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ABSTRACT

Diffusion models have achieved tremendous success in generating high-
dimensional data like images, videos and audio. These models provide powerful
data priors that can solve linear inverse problems in zero shot through Bayesian
posterior sampling. However, exact posterior sampling for diffusion models is
intractable. Current solutions often hinge on approximations that are either com-
putationally expensive or lack strong theoretical guarantees. In this work, we
introduce an efficient diffusion sampling algorithm for linear inverse problems that
is guaranteed to be asymptotically accurate. We reveal a link between Bayesian
posterior sampling and Bayesian filtering in diffusion models, proving the former
as a specific instance of the latter. Our method, termed filtering posterior sampling,
leverages sequential Monte Carlo methods to solve the corresponding filtering
problem. It seamlessly integrates with all Markovian diffusion samplers, requires
no model re-training, and guarantees accurate samples from the Bayesian posterior
as particle counts rise. Empirical tests demonstrate that our method generates better
or comparable results than leading zero-shot diffusion posterior samplers on tasks
like image inpainting, super-resolution, and motion deblur.

1 INTRODUCTION

Score-based diffusion models (Sohl-Dickstein et al., 2015; Song & Ermon, 2019; 2020; Ho et al.,
2020; Song et al., 2020b) have made remarkable strides in data synthesis over the past few years,
revolutionizing fields like image synthesis (Dhariwal & Nichol, 2021; Nichol et al., 2021; Ramesh
et al., 2022; Saharia et al., 2022; Rombach et al., 2022; Zhang et al., 2023), video generation (Ho
et al., 2022b;a), audio synthesis (Kong et al., 2020; Chen et al., 2020) and molecular conformation
generation (Xu et al., 2022; Shi et al., 2021; Luo et al., 2021). As evidenced by their unparalleled
sample quality, diffusion models provide powerful data priors that can capture the intricacies of high
dimensional data distributions. Using such priors, we can deduce data from lossy measurements
through Bayesian posterior sampling. This enables many diffusion-based methods for solving linear
inverse problems without task-specific training (Song et al., 2020b; Chung et al., 2022c; Chung & Ye,
2022; Choi et al., 2021; Kawar et al., 2022; Chung et al., 2022a; Kawar et al., 2021; Bardsley et al.,
2014; Song et al., 2023a; Jalal et al., 2021). Examples of their applications include image inpainting,
colorization, super-resolution, motion deblur, and medical image reconstruction (Song et al., 2021).

Despite the empirical success of diffusion models in solving inverse problems, obtaining exact
Bayesian posterior samples for these models remains intractable, necessitating the use of approxima-
tions. Current methods for this approximate sampling can be broadly grouped into three categories.
The first approach modifies a standard diffusion sampling process by enforcing data consistency at
every time step, ensuring all intermediate samples align with observed, lossy data measurements
(Song et al., 2020b; Chung et al., 2022c; Chung & Ye, 2022; Choi et al., 2021; Kawar et al., 2022).
The second approach estimates the score function (i.e., the gradient of the log probability density) of
the Bayesian posterior (Song et al., 2020b), leveraging it to guide each diffusion sampling iteration
(Chung et al., 2022a; Kawar et al., 2021; Bardsley et al., 2014; Song et al., 2023a; Jalal et al., 2021;
Song et al., 2023b). Lastly, some methods train a neural network to minimize a statistical divergence
between its sample distribution and the true Bayesian posterior of the diffusion model (Graikos
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Figure 1: Several widely-used noisy measurements for images, and the recovered images by FPS.

et al., 2022; Feng et al., 2023; Feng & Bouman, 2023; Mardani et al., 2023). For the first two
strategies, while each individual sampling iteration is grounded in theoretical insights, assessing the
accumulated errors introduced over successive iterations poses a challenging theoretical question.
The third strategy requires training additional neural networks for each novel task, which causes
substantial computational overhead especially when applying the same diffusion prior to diverse
inverse problems.

To address these challenges, we introduce a novel family of methods that allow diffusion models to
tackle linear inverse problems in zero shot. We present a unique interpretation of Bayesian posterior
sampling in diffusion models and establish its equivalence to Bayesian filtering. This insight lets
us approach the Bayesian posterior sampling problem from a filtering perspective. Our proposed
framework, Filtering Posterior Sampling (FPS), transforms any filtering algorithm into a diffusion
posterior sampler. In particular, we devise an FPS algorithm based on particle filtering and sequential
Monte Carlo (Doucet et al., 2001). To minimize the variance of particle filters, we tailor the proposal
distribution at each sampling iteration. Our FPS algorithm sidesteps the need for costly optimization
or training new neural networks. It works in harmony with any stochastic Markovian sampler of
diffusion models and is easily adaptable to diverse linear inverse problems. As the particle count
increases, our algorithm yields better posterior samples, offering a flexible trade-off between compute
and sample quality.

Theoretically, we prove that our FPS algorithm correctly samples from the Bayesian posterior distri-
bution as the number of particles approaches infinity when both the score estimator and SDE solver
are perfect. To our knowledge, this is one of the first diffusion posterior sampling algorithms with a
global consistence guarantee for general Bayesian linear inverse problems, along with concurrent
works like Wu et al. (2023); Trippe et al. (2022). Furthermore, when using just one particle, we prove
that our algorithm provides a specific approximation of the Bayesian posterior’s score function at
each sampling iteration, elucidating the link between FPS and existing methodologies. Empirically,
we benchmark our FPS against current methods across various linear inverse problems in computer
vision, such as inpainting (Yeh et al., 2017), super-resolution (Ledig et al., 2017; Haris et al., 2018)
and motion deblur (Kupyn et al., 2019; Suin et al., 2020). In evaluations on both the FFHQ (Karras
et al., 2019) and ImageNet (Deng et al., 2009) datasets, our FPS surpasses most competing methods.

2 BACKGROUND

Linear Inverse Problems Linear inverse problems are pervasive in various scientific domains, with
examples like image inpainting, colorization, super resolution, deblurring, Computed Tomography,
and Magnetic Resonance Imaging. Given a datapoint X, its lossy measurement is denoted as
y = AX + n. In this equation, X 2 RP:y 2 R:A2RY P andn N (0; 2I) represents the
measurement noise with a known noise level > 0. The challenge of a linear inverse problem is to
recover X from the incomplete measurement y. As often D > d, this results in an ill-posed and under-
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determined problem. To narrow down the solution space, we usually require additional information
aboutx. A common assumption is the prior knowledge of the distribution aveepresented as
p(x). Given this, we can traverse the solution space of the linear inverse problem by sampling from
the posterior distributiop(x j y), formulated using Bayes' rule a&x jy) / p(X)p(y j x), with

ply jx) = N(y jAx; 21).

