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ABSTRACT

Ill-posed linear inverse problems arise frequently in various applications, from computational
photography to medical imaging. A recent line of research exploits Bayesian inference with
informative priors to handle the ill-posedness of such problems. Amongst such priors, score-
based generative models (SGM) have recently been successfully applied to several different
inverse problems. In this paper, we exploit the particular structure of the prior defined by
the SGM to define a sequence of intermediate linear inverse problems. As the noise level
decreases, the posterior distributions of these inverse problems get closer to the target posterior
of the original inverse problem. To sample from these distributions, we propose the use of
Sequential Monte Carlo (SMC) methods. The proposed algorithm, MCGdif £, is shown to
be theoretically grounded and we provide numerical simulations showing that it outperforms
competing baselines when dealing with ill-posed inverse problems in a Bayesian setting.

1 INTRODUCTION

This paper is concerned with linear inverse problems y = Ax + oy, where y € Rg is a vector of indirect

observations, € R is the vector of unknowns, A € RYv*d= ig the linear forward operator and € € Rdv is
an unknown noise vector. This general model is used throughout computational imaging, including various
tomographic imaging applications such as common types of magnetic resonance imaging Vlaardingerbroek &
Boer (2013), X-ray computed tomography Elbakri & Fessler (2002), radar imaging Cheney & Borden (2009),
and basic image restoration tasks such as deblurring, super-resolution, and image inpainting Gonzalez et al.
(2009). The classical approach to solving linear inverse problems relies on prior knowledge about x, such as its
smoothness, sparseness in a dictionary, or its geometric properties. These approaches attempt to estimate a = by
minimizing a regularized inverse problem, # = argmin_{|ly — Az||*> + Reg(x)}, where Reg is a regularization
term that balances data fidelity and noise while enabling efficient computations. However, a common difficulty in
the regularized inverse problem is the selection of an appropriate regularizer, which has a decisive influence on the
quality of the reconstruction.

Whereas regularized inverse problems continue to dominate the field, many alternative statistical formulations
have been proposed; see Besag et al. (1991); Idier (2013); Marnissi et al. (2017) and the references therein - see
Stuart (2010) for a mathematical perspective. A main advantage of statistical approaches is that they allow for
uncertainty quantification in the reconstructed solution; see Dashti & Stuart (2017). The Bayes’ formulation
of the regularized inverse problem is based on considering the indirect measurement Y, the state X and the
noise ¢ as random variables, and to specify p(y|z) the likelihood (the conditional distribution of Y at X) and
the prior p(z) (the distribution of the state). One can use Bayes’ theorem to obtain the posterior distribution
p(z|y) x p(y|x)p(z), where "o<" means that the two sides are equal to each other up to a multiplicative constant
that does not depend on x. Moreover, the use of an appropriate method for Bayesian inference allows the
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quanti cation of the uncertainty in the reconstructed soluttori\ variety of priors are available, including but not
limited to Laplace Figueiredo et al. (2007), total variation (TV) Kaipio et al. (2000) and mixture-of-Gaussians
Fergus et al. (2006). In the last decade, a variety of techniques have been proposed to design and train generative
models capable of producing perceptually realistic samples from the original data, even in challenging high-
dimensional data such as images or audio Kingma et al. (2019); Kobyzev et al. (2020); Gui et al. (2021). Denoising
diffusion models have been shown to be particularly effective generative models in this context Sohl-Dickstein
et al. (2015); Song et al. (2021c;a;b); Benton et al. (2022). These models convert noise into the original data
domain through a series of denoising steps. A popular approach is to use a generic diffusion model that has
been pre-trained, eliminating the need for re-training and making the process more ef cient and versatile Trippe
et al. (2023); Zhang et al. (2023). Although this was not the main motivation for developing these models, they
can of course be used as prior distributions in Bayesian inverse problems. This simple observation has led to a
new, fast-growing line of research on how linear inverse problems can bene t from the exibility and expressive
power of the recently introduced deep generative models; see Arjomand Bigdeli et al. (2017); Wei et al. (2022);
Su et al. (2022); Kaltenbach et al. (2023); Shin & Choi (2023); Zhihang et al. (2023); Sahlstrom & Tarvainen
(2023).

CONTRIBUTIONS

» We proposeMCGdiff , a novel algorithm for sampling from the Bayesian posterior of Gaussian linear inverse
problems with denoising diffusion model priotdCGdiff speci cally exploits the structure of both the linear
inverse problem and the denoising diffusion generative model to design an ef cient SMC sampler.

» We establish under sensible assumptions that the empirical distribution of the samples producz@diff
converges to the target posterior when the number of particles goes to in nity. To the best of our knowledge,
MCGdiff is the rst provably consistent algorithm for conditional sampling from the denoising diffusion
posteriors.

 To evaluate the performance MICGdiff , we perform numerical simulations on several examples for which

the target posterior distribution is known. Simulation results support our theoretical results, i.e. the empirical

distribution of samples frolMCGdiff converges to the target posterior distribution. Thinasthe case for

the competing methods (using the same denoising diffusion generative priors) which are shown, when run with
random initialization of the denoising diffusion, to generate a signi cant number of samples outside the support of

the target posterior. We also illustrate samples fiM@Gdiff in imaging inverse problems.

Background and notations. This section provides a concise overview of the diffusion model framework and
notations used in this paper. We cover the elements that are important for understanding our approach, and we
recommend that readers refer to the original papers for complete details and derivations Sohl-Dickstein et al.
(2015); Ho et al. (2020); Song et al. (2021c;a). A denoising diffusion model is a generative model consisting of a
forward and a backward process. The forward process involves sam{yingqqaia from the data distribution,

which is then converted to a sequente., of recursively corrupted versions &fy. The backward process
involves sampling , according to an easy-to-sample reference distributioR®nand generating o 2 R% by

a sequence of denoising steps. Following Sohl-Dickstein et al. (2015); Song et al. (2021a), the forward process
can be chosen as a Markov chain with joint distribution

Q . : -

Gon (Xomn) = Gdata (X0) 1=y G (%Xt 1); GO4ixe 1) = N(x; (X Y% 15 «lg);  (L1)
wherely, is the identity matrix of sizelx, f (gian  (0; 1) is @ non-increasing sequence an@x; ; ) is the
p.d.f. of the Gaussian di%ﬁribution with mearand covariance matrix (assumed to be non-singular) evaluated at
x. Forallt> 0O,set = le (3 ) with the convention o =1. We haveforalD s<t n,

