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ABSTRACT

Diffusion models are a powerful class of generative models which simulate stochas-
tic differential equations (SDEs) to generate data from noise. While diffusion
models have achieved remarkable progress, they have limitations in unpaired image-
to-image (I2]) translation tasks due to the Gaussian prior assumption. Schrédinger
Bridge (SB), which learns an SDE to translate between two arbitrary distributions,
have risen as an attractive solution to this problem. Yet, to our best knowledge,
none of SB models so far have been successful at unpaired translation between
high-resolution images. In this work, we propose Unpaired Neural Schrodinger
Bridge (UNSB), which expresses the SB problem as a sequence of adversarial
learning problems. This allows us to incorporate advanced discriminators and
regularization to learn a SB between unpaired data. We show that UNSB is
scalable and successfully solves various unpaired I2I translation tasks. Code:
https://github.com/cyclomon/UNSB

1 INTRODUCTION

Diffusion models (Sohl-Dickstein et al., 2015; Ho et al.l 2020} [Song et al., |2021aZb), a class of
generative model which generate data by simulating stochastic differential equations (SDEs), have
achieved remarkable progress over the past few years. They are capable of diverse and high-quality
sample synthesis (Xiao et al.,[2022]), a desiderata which was difficult to obtain for several widely
acknowledged models such as Generative Adversarial Networks (GANs) (Goodfellow et al.,|2014),
Variational Autoencoders (VAEs) (Kingma & Welling, [2014), and flow-based models (Dinh et al.,
2015)). Furthermore, the iterative nature of diffusion models proved to be useful for a variety of
downstream tasks, e.g., image restoration (Chung et al.,|2023) and conditional generation (Rombach
et al., 2022)).

However, unlike GANs and their family which are free to choose any prior distribution, diffusion
models often assume a simple prior, such as the Gaussian distribution. In other words, the initial
condition for diffusion SDEs is generally fixed to be Gaussian noise. The Gaussian assumption
prevents diffusion models from unlocking their full potential in unpaired image-to-image translation
tasks such as domain transfer, style transfer, or unpaired image restoration.

Schrodinger bridges (SBs), a subset of SDEs, present a promising solution to this issue. They solve
the entropy-regularized optimal transport (OT) problem, enabling translation between two arbitrary
distributions. Their flexibility have motivated several approaches to solving SBs via deep learning.
For instance, Bortoli et al.|(2021) extends the Iterative Proportional Fitting (IPF) procedure to the
continuous setting, |Chen et al.| (2022)) proposes likelihood training of SBs using Forward-Backward
SDEs theory, and Tong et al.| (2023)) solves the SB problem with a conditional variant of flow
matching.

Some methods have solved SBs assuming one side of the two distributions is simple. |Wang et al.
(2021a) developed a two-stage unsupervised procedure for estimating the SB between a Dirac delta
and data. I2SB (Liu et al.,[2023) and InDI (Delbracio & Milanfar, 2023) uses paired data to learn SBs
between Dirac delta and data. Su et al.| (2023)) discovered DDIMs (Song et al.,|2021a) as SBs between
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data and Gaussian distributions. Hence, they were able to perform image-to-image translation by
concatenating two DDIMs, i.e., by passing through an intermediate Gaussian distribution.

Yet, to the best of our knowledge, no work so far has successfully trained SBs for direct translation
between high-resolution images in the unpaired setting. Most methods demand excessive computation,
and even if it is not the case, we observe poor results. In fact, all representative SB methods fail even
on the simple task of translating points between two concentric spheres as dimension increases.

In this work, we rst identify the main culprit behind the failure of SB for unpaired image-to-image
translation as the curse of dimensionality. As the dimension of the considered data increases, the
samples become increasingly sparse, failing to capture the shape of the underlying image manifold.
This sampling error then biases the SB optimal transport map, leading to an inaccurate SB.

Based on the self-similarity of SB, referring to the intriguing property that SB restricted to a sub-
interval of its time domain also a SB, we therefore propose the Unpaired Neural Schrédinger
Bridge (UNSB), which formulates the SB problem as a sequence of transport cost minimization
problems under the constraint on the KL divergence between the true target distribution and the model
distribution. We show that its Lagrangian formulation naturally expresses the SB a composition of
generators learned via adversarial learning (Goodfellow|ét al.) 2014). One of the important advantages
of the UNSB formulation of SB is that it allows us to mitigate the curse of dimensionality on two
levels: we can extend the discriminator in adversarial learning to a more advanced one, and we can
add regularization to enforce the generator to learn a mapping which aligns with our inductive bias.
Furthermore, all components of UNSB are scalable, so UNSB is naturally scalable as well to large
scale image translation problems.

Experiments on toy and practical image-to-image translation tasks demonstrate that UNSB opens up
a new research direction for applying diffusion models to large scale unpaired translation tasks. Our
contributions can be summarized as follows.

» We identify the cause behind the failure of previous SB methods for image-to-image transla-
tion as the curse of dimensionality. We empirically verify this by using a toy task as a sanity
check for whether an OT-based method is robust to the curse of dimensionality.

» We propose UNSB, which formulates SB as Lagrangian formulation under the constraint
on the KL divergence between the true target distribution and the model distribution. This
leads to the composition of generators learned via adversarial learning that overcome the
curse of dimensionality with advanced discriminators.

* UNSB improves upon the Denoising Diffusion GAN (Xiao et @al., 2022) by enabling trans-
lation between arbitrary distributions. Furthermore, based on the comparison with other
existing unpaired translation methods, we demonstrate that UNSB is indeed a generalization
of them by overcoming their shortcomings.

2 RELATED WORKS

Schrédinger Bridges. The Schrédinger bridge (SB) problem, commonly referred to as the entropy-
regularized Optimal Transport (OT) problem (Schrédinger, 1932; Lébhard] 2013), is the task of
learning a stochastic process that transitions from an initial probability distribution to a terminal
distribution over time, while subject to a reference measure. It is closely connected to the eld of
stochastic control problems (Caluya & Halger, 2021; Chenlet al.,|2021). Recently, the remarkable
characteristic of the SB problem, which allows for the choice of arbitrary distributions as the initial
and terminal distributions, has facilitated solutions to various generative modeling problems. In
particular, novel algorithms leveraging Iterative Proportional Fitting (IIPF) (Bortoli et al.,|2021;
Vargas et al., 2021) have been proposed to approximate score-based diffusion. Building upon
these algorithms, several variants have been introduced and successfully applied in diverse elds
such as, inverse problems (Shi et al., 2022), Mean-Field Games (Liu et al., 2022), constrained
transport problems (Tamir et al., 2023), Riemannian manifolds (Thornton et al., 2022), and path
samplers (Zhang & Chen, 2021; Ruzayqat et al., 2023). Some methods have solved SBs assuming
one side of the two distributions is simple. In the unsupervised setting, Wang et al. (2021a) rst learns

a SB between a Dirac delta and noisy data, and then denoises the noisy samples. In the supervised
setting, SB (Liu et al., 2023) and InDI (Delbracio & Milanfar, 2023) used paired data to learn SBs
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