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ABSTRACT

Sparse Blind Source Separation (BSS) has become a well established tool for
a wide range of applications — for instance, in astrophysics and remote sens-
ing. Classical sparse BSS methods, such as the Proximal Alternating Linearized
Minimization (PALM) algorithm, nevertheless often suffer from a difficult hyper-
parameter choice, which undermines their results. To bypass this pitfall, we pro-
pose in this work to build on the thriving field of algorithm unfolding/unrolling.
Unrolling PALM enables to leverage the data-driven knowledge stemming from
realistic simulations or ground-truth data by learning both PALM hyperparame-
ters and variables. In contrast to most existing unrolled algorithms, which assume
a fixed known dictionary during the training and testing phases, this article further
emphasizes on the ability to deal with variable mixing matrices (a.k.a. dictionar-
ies). The proposed Learned PALM (LPALM) algorithm thus enables to perform
semi-blind source separation, which is key to increase the generalization of the
learnt model in real-world applications. We illustrate the relevance of LPALM in
astrophysical multispectral imaging: the algorithm not only needs up to 10* — 10°
times fewer iterations than PALM, but also improves the separation quality, while
avoiding the cumbersome hyperparameter and initialization choice of PALM. We
further show that LPALM outperforms other unrolled source separation methods
in the semi-blind setting.

1 INTRODUCTION

Blind source separation (BSS) : In a wide range of scientific domains, including remote sensing
(Dobigeon et al., 2013)) and astrophysics (Picquenot et al., [2019), BSS is a very popular paradigm
aiming at finding physical decompositions of multi-valued data (Comon & Jutten, 2010). Specif-
ically, the data-set at hand is assumed to have been generated by a mixture of elementary signals,
called sources. Assuming a linear mixing model, this mathematically writes as

X = A*S* + N. (1)

The objective of BSS is then to recover the unknown mixing A* € R™*" and sources S* € R™*?
matrices from the knowledge of the data set X € R™*? only (and often despite the presence of
a Gaussian noise N € R™*%). Unfortunately, it has long being emphasized that BSS is an ill-
posed matrix factorization problem (Comon & Jutten, 2010): merely minimizing a data-fidelity
term || X — AS||% over A and S (with [|.[|  standing for the Frobenius norm) often leads to spurious
estimates which are very different from the true underlying A* and S* matrices. As such, most
BSS approaches impose additional priors on the sought-after factors. Among them, sparsity has led
to some of the state-of-the-art results (Zibulevsky & Pearlmutter, [2001; [Bobin et al.l 2007} 2015
Comon & Jutten, 2010). It amounts to tackling the following minimization problem:

1
2

arg min

1X = AS[[E+ MISIh +epanaiz<tiemnn (A),
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sparsity constraint oblique constraint

2)

data-fidelity term

where ||S|[; = >0, Z;:l |S;], tp is the characteristic function of a set B, and A’ denotes the i-th
column of A. The first term is a data fidelity term stemming from the Gaussian-noise assumption,
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the second one promotes sparsity while the last one — enforcing each colunto dfe in the'»

unit ball — enables to discard degenerated solutions (inwpdgh: ' 1 andjjSjjr ! 0). Inthe
following, we will speci cally focus on sparse BSS.

Being a dif cult multi-convex problem, the optimization strategy is key to minim[Ze (2). Among
the various iterative optimization algorithms that have been proposed so far, PALM (Attouch et al.,
2010;/Bolte et al., 2014) is particularly appealing due to its mathematical guarantees (Xu & Yin,
2013) because it has been proved to converge to a critical poipt of (2). An iteration of PALM for
minimizing the cost functior{ {2) consists in alternating the minimization with respeStaindA.

Speci cally, at each iteration: i) a proximal gradient step[df (2) is applied to upBatdile A is

xed; ii) A is updated thanks to a proximal gradient steg ¢f (2) iithxed. The process is then
repeated until the algorithm converges, see Seffion 2.

In the context of sparse BSS though, as highlighted in (Kervazo| ét al.| 2020), PALM suffers from
severe limitations, especially due to the high sensitivity of the estimated factors with respect to
the choice of the regularization parameters. It is also emphasizéd in (Kervazp| et al., 2020) that
the solution strongly depends on the initialization. Altogether, these aws, which are con rmed in
our numerical experiments, undermine the results of PALM and limit its applicability in real-world
applications. Therefore, we propose to investigate how algorithm unrolling methods can bypass
these limitations. The general motivation is twofold : 1) introducing learned components within the
original PALM algorithm provides a data-driven regularization of the estimatexhd S factors.

In particular, this can help to alleviate PALM dif cult hyper-parameter choice. 2) Since (Kervazo
et al| [ 2020) emphasizes the high impact of the optimization stratedy @mdS estimate quality,
learning some parameters of the gradienf pf (2) data- delity term is hoped to improve the results.

Algorithm unrolling :  Algorithm unrolling (Monga et al|, 2021) was pioneered|in (Gregor & Le-
Cuni,| 2010) for sparse coding. In our context, the sparse coding problem mostly corresponds to
non-blind source separation, in which = A is known in [2). Quite similarly to PALM, such

a cost function is usually minimized through an iterative proximal gradient step algorithm, such
as the well known lIterative Shrinkage Thresholding Algorithm (ISTA) (Daubechies| et al.| 2004;

Blumensath & Davies, 2008). Each ISTA iteration writes as: |

st =gt sl ikA T(A s Xx) ®3)

L L(S)
with S the estimate o at iterationk, LY the Lipschitz constant of the gradient Ei (2) data-
delity term and ST the soft-thresholding opera@:r
In (Gregor & LeCunj 2010), ISTA iterations are viewed as the layers of a recurrent neural network
(RNN) with parameters = -,W; = | LA TA andW, = LA T (wherel denotes the identity
matrix). Instead of being xed, the parameter§V ;; W, are however trained, using backpropa-
gation, from a data set. To make the distinction clearer in the following, we will write trainable
variables with underlined letters, for instangéV4; W»>. Assuming parameters to be untied across
the layers, théth layer of LISTA is thus given by:

st = ST . wis® + wix ;. k=0;1mK 1 (4)

Consequently, the resulting network, named Learned ISTA (LISTA), “unrolls” ISTA and truncates

it to K iterations. The appeal of unrolled algorithms is twofold. On the one hand, they yield better
estimates than iterative algorithms thanks to their higher representation power (Monga et al., 2021).
On the other hand, numerous empirical results (Sprechmann et al., 2015; Wang et al., 2016; Zhang
& Ghanem, 2018; Zhou et al., 2018) show that they generalize well to unseen samples, thanks to
their interpretable structure.