H —— RQI . — . — 1=2 . — .
Gjs(XtjXs) = oger GO 1)dXsit 1= N(Xes (1= s)7%s; (1 t= s)lg): (1.2)

For the standard choices of, the sequence of distributiofig;):> n converges weakly to the standard normal
distributionag ! 1, which we chose as the reference distribution. For the reverse process, Song et al. (2021a;b)
introduce arinference distributiomlznjo(xlmjxo), depending on a sequentce; g2 ny Of hyperparameters satisfy-
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. . . .Q .
ing 22[0;1 1lfogallt 2 N, and de ned ag.qjo(X1:njX0) = Gyjo(XniXo) ) 1jt. (Xt 1JXt5X0) ;
whereq;o(XnjX0) = N Xn; i°%0;(1 n)lg, andg, jco(Xt 1iXe;X0) = N Xe 15 «(Xo;iXe); {la,

With ((Xo;X¢) = +aXo+ (1 1 Dk F2%0) I )¥2:Fort2 [1:n 1], we de ne

by backward induction the sequemﬁﬁ)(xtjxo) = Gy ;O(xtjxﬁl ; XO)q'[+1j0(Xt+1 jX0)dX¢+1 : Itis shown in
(Song et al., 2021a, Lemma 1) that foraR [1 : n], the distributions of the forward and inference process condi-
tioned on the initial state coincide, i.e. thq?].p)(xtjxo) = G;jo(XtjXo0): The backward process is derived from the
inference distribution by replacing, for eat [2 : n], X in the de nition g, m;o(xt 1jXt; Xo) with a prediction
where . (x¢) == 2 % (1 )*¥e (x¢;t) wheree (x;t) is typically a neural network parameterized
by . More formally, the backward distribution is de ned pg,, (Xo:n) = P, (Xn) ?:01 p; (XtjXt+1 ) ; where
Pn(Xn) = N (Xn;0q,;lq )andforallt 2 [1:n 1],

P (XtJXt41) 1= Ghjar 0(XtiXt+1 5 ojren (Xt42)) = N (Xe; Mpyq (Xe1); fala); (1.3)

wherem;.; (Xt+1) = ( Ojt+1 (Xt+1); Xt+1 ) andQq, is the null vector of sizely . At step0, we setp,(XojX1) :=

N (Xo; 0jl(xl); 214, ). The parameter is obtained (Song et al., 2021a, Theorem 1) by solving the following
optimization problem:

P R _
2argmin [, (2dc 2 ) Y k e (p Xo + P1 ¢ ;t)KSN (;0q, ; lq, )Odata (AX0)d :  (1.4)

Thus,e (X¢;t) might be seen as the predictor of the noise addgthtto obtainX; (in the forward pass) and
justi es the "prediction” terminology. The tim@ marginalp, (Xo) =  Pg., (Xo:n )dg:n Which we will refer to as
theprior is used as an approximation @faa and the times marginal isps (Xs) = Pg., (Xo:n)dX1:s 10Xs+1: n -
In the rest of the paper, we drop the dependence on the parametéke de ne for allv 2 R ;w 2 RK, the
concatenation operator w = [v':w']T 2 R *k, Fori 2 [1:"], we letv][i] thei-th coordinate of/.

Related works.  The subject of Bayesian problems is very vast, and it is impossible to discuss here all the
results obtained in this very rich literature. One of such domains is image restoration problems, such as deblurring,
denoising inpainting, which are challenging problems in computer vision that involves restoring a partially
observed degraded image. Deep learning techniques are widely used for this task Arjomand Bigdeli et al. (2017);
Yeh et al. (2018); Xiang et al. (2023); Wei et al. (2022) with many of them relying on auto-encoders, VAEs
Ivanov et al. (2018); Peng et al. (2021); Zheng et al. (2019), GANs Yeh et al. (2018); Zeng et al. (2022), or
autoregressive transformers Yu et al. (2018); Wan et al. (2021). In what follows, we focus on methods based on
denoising diffusion that has recently emerged as a way to produce high-quality realistic samples from the original
data distribution on par with the best GANs in terms of image and audio generation, without the intricacies of
adversarial training; see Sohl-Dickstein et al. (2015); Song et al. (2021c; 2022). Diffusion-based approaches
do not require speci c training for degradation types, making them much more versatile and computationally
ef cient. In Song et al. (2022), noisy linear inverse problems are proposed to be solved by diffusing the degraded
observation forward, leading to intermediate observatigngy-, , and then running a modi ed backward process

that promotes consistency wigly at each step. The Denoising-Diffusion-Restoration mod&lDRNKawar et al.

also modi es the backward process so that the unobserved part of the state follows the backward process while the
observed part is obtained as a noisy weighted sum between the noisy observation and the prediction of the state.
As observed by Lugmayr et al. (202BDDRMs very ef cient, but the simple blending used occasionally causes
inconsistency in the restoration proceBRSChung et al. (2023) considers a backward process targeting the
posterior.DPSapproximates the score of the posterior using the Tweedie formula, which incorporates the learned
score of the prior. The approximation error is quanti ed and shown to decrease when the noise level is large, i.e.,
when the posterior is close to the prior distribution. As shown in Section 3 with a very simple example, neither
DDRMior DPScan be used to sample the target posterior and therefore do not solve the Bayesian recovery problem
(even if we runrDDRMindDPSseveral time with independent initializations). Indeed, we showDIRMNdADPS

produce samples under the "prior" distribution (which is generally captured very well by the denoising diffusion
model), but which are not consistent with the observations (many samples land in areas with very low likelihood).
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In Trippe et al. (2023), the authors introduB®Cdiff , a Sequential Monte Carlo-based denoising diffusion
model that aims at solving speci cally thepainting problem SMCdiff produces a particle approximation of

the conditional distribution of the non observed part of the state conditionally on a forward-diffused trajectory
of the observation. The resulting particle approximation is shown to converge to the true posterior of the SGM
under the assumption that the joint laws of the forward and backward processes coincide, which fails to be true in
realistic setting. In comparison wiBMCdiff , MCGdiff is a versatile approach that solves any Bayesian linear
inverse problem while being consistent under mild assumptions. In parallel to our work, Wu et al. (2023) also
developed a similar SMC based methodology but with a different proposal kernel.