Diffusion Models Diffusion models comprise a forward noising process and a backward denoising
process. In the discrete formulation (Sohl-Dickstein et al., 2015; Ho et al., 2020), the forward process
manifests as a Markov chain described by

W
a(Xin jXo) = o(Xij Xk 1); witha(x jxk 1)= N aexi 13 Bl - (1)

k=1
The coef cientsf a,gf., andfb.gl., are manually designed and may differ across various diffusion
formulations (Song et al., 2020b). Given that each Markov gfgp j xx 1) is a linear Gaussian
model, the resultant marginal distributigfxy j X¢) = N (ckXo; dﬁl ) assumes a Gaussian form,
wheref c,gl_, andfdcgl., can be derived frorha,gl_, andfbg}_, . For sample generation, we
train a neural network, denoted by (Xx; tx), to estimate the score functiony, logq(xx j Xo). The
backward process, which we assume to be a Markov chain, is typically represented as

P (Xk 1jXk)= N URo(Xk) + WS (Xi;tk);WEl (2)

whereRo(xy) = ( Xk + dEs (Xk;tk))=q is the predictek, derived byxy obtained from the
Tweedie's formula. Herduygl_, , fvkgk., andfwcgl.; can be computed from the forward
process coef cientfagi_, andfbcgl.; in Eq. (1).ftcgk., is the set of discrete timestamps where

to = 0;ty = T. The formulation in Eg. (2) encompasses many stochastic samplers of diffusion
models, including the ancestral sampler in DDPM (Sohl-Dickstein et al., 2015; Ho et al., 2020), the
predictor-corrector sampler in Song et al. (2020b), and the DDIM sampler in (Song et al., 2020a).

For variance preserving diffusion models (Ho et al., 2020), we have
_ p— p__ p__
a=" b= Gas Todo= 1

where ¢ =1 ki k= Q}Ll i, and ;  follow the notations in Ho et al. (2020). To

represent DDPM sampling, we have:
r

Uk:pkl;Vk: pT(l Tko1)) Wk = K

and for DDIM sampling (Song et al., 2020a), we have:
9 ——p__
Uk:pkl;Vk: 1 w1 21 Towe= i

where the conditional variance sequehcegl_, can be arbitrary. Note that DDPM sampling is a

special case of DDIM when settin@ = ¢ (1 —x 1)=(@ k). Inthis paper, we parameterize
r

1 "«

= C - - -

k k 1 —

with ¢ being a tunable hyper-parameter.

3 BAYESIAN POSTERIORSAMPLING AS BAYESIAN FILTERING

In the following part, we introduce Bayesian Itering and explain how it is related to Bayesian
posterior sampling. Bayesian ltering aims to infer latent variables from observations based on a
sequence of conditional probability distributions. For each timelsted ; 2;:::; N, we de ne the

latent state and its corresponding measurement as:

Xk P(Xk J Xk 1); Yk P(Yk ] Xk):

The dynamic model of this system determingsandy depends on the distribution of measurements
given the state. As we can see, the sequémgel_, forms a Markov chain. The Bayesian ltering
problem seeks to sample from the distributgmy j y1.x).
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To derive the conditional distribution, a well-known iterative approach is utilized. Starting with the
known prior distributiorp(x ), we employ the Chapman-Kolmogorov equation to obpéiy j y1:x)
fromp(xx 1]Yik 1) asthe “prediction” step

Z

P(Xk jYuk 1)=  P(Xk Xk 1) P(Xk 1] Yk 1)dXk 1; (3)
and then use Bayes' rule to compuymiexy j Y1:«) as the “update” step:
_ p PYKIXK) P(XkjYik 1) @)

CP(YK i Xk) P(Xk ] Yk 1)dXk

By iterating these two steps, we can solve the Bayesian lItering problem. For those system where
dynamics and measurements adhere to linear Gaussian distributions, Kalman Iter (Kalman, 1960)
provides a closed form solution to the Bayesian ltering problem.

P(Xk ] Y1)

Back to our diffusion posterior sampling problem, the dynamic system's backward process is given
byxk p (Xk j Xk+1), wherep (Xx j Xk+1 ) is de ned in Eq. (2). The forward process is described
by

Xk = @ Xk 1+ bez¢ 5)
wherezy N (0;1) is a standard Gaussian noise independeriof. Meanwhile, we construct
thefyygl_, sequence as:

Yo=Y, Yk = a& Yk 1+ Azcfork> 1. (6)

The noise sharing technique is also applied in Song et al. (2021), but with a different framework. Given
y N (Axo; 2I),itis easy to show thaty N (Axy;¢ 21) for cc = ajay:::ak through
mathematical induction. This formulation establishes Bayesian posterior sampling as a reverse-time
Bayesian Itering problem, a well-studied topic with many existing solutions and algorithms. By
following the prediction and update steps in Bayesian lItering, we successively compute the marginal
posterior distributiorp (X j Yk:n ) until we obtainp (X j Yo:n ). This allows us to sample from

the Bayesian posteriqr (Xg j Yo) due to the following important observation:

We can generate a samplg from the Bayesian posterior distributign(xo j yo) by rst
sampling fromp (Y1ngi Yo) = a(Y1n | Yo) before sampling fronp (Xo j yo.n ). This is
becaus@ (XojYo)= P (XojYon) P (Yun jYo)dyin .

Here,gandp denote the probability distribution of the forward process and the backward process
respectively. That is, we can leverage any algorithm for Bayesian lItering to solve the Bayesian
posterior sampling problem whenever the prior is captured by a diffusion model.

4 FILTERING POSTERIORSAMPLING (FPS)

In this section, we propose a speci c algorithm for solving the Bayesian Itering problem associated
with a diffusion model. Due to the aforementioned connection between Bayesian ltering and
Bayesian posterior sampling, this algorithm can be directly employed to generate posterior samples
from a diffusion model for inverse problem solving. Our algorithm is based on particle ltering, but
has a tailored proposal distribution for variance reduction.

4,1 BACKWARD DIFFUSION PROCESS WITHLINEAR FILTERING

In the backward diffusion process, we rst generate the sequenigcaf-, . Then, we recursively
samplexy 1 based orxy andyy i by solving Bayesian linear ltering.

Step 1: Generating Sequencéyygl-, There are two different ways to generate the sequence of
fykoks, - One leverages the forward process and the other depends on the backward process. For the
forward process, we apply Eqg. (6) to obtain

Yk = akYk 1+ be Az
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wherezy N (0;1) is independent Gaussian noise, and the initial observatiion y is given.
When generatinfygk-, from the backward process, we apply DDIM sampling. Since we have
full access to/ g, there is no need to predi¢y(yk) becausdo(yk) = Yo. Therefore, we can sample
fykgh-, via the following recurrence relation:

Yk 1= UkYo+ VikYk + Wk Az (7)

whereuy; vk; Wk can be computed froray; b (see Section 2), and the initial observatipi
approximately followsN (0; AA ~). As a result, the sequentgygl-, is fully determined through
either direction, given by

W W
alyun jYo) = a(yk j Yk 1:Yo0) = a(yn) alyk 1]Yk:Yo): 8)
k=1 k=2

Remark 4.1. The generation of sequentg gk, fromyg is possible only in linear inverse problems.
Otherwise, for nonlinear inverse problems, Eg) not longer works, and neither forward or backward
processes dfyy gk-, is tractable.

