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Abstract

Sharpness-aware minimization (SAM) has emerged as a highly effective technique
to improve model generalization, but its underlying principles are not fully under-
stood. We investigate m-sharpness, where SAM performance improves monotoni-
cally as the micro-batch size for computing perturbations decreases, a phenomenon
critical for distributed training yet lacking rigorous explanation. We leverage an
extended Stochastic Differential Equation (SDE) framework and analyze stochastic
gradient noise (SGN) to characterize the dynamics of SAM variants, including
n-SAM and m-SAM. Our analysis reveals that stochastic perturbations induce an
implicit variance-based sharpness regularization whose strength increases as m
decreases. Motivated by this insight, we propose Reweighted SAM (RW-SAM),
which employs sharpness-weighted sampling to mimic the generalization benefits
of m-SAM while remaining parallelizable. Comprehensive experiments validate
our theory and method.

1 Introduction

In machine learning, gradient-based optimization algorithms aim to minimize the following loss
function:

min
x∈Rd

f(x) :=
1

n

n∑
i=1

fi(x), (1)

where x ∈ Rd denotes the parameter, fi(x) represents the loss on the i-th sample, i ranges from
1 to n, and n is the size of the training set. We primarily focus on stochastic algorithms, where at
each step k, an index set γk of fixed cardinality |γ| is sampled uniformly at random. We denote the
mini-batch loss by fγk

(x) = 1
|γ|

∑
i∈γk

fi(x).

We investigate the recently proposed Sharpness-Aware Minimization (SAM) (Foret et al., 2021),
which has achieved remarkable success in various application domains (Foret et al., 2021; Kwon
et al., 2021; Kaddour et al., 2022; Liu et al., 2022a; Qu et al., 2022; Wang et al., 2024; Nguyen et al.,
2024; Hoang-Anh et al., 2025; Singh et al., 2025). It seeks flat minima by minimizing the perturbed
loss minx∈Rd f(x+ ρ ϵ∗(x)), where the perturbation ϵ∗(x) is defined as the solution to

max
∥ϵ∥≤1

⟨∇f(x), ϵ⟩, (2)

which admits the closed-form expression ϵ∗(x) = ∇f(x)/∥∇f(x)∥. Here ρ > 0 is a hyperparameter
controlling the perturbation radius. The algorithm, referred to as n-SAM, computes its perturbation
using the full-batch gradient. Its update at iteration k is

xk+1 = xk − η∇fγk

(
xk + ρ ∇f(xk)

∥∇f(xk)∥

)
, (3)

where η > 0 is the learning rate, ρ > 0 the perturbation radius.
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Calculating the perturbation on the entire training dataset at each step is prohibitively expensive.
Therefore, Foret et al. (2021) suggest estimating the perturbation using a mini-batch, resulting in
SAM commonly used in practice. We refer to the practical SAM algorithm as mini-batch SAM to
distinguish it from other variants. The update rule can be summarized:

xk+1 = xk − η∇fγk

(
xk + ρ

∇fγk
(xk)

∥∇fγk
(xk)∥

)
. (4)

Interestingly, it has been observed that although mini-batch SAM was proposed as a computationally
efficient variant, it exhibits remarkable generalization ability. In contrast, the original n-SAM (3)
offers little to no improvement in generalization (Foret et al., 2021; Andriushchenko and Flammarion,
2022).

m-SAM and m-sharpness. m-SAM refers to dividing a mini-batch of data into disjoint micro-batches
of size m, and independently computing perturbations and gradients for each micro-batch, which are
then combined to update the parameters. It has been widely observed that the practical performance of
m-SAM improves monotonically as m decreases, a phenomenon known as m-sharpness (Foret et al.,
2021; Behdin et al., 2022; Andriushchenko and Flammarion, 2022). It is worth noting that when m is
smaller than the batch size, the perturbation must be computed sequentially across micro-batches,
which cannot be parallelized and therefore introduces substantial additional computational overhead,
although smaller m typically leads to improved generalization performance.

The update rule for m-SAM can be written as:

xk+1 = xk − ηm

|γ|
∑

Ij⊂γk, |Ij |=m

∇fIj

(
xk + ρ

∇fIj
(xk)

∥∇fIj (xk)∥

)
, (5)

where Ij are disjoint subsets of γk, each with size m.

In synchronous data-parallel (multi-GPU) training with D devices and per-device batch size b, SAM
is typically implemented by computing the perturbation locally on each device using its own data and
then aggregating the perturbed gradients across devices; this implementation is exactly an instance of
m-SAM withm = b. The local-perturbation design avoids an additional cross-device synchronization
in the inner perturbation step (only the outer gradient aggregation requires all-reduce), thereby
reducing per-step communication overhead. The empirical observation of m-sharpness has thus
become a practical cornerstone for deploying SAM at scale.

To provide a theoretical explanation for m-sharpness, we extend the recent Stochastic Differential
Equation (SDE) framework of Li et al. (2019); Compagnoni et al. (2023); Luo et al. (2025) by jointly
tracking both η and ρ to arbitrary expansion orders, providing a unified basis for analyzing SAM
and its variants. Under this framework, we derive closed-form drift terms for three unnormalized
SAM (USAM) variants, including n-USAM, mini-batch USAM, and m-USAM, revealing how
stochastic gradient noise (SGN) drives implicit sharpness regularization and closely correlates with
generalization performance. We further extend our analysis to the three normalized (vanilla) SAM
variants and observe a similar noise-induced pattern, albeit without closed-form solutions. Motivated
by our theory, we propose a sample-reweighting method that uses the magnitude of the SGN as an
importance measure.

Our contributions are threefold:

• We develop an extended SDE framework that simultaneously tracks both η and ρ to arbitrary
orders, and use it to derive SDEs with controllable error terms for n-USAM/SAM, mini-batch
USAM/SAM, and m-USAM/SAM.

• We provide a theoretical explanation of the m-sharpness phenomenon, showing how SGN
induces an implicit variance-regularization term in the drift, whose strength increases as m
decreases. We further present empirical evidence demonstrating that this effect is strongly
correlated with generalization performance.

• We introduce Reweighted SAM (RW-SAM), an adaptive reweighting mechanism that assigns
larger weights to samples with higher SGN magnitudes, thereby strengthening implicit
sharpness regularization; its superior generalization is confirmed through comprehensive
experiments.
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2 Related Work

Sharpness-Aware Minimization. Sharpness-Aware Minimization (Foret et al., 2021) has attracted
increasing attention due to its consistent improvements in generalization across a wide range of
tasks. A growing body of work has been devoted to analyzing and enhancing SAM, including
investigations into its generalization principles (Andriushchenko and Flammarion, 2022; Möllenhoff
and Khan, 2022; Wen et al., 2022, 2023; Agarwala and Dauphin, 2023; Springer et al., 2024; Luo
et al., 2025) and convergence properties (Khanh et al., 2024; Oikonomou and Loizou, 2025), exploring
its applications in various domains, and developing algorithmic variants to further improve both
generalization (Kwon et al., 2021; Zhuang et al., 2022; Liu et al., 2022b; Kim et al., 2022; Nguyen
et al., 2023a,b; Li et al., 2024c; Wu et al., 2024; Tahmasebi et al., 2024; Truong et al., 2024; Li et al.,
2024b, 2025; Phan et al., 2025) and computational efficiency (Du et al., 2021; Liu et al., 2022a; Du
et al., 2022; Mordido et al., 2023; Tan et al., 2024; Xie et al., 2024).

m-sharpness. m-sharpness has long been a mysterious phenomenon in the field of SAM-related
research and was first introduced in the original work of Foret et al. (2021). They observed that
although SAM theoretically aims to minimize the perturbed loss over the entire training set, its
computationally efficient variant, mini-batch SAM, which computes perturbations only at the mini-
batch level, outperforms n-SAM, which applies perturbations at the full-batch level. More generally,
the generalization performance of m-SAM improves monotonically asm decreases. This phenomenon
was further confirmed through extensive experiments in a single-GPU setting by Andriushchenko and
Flammarion (2022), and in a multi-GPU setting by Behdin et al. (2022). Although Andriushchenko
and Flammarion (2022) proposed several hypotheses to explain it, they were later invalidated by
their own experiments, and the underlying cause of this phenomenon remains an open question. It is
important to note that our definition of m-sharpness follows the original work of Foret et al. (2021)
and the pioneering contributions of Andriushchenko and Flammarion (2022). Some studies have
adopted different definitions. For example, Wen et al. (2022) refer to the deterministic algorithm as
n-SAM and SAM with a batch size of 1 as 1-SAM, whereas Behdin et al. (2022) define m as the
number of divided micro-batches.

Structure of stochastic gradient noise. In expectation, a widely accepted assumption is that the
stochastic gradient serves as an unbiased estimator of the full-batch gradient (Jastrzebski et al.,
2017; Zhu et al., 2018; HaoChen et al., 2021; Ziyin et al., 2021). Regarding the covariance of SGN,
Simsekli et al. (2019) assumed it to be isotropic. However, this view was later challenged by Xie et al.
(2020) and Li et al. (2021), who argued that Simsekli et al. (2019) were actually analyzing gradient
noise across different iterations rather than noise arising from mini-batch sampling. They provided
extensive evidence supporting the idea that the latter can be well modeled as a multivariate Gaussian
variable with an anisotropic/parameter-dependent covariance structure. Furthermore, Xie et al. (2023)
conducted statistical tests on the Gaussianity to support this perspective.

3 Theory

3.1 Notation and assumption

In this paper, we denote by ∥ · ∥ the Euclidean norm, and the expectation operator E is taken with
respect to the random index set unless otherwise stated. We assume that the stochastic gradient is an
unbiased estimator of the full gradient and possesses a finite second moment.
Assumption 3.1. We assume that sampling an index i uniformly at random yields i.i.d. stochastic
gradients

∇fi(x) = ∇f(x) + ξi(x),

where ∇f(x) := 1
n

∑n
i=1 ∇fi(x) is the full gradient and ξi(x) denotes the SGN. We further assume

E
[
ξi(x)

]
= 0, Cov

(
ξi(x)

)
= V (x),

where

V (x) :=
1

n

n∑
i=1

∇fi(x)∇fi(x)⊤ −∇f(x)∇f(x)⊤.

An important consequence of this assumption is E
∥∥∇fi(x)∥∥2 =

∥∥∇f(x)∥∥2 + tr
(
V (x)

)
, which we

will use repeatedly.
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3.2 Overview of two-parameter approximation

We extend the existing SDE framework for SAM (Compagnoni et al., 2023; Luo et al., 2025),
which can only track η to order 1, while ours can jointly track two parameters η and ρ to arbitrary
expansion orders, thereby decoupling their convergence rates and enabling precise control of the
overall approximation error. Specifically, η governs the higher-order terms in Dynkin’s formula,
while ρ captures the remainder term arising from the Taylor expansion (see the detailed formulations
in Appendix A). By employing a Dynkin expansion instead of a full Itô–Taylor expansion, it avoids
the proliferation of terms and provides a streamlined approach to controlling the remainder error
in the two-parameter setting. Another major advantage of this approach is that it allows us to let
η and ρ tend to zero at independent rates, rather than being constrained to a fixed ratio as in the
work of Compagnoni et al. (2023) and Luo et al. (2025). The definition of a two-parameter weak
approximation of order (α, β) is as follows.
Definition 3.2 (Two-parameter weak approximation). Let T > 0, 0 < η < 1, 0 < ρ < 1 and set
N = ⌊T/η⌋. Let

{xk}Nk=0 and {Xt}t∈[0,T ]

be a discrete-time and a continuous-time stochastic process, respectively. We say that Xt is an order-
(α, β) weak approximation of xk if, for every g ∈ Gα+1, there exists a constant C > 0, independent
of η, ρ, such that

max
0≤k≤N

∣∣∣E[g(Xkη)
]
− E

[
g(xk)

]∣∣∣ ≤ C
(
ηα + ρβ+1

)
.