2 THEMC®IFF ALGORITHM

In this section, we present our methodology for the inpainting problem equation 2.1, both with noise and without
noise. The more general case is treated in Section 2.-d,2{1 : d,  1]. In what follows we denote the,
top coordinates of a vectar2 R% by x and the remaining coordinates kyso thatx = X- x. The inpainting
problem is de ned as o

Y=X+ " " N (0lg,); 0; (2.1)
whereX are the rstd, coordinates of a random variab¥e po. The goal is then to recover the law of the
complete statX given a realisatioy of the incomplete observation and the model equation 2.1.

Noiseless case. We begin by the casg, = 0. As the rstd, coordinates are observed exactly, we aim at infering
the remaining coordinates &f,which correspond t&X . As such, given an observatignwe aim at sampling
from the posterior ¥(Xo) /' Po(y- Xo) With integral form

1

vy Ryt Qua o @ |
0(X0) I Ppn(Xn) s=1 Ps(XsjXs+1) Po(Y- XoiX1)dX1:n : (2.2)

To solve this problem, we propose to use SMC algorithms Doucet et al. (2001); Cappé et al. (2005); Chopin
et al. (2020), where a set &f random samples, referred to as particles, is iteratively updated to approximate
the posterior distribution. The updates involve, at iteraiprselecting promising particles from the pool

of particles 1Y = ( L,;:::; N,) based on a weight functiogg, and then apply a Markov transitiqs)

to obtain the samples’N. The transitionp(xsjXs+1 ) is designed to follow the backward process while
guiding thed, top coordinates of the pool of particle§N towards the measurement Note that under the
backward dynamics equation 18, andX, are independent conditionally of+1 with transition kernels
respectivelyp, (XijXt+1) = N (X¢; My (Xes1); 2 la, ) andEt (XeiXes1 ) := N (X Mg Xes ); B g, dy)
wheremig (Xt+1) 2 R% andmy,; (Xt+1) 2 R% % are such that+s (Xe+1) = Mg (Xes1 )" My (Xte1)

and the above kernels satigiy(XtjXt+1 ) = P; (XtjXt+1 )Bt (X{jXt+1 ). We consider the following proposal kernels
fort2[1:n 1],

P (XejXeer ) | Py (XeiXeer )Oyo(Kejy) s where Gyo(Xejy) := N (X ¢ oy Olg):  (2.3)

For the nal step, we de ne%(xojxl) = Eo(xojxl). Using standard Gaussian conjugation formulas, we
obtain

€ _ S
B (Xijxie) = P (Xejxier) N X Ke oy + (1 KMy (Xen )i OKe o,
whereK; ;= 2, ( &,+1 Rt). For this procedure to target the posteriéétheweightfunctior’es ischosenéls
follows; we sete, 1(Xn):= Py 1(Xn 1%n)0 10(Xn 1Y)dXn 1= N 24yiMn(xn); 2+1 o 4
andfort2 [1:n 2], .
R . . € 1=2 . 2 S
P (XeiXe1 )Tjo(Xejy)dxe — N 7Y Meas (Xse )5 (2 1 )l
Bi(Xt+1) = — = €= S (2.4)
q'("'1]0()(“rl ) N 1Y% (1 t+1 )Idy
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For the nal step, we sey(X1) := Po(YjX1) Thjo(X1jy). The overall SMC algorithm targeting, using the
instrumental kernel equation 2.3 and weight function equation 2.4 is summarized in Algorithm 1. We now provide

Algorithm 1: MCGdiff ( =0)

Input: Number of particleN

Output: &N

%;N |:|:d'N (de : Idx );

/I Operations involving index i are repeated for each i2[1:N]

fors n 1:0do
ifs=n 1then

| By f(D)=N Pyma(h)s2

else € 3 € 3
L Bs(s+1)= N ézzy Moer ((641); 20 +1 s N ;j Y; sl s+l
. . P .
Ié+1 Cat f bs( Js+1 ): |’2‘ 1 e ( s+l )gj =1 ZS N (Ody ; Idy )l ;IS N V(de dy ; Idx dy )1
i = s+ =i . i |s+ i
L= Ks s ZY_+ (1 Ke)Msu (o311)+(2 )KL s= Mgy () sk zg

Sety= & i

a justi cation to Algorithm 1 Letfg¥gl.; be a sequence of posmve functions wgh 1. Consider the
sequence of distributiorfs ¥gl_; de ned as follows; % (Xn) /' @ (Xn)pn(Xn) andfort 2 [1:n 1]

{(x) ! 9[y+1(Xt+1) g (xO)P (Xeixee1 ) Yog (@Xen ) : (2.5)

By construction, the time marginal eqyation 2.5 is{(x¢) /' pe(xt)d (x¢) forallt 2 [1:n]. Then, using
and equation 2.2, we have thaf(xo) / o] (x1) 1r50(yj71)p0(1 jX1) J(dxy).

The recursion equation 2.5 suggests a way of obtaining a particle approximatigniyf sequentially approxi-
mating each { we can effectively derive a particle approximation of the posterior.To construct the intermediate
particle apprOX|mat|ons we use the frameworlaakiliary particle Iters (APF) (Pitt & Shephard, 1999). We
focus on the casg (x¢) = Gijo(Xtjy) which corresponds to Algorithm 1. The initial particle approximatignis

obtained by drawing\ i.i.d. samples }'N from p, and setting ' = N Pl N i where is the Dirac mass
at . Assume that the empirical approximation df, is N, = N 1 ', i, where ' areN random

variables. Substituting},; into the recursion equation 2.5 and introducing the instrumental kernel equation 2.3,

we obtain the mixture P . . Py _

BN (ki) = 1L B ()P (X an) e B ) (2.6)
Then, a particle approximation of equation 2.6 is obtained by sampliegnditionally i.i.d. ancestor indices
LN i og at(fe,( {,1)= ] -1 By( tJrl)g, -, ), and then propagating each ancestor parttBl‘p according to

the mstrumental kernel equation %3 The nal particle approximation is giverfby N 7, 0 ; where

b P, (j 11) 11 Cat(fey( ¥) i=1 Bol 1)gk 1 ). The sequence of distributiofg; g approxmatmg
the margmals of the forward process mmahzedpatde nes a path that bridges betwepp and the prior

po such that the discrepancy betweggnandp;.; is small. SMC samplers based on this path are robust to
multi-modality and offer an interesting alternative to the geometric and tempering paths traditionally used in
the SMC literature, see Dai et al. (2022). Our propos%(sq) I pt(Xt)Gjo(Xtjy) inherit the behavior of

fpigi2n and bridge the |n|t|aI distribution¥ and posterlor o- Indeed, ag is a noiseless observation of

