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Abstract

We introduce Variational Joint Embedding (VJE), a reconstruction-free latent-variable frame-
work for non-contrastive self-supervised learning in representation space. VJE maximizes
a symmetric conditional evidence lower bound (ELBO) on paired encoder embeddings by
defining a conditional likelihood directly on target representations, rather than optimizing a
pointwise compatibility objective. The likelihood is instantiated as a heavy-tailed Student—¢
distribution on a polar representation of the target embedding, where a directional-radial
decomposition separates angular agreement from magnitude consistency and mitigates norm-
induced pathologies. The directional factor operates on the unit sphere, yielding a valid
variational bound for the associated spherical subdensity model. An amortized inference
network parameterizes a diagonal Gaussian posterior whose feature-wise variances are shared
with the directional likelihood, yielding anisotropic uncertainty without auxiliary projection
heads. Across ImageNet—1K, CIFAR-10/100, and STL-10, VJE is competitive with standard
non-contrastive baselines under linear and k-NN evaluation, while providing probabilistic
semantics directly in representation space for downstream uncertainty-aware applications.
We validate these semantics through out-of-distribution detection, where representation-
space likelihoods yield strong empirical performance. These results position the framework
as a principled variational formulation of non-contrastive learning, in which structured
feature-wise uncertainty is represented directly in the learned embedding space.

1 Introduction

Joint embedding architectures have emerged as a powerful paradigm for self-supervised representation learning
in computer vision. These architectures can be broadly categorized into contrastive and non-contrastive
methods. Contrastive approaches, such as SimCLR (Chen et al.,[2020a)) and MoCo (He et al.;|2020; |Chen et al.,
2020b)), learn representations by maximizing similarity between pairs of semantically related (positive) samples,
and minimizing similarity between unrelated (negative) samples. Since these methods are unsupervised, they
must approximate ‘negative’ associations through heuristic choices of negatives (typically other instances in the
minibatch, and in some cases external memory banks or queues) to ensure the presence of sufficiently diverse
samples. This estimation procedure increases computational and memory demands, and can complicate
training in domains where modelling patterns can be sensitive to erroneous negative associations.

Non-contrastive methods, including BYOL (Grill et al., [2020), SimSiam (Chen and He} 2021)), VICReg (Bardes
et al.l [2022)), and Barlow Twins (Zbontar et al.l [2021]), avoid the need for negative samples by learning
from paired views of the same input. To prevent the model from collapsing to a trivial solution (e.g.,
mapping all inputs to the same constant representation), these approaches rely on architectural asymmetries,
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auxiliary heads (e.g., prediction/projection heads), or redundancy-reduction objectives. By eliminating the
dependence on negative samples, non-contrastive methods simplify training and can extend the applicability
of self-supervised learning to settings where the notion of similarity and what constitutes a ‘negative’
sample are inherently ambiguous. A prominent viewpoint within this landscape is the Joint Embedding
Predictive Architecture (JEPA) (LeCun, 2022)), which formulates training in terms of minimizing a pointwise
compatibility or energy between predicted and target embeddings in representation space, with recent
instantiations including I-JEPA (Assran et al., |2023) and LeJEPA (Balestriero and LeCunl [2025)).

Despite their empirical success, both contrastive and non-contrastive objectives are commonly trained to
produce deterministic point embeddings, as each input is mapped to a single point in latent space and learning
proceeds by optimizing pointwise similarity or discrepancy objectives between paired embeddings. As a result,
such representations are not typically optimized as tractable probabilistic models in representation space, and
therefore do not readily provide likelihood-based scoring or feature-wise uncertainty. In applications such as
medical diagnosis (Begoli et al., [2019; |Ghesu et al.l |2019; |Gal et al., [2017)), anomaly and out-of-distribution
detection (Schlegl et al., [2019; Zimmerer et al. |2018; Wang and Huang), 2018; |Liang et al. 2018), and
reinforcement learning (Depeweg et all 2018; |Chua et al.l |2018; |[Ha and Schmidhuber} 2018]), the inability to
represent uncertainty over latent factors can limit the reliability, interpretability, and downstream utility of
the learned representations.

Variational methods, and in particular Variational Autoencoders (VAEs) (Kingma and Welling|, 2014) and their
extensions (Higgins et al.;|2017;van den Oord et al.,2017; Maalge et al.}|2019)), provide a principled probabilistic
framework by modelling latent variables as distributions. This is accomplished through a reconstruction-based
objective, which ensures that latent variables capture detailed generative factors associated with pixel-level
input data. However, when the end goal is to obtain high-level semantic representations for downstream
tasks, enforcing pixel-level fidelity can impose significant and often unnecessary computational overhead. This
motivates latent-variable objectives defined directly on representations rather than on pixels, while retaining
the probabilistic structure that makes variational methods attractive in uncertainty-sensitive applications.

In this work, we introduce Variational Joint Embedding (VJE), a framework that synthesizes variational
inference and joint embedding to provide a latent-variable formulation of non-contrastive self-supervised
learning without relying on input reconstruction (i.e., pixel-level) or contrastive objectives. In contrast to
pointwise compatibility objectives that directly optimize discrepancies between embeddings, VJE defines
an explicit conditional likelihood on target embeddings and trains by maximizing a symmetric conditional
evidence lower bound (ELBO). The likelihood is modelled with a heavy-tailed Student—¢ distribution on the
reparameterized target observation y = (2, ||z]|), where a directional-radial decomposition separates angular
agreement, from magnitude consistency and mitigates norm-induced pathologies. The directional component
is motivated by a normalized spherical construction and realized in practice on the unit sphere, yielding a
subnormalized directional term that defines a valid variational lower bound for the associated subprobability
model. An amortized inference network parameterizes a variational posterior over the corresponding latent
variables, with feature-wise variances shared between the posterior and the directional term. The probabilistic
semantics developed here operate at the level of the representation space itself, making likelihood-based
scoring and feature-wise uncertainty direct properties of the learned representations rather than post-hoc
additions. The target branch is treated as fixed within each update, implemented by stop-gradient or
equivalently by a target encoder held fixed during the update, including EMA, to implement conditional
likelihood semantics. We formalize this objective-level distinction between pointwise energy-based predictive
losses and likelihood-based training in Appendix

Empirically, VJE is competitive with strong non-contrastive baselines on representation learning benchmarks
across ImageNet (Russakovsky et al.l [2015), STL-10 (Coates et al., |2011)), and CIFAR (Krizhevskyl, [2009)),
while learning probabilistic representations with likelihood and uncertainty semantics in representation space.
We validate these semantics through out-of-distribution detection, where representation-space likelihoods
yield strong empirical performance. Taken together, these results position VJE as a principled probabilistic
formulation of non-contrastive learning, with likelihood-based modelling as the underlying training primitive
and feature-wise uncertainty represented directly in latent space.
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2 Background

Non-contrastive self-supervised learning (SSL). The central principle of non-contrastive SSL is to relate
representations derived from different views of the same input, without relying on negative samples. Under
the JEPA viewpoint (LeCunl, 2022; |Assran et al., [2023)), this is instantiated as prediction in representation
space under a pointwise compatibility objective. More specifically, a context representation is used to predict
a corresponding target representation from a paired view. Formally, given two related views x; and xo, the
encoder fp and predictor g4 are learned by minimizing:

Liygpa (w1, 2) = d(ge(fo(x1)), fe(x2)), (1)

where f¢ denotes a target encoder providing target embeddings for the predictive loss, and the metric d(-, -) is
typically a distance or similarity measure (e.g., cosine or Euclidean distance). Many non-contrastive objectives
can be written in closely related paired-view forms, including BYOL (Grill et al, 2020) and SimSiam (Chen
and He, 2021)), which rely on asymmetric branches, as well as VICReg (Bardes et al [2022) and Barlow
Twins (Zbontar et al., [2021]), which impose explicit variance/covariance or redundancy-reduction penalties.
Despite their empirical success, these approaches produce deterministic embeddings by mapping each input
to a single point in latent space, and their pointwise energy or compatibility primitives are not themselves
given by a tractable normalized probabilistic model in representation space (LeCunl 2022]).

Variational inference and uncertainty quantification. Variational inference provides a general frame-
work for probabilistic representation learning by representing each input as a distribution over latent factors. A
canonical instance is the Variational Autoencoder (VAE) (Kingma and Welling} 2014)), which trains an encoder
to produce an approximate posterior over latent variables and a decoder to reconstruct the input, jointly
optimized by maximizing an evidence lower bound (ELBO) that balances a reconstruction likelihood against
KL regularization toward a prior (Kingma and Welling, [2014; [Rezende et al., 2014]). The reparameterization
trick enables gradient-based optimization by expressing stochastic samples as differentiable transformations
of noise. While this establishes a rigorous and tractable probabilistic foundation, its dependence on pixel-
level reconstruction motivates alternative approaches suited to representation learning settings where such
reconstruction is not required.

Beyond reconstruction-based models, variational and uncertainty-aware objectives have been explored in
contrastive, supervised, and deterministic settings. [Yavuz and Yanikoglul (2024) propose a variational
contrastive objective using beta-divergence, \Wang et al.| (2025)) develop variational supervised contrastive
learning with label-conditioned priors, |Jeong et al.| (2025) introduce probabilistic variational contrastive
learning, and SNGP (Liu et al.| 2020) provides uncertainty estimates through distance-aware feature spaces
with a Gaussian-process output layer. These approaches share the motivation of integrating uncertainty
into representation learning, but operate under different supervision regimes or objective classes than the
non-contrastive setting we target.

Variational inference in joint embedding architectures. Recent works have attempted to combine
the efficiency of non-contrastive self-supervised learning with the probabilistic foundations of variational
inference to produce uncertainty-aware representations, though several challenges remain. Notably, VI-
SimSiam (Nakamura et al., [2023) modifies SimSiam by wrapping each unit-length embedding in a Power-
Spherical (PS) (Cao et al) 2020) density parameterized by a mean direction p; and concentration ;, with
one branch’s embedding frozen via stop-gradient and x; = ug(z;) predicted by an additional scalar head. The
resulting loss is defined as a PS log-likelihood applied to unit-norm embeddings:

Lalign = % [ — log PS(ZQ; ny, /-@1) - logPS(zl; o, 112)}. (2)

In their variational interpretation, this likelihood term is augmented with a KL divergence between the
PS density and a hyperspherical prior on SP~!, yielding an ELBO-like objective on unit embeddings.
Mathematically, this defines a directional density on the unit sphere, with the scalar concentration k;
controlling dispersion around p,. This is a coherent probabilistic formulation of non-contrastive alignment,
but its uncertainty mechanism is inherently limited because x; is a single scalar. Decreasing ; pushes the
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density toward the uniform distribution on SP~!, directly weakening the alignment penalty on hard or noisy
pairs. As a result, the learned x; can largely function as an example-dependent temperature controlling
how strongly directional agreement is enforced, rather than as a structured uncertainty representation.
Moreover, the scalar form restricts uncertainty to isotropic dispersion on the sphere and cannot represent
more structured, direction-dependent uncertainty.

VSSL (Yavuz and Yanikoglu, [2025]) takes a different approach, coupling a student encoder with a momentum-
updated teacher, both outputting diagonal Gaussians over latent features. The teacher processes view x; to
define a data-dependent “prior” py, (s | ¥1) = N(s; puy,0?), while the student processes view x5 to produce a
“posterior” gy, (s | x2) = N(8; o, 03). The objective combines a likelihood term evaluating student samples
under the teacher Gaussian:

Eq(s\xz) [log./\/(s; M1, U%)], (3)

with a KL penalty KL(q, (s | 22) || po, (s | 21)). This is framed as a self-supervised ELBO with the teacher
as prior. However, because the teacher is defined by a moving-average update of the student, the KL term
primarily enforces teacher—student consistency rather than regularization toward a fixed Bayesian prior.

More fundamentally, replacing the analytic Gaussian KL and log-likelihood with cosine-based alternatives
weakens the probabilistic interpretation: these cosine quantities depend only on the directions of the mean
and variance vectors and are not the KL divergence or log-likelihood of a Gaussian in R”. The resulting
objective is therefore better viewed as a heuristic angular-alignment loss, insensitive to parameter norms and
misaligned with the Euclidean geometry underlying the Gaussian distribution. Consequently, the variance
parameters are optimized as directional features rather than calibrated uncertainty measures, and their
probabilistic semantics become unclear.

Collectively, these efforts highlight the potential of integrating variational inference into non-contrastive joint
embedding architectures, while also demonstrating the difficulty of obtaining coherent probabilistic semantics
when pointwise compatibility objectives remain the underlying training primitive. This motivates our work,
in which the latent-variable model is constructed directly in representation space from the outset.

