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ABSTRACT

Optimal Transport (OT) problem aims to find a transport plan that bridges two
distributions while minimizing a given cost function. OT theory has been widely
utilized in generative modeling. In the beginning, OT distance has been used
as a measure for assessing the distance between data and generated distributions.
Recently, OT transport map between data and prior distributions has been utilized as
a generative model. These OT-based generative models share a similar adversarial
training objective. In this paper, we begin by unifying these OT-based adversarial
methods within a single framework. Then, we elucidate the role of each component
in training dynamics through a comprehensive analysis of this unified framework.
Moreover, we suggest a simple but novel method that improves the previously
best-performing OT-based model. Intuitively, our approach conducts a gradual
refinement of the generated distribution, progressively aligning it with the data
distribution. Our approach achieves a FID score of 2.51 on CIFAR-10 and 5.99 on
CelebA-HQ-256, outperforming unified OT-based adversarial approaches.

1 INTRODUCTION

Optimal Transport (OT) theory addresses the most cost-efficient way to transport one probability
distribution to another (Villani et al., |2009; [Peyré et al., 2017). OT theory has been widely exploited
in various machine learning applications, such as generative modeling (Arjovsky et al.,[2017; |Rout
et al., 2022)), domain adaptation (Guan et al.| [2021; |Shen et al., |2018)), unpaired image-to-image
translation (Korotin et al., 2023} |Xie et al.,[2019), point cloud approximation (Mérigot et al., 2021},
and data augmentation (Alvarez-Melis & Fusi, [2020; Flamary et al., 2016). In this work, we focus
on OT-based generative modeling. During its early stages, WGAN (Arjovsky et al.,[2017) and its
variants (Gulrajani et al.l 2017} [Petzka et al., 2018} [Liu et al., |2019; Miyato et al.,|2018) introduced
OT theory to define loss functions in GANs (Goodfellow et al.,[2020) (OT Loss). More precisely,
OT-based Wasserstein distance is introduced for measuring a distance between data and generated
distributions. These approaches have shown relative stability and improved performance compared
to the vanilla GAN (Gulrajani et al.| 2017)). However, these models still face challenges, such as an
unstable training process and limited expressivity (Sanjabi et al., [2018;|Mescheder et al., 2018)).

Recently, an alternative approach has been introduced in OT-based generative modeling. These
works consider OT problems between noise prior and data distributions, aiming to learn the transport
map between them (An et al.,|2020a3b; Fan et al., 2022) (OT Map). This transport map serves as a
generative model because it moves a noise sample into a data sample. In this context, two noteworthy
methods have been proposed: OTM (Rout et al., 2022) and UOTM (Choi et al., [2023a). Interestingly,
these two algorithms present similar adversarial training algorithms as previous OT Loss approaches,
like WGAN, but with additional cost function and composition with convex functions (Eq. [5]and [g).
These models, especially UOTM, demonstrated promising outcomes, particularly in terms of stability
in convergence and performance. Nevertheless, despite the success of OT Map approaches, there is a
lack of understanding about why they achieve such high performance and what their limitations are.

(1) In this paper, we propose a unified framework that integrates previous OT Loss and OT Map
approaches. Since both of these approaches utilize GAN-like adversarial training, we collectively
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refer to them a®©T-based GANSs (ii) Utilizing this framework, we conduct a comprehensive analysis

of previous OT-based GANSs for an in-depth analysis of each constituent factor of OT Map. Our
analysis reveals that the cost function mitigates the mode collapse problem, and the incorporation of
a strictly convex function into discriminator loss is bene cial for the stability of the algorithm. (iii)
Moreover, we propose a straightforward but novel method for improving the previous best-performing
OT-based GANSs, i.e., UOTM. Our method involves a gradual up-weighting of divergence terms in
the Unbalanced Optimal Transport problem. In this respect, we refer to our mdd€llad with
Scheduled Divergence (UOTM-SDhis gradual up-weighting of divergence terms in UOTM-SD
leads to the convergence of the optimal transport plan from the UOT problem toward that of the OT
problem. Our UOTM-SD outperforms UOTM and signi cantly improves the sensitivity of UOTM to
the cost-intensity hyperparameter. Our contributions can be summarized as follows:

» We introduce an integrated framework that encompasses previous OT-based GANSs.
» We present a comparative analysis of these OT-based GANSs to elucidate the role of each component.