Xo  Po, We may con5|dertl y+(1 )R 2, with "¢ N (Og,;lq,), as a noisy observation of;  p
and thus, { is the associated posterior. Wealllustrate thls intuition by considering the followmg Gaussian mixture
(GM) example. We assume thpg(xp) = 1 Wi N(Xo; i;lg,) whereM > 1andfwigM, are drawn

uniformly on the simplex. The marginals of the forward process are available in closed form and are given by
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Figure 1: Display of samples fromy (x;) / Pt (Xt)Tjo(Xt]y) for the GM prior. Samples from{ (yellow), those
from the prior (purple) and those from the posterigr(light blue) withn = 500.

P -
pe(xe) = M owi N(xi; 72 i;l4,), which shows that the discrepancy betwgeandpy. is small as long

as ; tlflz is close to 0. The posteriofs { g;» [0:n] @re also available in closed form and displayed in Figure 1,
which illustrates that our choice of potentials ensures that the discrepancy between consecutive posteriors is small.
The idea of using the forward diffused observation to guide the observed part of the state, as we do here through
G (Xtjy), has been exploited in prior works but in a different way. For instance, in Song et al. (2021c; 2022) the
observed part of the state is directly replaced by the forward noisy observation and, as it has been noted Trippe
et al. (2023), this introduces an irreducible bias. Instd&@dGdiff weights the backward process by the density

of the forward one conditioned on resulting in a natural and consistent algorithm.

We now establish the convergenceM€Gdiff with a general sequence pbtentialsf gf g1, . We consider the
following assumption on the sequence of potentiafsy; .
z

(A1) sup Po(yjx)=g/(x) < 1 and sup o (Xe)p(XtjX)dx: oy (X) < 1 forallt2[1:n 1]
X2 Rdx x 2 Rdx

The following exponential deviation iBeEuaIity is standard and is a direct application of (Douc et al., 2014, Theorem
10.17). In particular, it implies ®(1= N) bound on the mean squared erko§) (h) ¥ (h)ka.

Proposition 2.1. AssumeA1). There exist constantg.n;C2n 2 (0;1 ) such that, forallN 2 N," > 0
and bounded functioh : R* 7! R,P N (h) ¥(h) " Crn eXp( C2nN"2 jhj2 ) wherejhj; =
SURy 2 Rax ]h(X)J

We also furq_i;:h our estimator with an explicit non-asymptotic bound on its bias. Delhe E | ] where

N=nN1 iN=1 ) is the particle approximation produced by Algorlghm 1 and the expectation is with

respect to the lgw of &N ;14N). De e forallt 2 [1:n], {(x)/ pe(xt) y(dXo)Py, (Xoixt)dXo; Where
. 1 .
Poje (XoiXt) = too Ps(XsiXsr1) dX1y 1.

Proposition 2.2. It holds that

KL( gk §) Con(N 1) "+ Dg,N 2 2.7)
Yy y —Pn RZFZO:R e i ©7 ._Ry
whereDg.,, > 0, G, TRt g y(dxo)pojt(xojzt)d&) {(dz) andZ; := & (X¢)p:(dx;) for
allt2 [L:n]andZo:=  y(dXo)pPo(Xo)dX,. If furthermore A1) holds then botiCY.,, andDY., are nite.

The proof of Proposition 2.2 is postponed to Appendix BAL)(is an assumption on the equivalent of the weights

f e, g, with a general sequence of potentibdg gf-; and is not restrictive as it can be satis ed by setting for
exampleg! (Xs) = Tgjo(Xsjy) + where > 0. The resulting algorithm is then only a slight modi cation of the

one described above, see Appendix B.1 for more details. It is also worth noting that Proposition 2.2 combined
with Pinsker's inequality implies that the bias KHCGdiff goes to0 with the number of particle samplés

for xed n. We have chosen to present a bound in Kullback—Leibler (KL) divergence, inspired by Andrieu
et al. (2018); Huggins & Roy (2019), as it allows an explicit dependence on the modeling €bgbige, , see
Lemma B.2. Finally, unlike the theoretical guarantees establishegM@diff in Trippe et al. (2023), proving
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the asymptotic exactness of our methodology w.r.t. to the generative model posterior does not require having
Ps+1 (Xs+1 )Ps(XsjXs+1) = Ps(Xs)G+1 (Xs+1 jXs) foralls 2 [0 :n 1], which does not hold in practice.

Noisy case. We consider the casg, > 0. The posterior density is given by, (Xo) / @ (Xo)Po(Xo), where

g3 (x0) := N (y;Xo; Zlg,). In what follows, assume that there exist& [1 : n] such that 2 = (1 )
We denoter = *?y. We can then write that
WXo)= P N(y; (1 ) la,)= 2 Qo i%0); (2.8)

which hints that the likelihood functiogf is closely related tp the forward process equation 1.1. We may then
write the posterior {(xo) as §(xo) / q jo(¥ 1X0)Po(xo) / v (dX )qjo(x on)po(Xo)dX Next, assume
that the forward process equation 1.1 is the reverse of the backward one equation 1.3, i.e. that

Pr(Xt) Gh+1 (Xe+1 JXt) = Prez (Xe+1 )Py (XejXes1); 82 [0:n  1]: (2.9)

This is similar to the assumption madeSMCdiff Trippe et al. (2023). Then, it is easily seen that it implies
Po(X0)d jo(X jXo0) = P (X )Py (Xojx ) and thus
Z Z A