3.3 SDE approximation for USAM variants

We begin by considering USAM (Andriushchenko and Flammarion, 2022; Compagnoni et al., 2023;
Dai et al., 2024; Zhou et al., 2024), which is widely studied as a theoretically friendly variant of
SAM and can achieve comparable performance to SAM in practice. The update rules for the different
variants of the USAM algorithm are shown below. We will see that for USAM, all expressions in the
drift term are in closed form, providing an intuitive understanding. In Section 3.4, we will extend our
conclusions to the standard SAM.

mini-batch USAM: xk+1 = xk − η∇fγk

(
xk + ρ∇fγk

(xk)
)

(6)

n-USAM: xk+1 = xk − η∇fγk

(
xk + ρ∇f(xk)

)
(7)

m-USAM: xk+1 = xk − ηm

|γ|
∑

Ij⊂γk,|Ij |=m

∇fIj

(
xk + ρ∇fIj

(xk)
)

(8)

Theorem 3.3 (Mini-batch USAM SDE - informal statement of Theorem B.2, adapted from Theorem
3.2 of Compagnoni et al. (2023)). Under Assumption 3.1 and mild regularity conditions, the solution
of the following SDE (9) is an order-(1, 1) weak approximation of the discrete update of mini-batch
USAM (6) with batch size |γ|:

dXt = −∇
(
f(Xt) +

ρ

2
∥∇f(Xt)∥2 +

ρ

2|γ|
tr(V (Xt))︸ ︷︷ ︸

implicit regularization

)
dt+

√
ηΣUSAM (Xt)dWt. (9)

Based on Eq. (9), it can be observed that under our Assumption 3.1, the implicit regularization term
of mini-batch USAM (6) can be divided into the gradient of two parts: the squared norm of the
full-batch gradient and the trace of the SGN covariance. The latter, which arises additionally from
Theorem 3.2 (Compagnoni et al., 2023), is due to the use of random batches for perturbation in
mini-batch USAM. We will see that if we use a deterministic perturbation, the regularization effect
on the SGN covariance will disappear, as stated in the following theorem:
Theorem 3.4 (n-USAM SDE - informal statement of Theorem B.4). Under Assumption 3.1 and mild
regularity conditions, the solution of the following SDE (10) is an order-(1, 1) weak approximation
of the discrete update of n-USAM (7) with batch size |γ|:

dXt = −∇
(
f(Xt) +

ρ

2
∥∇f(Xt)∥2

)
dt+

√
ηΣn−USAM (Xt)dWt. (10)
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As observed in Table 7 in Appendix J, USAM and SAM exhibit similar behavior under full-batch
perturbations, meaning that n-USAM cannot improve generalization performance like mini-batch
USAM. Therefore, we argue that the sharpness regularization effect of mini-batch USAM actually
stems from the last term of its drift term, which is the gradient of the trace of the SGN covariance,
i.e., ∇tr(V (Xt)).

Having understood that n-USAM lacks the sharpness regularization benefits brought by SGN in
the drift term, we analyze another contrasting variant, m-USAM, which uses smaller micro-batches
to compute the perturbation. Within the framework of the SDE approximation, we can derive the
following theorem.
Theorem 3.5 (m-USAM SDE - informal statement of Theorem B.7). Under Assumption 3.1 and mild
regularity conditions, the solution of the following SDE (11) is an order-(1, 1) weak approximation
of the discrete update of m-USAM (8):

dXt = −∇
(
f(Xt) +

ρ

2
∥∇f(Xt)∥2 +

ρ

2m
tr(V (Xt))

)
dt+

√
mη

|γ|
Σm−USAM (Xt)dWt. (11)

It is worth noting that Theorem 3.3 is recovered by settingm = |γ|. From this SDE approximation, we
see that m-USAM’s advantages arise from two sources. First, it amplifies the sharpness regularization
in the drift term: the coefficient on the SGN covariance changes from ρ/(2|γ|) to ρ/(2m) (with
m < |γ|). Second, the diffusion term in m-USAM is reduced by a factor of m/|γ| compared to
mini-batch USAM with batch size m. Since the diffusion term captures the random fluctuations that
counteract implicit regularization, shrinking it enhances the stability of the method.

3.4 SDE approximation for SAM variants

We now turn to the analysis of (normalized) SAM. With the addition of the normalization factor,
the situation becomes much more complex because the expectation of the (unsquared) norm does
not have an elementary expression. However, the overall pattern remains similar to the case of
USAM. We first present the SDE approximation theorem for SAM variants, then highlight their key
differences from the unnormalized version.
Theorem 3.6 (Mini-batch SAM SDE - informal statement of Theorem C.2, adapted from Theorem
3.5 of Compagnoni et al. (2023)). Under Assumption 3.1 and mild regularity conditions, the solution
of the following SDE (12) is an order-(1, 1) weak approximation of the discrete update of mini-batch
SAM (4) with batch size |γ|:

dXt = −∇
(
f(Xt) +

ρ

|γ|
E∥

∑
i∈γ

∇fi(Xt)∥
)
dt+

√
ηΣSAM (Xt)dWt. (12)

Theorem 3.7 (n-SAM SDE - informal statement of Theorem C.4). Under Assumption 3.1 and mild
regularity conditions, the solution of the following SDE (13) is an order-(1, 1) weak approximation
of the discrete update of n-SAM (3) with batch size |γ|:

dXt = −∇
(
f(Xt) + ρ∥∇f(Xt)∥

)
dt+

√
ηΣn−SAM (Xt)dWt. (13)

Theorem 3.8 (m-SAM SDE - informal statement of Theorem C.7). Under Assumption 3.1 and mild
regularity conditions, the solution of the following SDE (14) is an order-(1, 1) weak approximation
of the discrete update of m-SAM (5):

dXt = −∇
(
f(Xt) +

ρ

m
E∥

∑
i∈I,|I|=m

∇fi(Xt)∥
)
dt+

√
mη

|γ|
Σm−SAM (Xt)dWt. (14)

Unlike the unnormalized algorithm, these SAM regularization terms cannot be expressed as simple
functions of the full gradient and SGN covariance. Nonetheless, the following proposition clarifies
how the regularization terms in the SDEs depend on the mini/micro batch size, revealing an inverse
relationship between the norm and the batch size.
Proposition 3.9. Under Assumption 3.1, the following inequalities hold:

∥∇f(x)∥ ≤ E∥∇fγ(x)∥ ≤
√

∥∇f(x)∥2 + E∥ξγ(x)∥2 =

√
∥∇f(x)∥2 + tr(V (x))

|γ|
,
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where ξγ denotes the SGN in γ. Furthermore, if ∇fi(x) follows a log-concave distribution, then we
have E∥∇fγ(x)∥ monotonically increases as |γ| decreases.

A complete proof of Proposition 3.9 is given in Appendix E. Notably, log-concave distributions include
many of the standard distributions of interest, such as the Gaussian and exponential distributions.

Based on the above theorems and propositions, we observe that mini-batch SAM (like USAM)
regularizes the magnitude of the SGN. In contrast, n-SAM loses this noise-regularization effect,
leading to degraded performance, whereas m-SAM amplifies it and thus achieves improved results.
One intuitive explanation is that in larger batches, these noise terms tend to cancel each other out,
causing the averaged stochastic gradient to concentrate around its expectation and diminishing the
contribution of SGN.

3.5 Benefits of SGN Covariance Regularization for Generalization

Building on our observation that USAM/SAM variants impose different strengths of sharpness
regularization, i.e., variance-based regularization of the SGN, we investigate how directly regularizing
the covariance of the SGN further enhances generalization performance.

We address this from two perspectives. First, following the work of Neu et al. (2021); Wang and Mao
(2021), a bound on the generalization error can be decomposed into a sum of mutual-information
terms, among which the “trajectory term” is controlled by the covariance of the SGN. This implies that
by implicitly regularizing the covariance of the SGN during training, one can reduce the cumulative
trajectory term over time, thereby tightening the overall generalization bound.

On the other hand, we examine the algorithm’s dynamics as it approaches convergence in the late
stages of training. As the parameters approach the minimum, the loss and the full gradient on the
training set diminish, causing the gradient of the SGN covariance to dominate the drift term. Near a
local minimum, it is well established (Jastrzebski et al., 2017; Daneshmand et al., 2018; Zhu et al.,
2018; Xie et al., 2020, 2023) that for the negative log-likelihood loss we have

V (x) ≈ 1

n

n∑
i=1

∇fi(x)∇fi(x)⊤ ≈ FIM(x) ≈ ∇2f(x) , (15)

where FIM(x) denotes the empirical Fisher information matrix and ∇2f(x) the Hessian matrix.
Moreover, an empirical result by Xie et al. (2020) shows that for neural networks, this relationship
remains approximately valid even far away from the local minima. Therefore, in the late stages of
training, regularizing the trace of the SGN covariance is approximately equivalent to regularizing the
trace of the Hessian, which is widely regarded as a good measure of sharpness that has been observed
to correlate strongly with generalization performance (Keskar et al., 2017; Blanc et al., 2020; Wen
et al., 2022; Arora et al., 2022; Damian et al., 2022; Ahn et al., 2023; Tahmasebi et al., 2024).

To verify the dynamics around the minima, we consider the setting from the work of Liu et al. (2020);
Damian et al. (2021), where initialization is performed at a bad minimum. We use the checkpoint
provided by Damian et al. (2021). The learning rate is set to 1e−3, under which SGD has been
shown to struggle to escape poor minima. We do not employ any explicit regularization techniques.
For SAM, we set ρ = 5e−3 and compare the performance of m-SAM with different values of
m. In Figures 1 and 2, we can clearly observe that as m decreases, the regularization effect on
the SGN covariance is significantly strengthened, which in turn accelerates the escape from poor
minima—consistent with our theoretical analysis.

4 Practical Method

In this section, we will demonstrate how to translate the theoretical insights gained from our SDE
approximations into a practical method. While m-SAM1 achieves substantially better generalization
than mini-batch SAM by strengthening the regularization of the SGN magnitude, its inherently se-
quential nature creates a serious parallelization bottleneck (see Table 7 in Appendix J for performance
and time cost). This is because it must sequentially compute the perturbation for each micro-batch

1In the multi-GPU setting, we use “m-SAM” to denote the scenario where m < per-device batch size, which
is inherently not parallelizable as well.
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Figure 2: Variance of SGN over iterations.

and then individually backpropagate to obtain the perturbed gradient. Building on our theoretical
insights, a natural question arises:

Can we design a parallelizable algorithm that preserves the generalization advantages of m-SAM?
One important observation is, if we further assume that the SGN is approximately orthogonal to
the full gradient, or that the norm of the full gradient is negligible compared to that of the SGN (as
often occurs in the late stages of training when the model approaches convergence), which commonly
arises in signal-to-noise-ratio analyses (Cao et al., 2022; Jelassi et al., 2022; Zou et al., 2023; Huang
et al., 2023; Allen-Zhu and Li, 2023; Han et al., 2024; Huang et al., 2024; Li et al., 2024a), then from
the following equation we observe that the norm of the stochastic gradient is directly related to the
norm of the SGN:

∥∇fi(x)∥ ≈
√

∥∇f(x)∥2 + ∥ξi∥2. (16)
This decomposition reveals that samples with larger gradient norms carry higher-magnitude SGN.
Drawing inspiration from importance sampling, which assigns a weight to each sample proportional
to its “importance”, we adapt this idea to emphasize more important samples when computing SAM’s
perturbation (2). In our framework, we quantify importance by the magnitude of the SGN: samples
exhibiting larger SGN contribute more to sharpness regularization and therefore deserve greater
weight in the perturbation. Specifically, we introduce an adaptive weighting mechanism in which
each weight pi reflects the importance of sample i when computing the perturbation vector. This
reweighting strategy defines a probability distribution P = {pi}i∈γ over the sampled indices i ∈ γ,
thereby modulating the influence of each sample. We refer to the resulting algorithm as Reweighted
SAM (RW-SAM). The objective of RW-SAM’s perturbation is formulated as follows:

max
P∈∆

max
∥ϵ∥≤1

〈∑
i∈γ

pi ∇fi(x), ϵ
〉
+

H(P )

λ
, (17)

where ∆ denotes the probability simplex, H is the entropy function used to prevent all weights from
concentrating on a single sample, and λ is a hyperparameter to maintain a balance between emphasis
and diversity. Notably, as λ→ 0, Objective (17) degenerates to mini-batch SAM’s perturbation (2).

