianis not inM, the encoder is used

to approximate a projection onM, producingzo =  1(X,). Note that the movement fromy to

f (zo) need not be contractive, but this is a nite-time motion, after which the system is contractive.

3.3 LEARNING POSITION AND ORIENTATION DYNAMICS

So far, we have focused on Euclidean robot states, but in practice, the end-effector motion also
involves rotations, which do not have an Euclidean structure. We rst review the group structure of
rotation matrices and then extend NCDS to handle non-Euclidean data using Theorem 1.

Orientation parameterization. Three-dimensional spatial orientations can be represented in
several ways, including Euler angles, unit quaternions, and rotation matrices (Shuster, 1993). We
focus on the latter. The set of rotation matrices forms a Lie group, known apéuéal orthogonal
groupSQ3)= R 2R® 3 R>R = I;det(R)=1 . Every Lie group is associated with its Lie
algebra, which represents the tangent space at its origin (Fig. 3). This Euclidean tangent space allows
us to operate with elements of the group via their projections on the Lie algebead{Sal, 2018).

In the context ofS((3), its Lie algebraso(3) is the set of alB 3 skew-symmetric matricds] .

This skew-symmetric matrix exhibits three degrees of freedom, which can be reparameterized as a
3-dimensional vectar = [ry;ry;r;] 2 R3.

We can map back and forth between the Lie gr&@§3) and its asso-

ciated Lie algebrao(3) using thelogarithmic and exponential maps

denoted.og : SOQ3) ! s0(3) andExp : so(3) ! SQ3), respectively.

We provide explicit formulae for these in Appendix A.2. Due to wrapping

(e.g.360 rotation corresponds 1 ), the exponential map is surjective.

This implies that the inverse, i.kog, is multivalued, which complicates

matters. However, for vectors2 so(3), bothExp andLog are diffeo- Figure 3: Aspects of the Lie
morphic ifkr k< (Falorsi et al., 2019; Urain et al., 2022). Thisball 9roupSQ(3).

B is known as therst cover of the Lie algebra and corresponds to the part where no wrapping occurs.

NCDS on Lie groups. Consider the situation where the system state is a rotatiox, 2eSQ(3),
which we seek to model with a latent NCDS. From a generative point of view, we rst construct
a decoder : Z ! so(3) with outputs in the Lie algebra. We can then apply the exponential
map to generate a rotation matix 2 SQ(3), such that the complete decoder becorarg

IFor training, the latent velocities are simply estimated by a numerical differentiation w.r.t the lateat state
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Figure 4: Architecture overview: a single iteration of NCDS simultaneously generating position and orientation
dynamics.(A) VAE (pink box): The encoder processes the concatenated position-orientatiop: gdgtelding a
resulting vector that is subsequently divided into two components: the latenzdgedow squares) and the
surplus (gray squares). Thinpad function in Equation 7 removes the unused segment. The unpadded latent
codez is fed to the contraction module and simultaneously padded with zeros (white squares) before being
passed to the injective decodéB) Contraction (blue box): The Jacobian network output, given the latent
codes, is reshaped into a square matrix and transformed into a negative de nite matrix using Equation 2. The
numerical integral solver then computes the latent velatitiater, using Eq. 8 is mapped to the input-space
velocity via the decoder's Jacobidn

Unfortunately, even if is injective, we cannot ensure thiaxp  is also injective (sinc&xp is
surjective), which then breaks the stability guarantees of NCDS. Here we leverage the result that
Exp is a diffeomorphism as long as we restrict ourselves to the rst coveo@). Speci cally, if

we choose a decoder architecture such thaZ ! B is injective and have outputs on the rst
cover, therExp  isinjective, and stability is ensured (see Appendix A.5). Note that during training,
observed rotation matrices can be mapped directly into the rst coven(8) using the logarithmic

map. When the system state consists of both rotations and positions, we simply decode to higher
dimensional variables and apply exponential and logarithmic maps on the appropriate dimensions.
Figure 4 depicts this general form of NCDS.

3.4 (OBSTACLE AVOIDANCE VIA MATRIX MODULATION

In real-world scenarios, obstacle avoidance is critical to achieving safe autonomous robots. Thus, the
learned dynamical system should effectively handle previously unseen obstacles, without interfering
with the overall contracting behavior of the system. Fortunately, NCDS can easily be adapted to
perform contraction-preserving obstacle avoidance using the dynamic modulation G étoim

Huber et al. (2022). This approach locally reshapes the learned vector eld in the proximity of
obstacles, while preserving contraction guarantees. To avoid obstacles effectively, it is imperative to
know both the position and geometry of the obstacle. This makes obstacle avoidance on the VAE
latent space dif cult as we need to map both obstacle location and geometry to the lateri space

Instead, we directly apply the modulation matrix to the data spaoéthe decoded dynamical
system. Speci cally, Huber et al. (2022) shows how to construct a modulation n@afiti@m the

object location and geometry, such that the vector xeld G(x)J (z)z is both contractive and
steers around the obstacle. With this minor modi cation, NCDS can be adapted to avoid obstacles.
We provide the details in Appendix A.3. Note that this is tailored for obstacle avoidance at the end-
effector level. In order to extend this to multiple-limb obstacle avoidance, the modulation matrix must
be re ned to incorporate the robot body, and NCDS must be trained using joint space trajectories.

4 EXPERIMENTAL RESULTS

To evaluate the ef ciency of NCDS, we consider several synthetic and real tasks. Comparatively,
we show that NCDS is the only method to scale gracefully to higher dimensional problems,
due to the latent structure. We further demonstrate the ability to build dynamic systems on the
Lie group of rotations and to avoid obstacles while ensuring stability. Neither of the baseline
methods have such capabilities. Experimental details are in Appendix A.4, while ablation studies
of NCDS modeling choices are in Appendix A.6.3. Furthermore, the videos are available at:
https://sites.google.com/view/neuralcontraction/home.

Datasets. There are currently no established benchmarks for contraction-stable robot motion
learning, so we focus on two datasets. First, we test our approach on the LASA dataset (Lemme
et al., 2015), often used for benchmarking asymptotic stability. This consig@&adifferent two-
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