Step 2: Backward Sequence dfxxgl_, In the second step, we generate the backward sequence
of fxkgk., based on the measurement sequenge_, generated in Step 1, which leads to

p (Yin JYo) = dYin J Vo). Given that the last statey is approximately a standard Gaussian,
we have

XN P (XNJYN)T P (Xn) P (YN XN) Withp (Xn) = N(O;1):

Sincep (Yn j Xn) = d(yn ] Xn)N(Axy;64 2 1) wherecy = ajap:::an, the posterior
distributionp (xn j Yn) is Gaussian and can be expressed in closed form.

Next, we progressively sampkg 1 conditioned orxy andyy ;. We know thap (yx 1] Xk 1) =

alyk 17Xk 1) = N(Axc 1562 4 2 I)withoe 1= aja:::a 1. Inaddition,p (Xx 1] Xk)
is determined once we have the score function:

P (Xk 1] Xk)= N(ukRo(Xk)+ kS (Xk;tk);WEl)

whereRo(xk) = ( Xg + dﬁs (Xk; tk)) =« is the conditional expectation &f givenxy, which can be
computed via Tweedie's formula. Here, the choices of parameteds; uk; vk ; Wk are determined
from the process of unconditional diffusion sampling. For the DDPM and DDIM framework, we list
these parameters in Section 2. Now, we can compute the posterior distribution

P (Xk 1iXk:¥Yk 1)/ P (Xk 1JXk) P (Yk 1] Xk 1): ()]

Here, we rely on the conditional independence&ptindy 1 givenxy 1. Since botlp (Xx 1] Xk)
andp (ykx 1] Xk 1) are Gaussian, it is straightforward to conclude fhdikx 1 j Xx;Yk 1) IS

also a Gaussian distribution with a tractable form. Givgrgl.,, we can now sample from

P (Xk 1 Xk;Yk 1) recursively fork = N;N 1; ;1 to obtainfxxgk.,. This procedure
provides an approximate solution to the Bayesian Itering problem, and we call this algorithm
Filtering Posterior SamplingFPS).

4.2 FURTHERANALYSIS ONFPS

In this section, we analyze how FPS provides an approximate solution to the Bayesian lItering
problem. As discussed in Section 3, we recursively compute a prediction step and an update step to
calculatep(x j Yk:n ). For FPS, the following approximation is made:

P (Xi;Xk+1 JYieN) = P (Xke1 JYien)P (Xk ] Xks13Yken) = P (Xke1 ] Yien )P (Xk ] Xke 5 Vi)
P (Xk+1 JYk+1:N) P (Xk | Xk+13Yk):
(10)
Here, we leverage the conditional independence betwgen andy+,: n WhenXy.1 is given.
After taking integral on both sides of Eq. (10) with regarcia; , we have
Z

P (XkjYKkn) P (Xk+1 jYk+t:nN) P (Xk ] X1 Yi) X1 5 (11)
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Figure 2: lllustration of FPS-SMC algorithm.

which means we skip the update step in FPS, and we make the approximabqQm j Yk:n)

P (Xk+1 ] Yk+1:n). Here, we sample a single partiolg.; fromp (Xx+1 J Yk+1: n) @nd then
another particlxy  p (Xk j Yk:n ) by following the prediction step. Notice that Kalman Itering is
not applicable here becaupe(xy j Xk+1 ) is not a linear Gaussian process, so Monte Carlo methods
are necessary for solving this Bayesian Itering problem.

One can derive additional theoretical insights by generalizing FPS to continuous-time Markov chains.
When we make the time stept ! 0 and consider the continuous limit of FPS, our backward
diffusion process converges to the following SDE:

t . P—
do= kO Togp atxiiyo) d+ ! OW:

For the detailed proof, see Appendix D.1. According to this equation, FPS approximates the unknown
conditional score functiom x, logp .« (x; j y) with r x, logp (Xt j yt). Unlike the original
score-based SDB; is not sampled from a noisy versionyfin FPS; instead, they are sampled from

a backward diffusion process.

4.3 FPSWITH SEQUENTIAL MONTE CARLO

To improve the approximation made by FPS, we propose a variant based on patrticle ltering and
sequential Monte Carlo. We call this improved method Filtering Posterior Sampling with Sequential
Monte Carlo (FPS-SMC).

To begin with, notice that
P (XN JYien) ! P (YkjXkensYk+n) P (XN J Y1 N)
P (Vi J Xk)P(Xk ] Xk+1: N Yk+1:N) P (Xk+1:N ] Yie1:N)
P (Yk]Xk)P (Xk j Xk+1) P (Xk+1:N J Yk+1:N) (12)
P (Yk ] Xk)P (Xk | Xk+1)

= n X-X+; Xk+1: i 1 :
P (Xk | Xk+1;Yk) P (Xk J Xk+13YK)P (Xk+1:N ] Yk+1:N)

In particle Itering, we generat®! i.i.d particlesx P (XN ] yN) After obtainingf xkA+1 gi2M1
we move them backward for one step to obwﬁH P (Xkj xk+1 ;Yk) forj 2 [M]. Afterwards,

we randomly sampl&! particles with replacement, which we denoted mg gi2(m]- The particles
are re-sampled according to the following probability distribution

(i)

ot e o i x))=e () i x{) i)
P X=X = = Py x)p k0  x0) M ) (13)
e i xp (< ixE=e (< i xE sy
One important observation about the resampling weights is
j X Xk J X j X j X .
P (Vi i XidP (xi Xisa) _ P Yk XOP (e Xisa) _ iy

P (Xk J Xk+1;Yk) P (Yk J Xk;Xk+1)
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Based on this, we propose the FPS-SMC method with pseudo-code provided in Algorithm 1 and a
visual illustration given in Fig. 2. Clearly, FPS can be viewed as a special case of FPS-SMC with
particle sizeM = 1. Unlike FPS, FPS-SMC is consistent, meaning that the approximation error
converges to zero as the particle sideapproaches in nity. Below we provide a rigorous statement
about the convergence of FPS-SMC.

Assumption 4.1. Assume the following two facts:
(1) Our score estimation is perfect, i.8:(X¢;t) = r «, logp :t(Xt).

(2) The time steﬁ}\]L I 0, which means the backward diffusion ODE/SDE solver can provide
accurate solution without discretization error.

These two facts make sure that both our diffusion model and sampling procedure are perfect during
the backward Bayesian ltering.

Proposition 4.1. Denotep (Xo:n | Yo:n ) as the result of FPS-SMC algorithm with particle sMe
andp (Xo:n J Yo:n ) as the solution of Bayesian Itering problem (which follows the forward diffusion
model). Under Assumption 4.1, we havéXy j Xk+1) = P (Xk ] Xk+1) for8k =0;1;:::;N 1.
Then, we can conclude that:

P (Xoiyo)*P (XojYo)= a(Xojyo) whenM 'l ;

where?’ implies weak convergence.

Proof. See Appendix D.2. O

This result proves the asymptotic consistency of FPS-SMC wherl ;N !1 . We can also
derive nite sample bounds fol, (p (X0 j Yo); P (Xo j Yo)) with regard to the estimation error in
score models as well as the time step= T=N. A more comprehensive theoretical exploration of
these nite sample bounds remains a topic for our future research.