Solving Objective (17) for ϵ yields:

ϵ∗ =

∑
i∈γ pi ∇fi(x)∥∥∥∑i∈γ pi ∇fi(x)

∥∥∥ . (18)

Since Objective (17) does not have a closed-form solution for P , we propose solving its relaxation:

max
P∈∆

∑
i∈γ

pi
∥∥∇fi(x)∥∥ +

H(P )

λ
. (19)

Objective (19) corresponds to the well-known Gibbs distribution (see derivation in Section H), which
is given by:

p∗i =
exp

(
λ ∥∇fi(x)∥

)∑
j∈γ

exp
(
λ ∥∇fj(x)∥

) . (20)
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Broadly speaking, Eq. (20) corresponds to assigning higher weights to samples with larger stochastic
gradient norms, where λ controls the concentration of this distribution. In practice, the optimal value
of λ depends on the scale of per-sample gradient norms. Therefore, we normalize the estimated
gradient norms before applying the exponential function, making the algorithm’s performance less
sensitive to the choice of λ. As observed in Section 5.4, normalization significantly reduces the need
for tuning λ.

Additionally, we propose using a finite-difference method combined with Monte Carlo sampling
to avoid per-sample gradient-norm estimation via backpropagation. The formula is as follows (see
derivation in Appendix G):

∥∇fi(x)∥ ≈

√√√√ 1

Q

Q∑
q=1

(
fi(x+ δzq)− fi(x)

δ

)2

, (21)

where z ∈ Rd is a Rademacher random vector, δ is a small constant. This estimator requires only Q
additional forward passes, as we can conveniently obtain the loss for each sample in a single forward
pass, making it an efficient way to estimate the gradient norm for each sample. To minimize additional
computational overhead, we set Q = 1 in our experiments, consistent with common practice in deep
learning (Kingma et al., 2013; Gal and Ghahramani, 2016; Ho et al., 2020; Malladi et al., 2023), and
found that this choice suffices to achieve a non-trivial performance improvement. However, unlike
common implementations (Kingma et al., 2013; Ho et al., 2020; Malladi et al., 2023), we propose
using Rademacher instead of Gaussian perturbations to minimize the variance of the Monte Carlo
estimator. Since Rademacher variables have a fixed expected squared norm, they achieve the optimal
variance (according to Theorem 2.2 in Ma and Huang (2025)). The pseudocode for our algorithm is
presented in Algorithm 1 (see Appendix I).

5 Experiments

5.1 Training from scratch

We evaluate three optimization methods: SGD, SAM2, and RW-SAM on CIFAR-10 and CIFAR-100
(Krizhevsky et al., 2009), training three models from scratch: ResNet-18, ResNet-50 (He et al., 2016),
and WideResNet-28-10 (Zagoruyko and Komodakis, 2016). We use a batch size of 128 and a cosine
learning rate schedule with an initial learning rate of 0.1. SAM and RW-SAM are trained for 200
epochs, while SGD is trained for 400 epochs. We apply a momentum of 0.9 and a weight decay of
5e−4, along with standard data augmentation techniques, including horizontal flipping, padding by
four pixels, and random cropping.

For SAM and RW-SAM, we set ρ = 0.05 for CIFAR-10 and ρ = 0.1 for CIFAR-100. In the case
of RW-SAM, we determine δ through finite-difference estimation on the model before training,
based on the estimated error. Specifically, we consider δ ∈ {1e−5, 1e−4, 1e−3} and use δ = 1e−3
for ResNet-18 and δ = 1e−4 for both ResNet-50 and WideResNet-28-10. For the additional
hyperparameter λ in RW-SAM, we performed a grid search over {0.25, 0.5, 1.0, 2.0} on a validation
set and found that 0.5 consistently yielded strong performance across experiments.

Table 1: Test accuracy comparison on CIFAR-10 and CIFAR-100 with different optimizers.

Model CIFAR-10 CIFAR-100
SGD SAM RW-SAM SGD SAM RW-SAM

ResNet-18 95.62 ± 0.03 95.99 ± 0.07 96.24 ± 0.05 78.91 ± 0.18 78.90 ± 0.27 79.31 ± 0.28
ResNet-50 95.64 ± 0.37 96.06 ± 0.04 96.34 ± 0.04 79.55 ± 0.16 80.31 ± 0.35 80.83 ± 0.05

WideResNet 96.47 ± 0.03 96.91 ± 0.02 97.11 ± 0.05 81.55 ± 0.15 83.25 ± 0.07 83.52 ± 0.08

For large-scale experiments, we train a ResNet-50 on ImageNet-1K (Deng et al., 2009) for 90 epochs
with an initial learning rate of 0.05. For both SAM and RW-SAM, we use the same ρ = 0.05. For the
additional hyperparameter λ in RW-SAM, we set λ = 0.25. All other hyperparameters remain the
same as those used on CIFAR-10/100.

2In this section, consistent with common practice, we use “SAM” to refer to the mini-batch SAM.
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We repeated three independent experiments and reported the mean and standard deviation of the test
accuracy in Table 1 and Table 2a. We observe that RW-SAM consistently outperforms the baselines
across various models, as well as on both small and large datasets.

Analysis of Computational Overhead. RW-SAM requires an additional forward pass to estimate
per-sample gradient norms, leading to approximately 1/6 more training overhead compared to vanilla
SAM, as a forward pass typically takes about half the time of a backward pass (Kaplan, 2022). For
a report of the additional wall-clock time overhead, please see Table 8 in Appendix J. However,
RW-SAM matches the performance of m-SAM at m = 64 without incurring its nearly two-fold
training overhead (See Table 7 in Appendix J). This highlights the efficiency of RW-SAM in balancing
computational cost and performance.

Table 2: (a) Test accuracy on ImageNet-1K with different optimizers; (b) Test accuracy fine-tuning
ViT-B/16 on CIFAR-10/100 with different optimizers.

ImageNet-1K SGD SAM RW-SAM
ResNet-50 76.67 ± 0.05 77.16 ± 0.04 77.37 ± 0.05

(a)

SGD SAM RW-SAM
CIFAR-10 98.24 ± 0.05 98.40 ± 0.02 98.58 ± 0.02

CIFAR-100 88.71 ± 0.10 89.63 ± 0.12 89.89 ± 0.09

(b)

5.2 Fine-tuning

We fine-tune a ViT-B/16 model (Dosovitskiy et al., 2020), pre-trained on ImageNet-1K, on CIFAR-10
and CIFAR-100. We train for 20 epochs with an initial learning rate of 0.01. Other hyperparameters
are the same as those in training from scratch. The results are summarized in Table 2b. We also fine-
tune a pretrained DistilBERT model (Sanh et al., 2019) on the GLUE benchmark (Wang et al., 2018).
We use AdamW (Loshchilov and Hutter, 2019) as the base optimizer. The detailed hyperparameter
settings are provided in Table 10 of Appendix J, and the results are presented in Table 3. We observe
that RW-SAM consistently outperforms SAM in both fine-tuning experiments.

Table 3: Performance comparison on GLUE tasks using different optimizers.

Optimizer CoLA MNLI MRPC QNLI QQP RTE SST-2 STS-B Average
AdamW 0.538 0.825 0.900 0.884 0.868 0.628 0.914 0.864 0.804

SAM 0.517 0.824 0.900 0.894 0.871 0.610 0.911 0.870 0.800
RW-SAM 0.560 0.826 0.904 0.896 0.872 0.625 0.915 0.870 0.809

5.3 Robustness to label noise

Foret et al. (2021) have shown that SAM exhibits robustness to label noise. Motivated by this, we
evaluate RW-SAM’s performance on CIFAR-10 with labels randomly flipped at specified noise
ratios. We train a ResNet-18 and report clean test accuracies in Table 4. As the noise ratio increases,
RW-SAM maintains remarkably strong performance. In particular, at an 80% noise ratio, RW-SAM
achieves a 16% absolute accuracy improvement over SAM.

5.4 Additional experiments

Hyperparameter sensitivity. We train ResNet-18 on CIFAR-100 using RW-SAM to evaluate its
sensitivity to different values of λ. As summarized in Table 5, RW-SAM demonstrates robustness to
the choice of λ and consistently outperforms the baselines within a reasonable range.

Trace of stochastic gradient covariance. According to our theory, we compare the trace of
the stochastic gradient covariance matrix at convergence for different algorithms, which, near the
minimum, closely approximates the Hessian matrix (See Eq. (15)). The results, shown in Table 6,
indicate that compared to SGD and SAM, RW-SAM indeed converges to a minimum with a smaller
stochastic gradient covariance magnitude.
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Table 4: Performance comparison on CIFAR-
10 across different noise ratios

Noise Ratio SGD SAM RW-SAM
20% 87.54 ± 0.20 90.01 ± 0.09 90.34 ± 0.20
40% 83.66 ± 0.30 86.40 ± 0.12 86.87 ± 0.11
60% 76.64 ± 0.32 78.79 ± 0.24 81.52 ± 0.31
80% 46.53 ± 1.13 37.69 ± 3.12 53.17 ± 3.70

Table 5: RW-SAM λ-sensitivity

λ 0.25 0.5 1.0 2.0

79.09 ± 0.21 79.31 ± 0.28 79.12 ± 0.33 79.03 ± 0.22

Table 6: Trace of the gradient covariance
Optimizer Trace

SGD 572.39 ± 24.15
SAM 198.40 ± 6.20

RW-SAM 177.79 ± 5.10

6 Conclusion

In this work, we conducted a comprehensive theoretical analysis of SAM and its variants through an
enhanced SDE modeling framework. Our findings reveal that the structure of SGN plays a crucial
role in implicit regularization, significantly influencing generalization performance. Based on our
analysis, we proposed Reweighted SAM, an adaptive weighting mechanism for perturbation, which
we empirically validated through extensive experiments. Our study provides a deeper understanding of
the dynamics of SAM-based algorithms and offers new perspectives on improving their generalization
performance.
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A General theory for two-parameter weak approximation.