Nevertheless, when the input distribution changes too much between the training and testing phases
(e.g.,A changes, which is in particular the case in BSS), they often lead to impaired results as they
tend to (over-) t the training set distribution. To make the network more robust with respect to small
changes in the dictionad , it has been proposed to introduce small perturbatignsN  (0; max)

on the elements of the dictiona®y during the training (Liu & Chen, 2019). Although such an
attempt might be bene cial in some sparse coding problems (Zhao et al., 2011), the dictionaries
vary much more in BSS because of the blind nature of the problem (and the variations might not be
Gaussian). In contrast, we propose in this work to use a tailored PALM-based unrolling structure to
account for the fact thak is unknown and might largely change in the training and testing phases.

1ST (v) = sign(v)maxO;jvj ), which applies component-wise.
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1.1 RELATED WORKS

In source separation, algorithm unrolling has rst been investigated for non-blind problems (Cowen
et al., 2019) in whichA is known beforehand. For instance, (Qian et al., 2019) mostly unrolled
ISTA into the same architecture as (Gregor & LeCun, 2010) in order to perform non-blind Hyper-
spectral Unmixing (HSU). In the same context, (Zhou & Rodrigues, 2021) unrolled the ADMM
algorithm (Bioucas-Dias & Figueiredo, 2010). Recently, in an attempt to peiiond HSU, (Qian

et al., 2020) also unrolled ISTA to estima®e, but proposed to add an extra layer in the neural
network to learrA . The drawback is thus that the estim&tés hard-coded in the network archi-
tecture, which is not well suited to the application on new hyperspectral images. Upon preparing
this work, we became aware of the very recent work of (Xiong et al., 2021), which proposes an un-
rolled architecture in order to account for the spectral variabilitie% inThey use an unsupervised
cost function, which is a sum over tte layers of the network of the data set reconstruction error
(Xwain  being the training set of sizgan , i.€. here a patch of the hyperspectral image):

kX train A(k)s(k)k%: : %)
k=1

Loss=

2ttrain

Such aloss is appealing as it does not require to know the ground truth fActarglS at training.

A huge drawback is that the reconstruction-based error has long been advocated to possibly lead to
spurious estimates, which are very different from the ground thuttandS factors (Comon &

Jutten, 2010; Zibulevsky & Pearlmutter, 2001; Gillis, 2020). Consequently, (Nasser et al., 2021)
rather added further priors on the sought after-factors in their unrolled algorithm cost function, at
the price of adding extra hyperparameters to be tuned by hand. Since they focus on unrolling the
multiplicative update (MU) algorithm (see also the earlier work of (Hershey et al., 2014) in this
context), their network structure is quite different from both (Xiong et al., 2021) and the algorithm
we investigate in this work.

Apart from the above articles, we would like to highlight that several works about unrolling methods
for related-to-BSS problems, such as dictionary learning (Tolooshams et al., 2020) or even Magnetic
Resonance Imaging (Arvinte et al., 2021), exist. However, as such problems have different purposes
and challenges, it is beyond the scope of this article to review them.

1.2 MOTIVATIONS AND CONTRIBUTIONS

As stated above, current source separation state-of-the-art lets the practitioner in an unsatisfactory
situation: 1) classicaBlind source separation methods based on algorithms such as PALM are hin-
dered by a cumbersome hyperparameter choice. Until now, unsupervised unrolling-based methods
have felt short of solving such an issue: they often either lead to spurious solutions (as our numerical
experiments will highlight) or still require parameters to tune by handNd)-blindsource separa-

tion (NBSS) intrinsically assumes to be known and xed during both train and test phases, which

is often unrealistic in practical experiments.

In this article, we propose to merge the best of both worlds by perforsgng-blindsource separa-

tion (SBSS). Speci cally, practitioners usually have access tiogrerfectknowledge of the mixing
matrix A , for instance by physics-derived simulators they might possess (which is in particular the
case in astrophysics) or by approximate ground-truths of signals/images of the same nature as the
ones they expect to observe (for instance, databases of spectra in remote sensing). The proposed
Learned-PALM (LPALM) algorithm gives a principled and easy way to leverage such an imperfect
knowledge to bypass the aws of conventional sparse BSS algorithms. Speci cally, the contribu-
tions of this article are:

» We unroll the PALM algorithm into the LPALM network, which is speci cally tailored for
sparse SBSS and to cope withperfectly known mixing matricek particular, in contrast
to usual unrolled algorithms such as LISTA (Gregor & LeCun, 2010) and LISTA-CP (Chen
et al., 2018), which do not alternate betweeandS updates, LPALM better accounts for
the variability of the mixing matri¥A which occurs in source separation problems.

* We experimentally highlight the limitations of current unsupervised unrolled BSS algo-
rithms: by leveraging the information contained within astrophysics simulations, LPALM
largely outperforms the networks of (Xiong et al., 2021; Qian et al., 2020; Nasser et al.,
2021) in terms of i) separation quality and ii) computation time. Compared to (Nasser
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et al., 2021), the approach is different as it does not require the mixtures to be nonnega-
tive, in contrast to the MU updates they use. This in particular enables to easily leverage
sparsifying transforms such as wavelets.