5 EXPERIMENTS
5.1 BEXPERIMENTAL SETTINGS

We evaluate our algorithms on the FFHQ'llﬁlgorithm 1 The Framework of FPS-SMC

validation set (Karras et al., 2019) and the= Given- N- <o sizeM and th
ImageNet-1k-validation set (Deng et al., 2009),1' ven. N, y, Ipartlc € siz and the score
both frequently used in inverse problem research €Stimators ().

involving diffusion models. Each dataset con? Sample théyig sequence from(y i j Yo)-
(i)

tains images of dimensior256 256 3, nor- - .
malized to the rangf®; 1]. These images serve 3 S@mpleM ii.d samplescy™  p (Xn jyn)
for testing various linear inverse problems. We for 2_ [M_]' _____
follow the experimental settings in Chung et al% fork=N:N 1’_ T 1do 0)
(2022a) to ensure a fair comparison. We assum@: ~ Generate M i.i.d samples X'’
all the observations contain Gaussian noise of xi 1 x®- fori 2 IM1.

>4 _ P (Xk 1jXg syk 1)forj 2 [M]
mean zero and standard deviatior 0:05. In . Randomly RickM csamples with replace-
our experiments for the FPS-SMC, we choose i) :
a particle size oM = 20. Another hyper- ment from X’ i2mM1 following the
parameter we nd important for FPS and FPS- probability distribution (13). Denote the
SMCisc, utilized during DDIM sampling. Our M new samples ds((kj)lgj 211
empirical observations highlight the signi cant 7. and for
in uence of ¢ on the smoothness of generateds. The outputx, is uniformly sampled from
images, so we tune separately for different g
tasks and datasets. For a more detailed analy- ' X0 %2M1-
sis, see Appendix F for an ablation study, and
Appendix E for a thorough description of all the ve tasks we test in our experiments.

During the backward process of FPS, we set the number of time sté&ps=a$000 and use the
pretrained score model from Chung et al. (2022a) for the FFHQ dataset, and the score model from
Dhariwal & Nichol (2021) for the ImageNet dataset. We use multiple metrics to evaluate the quality
of our generated images, including peak signal-to-noise ratio (PSNR), Fréchet Inception Distance
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Figure 3: Comparison between FPS-SMC and Figure 4: The relation between the particle
Standard Particle Filtering (SPF) when par- sizeM and the PSNR value, with8% ( 1

ticle sizeM = 20 on Inpainting (box) task std) con dence interval added
over FFHQ dataset.

(FID), structural similarity index (SSIM), and Learned Perceptual Patch Similarity (LPIPS) (Zhang
etal., 2018). These metrics enable a comprehensive assessment of image quality. All our experiments
are carried out on a single A100 GPU.

5.2 EXPERIMENTAL RESULTS

In Tables 1 and 2, we compare FPS and FPS-SMC against various baselines in terms of FID and
LPIPS. For additional quantitative results and comparisons in PSNR and SSIM, we relegate them to
Tables 3 and 4 in Appendix E. The results demonstrate that FPS outperforms baselines signi cantly

in tasks such as super resolution, inpainting (box), Gaussian deblurring, and motion deblurring. It is
remarkable that in the challenging inpainting (random) task, where a substantial 92% of all pixels are
masked out, FPS achieves the second-best performance. When assessing performance across the four
metrics, FPS emerges as the front-runner in three of them, with superior results compared to the other
baseline models.

5.3 ABLATION STUDY: INFLUENCE OF THE PARTICLE SIZE

In theory, we can solve the ltering problem with FPS-SMC more accurately when the particld size
increases. By default, we appgly = 20 to all our experiments to make it computationally ef cient.
Comparing FPS (wher@l = 1) and FPS-SMC (wher®l = 20), we observe that FPS-SMC has an
edge only with respect to the PSNR metric, but the difference in other three metrics SSIM, FID and
LPIPS is small. To rigorously study the variation of image quality as a function of particldlsjze

we focus on inpainting (box) over FFHES6 256-1k validation set. As we can see in Fig. 4, PSNR
metric increases as the particle sMegrows, but has diminishing returns onde reaches 100. For

the increasing running time of FPS—SE{IC for larger particle 8izewe demonstrate in Appendix F.2

that it approximately holds thaM ) / = M . We also compare it with other popular methods, which
shows that the running time of FPS-SMC is at the average level.

5.4 ABLATION STUDY: FPS-SMCVERSUSSTANDARD PARTICLE FILTERING
In Eq. (12), we observe that

P (Xkn JYRN) T P (Yk T Xk) P (Xk ] Xk+1)P (Xk+1:N J Yk+1: N );

which leads to the standard way for implementing particle Itering. After obtairhimgf1 gi2[M]
from previous steps, we generadeparticles independently by simulating the unconditional backward
processX(k') p (Xk j X(kJ+)1) forj 2 [Mﬂ1 Afterwa{ds, we randomly sampM particles with
replacement according to the distributiBnxy = Y(kj) I p (Y] Y(ki )). We name it as Standard

Particle Filtering (SPF). In theory, both FPS-SMC and SPF are consistent solvers for the Bayesian
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ltering problem. However, in SPF, thix, gk, sequence can only get the measurement information
from the re-sampling step, which provides weak signalxfoto follow the measurement. As a

result, we need a much larger particle dizeto obtain reasonable performance for SPF, especially in
high dimensional spaces. In Fig. 3, we compare the performance between FPS-SMC and SPF when
M =20. As we can see, the particles generated by SPF are almost completely independent of the
measurement. In contrast, we tailor the proposal distribution in FPS-SMC to signi cantly reduce the
variance, resulting in an effective algorithm with a smaller particle size.

Table 1: Quantitative results (FID, LPIPS) of our model and existing models on a various of linear
inverse problems on FFHEE6 256-1k validation dataset.

FFHQ Supe_r Inpainting Gaussian Inpainting Motion
Resolution (box) Deblur (random) Deblur
Methods | FID \ LPIPS | FID \ LPIPS| FID | LPIPS| FID \ LPIPS | FID | LPIPS
FPS 26.66 0.212 26.13 0.141 30.03 0.248 3521 0.265 26.18 0.221
FPS-SMC | 26.62 0.210 26.51 0.150 29.97 0.253 33.10 0.275 26.12 0.227
DPS 39.35 0.214 33.12 0.168 44.05 0.25721.19 0.212 39.92 0.242
DDRM 62.15 0.294 4293 0.204 7492 0.332 69.71 0.587 -
MCG 87.64 0.520 40.11 0.309 101.2 0.34029.26 0.286 - -
PnP-ADMM | 66.52 0.353 1519 0406 90.42 0.441 123.6 0.692 -
Score-SDE | 96.72 0.563 60.06 0.331 109.0 0.403 76.54 0.612 -
ADMM-TV 110.6 0428 6894 0.322 186.7 0.507 1815 0.463 -

Table 2: Quantitative results (FID, LPIPS) of our model and existing models on a various of linear
inverse problems on ImageN256 256-1k validation dataset.