Let T > 0, η ∈ (0,min{1, T}), and N = ⌊T/η⌋. We consider the general discrete iteration

xk+1 = xk + η h
(
xk, γk, η, ρ

)
, x0 ∈ Rd, k = 0, 1, . . . , N, (22)

and its corresponding continuous-time approximation by the SDE

dXt = b
(
Xt, η, ρ

)
dt +

√
η σ

(
Xt, η, ρ

)
dWt, X0 = x0, t ∈ [0, T ]. (23)

We denote X̃k := Xkη , and the one-step changes:

∆(x) := x1 − x, ∆̃(x) := X̃1 − x. (24)

Following the SDE framework by Mil’shtein (1986); Li et al. (2017); Compagnoni et al. (2023); Luo
et al. (2025), we have the following definition:
Definition A.1. Let G denote the set of continuous functions Rd → R of at most polynomial growth,
i.e. g ∈ G if there exists positive integers κ1, κ2 > 0 such that

|g(x)| ≤ κ1(1 + ∥x∥2κ2),

for all x ∈ Rd. Moreover, for each integer α ≥ 1 we denote by Gα the set of α-times continuously
differentiable functions Rd → R which, together with its partial derivatives up to and including order
α, belong to G.

This definition comes from the field of numerical analysis of SDEs (Mil’shtein, 1986). In the case of
g(x) = ||x||j , the bound restricts the difference between the j-th moments of the discrete process
and those of the continuous process. We write O(ηαρβ) to denote that there exists a function K ∈ G
independent of ρ, η, such that the error terms are bounded by Kηαρβ .
Theorem A.2. (Adaptation of Theorem 3 in Li et al. (2019)) Let T > 0, η ∈ (0,min{1, T}),
N = ⌊T/η⌋. Let α ≥ 1 be an integer. Suppose further that the following conditions hold:

(i) There exists K1 ∈ G, independent of η, ρ, such that for each s = 1, 2, . . . , α and any indices
i1, . . . , is ∈ {1, . . . , d},∣∣∣∣E s∏

j=1

∆(ij)(x) − E
s∏

j=1

∆̃(ij)(x)

∣∣∣∣ ≤ K1(x) (η
α+1 + ηρβ+1),

and

E
α+1∏
j=1

∣∣∆(ij)(x)
∣∣ ≤ K1(x) (η

α+1 + ηρβ+1).

(ii) For each m ≥ 1, the 2m-moment of xk is uniformly bounded in k and η, i.e. there exists
K2 ∈ G, independent of η and k, such that

E
∥∥xk∥∥2m ≤ K2(x), k = 0, 1, . . . , N.

Then, for each g ∈ Gα+1, there exists a constant C > 0, independent of η, ρ, such that

max
0≤k≤N

∣∣E g(xk) − E g(Xkη)
∣∣ ≤ C (ηα + ρβ+1).

By substituting Assumption (i) in the penultimate step of the proof in Theorem 3 in Li et al. (2019)
with Assumption (i) of our Theorem A.2, the same argument goes through and yields the desired
conclusion. Hence, we omit the proof.

Next, we state the key lemma for the two-parameter weak approximation. By employing a Dynkin
expansion (see, e.g. Evans (2012)) instead of a full Itô–Taylor expansion, it avoids the proliferation
of terms and provides a streamlined approach to controlling the remainder error in the two-parameter
setting.
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Lemma A.3 (Two-parameter Dynkin (semigroup) expansion). Let ψ ∈ G2α+2, and suppose the drift
admits the expansion

b(x, ρ) =

β∑
m=0

ρm bm(x) + O(ρβ+1), σ(x) = σ0(x).

Define

Am ψ(x) := b(i)m (x) ∂iψ(x) (m = 0, 1, . . . , β), A∆ ψ(x) :=
1
2

[
σ0σ

T
0

](ij)
∂2ijψ(x).

Suppose further that bm (m = 0, 1, . . . , β), σ0 ∈ G2α, then for any nonnegative integers α, β,

E
[
ψ(Xη)

]
=

α∑
n=0

ηn

n!

β∑
m=0

ρm
∑

ℓ∈{0,∆,1,...,β}n

|ℓ|=m

Aℓ1Aℓ2 · · ·Aℓnψ(x) + O(ηα+1) + O(ηρβ+1).

Here |ℓ| :=
∑

i: ℓi /∈{0,∆} ℓi, and each multi-index ℓ = (ℓ1, . . . , ℓn) contributes a factor ρ|ℓ|, and
indices ℓi = 0 or ℓi = ∆ contribute no ρ-power (via A0 or A∆).

Proof. Let
L ϕ(x) =

(
b(x, ρ) · ∇ϕ

)
(x) + 1

2 [σ0σ
T
0 ]

(ij)(x) ∂2ijϕ(x)

be the infinitesimal generator of the diffusion. Since

b(x, ρ) =

β∑
m=0

ρm bm(x) +O(ρβ+1) ,

we may write

L =

β∑
m=0

ρmAm +A∆ + O(ρβ+1) ,

where Am and A∆ are as in the statement. By Dynkin’s formula (or equivalently the semigroup
expansion),

E
[
ψ(Xη)

]
=

(
eηLψ

)
(x) =

α∑
n=0

ηn

n!
Lnψ(x) + O(ηα+1) .

It remains to expand each power Ln. By the multinomial theorem,

Ln =
( β∑
m=0

ρmAm +A∆ +O(ρβ+1)
)n

=

β∑
m=0

ρm
∑

ℓ∈{0,∆,1,...,β}n

|ℓ|=m

Aℓ1Aℓ2 · · ·Aℓn + O(ρβ+1) .

Hence

ηn

n!
Lnψ(x) =

ηn

n!

β∑
m=0

ρm
∑

ℓ∈{0,∆,1,...,β}n

|ℓ|=m

Aℓ1Aℓ2 · · ·Aℓnψ(x) + O(ηn+1) +O(ηρβ+1).

Summing over n = 0, 1, . . . , α and collecting the remainders O(ηα+1) and O(ηρβ+1) yields exactly
the claimed two-parameter expansion.

Since our focus in this paper is on the order-(1,1) weak approximation, we now present the one-step
approximation lemma for SDEs in the case α = β = 1, as follows. For readers interested in
higher-order two-parameter weak approximations, it is sufficient to apply higher-order truncations
of the Dynkin and Taylor expansions in the two lemmas below and then match the corresponding
moments at each order.
Lemma A.4 (One-step moment estimates up to η1, ρ1 for SDEs). Suppose the drift admits the
expansion

b(x, ρ) = b0(x) + ρ b1(x) +O(ρ2), σ(x) = σ0(x),

and assume b0, b1, σ0 ∈ G2. Let ∆̃(x) be the one-step increment defined in (24). Then:
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(i) E[∆̃(i)(x)] = η
(
b
(i)
0 (x) + ρ b

(i)
1 (x)

)
+O(η2) +O(η ρ2).

(ii) E
[
∆̃(i)(x) ∆̃(j)(x)

]
= η2

(
b
(i)
0 (x) b

(j)
0 (x) +

∑
k

σ
(i,k)
0 (x)σ

(j,k)
0 (x)

)
+ η2ρ

(
b
(i)
0 (x) b

(j)
1 (x) +

b
(i)
1 (x) b

(j)
0 (x)

)
+ O(η2ρ2) + O(η3).

(iii) E
[∏3

j=1

∣∣∆̃(ij)(x)
∣∣] = O(η3).

Proof. For each s = 1, 2, 3 and any choice of indices i1, . . . , is, define the test function

ψs(z) =

s∏
j=1

(
z(ij) − x(ij)

)
.

Since ψs ∈ C4(Rd) with at most polynomial growth, we may invoke Lemma A.2 with truncation
orders α = 1 and β = 1. This yields,

E
[
ψ(x)

]
= ψ(x) + η

∑
ℓ∈{0,∆}

Aℓψ(x) + ηρA1ψ(x) +O(η2) +O(ηρ2).

(i) First moment. Here
ψ1(z) = z(i) − x(i),

Hence
E[∆̃(i)(x)] = η b

(i)
0 (x) + η ρ b

(i)
1 (x) + O(η2) + O(η ρ2),

proving (i).

(ii) Second moment. Now
ψ2(z) = (z(i) − x(i))(z(j) − x(j)),

It follows that

E
[
∆̃(i)(x) ∆̃(j)(x)

]
= η2

[
b
(i)
0 b

(j)
0 +

∑
k

σ
(i,k)
0 σ

(j,k)
0

]
+η2ρ

[
b
(i)
0 b

(j)
1 +b

(i)
1 b

(j)
0

]
+O(η2ρ2) + O(η3),

proving (ii).

(iii) Third moment. Finally,

ψ3(z) =

3∏
j=1

(
z(ij) − x(ij)

)
,

and since each nonzero term in the expansion has total order n ≥ 3, Lemma A.2 gives

E
[ 3∏
j=1

∣∣∆̃(ij)(x)
∣∣] = E

[
|ψ3(Xk+1)|

]
= O(η3),

establishing (iii). This completes the proof.

Similar to the continuous-time setting, we require the following one-step error lemma for the discrete
algorithm in the case α = β = 1:
Lemma A.5 (One-step moment estimates up to η1, ρ1 for the discrete algorithm). Suppose the
discrete update 22 admits the expansion

h(x, γ, ρ) = h0(x, γ) + ρ h1(x, γ) +O(ρ2),

and assume h0, h1 ∈ G2. Let ∆(x) be the one-step increment defined in (24). Then:

(i) E[∆(i)(x)] = ηh
(i)
0 (x) + ηρ h

(i)
1 (x) +O(η ρ2).

(ii) E
[
∆(i)(x)∆(j)(x)

]
= η2

(
h
(i)
0 (x)h

(j)
0 (x) + Σ

(ij)
0,0 (x)

)
+ η2ρ

(
h
(i)
0 (x)h

(j)
1 (x) +

h
(i)
1 (x)h

(j)
0 (x) + Σ

(ij)
0,1 (x) + Σ

(ij)
1,0 (x)

)
+ O(η2ρ2).
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(iii) E
[∏3

j=1

∣∣∆(ij)(x)
∣∣] = O(η3).

where h0(x) = Eh0(x, γ), h1(x) = Eh1(x, γ), Σ0,0(x) = Cov(h0(x, γ), h0(x, γ)), Σ0,1(x) =
Cov(h0(x, γ), h1(x, γ)).

Proof. Recall that

∆(x) = η h(x, γ, ρ) = η
(
h0(x, γ) + ρ h1(x, γ) +O(ρ2)

)
.

Hence for each coordinate i,

(i) First moment.
E[∆(i)(x)] = η E

[
h
(i)
0 (x, γ) + ρ h

(i)
1 (x, γ) +O(ρ2)

]
= η

(
h
(i)
0 (x) + ρ h

(i)
1 (x)

)
+ O(η ρ2).

(ii) Second moment.

E
[
∆(i)(x)∆(j)(x)

]
= η2 Eγ

[(
h
(i)
0 (x, γ) + ρ h

(i)
1 (x, γ)

)(
h
(j)
0 (x, γ) + ρ h

(j)
1 (x, γ)

)]
+O(η2ρ2)

= η2
{
Eγ

[
h
(i)
0 (x, γ)h

(j)
0 (x, γ)

]
+ ρ

(
Eγ [h

(i)
0 (x, γ)h

(j)
1 (x, γ)]

+ Eγ [h
(i)
1 (x, γ)h

(j)
0 (x, γ)]

)}
+O(η2ρ2)

= η2
{
h
(i)
0 (x)h

(j)
0 (x) + Σ

(ij)
0,0 (x)

}
+ η2ρ

{
h
(i)
0 (x)h

(j)
1 (x) + h

(i)
1 (x)h

(j)
0 (x) + Σ

(ij)
0,1 (x) + Σ

(ij)
1,0 (x)

}
+O(η2ρ2).

(iii) Third moment. Since h0, h1 ∈ G2 implies that all moments up to order three are finite and
∆ = O(η), we have

E
[∣∣∆(i1)∆(i2)∆(i3)

∣∣] = O(η3).

This completes the proof.