* We provide an in-deptisomparative study between LPALM and PALSpeci cally, we
show that LPALM i) enables to automatically infer from the training set good regulariza-
tion hyper-parameters and initialization; ii) accelerates the estimation timel to10°
times. Altogether, these are key properties to make source separation reliable in real appli-
cations.

2 UNROLLING FOR SEMFBLIND SOURCE SEPARATION
As evoked above, the PALM algorithm (Bolte et al., 2014) is a classical optimization algorithm in

sparse BSS which sequentially and alternatively updates the f&#mdA using proximal gradient
steps. More precisely, for problem (2), PALM boils down to the folllowing steps:

sk = 8T, s iA*k)T(A:(")S“) X)

(k)
bs (6)
1
k+1) k k) a(k+L k+1) T
A =y, 0 AW ] i (ROSED - X)steh
A
where ) = =L &) andLs® (resp. Lo¥) is usually chosen as the squared spectral norm

of A(K) (resp. S(K)). The proximal operator of the oblique constraint is denoted g, 1. It
corresponds to the projection on theunit ball of the columns of the considered matrix. A natural
architecture to unroll PALM consists in keeping a similar alternating design, but different update
types can be considered fBrandA. In the next subsection, we thus discuss the unrolling choices
we did, the nal LPALM algorithm being summarized in Subsection 2.2.

2.1 DEeRIVATION OF LPALM UPDATES

Update step forS: In the framework of PALM, theS update is equivalent to a special case of
an ISTA, which makes LISTA (4) the most straightforward trainable model to use. A key feature
of LISTA is that it leverages a reparameterization of a standard proximal gradient descent update

rule through the trainable parametémsl(k), Wz(k) and_(. The advantage of using a LISTA-
like update forS would be twofold: i) learning (X) would enable to bypass PALM cumbersome
hyperparameter choice ; ii) Iearnirvgl(k) ansz(k) would allow for extra degrees of freedom to

ef ciently estimateS . Nevertheless, in the LISTA framework, is assumed to be xed across the
training and test sets, which signi cantly deviates from the present SBSS case. This might lead to

deteriorated estimates 8f , since there is in particular every reason to beIWt{é) ansz(k) to be

A -dependent (recall that initially LISTA reparametrization was motivatetMay= | LlA TA

andW, = LA T).

On the other hand, the empirical success of LISTA has motivated several works on its theoretical
understanding (Moreau & Bruna, 2016; Giryes et al., 2018; Liu & Chen, 2019; Ablin et al., 2019).
Of particular interest to us, (Chen et al., 2018) proved an asymptotic coupling of LISTA weights.
Based on this, they derived a new architecture named LISTA-CP. In contrast to LISTA, using (4) as
an update, a layer of LISTA-CP is given by:

SE = 5T (s + WP (x A S®)); k=0:LunK L (7)
LISTA-CP explicitly makes use o& and might thus in principle be better suited to deal with vari-
able mixing matrices, provided that is known or at least decently estimated.
In Appendix D.1, we make a thourough experimental comparison between ISTA, LISTA, LISTA-
CP, and ISTA-LLT (de ned in the same section) in the presence of mixing matrix variabilities in the
training and testing stages. These experiments con rm the insights described above : in a nutshell,
LISTA does not accelerate the estimation®f compared to ISTA for the same number of lay-
ers/iterations, and is also outperformed by LISTA-CP to a quite large extent, even when inaccurate
A are used in the updates. Consequently, our nal choice is to opt for a LISTA-CP structiBe for
update in the LPALM algorithm.
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Update step forA: The update oA merely aims at minimizing a least-squares problem, with the
constraint that each column Afmust belong to the, ball of radiusl. As such, we merely propose
to use an ISTA-LL (ISTA with Learned ) update where only the step size is trained. This is
also motivated by the fact that a LISTA-CP-like architectureXfenpdate would make the network
speci ¢ to an image/signal size, which is undesirable in real world applications.

Applying LPALM in the testing phase — wavelet pre-processing: In addition to the two above

steps, which are the core of LPALM, LPALM can be applied on pre-processeXddtar instance,

in our realistic experiment of Subsection 3.2, we transforidedhto the isotropic undecimated
wavelet domain (Starck et al., 2010). Speci cally, the d&tas decomposed into the so-called
coarse scaleX (i.e. large-scale approximation) and detail sc&és(i.e. ne-scale approximation).
LPALM is then applied orf X , which is sparser thafX . As such a pre-processing is customary in
sparse signal processing, and can be applied without loss of generality if the chosen wavelet domain
is orthogonal, it is omitted in the algorithm summary of the next subsection; see Appendix A for
more details.

2.2 SUMMARY OF THE LPALM ALGORITHM

Tge LPALM algorithm:  Putting together the above updates, the LPALM algorithm then reads
as:

Input: X , output: Apreg = AK); Spreg= S
e _ P ) -
Initialize: A® = 1=m ;59 =), ,
forkin0;::; K 1:
sk = 5T, s wkT(alsk X)) (®)

Alk+D)

, !
jie 1 AV gy (ROSEX)SERT

A

(0), { denotes a matrix of size t lled with zeros.

On top of Subsection 2.1 discussion randA individual updates, using a LISTA-CP-likee§p.
ISTA-LL-like) update forS (resp. A) enables to keep the alternating structure of PALM. On the
contrary, when using LISTAA (resp. S ) appears only implicitly through the/; &) andw, )
matrices, which prohibits a direct alternation. To further justify the update choices we did, we
numerically compare in Appendix D.2 the performances of the LPALM algorithm with other update
steps (ISTA-LLT, LISTA-CP...).

LPALM training loss function:  In contrast to BSS unrolling methods (Xiong et al., 2021; Nasser
et al., 2021), the semi-blind context allows to bene t from the knowledgs odndA during the
training phase It is then possible to de ne a loss which is sensitive to the quality of the predicted
Spred aNdApreq Such as the averaged sum of NMSE of both outputs:

!
1 ean ki S'pred iS I(|2: + Ki A'pred iA k|2: .