8(x0) = g (Xoix ) y (dX )p (x )dx y AZ)p (z)dz = py (Xojy x ) ¥ (dx ); (2.10)

where ¥ (x )/ p (y x ). equation 2.10 highlights that solving the inverse problem equation 2.1 with O

is equivalent to solving an inverse problem on the intermediate Xtate p with noiselesbservationr

of thed, top coordinates and then propagating the resulting posterior back t@ itk the backward kernel

Py - The assumption equation 2.9 does not always holds in realistic settings.Therefore, while equation 2.10

also holds only approximately in practice, we can still use it as inspiration for designing potentials when the
assumption is not valid. Consider theg) g and sequence of probability measufeggl- de ned for all

t2[ :nlas Y(x)/ @ (x)p(xt), whereg! (x¢) = N(xi; {oyi(L @ ) = )la), 0. In the

case of =0, we haveg) (x;) = G (Xijy ) fort 2 [ +1: nJand)¥ = ¥ . The recursion equation 2.5
holds fort 2 [ : n]and assuming> 0, we ndthat {(xo)/ @(xo) @ (x ) 1p01 (Xojx ) Y(dx );which
resembles the recursion equation 2.10. In practice we ta@éde smﬁll in order to mimick the Dirac delta mass

atxX in equation 2.10. Having a particle apprOX|mat|d}‘1 N1 L, iof Y by adapting Algorithm 1,

we estimate ) with } = iNzl Ll i where Po; (j "Yand! §/ gi( 0)—gY( ). In the next section we

extend this methodology to general linear Gaussian observation models. Finally, equation 2.10 allows us to extend
SMCdiff to handle noisy inverse problems in a principled manner which is detailed in Appendix A.

2.1 EXTENSION TO GENERAL LINEAR INVERSE PROBLEMS

Considery =AX + " whereA 2 R% % " N (0q4,;lg,)and y Oand the singular value decomposition
(SVD)A=USVT, whereV 2 R% & U2 R% % are two orthonormal matrices, aB®2 R% % is diagonal.
For simplicity, it is assumed that the singular values satgfy >sq, > 0. Setb= dyx dy.LetV 2 R% b
be an orthonormal matrix of which the columns complete thos¥ @fto an orthonormal basis d&@% , i.e.
VTV =1l,andV'V = Oyq,. WedeneV =[V;V] 2 R% % Inwhat follows, for a giverx 2 R% we
write X 2 R% for its topd, coordinates and 2 RP for the remaining coordinates. SettiXg:= V T X and

Y =S UTY and multiplying the measurement equation$y'U" yields

Y=X+ S &N (0lg):

In this section, we focus on solving this linear inverse problem in the orthonormal basis de nédsing the
methodology developed in the previous sections. This prompts us to de ne the diffusion based generative model
in this basis. A3/ is an orthonormal matrix, the law &y =V T X is po(X0) := po(V Xo). By de nition of pg
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and the fact thatVxk, = kxk, for all x 2 R% we have that

R Q. _ © R 1 Qp g , ©
Po(X0) =  Po(VXojX1) ~ op Ps(dXsjXs+1) Pn(dXn) = o(XojX1)  ¢of s(@XsjXs+1) Pn(dXy)

whereforalls 2 [1:n], ¢ ;(Xs 1jXs):= N(Xs 1,Ms(Xs); 2lg, ), wherems(xs) := V Tms(Vxs). The tran-
sition kernels  (g2_' de ne a diffusion based model in the basls We writems(xs) for the rst dy coordinates
of ms(xs) andmg(xs) the lastb coordinates and denote py the times marginal of the backward process.

Noiseless.In this case the target posterior i§(xo) / po(y- X,). The extension of algorithm 1 is straight
n

forward: it is enough to replagewith y (=S *UTy) and the backward kernell%%t:o1 with f gt
Noisy. The posterior density is therf (xo) /' ¢ (Xo)Po(Xo0), Wheregy (Xo) = 2, N(Y[il;Xoli]; ( y=5)?).

As in Section 2, assume that there exi‘stﬁgidi1 [1:n]suchthat . 2=(1 .)s? and de ne for all
i2[1:dy]wi = 1i’2y[i]. Then we can write the potentig§ in a(fimilar fashion to equation 2.8 as the product
of forward processes from tin@to each time step, i.e.6 (Xo) = ~ %y SN (v S2xolili (1 )). Writ-

ing the potential this way allows us to generalize equation 2.10 as follows. Denoté fidr: dy], x™ 2 R% 1
the vectorx with its ‘—tq coordinate removed. De ne °
1 Qg - : i
y.l:n(dx 1:n) / iil ! (X iJX i+l ) ¥i (dX i[l])dxnwl p dy (X dy) Ydy (dX dy [dy])dxngyy ;

which corresponds to the posterior of a noiseless inverse problem on the joindstates p ,.n with noiseless
observationg ; of X ,[i]foralli 2 [1:dy].

ij i

Proposition 2.3. Asgume thaps+1 (Xs+1) s(XsjXs+1) = Ps(Xs)Os+1 (Xs+1jXs) foralls2 [0:n  1]. Thenit
holds that ¥ (xo) / o ; (XoiX 1) Y. (dX ).

The proof of Proposition 2.3 is given in Appendix B.2. We have shown that sampling f¥pis equiv-
alent to sampling from ¥ ., then propagating the nal stat¥ , to time 0 according to 0 1 There-
fore, as in equation 28, we de neg' g | andf (gL  forall t2[1:n] by {(x:)/ & (X)pe(xt)
and g/ (x¢) := i:(?N Xi; ¢ yisl (2 ) = , , > 0. We obtain a particle approximation of
Y using g particle Iter with proposal kernel and weight functioff (X¢jXs1) / o (Xe)Pc(XtjXt+1),

btl(XH.j_) = of (X))p(dX¢jXt+1) G4y (Xt+1), Which are both available in closed form.

3 NUMERICS

A prerequisite for quantitative evaluation in ill-posed inverse problems in a Bayesian setting is to have access
to samples of the posterior distribution. This generally requires having at least an unnormalized proxy of the
posterior density, so that one can run MCMC samplers such as the No U-turn sampler (NUTS) Hoffman &
Gelman (2011). Therefore, this section focus on mixture models of two types of basis distribution, the Gaussian
and the Funnel distributions. We then present a brief illustratiod@Gdiff on image data. However, in this
setting, the actual posterior distribution is unknown and the main goal is to explore the potentially multimodal
posterior distribution, which makes a comparison with a "real image" meaningless. Therefore, metrics such as
Fréchet Inception Distance (FID) and LPIPS score, which require comparison to a ground truth, are not useful for
evaluating Bayesian reconstruction methods in such settings.