B SDE approximation for USAM variants

Recall that the update rules of USAM variants are defined by:

mini-batch USAM: xk+1 = xk − η∇fγk

(
xk + ρ∇fγk

(xk)
)

(25)

n-USAM: xk+1 = xk − η∇fγk

(
xk + ρ∇f(xk)

)
(26)

m-USAM: xk+1 = xk − ηm

|γ|
∑

Ij⊂γk,|Ij |=m

∇fIj

(
xk + ρ∇fIj (xk)

)
(27)

In this section, we impose the following growth assumption on the functions f and fγ :

Assumption B.1. The functions f and fi belong to the class G4.

B.1 Mini-batch USAM

For the mini-batch USAM algorithm (25), we define the continuous-time approximation Xt as the
solution to the following SDE:

dXt = −∇fUSAM (Xt) dt+
√
ηΣUSAM (Xt) dWt, (28)

where
fUSAM (Xt) := f(Xt) +

ρ

2
∥∇f(Xt)∥2 +

ρ

2|γ|
tr(V (Xt))
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ΣUSAM (Xt) := Σ0,0(Xt) + ρ
(
Σ0,1(Xt) + Σ⊤

0,1(Xt)
)
. (29)

Σ0,0(Xt) := E
[(
∇fγ(Xt)−∇f(Xt)

)(
∇fγ(Xt)−∇f(Xt)

)⊤]
Σ0,1(Xt) := E

[
(∇fγ(Xt)−∇f(Xt)) ·

(
∇2fγ(Xt)∇fγ(Xt)− E[∇2fγ(Xt)∇fγ(Xt)]

)⊤]
.

Theorem B.2 (mini-batch USAM SDE, adapted from Theorem 3.2 of Compagnoni et al. (2023)).
Under Assumptions 3.1 and B.1, let 0 < η < 1, T > 0, and N = ⌊T/η⌋. Denote by {xk}Nk=0 the
mini-batch USAM iterates in (6), and let {Xt}t∈[0,T ] be the solution of the SDE (28). Suppose:

(i) The functions

∇fUSAM = ∇
(
f +

ρ

2
∥∇f∥2 + ρ

2|γ|
tr(V )

)
and

√
ΣUSAM

are Lipschitz on Rd.

(ii) The mapping
hγ(x) = −∇fγ

(
x+ ρ∇fγ(x)

)
satisfies, almost surely, the Lipschitz condition

∥∇hγ(x)−∇hγ(y)∥ ≤ Lγ ∥x− y∥, ∀x, y ∈ Rd,

where Lγ > 0 a.s. and E[Lm
γ ] <∞ for every m ≥ 1.

Then {Xt : t ∈ [0, T ]} is an order-(1, 1) weak approximation of {xk}, namely: for each g ∈ G2,
there exists a constant C > 0, independent of η, ρ, such that

max
0≤k≤N

∣∣∣E[g(xk)]− E
[
g(Xkη)

]∣∣∣ ≤ C
(
η + ρ2

)
.

Proof Sketch. Theorem B.2 follows by replacing the single-parameter Lemmas A.1, A.2 and A.5
in Compagnoni et al. (2023) with our two-parameter versions—Theorem A.2, Lemma A.4 and
Lemma A.5—imposing the extra global Lipschitz conditions to guarantee existence and uniqueness
of the strong solution, and using our Assumption 3.1 to expand the drift term. We therefore omit the
routine algebraic details.

B.2 n-USAM

For the n-USAM algorithm, we define the continuous-time approximation Xt as the solution to the
following SDE:

dXt = −∇fn-USAM (Xt) dt+
√
ηΣn-USAM (Xt) dWt, (30)

where
fn-USAM (Xt) := f(Xt) +

ρ

2
∥∇f(Xt)∥2

Σn-USAM (Xt) := Σ0,0(Xt) + ρ
(
Σ0,1(Xt) + Σ⊤

0,1(Xt)
)
. (31)

Σ0,0(Xt) := E
[(
∇fγ(Xt)−∇f(Xt)

)(
∇fγ(Xt)−∇f(Xt)

)⊤]
Σ0,1(Xt) := E

[
(∇fγ(Xt)−∇f(Xt)) ·

(
(∇2fγ(Xt)−∇2f(Xt))∇f(Xt)

)⊤]
.

We begin by deriving, via the following lemma, a one-step error estimate for the n-USAM discrete
algorithm, which will be used to prove the main approximation theorem.
Lemma B.3 (One-step moment estimates for n-USAM up to η1, ρ1). Under Assumptions 3.1 and
B.1. Define

∂if
n-USAM(x) := ∂if(x) + ρ

∑
j

∂2ijf(x) ∂jf(x),

Let ∆(x) be the one-step increment defined in (24). Then:

(i) E
[
∆(i)(x)

]
= − ∂if

n-USAM(x) η +O(η ρ2).
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(ii) E
[
∆(i)(x)∆(j)(x)

]
= η2

(
∂if(x) ∂jf(x) + Σn-USAM

(ij) (x)
)

+

η2ρ
(
∂if(x)

d∑
l=1

∂2jlf(x) ∂lf(x) + ∂jf(x)

d∑
l=1

∂2ilf(x) ∂lf(x)
)
+O(η2ρ2).

(iii) E
[ 3∏
j=1

∣∣∆(ij)(x)
∣∣] = O(η3).

Proof. Recall that the n-USAM update is

xk+1 = xk − η∇fγk

(
xk + ρ∇f(xk)

)
,

so the one-step increment
∆(x) = xk+1 − xk = ηh(x, γ, ρ),

where we define
h(x, γ, ρ) := −∇fγ

(
x+ ρ∇f(x)

)
.

By Taylor’s theorem with integral remainder (Folland, 2005) we have, for each γ,

∇fγ
(
x+ ρ∇f(x)

)
= ∇fγ(x) + ρ∇2fγ(x)∇f(x) +R(x, γ, ρ),

where

R(x, γ, ρ) =

∫ 1

0

(1− t) D3fγ
(
x+ t ρ∇f(x)

)[
ρ∇f(x), ρ∇f(x)

]
dt.

Here D3fγ(y) denotes the third-order tensor of partial derivatives of fγ at y, and D3fγ(y)[u, v] its
bilinear action on vectors u, v.

Because fγ ∈ G3, there exists a polynomially bounded function K(x) ∈ G such that∥∥D3fγ(y)
∥∥ ≤ K(x), ∀ y with ∥y − x∥ ≤ ρ ∥∇f(x)∥.

Hence∥∥R(x, γ, ρ)∥∥ ≤
∫ 1

0

(1−t)
∥∥D3fγ(x+tρ∇f(x))

∥∥∥∥ρ∇f(x)∥∥2 dt ≤ K(x)
ρ2

2
∥∇f(x)∥2 = O

(
ρ2
)
,

uniformly in γ. Accordingly, a Taylor expansion in ρ gives

∇fγ(x+ ρ∇f(x)) = ∇fγ(x) + ρ∇2fγ(x)∇f(x) +O(ρ2).

Hence
h(x, γ, ρ) = h0(x, γ) + ρ h1(x, γ) + O(ρ2),

with
h0(x, γ) := −∇fγ(x), h1(x, γ) := −∇2fγ(x)∇f(x).

By Assumption 3.1 and Assumption B.1, each h0, h1 ∈ G2, and

E[h0(x, γ)] = −∇f(x), E[h1(x, γ)] = −∇2f(x)∇f(x).

We may therefore apply Lemma A.5 with these h0, h1, which yields exactly the three moment
expansions up to η1, ρ1.

In Lemma B.3, we derived one-step moment estimates for the n-USAM discrete algorithm and, via
Lemma A.4, for its corresponding SDE update (26). These estimates demonstrate that the first- and
second-order moments satisfy the matching conditions of Theorem A.2. Together with the uniform
moment bounds from Lemma D.2, we are now ready to establish the main weak-approximation
theorem for n-USAM.

Theorem B.4 (n-USAM SDE). Under Assumptions 3.1 and B.1, let 0 < η < 1, T > 0, and
N = ⌊T/η⌋. Denote by {xk}Nk=0 the n-USAM iterates in (7), and let {Xt}t∈[0,T ] be the solution of
the SDE (30). Suppose:
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(i) The functions
∇fn-USAM = ∇

(
f + ρ

2∥∇f∥
2
)

and
√
Σn-USAM

are Lipschitz on Rd.

(ii) The mapping
hγ(x) = −∇fγ

(
x+ ρ∇f(x)

)
satisfies, almost surely, the Lipschitz condition

∥∇hγ(x)−∇hγ(y)∥ ≤ Lγ ∥x− y∥, ∀x, y ∈ Rd,

where Lγ > 0 a.s. and E[Lm
γ ] <∞ for every m ≥ 1.

Then {Xt : t ∈ [0, T ]} is an order-(1, 1) weak approximation of {xk}, namely: for each g ∈ G2,
there exists a constant C > 0, independent of η, ρ, such that

max
0≤k≤N

∣∣∣E[g(xk)]− E
[
g(Xkη)

]∣∣∣ ≤ C
(
η + ρ2

)
.

Proof. First, we verify that SDE (30) admits a unique strong solution. By assumption, both the drift
and diffusion coefficients are globally Lipschitz, which in turn implies a linear-growth condition.
Therefore, Theorem D.1 applies and yields the existence and uniqueness of a strong solution on
[0, T ].

Then, by Lemmas A.4, B.3, and D.2, all the conditions of Theorem A.2 are satisfied, and the proof is
complete.

Remark B.5. The Lipschitz conditions are to ensure that the SDE has a unique strong solution with
uniformly bounded moments. It is possible to appropriately relax them if we allow weak solutions
(Mil’shtein, 1986).

B.3 m-USAM

For the m-USAM algorithm, we define the continuous-time approximation Xt as the solution to the
following SDE:

dXt = −∇
(
f(Xt) +

ρ

2
∥∇f(Xt)∥2 +

ρ

2m
tr(V (Xt))

)
dt+

√
mη

|γ|
Σm−USAM (Xt)dWt, (32)

where
Σm−USAM (Xt) := Σ0,0(Xt) + ρ(Σ0,1(Xt) + Σ0,1(Xt)

⊤), (33)

Σ0,0(Xt) := E
[(
∇fI(Xt)−∇f(Xt)

)(
∇fI(Xt)−∇f(Xt)

)⊤]
,

Σ0,1(Xt) := E
[
(∇fI(Xt)−∇f(Xt)) ·

(
∇2fI(Xt)∇fI(Xt)− E[∇2fI(Xt)∇fI(Xt)]

)⊤]
.

We begin by deriving, via the following lemma, a one-step error estimate for the m-USAM discrete
algorithm, which will be used to prove the main approximation theorem.
Lemma B.6 (One-step moment estimates for m-USAM up to η1, ρ1). Under Assumptions 3.1 and
B.1. Define

∂if
m−USAM (x) := ∂if(x) + ρE

 d∑
j=1

∂2ijfI(x)∂jfI(x)

 .
Let ∆(x) be the one-step increment defined in (24). Then:

(i) E
[
∆(i)(x)

]
= − ∂if

m-USAM(x) η +O(η ρ2).

(ii) E
[
∆(i)(x)∆(j)(x)

]
= η2

(
∂if(x) ∂jf(x) + Σm-USAM

(ij) (x)
)

+

η2ρ
(
∂if(x)

d∑
l=1

∂2jlfI(x) ∂lfI(x) + ∂jf(x)

d∑
l=1

∂2ilfI(x) ∂lfI(x)
)
+O(η2ρ2).
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(iii) E
[ 3∏
j=1

∣∣∆(ij)(x)
∣∣] = O(η3).