: 9
kS K2 KA I ®)

Loss paim =

N
train ;_q

where the lower-left subscriptdenotes thé-th sample of the considered (training) data set. It is
important to point out that this loss does not require a ne tuning of regularization parameters as in
the unsupervised algorithm of (Nasser et al., 2021). Additionally, since it is based on the predicted
factors and not only the reconstruction error, the proposed LPALM will be shown in the experimental
section to be more robust with respect to spurious solutions, which is essential to ef ciently tackle
non-convex problems. This is due to the fact that we leverage the knowledge contained within the
training set, leading to some implicit regularization of the original problem. Implementation details
are described in Appendix A. Among other, we would like to highlight that the training is easy: in
particular, no fancy choice of the learning rate is needed (we used a constant velué of all our

2https://github.com/mfahes/LPALM
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experiments).

Remark:A major difference between our approach and the previous BSS unrolled algorithms (Qian
et al., 2020; Xiong et al., 2021; Nasser et al., 2021) is the learning process itself. The latter are alll
designed to be trained and tested on a single mrixa part of its columng X' 2 R™ 1:j 2

[1; N]gis chosen to be the training set, and the model is then tested on the entireXnafrixs is

due to the fact that problem (1) can be considémsuab-problems of the fornX' = A S' +N';i 2

[1;t], with X' 2 R™ ::A 2 R™ ":S" 2 R" TandN' 2 R™ 1. In contrast, LPALM takes a

full matrix X as a training or testing instance. The data sets are thus sets of matrices, not vectors.

3 NUMERICAL EXPERIMENTS

In this section, we assess the LPALM algorithm on astrophysical data simulations corresponding to
X-ray images; see details in Appendix B. The data set used in Subsection 3.1 corgtsifing
matricesA 2 R® 4 and900matricesS 2 R* 5%, which are split inta750training samples and
150testing samples. The mixturés = A S + N are corrupted with a white Gaussian nolée

so that SNR= 30 dB. The spectraif. the columns ofA ) have large variabilities over the data

set, see Figure 1. To mimic mildly sparse sources,3h@ R* °%° matrices are simulated using
generalized Gaussian distribution with a shape paramete® :3 (which is usually a good proxy to
mimic the distribution of wavelet coef cients of natural images). In Subsection 3.2, the Aarare

used, but the sources in the test set come from real data (Picquenot et al., 2019); see Appendix B.

Figure 1: lllustration of the variability of th& 2 R® 4 matrices within the data set of Section 3.
100examples oA are depicted, each column being drawn with a different color.

In the following, the metric used to assess the separation quality will be the NMSE between the
output of the network and the ground tréticomputed either on the estimated sourBgs, or the
estimated mixing matriceSpred.

J] Spred S JJ;2= ijpred A JJ|2: .
ENE

A lig

(10)

3.1 COMPARATIVE STUDY OF PALM AND LPALM

In this section, we speci cally focus on comparing the PALM and LPALM algorithms to show that
the latter enables to bypass PALM aws. As emphasized in (Kervazo et al., 2020), the main pitfalls
of PALM lie in its high sensitivity to the initialization and to the regularization parameter choice.
On top of that, both are coupled, which makes PALM very hard to use in real-world applications.
The NMSE in Subsections 3.1.1 and 3.1.2 is evaluated on the estim8tiafifS .

3.1.1 LPALMOVERCOMES THE INITIALIZATION PROBLEM

In this subsection, we highlight that LPALM enables to bypass PALM sensitivity to the initialization.
To do that, we launched PALM with 15 different initializations for a test sample: each time, arandom

3When required, the usual permutation and scaling indeterminacy is corrected, as commonly done in BSS.
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Table 1: Median NMSE of PALM over the test set, with the besthosen from the training set,
compared to that of LPALM.

Algorithm | PALM | LPALM
Median NMSE | 0.0176] 0.00085

matrix from the training set was chosen as an initializatéfi of the algorithm. The sources were
initialized asS© = AYO X, with AYO the pseudo-inverse &© . PALM was stopped when
consecutive estimates verify bafis<*?  s(Wjjz < 10 7 andjjA**)  AMjj < 10 7. On
therther hand, LPALM was tested with the same initialization with which it was traiA&d: =
@="m), ,,S9=0)n «

Discussion With these settings, PALM median (over the initializatinsIMSE is 0:0201 (best:
0:0201, worse: 0:473. Furthermore, the standard deviation of PALM NMSEs with respect to the
initialization, of 0:176, is huge compared to its median. This makes PALM highly unreliable in
practice. On the contrary, LPALM obtained an NMSEO0®0100n the same sample. This means
that, although launched from a very generic (and much worse than the one of PALM) initialization,
LPALM managed to obtain better results than the best one of PALM.

3.1.2 LPALMOVERCOMES THE DIFFICULT HYPERPARAMETER CHOICE INFALM

To try making PALM work in a realistic setting, we now infer both its initialization and regularization

parameter from the training set. We then compare its results to those of LPALM.

As above, PALM is initialized with a mixing matri&©® taken at random from the training set,

andS©@ = AYO X whereX is a data matrix from the test set to be factorized. However, the
hyperparameter is now chosen as the one minimizing the median NMSE between PALM source

estimateSyegandS over the training set. Itis thus the best regularization parameter, amo8@ the

values we tried, that can be chosen from the training set.