3 Model Architecture

Our implementation of the Variational Joint Embedding (VJE) framework follows the standard training
structure of non-contrastive self-supervised learning (Chen and Hel 2021} Grill et al.l |2020)), while adopting
a probabilistic latent-variable objective. A stochastic augmentation 7 is applied twice to an input x to
produce two views, z; = 7! (z) and x5 = 7(?)(z), which are processed by a shared encoder f5 : X —RP into
deterministic embeddings z; = fy(z1) and zo = fyg(x2). The framework consists of two asymmetric branches:
an inference branch that maps z; to the parameters of a stochastic latent code for view 4, and a target branch
that treats the opposite embedding z; as a fixed observation during training. This fixed-observation semantics
can be implemented by stop-gradient or equivalently by a target encoder held fixed during each update,
including exponential moving average (EMA) variants. This asymmetry is used for stable training, as in other
non-contrastive methods, but in VJE it additionally carries a precise semantic role as the fixed-observation
conditioning required by the conditional ELBO derived in Section [4]

Each embedding is represented by its unit direction z; = z;/||z;|| and magnitude |z;||, yielding the
representation-space observation y; = (2, ||2z;]|). The inference network produces a variational posterior
¢i(s) = gy(s | z;), from which a latent sample s, is drawn and evaluated against the target observation y;. The
radial residual Ar;; = ||z;|| — ||si|| measures the magnitude discrepancy between the target embedding and
the latent sample. This separation allows directional and norm discrepancies to be modelled with dedicated
likelihood terms adapted to the geometry of the embedding space. We factorize the conditional likelihood into
a directional term and a one-dimensional radial term, both instantiated as heavy-tailed Student—t likelihoods
as detailed in Section[d] The overall architecture is depicted in Figure [T}

Encoder and inference network. The encoder fy : X —RP is a shared backbone across views, and
an inference network g4 maps each z; to the parameters of a diagonal Gaussian variational posterior,
qi(s) = N(p;, diag(e?)), with ¢;(s) = qy(s | z;). While g, is architecturally akin to the predictor networks
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Figure 1: The asymmetric forward pass for one conditional direction in VJE, from view 1 to view 2. An encoder
fo produces z1, and an amortized inference network g4 maps it to a latent distribution ¢ (s) = N (pq, o).
A sample s; is drawn and the conditional likelihood of the target observation yo = (22, ||z2]|) is evaluated
under this latent code, with the radial residual Aris = ||z2|| — ||s1|| scoring the magnitude discrepancy. The
target branch is detached, enforcing fixed-observation semantics for the conditional likelihood term. The loss
consists of directional (£q;,) and radial (¢;,q) negative log-likelihoods (NLLs), jointly denoted L1, together
with a Kullback-Leibler (KL) divergence term Lkr,.

used in non-contrastive methods, we refer to it as an amortized inference network to reflect its variational
role, since it parameterizes an instance-conditional posterior from which reparameterized samples are drawn
and evaluated under the conditional likelihood. The network g4 is implemented as a bottleneck MLP in
which each layer applies a linear transformation followed by layer normalization and a nonlinear activation
function. Its final hidden representation is mapped through two linear output heads to produce p; and o?.

The same variance vector o2 is used both as the diagonal covariance of the variational posterior ¢; and, via
K3 b

¥ = diag(o?), as the scale matrix in the directional Student—¢ term. This tying ensures that feature-wise
dispersion governs both the posterior sampling distribution and the directional likelihood in a consistent
manner. In high-dimensional settings, a centered version of this variance may additionally be used within the
directional term for numerical stability, as discussed in Appendix[A-2] We adopt a diagonal covariance to
keep the number of parameters linear in D and to ensure that sampling and KL evaluation scale linearly
with the embedding dimension.

Unlike other joint-embedding architectures (Chen and Hel |2021; Bardes et al. [2022; |Grill et al., 2020; |Assran
et al.l [2023), VJE does not introduce a separate projection head, as doing so would define an auxiliary
representation space whose geometry is not constrained to relate to that of the encoder output. Instead,
both the conditional likelihood and the variational posterior are defined directly in the encoder embedding
space, so the inference network parameterizes latent structure within that space rather than in an additional
projected representation.

EMA target encoder. When stop-gradient is replaced by an exponential moving average (EMA) target
encoder, the target embeddings z; are produced by a separate copy of the encoder whose parameters £ are
updated as £ « m& 4 (1 —m) 6 after each optimizer step, with the momentum coefficient m following a
cosine schedule from an initial value to 1.0. The EMA encoder is used in inference mode only (no gradient
computation), and its parameters are not part of the optimization. This provides the same fixed-observation
semantics as stop-gradient while smoothing the target representations across training steps.

Latent sampling and likelihood evaluation. A latent sample s; = pu; + o; © g;, with g; ~ N (0,1), is
drawn using the reparameterization trick (Kingma and Welling), 2014; [Rezende et al., |2014). In practice, we
use a single reparameterized sample (K=1) per view for all reported experiments; Appendix confirms that
increasing K yields no measurable improvement. The shared degrees-of-freedom parameter v > 0 controls the
tail heaviness of both the directional and radial Student—¢ likelihood terms; its role is developed in Section [4]
and its effect is studied empirically in Section Defining §; = s;/||s;||, the negative log-likelihood averages
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directional and radial terms across both conditional directions (i, j) € {(1,2),(2,1)}:

Lyl = 3 Z Es;~q; [Laie(38(25),8i307) + Lraa( Ari5)] (4)
(4,5)€{(1,2),(2,1)}

where sg(-) denotes a stop-gradient (or equivalently the detached EMA target) and terms constant with
respect to 0, ¢ are omitted for clarity. The directional term £q4;, is a Student—t negative log-likelihood on the
unit sphere, constructed via the geodesic log-map (do Carmol [1992), a Schur-complement restriction of ¥ to
the tangent space (Zhang, [2005)), and the exponential-map Jacobian (do Carmol (1992; [Mardia and Juppl
2000) (derived in Section [4.2)):

Caie = 255 10g (1+ 228 ) 4 L 10g |San + 10g | o, (5)

where k = D—1 is the tangent-space dimension. The first term scores the angular discrepancy between §; and
z; under anisotropic whitening restricted to the tangent space at 8;, with Qq;r denoting the Schur-complement
Mahalanobis distance that properly accounts for the constraint t 1 §;. The second term penalizes variance
inflation through the log-determinant of the restricted tangent-space covariance ¥¢,,. The third term is the
exponential-map Jacobian log | Jexp| = (D—2)(logsin § — log §) < 0, which corrects for the curvature of SP~1.
The complete derivations are given in Section [4:2]

The radial term ¢y,q is a one-dimensional Student—¢ negative log-likelihood acting on the norm residual:

v ArZ
Arij = |zl = lIsill,  lraa = 45+ IOg(l + TJ) (6)

KL regularization and total objective. To anchor the posteriors, each ¢;(s) is regularized toward a
standard Gaussian prior p(s) = A (0,1) using the analytic KL divergence:

2 D

1
LK1, = 522 (Uid—&—uid—l—logaid). (7)

1=1 d=1

The final training loss combines the likelihood and regularization terms with a weighting factor (:
L= LnLL + B LKL- (8)

Appendix [A] provides pseudocode for the forward pass and loss computation of VJE, as well as additional
implementation details to assist with reproducibility.

4 Latent variable model

We begin our theoretical formulation by defining a likelihood model py(z | s) that formalizes the probabilistic
relationship between the latent variable s and the observed embedding z, both D-dimensional vectors in
RP. Here, z is produced by the encoder and s is sampled from a variational posterior ¢(s | z), with the
two corresponding to different views of the same input. The variational posterior is the inference model,
parameterized by the inference network defined in Section [3} the likelihood is the generative scoring model
developed in this section. The likelihood evaluates how well a latent representation inferred from one view
explains the embedding observed from another view. We ultimately evaluate the likelihood on the observation
y = (2, ||z]]) introduced in Section |3} and write the final model as py(y | s). This construction provides the
foundation for our conditional evidence lower bound (ELBO) objective.

Our approach makes several explicit modelling choices that are motivated by geometric and statistical
considerations. These choices are developed throughout this section and empirically evaluated in Section
The distinction between the likelihood-based formulation presented here and pointwise energy-based objectives
is formalized at the objective level in Appendix



Published in Transactions on Machine Learning Research (04/2026)

Likelihood distribution. The choice of likelihood distribution py(z | s) is a central design element, as
it determines how residuals between z and s are scored under a normalized density and how sensitive the
resulting objective is to large deviations. To motivate the final form we adopt, we first examine the behaviour
of a Gaussian likelihood and its limitations. Choosing a Gaussian likelihood yields:

py (7] s) = 2nA) " exp(— 55z — s|) , (9)

with corresponding negative log-likelihood (NLL) and gradient:
In(z;8) = 35|z —s|?, Vil = x(z—s). (10)
The gradient norm ||V x| grows linearly with ||z — s||, leading to unbounded influence from large residuals.

Since the Gaussian loss grows quadratically with ||z — s||, large deviations in high-dimensional spaces can
dominate training dynamics. To mitigate this behaviour in a model-based manner, we instead adopt a
heavy-tailed Student—¢ likelihood. The Student—¢ likelihood yields bounded influence in the corresponding
NLL gradients (Huber and Ronchetti, |2009), ensuring that large residuals continue to contribute to the
objective without exerting unbounded influence on gradients or parameter estimates. This robustness arises
from the probabilistic form of the likelihood itself, rather than from ad-hoc clipping or heuristic penalties.
The resulting likelihood is given by (Kotz and Nadarajahl 2004} Bishop, [2006):

_v+D

Py (z]s)=Cop STV 1+ Lz—s)TS  (z—5)] 7, (11)
yielding NLL and gradient functions:
s (z;8) = “EPlog(1+ L(z —s) "2z —5)) + 5 log [T,

v+ D
v+ (z—s)TE" 1z —s)

(12)

Vailis = Yz —s),

where v > 0 controls tail heaviness, ¥ is a symmetric positive-definite scale matrix, and C, p is the
normalizing constant. As v — oo, the Student—t likelihood recovers the Gaussian case. Throughout this
paper, all references to a “Gaussian” likelihood or the “Gaussian limit” refer to the v — oo limit within the
same Student—t family, not to a separate unfactorized formulation.

This formulation yields an NLL that grows only logarithmically for large residuals, while the gradient
magnitude decays with the Mahalanobis distance (z —s) "X ~!(z — s). Figure [2|illustrates this behaviour,
highlighting the bounded influence of the Student—t likelihood compared to the unbounded Gaussian case.

Although the Student—t likelihood provides robustness to large deviations, the Mahalanobis term (z —
s)T"¥7!(z — s) still couples angular misalignment and differences in norms into a single error channel.
Expanding this term,

(z—s) S z—s)=2'2'z2+s' 27 ls — 22" N7, (13)

reveals both the individual quadratic norms z' £ 'z, s" X" !s and their inner product z'¥"'s. As a
consequence, the contribution of an angular discrepancy between z and s is scaled by their norms (in the 31
metric), so that large-norm embeddings can produce large Mahalanobis residuals even for moderate angular
error. In contrast, a large Mahalanobis residual does not reveal whether it is dominated by a mismatch in
direction or magnitude. This coupling between scale and orientation motivates a reparameterization in which
directional and radial contributions are modelled by separate likelihood factors.

To do so, we reformulate the likelihood in a space where angular and radial variations are explicitly decoupled,
so that each embedding is represented not by its Euclidean coordinates but by its direction and magnitude.
In the radial channel, discrepancies are evaluated relative to the predicted norm via the residual:

Ar = ||z|| — ||s| € R. (14)

This representation allows us to treat directional and radial channels separately in the likelihood, each with its
own stability properties and normalization behaviour. We define a product-form likelihood on the observation
y = (%, ||z||), with the radial factor expressed in terms of the residual Ar.
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Figure 2: One-dimensional scalar illustration of the Student—¢ versus Gaussian negative log-likelihood and
gradient magnitude, plotted as functions of a residual r at fixed scale A = 1 for different degrees of freedom v
(with the Gaussian limit at v = co). Panel @ illustrates how heavy tails moderate the growth of the negative
log-likelihood for large residuals, while panel (]ED shows the corresponding influence functions, where gradients
saturate and then decay so that outliers contribute only a bounded amount of signal. This underlines the
choice of Student—t likelihoods in VJE to stabilize training without ad-hoc heuristics. Note that this figure
illustrates the qualitative behaviour of the likelihood family; the full training objective uses the factorized
directional-radial form developed in Sections @—@

In Section we develop this decomposition by examining how a polar factorization of the isotropic Student—
t distribution motivates the separation of directional and radial channels. In Section we introduce
feature-wise (i.e., anisotropic) uncertainty in the directional term on the unit sphere. We first present a
normalized spherical reference model, and then derive the directional subdensity used in training by omitting
a normalization contribution that proved empirically unstable. Section formalizes the radial residual Ar
and its associated likelihood, and Section establishes the conditional evidence lower bound (ELBO) that
combines these components into a symmetric objective suitable for joint embedding architectures.