Proof. Recall that the m-USAM update is

xk+1 = xk − ηm

|γ|
∑

Ij⊂γk,|Ij |=m

∇fIj

(
xk + ρ∇fIj

(xk)
)

so the one-step increment
∆(x) = xk+1 − xk = ηh(x, γ, ρ),

where we define

h(x, γ, ρ) := −m

|γ|
∑

Ij⊂γk,|Ij |=m

∇fIj

(
xk + ρ∇fIj

(xk)
)
.

By Taylor’s theorem with integral remainder (Folland, 2005) we have, for each γ,∑
Ij⊂γk,
|Ij |=m

∇fIj

(
xk + ρ∇fIj

(xk)
)
=

∑
Ij⊂γk,
|Ij |=m

∇fIj
(xk) + ρ∇2fIj

(xk)∇fIj
(xk) +R(x, γ, ρ)

where

R(x, γ, ρ) =

∫ 1

0

(1− t) D3fIj

(
x+ t ρ∇fIj (x)

)[
ρ∇fIj (x), ρ∇fIj (x)

]
dt.

Here D3fIj (y) denotes the third-order tensor of partial derivatives of fIj at y, and D3fIj (y)[u, v]
its bilinear action on vectors u, v.

Because fIj
∈ G3, there exists a polynomially bounded function K(x) ∈ G such that∥∥D3fIj

(y)
∥∥ ≤ K(x), ∀ y with ∥y − x∥ ≤ ρ ∥∇fIj

(x)∥.

Hence∥∥R(x, γ, ρ)∥∥ ≤
∫ 1

0

(1− t)
∥∥D3fIj (x+ tρ∇fIj (x))

∥∥ ∥∥ρ∇fIj (x)
∥∥2 dt ≤ K(x)

ρ2

2
∥∇fIj (x)∥2

= O
(
ρ2
)
,

uniformly in γ. Accordingly, a Taylor expansion in ρ gives

∇fγ(x+ ρ∇f(x)) = ∇fγ(x) + ρ∇2fγ(x)∇f(x) +O(ρ2).

Hence
h(x, γ, ρ) = h0(x, γ) + ρ h1(x, γ) + O(ρ2),

with

h0(x, γ) := −m

|γ|
∑

Ij⊂γk,
|Ij |=m

∇fIj (xk), h1(x, γ) := −m

|γ|
∑

Ij⊂γk,
|Ij |=m

∇2fIj (xk)∇fIj (xk).

By Assumption 3.1 and Assumption B.1, each h0, h1 ∈ G2, and

E[h0(x, γ)] = −∇f(x), E[h1(x, γ)] = −E
[
∇2fIj

(x)∇fIj
(x)

]
.

We may therefore apply Lemma A.5 with these h0, h1, which yields exactly the three moment
expansions up to η1, ρ1.

In Lemma B.6, we derived one-step moment estimates for the m-USAM discrete algorithm and, via
Lemma A.4, for its corresponding SDE update (27). These estimates demonstrate that the first- and
second-order moments satisfy the matching conditions of Theorem A.2. Together with the uniform
moment bounds from Lemma D.2, we are now ready to establish the main weak-approximation
theorem for m-USAM.
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Theorem B.7 (m-USAM SDE). Under Assumptions 3.1 and B.1, let 0 < η < 1, T > 0, and
N = ⌊T/η⌋. Denote by {xk}Nk=0 the m-USAM iterates in (8), and let {Xt}t∈[0,T ] be the solution of
the SDE (32). Suppose:

(i) The functions

∇fm-USAM = ∇
(
f +

ρ

2
∥∇f∥2 + ρ

2m
tr(V )

)
and

√
Σm-USAM

are Lipschitz on Rd.

(ii) The mapping
hγ(x) = −m

|γ|
∑

Ij⊂γ,|Ij |=m

∇fIj

(
x+ ρ∇fIj (x)

)
satisfies, almost surely, the Lipschitz condition

∥∇hγ(x)−∇hγ(y)∥ ≤ Lγ ∥x− y∥, ∀x, y ∈ Rd,

where Lγ > 0 a.s. and E[Lm
γ ] <∞ for every m ≥ 1.

Then {Xt : t ∈ [0, T ]} is an order-(1, 1) weak approximation of {xk}, namely: for each g ∈ G2,
there exists a constant C > 0, independent of η, ρ, such that

max
0≤k≤N

∣∣∣E[g(xk)]− E
[
g(Xkη)

]∣∣∣ ≤ C
(
η + ρ2

)
.

Proof. First, we verify that SDE (32) admits a unique strong solution. By assumption, both the drift
and diffusion coefficients are globally Lipschitz, which in turn implies a linear-growth condition.
Therefore, Theorem D.1 applies and yields the existence and uniqueness of a strong solution on
[0, T ].

Then, by Lemmas A.4, B.6, and D.2, all the conditions of Theorem A.2 are satisfied, and the proof is
complete.

Remark B.8. The Lipschitz conditions are to ensure that the SDE has a unique strong solution with
uniformly bounded moments. It is possible to appropriately relax them if we allow weak solutions
(Mil’shtein, 1986).

C SDE approximation for SAM variants

Recall that the update rules of SAM variants are defined by:

mini-batch SAM: xk+1 = xk − η∇fγk

(
xk + ρ

∇fγk
(xk)

∥∇fγk
(xk)∥

)
(34)

n-SAM: xk+1 = xk − η∇fγk

(
xk + ρ

∇f(xk)
∥∇f(xk)∥

)
(35)

m-SAM: xk+1 = xk − ηm

|γ|
∑

Ij⊂γk,|Ij |=m

∇fIj

(
xk + ρ

∇fIj
(xk)

∥∇fIj
(xk)∥

)
(36)

C.1 Mini-batch SAM

For the mini-batch SAM algorithm (34), we define the continuous-time approximation Xt as the
solution to the following SDE:

dXt = −∇fSAM (Xt) dt+
√
ηΣSAM (Xt) dWt, (37)

where
fSAM (Xt) := f(Xt) + ρE∥∇fγ(Xt)∥

ΣSAM (Xt) := Σ0,0(Xt) + ρ
(
Σ0,1(Xt) + Σ⊤

0,1(Xt)
)
. (38)
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Σ0,0(Xt) := E
[(
∇fγ(Xt)−∇f(Xt)

)(
∇fγ(Xt)−∇f(Xt)

)⊤]
Σ0,1(Xt) := E

[
(∇fγ(Xt)−∇f(Xt)) ·

(∇2fγ(Xt)∇fγ(Xt)

∥∇fγ(Xt)∥
− E[

∇2fγ(Xt)∇fγ(Xt)

∥∇fγ(Xt)∥
]
)⊤]

.

Remark C.1 (On normalization at critical points). Note that SAM is ill-defined when the gradient is
zero. To solve this, we may replace the denominator by ∥ · ∥ε =

√
∥ · ∥2 + ε2 with a fixed ε > 0,

which is also a common implementation in practice. Under the standing assumption that ∇f is
L-Lipschitz, the resulting coefficients are globally O(L/ε)-Lipschitz and C1. All local Taylor or
weak-approximation arguments and moment bounds in Appendix C continue to hold with constants
depending on ε but independent of η, ρ. The stated orders in η, ρ are unaffected.

Theorem C.2 (mini-batch SAM SDE, adapted from Theorem 3.5 of Compagnoni et al. (2023)).
Under Assumptions 3.1 and B.1, let 0 < η < 1, T > 0, and N = ⌊T/η⌋. Denote by {xk}Nk=0 the
mini-batch SAM iterates in (4), and let {Xt}t∈[0,T ] be the solution of the SDE (37). Suppose:

(i) The functions
∇fSAM = ∇

(
f + ρE∥∇fγ∥

)
and

√
ΣSAM

are Lipschitz on Rd.

(ii) The mapping

hγ(x) = −∇fγ
(
x+ ρ

∇fγ(x)
∥∇fγ(x)∥

)
satisfies, almost surely, the Lipschitz condition

∥∇hγ(x)−∇hγ(y)∥ ≤ Lγ ∥x− y∥, ∀x, y ∈ Rd,

where Lγ > 0 a.s. and E[Lm
γ ] <∞ for every m ≥ 1.

Then {Xt : t ∈ [0, T ]} is an order-(1, 1) weak approximation of {xk}, namely: for each g ∈ G2,
there exists a constant C > 0, independent of η, such that

max
0≤k≤N

∣∣∣E[g(xk)]− E
[
g(Xkη)

]∣∣∣ ≤ C
(
η + ρ2

)
.

Proof Sketch. Theorem C.2 follows by replacing the single-parameter Lemmas A.1, A.2 and A.14
in Compagnoni et al. (2023) with our two-parameter versions—Theorem A.2, Lemma A.4 and
Lemma A.5—imposing the extra global Lipschitz conditions to guarantee existence and uniqueness
of the strong solution. We therefore omit the routine algebraic details.

C.2 n-SAM

For the n-SAM algorithm, we define the continuous-time approximation Xt as the solution to the
following SDE:

dXt = −∇fn-SAM (Xt) dt+
√
ηΣn-SAM (Xt) dWt, (39)

where
fn-SAM (Xt) := f(Xt) + ρ∥∇f(Xt)∥

Σn-SAM (Xt) := Σ0,0(Xt) + ρ
(
Σ0,1(Xt) + Σ⊤

0,1(Xt)
)
. (40)

Σ0,0(Xt) := E
[(
∇fγ(Xt)−∇f(Xt)

)(
∇fγ(Xt)−∇f(Xt)

)⊤]
Σ0,1(Xt) := E

[
(∇fγ(Xt)−∇f(Xt)) ·

(
(∇2fγ(Xt)−∇2f(Xt))

∇f(Xt)

∥∇f(Xt)∥
)⊤]

.

We begin by deriving, via the following lemma, a one-step error estimate for the n-SAM discrete
algorithm, which will be used to prove the main approximation theorem.
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Lemma C.3 (One-step moment estimates for n-SAM up to η1, ρ1). Under Assumptions 3.1 and B.1,
define

∂if
n-SAM(x) := ∂if(x) + ρ

d∑
j=1

∂2ijf(x)
∂jf(x)

∥∇f(x)∥
.

Let ∆(x) be the one-step increment defined in (24). Then:

(i) E
[
∆(i)(x)

]
= − ∂if

n-SAM(x) η +O(η ρ2).

(ii) E
[
∆(i)(x)∆(j)(x)

]
= η2

(
∂if(x) ∂jf(x) + Σn-SAM

(ij) (x)
)

+

η2 ρ
(
∂if(x)

d∑
l=1

∂2jlf(x)
∂lf(x)

∥∇f(x)∥
+ ∂jf(x)

d∑
l=1

∂2ilf(x)
∂lf(x)

∥∇f(x)∥

)
+O(η2 ρ2).

(iii) E
[ 3∏
j=1

∣∣∆(ij)(x)
∣∣] = O(η3).

Proof. The n-SAM update is

xk+1 = xk − η∇fγk

(
xk + ρ ∇f(xk)

∥∇f(xk)∥

)
,

so
∆(x) = xk+1 − xk = η h

(
x, γ, ρ

)
,

with

h(x, γ, ρ) := −∇fγ
(
x+ ρ u(x)

)
, u(x) :=

∇f(x)
∥∇f(x)∥

.

By Taylor’s theorem with integral remainder (Folland, 2005), for each γ and writing u(x) =
∇f(x)/∥∇f(x)∥, we have

∇fγ
(
x+ ρ u(x)

)
= ∇fγ(x) + ρ∇2fγ(x)u(x) +R(x, γ, ρ),

where

R(x, γ, ρ) =

∫ 1

0

(1− t) D3fγ
(
x+ t ρ u(x)

)[
ρ u(x), ρ u(x)

]
dt.