Mixture Models. We refer to the Funnel mixture prior as FM prior (see Appendix B.3). For GM prior, we
consider a mixture 025 components with known means and variances. For FM prior, we consider a mix@@e of
components consisting of rotated and translated funnel distributions. For a givéd,paly), we sample a prior
distribution by randomly sampling the weights of the mixture and for the FM case the translation and rotation

of each component. We then randomly sample measurement nfgdats ;) 2 R% R% % [0;1]. For

each pair of prior distribution and measurement model, we gentdagamples fronMCGdiff , DPS DDRM

RNVR and from the posterior either analytically (GM) or using NUTS (FM). We calculate for each algorithm the
sliced Wasserstein (SW) distance between the resulting samples and the posterior samples. Table 1 shows the CLT

1The code for the experiments is availablétips:/github.com/gabrielvc/mcg_diff
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MCGdiff DDRM DPS RNVP MCGdiff DDRM DPS RNVP

X2
¢ vod

X1 PCA

Figure 2: The rst and last four columns correspond respectively to GM (thdy ) = (800; 1) and FM with
(dx;dy) = (10;1). The blue and red dots represent respectively samples from the exact posterior and those
generated by each of the algorithms used (names on top).

d dy [ MCGdiff DDRM DPS RNVP d [ dy | MCGdiff DDRM DPS RNVP

80 | 1 [139+0.45]/564+1.10] 498+1.14| 6.86+0.88|| 6 | 1 | 1.95+0.43| 420+0.78] 5.43+1.05| 6.16 £ 0.65
80 | 2 | 0.67+0.24| 7.07+1.35| 510+1.23| 7.79+1.50|| 6 | 3 | 0.73+0.33| 2.20+0.67| 3.47+0.78| 4.70 £ 0.90
80 | 4 |028+0.14| 7.81+1.48| 4.28+1.26| 7.95+1.61|| 6 | 5 | 0.41+0.12| 0.91+0.43| 2.07 +0.63| 3.52+0.93
800| 1 | 240+1.00| 7.44+1.15/ 6.49+1.16| 7.74+1.34|| 10| 1 | 245+0.42| 3.82+0.64| 4.30+0.91| 6.04+0.38
800| 2 | 1.31+0.60| 895+1.12| 6.88+1.01| 8.75+1.02|| 10| 3 | 1.07+0.26| 4.94+0.87| 5.38+0.84| 591+ 0.64
800| 4 | 047+0.19| 8.39+1.48| 551+1.18| 7.81+1.63|| 10| 5 | 0.71+0.12| 2.32+0.74| 3.74+0.77| 5.11+ 0.69

Table 1: Sliced Wasserstein for the GM (left) and FM (right) case.

95%con dence intervals obtained ove0 seeds. Figure 2 illustrates the samples for the different algorithms for
a given seed. We see thdCGdiff outperforms all the other algorithms in each setting tested. The complete
details of the numerical experiments are available in Appendix B.3 as well as additional visualisations.

Image datasets. Figure 3 shows samples MCGdiff in different datasets (Celeb, Churches, Bedroom and
Flowers) for different inverse problems, namely Inpaiting (Inp), super resolution (SR), Gaussian 2D deblur
(G2Deb) and Colorization (Col). Visual comparison with competing algorithms and different datasets are shown
in Appendix B.3 as well as numerical details concerning Figure 3.

4 CONCLUSION

In this paper, we preseMCGdiff a novel method for solving Bayesian linear Gaussian inverse problems
with SGM priors.We show tha¥iICGdiff is theoretically grounded and provided numerical experiments that

re ect the adequacy d1CGdiff in a Bayesian framework, as opposed to recent works. This difference is of
the uttermost importance when the relevance of the generated samples is hard to verify, as in safety critical
applicationsMCGdiff is a rst step towards robust approaches for addressing the challenges of Bayesian linear
inverse problems with SGM priors.

Y MCGdiff MCGdiff MCGdiff MCGdiff Y
Inp SR
y =0 y =0:05
Celeb Bedroom
Col G2Deb
y =0 y =0:1
Flowers Church

Figure 3: lllustration of the samples BfCGdiff for different datasets and different inverse problems.
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A SMO®IFF EXTENSION

The identity equation 2.10 allows us to extéBRICdiff Trippe et al. (2023) to handle noisy inverse problems as
we now show. We have that | ©

n

R . ! Q 1 .
PO+ X X 1) o s= w1 Ps(@Xs]Xsr1) Pn(dXn)

)= p (y-2z)dz

Z
= ly:n(l :an +1: n)f y‘+1: n(dY +1: n)dl +1:n ;

where

: : Qn 1 ; v ©
- Py X X s1) g i Po(XsjXsr1)Ps(XsjXs+1) P (X,)
b.n(x n)X +1:n) = v o ;
L"n(X +1:n)
- v, (Y +1:n)
¥ Y= ‘n .
f +1:n(X +1.n) p (Y* z )dZ ’

and
z (i )

Dp(Xszn)= p(FrziXea-2z.4) Es(dlsj73+l " Zgi1 )Ps(XsjXsv1~ Zg4q) P, (dz,):
s= +1

Next, equation 2.9 implies that
z

Ps+1 (YSH T Zs+ )ES(dZSJYSH T Zs+y )p5(75j75+1 T Zg1 )d;s:s+1 =
Z

Ps (Xs- Zs)qsﬂ (Xs+1 j75)95+1 (Zs+1 st)d;s:s+l ;
and applied repeatedly, we nd that
z z Y
L (X +:n) = p (v X )dx y (dX ) Os(XsjXs 1) :

s= +1

R
and thusf ¥, (X +1:n) = y (dX )Q2: +1 0s(XsjXs 1). In order to approximate¥ we rst diffuse the

noised observation up to tinrg resulting inX 3. ,, and then estimatd’, ;. ,, (jX 1. n) using a particle Iter with
ps(xijsﬂ) as transition kernel at step2 [ +1: nJandgg : z; 7! Ps 1(Xs 1jXs- Zg) as potential, similarly
to SMCdiff .