ImageNet Super Inpainting Gaussian Inpainting Motion
Resolution (box) Deblur (random) Deblur

Methods FID LPIPS | FID ‘ LPIPS | FID LPIPS | FID ‘ LPIPS | FID LPIPS

FPS 47.32 0.329 33.19 0.204 54.41 0.396 42.68 0.325 52.22 0.370
FPS-SMC | 47.30 0.316 33.24 0.212 54.21 0.403 4277 0.328 52.16 0.365

DPS 50.66 0.337 38.82 0.262 62.72 0.44435.87 0.303 56.08 0.389

DDRM 59.57 0.339 4595 0.245 63.02 0.427 1149 0.665 -

MCG 1445 0.637 39.74 0.330 95.04 0.55039.19 0.414 - -
PnP-ADMM | 97.27 0433 78.24 0.367 1006 0.519 114.7 0.677 -
Score-SDE | 170.7 0.701 54.07 0.354 120.3 0.667 127.1 0.659 -
ADMM-TV | 1309 0523 87.69 0.319 155.7 0.588 189.3 0.510 -

6 CONCLUSION

We introduce Filtering Posterior Sampling (FPS), a novel approach addressing the challenges inherent
in diffusion models when solving linear inverse problems. FPS leverages a unique perspective
on Bayesian posterior sampling, establishing an equivalence with Bayesian ltering and thereby
enabling a transition from a sampling problem to a Itering one. Notably, our FPS algorithm employs
particle Itering and sequential Monte Carlo techniques without necessitating resource-intensive
optimizations or the training of supplementary neural networks. It offers compatibility with any
Markovian sampler and showcases versatility across diverse linear inverse problems. The exibility
in compute-resource allocation in our method ensures an optimal balance between computational
effort and sampling quality. On a theoretical front, we demonstrated the global convergence guarantee
of our FPS method, marking a pioneering achievement in diffusion posterior sampling. Empirical
evaluations across multiple computer vision tasks, including inpainting, super-resolution, and motion
deblur further demonstrate the superiority of FPS over prevailing methods on benchmarks like FFHQ
and ImageNet. This research paves the way for enhanced ef ciency and precision in leveraging
diffusion models for intricate linear inverse problems.
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A MOREBACKGROUND ONCONTINUOUS DIFFUSION MODELS

Continuous Diffusion Models In the continuous-time diffusion models (Song et al., 2020b),
Gaussian noise is sequentially injected to data in the forward process and then we create samples by
progressive denoising from noise in the backward process. Generally, the forward process follows a
stochastic differential equation (SDE) with the following form:

dx; = (X t)dt+ (t)dw, fort2 [0;T]: (14)

(a) Unconditional Generative Model (b) Conditional Generative Model

Figure 5: Compared with the unconditional case, we replace the score function with the posterior
score function in the backward process.

Here,W () is the standard Brownian motion.(x;;t) and (t) are the drift term and the diffusion
term respectively. The diffusion process starts foofd)  pgaia (X), the latent distribution of data,
andx(T) pr(x), which is almost a pure Gaussian noise. As is stated in Anderson (1982), the
reverse of the diffusion pror?ess (Eq. (14)) is also a diffusion process, with the formulation:

i

dxe = (xit) (0% x logpi(xi) dt+ (t)dW: (15)

Here, W, is a standard Brownian motion with time ows backwards franto 0. r ,, logp:(x;)
is the score function of the noisy data distribution at timerhich is learned via denoising score
matching (Vincent, 2011). It is worth mentioned that Eq. (15) is not the only backward diffusion
process whose solution trajectories sampledfallow the distributionp; (x;). Practically, a widely
used framework is the variance preserving SDE (VP-SDE) in Dhariwal & Nichol (2021):

dXt = %Xtdt + P (t)th (16)
Here (t) > Ois the noise schedule, which is usually chosen as a linear function.ofestandard
Gaussian distribution can be achievedtfer T,i.e.xt N (0;I). Its corresponding backward
diffusion is:

(t)

[
di=  —oxe (OF  logpi(x) dt+ " (AW, 17)

Conditional Diffusion Models For most existing conditional diffusion models, they analyze the
following SDE

= Dy (O logp(cy) di+ ' O, (18)

where the score functiony, logp:(Xt) is replaced by the conditional score functior, log p: (X
y). The key problem falls onto the estimation of conditional score function without re-training.
According to the Bayes rule, it holds that:

rx, logpe(Xjy) = 1 x, logpe(Xt) + 1 x, logp(yjxt):

The rst term is the unconditional score function, which can be estimated by our pretrained score
estimator. The second term does not have an explicit form even in the linear inverse problems. In the
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projection-type approaches such as Song et al. (2020b); Chung et al. (2022c¢); Chung & Ye72022);
the authors consider the noiseless case whereQ. After an unconditional update, they ignore the
posterior score function «, logp(yjx:). Instead, they conduct a projection step to keep the model
consistency = Ax still holds. SVD-type approaches Kawar et al. (2022) use SVD to simplify the
linear inverse problem to a component-wise unconditional diffusion model. Besides, another line of
works such as Chung et al. (2022a); Kawar et al. (2021); Bardsley et al. (2014); Song et al. (2023a);
Jalal et al. (2021) try different ways to provide a close approximatian,oflog p(yjxt). Their main
ideaistouse x, logpi(y jXt) r «x,logp:(y j Ro(Xt)) to approximate the conditional score with

another explicit score. Jalal et al. (2021) utilize the approximatigplogpy (y j x;) 244X

wheref g are hyper-parameters. Chung et al. (2022a) explicitly compytdog p; (Y | ko(ﬁt)),
based on which Song et al. (2023a) proppg® j x;) N (ARo(x¢);r2AA> + 21). Here,

Ro(Xt) = ElXojXe]= X¢+ £r x, logp(x;)
is the score-based estimated initial data paigitgiven its noisy versiorx;. Besides the mean
E[Xo j X¢], its variance is additionally considered in Boys et al. (2023). Another way to approximate
the conditional score is directly tuning the score network (i.e. U-Net) pyvarhich is recently
proposed and implemented by Barbano et al. (2023); Chung et al. (2023).

Instead of approximating the conditional score function at each time step, we use a completely
different framework and apply Bayesian Itering model to approximate the posterior sampling
directly. This method is computationally ef cient since we do not need to take derivative on estimated
score function.