» We propose a simple and well-motivated modi cation to UOTM that improves both generation
results and -robustness of UOTM for the cost functiax;y) = kx  yk3.

Notations LetX,Y be compact Polish spaces andnd be probability distributions oX and

Y, respectively. Assume that these probability spaces satisfy some regularity conditions described
in AppendixA. We denote the prior (source) distribution aasnd data (target) distributions as

M . (X Y ) represents the set of positive measureXorY .For 2M . (X Y ), we denote

the marginals with respect % andY as o and ;. ( ; ) denote the set of joint probability
distributions onX Y whose marginals areand , respectively. For a measurablenibp X 'Y

Tx denotes the associated pushforward distribution.a{(x; y) refers to the transport cost function
denedonX Y . Inthis paper, we assumé;Y  RY and the quadratic cosfx;y) = kx yk3,

where is a given positive constant. For a detailed explanation of assumptions, see Agpendix A.

2 BACKGROUND AND RELATED WORKS

In this section, we introduce several OT problems and their equivalent forms. Then, we provide an
overview of various OT-based GANs, which will be the subject of our analysis.

Kantorovich OT |Kantorovich (1948) formulated the OT problem through the cost-minimizing
coupling 2 ( ; ) between the source distributionand the target distribution as follows:
z
C(; )= _|inf c(x;y)d (xy) ; (1)
2(5 ) xvy
Under mild assumptions, this Kantorovich problem can be reformulated into several equivalent forms,
such as thelual (Eq. 2) andsemi-dualEqg. 3) formulation (Villani et al., 2009):
Z

Z
C(; )= sup u(x)d (x)+ v(y)d (y) ; (2)
u(x)+ v(y)_c(xy) X Y
Z Z
= sup Ve d () +  v(y)d (y) ; 3)
v2LI( ) X Y

whereu andv are Lebesgue integrable with respect to measuand , i.e.,u 2 L( ) and

v 2 L1( ), and thec-transformve(x) = inf yoy (c(X;y) Vv(y)). For a particular case where the
costc( ; ) is a distance function, i.e., the Wasserstein-1 distance tken v andu is 1-Lipschitz
(Villani et al., 2009). In such case, we call Eq. Kantorovich-Rubinstein duality

OT Loss in GANs WGAN (Arjovsky et al., 2017) introduced the Wasserstein-1 distance to de ne
a loss function in GAN. This Wasserstein distance serves as a distance measure between generated
distribution and data distribution. From Kantorovich-Rubinstein duality, the optimization problem
for WGAN is given as follows:
Z Z

Lyt = sup inf v (TOpd )+ v(y)d(y) ; 4
kv kp 1 X Y
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where the potential (criticy is 1-Lipschitz, i.e.kv k. 1, andT is a generator. WGAN-GP
(Gulrajani et al., 2017) suggested a gradient penalty regularizer to enhance the stability of WGAN
training. For optimal coupling , the optimal potential satis eskr v (§)k, =1  -almost surely,
whereg = tT (x)+(1 t)yforsome0d t 1with (T (X);y) . WGAN-GP exploits this
optimality condition by introducingr (x;y) = (kr v (§)ko 1)2 as the penalty term.

OT Map as Generative model Parallel to OT Loss approaches, there has been a surge of research
on directly modeling the optimal transport map between the input prior distribution and the real
data distribution (Rout et al., 2022; An et al., 2020a;b; Makkuva et al., 2020; Yang & Uhler, 2019;
Choi et al., 2023a). In this case, the optimal transport map serves as the generator itself. In
particular, Rout et al. (2022) and Fan et al. (2022) leverage the semi-dual formulation (Eq. 3) of
the Kantorovich problem for generative modeling. Speci cally, these models parametrize
v in Eg. 3 and represent itstransformv® through the transport ma@ : X 'Y ; x 7!
arginfyoy [c(x;y) v (y)]. Then, we obtain the following optimization problem:

Z z

Lvr =sup . inf[c(xT (x)) v (T ()Id (x)+ LY (y)d (y) : (5)

Intuitively, T andv serve as the generator and the discriminator of a GAN. For convenience, we
denote the optimization problem of Eq. 5 as an OT-based generative model (OTM) (Fan et al., 2022).
Note that, if we set = 0 and introduce a 1-Lipschitz constraint on, this objective has the same

form as WGAN (Eg. 4)n OT map models, the quadratic cost is usually employed.