4.1 Polar decomposition of the likelihood

To motivate the separation of directional and radial channels, we begin from an isotropic Student—¢ likelihood,
whose rotational symmetry admits a well-defined polar decomposition into independent radial and directional
factors (Mardia and Jupp, [2000). The isotropic Student—¢ likelihood can be written as:

v+ D

P )s) = Cup a0 14 =S (15)
v ' VA ’

where A > 0 is a scalar scale parameter. This corresponds to the isotropic special case 3 = AI of the elliptical
Student—t likelihood in Eq. .

We introduce polar coordinates for the displacement vector z — s:

zZ—8 D—1
p =z —s| € (0,0), wi=-——¢€S" (16)
|z —s|
and the corresponding Jacobian for this change of variables:
dz = pP = dpdw, (17)

where dw denotes the uniform surface measure on the unit sphere S?~! (Mardia and Jupp, 2000). Since the
isotropic density in Eq. depends only on p, the direction w is uniformly distributed and independent of
p. The likelihood therefore factorizes into independent radial and directional components:

PN | 8) = Praa (0) Pa (@), Pan(w) = ﬁ) (18)



Published in Transactions on Machine Learning Research (04/2026)

The explicit form of the radial factor is given by:

2F(V+D) 1|: +L2

F L) e’ M

v+ D

y S s, (19)

DPrad (P) =

which provides a clear geometric interpretation, as the isotropic Student—t distributes mass uniformly over
directions, and the entire radial structure is captured by the corresponding one-dimensional term.

This polar decomposition motivates our use of a product-form likelihood (i.e., joint likelihood) with independent
directional and radial factors, enabling separate treatment of angular and radial errors. While the isotropic
case yields a well-defined factorization, our full model extends this structure to incorporate anisotropic scaling
and alternative radial parameterizations. This design choice provides flexibility to model uncertainty while
retaining probabilistic and geometric coherence. The specific parameterization of these factors is developed
in subsequent sections.

4.2 Directional likelihood and feature-wise uncertainty

An immediate limitation of the isotropic form derived in Section [£:1]is the shared scale A, which prevents
the likelihood from expressing feature- wise variation. We enable anisotropic weighting of dimensions by
introducing a diagonal variance vector o2 € RY ¢ in the directional term. In the polar parametrization of the
displacement z — s, the radial variable p = ||z — s|| is one-dimensional, so any anisotropy is naturally confined
to the directional term. We define the directional scale matrix as ¥ = diag(o?).

Since both the target direction z and predicted direction § lie on SP~!, the directional likelihood should
respect the geometry of the sphere. We therefore begin from a normalized spherical reference construction
obtained by mapping 2 into the tangent space at §, evaluating a Student—t density in that (D—1)-dimensional
space, and accounting for curvature through the exponential-map Jacobian. The stable training objective
used in this work is then obtained from this reference construction by omitting a normalization contribution
whose gradients were empirically unstable and promoted collapse, yielding a directional subdensity on SP~1.
Geodesic log-map. Given unit vectors 2,8 € SP~1 let § = arccos(2'8) € [0,7) denote their geodesic
distance. The logarithmic map at § sends z to the tangent vector (do Carmol, [1992):

0
sin 6

t =log,(2) = (2 —cos8) € TuSP, (20)

which satisfies t 78§ = 0 and |[t|| = §. When 6 — 0, the map reduces to t — 2 — 8.

Tangent-space covariance via Schur complement. The ambient diagonal covariance ¥ = diag(o?)
must be restricted to the (D—1)-dimensional tangent space T5S”~!, which is the orthogonal complement of
the normal n = §. Following the Schur-complement construction for constrained quadratic forms (Zhang},
2005), the Mahalanobis distance restricted to the tangent space is:

(t"¥X"1n)?
n'Y n’
where the subtracted term removes the component of ¥~ 't along n. Although t L n in the Euclidean

metric, the whitened vector ¥ 't generically has a nonzero projection onto n under X!, which the Schur
complement corrects.

Qar =t X7t — (21)

The determinant of the restricted (D—1)-dimensional tangent-space covariance is (Zhang, 2005):
22
det(Sean) = det(X) - (n" £ 1n) (H ad) (Z %), (22)

a—1%d

so that the tangent-space log-determinant is:

D D
1 log det(Sian) = %Zlog o2+ %log<z
d=1 d=1

>
&qm‘&.w

). (23)
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Exponential-map Jacobian. The exponential map expg : T3SP~1 — SP~! maps tangent vectors to the

sphere. In geodesic normal coordinates at distance # from the base point, the volume element on SP~!
relative to the flat tangent space satisfies (do Carmo, [1992; [Mardia and Jupp) [2000):
dvolg  (sinf D=2 (24)
dVOlT o 0 '

A tangent-space density gian(t) therefore induces a density on the sphere via ps(2) = gean(t) - (6/sin §)P =2,
and the corresponding log-Jacobian correction entering the NLL is:

log | Jexp| = (D—2)(logsiné — logd) < 0. (25)

Normalized reference construction and directional subdensity. Combining the tangent-space
Student—t with the restricted covariance and the Jacobian correction yields the normalized spherical reference
construction

P | 8,0%) o< Cyp det(Sran) Y2 (14 2Qui) ™ F (525) "7

sin 6

., k=D-1, (26)

where the omitted proportionality constant is the parameter-independent normalization over SP~!. Direct
optimization of the corresponding fully normalized form introduces a normalization contribution whose
gradients were empirically unstable and consistently promoted collapse. We therefore omit this contribution
and use the resulting directional subdensity in training. Dropping constants independent of (u,o?), the
per-sample directional negative log-likelihood is the expression given in Eq. , restated here:

v+ k

Kdir = T 10g<1 + %Qdir) + %log det(ztan) + (D_2) (log sin 6 — IOg 9)7 (27)

where £ = D—1 is the tangent-space dimension. The relationship to the directional subdensity is
Lair = — log Pair (2 | 8, 0%) + const, (28)

where pqir denotes the subnormalized directional density and the constant absorbs the Student—t normalization
Cy.x. The three terms play complementary roles: the first scores the angular discrepancy under anisotropic
whitening with heavy-tailed robustness; the second penalizes variance inflation; and the third accounts for
the curvature of SP—1.

Because pgir is nonnegative and subnormalized on the sphere, it defines a valid directional likelihood
contribution within the associated subprobability model used in training. This is the directional construction
used throughout all reported experiments.

Variance tying. To ensure that feature-wise uncertainty jointly governs the directional likelihood and the
variational posterior, we tie the variance vector 2 between the two distributions. The inference network
output o? is shared across the Gaussian posterior ¢(s | z) and the directional likelihood, with the same matrix
¥ = diag(o?) appearing in both. This choice makes each 0% a shared per-feature scale parameter: it controls
the weighting of the directional residual in the likelihood while also serving as the variance parameter of the
posterior, so that feature-wise uncertainty is expressed consistently across both distributions.

4.3 Radial reparameterization and final likelihood

While the polar factorization in Section yields a one-dimensional radial variable p = ||z — s||, using this
Euclidean distance directly as the radial term still couples angular misalignment with differences in norms.
The squared distance expansion

lz —s|* = llzl* + [Is* — 2|z] [Is|| cos? (29)

reveals that the Euclidean distance inherently couples angular alignment with magnitude through the cosine

term, where 6 denotes the angle between z and s. Angular discrepancies therefore contribute to the radial

error in proportion to the product of norms. For a Student-t likelihood, the angular gradient takes the form:
(%t v+ D

90 " atz—s? ||| [Is[| sin 6, (30)

10
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which remains susceptible to norm amplification despite the bounded prefactor.

To address this coupling, we reparameterize the radial channel as the difference of norms:
Ar = |z] —|s]. (31)

This parameterization measures magnitude discrepancy independently of angular alignment: the radial
residual is zero when predicted and observed magnitudes agree, regardless of their relative directions. The
reference point shifts from the Euclidean distance ||z — s|| to the predicted norm |s||, enabling a clean
separation of scale from orientation in the radial term.

Consequently, translation invariance is no longer preserved, since ||(z + a) — (s + a)|| = ||z — s|| but
|z +all — ||s+al| # ||z]| — ||s||- However, this does not introduce a geometric inconsistency within the present
model, as we anchor both the posterior ¢(s | z) and the likelihood py(z | s) to the origin by introducing the
standard Gaussian prior in Section [£:4] Since both the likelihood and the posterior are defined relative to
this fixed coordinate system, the reparameterization remains geometrically consistent with the choice of a
fixed origin.

The resulting radial likelihood is given by a one-dimensional Student-t kernel:

v+1
INEE=Y (Ar)2\ "=
(D) (Ap) = 2 <1 + ) Ar € R. 32
prad( ) I/T('/\F(%) 3\ ) ( )
Therefore the per-sample NLL, omitting constants, is:
v+1 Ar?
rad (Ar) = —— 1 1+ —,
bra(ar) = "5~ tog(14 ) (33)
with the derivative:
v+l |Ar| v+1

P
[~ logp{S)(Ar)]

0 Ar (34)

vA 1+ (Ar)2/(v)) = NN

which is bounded for any finite v. In the radial kernel pEaAd) (Ar), the parameter A > 0 acts purely as a
global scale: the density depends on Ar only through the combination Ar?/(v)). A change in A is therefore
equivalent to a rescaling of the radial coordinate and does not increase the expressiveness of the model.
Moreover, for any fixed Ar # 0 and v > 0, increasing A decreases the radial NLL ¢,,4(Ar). An unconstrained
maximume-likelihood solution would therefore push A — oo, effectively eliminating the radial penalty. To avoid
this degenerate path, we fix the radial scale to A = 1, and leave v as the sole shared radial hyperparameter.

Combining the stabilized radial term with the directional factor of Eq. yields the factorized
conditional likelihood used in training on the observation y = (2, ||z||):

~ A ~ A | A
Po(y|s,0%) = pOLAr) - pan(2 | 8,0%),  Ar:=|lz] —|s]. (35)

Constants independent of (i, o?) are omitted from the loss. The Jacobian terms associated with the change
of variables from z to (2, ||z||) do not depend on the trainable parameters and are absorbed into these omitted
constants.

Together, the radial factor derived in this section and the directional factor of Eq. specify the complete
subnormalized conditional model py (y | s, o?) on representation-space observations.

4.4 Conditional evidence lower bound

To establish the evidence lower bound (ELBO) underlying the VJE objective, we combine the factorized
conditional model py(y | s,02) of Eq. with the diagonal-Gaussian variational posterior and KL divergence

introduced in Section [3| (Egs. (#)-(7)).

11
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For each conditional direction i — j with (7,7) € {(1,2),(2,1)}, the target embedding z; is treated as a fixed
observation by detaching it from the computation graph, so that y; appears only as an observed variable in
the likelihood term. The one-way conditional ELBO is then:

A N
Fisj =Es;ng, 1ng£ad)(|\zj|| — |Isill) + log pair (25 | 8, Uf)} — Lxu(g|p), (36)

which provides the corresponding variational lower bound on the conditional log-mass of the associated
subprobability model

log Py (y; | 2:) > Fissj, (37)

where py, is the factorized subnormalized conditional model defined in Eq. . Since the Jacobian of the
mapping from z; to (2, ||z;||) does not depend on the model parameters (u,, o), the same bound holds up
to an additive constant that is omitted from the loss.

Symmetrizing over both directions yields the S-weighted objective:
=B _ 1 A
FO=5 3 B [logplal (2] = l1sil) +log s (25 | 81, 02)| = BLawlaillp) - (39)
(4,5)€{(1,2),(2,1)}

Here, 8 weights the KL regularization analogously to 8-VAE (Higgins et al., |2017): S = 1 corresponds to
the unweighted conditional ELBO, 8 < 1 emphasizes likelihood fitting, and 5 > 1 increases regularization
strength.