Monte Carlo based Diffusion Models and Asymptotic Consistency A number of results are
proposed recently on Monte Carlo based conditional diffusion models, including several concurrent
works. Trippe et al. (2022) developed an ef cient method SMCDiff to sample scaffolds from a
distribution conditioned on a given motif, which is a popular and pivotal task in protein design. This
prior work only considered the inpainting-type task, which is just a special type of linear inverse
problem. Besides, the proposed asymptotic consistency requires the perfect match between forward
and backward unconditional diffusion process, just like our Proposition 4.1. Based on this work,
Wu et al. (2023) introduced the Twisted Diffusion Sampler (TDS), a sequential Monte Carlo (SMC)
algorithm on conditional diffusion models as well. By using a constgpty_, sequence, there is

no explicit formulation orp(xy j Xx+1 ;Yk) for yx = yo. A tractable twisting function and Monte

Carlo based technique are needed to approximate the probability. For the asymptotic consistency,
several regularity conditions are required on the twisting function sequence. As a simultaneous work,
we use different methods to solve the same problem. By introducing an appropriately désigged
sequence, we transform the posterior sampling problem into a Bayesian Itering problem where all
transition probabilities are explicit, which can be elegantly solved by variance reduced Sequential
Monte Carlo with asymptotic consistency holds. Another concurrent work proposed by Cardoso
et al. (2023) introduces Monte Carlo guided diffusion (MCGdiff) to solve Bayesian linear inverse
problems. Compared to Wu et al. (2023), a different proposal kernel is used on SMC.

Formulations of DDPM and DDIM I this part, we still use the notatidn (i, , f «gk-; and
f—«gl_, introduced in Section 2. For the Denoising Diffusion Probabilistic Model (DDPM), the
forward process is Markovian with

Axin iXo)= A0k Xk 1); whereq(x jxk )= N P x5 2

k=1
A direct corollary for the forward process is tha{ixx j Xo) = N P “kXo; (1 ~«k)! ,whichleads
to the following expression foxy:

Xk = ~kXo+ 1 T " where" N (0;l):
With xo added to the transitiog(xx j Xk 1;Xo), we can keep the marginals unchanged but the
forward process not Markovian any more. For the backward process proposed in Denoising Diffusion
Implicit Model (DDIM) (Song et al., 2020a), we X the prigr (Xt) = N (0;1) and we can generate
Xk 1 fromxy via:

Pr—.
P — Xk I CO R

_ — wk "o
Xk 1= k 1 p= + 01 T 2 ")t ke
k
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Here,"x N (0O;1) is a standard Gaussian noise independer{and

n p 1 —
“) 1w logp(x)= Tk
is an approximated sample-dependent noise learned by score matching. Noise that different choices
of variance  leads to different backward processes but all of them keep the trajectory with the same
marginal distributiongy (xx). When we choosef = 11 hk L for all k, the process degrades to
the case of DDPM.

B EXPLICIT FORMULATION OF FPSwITH DDIM PLUGGED IN

As a compliment of our framework described in the main text, we make explicit computation in
this section for FPS with DDIM plugged in. First, we introduce the duplex forward diffusion and
guantitatively show the connection between posterior sampling and the Bayesian Itering problem.

B.1 DupPLEX FORWARD DIFFUSION PROCESS

For the discrete case of diffusion models such as DDPM and DDIM, their forward diffusion can be
expressed as the following recursive linear Gaussian process:

p
Xk = 1 k Xk 1t kZk (19)
wherezy N (0;1) is a standard Gaussian noise independent xith,. Meanwhile, we make:

p p—
ye= 1 « Yk 1t KAZy: (20)

as the forward process for measurements whigre y is the initial measurement. Notice that these
two f z g represent the exactly same noise vector. So, if we combine data and measurement as a pair,
the forward SDE can be de ned in the following form:

Ip O

OAth:

X ) x P —
AR LT

Here,W . is the standar@D -dimensional Wiener process. After simple calculations over Equations
(19), (20), we can directly build connection betweenyo andx;;y;:.
Proposition B.1. For the case of duplex forward diffusion process, we can simply represent it by:

Xk = x Xo+t 1 Ty z; andyy = pjk Yo+ P1 “« Az; z N (0;lp):
We can also conclude that:
ayk i xk) = N(Axe; 7k la);
which meang/ also follows a normal distribution with meahx, and a decreasing variance

2. For the initial stepk = 0, we have o = 1 and it degrades to the model consistency function
Yo=Y = AXxg+ nwheren N (0; ?I).

Unlike xo which we can only estimate, we do kngw, the initial measurement without any extra
noise, which makes the score function jgrtractable.

Proposition B.2. For the case of duplex forward diffusion process, the score functigp f:

> pj
Iy, loga(yk) = (ARAZ) 1y kYo :

1 %

According to Equation (20), the distribution of sequefggg given the measurement= vy is
tractable since the diffusion sampling is a Markov chain:

Y&I
alyun jyo) =  dlYkiYk 1)
k=1
For conditional sampling, we do not know the distributiorf Bk gk-, but know that of y,gi_, .
Therefore, calculating the hidden Markov chain fromtiye gk, sequence is equivalent to solving
a reverse-time Bayesian Itering problem since we have access(ya j Xx) = q(Y«k j Xx) from
Proposition B.1 ang (Xxx 1 j Xk) from score-based backward diffusion process.
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B.2 BACKWARD PROCESS OFFILTERING POSTERIORSAMPLING

Step 1: Generating Sequencéyygl-, For the DDIM backward process with regardfip, gk, ,
we have:
S

@ 9 Ty 90+ " a@ ) A"

pf
Yk 1= k 150+ 1

where"” N (0;1) and$o = E[yo j Yk] is a posterior mean calculated by Tweedie's formula (Efron,
2011; Kim & Ye, 2021). Herego = yo since the ground truth measuremggtis given and no
estimation or approximation is needed.

S

1 ol "« 1)(

p p
Yk 1= Tk 1Yo+ 1 Yk kYo)+ ol Tk 1) A™ (21)

Foryy , we have already proved thafyn j yo) = N (p “nYo; (1 “n)ATA)in Proposition B.1.
Since—\ converges to O for large enoudh, therefore we can directly make the following sampling:

yn = A"y for"y N (051): (22)

Remark B.1. Sinceyy is given in the case of linear inverse prcbblems, it is also Haﬁonable to
directly use the forward process of sequehyeg{z‘zo whereyy, = 1 Kk Yk 1+ KA Zy

forzy N (0O;1) since both the forward and backward sequences have exactly the same marginal
distributionsck (y). In this paper, we use the backward process to make our model structurally
aligned.

Step 2: Generating Backward Sequence dfx.gf_, Given thefy, gy, sequence given, we
continue generate tHexgi_, backward sequence by using the Itering method. In this section,
we provide the explicit Gaussian formulation of eqcliXx 1 j Xk; Yk 1) by using Eq. (9), which
depends on the unconditional update model

P (Xk 1jXk):=N( k(Xx; )i «)
we choose to plug in.
For example, for DDPM framework, we have:

1 1 -
KX )= p=xic* pék s (xiGtk) and i = k(liftl) I

wheres (xy;tk) is the pretrained approximation for the score function log px (Xk).
For the DDIM framework, we have a more general formulation with:

q
k(Xk; )= ik Xk +(1  Tk)s (xk:tk)) 1 «1 D@ "W s (xkt):

and
— 2 |
k= k I

1

We have claimed that wherf = “17::1) the DDIM framework becomes a DDPM. Therefore,

we apply the more general DDIM framework and make= c¢(1 ~ 1) withc 2 [0;1] leftas a
tunable hyper-parameter, which makes:

P (i )= S (xeHL TS (ki) T 00 ey @ s it (23)

and the covariance matrix
PPM = ¢(1 ¢ 1) | (24)

After combiningp (ykx 1] Xk 1) andp (Xx 1] Xk), the following conclusion can be obtained by
linear ltering.
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Proposition B.3. Under the case that
P(Yk 1%k 1)= N(Axk 1; 7k 1 1) andp (xk 1jxk)= N 2P™ (x; ); RPM

with PPM (xi; )and PP™M de ned in Equations (23), (24). We can conclude that:

P Xk 1ixiiyk )= NC P 0syk 1 )i &)
where
1
FPS = DDIM 1, 2{ A% A
k 1
and
1 1
POy )= K PTG ) 5= ATy

Till now, we have gured out all the details of FPS as well as its variant FPS-SMC. We rewrite the
pseudo-algorithms of FPS-SMC with DDIM plugged in as the following Algorithm 2. When the
particle sizeM = 1, it degrades to FPS.