Here D3fγ(y) denotes the third-order tensor of partial derivatives of fγ at y, and D3fγ(y)[v, w] its
bilinear action on vectors v, w.

Because fγ ∈ G3, there exists a polynomially bounded function K(x) ∈ G such that∥∥D3fγ(y)
∥∥ ≤ K(x), ∀ y with ∥y − x∥ ≤ ρ ∥u(x)∥.

Hence

∥R(x, γ, ρ)∥ ≤
∫ 1

0

(1− t)K(x) ∥ρ u(x)∥2 dt = O(ρ2),

uniformly in γ. Hence

h(x, γ, ρ) = h0(x, γ) + ρ h1(x, γ) +O(ρ2),

with

h0(x, γ) := −∇fγ(x), h1(x, γ) := −∇2fγ(x)
∇f(x)

∥∇f(x)∥
.

By Assumptions 3.1 and B.1, each h0, h1 ∈ G2 and

E[h0(x, γ)] = −∇f(x), E[h1(x, γ)] = −∇2f(x)
∇f(x)
∥∇f(x)∥

.

The same application of Lemma A.5 then yields the moment expansions (i)–(iii) up to order η1, ρ1 as
stated.
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In Lemma C.3, we derived one-step moment estimates for the n-SAM discrete algorithm and, via
Lemma A.4, for its corresponding SDE update (35). These estimates demonstrate that the first- and
second-order moments satisfy the matching conditions of Theorem A.2. Together with the uniform
moment bounds from Lemma D.2, we are now ready to establish the main weak-approximation
theorem for n-SAM.
Theorem C.4 (n-SAM SDE). Under Assumptions 3.1 and B.1, let 0 < η < 1, T > 0, and
N = ⌊T/η⌋. Denote by {xk}Nk=0 the n-SAM iterates in (3), and let {Xt}t∈[0,T ] be the solution of
the SDE (39). Suppose:

(i) The functions
∇fn-SAM = ∇

(
f + ρ∥∇f∥

)
and

√
Σn-SAM

are Lipschitz on Rd.

(ii) The mapping

hγ(x) = −∇fγ
(
x+ ρ

∇f(x)
∥∇f(x)∥

)
satisfies, almost surely, the Lipschitz condition

∥∇hγ(x)−∇hγ(y)∥ ≤ Lγ ∥x− y∥, ∀x, y ∈ Rd,

where Lγ > 0 a.s. and E[Lm
γ ] <∞ for every m ≥ 1.

Then {Xt : t ∈ [0, T ]} is an order-(1, 1) weak approximation of {xk}, namely: for each g ∈ G2,
there exists a constant C > 0, independent of η, such that

max
0≤k≤N

∣∣∣E[g(xk)]− E
[
g(Xkη)

]∣∣∣ ≤ C
(
η + ρ2

)
.

Proof. First, we verify that SDE (39) admits a unique strong solution. By assumption, both the drift
and diffusion coefficients are globally Lipschitz, which in turn implies a linear-growth condition.
Therefore, Theorem D.1 applies and yields the existence and uniqueness of a strong solution on
[0, T ].

Then, by Lemmas A.4, C.3, and D.2, all the conditions of Theorem A.2 are satisfied, and the proof is
complete.

Remark C.5. The Lipschitz conditions are to ensure that the SDE has a unique strong solution with
uniformly bounded moments. It is possible to appropriately relax them if we allow weak solutions
(Mil’shtein, 1986).

C.3 m-SAM

For the m-SAM algorithm, we define the continuous-time approximation Xt as the solution to the
following SDE:

dXt = −∇
(
f(Xt) +

ρ

m
E∥

∑
i∈I,

|I|=m

∇fi(Xt)∥
)
dt +

√
mη

|γ|
(
Σm−SAM (Xt)

) 1
2 dWt, (41)

where
Σm−SAM (Xt) := Σ0,0(Xt) + ρ(Σ0,1(Xt) + Σ0,1(Xt)

⊤), (42)

Σ0,0(Xt) := E
[(
∇fI(Xt)−∇f(Xt)

)(
∇fI(Xt)−∇f(Xt)

)⊤]
,

Σ0,1(Xt) := E
[
(∇fI(Xt)−∇f(Xt)) ·

(
∇2fI(Xt)

∇fI(Xt)

∥∇fI(Xt)∥
− E[∇2fI(Xt)

∇fI(Xt)

∥∇fI(Xt)∥
]
)⊤]

.

We begin by deriving, via the following lemma, a one-step error estimate for the m-sam discrete
algorithm, which will be used to prove the main approximation theorem.
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Lemma C.6 (One-step moment estimates for m-SAM up to η1, ρ1). Under Assumptions 3.1 and B.1,
define

∂if
m-SAM (x) := ∂if(x) + ρE

[ d∑
j=1

∂2ijfI(x)
∂jfI(x)

∥∇fI(x)∥

]
.

Let ∆(x) be the one-step increment defined in (24). Then:

(i) E
[
∆(i)(x)

]
= − ∂if

m-SAM (x) η +O(η ρ2).

(ii) E
[
∆(i)(x)∆(j)(x)

]
= η2

(
∂if(x) ∂jf(x) + Σm-SAM

(ij) (x)
)

+

η2 ρ
(
∂if(x) E

[ d∑
l=1

∂2jlfI(x)
∂lfI(x)

∥∇fI(x)∥

]
+ ∂jf(x) E

[ d∑
l=1

∂2ilfI(x)
∂lfI(x)

∥∇fI(x)∥

])
+

O(η2 ρ2).

(iii) E
[ 3∏
j=1

∣∣∆(ij)(x)
∣∣] = O(η3).

Proof. Recall that the m-SAM update is

xk+1 = xk − ηm

|γ|
∑

Ij⊂γk, |Ij |=m

∇fIj

(
xk + ρ

∇fIj
(xk)

∥∇fIj (xk)∥

)
,

so the one-step increment
∆(x) = xk+1 − xk = η h(x, γ, ρ),

where

h(x, γ, ρ) := −m

|γ|
∑

Ij⊂γk, |Ij |=m

∇fIj

(
x+ ρ

∇fIj
(x)

∥∇fIj
(x)∥

)
.

By Taylor’s theorem with integral remainder (Folland, 2005), for each subset index Ij ,

∇fIj

(
x+ ρ

∇fIj
(x)

∥∇fIj
(x)∥

)
= ∇fIj

(x) + ρ∇2fIj
(x)

∇fIj (x)

∥∇fIj
(x)∥

+R(x, γ, ρ),

where

R(x, γ, ρ) =

∫ 1

0

(1− t) D3fIj

(
x+ t ρ

∇fIj
(x)

∥∇fIj
(x)∥

)[
ρ

∇fIj
(x)

∥∇fIj
(x)∥ , ρ

∇fIj
(x)

∥∇fIj
(x)∥

]
dt.

Here D3fIj (y) is the third-order derivative tensor of fIj at y, and D3fIj (y)[u, v] its action on (u, v).

Since fIj
∈ G3, there is K(x) ∈ G polynomially bounded so that

∥D3fIj
(y)∥ ≤ K(x) whenever ∥y − x∥ ≤ ρ

∥∥∥ ∇fIj
(x)

∥∇fIj
(x)∥

∥∥∥.
Hence

∥R(x, γ, ρ)∥ ≤
∫ 1

0

(1− t)K(x) ∥ρ ∇fIj
(x)

∥∇fIj
(x)∥∥

2 dt = 1
2K(x) ρ2 = O(ρ2),

uniformly in γ. Thus a Taylor expansion in ρ gives
h(x, γ, ρ) = h0(x, γ) + ρ h1(x, γ) +O(ρ2),

with

h0(x, γ) := −m

|γ|
∑

Ij⊂γk, |Ij |=m

∇fIj (x), h1(x, γ) := −m

|γ|
∑

Ij⊂γk, |Ij |=m

∇2fIj (x)
∇fIj

(x)

∥∇fIj (x)∥
.

By Assumptions 3.1 and B.1, each h0, h1 ∈ G2, and

E[h0(x, γ)] = −∇f(x), E[h1(x, γ)] = −E
[
∇2fIj (x)

∇fIj
(x)

∥∇fIj
(x)∥

]
.

Applying Lemma A.5 to these h0, h1 yields exactly the three moment estimates up to η1, ρ1 as
claimed.
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In Lemma C.6, we derived one-step moment estimates for the m-SAM discrete algorithm and, via
Lemma A.4, for its corresponding SDE update (36). These estimates demonstrate that the first- and
second-order moments satisfy the matching conditions of Theorem A.2. Together with the uniform
moment bounds from Lemma D.2, we are now ready to establish the main weak-approximation
theorem for m-SAM.
Theorem C.7 (m-SAM SDE). Under Assumptions 3.1 and B.1, let 0 < η < 1, T > 0, and
N = ⌊T/η⌋. Denote by {xk}Nk=0 the m-SAM iterates in (5), and let {Xt}t∈[0,T ] be the solution of
the SDE (41). Suppose:

(i) The functions

∇fm-SAM = ∇
(
f +

ρ

m
E∥

∑
i∈I,

|I|=m

∇fi∥
)

and
√
Σm-SAM

are Lipschitz on Rd.

(ii) The mapping

hγ(x) = −m

|γ|
∑

Ij⊂γ,|Ij |=m

∇fIj

(
x+ ρ

∇fIj
(x)

∥∇fIj
(x)∥

)
satisfies, almost surely, the Lipschitz condition

∥∇hγ(x)−∇hγ(y)∥ ≤ Lγ ∥x− y∥, ∀x, y ∈ Rd,

where Lγ > 0 a.s. and E[Lm
γ ] <∞ for every m ≥ 1.

Then {Xt : t ∈ [0, T ]} is an order-(1, 1) weak approximation of {xk}, namely: for each g ∈ G2,
there exists a constant C > 0, independent of η, such that

max
0≤k≤N

∣∣∣E[g(xk)]− E
[
g(Xkη)

]∣∣∣ ≤ C
(
η + ρ2

)
.

Proof. First, we verify that SDE (41) admits a unique strong solution. By assumption, both the drift
and diffusion coefficients are globally Lipschitz, which in turn implies a linear-growth condition.
Therefore, Theorem D.1 applies and yields the existence and uniqueness of a strong solution on
[0, T ].

Then, by Lemmas A.4, C.6, and D.2, all the conditions of Theorem A.2 are satisfied, and the proof is
complete.

Remark C.8. The Lipschitz conditions are to ensure that the SDE has a unique strong solution with
uniformly bounded moments. It is possible to appropriately relax them if we allow weak solutions
(Mil’shtein, 1986).

D Auxiliary Lemmas

Theorem D.1 (Existence and Uniqueness of Strong Solutions (Evans, 2012)). Let b : Rd → Rd and
σ : Rd → Rd×m be measurable functions satisfying:

(i) Global Lipschitz. There exists a constant L > 0 such that

∥b(x)− b(y)∥ + ∥σ(x)− σ(y)∥ ≤ L ∥x− y∥, ∀x, y ∈ Rd.

(ii) Linear growth. There exists a constant K > 0 such that

∥b(x)∥2 + ∥σ(x)∥2 ≤ K
(
1 + ∥x∥2

)
, ∀x ∈ Rd.