For training, we minimize the negative of Eq. (38]). Writing the likelihood terms as their negative log-
likelihoods recovers the training loss £ = L1, + 8 L1 of Eq. , with Lnr11, as in Eq. and Lk, as in
Eq. . The target z; is always detached, ensuring that gradients flow only through the inference network of
branch 7, consistent with the fixed-observation semantics.

Joint likelihood at inference. At test time, the factorized likelihood of Eq. yields a per-sample
scoring function. Given a single input x, we encode z = fp(x), infer (u, 0?) = g4(z), and set s = p. The
joint likelihood score is the resulting negative log-likelihood (NLL):

S(x) = Lai(2, f1; 02) + Lraa(||z]| — [|pe]]) (39)

This score requires no auxiliary data or multiple views, with lower values indicating better fit under the
model. In Section [5.4] we evaluate this score for out-of-distribution detection as a downstream assessment of
the learned uncertainty.

5 Experiments

We evaluate the proposed Variational Joint Embedding (VJE) framework along three complementary axes.
First, we assess whether VJE retains discriminative representation quality comparable to deterministic
joint-embedding baselines, establishing that the variational objective supports competitive feature learning
(Section . Second, we study the geometry of the learned representations and posterior structure to
determine whether the model’s probabilistic quantities organize meaningfully over representation space rather
than behaving as unstructured auxiliary outputs (Section . Third, we assess whether these probabilistic
quantities exhibit coherent semantics in a downstream task, using out-of-distribution detection as a testbed
(Section . Additionally, we perform ablations to quantify the contributions of key design choices, including
tail heaviness and the individual loss components (Section , and conclude with a brief synthesis of the
main empirical findings (Section . Implementation details are provided in Appendix |A] while additional
supporting experiments, ablations, and diagnostics are presented in Appendix [C]

5.1 Experimental setup

All experiments use a ResNet backbone (He et al.,[2016)) for consistency, followed by an inference network that
outputs posterior parameters (u, o) as described in Section [3| For ImageNet-1K (Russakovsky et al., 2015))

12
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and the supplementary ImageNet—100 experiments reported in the appendices, we use a ResNet-50 encoder,
while for CIFAR-10, CIFAR-100 (Krizhevskyl 2009), STL-10 (Coates et al., |2011), and Tiny ImageNet (Le
and Yang} 2015)), we use a smaller ResNet—18 model. For CIFAR-10 and CIFAR-100, the architecture is
adapted to 32x32 inputs by changing the first convolution to 3x3 with stride 1 and removing the initial
max-pooling layer. All models are trained from random initialization.

The inference network used in our experiments is a two-layer bottleneck MLP interleaved with Layer
Normalization (Ba et all 2016) and nonlinear activation, with bottleneck dimension 512 for ResNet—50 and
128 for ResNet-18. Two separate linear heads then produce the posterior mean p and diagonal variance o2,
exactly as described in Section [3]and Appendix [AI] VJE does not use a separate projection head, and the

latent-variable model and conditional ELBO are therefore defined directly on encoder features.

Unless otherwise noted, we use f=1.0, v=1.0, and a single reparameterized sample per input. Appendix
shows that increasing the number of Monte Carlo samples provides no measurable benefit in our setting. For
representation learning on ImageNet—1K, we evaluate frozen representations through a linear probe, while
on CIFAR-10, CIFAR-100, STL-10, Tiny ImageNet, and ImageNet—100, we report k—nearest-neighbour
accuracy over the course of training with k=20.

5.2 Representation learning

ImageNet—1K. We begin with a large-scale evaluation on ImageNet—1K to assess whether the variational
objective compromises discriminative capacity. Training follows a 100-epoch pretraining schedule with ResNet—
50, an EMA target encoder, and the BYOL augmentation recipe (Grill et al., 2020). We use stochastic
gradient descent with momentum 0.9, batch size 256, cosine learning-rate decay (Loshchilov and Hutter,
2017) from 0.05, weight decay 5x10~% with normalization layers and biases excluded, and a 10-epoch linear
warm-up. After pretraining, we train a linear classifier on frozen backbone features for 100 epochs using
stochastic gradient descent with momentum 0.9, a cosine learning-rate schedule, following standard linear
evaluation practice in prior self-supervised learning work (Bardes et al., |2022; |Chen and He} |2021]).

Table 1: Linear evaluation on ImageNet—1K with ResNet—50 and 100 pretraining epochs. VJE uses an EMA
target encoder. Mean and standard deviation for VJE are computed over three runs. Published baseline
values are taken from the cited source corresponding to each method; entries marked (*) denote 100-epoch
results reported by (Chen and He| (2021)).

Method Top-1 (%)
SimCLR (Chen et al., 2020a)) 66.5*
BYOL (Grill et al, 2020) 66.5%
SwAV (Caron et al., 2020) 66.5
SimSiam (Chen and He, [2021) 68.1
VICReg (Bardes et al., 2022)) 68.6
VIJE (ours) 68.21+0.3

VJE achieves 68.2 + 0.3% top-1 accuracy on ImageNet—1K and 88.4 + 0.5% top-5 accuracy, placing it in
the same range as strong deterministic baselines under the same epoch budget (Table . These results
indicate that the variational formulation does not compromise discriminative capacity, as the model remains
competitive in representation learning despite the stochasticity introduced by the training objective.

Multi-dataset comparison. We next compare VJE against deterministic joint-embedding baselines
on CIFAR-10, CIFAR~-100, and STL-10. For controlled comparison, we train all methods with a shared
ResNet—18 backbone for 800 epochs, following the long-horizon CIFAR evaluation regime commonly used for
SimSiam-style comparisons (Chen and He| |2021)). The deterministic baselines reported in this section are
our reproductions under this shared encoder and epoch budget; method-specific choices such as head design,
optimizer, learning-rate schedule, and augmentation recipe otherwise follow the corresponding published
formulations (Chen and He, [2021}; [Bardes et al., [2022). In particular, SimSiam (Chen and He} 2021)) uses
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Table 2: k-NN accuracy (%, k=20) on three datasets with ResNet—18 after 800 pretraining epochs. All
methods share the same encoder architecture and epoch budget. SimSiam and VICReg are reproduced under
this common setup while retaining their method-specific published design choices (Chen and Hel 2021} Bardes|

2022); VJE uses no projection head. Mean =+ std over three runs.

Method CIFAR-10 CIFAR-100 STL-10
SimSiam 90.5£0.2 53.2+£0.5 T4.7+2.1
VICReg 86.4+0.1 59.4+0.2 82.9£0.1

89.5+0.2 59.7+04 83.9+0.7
89.5+0.2 98.7+0.5 83.3+0.8

91.4+0.2 63.0£0.3 87.9£0.6
91.4£0.2 62.8+0.3 87.5+0.6
91.8+0.1 64.1+04 882403

VIJE (stop-grad)

VJE (EMA)

MT N T W

a two-layer projector with a bottleneck predictor, whereas VICReg (Bardes et al., [2022]) uses a three-layer
4096-dimensional expander. VJE uses the BYOL augmentation recipe (Grill et al., 2020, stochastic gradient
descent with momentum 0.9, batch size 256, cosine learning-rate decay from 0.05, weight decay 5x10~*
(excluding normalization layers and biases), and a 10-epoch linear warm-up.

We report k—nearest-neighbour accuracy (k=20) on the test set, evaluating every 10 epochs. For VJE, we
evaluate the encoder output z, the posterior mean pu, and, for the EMA variant, the EMA encoder output 2.
Results are averaged over three runs.

Table 2] shows that VJE is competitive with or outperforms both reproduced deterministic baselines across all
three datasets. On CIFAR-10, SimSiam is the stronger deterministic baseline, and VJE (stop-grad) remains
within one point. On CIFAR-100 and STL-10, VJE (stop-grad) exceeds both baselines, while using an EMA
target encoder yields further improvements across all datasets, with Z providing the strongest representation
overall.

—— SimSiam —— VICReg —— VJE VJE (EMA)
100 CIFAR-10 CIFAR-100 STL-10

<
e fﬁé
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e 60/ :
=}
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Figure 3: k-NN accuracy (k=20) over training on CIFAR-10 (left), CIFAR-100 (centre), and STL-10 (right).
Curves show SimSiam, VICReg, VJE (stop-grad, z), and VIE (EMA, 2). VJE (EMA) attains the highest
plateau on all three datasets, and SimSiam exhibits visibly less stable training on STL-10.
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The encoder output z and posterior mean p perform nearly identically on CIFAR-10 and remain close on
CIFAR-100 and STL-10, where p trails by only 0.5-1.0 points. This indicates that the posterior remains
tightly centered around the encoder representation rather than displacing its semantic content.

Figure 3| is consistent with the endpoint results in Table 2} VJE (EMA) reaches the highest plateau on all
three datasets, while SimSiam is visibly less stable on STL-10.

5.3 Geometry of learned uncertainty

To examine how the variational posterior is organized over the learned representation, we visualize the
CIFAR-10 embedding together with posterior-derived statistics in Figure [d] and quantify the same structure
directly in the original representation space in Table [3]

A first qualitative observation from Figure [4is that, in the 2-D t-SNE layout, the posterior statistics exhibit
coherent large-scale structure. Mean posterior variance and NLL show a broadly aligned pattern: the central,
visually overlapping region tends to support higher uncertainty magnitude and worse fit, while more separated
peripheral regions tend to show lower variance and lower NLL. In contrast, the KL term and the anisotropy of
the posterior variance field, measured here as the coefficient of variation (CoV) of the per-dimension posterior
variance o2, display the opposite broad trend, with reduced values in the same central region and larger
values away from it. This suggests that the posterior is not governed by a single scalar uncertainty field, but
that different posterior-derived quantities respond differently across the representation.

This large-scale visual pattern is also consistent with the prior geometry built into the model. Since the
KL term is taken with respect to the standard Gaussian prior p(s) = N'(0,I) (Section [4.4), it measures the
degree to which the posterior departs from an origin-anchored, unit-variance reference geometry. The broad
low-KL central region in Figure [4] therefore corresponds to posteriors that remain closer to this prior anchor,

0.586 0.616 0.646 0.676 0.706 -713 -638 -563 -489 -414

Automobile

S
76 116 156 195 235 0.562 0.738 0.913 1.089 1.265
KL CoV(a?)

Figure 4: Geometry of posterior uncertainty on CIFAR-10. The left panel shows a t-SNE (van der Maaten
land Hinton, [2008) of the learned representation colored by class. The four panels on the right visualize

posterior-derived quantities over the same embedding geometry: the mean posterior variance o2, the negative
log-likelihood (NLL), the KL term, and the anisotropy of the posterior variance field, measured as the
coefficient of variation (CoV) of the posterior variance.
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Table 3: Posterior geometry as a function of class-center margin and within-class radius in normalized
posterior-mean space on CIFAR-10. The upper section partitions samples into tertiles by margin, where low
margin indicates weaker separation and high margin indicates cleaner separation. The lower section reports
Spearman rank correlations (p) of each posterior statistic with margin and radius.

o2 NLL KL CoV(a?)

Margin tertiles

Low 0.6630 £ 0.0237 —531.55 £57.52 120.28 £33.20 0.6883 +0.1450
Mid 0.6436 £ 0.0215 —577.98 £52.20 153.85 £ 38.02 0.8203 +0.1494
High 0.6354 £0.0209 —610.68 £54.64 171.60=+38.36 0.8720+0.1433

Spearman correlation (p)

Margin —0.50 —0.58 0.58 0.55
Radius —0.36 —0.28 0.54 0.69

whereas the more peripheral and visually separated regions exhibit larger deviation from it. Together with
the patterns of variance and anisotropy, this suggests a transition from broader, more isotropic uncertainty
near the centre of the embedding to smaller but more structured posterior uncertainty toward the periphery.

To quantify this effect directly in the original representation space, we compute two geometric measures in
normalized posterior-mean space. For a sample with label y;, the class-center margin is defined as:

mi = cos(ji, ¢, ) — max cos(7i ), (10)
where fi; is the normalized posterior mean and ¢, is the centroid of class y in the same space. Large margin
indicates stronger separation from competing classes, while small margin indicates a more weakly separated
region. The within-class radius is defined as r; = 1 — cos(fl;, ¢y, ), measuring distance from the own-class
centroid while ignoring competing classes.

All four posterior statistics vary monotonically with margin, confirming that samples with weaker class
separation are associated with broader uncertainty and worse likelihood fit, but with lower KL and lower
anisotropy, consistent with posteriors that remain closer to the prior. Conversely, well-separated samples
have tighter overall uncertainty together with larger KL. and more anisotropic posterior variance, indicating
stronger deviation from the isotropic prior geometry. The posterior therefore does not respond to class
geometry merely by inflating or shrinking a single variance scale. Its overall magnitude and its internal
structure vary in opposite directions across the representation.