B PROOFS

B.1 PROOF OFPROPOSITION2.2
PRELIMINARY DEFINITIONS.
We preface the proof with notations and de nitions of a few quantities that will be used throughout.

R
For a probability measureandf a bounded measurable function, we pyrit¢) :=  f (x) (dx) the expectation
of f under andifK (dxjz) is a transition kernel we writ (f )(z) ;= f (X)K (dxjz).

De ne the smoothingdistribution
o:n(@Xon) / y (dX0)Po:n (Xo0:n)dXodX1:n ; (B.1)

14
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which admits the posterior} as time0 marginal. Its particle estimate known as fi@or man smoothes given

by
N 1 X ¥ k
N (dxon) = N yo ko(dXo) 1 k=gt (dxs): (B.2)

Ko:n 2 [L:Nn+1 s=1
We also let §, be the probability measure de ned for aBy2 B(R%) "*! py
’(;l:n(B): E Sln(B) !
where the expectation is with respect to the probability measure
8 9
N 1:N ¥ i v X k j i@ )
POn d(XOn 81 n) = pyn(dxn) . B 1 k(da‘)py 1(dx‘ 1JX‘ )

i=1 =2 " j=1 k=1

18 (dal) )py(dxojxll) y(dxb); (B.3)

j=1 k=1
. . P .
where! | = B( {,1)= JNl e.( {,;) and which corresponds to the joint law of all the random variables
generated by Algorithm 1. It then follows by de nition that for aﬁyz B(R%),
z VA
N — N — N — N .
o:n(dZo:n)1c(20) = E on(@Z0n)1lc(z0) = E o (C) = ¢ (C):
De ne also the law of theonditionalparticle cloud
1 .
PN d(xgin;aiin) Zon = 2, (dxy)  ph(dxy)
i=1
X - i oal
L(@xY ) y(dal ) L (da)p? j(dxt jx7) (B.4)
=2 j=1 k=1
X :
2(dxp) n (day) ! k(dal)py(dxolxll) y (d%p) -
j=1 k=1

In what followsE,,, , refers to expectation with resplgcﬂ?é“ (jzo:n)- Finally, fors 2 [0 : n R1] welet Y denote
the sum of the Itering WEIQY[S atstepie. Y= I By( L) WealsowriteZg = po(Xo) y(dxo)dxO
andforall’ 2 [1:n],Z- = Gjo(Xjy)p (dx-):

The proof of Proposition 2.2 relies on two Lemmata stated below and proved in Appendix B.1; in Lemma B.1 we
provide an expression for the Radon-Nikodym derivativé., =d {.,, and in Lemma B.2 we explicit its leading
term.

LemmaB.1. ¥, and }, are equivalent and we have that
™

\ _ N"ZoZ, _
on(dZon) = Bz, Q71— on(dZon): (B.5)

s=0 S
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Lemma B.2. It holds that
" # .

1 z
+ (N X 26270 . DY:n

Osio(Zs Pojs(Xo0)Z dX)dx. + —%n . (B g
N® s=1 si0(Zsly) ojs(X0jZs) y (dX0)dXo N 2 (B.6)

whereDY,,, is a positive constant.

Before proceeding with the proof of Proposition 2.2, let us note that havifige. (z) bounded orR% for all
T2 [0-'d1 1]is suf cient to guarantee tha®., andD.,, are nite since in this case it follows immediately that

Ez.. 2:01 N ! Y isbounded and so is the right hand side of equation B.6. This can be achieved with a slight

modi cation of equation 2.5 and equati@?. Indeed, consider instead the following recursiond@ [0 : n]
where > 0,

h(xn)/ anjo(Yan) +  Pn(Xn);

, y . T (Xsiy) + .
$(Xs) / s+1 (Xs+1 )Ps(dXsjXs41 )qs+1 (Rt 1Y) + Xs+1
Then we have that Z Bo(Yixa)
Y(x.) / Y(x wixs)—PoWIXe)
0(Xo) i 1)90(701 l)qMo(YlJY)*'

We can then use Algorithm 1 to produce a particle approximatiorafsing the following transition and weight
function,

s(YiXs+1)
s(YjXs+1) + s(YjXs+1) +
Bs(Xs+1) = s(YiXss1) + Osv1jo(Xsea jy) +

Py (XsjXs+1) = P (XsjXs+1 ) + Ps (XsjXs+1 ) ;

R
where s(YjXs+1) = Tsjo(Xs]Y)Ps(XsjXs+1 )dXs is available in closed form arg is de ned in equation 2.3.
k, is thus clearly bounded for adl2 [0 : n 1] and it is still possible to sample frop¥: since it is simply a

mixture between the transition equation 2.3 and the “prior” transition.
Proof of Proposition 2.2.Consider thdorward Markov kernel

Prn (dZ1:0)Po(Z0j21)
Pr:n (210 )Po(Z0j21)

! B 1:n(20;d2z1:0) = (B.7)

which satis es I
>(;:n (dzo:n) = %(dzo) B 1:n(20;dz1:n) :
By Lemma B.1 we have for an@ 2 B(R%) that

z

’(;l(c) = g:n(dZO:n)]-C (ZO)
7z _ ™
N"Zo=Z
1c(20)Ezq, Q#Nn o:n (dZon)
s=0 s _ ™
z Z! ) N"Zo=Zn y )
1c(z0) Bu1:n(20;d21:0)Ez,, 1T 0(dzo) ;

s=0 S
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which shows that the Radon-Nikodym derivative =d } is,

7 _ ™
d ! N"Zo=Z
Tr(@) = Bun(zoidzin)Es, T

s=0 S

Applying Jensen's inequality twice yields

d
d

N"Zo=Zn, _

fan}
L2 . Un 1 !
B 1:n(ZO. dzl:n)Ezo;n s=0 ’s\I

0
y (ZO)
0

and it then follows that .
Z Z vy 1 #!