Algorithm 2 The Framework of FPS-SMC with DDIM Plugged-in
1: Given:N;y;f k02N 7: G particle sizeM and the score estimater ( ; ).

cfork=N 1;:::;0do '

samplex{) N ( FPS(x{) iyic ) [ES)forj =1;2::M

where [PS(xii1;yk;"); EPS are de ped in Proposition B.3.

9:  PickM samples with replacement frorri(k” 2] with probability distribution (13). We
i

n o
denote the sample set az(k')

10: end for )
11: The outpuiXg is uniformly sampled fromﬁxé‘ )gj 2[M]-

2:yn = A'wixW =y "y N (O;1) forj 2 M.
3: fork = ;wdo b

4 (p“)l(li{k”;ok ol « 1)

5 Yk 1 Tk 1Y * pe(Yk Y) + A"
6: end for

7

8:

j2M]

C PROOF OFPROPOSITIONS INAPPENDIX B

In this section, we provide detailed proofs for the three propositions stated in Section 3.

C.1 PROOF OFPROPOSITIONB.1

According to the duplex forward diffusion framework,

Xk = k Xo+ 1 7xz; yk = k Yo+t 1 “(Az

We have: p
Yk Axk=" "k (Yo AXo):
Sinceyo, Axo N (0; ? I4),we can easily conclude that:
Yk AXxx N (0; 27k Id);

which is equivalent to:
vk N (Axy; 27 la):
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C.2 PROOF OFPROPOSITIONB.2

Given the fact that p__
yk N ( “kyos( k) AAT);
the density function as well as the score function can be explicitly written as:

> 1
mf% (Yk  “kYo) ;

1
k(yk) ! exp E(yk 1

and
(AA>) 1 (Y "wYo);

My |09Q<(Yk) =

which comes to our conclusion.

1 i

C.3 PROOF OFPROPOSITIONB.3

For simplicity, we denote
P(Yk 10Xk 1)=N(C1; 1) and p (xx 1jXk)= N(2; 2);
where 1 = Axg 1; 2= PPM (x; )and 1= 2 1 I; o= RPM  Then,
P (Xk 1iXiks¥k 1)/ P (Xk 15XkiYk 1) =P Xk 1)Xk) P (Yk 1] Xk 1) P (Xk):
Here, we use the fact that 1 andxy are independent givery ;. Therefore:
P (Xk 1iXiks¥k 1)/ P (Xk 1JXk) P (Yk 1iXk 1);
which leads to:

1

. 1 1
P (Xk 1jXk;Yk 1)/ exp Q(Xk 127 ot (k1 2) E(yk 1017 10 (k1o 1)
1 1
| exp éxi Dot Xk 1t 5 ot Xk éx; A7 AKX 1+t YR 1 ot Ao

1
=exp EXE 2P+ A7 A X1+ (ot 2+ ATy )Xk 1

Therefore, we havp (Xk 1] Xk;Yk 1) = N( FPS(xk;yx 1 ); kP®) where

1
1
FPS _ 1 1 1_ DDIM y 1 )
ko= 2+ AT TA) T (g ) T+ ——A"A ;
k 1
) DN — 1 1
FPS(xicyk 13 )= B (21 2+ A7 lyi)
_ FPS pbiM 1 ppim . 1 .
= k ko (X )t —— = ATy 1
1

which comes to our conclusion.

D THEORETICAL UNDERSTANDING OFFPSAND FPS-SMC

D.1 THE CONTINUOUSLIMIT OF FPS

In this section, we are going to reveal the theoretical properties of Filtering Posterior Sampling (FPS)
in the continuous setting where the time step! 0. In the Diffusion Posterior Sampling (DPS),
the backward diffusion process has the following formulation:
_ W . P—
dx; = Txt (t)r x, logpt(xtjy) dt+ (t)dW :
Actually, when using diffusion models to solve inverse problem or posterior sampling, the SDE above

is the only framework to follow. The only difference is how to approxinrate logp: (Xt j y). Here,
we are going to theoretically answer the following question:

19



Published as a conference paper at ICLR 2024

For the continuous FPS, what is our actual approximation for r , logpi(x: j ¥)?

Notice thatwhen t! 0, PPM and PPM have the following form:
t
M= ()t PM )= et Dt (O logplx)

which match the Euler-Maruyama form of the backward diffusion SDE. Then, fot and PS,

we have: )

FPS = DOIM ) 1., 217 A A = M) t I
and
{:PS - {:PS PDIM 1 ItDDIM (Xt)+ — A>yt
= Dbom ::PS) 1 1 DOIM () + — tFPS (A yy)
= | (Zt)itA>A 2P (x¢) + (Zt),tt A%y,
=xet Dxr O logn(a) 2 (ATy, AT AX)

We have already knowp (y: j Xx{) N (Axy; 27 1), it holds that:

. 1
I x, 1ogp(yt j Xi¢) = A (Ayr A7 AX):
Therefore, we can nally conclude that
t .
=xot —xer (OF  logp(x) T+ ()t 1 Togp(y: x)

t .
ot s @ logpxiiy) t

FPS
t

Therefore, when time stept ! 0, the continuous limit of FPS should be

t _ P—
dxy = %Xt (Or x logpe(xe jye) dt+  ()dW:

D.2 THE CONSISTENCY OFFPS-SMC

In this section, we are going to use the method of induction to prove the Proposition 4.1. Before the
of cial proof, | would like to introduce some useful properties on weak convergence over distributions.
For simplicity of notations, we denofe:= p in this proof.