Discussion Figure 2(a) shows the results of PALM over the training set. Speci cally, we see that
the best regularization parameter iss 2 10 3, for which PALM reaches a median NMSE of

8:72 10 °in 1435iterations. On the training set still, LPALM reaches better separation qualities
than PALM, which is expected as it has more capacity to bene t from the learning. Table 1 displays
the median results of both algorithms on the test set. Interestingly, LPALM generalizes well to
unseen samples and maintains much better results than PALM, with a difference of more than one
order of magnitude. As such, unrolling PALM enables to better leverage the knowledge of the
training set than applying PALM with a good initialization and the besglue from the training

set. Furthermore, we highlight that LPALM requires ab8Qttimes fewer iterations than PALM

(for the best value, otherwise the ratio can rise even much more), making it much more tractable
for large-scale data sets: on the test set, PALM required a median numBed biterations, to

be compared with th5 layers of LPALM. For the sake of exhaustiveness, we furthermore plot in
Figure 2(b) the evolution of the values of the NMSE across the layers of LPALM. It is interesting
to note that in this experiment, LPALM seems to exhibit a quite monotonic improvement of its
estimates over the layers, although this is not guaranteed and might not be the case for other data
sets.

3.2 APPLICATION TO REALISTIC DATA

In this subsection, we compare LPALM to three unrolled BSS methods: MNNBU (Qian et al., 2020),
SNMF-net (Xiong et al., 2021) and DNMF (Nasser et al., 2021). These unsupervised methods are
all designed to be applied to a singfe matrix: a part of the columns of is chosen to be the
training set, and the model is tested on the whtleConcerning LPALM, the training set is created

in a similar way as in the above section; see Appendix B. The methods are compared on a data set
made of the same testing mixing matrices as in the above section, but this time realistic astrophysical

“To try to separate the impact of the initialization and the regularization hyper-parameter, we chose for each
initialization the best value. Please note that this would not be possible in real-life experiment, in which no
ground-truth is available.
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@) (b)

Figure 2: (a) PALM median NMSE and required number of iteratwm$ over45samples of the
train set; (b) LPALM average NMSEs per layer on both train and test sets.

sources are used; see Appendix B.
In addition, we had to slightly modify the data set to be able to perform fair comparisons with
other unrolled architectures: indeed, MNNBU and SNMF-net use a sum-to-one constr&nt on
columns. To use them in the proper way, we therefore normalize® thaatrix before applying
these methods. We furthermore point out that these unrolled networks (as well as DNMF) assume
the nonnegativity and sparsity of the sources inghmedomain. The data are mildly sparse in
the pixel domain. In LPALM, a wavelet-based pre-processing, which is customary for SBSS, is
performed (see Appendix A for more details). Due to the non-negativity constraints for the other
methods, it was impossible to transform Kematrix in the wavelet domain when using them; they
are applied in the pixel domain.

The results of LPALM applied to realistic data are shown in Figure 3. Qualitatively, all the four

Figure 3:First row: LPALM estimate and ground truth of the four columns of the mixing matrix,
second rowLPALM estimated sources$hird row: ground truth sources.

estimated spectra are in very good agreement with the ground truth. Similarly, the sources are well
estimated. The corresponding results of the other methods are shown in Appendix C (Figures 5,
6 and 7). Quantitatively, the comparison is performed in terms of the NMSE on the estimated
mixing matrix A because the ground truth sources are not the same for LPALM and other unrolled
algorithms due to the column normalization. The results are shown in Table 2. The rstline displays



Published as a conference paper at ICLR 2022

Table 2: Comparison of LPALM with state-of-the-art methods in terms of NMSE Aver

Algorithm MNNBU | SNMF-net| DNMF | LISTA | LPALM

NMSE(Apreg; A ) 0.0962 0.2700 | 0.0466| 0.0067| 0.0002

Generalization (model evaluation) 0.4785 0.3053 | 0.5469 | 0.0088| 0.0009
Model retraining 0.3181 0.3073 | 0.0922 - -

the NMSE for the example of Figure 3, which clearly con rms LPALM superiority over other state-
of-art methods. This is due to the fact that LPALM enables to leverage the knowledge contained
within the whole training set (in particular, in the ground-truth), while the other methods only deal
with single images. Furthermore, DNMF is better than MNNBU and SNMF-net: this is probably
related to the fact that it uses a regularized cost function and not only the reconstruction error,
which is less likely to lead to spurious solutions. We further benchmarked LPALM with the LISTA
algorithn?. Although LISTA gives good results, it is largely outperformed by LPALM, which is
probably due to the alternating structure of the latter, enabling to better deal with large variations
over theA matrices. Said differently, LPALM performs much better in the semi-supervised setting
than LISTA.

We further assessed the generalization capacity of the four source separation methods. The second
line of the table shows the median NMSE when the same learned models are applied on the other
149examples of the test set. These results show that the three tested state-of-the-art methods do not
generalize well to unseen samples. This is expected, as they are here trained on a single matrix and
thus cannot learn th& variabilities over the different matrices. This therefore demonstrates that the
proper way to deal witlh variabilities with these networks is to re-train them for each new matrix

X : this might be impractical for real-life applications, due to the computational cost and the dif cult
hyperparameter setting of some of them (learning rate schedule in particular). Lastly, the third line
of Table 2 shows, ove20 samples, the LPALM three competitors' results when they are retrained

for each new input matriX . Interestingly, even in this setting LPALM largely outperforms the

other methods, by almost two orders of magnitude. Therefore, not only LPALM does not need a
retraining for each new image (as it is not trained on a single image), but it furthermore gives much
better results than the other methods needing a retraining.

4 CONCLUSION

In this article, we introduce LPALM, an unrolled version of the PALM algorithm tailored for solv-
ing sparse SBSS problents the presence of variabilities of both generative factdrsandS .

This is key to apply unrolled sparse SBSS algorithms to real-world, where the mixing matrix is
generally unknown but well constrained by the underlying physical phenomena. More precisely,
the chosen unrolling architecture is thoroughly justi ed by both methodological considerations and
experimental comparisons with state-of-the-art methods in the eld. In contrast to available unrolled
BSS methods that work in a purely unsupervised way without knowledge of the ground truth fac-
tors at training, the proposed LPALM algorithm providagni cantly better solutions Moreover,

we illustrate that LPALM yields vergood generalization performangemnabling to bypass PALM

dif cult initialization and regularization hyperparameter choice. Altogether, this makes LPALM a
good unrolling-based candidate to analyze real-world data. To the best of our knowledgeththis is
rst work using unrolling techniques for astronomical datand we believe that it would open much
more perspectives to the introduction of such techniques in astronomy. Further research includes the
application of LPALM to other domains, such as remote sensing.