The correlation structure further differentiates the roles of these statistics. Anisotropy is most strongly
associated with within-class radius (p = 0.69), whereas NLL is more strongly associated with margin than
with radius (—0.58 versus —0.28). This suggests that NLL is more closely tied to inter-class separation, while
anisotropy is more closely tied to position within the class cloud. Taken together, the evidence indicates that
mean variance and NLL track uncertainty magnitude and fit relative to global separation, while KL and
anisotropy capture a complementary aspect of posterior structure tied to the degree of departure from the
prior. This separation between uncertainty scale and posterior structure is enabled by the variance tying
between the posterior and the directional likelihood (Section , which allows the same per-feature scale o2
to govern both the likelihood and the posterior.

5.4 Empirical assessment of probabilistic semantics

We next assess the probabilistic semantics induced by VJE in representation space by evaluating posterior-
derived scores for out-of-distribution detection under the OpenOOD CIFAR-10 protocol, using CIFAR-100
and Tiny ImageNet as near-OOD datasets, and MNIST (LeCun et al.l 1998), SVHN (Netzer et al, 2011)),
Textures (Cimpoi et all 2014)), and Places365 (Zhou et al.l 2018) as far-OOD datasets (Yang et al., [2022;
Zhang et al 2024). No class labels are used at any stage of training or scoring. The primary score is the
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Table 4: OOD detection on CIFAR-10 using posterior-derived scores (¢v=1.0, 200 epochs, three runs). NLL
denotes the joint likelihood of Eq. (39)); NLL (dir) uses the directional term only. Entries report AUROC (%)
as mean =+ std; bold indicates the column best and scores within one standard deviation of it. Summary
Avg follows the OpenOOD convention and is computed as (Near + Far)/2.

Near-OOD Far-OOD Summary
Score C-100 TIN MNIST SVHN  Textures Places Near Far Avg
NLL 88.1+0.2 88.3+03 974+08 989+0.2 96.7+0.7 93.0+0.3 882+0.2 96.5+0.2 924+0.2
NLL (dir) 88.2+0.2 885+0.3 974+09 989+0.2 968+0.6 93.1+0.3 883+0.2 96.6+0.2 92.5+0.2
Tr(o?) 83.6+0.4 85.7+0.6 80.8+122 91.3+20 828+20 89.0+0.7 84.6+05 86.0+25 853+1.2
—KL 84.8+04 85.74+0.3 705+55 954+06 764+21 881405 853+03 826+0.9 84.0+0.3

—CoV(c?) 823+05 818405 588+92 93.6+09 662+22 821409 820+£04 752+21 78.6+1.2

NLL of the joint likelihood (Eq. (39)). Unless otherwise noted, all results in this subsection use v=1.0, 200
training epochs, and three runs.

Table [d] reports the NLL score alongside other posterior-derived statistics. The NLL score achieves 92.4 + 0.2
OpenOOD average AUROC, with 88.2 + 0.2 on near-OOD and 96.5 £ 0.2 on far-OOD. The directional NLL
alone is nearly identical, indicating that the OOD signal is already largely present in the directional likelihood,
while the radial term contributes little additional discrimination. The remaining uncertainty measures are all
informative, though they all underperform the NLL score.

This is consistent with the geometric analysis in Section [5.3] where variance magnitude and anisotropy
were shown to track different aspects of the posterior, neither of which alone captures the full structure
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Figure 5: OOD detection ROC curves on CIFAR-10 for six OOD datasets. Each panel compares CIFAR-10
against one OOD dataset and reports the AUROC of the NLL score in the title. The plotted curves correspond
to four posterior-derived scores: NLL, —CoV(0?), Tr(c?), and —KL. Shaded bands denote +1 standard
deviation across the three runs. Across all six datasets, the NLL score is the most consistent and reliable
discriminator. This is especially evident for MNIST, where the alternative uncertainty measures exhibit
markedly weaker or less stable separation, while NLL still yields near-perfect discrimination.
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Figure 6: Distributions of the NLL score on CIFAR-10 and six OOD datasets. Each panel compares the
CIFAR-10 in-distribution score distribution against one OOD dataset, with the corresponding AUROC shown
in the title.

encoded by the likelihood. Notably, both KL and CoV(c?) require sign-flipping to be used as OOD scores, as
OOD samples tend to have higher KL, and lower anisotropy than in-distribution samples, indicating greater
departure from the prior but with less structured variance. This is the same direction of effect observed
in Section where low-margin in-distribution samples were the ones closest to the prior anchor, and it
extends naturally to OOD inputs that lie further from the learned class structure.

Figure [l and the score distributions in Figure [6] show that the NLL-based signal is the most consistent across
datasets. OOD samples shift toward larger NLL in all six cases, with especially clean separation for SVHN
and MNIST and more overlap for the near-OOD datasets CIFAR-100 and Tiny ImageNet.

Sensitivity to the likelihood tail parameter. Table [5|shows that ¥=1.0 and v=3.0 perform essentially
identically overall, and v=7.0 remains competitive. Performance degrades at ¥=20.0 and collapses at ¥=>50.0,
where the detector is near chance. As v increases, the Student—t likelihood approaches the Gaussian limit and
the bounded-influence property discussed in Section [4] is lost: gradients no longer saturate for large residuals,
and the representation fails to develop the uncertainty structure that makes the NLL score discriminative. At
v=>50.0, this corresponds to effective model collapse.

Table 5: NLL score AUROC (%) on CIFAR-10 OOD detection across the v-sweep (5=1.0, 200 epochs, three
runs). Entries report AUROC (%) as mean =+ std; bold indicates the column best and scores within one
standard deviation of it. Summary Avg follows the OpenOOD convention and is computed as (Near + Far) /2.

Near-OOD Far-OOD Summary
v C-100 TIN MNIST SVHN  Textures Places Near Far Avg

1 881+02 883+03 974+08 989+0.2 96.7+0.7 93.0£0.3 88.2+£0.2 96.5+0.2 924+0.2
3 883+03 889+02 968+21 986+0.2 96.7+0.2 93.4+01 886+02 964+04 925+0.3
7 86.2+06 87.7+06 98.0+0.7 98.0+06 971+£03 93.0+03 869+0.6 96.5+0.3 91.7£0.2
20 86.0£08 87.0x08 969+0.1 97.0+£04 956+04 921+0.7 86.5+0.8 95.4+04 91.0£0.6
50 47.0+£4.6 49758 61.3+26.1 442+58 53.2+72 503+09 483£5.0 523£85 50.3£6.5

18



Published in Transactions on Machine Learning Research (04/2026)

Table 6: Reproduced VI-SimSiam OOD detection on CIFAR-10. Power-Spherical NLL is reported at 200, 400,
and 800 epoch checkpoints; remaining scores are reported at 800 epochs. Entries report AUROC (%) as mean
=+ std over three runs. Summary Avg follows the OpenOOD convention and is computed as (Near + Far)/2.

Near-OOD Far-OOD Summary
Score C-100 TIN MNIST SVHN  Textures Places Near Far Avg

PS NLL (200) 772+17 838+15 11.2+£38 924+05 77.0+33 85.9+£04 805+£16 666+0.2 73.6+0.7
PS NLL (400) 83.5£0.8 88711 262+6.1 95.0+£0.7 85.2+£33 894+11 86.1+09 740£27 80.1+£18
PS NLL (800) 849+0.1 898+06 425+£36 976+04 85.1+08 90.1£03 87.3+£02 788%+0.7 83.0+0.3

—k (800) 84.9+£0.1 89.7+£05 423+23 976+03 845+£10 902+06 87.3+03 786=+£05 83.0+0.2

PS ELBO (800) 79.5+9.8 864+54 41.3+149 955+41 830+6.1 852487 829£7.6 762+84 79.6+8.0
cos dist (800) 61.8+17.0 62.1+£15.7 725+£31.4 7094352 73.1+20.2 60.5+£27.0 61.9+16.3 69.3+28.4 65.6+22.4

Comparison to baselines. We include a reproduced VI-SimSiam baseline (Nakamura et all 2023) as the
closest comparable non-contrastive probabilistic model. Table [f] shows that its Power-Spherical NLL improves
substantially with training time, reaching 83.0 + 0.3 OpenOOD average AUROC at 800 epochs. Its strongest
detector is the likelihood-based score itself, with —k giving nearly identical results, while ELBO and especially
cosine distance are weaker. This comparison also shows that, within the same VI-SimSiam framework,
deterministic point-similarity is substantially less effective for OOD detection than the likelihood-based
probabilistic scores, despite cosine distance being its central loss component. VI-SimSiam therefore also learns
usable uncertainty structure under this evaluation, while VJE at 200 epochs (92.4) exceeds VI-SimSiam at
800 epochs (83.0) on the same benchmark.

Table 7: OpenOOD benchmark comparison on CIFAR-10. Near-OOD uses CIFAR-100 and Tiny ImageNet;
Far-OOD uses MNIST, SVHN, Textures, and Places365. VJE is scored by the NLL of Eq. ; VI-SimSiam by
Power-Spherical NLL at 800 epochs. Generic baseline values are taken from [Zhang et al.| (2024); VI-SimSiam
and VJE are our reproduced results. Avg follows the OpenOOD convention and is computed as the mean of
the Near and Far aggregates.

Method Near Far Avg
MSP 88.0 90.7 89.4
ReAct 87.1 90.4 88.8
KNN 90.6 93.0 91.8
ViM 88.7 93.5 91.1
VI-SimSiam (reproduced) 87.3+0.2 78.8+0.7 83.0+0.3
VJE (ours) 88.24+0.2 96.5+0.2 9244+0.2

Table [7] places VJE in the broader context of the OpenOOD CIFAR-10 benchmark. The generic baseline
values in that table are taken directly from OpenOOD v1.5 (Zhang et al.,2024), whereas the VI-SimSiam entry
is our reproduced result. Under this comparison, VJE is competitive with strong generic baselines, achieving
the highest far-OOD average while remaining within range of the best near-OOD methods. VI-SimSiam, by
contrast, underperforms on far-OOD detection, which may reflect the limitations of an isotropic uncertainty
mechanism that cannot specialize across representation dimensions.

Tablcplacos VJE in the broader self-supervised OOD literature on the shared SVHN /CIFAR~100 benchmark,
where prior baseline values are taken from |Tack et al.|(2020). Under this comparison, VJE remains competitive
with the strongest reported baselines, trailing only CSI despite using no specialized pretext training and
operating within a non-contrastive variational framework. These results indicate that VJE’s probabilistic
structure, while intrinsic to the model itself, remains competitive even against specialized self-supervised
methods designed explicitly for this setting.
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Table 8: Self-supervised OOD detection on the shared SVHN/CIFAR-100 benchmark, provided to situate VJE
among other self-supervised representation learning approaches. The Method family column distinguishes
specialized pretext-based methods, contrastive self-supervised learning, and variational self-supervised learning.
All methods use ResNet—18 with their respective training regimes and do not use class labels. Prior baseline
values are taken from Tack et al.| (2020)); VI-SimSiam and VJE are our reproduced results. Entries report

AUROC (%).

Method Method family SVHN C-100 Avg
Rot (Tack et al., [2020)) specialized pretext 97.6+£0.2 79.0+0.1 88.3
Rot+Trans (Tack et al 2020) specialized pretext 97.8+0.2 82.3+0.2 90.1
GOAD (Tack et al.| [2020) specialized pretext 96.3+£0.2 77.24+0.3 86.8
CSI (Tack et al., 2020) contrastive SSL 99.8+ 0.0 89.2+0.1 945
VI-SimSiam (reproduced) variational SSL 97.6+04 849£01 91.2
VJE (ours) variational SSL 98.9+0.2 881£02 935

5.5 Ablation studies

We perform ablations on the VJE objective along two axes: tail heaviness in the Student—¢ likelihood, and the
contribution of each loss component. All ablation experiments use 200 pretraining epochs with three seeds.