Recently, Choi et al. (2023a) extended OTM by leveraging the semi-dual form of the Unbalanced

Optimal Transport (UOT) problem (Liero et al., 2018). UOT extends the OT problem by relaxing

the strict marginal constraints using the Caisdivergence® , (See the Appendix A for precise

de nition). Formally, the UOT problem (Eq. 6) and its semi-dual form (Eq. 7) are de ned as follows:
z

Cuw(; )= 2MimzXY ) c(x;y)d (xy)+ D (ol )+ D (1) ; (6)
"z xY z

= sup 1 (Ve d (x)+ 20 viy)d (y) ; (7)
v2C(Y) X Y

whereC(Y) denotes a set of continuous functions oveHere, the entropy function; : R! [0;1 ]

is a convex, lower semi-continuous, and non-negative function, afx) = 1 forx < 0.

denotes its convex conjugate. Note that for non-negatiye ; is a non-decreasinig convex

function. For simplicity, we assume; (0) =0;( ;)%0) = 1. The reason for this assumption will

be clari ed in Sec 4. By using the same parametrization as in Eq. 5, we arrive at the following:
z z

Ly .r =inf L1 inf[c(T (x)) v (T d (x)+ . 2( v (Y)d (y) : (8

We call such an optimization problem a UOT-based generative model (UOTM) (Choi et al., 2023a).

3 ANALYZING OT-BASED ADVERSARIAL APPROACHES

In this section, we suggest a uni ed framework for OT-based GANs (Sec 3.1). Using this uni ed
framework, we compare the dynamics of each algorithm through various experimental results (Sec
3.2). This comparative ablation study delves into the impact of employing strictly caavgx

within discriminator loss, and the in uence of cost functicix;y) = kx yk3. Furthermore, we
present an additional explanation for the success of UOTM (Sec 3.2.3).

3.1 A UNIFIED FRAMEWORK

We present an integrated framework, Algorithm 1, that includes various OT-based adversarial net-
works. These models are derived by directly parameterizing the potential and generator, utilizing the

!Note that this parametrization does not precisely characterize the optimal transport map (Rout et al., 2022).
The optimal transport map satis es this relationship, but not all functions satisfying this condition are transport
maps. However, investigating a better parametrization of the optimal transport is beyond the scope of this work.



Published as a conference paper at ICLR 2024

Algorithm 1 Uni ed training algorithm

Require: Functionsy;, g2, g3. Generator network and the discriminator network . The number
of iterations per networkK ,, K 1. Total iteration numbeK . RegularizelR with regularization
hyperparameter.

1. fork=0;1;2;:::;K do

2: fork =1 toK, do

3: Sample a batcX Y .2 N (0;1).

4: $=T (Xp) P

5: Lv= 7 xax B cO6M+V I+ 77 yoy R( V(D) + Ry
6: Update by using the losg .

7: end for

8: fork=1toKt do

9: Sample apatck ,Z N (0;1).

10: L= 57 xox BT (x2) v (T (x2)).
11: Update by usingthe los& 1.

12: end for

13: end for

dual or semi-dual formulations of OT or UOT problems. Speci cally, Algorithm 1 can represent the
following models, depending dhe choice of the cost functiafx; y), the convex functiorg ; g»; 03,

and the regularization terrR . (Note thatg; ; g» correspond to ;., in Eq 8.) Here, we denote two
convex functions, Identity and Softplus, la¢x) = x andSRx) = 2log(1 + &) 2log2? Also,

the Gaussian noiserepresents the auxiliary variable and is different from the input prior noise
X . This auxiliary variablez is introduced to represent the stochastic transport mép the OT

map models, such as UOTM.

» WGAN (Arjovsky et al., 2017) it Oandg; = g = gz = Id.2

* WGAN-GP (Gulrajanietal., 2017)i€ 0,0 = g = g3 = Id, andR a gradient penalty.