ACKNOWLEDGMENT

We would like to thank Fabio Acero for having provided the Chandra simulations.

°A few remarks are in order: 1) it was impossible to benchmark LPALM with the other considered algo-
rithms such as LISTA-CP, as these require inside of their updates the knowledge 2j LISTA does not
explicitly estimate the mixing matrid but rather provides an estimati@of the source$ . We therefore
resorted to an ISTA algorithm to obtafifrom S andX .



Published as a conference paper at ICLR 2022

REFERENCES

Pierre Ablin, Thomas Moreau, Mathurin Massias, and Alexandre Gramfort. Learning step sizes for
unfolded sparse codingrXiv preprint arXiv:1905.110712019.

Marius Arvinte, Sriram Vishwanath, Ahmed H Tew k, and Jonathan | Tamir. Deep j-sense: Accel-
erated mri reconstruction via unrolled alternating optimizatanXiv preprint arXiv:2103.02087
2021.

Hédy Attouch, &rome Bolte, Patrick Redont, and Antoine Soubeyran. Proximal alternating mini-
mization and projection methods for nonconvex problems: An approach based on the kurdyka-
ojasiewicz inequalityMathematics of operations resear@®b(2):438-457, 2010.

Jo$ M Bioucas-Dias and Brio AT Figueiredo. Alternating direction algorithms for constrained
sparse regression: Application to hyperspectral unmixin@0t0 2nd Workshop on Hyperspec-
tral Image and Signal Processing: Evolution in Remote Sengpgl—4. IEEE, 2010.

Thomas Blumensath and Mike E Davies. Iterative thresholding for sparse approximdbansal
of Fourier analysis and Applicationd4(5-6):629-654, 2008.

Jerome Bobin, Jean-Luc Starck, Jalal Fadili, and Yassir Moudden. Sparsity and morphological
diversity in blind source separatioleEE Transactions on Image Processii$(11):2662—-2674,
2007.

Jerome Bobin, Jeremy Rapin, Anthony Larue, and Jean-Luc Starck. Sparsity and adaptivity for the
blind separation of partially correlated sourc#SEE Transactions on Signal Processjrg(5):
1199-1213, 2015.

Jerdme Bolte, Shoham Sabach, and Marc Teboulle. Proximal alternating linearized minimization
for nonconvex and nonsmooth problenvathematical Programmingl46(1):459—-494, 2014.

Xiaohan Chen, Jialin Liu, Zhangyang Wang, and Wotao Yin. Theoretical linear convergence of
unfolded ista and its practical weights and thresho#tXiv preprint arXiv:1808.10038018.

Pierre Comon and Christian Juttétiandbook of Blind Source Separation: Independent component
analysis and applicationsAcademic press, 2010.

Benjamin Cowen, Apoorva Nandini Saridena, and Anna Choromanska. Lsalsa: accelerated source
separation via learned sparse codiachine Learning108(8):1307-1327, 2019.

Ingrid Daubechies, Michel Defrise, and Christine De Mol. An iterative thresholding algorithm
for linear inverse problems with a sparsity constrai@@ommunications on Pure and Applied
Mathematics: A Journal Issued by the Courant Institute of Mathematical Sciesit@d):1413—
1457, 2004.

Nicolas Dobigeon, Jean-Yves Tourneretéddic Richard, Jas Carlos M Bermudez, Stephen
McLaughlin, and Alfred O Hero. Nonlinear unmixing of hyperspectral images: Models and
algorithms.IEEE Signal processing magazir#1(1):82—-94, 2013.

Nicolas Gillis. Nonnegative Matrix FactorizationSIAM, 2020.

Raja Giryes, Yonina C Eldar, Alex M Bronstein, and Guillermo Sapiro. Tradeoffs between con-
vergence speed and reconstruction accuracy in inverse probl&BE& Transactions on Signal
Processing66(7):1676—1690, 2018.

Karol Gregor and Yann LeCun. Learning fast approximations of sparse codiRyoteedings of
the 27th international conference on international conference on machine leappn§99-406,
2010.

Daniel C Heinz et al. Fully constrained least squares linear spectral mixture analysis method for
material quanti cation in hyperspectral imagerilEEE transactions on geoscience and remote
sensing39(3):529-545, 2001.

John R Hershey, Jonathan Le Roux, and Felix Weninger. Deep unfolding: Model-based inspiration
of novel deep architecturearXiv preprint arXiv:1409.25742014.

10



Published as a conference paper at ICLR 2022

Christophe Kervazo,&idme Bobin, @cile Chenot, and Florent Sureau. Use of palm fosparse
matrix factorization: Dif culty and rationalization of a two-step approadbigital Signal Pro-
cessing97:102611, 2020.

Diederik P Kingma and Jimmy Ba. Adam: A method for stochastic optimizataXiv preprint
arXiv:1412.69802014.

Jialin Liu and Xiaohan Chen. Alista: Analytic weights are as good as learned weights in lista. In
International Conference on Learning Representations (ICRR)9.

Vishal Monga, Yuelong Li, and Yonina C Eldar. Algorithm unrolling: Interpretable, ef cient deep
learning for signal and image processit§EE Signal Processing Magazingg(2):18-44, 2021.

Thomas Moreau and Joan Bruna. Understanding trainable sparse coding via matrix factorization.
arXiv preprint arXiv:1609.002852016.

Jog€ MP Nascimento and JesMB Dias. Vertex component analysis: A fast algorithm to unmix
hyperspectral datdEEE transactions on Geoscience and Remote Sen$g{g):898—-910, 2005.