Let X0 be an Rd-valued random variable with E[∥X0∥2] <∞. Then the SDE

dXt = b(Xt) dt+ σ(Xt) dWt, X0 given,

admits a unique strong solution {Xt}t≥0 satisfying

E
[

sup
0≤s≤T

∥Xs∥2
]
<∞, ∀T > 0.
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Lemma D.2. (Li et al., 2019) Let {xk : k ≥ 0} be the generalized iterations defined in (22). Suppose∣∣h(x, γ, η)∣∣ ≤ Lγ

(
1 + ∥x∥

)
,

where Lγ > 0 almost surely and

E
[
Lm
γ

]
<∞ for all m ≥ 1.

Then for any fixed T > 0 and any m ≥ 1, the moment E
[
∥xk∥m

]
exists and is uniformly bounded in

both η and k = 0, 1, . . . , N , where N = ⌊T/η⌋.

E Proof of Proposition 3.9

We will use the following lemma on convex order to prove Proposition 3.9, whose proof can be found
in classical textbooks on stochastic order, such as Müller and Stoyan (2002).
Lemma E.1 (Convex-order Monotonicity). Let X1, . . . , Xn be i.i.d. random vectors in Rd with a
log-concave density. For each integer 1 ≤ k ≤ n, define

Sk =
1

k

k∑
i=1

Xi.

Then for any 1 ≤ k < m ≤ n and any convex function ϕ : Rd → R,
E
[
ϕ(Sm)

]
≤ E

[
ϕ(Sk)

]
.

Proof of Proposition 3.9. Lower bound: Applying Jensen’s inequality,
∥∇f(x)∥ =

∥∥E[∇fγ(x)]∥∥ ≤ E[∥∇fγ(x)∥].

Upper bound: By Cauchy–Schwarz inequality,

E[∥∇fγ(x)∥] ≤
√
E[∥∇fγ(x)∥2] =

√
∥∇f(x)∥2 + tr(V (x))

|γ|
.

Combining both bounds completes the proof of the first statement.

For the second statement, we apply Lemma E.1 to the convex function ∥ · ∥, which concludes the
proof.

F Additional Related Works

Theoretical understanding of SAM. Although SAM and its variants have achieved remarkable
success in various practical applications (Foret et al., 2021; Kwon et al., 2021; Kaddour et al.,
2022; Li et al., 2024b; Li and Giannakis, 2024), the theoretical understanding behind them remains
limited. The pioneering work of Andriushchenko and Flammarion (2022) provided the first theoretical
framework for understanding SAM, covering its convergence properties and implicit bias in simple
network structures, while also systematically illustrating several empirical phenomena. Subsequently,
Si and Yun (2024) extended the convergence analysis to various deterministic and stochastic settings.
Compagnoni et al. (2023); Luo et al. (2025) conducted an in-depth analysis of the dynamics of SAM
using the SDE framework previously developed by Li et al. (2017), leading to a deeper understanding
of its implicit bias. On the other hand, Wen et al. (2022) investigated the implicit bias of SAM
by analyzing its slow ordinary differential equation (ODE) behavior near the minimizer manifold,
demonstrating how SAM drifts toward flatter minima. More recently, Zhou et al. (2024) studied the
late-stage behavior of SAM using stability analysis, showing its advantage in escaping sharp minima.

G Derivation of the Finite Difference Estimator in Equation (21)

We start with the first-order Taylor expansion around x:
fi
(
x+ δ z

)
− fi(x)

δ
= ∇fi(x)⊤z + O(δ),

where z ∈ {±1}d is a Rademacher random vector, and fi is assumed twice differentiable so that the
remainder is of order O(δ).
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Step 1: Square both sides.(
fi(x+δz)−fi(x)

δ

)2

=
(
∇fi(x)⊤z

)2
+ 2

(
∇fi(x)⊤z

)
O(δ) + O(δ)2.

Often we simply write this as(
∇fi(x)⊤z +O(δ)

)2
=

(
∇fi(x)⊤z

)2
+ O(δ)

(
∇fi(x)⊤z

)
+ O(δ2).

Step 2: Take expectation over z. Because z has independent {±1} components, we have

Ez

[(
∇fi(x)⊤z

)2]
=

∥∥∇fi(x)∥∥2 (standard Rademacher property).

Hence,

Ez

[(
fi(x+δz)−fi(x)

δ

)2]
= Ez

[(
∇fi(x)⊤z

)2]
+ O(δ2) = ∥∇fi(x)∥2 +O(δ2).

Thus the mean-squared estimate of the finite difference quotient differs from ∥∇fi(x)∥2 by an
O(δ2) bias term, implying that the estimator is approximately unbiased as δ → 0. We compare two
d-dimensional random vectors z ∈ Rd:

• Rademacher: each component zj is independently ±1 with probability 1/2,
• Standard Gaussian: each component zj is i.i.d. N (0, 1).

Both have E[zj ] = 0 and E[z2j ] = 1, so E[(z⊤v)2] = ∥v∥2 for any v ∈ Rd. We look at the fourth
moment E[(z⊤v)4], relevant to the variance in many finite-difference or gradient estimators.

Rademacher case. Since z2j ≡ 1,

(z⊤v)2 =
( d∑
j=1

vjzj
)2

=
∑
j,k

vjvk zjzk.

Then
(z⊤v)4 =

(∑
j,k

vjvk zjzk

)2

and using E[z4j ] = 1, E[z2j z2k] = 1 (when j ̸= k) with zero cross terms of odd product, one obtains a
relatively small constant factor. Detailed calculation yields

E
[
(z⊤v)4

]
=

d∑
j=1

v4j + 6
∑
j<k

v2j v
2
k ≤ 3

∥∥v∥∥4 (for d > 1).

Gaussian case. If z ∼ N (0, Id), then E[z4j ] = 3 and E[z2j z2k] = 1 for j ̸= k. One can show

E[(z⊤v)4] = 3∥v∥4.

Hence the constant factor in front of ∥v∥4 is exactly 3 for Gaussian.

Conclusion. For both Rademacher and Gaussian vectors, E[(z⊤v)2] = ∥v∥2. However, when
analyzing higher-order moments (e.g. (z⊤v)4) that affect the variance of many finite-difference or
random-direction estimators, the Rademacher distribution can yield a smaller constant factor. This
often leads to reduced variance and tighter theoretical bounds for the same sample size.

H Derivation of the Gibbs Distribution (20)

Consider the following maximization problem:

max
P∈∆

∑
i∈γ

pi ∥∇fi(x)∥ +
H(P )

λ
,
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where ∆ is the probability simplex (i.e.,
∑

i pi = 1 and pi ≥ 0), H(P ) = −
∑

i pi ln pi is the entropy
term, and λ > 0 is a given constant.

1. Construct the Lagrangian. We introduce the constraint
∑

i pi = 1 with a Lagrange multiplier α:

L(P, α) =
∑
i

pi ∥∇fi(x)∥ +
1

λ

(
−
∑
i

pi ln pi
)
+ α

(
1−

∑
i

pi

)
.

2. Differentiate w.r.t. pi and set to zero. Taking partial derivatives with respect to pi and setting them
to zero,

∂L
∂pi

= ∥∇fi(x)∥ −
1

λ
(ln pi + 1)− α = 0.

Therefore,

∥∇fi(x)∥ −
ln pi + 1

λ
− α = 0 =⇒ pi = exp

(
λ ∥∇fi(x)∥+ 1− λα

)
.

3. Enforce the normalization. The constraint
∑

i pi = 1 fixes the value of α; it amounts to one overall
normalization factor in the denominator. Hence the solution takes the well-known Gibbs distribution
form:

p∗i =
exp

(
λ ∥∇fi(x)∥

)∑
j exp

(
λ ∥∇fj(x)∥

) .
I Algorithm: Reweighted SAM

Algorithm 1 Reweighted SAM

1: while not converged do
2: Forward pass to obtain fγk

(xk)
3: for q = 1, . . . , Q do
4: Estimate per-sample gradient norm using Eq. (21)
5: end for
6: Normalize estimated per-sample gradient norm
7: Compute weight p∗ using Eq. (20)
8: Compute perturbation ϵk using Eq. (18)
9: Compute perturbed gradient gk = ∇fγk

(xk + ρϵk)
10: Update model parameters: xk+1 = xk − ηgk
11: end while

J Additional Experiment Results

All experiments were run on NVIDIA RTX 4090 GPUs.

Algorithm Test Accuracy Time/Epoch (s)
Mini-batch SAM 78.90 ± 0.27% 13.56

RW-SAM 79.31 ± 0.28% 15.21
m-SAM (m = 8) 80.72 ± 0.12% 175.45
m-SAM (m = 16) 80.47 ± 0.09% 92.22
m-SAM (m = 32) 80.02 ± 0.06% 49.87
m-SAM (m = 64) 79.35 ± 0.11% 26.44

n-SAM 78.15 ± 0.19% —

Algorithm Test Accuracy Time/Epoch (s)
Mini-batch USAM 78.94 ± 0.45% 12.98
m-USAM (m = 8) 80.66 ± 0.04% 173.77

m-USAM (m = 16) 80.46 ± 0.07% 90.86
m-USAM (m = 32) 80.02 ± 0.09% 47.09
m-USAM (m = 64) 79.16 ± 0.04% 24.15

n-USAM 78.63 ± 0.06% —

Table 7: Left: performance and time cost of SAM, RW-SAM, m-SAM (with varying m), and n-SAM
on CIFAR-100. Right: performance and time cost of USAM, m-USAM (with varying m), and
n-USAM; with ResNet-18 on CIFAR-100.
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Table 8: wall-clock time overhead of RW-SAM
ResNet-18 ResNet-50 WideResNet-28-10

SAM 13.6 43.0 97.7
RW-SAM 15.2 50.9 112.4

We present the experimental results of applying the proposed reweighting strategy to ASAM (Kwon
et al., 2021) in Table 9. The results demonstrate consistent improvements, and further investigation
into the effectiveness of applying the reweighting strategy to different SAM variants remains an
interesting direction for future work.

Table 9: Test accuracy (%) comparison between ASAM and RW-ASAM on CIFAR-10 and CIFAR-
100.

Method CIFAR-10 CIFAR-100
ResNet-18 ResNet-50 ResNet-18 ResNet-50

ASAM 95.86 ± 0.14 96.12 ± 0.23 79.17 ± 0.14 80.27 ± 0.33
RW-ASAM 96.02 ± 0.08 96.43 ± 0.17 79.46 ± 0.25 80.65 ± 0.16

Table 10: Hyperparameter settings for fine-tuning DistilBERT on GLUE tasks.

Task CoLA MNLI MRPC QNLI QQP RTE SST-2 STS-B WNLI
Batch size 32 64 32 64 64 32 64 32 32

Learning rate 2e-5 3e-5 2e-5 3e-5 3e-5 2e-5 3e-5 2e-5 2e-5
Epochs 8 3 8 3 3 8 3 8 8

LR scheduler Linear
Warmup ratio 0.1

Max sequence length 256
ρ (for SAM and RW-SAM) 0.05
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NeurIPS Paper Checklist

1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We summarize the paper’s contribution in both abstract and introduction.

Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]

Justification: We analyze computational overhead as a limitation.

Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: We provide the full set of assumptions and rigorous proof.
Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?
Answer: [Yes]
Justification: We describe the proposed algorithm in detail.
Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [No]

Justification: All experiments use publicly available datasets, but our code is not yet available.
We plan to release it upon acceptance.

Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We describe all experimental details.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.

7. Experiment statistical significance
Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We report the mean and standard deviation over repeated experiments.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, confi-

dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
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• It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

• It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We describe them.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: All aspects of the research conform to the NeurIPS Code of Ethics.

Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).

10. Broader impacts
Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: Our fundamental research does not have societal impacts.

Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: The paper poses no such risks.

Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: All open-source libraries and public datasets are properly cited in the paper.

Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the

package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?
Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.
Answer: [NA]
Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.
Guidelines:

• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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