Student— degrees of freedom. To understand the role of tail heaviness, we sweep v €
{1.0,3.0,7.0,20.0,50.0, 00} across four datasets (Table E[)

Table 9: Ablation of Student—t degrees of freedom v across four datasets (200 epochs, 8=1.0, three seeds).
Entries report k-NN accuracy (%); bold indicates the column best and scores within one standard deviation
of it. The Gaussian limit (v — oo) fails on all datasets; ¥=50.0 exhibits partial collapse with high variance
across seeds.

v CIFAR-10 CIFAR-100 STL-10 Tiny ImageNet

1 87.3+0.2 56.3+0.2 80.9£0.1 34.2+0.4
3 87.5+0.2 55.9+04 81.0+£0.3 34.2+0.3
7 87.5+0.3 55.8+0.6 80.440.2 33.5+0.0
20 88.0£0.3 55.1£0.2 79.7£0.5 31.9£0.3
50 44.2+13 7.5£1.9 78.4+0.2 20.9£16
00 16.3£11 4.3+2.8 13.8+4.1 1.0+0.8

For v € {1.0,3.0,7.0,20.0}, kNN accuracy remains within a narrow band on all datasets, with v=1.0
and v=3.0 performing best overall. A sharp transition occurs between ¥=20.0 and v=50.0: on CIFAR-10,
CIFAR-100, and Tiny ImageNet, v=50.0 exhibits high variance across seeds, indicating that some runs
partially collapse while others survive. STL-10 is more resilient at ¥=50.0 (78.4%), likely because its larger
image resolution provides a stronger augmentation signal. The Gaussian limit (v — o00) fails catastrophically
on all datasets, confirming that the bounded influence of heavy-tailed likelihoods is essential for stable
optimization. This is consistent with the OOD findings in Table [5| where the same transition produces
near-chance detection at ¥=50.0. Based on these results, we adopt ¥=1.0 as the default throughout.

Loss components. To assess the contribution of the KL regularizer Lk1,, directional term Lyg;,, and radial
term L;.q, we ablate these components on three datasets with »=1.0. Table [10[ reports k&~NN accuracy and
the dimension-averaged posterior variance o2 for each configuration, with the full objective as reference.

The ablations reveal three qualitatively distinct regimes. The first regime corresponds to the full objective
and the variant without the radial term (Lqi + Lx1). These are the only configurations that maintain strong
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Table 10: Ablation of loss components on CIFAR-10, CIFAR-100, and STL-10 (v=1.0, 200 epochs, three
seeds). Each configuration reports k-NN accuracy (%) and dimension-averaged posterior variance 2. The
full row reproduces the v=1.0 reference configuration from Table |§|; ablated rows report o2 as mean =+ std
over finite runs. STL-10 without KL contains one non-finite run; statistics are computed over the finite runs.

CIFAR-10 CIFAR-100 STL-10
Objective k-NN o2 k-NN o2 k-NN o2
Lair + Lraa + Lx1, 87.3+0.2 0.647 56.340.2 0.655 80.940.1 0.657
Lair + Lx1, 87.4+0.3 0.64840.000 56.00.4 0.65540.003 80.740.3 0.65740.001
Lair + Lrad 84.0+1.9 0.01240.013 33.14+24.0 0.0034+0.001 37.2431.2 4.1345.80
Lrad + LK1, 31.842.0 0.98740.004 8.741.0 0.99240.001 26.340.7 1.003%0.008

discriminative performance and yield a nondegenerate posterior. The two are effectively indistinguishable:
the k~NN differences are within 0.3 points and the posterior variance o2 is essentially unchanged. The radial
term therefore does not measurably contribute to representation quality; its role is geometric, tying the
magnitude of latent samples to the encoder norm and preventing arbitrary rescaling.

The second regime arises when the KL regularizer is absent (Lqir + Lrad). Removing the KL yields unstable
posterior behaviour and substantially weaker representation quality. On CIFAR-10, accuracy remains partially
intact (84.0%) because the heavy-tailed directional likelihood at v=1.0 provides implicit regularization sufficient
for a simpler task, though the posterior variance collapses toward zero (?:0.012). On CIFAR-100 and
STL-10, some seeds maintain reasonable accuracy while others collapse completely, producing the large
standard deviations of £24 and +31 points together with near-zero or highly unstable variance. This
confirms that the KL term is essential for reliable training and for maintaining a nondegenerate posterior
with structured uncertainty.

The third regime occurs when the directional likelihood is removed (Lyaq + Lx1,). With only the radial
channel and prior regularization, the posterior converges to the isotropic prior (P ~ 1, effectively zero
anisotropy) and accuracy drops to near-chance on CIFAR-100 and STL—-10. Without the directional term,
there is no mechanism to shape posterior anisotropy or to align latent representations with target directions.
This demonstrates that the directional likelihood is the primary driver of both discriminative capacity and

structured posterior uncertainty in VJE.

5.6 Synthesis

Across representation learning, geometry, out-of-distribution detection, and ablation experiments, we highlight
three findings.

First, the variational objective does not compromise discriminative capacity. On ImageNet—1K, VJE achieves
68.2% top-1 linear accuracy (Table , placing it in the same range as strong deterministic baselines under
the same epoch budget. On the smaller-scale benchmarks, VJE with EMA outperforms both reproduced
deterministic baselines on all three datasets (Table [2)).

Second, the learned posterior exhibits genuine geometric structure that goes beyond a scalar uncertainty
measure. Section [5.3shows that mean variance and NLL track inter-class separation, while KL and anisotropy
track a complementary aspect of posterior structure tied to typicality relative to the prior. The NLL score of
Eq. integrates these effects and achieves 92.4 average AUROC on the OpenOOD benchmark (Table ,
outperforming all other posterior statistics.

Third, this structure depends on the interaction between the heavy-tailed likelihood and the diagonal posterior.
The v-sweep (Table E[) shows that the model remains robust across v € {1.0,3.0,7.0,20.0} but collapses as
the likelihood approaches the Gaussian limit. The loss-component ablation (Table shows that removing
either the directional term or the KL regularizer leads to qualitative failure. Taken together with the
representation-learning and OOD v-sweeps (Tables |§| and , these results suggest that while the model
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remains robust across moderately heavy-tailed settings, v = 1 (the Cauchy case) provides the best general
performance and overall trade-off between discriminative performance and probabilistic semantics.

Further supporting experiments are also provided in the appendices. Appendix empirically confirms
the norm-direction coupling pathology that motivates the factorized likelihood, showing that the standard
formulation undergoes posterior collapse on ImageNet—100. Appendix [C.3]shows that replacing the diagonal
posterior with an isotropic scalar-variance variant produces complete failure, with the posterior mean remaining
at chance-level accuracy for all tested v, indicating that per-dimension variance is necessary for the model to
learn structured uncertainty. Additionally, Appendix shows that a single Monte Carlo sample (K=1)
is sufficient and that additional samples provide no measurable improvement, while Appendix [C.4] shows
that the computational overhead of the variational formulation is largely absorbed by the simpler inference
network and the absence of auxiliary projection heads or comparable architectural components. To support
reproducibility, Appendix [A] provides pseudocode for the forward pass and loss computation, together with
additional implementation details.

6 Conclusion

In this work, we introduced Variational Joint Embedding (VJE), a variational formulation of non-
contrastive self-supervised learning. By using an amortized inference network and maximizing a symmetric
conditional ELBO, VJE preserves the reconstruction-free training paradigm of joint embedding architectures
while providing feature-wise uncertainty signals through an explicit variational posterior.

The framework rests on a likelihood that can be trained effectively in representation space, where naive
formulations suffer from norm-induced pathologies that couple angular alignment with embedding magnitude.
We addressed this by factorizing the likelihood into decoupled directional and radial components, reparame-
terizing the radial term as a norm difference, and anchoring the geometry through analytic KL regularization.
This construction removes the coupling by design, as confirmed by direct comparison against an unfactorized
alternative (Appendix . Empirically, VJE remains competitive with standard non-contrastive baselines
on representation learning benchmarks, while producing non-degenerate posteriors whose likelihood semantics
yield strong performance on out-of-distribution detection (Section without task-specific modifications.

Our theoretical analysis in Appendix [B] further clarifies the relationship between this likelihood-based
formulation and standard pointwise objectives used in non-contrastive learning. In particular, it distinguishes
the normalized conditional modelling primitive underlying VJE from the pointwise compatibility primitive of
JEPA-style objectives (LeCun, 2022)), and shows how common discrepancy-based objectives can be recovered
only under explicit restrictions at the objective level.

Limitations and future directions. The uncertainty developed in this work is intrinsic to representation
space, characterizing how confidently the model accounts for an input within its learned geometry. Projecting
this uncertainty into downstream task spaces, for example to obtain calibrated predictive distributions, is a
separate modelling problem beyond the scope of the present work, but a natural next step.

Although our experiments focus on augmented views in vision, the underlying formulation requires only paired
observations of a shared latent signal, and can be extended to multimodal settings and other input domains.
A related direction is adapting the framework to patch-based or hierarchical architectures, particularly Vision
Transformers (Dosovitskiy et al., [2021]), where the likelihood and inference network currently defined on a
single global embedding would need to operate over collections of token-level representations.

Finally, while we instantiate the likelihood using heavy-tailed Student—t factors, the framework is not restricted
to this family. Exploring alternative likelihood kernels may further refine the robustness and geometric
expressiveness of the model across domains and modalities.
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A Pseudocode and implementation details

This appendix provides pseudocode for the VJE objective described in Sections [3] and [ followed by
implementation details to assist with reproducibility. The routines implement the symmetric conditional
ELBO of Eq. using the factorized directional and radial Student—¢ likelihoods together with a diagonal
Gaussian variational posterior. All likelihood terms are evaluated with the target view detached (stop-gradient
or EMA), and constants independent of (i, ?) are omitted.

Directional negative log-likelihood. This routine evaluates the directional Student—t negative log-
likelihood on the unit sphere, corresponding to Eq. (27)). It computes the geodesic log-map, the Schur-
complement Mahalanobis distance, the tangent-space log-determinant, and the exponential-map Jacobian
correction.

Algorithm 1 Directional negative log-likelihood (Student—t on SP~1)

Require: Target embedding z, sample s, variance o2, degrees of freedom v, dimension D

1: Z < normalize(z); § < normalize(s); n < § > Unit directions and normal
2: cosf < 2'8; < arccos(cosf); sin@ < /1 —cos? 6 > Geodesic distance
3: t + (0/sin6) (z — cos b 8) > Log-map: t € TySP~1
4: W o2 > Precision weights
5 ¢4 Y 82w >n' Y 'n
6: a(—Zdtde; b<—zdtdsdwd

7. Q<+ a—b%/c > Schur-complement Mahalanobis (Eq.
8: logdet + % Sylogo? + %logc > Half tangent-space log-determinant (Eq.|29)
9: jac <+ (D — 2)(logsin 6 — log 6) > Ezp-map Jacobian (Eq.[29))

ck+D-1
: return %(1/ +k) log(l + Q/l/) + logdet + jac

— =
= O

Radial negative log-likelihood. This routine evaluates the radial Student—¢ negative log-likelihood on
the norm difference Ar = ||z|| — ||s|| as introduced in Section

Algorithm 2 Radial negative log-likelihood (Student—¢ on Ar)

Require: Target embedding z, sample s, degrees of freedom v
Lore < lzl; rs s
20 Ar <1, — 1
3: return (v + 1)log(1 + (Ar)?/v)

KL divergence. This routine computes the analytic KL divergence between a diagonal Gaussian posterior
and the standard Gaussian prior, as in Eq. @

Algorithm 3 KL divergence (diagonal Gaussian vs. standard Normal)

Require: Mean vector p, variance vector o2

1: return Y, (0 +pi — 1 —logo})

VJE training step. This routine performs one symmetric VJE update, combining the directional and
radial likelihood terms with the KL regularizer as in Eq. .
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Algorithm 4 One training step of VJE

Require: Encoder fy, inference network g4, views (21, x2); weights 3, v; number of MC samples K
z1 < fo(x1);  Z2 < fo(x2)

(11,07) < gg(z1); (K2, 03) < go(22)
for k=1,...,K do

L € NN(O,I); sgk) —p+\oroe fori=1,2
lair < 552 S [nll_dir(z2.detach(), s o2 v D)
+ nll dir(z;. detach() sé ), o3, v, D)
6: lrad K Zk 1[nll rad(zq.detach(), s , v)
+ nll rad(z1 detach(), sék), V)]
7: Ukr, < 3 [Kld(py, 03) + Kld(py, 03)]
8 return &m + lraq + B kL

A.1 Inference network architecture

The inference network g, described in Section [3|and used in experiments of Section [5|is implemented as a
two-layer bottleneck MLP followed by two separate linear output heads. Concretely, for an encoder with
output dimension D and bottleneck width ratio r (yielding hidden dimension H = |rD]), the architecture is:

Linear(H, D) —
Linear(H,D,) — Softplus — o

Linear(D,H) Linear(H,H)
_—

LN — ReLU

LN%RGLU%{ 9

where LN denotes Layer Normalization (Ba et al. 2016) and D, = D for the diagonal (anisotropic)
parameterization. All linear layers in the bottleneck use bias=False, since the subsequent Layer Normalization
absorbs any bias. The output heads retain bias terms. We use a bottleneck width ratio of r=0.25, yielding
H=128 for ResNet-18 (D=512) and H=>512 for ResNet—-50 (D=2048).