Rami Nasser, Yonina C Eldar, and Roded Sharan. deep unfolding for non-negative matrix factoriza-
tion with application to mutational signhature analyssXiv preprint arXiv:2108.09138021.

Adam Paszke, Sam Gross, Francisco Massa, Adam Lerer, James Bradbury, Gregory Chanan, Trevor
Killeen, Zeming Lin, Natalia Gimelshein, Luca Antiga, et al. Pytorch: An imperative style,
high-performance deep learning librakdvances in neural information processing systesas
8026-8037, 2019.

Adrien Picquenot, Fabio Acerogidme Bobin, Pierre Maggi, Jean Ballet, and Gabriel W Pratt.
Novel method for component separation of extended sources in x-ray astroA@tngnomy &
Astrophysics627:A139, 2019.

Qipeng Qian, Fengchao Xiong, and Jun Zhou. Deep unfolded iterative shrinkage-thresholding model
for hyperspectral unmixing. IlGARSS 2019-2019 IEEE International Geoscience and Remote
Sensing Symposiymp. 2151-2154. IEEE, 2019.

Yuntao Qian, Fengchao Xiong, Qipeng Qian, and Jun Zhou. Spectral mixture model inspired net-
work architectures for hyperspectral unmixindlEEE Transactions on Geoscience and Remote
Sensing58(10):7418-7434, 2020.

Pablo Sprechmann, Alexander M Bronstein, and Guillermo Sapiro. Learning ef cient sparse and
low rank models.IEEE transactions on pattern analysis and machine intellige8@¢9):1821—
1833, 2015.

Jean-Luc Starck, Fionn Murtagh, and Jalal M Fa@lparse image and signal processing: wavelets,
curvelets, morphological diversitfCambridge university press, 2010.

Bahareh Tolooshams, Sourav Dey, and Demba Ba. Deep residual autoencoders for expectation
maximization-inspired dictionary learnintEEE Transactions on Neural Networks and Learning
Systems32(6):2415-2429, 2020.

Zhangyang Wang, Qing Ling, and Thomas Huang. Learning deep 10 encoddPsockedings of
the AAAI Conference on Arti cial Intelligen¢c@olume 30, 2016.

Fengchao Xiong, Jun Zhou, Shuyin Tao, Jianfeng Lu, and Yuntao Qian. Snmf-net: Learning a deep
alternating neural network for hyperspectral unmixingEE Transactions on Geoscience and
Remote Sensing021.

Yangyang Xu and Wotao Yin. A block coordinate descent method for regularized multiconvex
optimization with applications to nonnegative tensor factorization and compl&i&m Journal
on imaging science$(3):1758-1789, 2013.

Jian Zhang and Bernard Ghanem. Ista-net: Interpretable optimization-inspired deep network for
image compressive sensing. Mroceedings of the IEEE conference on computer vision and
pattern recognitionpp. 1828-1837, 2018.

11



Published as a conference paper at ICLR 2022

Bin Zhao, Li Fei-Fei, and Eric P Xing. Online detection of unusual events in videos via dynamic
sparse coding. ICVPR 2011pp. 3313-3320. IEEE, 2011.

Chao Zhou and Miguel RD Rodrigues. An admm based network for hyperspectral unmixing tasks.
In ICASSP 2021-2021 IEEE International Conference on Acoustics, Speech and Signal Process-
ing (ICASSP)pp. 1870-1874. IEEE, 2021.

Joey Tianyi Zhou, Kai Di, Jiawei Du, Xi Peng, Hao Yang, Sinno Jialin Pan, Ivor Tsang, Yong Liu,
Zheng Qin, and Rick Siow Mong Goh. Sc2net: Sparse Istms for sparse codirthdeedings of
the AAAI Conference on Arti cial Intelligen¢c@olume 32, 2018.

Michael Zibulevsky and Barak A Pearlmutter. Blind source separation by sparse decomposition in
a signal dictionaryNeural computation13(4):863—882, 2001.

12



Published as a conference paper at ICLR 2022

APPENDIX

A |MPLEMENTATION DETAILS

For the training, Adam optimizer (Kingma & Ba, 2014) is used with= 0:9and , = 0:999 For

the implementation, Pytorch library (Paszke et al., 2019) is used.

The training is done o000 epochs with a learning rate LR=0.0001. The batch size is 1. We note
that no fancy training is needed (in contrast to some of the other unrolled architectures we compared
LPALM to).

Non-Blind Setting: The number of layers iK = 25. The parameters are initialized as follows:

* LISTA and LISTA-CP. 1) An A is selected from the training set, R) is taken as the
largest eigenvalue kT A , 3) *© = — =10 %, Hywi@ = LATA (only for
LISTA), 5) W,©@ = LAT. SO =(0), s00.

* ISTA-LLT: 1) An A is selected from the training set, IZE(O) is taken as the largest eigen-
value OfATA, 3) k@O = o =10 5. S(O) = (0) 2 500-
S

LPALM: The number of layers iK = 25. The parameters are initialized as follows:2Imatrices
A andS are selected from the training set, Ijj(o) is taken as the largest eigenvalueS8', for
allk 2 [;K 1], 3) *@ = — forallk 2 [0;K 1], where =10 5, andLs is taken as
the largest eigenvalue &" A, ) WK© = LA forallk 2 [O;K 1], 5)S© = (0), «, 6)
AO = i (Wm n)- o _ _
In addition to the above parameters, we applied in the test phase of Section 3.2 experiment a wavelet
pre-processing of the da¥a. Let us denote by the transform from the direct to wavelet domains,
Lis its inverse®X the so-called coarse scale (i.e. large-scale approximationdarttie detail
scales (i.e. ne-scale). Let us further denotefg@sthe pseudo-inverse d. Once the model is
trained, it is tested on the mixtubé as follows:

Input: X , output: Apreg = AK); Spreg= SK)
Initialize: A = 1=" m -89 =0, ,
Pre-processing: ( X) = f¢X; 9X g
# Application of the learnt LPALM model
forkinO;::; K 1
dgk+D) = g7, 95 w7 Ak dgo  dy)
|