*« OTM (Rout etal., 2022) if > Oandg; = g, = g3 = Id.

« UOTM (Choi etal., 2023a) if > 0,9; = g = SP andy; = Id.

« UOTM w/o costif =0,0; = g = SP andy; = Id.
In this work, we conduct a comprehensive comparative andlgble 1: Uni ed Framework for
sis of OT-based GANSWWGAN, OTM, UOTM w/o cost, and OT-based GANs(gsz = Id).
UOTM (Table 1). This comparative analysis serves as an abla Py

1= 92— 1= 92—

tion study of two building blocks of OT-based GANs. Thus, we— y
focus on investigating the in uence of cost; ) andg, gs. 29 VAN uoriiwe cost

3.2 COMPARATIVE ANALYSIS OF OT-BASED GANsS

In this section, we present qualitative and quantitative generation results of OT-based GANs on both
toy and CIFAR-10 (Krizhevsky et al., 2009) datasets. We particularly discuss how the algorithms
differ with respect to functiong; & g,, and the cost( ; ). This analysis is conducted in terms of the
well-known challenges associated with adversarial training procedures, naimstgble training

and Mode collapse/mixtur¢See Appendix C for the introduction of these challenges.) Moreover,
we provide an in-depth analysis of the underlying reasons behind these observed phenomena.

Experimental Settings For visual analysis of the training dynamics, we evaluated these models on
2D multivariate Gaussian distribution, where the source distributisna standard Gaussian. The
network architecture is xed for a fair comparison. Note that we impRgseegularization (Roth

et al., 2017) to WGAN and OTM because they diverge without any regularizations. Moreover, to
investigate the scalability of the algorithms, we assessed these models on CIFAR-10 with various
network architectures and hyperparameters. See Appendix B for detailed experiment settings.

2The softplus function is scaled and translated to satisf@5P0 and SB0) = 1.
3For the vanilla WGAN, we employed a weight clipping strategy following Arjovsky et al. (2017).
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Figure 1:Comparison of Training Dynamics between OT-based GANs. LeftVisualization of
generated samples (blue) and data samples (red) for every 6K iteraighs. Training loss of the
generator{ Loss) and discriminaton( Loss) for each algorithm.

Table 2:Quantitative Evaluation of OT-
based GANson CIFAR-10.

Model Metric
FID (#) Precision() Recall ()
WGAN 48.8 0.45 0.02
WGAN-GP 45 0.71 0.55
OT™ 4.3 0.71 0.49
UOTM w/o cost 19.7 0.80 0.13

UOTM(SP) 2.7 0.78 0.62 Figure 2: Ablation Study Figure 3: Ablation Study
votM (kL) 29 - - on Regularizer Intensity . on Cost Intensity .

3.2.1 EFECT OFSTRICTLY CONVEX g; AND @

Experimental Results Fig 1 illustrates how each model evolves during training for each 6K
iterations. To investigate the effectgf andg,, we compare the models with = g, = Id (WGAN,

OTM) andg; = g2 = Sp(UOTM, UOTM w/o cost). Whery, = g2 = Id, WGAN and OTM initially

appear to converge in the early stages of training. However, as training progresses, the loss highly
uctuates, leading to divergent results. Interestingly, adding a gradient penalty regularizer to WGAN
(WGAN-GP) is helpful in addressing this loss uctuation. Conversely, wigen ¢, = Sp, UOTM

and UOTM w/o cost consistently perform well, with the loss steadily converging during training.
From these observations, we interpret thetting g; ; g» to Sp functions, which are strictly convex,
contribute to the stable convergence of OT-based GANSs.

Moreover, Tab 2 presents CIFAR-10 generation results of OT-based GANs with NCSN++ (Song et al.,
2021b) backbone architecture (See the Appendix D.2 for DCGAN (Radford et al., 2015) backbone
results). Here, we additionally compared UOTM (KL) following Choi et al. (2023a). UOTM (KL)
serves as another example of strictly congexg,, wheregy = @ = € 1. % As in the toy dataset,
UOTM w/o cost and UOTM achieve better FID scores than their algorithmic counterparts with respect
tog1; 92, i.e., WGAN and OTM, respectively. The precision and recall metric (Kgankiemi et al.,
2019) results will be examined regarding the cost function in Sec 3.2.2. The additional stability of
UOTM can be observed in an ablation study on the regularizer intengfjg 2). UOTM model
provides more robust FID results compared to OTM.