Lemma D.1. Assume a sequence of distributions over support switis esp, *p whenn ! 1

c: | R* isacontinuous and bounded function overThen: denote
c(X)pn (X) c(x)p (x)

x)= RS2, gnd g (x)= RSS2

500 = R meoa 2 400 R 0

It holds thatg, *'q  whenn I'1

Lemma D.2. Assume a sequence of distributions over support sstis esp, *p  whenn ! 1
q(x°j x) is a conditional distribution. Denote
z z

m(x9= gx% x)pn(x)dx and r (x% = q(x°j x)p (x)dx:

Then it holds that,, *r  whenn!1
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Lemma D.3. Assume a sequence of distributions over support set °satis esp, (x;x9 *

p (x;x9) whenn!1 . Denote
Z VA

h(x)=  pa(x;x9dx® and g (x)=  p (x;xO)dx®

Then it holds that, *'q  whenn ! 1

These three lemmas can be easily proved by the de nition of weak convergence. According to
Assumption 4.1, we know th@(xy j Xk+1) = p (Xk j Xk+1 ) holds for allk. Sincep(yk j Xk) =
p (Yk j Xk) is xed and known in both forward and backward processes, we have:

P(Xk | Xk+15Yk) I P(Xk | Xk1 )P(Yk ] XKk) = P (Xk ] Xks1 )P (Y J Xk) 1 P (Xk ] Xk+13Yk);
which leads t@(Xk j Xk+1;Yk) = P (Xk j Xk+1; Yk). Now we start proving:

P(Xk i Yien) ¥'P (Xk j Yien ) whenM 11 (25)

by using the method of induction over We have known tha‘txﬁ)g areM i.i.d samples from
P (Xn j Yn ), Which means Eq. (25) holds far= N . If the equation holds fok + 1, thenfx!), g
are i.i.d samples fromp(Xk+1 j Yk+1: n). FOreachj 2 [M], we generate
< pOac v
For eacly, (Yﬁj ); x(kjfl ) follows the distribution
A(Xk; Xkt J Yien) = PRk j Xkt 5Y) Pkt § Yiessin) ¥P 0 (Kic J Xkt Y1) P (X | Vit v )
The next step is the resampling, whose weightsc(afé);x(kjfl) = p(Yk | x(kjfl ). Sincep(yk j
Xk+1 ) IS a Gaussian distribution, the weight functig; ) is continuous and bounded. For each
continuous bounded functidnand each 2 [M ], by the Law of Large Numbers:
Lo o) e xd)
| nd M (). H
j=1 C(X(kj)1x(kl+)1
gs_ CXirn ) (k5 Xk1 ) QXK Xkt J Y ken ) OXkOXkrt
' C(Xk; Xk+1)  O(Xk; Xkt | Yien )OXkOX g1

Ef (Xk;Xk+l) =

Z
= F (Xi Xiern )N (Xi Xkt ] YieN )OX e OX 1

which impliesp(X; Xk+1 | Yien) ¥ (Xk; Xks1 | Yien ) Where
F(Xi;Xier J Yien ) T o(Xi Xke1 ) 0%k Xkt J YieN):
By using Lemma D.1,
F(XGXker ] Yien) *T 0 (kG Xket §Yken) T C(Xk Xieat )P(XK | Xke13YK) P (Xket | Yie: N )
= P(Yk j Xk+1)P(Xk ] Xk+13Yk) P (Xk+1 J Yks:n) /P (Xks Xk+1 ] YN )
and it nally leads to
P(Xk;Xk+1 | Yk:N) ’Wp (XK Xk+1 ] YieN ):
By Lemma D.3, it holds that:
POXK j Yien) YD (Xk ] Yien):
Now we nish the induction. Lek = 0, we have:
p(XO ] Yo:N ) Mp (XO J Yo:N ):
After taking expectation ovgx(y1.n j Yo) and using Lemma D.2:
p(xojyo) P (X0 Yo);
which comes to our conclusion.
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E ADDITIONAL EXPERIMENTAL RESULTS

We rst outline the con gurations for the ve tasks we cast as linear inverse problems in image
processing. (a) Inpainting task with random-type: we mask each pixel in the imag@2ab a
probability, affecting all three RGB channels. (b) Inpainting task with box-type: we select a random
128 128box-shaped region within th266 256image and mask out all the pixels within this
box, across all three RGB channels. (c) Super resolution: we downscaks®ur256images

to64 64 by employing bicubic downsampling with a factor of 4. (d) Gaussian deblurring and
motion deblurring: The shape of the Gaussian kernélis 61 with its intensity to be 3.0, while for
motion deblurring, we apply a kernel of the same size, but with an intensity of 0.5. As we know, the
kernel of Gaussian deblurring is separable, which faciliates memory-ef cient computation of linear
mappings in the form of 1 + A~ A) . Following Kawar et al. (2022), we replace traditional
motion deblurring with anisotropic Gaussian deblurring in our experiments, mirroring the approach
used in DDRM.

Next, we present our additional experimental outcomes on the FEQ 256-1k validation dataset

and ImageNe256 256-1k validation dataset on the other two metrics, PSNR and SSIM, in Tables 3
and 4. The results show that our proposed methods achieve higher PSNR values compared to baseline
approaches. However, they do not surpass the best existing methods in terms of the SSIM metric.
Overall, our FPS and FPS-SMC methods exceed the performance of all current models on the majority
of relevant tasks when evaluated using PSNR, LPIPS and FID metrics. Moreover, we illustrate in 6 -

9 the generated gures by our two methods as well as the corresponding inputs and measurements for
inpainting (box), super resolution, Gaussian deblurring and inpainting (random) tasks on both FFHQ
and ImageNet datasets.

Observing the performance in the inpainting (random) task w@2¥eof all the pixels are masked

out, our methods successfully reconstruct most of the labels, which demonstrates their robustness in
handling high undersampling factors. Meanwhile, in the inpainting (box) task, while the generated
samples do not perfectly align with the labels, which is a common issue in this task due to the
absence of information in the masked image area, they remain structurally consistent and semantically
cohesive with the unmasked portions. Moreover, with the FFHQ dataset, our model's capability to
generate human faces with varied facial expressions further validates its strength in preventing mode
collapse and maintaining diversity.

Table 3: Quantitative results (PSNR, SSIM) of our model and existing models on a various of linear
inverse problems on FFHE66 256-1k validation dataset.

FFHO Super Inpainting Gaussian Inpainting Motion
Resolution (box) Deblur (random) Deblur
Methods PSNR[ SSIM PSNR[ SSIM PSNR[ SSIM PSNR[ SSIM PSNR[ SSIM
FPS 27.48 0.807 24.17 0.865 26.45 0.773 26.79 0.820 26.70 0.828
FPS-SMC 28.10 0.807 24.70 0.862 26.54 0.773 27.33 0.819 27.39 0.826
DPS 25.67 0.852 2247 0.873 2425 0.811 2523 0.851 24.92 0.859
DDRM 2536 0.835 2224 0869 23.36 0.767 9.19 0.319 - -
MCG 20.05 0559 1997 0.703 6.72 0.051 2157 0.751 - F
PnP-ADMM | 26.55 0.865 11.65 0.642 24.93 0.812 841 0.325 - -
Score-SDE | 17.62 0.617 1851 0.678 7.12 0.109 1352 0.437 - -
ADMM-TV | 23.86 0.803 17.81 0.814 2237 0.801 22.03 0.784 - -

F ABLATION STUDIES

F.1 FORWARD AND BACKWARD GENERATION OFY-SEQUENCE

In this section, we focus on tHe/gl-, -sequence employed in the Itering-based methods we
propose. To synchronize tHex gk, -sequence with théygl_, -sequence, we construct our
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