A-(k+l) = a1 A—(k) 1 (A-(k) ds(k+1) dx) ds(k+l) T
N2 LA(k)

# Recover the source coarse scale
CS(K ) = A(K )y 5%
# Transform the source back to the direct domain

S{K) - 1(fCS(K);dS—(K)g)

B DETAILS ABOUT THE ASTROPHYSICAL DATA

In this article, the mixing matrices come from astrophysical simulations, described in (Picquenot
et al., 2019), which have been derived from real astrophysical data: the Cassiopea A supernovae
remnant as observed by the X-ray space telescope Chahdralra.harvard.edu . All the
sourcesS used are normalized.
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SYNTHETIC DATA USED IN SECTION 3.1

The A matrices are composed dfdifferent spectra of sizé5 each: i) a synchrotron emission
spectrum, ii) a thermal emission spectrum that is composed of various emission lines, which
variabilities are similar and iii) two line emission spectra that are related to a single atomic
component (e.g. iron) but with different redshifts due to the Doppler effect. The columns of the
mixing matrices and their variabilities are displayed in Figure 1.

REALISTIC DATA USED IN SECTION 3.2

The kind of sources we focused on are remnants of supernovae; unfortunately, only few samples
with a good estimate of the “ground truth” sources are actually available. We only have access to a
single hyperspectral image of such an astrophysical object, which we use for testing in Section 3.2.
For the whole data set, tife matrices are the same as in Section 3.1. Training and test set however
differ concerning the sources:

 Test set In contrast to Section 3.1, we here assess LPALM w&erorresponds to real
images of a supernovae remnant. Speci cally, in order to be able to evaluate the different
algorithm estimates, the data g€tis generated from ground-truth andS matrices as
follows:

— TheA matrices are the same as in section 3.1.

— The ground-truth sourceS are obtained from a real data set by the Generalized
Morphological Component Analysis algorithm (GMCA — Bobin et al. (2007)), which
is currently state-of-art in sparse source separation.

In addition, dealing with these data is rather challenging since these sources exhibit partial
correlations (pixels where more than one source is active with a large amplitude), which
largely hampers the performances of most BSS methods (Bobin et al., 2015). To limit the
impact of multiple active sources i, we apply a randomization on the pixels of each
source. Properly tackling the partial correlation problem using unrolled architectures is
left for future research, but we still present LPALM results when such a randomization is
not performed in Appendix D.3.

« Train set: in the absence of a large amount of training data for the so&cese generated
synthetic sources. More speci cally, we generated the ne scales of the sources according
to a generalized Gaussian distribution (GGD) with parameters, and (resp. mean,
standard deviation and shape parameter). These parameters are ttedpgonthrezero
elements of each true reference sources (3000 is the total number of pixels angis
the proportion of non-zero elements). Then a realizatiotpagamples of a GGD with
the estimated parameters is simulated, the resulting vector is concatenatdd with)t
zero elements. Finally, a random shuf ing is applied to the vector. The GGD parameters are
estimated from the histograms of non-zero elements of each source. This allows to simulate
random sources that have approximately the same statistics as the original astrophysical
sources in the wavelet domain. Such a simple process already enables to obtain a training
set that is decent enough to enable LPALM to have good results in the test phase.

For both training and test sets, the data generatiofi afas completed by adding a white Gaussian
noiseN such that SNR= 30 dB.

C DETAILS ON SECTION3.2EXPERIMENTS

The three methods we compare LPALM to are trained on a single n¥triXhe training set con-

sists in all the columns of , which follows the observation of (Xiong et al., 2021) and (Qian et al.,
2020) that the more column vectors used, the better the separation quality. Several hyperparameters
(learning rate, number of epochs...) were tested in order to have the best perfommandbe
corresponding loss function.
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MNNBU: The VCA (Nascimento & Dias, 2005) and FCLS (Heinz et al., 2001) algorithms are
respectively used to initialize th andS matrices, following the corresponding article recommen-
dations. The initialization is shown in Figure 4. We see that the colum#s @fre well extracted

by the algorithm except for the synchrotron emission.

A learning rate schedule is used:dr0:002at the rst99 epochs, and it is divided by 1.2 each 50
epochs starting from epoch 100. The total number of epochs for training is 500 epochs.

(a) (b)

(© (d)
Figure 4: VCA results when applied to the data of Figure 3.

SNMF-net: The VCA (Nascimento & Dias, 2005) and FCLS (Heinz et al., 2001) algorithms are
respectively used to initialize th andS matrices, following the corresponding article recommen-
dations; see Figure 4. The model hyperparameters are kept the same as the original paper code
(learning rate schedules, number of layers...), except reducing the initial learning rate which was
tuned in order to have the most possible decrease of the loss function.

DNMF: DNMF is initialized with matrices of ones (Nasser et al., 2021). The learning rate068

the number of epochs 500 and we took the best regularization parameters among the ones tested
in (Nasser et al., 2021). As such, DNMF might be slightly disadvantaged compared to MNNBU and
SNMF-net, since these bene t from a much better initialization (note that however LPALM does not

bene t from a better initialization than DNMF).

Computation of the second line of Table 2 The second line of Table 2 shows the losses of the
models learned in the rstline, when these models are evaluated on the whole testing set. The loss
of MNNBU is trivially calculated using the ground trutids and the predicted matri&yeq, Which

is a hard-coded weight matrix in the network. For SNMF-net, the weights of the model are applied
while initializing for each example with VCA and FCLS. For DNMF, the learned weights are used
to predictS from X, then a nonnegative least square algorithm is applied to pradicm X and

DNMF output.

D ADDITIONAL EXPERIMENTS

D.1 WHICH MODEL IS EMPIRICALLY THE BEST FOR UPDATINGS IN THE PRESENCE OF
VARIABILITIES OVER A ?
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