“Here, UOTM (SP) outperformed the original UOTM (KL). Since UOTM de ngs g, as any non-
decreasing and convex functions, we adopt UOTM (SP) as the default UOTM model throughout this paper.
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(a) Small (b) Optimal (c) Large
Figure 4:Qualitative Comparison of Generated Samples from UOTM. Left When is too small
( =0:0002. Middle: When is optimal ( = 0:001). Right: When is too large ( = 0:005). On
Left, we reordered randomly generated samples to gather similar-looking samples. \lgHarge,
the samples appear noisy, and wheis small, the generated samples show a mode collapse problem.

Effect of g; and g, in Optimization We observed that the introduction of strictly convex functions,
such assSPorg(x) = € 1, intog;; g contributes to more stable training of OT-based GANs. We
explain this enhanced stability in termstbe adaptive optimization of the potential networkv .
From the potential loss functidn, in line 5 of Algorithm 1, we can express the gradient descent
update for the potential function with a learning rate as follows:

X X
rLy = i P‘f_({zf(i)%r v+ jY—ijYPgL{\é&ir vy): (9
=Wx) = w(y)

P
wheref(x) = c(x;9) v (¥). Note that the generator lokg = ﬁ “2X fx), since we assume
gz = Id. Here,w andw in Eqg. 9 serve as sample-wise weights for the potential gradient .

We interpret the role ofy; ; g, as mediating the balance betwe€randv. Suppose the generator

dominates the potential for certaini.e.,{(x) is small. In this case, becauggis a strictly increasing
function, the weightf"(x) becomes large for this sampte counterbalancing the dominant generator.
Similarly, consider the weight of the true data sample’). Note that the goal of potential is to
assign a high value to real datand a low value to generated sampfe#\ssume that the potential is

not good at discriminating certain which means that(y) is small. Then, the weighw(y) becomes
large for this samplg as above. We hypothesize that this failure-aware adaptive optimization of the
potentialv stabilizes the training procedure, regardless of the regularizer.

3.2.2 BEFECT OFCOSTFUNCTION

Experimental Results To examine the effect of the cost functiofx;y) = kx yk3, we compare

the models with =0 (WGAN, UOTM w/o cost) and > 0 (OTM, UOTM) in Fig 1. When =0,

both WGAN and UOTM w/o cost exhibit a mode collapse problem. These models fail to t all modes

of the data distribution. On the other hand, WGAN-GP shows a mode mixture problem. WGAN-GP
generates inaccurate samples that lie between the modes of data distribution. In contrast; when

both OTM and UOTM avoid model collapse and mixture problems. In the initial stages of training,
OTM succeeds in capturing all modes of data distribution, until training instability occurs due to loss
uctuation. UOTM achieves the best distribution tting by exploiting the stabilitygef g, as well.
Moreover, Table 2 provides a quantitative assessment of the mode collapse problem on CIFAR-10.
The results are consistent with our analysis on the Toy datasets (Fig 1). The recall metric assesses
the mode coverage for each model. In this regard, the introduction of the cost function improves the
recall metric for each model: from WGAN (0.02) to OTM (0.49) and from UOTM w/o cost (0.13) to
UOTM (0.62). The precision metric evaluates the faithfulness of generated images for each model.
UOTM w/o cost achieves the best precision score, but the recall metric is signi cantly lower than
UOTM. This result shows that UOTM w/o cost exhibited the mode collapse problem. From these
results, we interpret thdihe cost functionc(x; y) plays a crucial role in preventing mode collapse

by guiding the generator towards cost-minimizing pairs

Furthermore, we analyze tlhie uence of the cost function intensityby performing an ablation

study on on CIFAR-10 (Fig 3). Interestingly, the results are quite different between OTM and

UOTM. When we compare the best-performingyOTM achieves much better FID scores than

OTM( =10 10 #). However, when is excessively small or large, the performance of UOTM

deteriorates severely. On the contrary, OTM maintains relatively stable results across a wide range of
. The deterioration of UOTM can be understood intuitively by examining the generated results in
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