The Softplus activation o? = log(1 + exp(+)) ensures strict positivity of the variance, supplemented by a small
additive floor € = 1075. The bottleneck and output heads are initialized with Xavier uniform (Glorot and
Bengio, 2010), while the ResNet (He et al., 2016) encoder retains its default random initialization (He et al.,
2015)).

A.2 Additional implementation notes

« ELBO structure. Likelihood terms use z;.detach(), implementing the conditional ELBO of
Section and Eq. , where each view predicts the latent representation of the opposite view
under fixed-observation semantics. The same semantics can equivalently be implemented via an EMA
target encoder in place of stop-gradient.

« Numerical stability. A small constant (e.g., 107°) is used inside normalize (via 2 = z/ max(||z||, ))
and as a floor on &2 to avoid division by zero.

« Radial scale. The radial likelihood uses Ar = ||z|| — ||s|| with the scale fixed to A = 1, as described
in Section (1.3l

o Monte Carlo sampling. Each expectation under ¢(s | z) in the likelihood term can be approximated
with K reparameterized samples per view, averaged over the K draws. In all reported experiments
we use K=1, as we note in Appendix that increasing K yields no measurable improvement.

o Log-variance centering. For high-dimensional embeddings (D=2048), the log-determinant
%Zd log 0(21 in Eq. grows as O(D) and can potentially lead to numerical destabilization in
small variance regimes. To avoid this, the variance can be normalized to unit geometric mean within
the directional likelihood, o2 ; = 07/ (I1; 0?—)1/ D, so that Y ,logo?; = 0 by construction. This
reduces the log-determinant contribution to O(1) while leaving relative anisotropy and probabilistic
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semantics unchanged. The KL divergence (Eq. @) continues to use the original o2, so absolute
scale is still regularized. In practice, this centering had no measurable impact in our setting and
serves only as a numerical stabilizer. We apply this only for the ImageNet—1K evaluation (ResNet—50
D=2048) experiment, while all other experiments are trained stably without it as they use ResNet-18
(D=512).

B Energy-based Predictive Learning and Likelihood-based Modelling

B.1 Overview and scope

Predictive joint embedding in non-contrastive self-supervised learning admits two distinct formulations.
The first is an energy-based or compatibility formulation (LeCun, [2022)), in which training minimizes a
pointwise discrepancy between a prediction and a target embedding, without specifying an explicit normalized
density over embeddings. The second is the likelihood-based formulation that we adopt in Variational Joint
Embedding (VJE), in which a conditional likelihood is specified in representation space and optimized through
a conditional evidence lower bound (ELBO) (Section . While these paradigms may share architectural
motifs (e.g., asymmetric branches, auxiliary heads, and momentum/target encoders (Grill et al.l |2020; He
et al.} 2020; |Chen et al.| [2020b)), they optimize different primitives and accordingly assign different semantic
roles to their components.

In this appendix, we make an objective-level comparison between the primitive used by energy-based
(deterministic) non-contrastive objectives and our VJE formulation. Architectural patterns vary across
methods, and we do not conflate them with the energy-based or likelihood-based formulation itself, except
where the likelihood-based formulation assigns a specific semantic role to the inference network and the target
branch.

Following the notation defined in Section [3], given two related views x1, 2z of an input x, we denote the
encoder embedding for view i by z; = fy(z;), the variational posterior by g;(s | z;) with parameters (p;,0%)
produced by the inference network g, the representation-space observation by y; = (2,, ||z,|), and the radial
residual by Ar;; = ||z;]| — [|s;]| as in the factorized likelihood of Eq. (35]). Scoring is performed symmetrically

over (’L,]) S {(1, 2)’ (27 1)}

B.2 Energy-based objectives and variational likelihoods

A typical joint-embedding objective takes the form of a pointwise discrepancy between a prediction and a
target embedding;:

Lygpa (i, ;) = d(ge(2i), 2;). (41)

Here d(-,-) is commonly a squared-error or cosine-style discrepancy. Optimization proceeds directly on this
pointwise score, shaping embedding geometry by enforcing low discrepancy for compatible pairs. While
such objectives can be related formally to energies and unnormalized conditional models, they are typically
optimized as pointwise compatibility losses on embedding pairs rather than as likelihoods.

To develop VJE, we instead take a conditional subdensity as the primitive. We specify py(y; | s;,07) on the
representation-space observation y;, and we optimize this model through a symmetric conditional ELBO by
marginalizing latent codes to obtain the objective:

FO=2 0 {Baa oghulys |s0.09)] - B Lxeailn)} (42)
(4,4)€{(1,2),(2,1)}
where training minimizes —?('B) (Eq. ) The directional factor is derived from a normalized spherical
reference construction on SP~1, while training evaluates the directional subdensity developed in Section
The negative log-likelihood terms therefore have explicit log-density semantics within the associated model,
without introducing a partition function over embeddings.
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B.3 Representation semantics: inference and fixed observations

A likelihood-based objective assigns specific semantic roles to components that otherwise appear as training
heuristics in energy-based objectives.

Stop-gradient and fixed-observation semantics. In VJE, the likelihood term evaluates the log-density
of a target-side observation y; = (2;, ||z;||), while z; is produced by a trainable encoder. In probabilistic
modelling, observations are treated as fixed while model parameters are optimized to explain them. In
representation learning, y; changes across training as the encoder evolves, and we enforce the intended
semantics by treating y; as fixed within each update step for the likelihood term. This can be implemented
either by stop-gradient on the target branch or equivalently by a target encoder held fixed during the update,
including EMA variants; both realize the same fixed-observation conditioning required by the conditional
ELBO.

To make this explicit, we differentiate the one-directional negative ELBO likelihood term and omit the KL
term for clarity:

LI5(0,0) = Esimqilai0)) [~ log By (y(0) [ si,07)], 9;(0) = (25(0), 12 (0)]). (43)

Taking gradients with respect to 8 yields two pathways:
VG‘ci\I—I;? = ES'LNQi [VSL (_ 10gl5w (yj | Si) 012)) VQSl} + ESiNQi [Vy_] <_ 10g]§¢ (yj | Sis O'g)) v‘gyj} . (44)

Our intended semantics correspond to retaining only the first pathway, in which model parameters are
updated to explain a fixed observation under the conditional likelihood. Detaching the target branch in
Eq. sets Vyy; = 0 for the likelihood term. Allowing gradients to flow through both pathways changes the
semantics of the objective by introducing a route in which the scored observation is itself modified by the
same likelihood term.

Amortized inference network. Optimizing an ELBO requires an explicit variational posterior ¢(s |
z) (Kingma and Welling|, 2014} |[Rezende et all [2014). In VJE, the inference network g, parameterizes this
posterior by producing (u;,o7), enabling reparameterized sampling and efficient optimization of the ELBO.
Deterministic objectives in energy-based joint embedding can be interpreted as learning point estimates, while
VJE maintains an explicit distributional posterior that supports marginalization and density-based scoring.

Objective and architecture. The comparison above is objective-level, contrasting a pointwise energy
score with a conditional subdensity model. Many non-contrastive baselines apply their loss in a projected
space. We omit a separate projection head since the likelihood semantics in VJE are attached directly to the
geometry of the encoder embedding space, and both the posterior ¢;(s | z;) and the likelihood py (y; | si, o?)
are defined in relation to z (Section |3)).

B.4 Unifying specific objectives as boundary configurations

With the primitives separated, we show two objective-level correspondences that recover common pointwise
losses as boundary configurations under explicit likelihood choices and limits. These correspondences concern
objective functions rather than full training pipelines, and they are not intended to claim complete equivalence
of optimization dynamics.

Energy-to-likelihood mapping and partition functions. Given an energy E(z;;z;), one may define
an unnormalized conditional model p(z; | z;) « exp(—E(z;;2;)). The corresponding normalized conditional
density is:

i |z :—exp(fE(zj;zi)) z;) = [ exp(—FE(z;%;)) dz
play 1) = “E D () [ expl(~B(ain) da. (45)

Its negative log-likelihood decomposes as:

—logp(z; | z:) = E(zj;2:) +log Z(z:). (46)
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This identity explains why pointwise energy minimization does not generally coincide with likelihood
maximization unless log Z(z;) is handled, for example by exact computation or sampling-based approximation,
consistent with the energy-based predictive viewpoint of |[LeCun/ (2022).

Recovering squared-error objectives. A squared-error JEPA objective arises from our formulation when
we replace the representation-space likelihood by an isotropic Gaussian density on embeddings, p (z; | si) =
N (zj;8i, M), keep A > 0 fixed, score the observation z; rather than y; = (2;, ||z;]|), take the point-estimate
posterior limit o2 — 0 so that s; — p;, and remove KL regularization by setting 8 — 0. Under these limits
and up to additive constants, the one-directional objective reduces to:

1
Lis; — 5”%‘ - Nz‘”Qa ;= 94(2), (47)

which is a squared-error compatibility loss. Averaging symmetrically over both directions recovers the
standard squared-error JEPA objective, and the same reduction applies when z; represents a collection of
patch embeddings, yielding the corresponding I-JEPA loss (Assran et al., [2023). The fixed-scale restriction is
essential, since removing the KL term while retaining a learned per-sample scale no longer coincides with a
deterministic squared-error energy, a distinction that is consistent with the variance degeneracy observed in
the “without KL” ablation in Section

Recovering directional objectives. A cosine-style objective arises from the directional channel when we
restrict to the directional NLL of Eq. (27), fix the scale to be isotropic (o2 = 1), take the Gaussian limit
v — oo (Eq. ), take the point-estimate posterior limit, and remove the KL and radial terms. Under
isotropic variance, the Schur-complement Mahalanobis distance reduces to the squared geodesic distance 62
and the tangent-space log-determinant is constant. For small 8, and treating the exp-map Jacobian as a fixed

curvature correction, the directional NLL simplifies to:
lai L — sl =1- T2 48
dir — 2||Ni 2;||” = i zj, (48)

which is equivalent to cosine alignment. Summed symmetrically over both directions, this reproduces a
SimSiam-style objective at the level of the loss (Chen and He| [2021)). SimSiam’s empirical behaviour, however,
also depends on its architectural asymmetry and optimization dynamics.

B.5 Geometric regularization

The formulations also differ in how embedding geometry is regulated. Energy-based objectives are commonly
paired with architectural stabilization, such as stop-gradient or momentum targets, and may additionally
include explicit penalties on batch statistics. VICReg and Barlow Twins, for example, enforce representation
diversity through variance or covariance constraints computed over batches (Bardes et al., [2022; |[Zbontar,
et al., [2021). These mechanisms constrain aggregate embedding geometry but do not specify a conditional
likelihood on representation-space observations.

In VJE, geometric regularization follows from the probabilistic structure. The analytic KL term in Eq. (8)
anchors each instance-conditioned posterior to the explicit isotropic Gaussian prior p(s) = N (0, I) (Eq. .
Moreover, we share the posterior scale a? with the directional likelihood scale (Section , so the same
feature-wise parameters govern both sampling in ¢;(s) and weighting in the directional likelihood. This yields
a prior-relative notion of geometry within a likelihood-based model and underlies scoring mechanisms such as
the joint likelihood score used for out-of-distribution detection in Section

LeJEPA (Balestriero and LeCunl [2025)) provides a complementary perspective by advocating an isotropic
Gaussian target geometry for embeddings and introducing SIGReg as an explicit global regularizer that
encourages this structure. The relationship to VJE is geometric rather than a strict reduction, since LeJEPA
enforces isotropy through a deterministic regularizer on encoder outputs, whereas VJE encourages prior-
relative structure through an instance-conditioned posterior and analytic KL within a likelihood-based
model.
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C Supplementary experiments and diagnostics

C.1 Empirical analysis of standard and factorized likelihoods

To examine the norm-induced pathologies that motivate the polar decomposition in Section 4] we compare
two likelihood formulations within the same VJE framework. The factorized formulation used throughout
the paper decomposes the conditional likelihood into independent directional and radial terms, whereas the
standard formulation evaluates a multivariate Student—t density directly on the embedding vector, coupling
direction and magnitude. All other settings are held fixed (¥=1.0, §=1.0). We launch three runs per setting.
CIFAR-10, CIFAR~-100, and STL-10 are trained with ResNet—18 for 200 epochs, and ImageNet-100 with
ResNet—50 for 100 epochs. Table [I1] summarizes the end-of-training behaviour across all four datasets.

Table 11: End-of-training diagnostics for factorized and standard Student—t likelihoods (v=1.0, 5=1.0).
ImageNet-100 uses ResNet—50 (D=2048); all others use ResNet—18 (D=512). We launch three runs per
setting; under the standard likelihood, 2/3 ImageNet-100 runs and 1/3 STL-10 runs diverge to NaN, so
reported values are averaged over successful runs only. o2 denotes the dimension-averaged posterior variance.

Factorized Standard
Dataset E-NN o2 KLD kNN o2 KLD
ImageNet-100  71.0  0.630 595 6.3  0.110 1655
CIFAR-10 87.3  0.647 141 86.8  0.245 286
CIFAR-100 56.3  0.653 128 55.7  0.268 248
STL-10 80.9 0.657 142 81.2 0.414 191

The pathology is most severe at larger scale. On ImageNet-100, the standard formulation undergoes
catastrophic posterior collapse relative to the factorized variant (Table Figure [7]). Its average variance
contracts from 0.33 to 0.11, the KL rises from 712 to 1655, and the effective rank (Roy and Vetterlil |2007)) of
the representation drops to 3 out of 2048 dimensions. Over the same training run, k~-NN accuracy on the
encoder output z declines from 8.7% to 6.3%, while k~NN on the posterior mean p remains at chance level
throughout. Under identical conditions, the factorized model trains normally, reaches 71.0% k—NN accuracy,
maintains 52 ~ 0.63, and reaches an effective rank of 991.

On the smaller benchmarks, the same mechanism is present but does not yet develop into full collapse.
Table [11] shows a consistent pattern on CIFAR-10 and CIFAR-100, where the standard formulation yields
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Figure 7: Training dynamics on ImageNet-100 (ResNet—50, 100 epochs) under the factorized (solid) and
standard (dashed) Student—¢ likelihood. The standard formulation progressively suppresses posterior variance,
inflates the KL, and collapses the representation to a tiny effective subspace.
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substantially lower posterior variance and higher KL, together with modestly worse k~NN accuracy. STL-10
is more mixed at the endpoint, but the standard formulation still exhibits lower variance, higher KL, and one
divergence out of three runs. Taken together, these smaller-scale results suggest that the pathology is already
active while its effects become catastrophic at larger scales.

To probe this mechanism more directly, Figure [§] evaluates both trained models under the same directional—
radial decomposition. For the factorized model these terms are part of the optimized objective, while for
the standard model they are post hoc quantities computed on the learned representations. Across all four
datasets, the dominant separation appears in the directional term: the factorized model rapidly reaches much
lower values, whereas the standard model remains substantially worse under the same angular criterion. By
contrast, the radial term remains comparatively close.

This pattern is consistent with the structure of the two objectives. In the standard likelihood, direction and
magnitude are entangled, so reducing ||p|| can lower the loss without necessarily producing a comparable
gain in angular alignment. As this behaviour dominates optimization, posterior variance contracts and the
KL rises, diverting capacity toward maintaining a concentrated posterior rather than learning well-structured
representations. The factorized formulation removes this shortcut by construction. Its directional term
depends only on the position on the unit sphere, so absolute norm reduction cannot improve it, while its
radial term depends only on the difference in norms between views rather than on absolute magnitude. The
resulting optimization pressure is therefore aligned with the intended geometry of the problem, as directional
agreement must be improved through better angular structure, and radial consistency through tighter norm
matching. Taken together, Table [I1] Figure [7] and Figure [§]indicate that the pathology is systematic rather
than incidental, while suggesting that the factorized likelihood removes the underlying imbalance rather than
merely reducing its visible consequences.

C.2 Monte Carlo sample ablation

The NLL loss in Eq. is estimated with K reparameterized samples per training step. We sweep
K €{0,1,2,4,16,64} on CIFAR-10, CIFAR-100, and STL-10 under the standard 200-epoch configuration
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Figure 8: Directional and radial diagnostics obtained by evaluating both likelihood variants under the same
factorized decomposition. Columns correspond to datasets; the top row shows the directional diagnostic
and the bottom row the radial diagnostic. The standard formulation remains consistently worse under the
directional diagnostic, while differences in the radial diagnostic are comparatively modest.
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Table 12: Effect of Monte Carlo samples K on three datasets (200 epochs, three seeds). K=0 substitutes
the posterior mean p for the reparameterized sample. All K > 1 configurations achieve indistinguishable
accuracy and posterior variance, while K =0 reverts toward the prior.

CIFAR-10 CIFAR-100 STL-10
K E-NN &2 k-NN &2 k-NN &2
0 () 34.3+0.6 0.876 10.0£0.2 0.865 10.6+£1.4 0.925
1
2
4

87.3£0.2 0.647 56.3£0.2 0.653 80.9£0.1 0.658
87.3+0.2 0.647 56.3+0.1 0.655 80.94£0.1 0.657
87.2+0.2 0.646 55.9£0.5 0.652 80.8+0.2 0.658
16 87.3+0.1 0.648 55.6+1.1 0.650 81.2+0.4 0.657
64 87.4+0.1 0.646 56.4+0.2 0.655 81.0£0.2 0.657

(v=1.0, f=1.0, three seeds). The setting K=0 replaces the reparameterized sample with the posterior
mean g, eliminating stochasticity from the forward pass entirely. Table [12] reports k-NN accuracy and the

. . . . —2 _ 1 D 2
dlmensmn—averaged posterior variance o* = D Zd:l 0g4-

Increasing K from 1 to 64 provides no measurable benefit (Table , confirming that the ELBO gradients
are well-approximated by a single reparameterized sample. Accordingly, all experiments in the main text use
K=1.

The K=0 setting exhibits signs of collapse, as it reverts toward the prior and yields near-chance accuracy
on CIFAR-100 and STL-10, with elevated posterior variance (5% ~ 0.87-0.93) approaching the unit prior.
On CIFAR-10, partial learning survives (34.3%), suggesting that the deterministic posterior mean carries
some alignment signal on simpler tasks but is insufficient for learning a specialized posterior. This pattern is
expected, since without reparameterized samples the likelihood gradients do not flow through o2, leaving the
KL term as the sole influence on the variance, and since the KL drives o2 toward the prior rather than away
from it, the posterior cannot specialize.

C.3 Assessment of isotropic framework construction

To test whether feature-wise variance is necessary, we replace the diagonal posterior:
q(s | z) = N (p, diag(c?)) (49)
with an isotropic scalar-variance variant:
q(s | z) = N(, o), (50)

where o > 0 is a single learned variance per sample. The same scalar variance replaces the diagonal scale
matrix in the directional likelihood, so this variant removes both feature-wise anisotropy and any possibility
of allocating uncertainty unevenly across dimensions. All other settings are kept identical to the main
experiments (200 epochs, ResNet—18, 5=1.0).

Table [I3] shows that this isotropic variant fails across all tested values of v on CIFAR-10, CIFAR-100, and
STL—-10. These results are from single diagnostic runs, but the failure is uniform across all tested values of v.
The posterior mean p remains at chance-level k-NN accuracy (10.0% on CIFAR-10 and STL-10, 1.0% on
CIFAR~-100) for every v, so the inference network does not produce class-informative latent means.

The collapse is visible directly in the learned scalar variance. For all tested v and all three datasets, the batch
standard deviation of a converges to zero to numerical precision, with coefficient of variation CoV(a) = 0.
The isotropic posterior therefore does not carry instance-level uncertainty, as it degenerates to a single global
scale shared across the batch.

Under the same training protocol, anisotropic VJE learns discriminative encoder features and an informative
posterior mean, whereas the isotropic variant converges to a constant-variance posterior whose mean is
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Table 13: Isotropic VJE on CIFAR-10, CIFAR-100, and STL-10 using a scalar posterior variance o with
covariance al (200 epochs, ResNet—18). In the isotropic case, 02 = . The k-NN columns report accuracy
(%) on the encoder output z and posterior mean . Values are from single diagnostic runs. For all isotropic
configurations, the batch standard deviation and coefficient of variation of « are zero to numerical precision.

L NN (%)

Dataset v z I o2
1 205 10.0 0.157
3 26.5 10.0 0.239

CIFAR-10 7 24.6 10.0 0.155

20 26.8 10.0 0.077
23.5 10.0 0.022

1 7.3 1.0 0.443

6.5 1.0 0.235

CIFAR-100 7 6.7 1.0 0.133
20 7.3 1.0 0.071

oo 5.6 1.0 0.022

1 11.1 10.0 0.055

9.2 10.0 0.035

STL-10 7 105 10.0 0.027
20 9.5 10.0 0.022

oo 10.1 10.0 0.018

Anisotropic reference (v=1.0)

CIFAR-10 1 87.3 87.0 0.647
CIFAR-100 1 56.3 55.2 0.655
STL-10 1 809 80.3 0.657

uninformative. These results indicate that the VJE formulation requires feature-wise variance in order to
represent useful posterior structure.

C.4 Compute profile

We assess the computational and memory requirements of VJE relative to non-contrastive baselines at
ImageNet scale. Table [14] reports parameter counts, per-image floating-point operations (GFLOPs), peak
memory, and relative wall-clock throughput for a ResNet—50 encoder at ImageNet resolution (224x224).
Parameter counts and GFLOP estimates at a given input resolution are properties of the model and counting
convention, while measured peak memory and throughput additionally depend on implementation details
and hardware/runtime conditions. Relative throughput is measured on a single NVIDIA GH200 GPU at
batch size 256 (averaged over three profiling runs) and normalized by SimSiam.

VJE’s inference network adds 3.4M parameters beyond the encoder, compared to 14.7M for SimSiam’s
projector—predictor stack, 11.6M for BYOL’s projector—predictor, and 151.0M for VICReg’s expander
(Table . The per-step cost is governed primarily by the number of encoder passes: VJE and SimSiam each
perform two and match at 49.1 vs. 49.2 GFLOPs/img (0.98x relative throughput), while VJE with EMA
and BYOL each perform four and match at 65.4 vs. 65.6 GFLOPs/img (0.74x vs. 0.75x). Within each pair,
forward-pass FLOPs are also effectively identical (16.4G for both VJE and SimSiam; 32.7G vs. 32.8G for
VJE with EMA and BYOL), confirming that the head contribution is negligible relative to the encoder. The
computational overhead of VJE’s variational loss is therefore mostly absorbed by its smaller head, yielding a
per-step cost indistinguishable from that of the corresponding deterministic baselines.
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Table 14: Computational profile with a ResNet-50 encoder at ImageNet resolution. Encoder passes counts
forward passes through the encoder per training step; EMA methods additionally perform no-gradient target
passes, which are cheaper than gradient-tracked source passes (the step cost of four-pass methods is therefore
less than double that of two-pass methods). Head params excludes the shared encoder (23.5M for all methods).
Fwd GFLOPs/img and Step GFLOPs/img are per-image costs of one forward pass and one full training
step (forward 4+ backward) respectively, estimated via torch.utils.flop_counter. Relative throughput is
wall-clock speed normalized to SimSiam = 1.00. Peak memory is measured in float32; entries marked T are
linearly extrapolated from measurements at the method’s reference batch size.

VJE VJE (EMA) SimSiam BYOL VICReg

Parameters
Head params (M) 34 34 14.7 11.6 151.0
Trainable params (M) 26.9 26.9 38.2 35.1 174.5
Total params (M) 26.9 50.4 38.2 68.0 174.5
Compute
Encoder passes / step 2 4 2 4 2
Fwd GFLOPs/img 16.4 32.7 16.4 32.8 17.2
Step GFLOPs/img 49.1 65.4 49.2 65.6 51.7
Relative throughput  0.98x 0.74x 1.00x 0.75% 0.94 x
Memory
Peak @256 (GB) 41.4 43.7 41.5 43.8 43.0
Peak @ref. BS (GB)  41.4 43.7 41.5 696.07  330.5
Reference batch size 256 256 256 4096 2048

At a uniform batch size of 256, peak memory is comparable across all methods (41-44 GB). However, BYOL
and VICReg require reference batch sizes of 4096 and 2048 respectively for their published performance; the
corresponding peak-memory entries in Table [T4] are linearly extrapolated to 696 GB and 331 GB and would in
practice require multi-device training. VJE (including the EMA variant) and SimSiam reach their reported
configurations at batch size 256 without such constraints.
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