Zy !
KL( %k Bl) IOg TZ Bl:n(ZO;le:n)Ezfxn N ! SN %(dZo)Z
s=0

Finally, using Lemma B.2 and the fact tHag(1 + x) < x for x > Owe get

C%:n + D%:n

N 1 N2

where -
Z 3

o = @€p0js<ijzs) ,([d%o)dx,  1(dzs);
T Oso(sly)

R
and ¥(zs) | ps(zs) Pyjs(20izs) y(dzo)dZo:

KL( §k )

PROOF OFLEMMA B.1 AND LEMMA B.2

Proof of Lemma B.1We have that

B‘:n(dZO:n)
z _ _ X ¥
=N Pgh(dxgin ;dagiy) yoxo(dZo) 1 ke=ad T ks (dzo)
Ko:n 2[L:N ]+ - s=1
XX ¥ )
=N v &I;O(dzo) 1 ks=ag®* ks (dzs)
Ko:n a%ﬁ s=1
W . Y] W a[ . . a[ ) W ar ) ar
Py (dx},) PEpY g (dxt gjx) Po'P ,(dxpjx1*) y(X0)
j=1 =2 i=1 r=1
XX ) Y w8y o
=N PR (AXp") ka (dZn) py (dx3) P3P (Xt gjx)
ko:n alilN j6kn ‘=2 6k
o ( a” 1) k @
. ™~ X~ . Tl
1a" = kg—tg——p @ ) e (dz )
N C
8 Y a . ako
r Loar - | X1 . gko
Lo pY(dxpix3) y(dXp) 1 af® = ky %p%(dxé‘)lxgl )y ko (dZo):
r§k0 0
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Then, using that for a 2 [2 : n]

ks 15

ps(dxs 1 ]Xs

By 1 (X)) 4 (dxs 1 jxke) = s
s B IFs AT 1T 0y0(%E2]y)
we recursively get that
¥y b () ke
PAAX) (oo (d20) 1 @l * = keg gt ——pd (xS X ) e 1 (dze )

s=2 s 1

ko
(x5 . ako
1 e =k OO et - xko (d20)
0

Us 1j0(Zs 1Y) ke 1

Tnjo(Zn]y)Pn(dzn) K Y K .
= dxpn 1 ags t= —_ dzs 1jzs) 2. ,(dx
Zn Zn( n )322 ag sg sN 1quo(7sjy)ps 1( s 1) S) z ( s 1
1ae= M dzojz1) y(dz dxke
1 1 le,-o(?ny) Po(dzojz1) y(dZo) z,(dxg°)
z Y 1
= 27 Badzon) 2, @xi) LAl t = kg o L (dX$ )
n s=1 s 1
Thus, we obtain
| 1Z X X y Z0=Zn ‘ Y j
O:n(dZOZn) =N O:n(dZO:n)Qm Zn (an") p%(dxn)
kO:n a%,’;‘ s=0 S jgkn
Y k- k- Y al i a
1la '=k 5 ,(dx ) !51p}' L@dxt 4jxT)
- i6k 1

Y i . i .
1 =ky 4(dx§?)  !gtpy(XoiXit) y(dXp)

i6 ko ™
X  Z0Z
— 1 y Ko: 0=%n .
=N O:n(dZOZH)Ezg;,? Qn I N
Ko:n s=0 s

where for allkg., 2 [1:N]"*1 E‘;g;g denotes the expectation under the Markov kernel
) . Y .
PR, d(xgniaty) zon = o, (dxy") Py (dxy)
i6kn
¥ k- 1 ko1 Y X k j i al
z . (dx ') e (da 7) P k(da)p? g (dxd gjx)
“=2 i6k 1k=1

Y X . o
20 (AX7) 1, (da?) 1 (dah)py(Axhix$) 4 (d%o):

j 6 ko k=1
Note however that for allko.n; “o:n) 2 ([1: N]J"**)2,
—_ ™ _ ™
EkO:n 1 = E‘O:n 1
Zoin Qm - Z0:n Qm
s=0 s s=0 s
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and thus it follows that _ ™
N _ N"Zo=Zn _
O:n(dZOZH) = EZo:n Qm O:n(dzom) : (88)
s=0 S

O

Denote byfF <gl_, the Itration generated by a conditional particle cloud sampled from the kétNekqua-
tionB.4,i.e.foralll 2 [0:n 1]

— 1I:N .| 1:N .
FS_ sin 1|s+1:n .
andF, = YN _Deneforallbounded and” 2 [0:n 1]
N ( v 1 N) X K k
‘:n(f)z N s N b‘( ‘+1)f( ‘+1); (B,9)
s="+1 k=1

with the convention ™ (f) =1 if °  n. De ne also the transition Kernel

Z
QY jruy (R* B (R™) 3 (x413A) 71 1a(x)E ()P (AX jx41 ) (B.10)
Using egs. (2.3) and (2.4), itis easily seen that for &I[0 : n 1],
VA
1 . :
B (x+1)QY gy (F)(Xu1) = 7 Gjo(Xsiy)Er 1 (x)f (x)p - (dXjx 41 ) : (B.11)

+1jo(X+1]Y)
D . d i N - 1 N PN k K Y-
enel:x 2 R% 7! 1. We may thus write that™ (f) = N Sn() g BSOS
LemmaB.3. Forall > 2 [0:n 1]itholds that

N 1 "€ S— 1

EZO:n N 1:n(f) = TEZO:n !\fﬂ Qy 1j°+1 (f) + WEZO:n ‘Nn(l) b‘ 1(Z‘)f (Z)

Proof. By the tower property and the fact thal, (f ) is F-.; -measurable, we have that

X ##
EZO:n N 1:n(f) = EZO:n N ! N+l:n(1) N EZO:n N ! E 1( k)f( !() F\+l
k=1
Note thatforall 2 [0:n 1], ( %;:::; N 1) are identically distributed conditionally df .1 and
. ' . ~ 1 N Z
Bz, B ((DI(HFu = -« B K1) B 00 o)p X )
k=1
leading to
" #
X k k
Ezeo N ' B (OF(Y)Fa
k=1
_ N X k z C ok 1 .
=NV Be( %) B 100X )+ ﬁb‘ 1(Z)f(2);
k=1
and the desired recursion follows. O
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Proof of Lemma B.2We proceed by induction and show foral2 [0:n 2]

EZO:n Nn(f)]
N 1" par (A% 41 )Tag jo(Koat JY)B (X a1 ) (Xa1)

N ! B.12
* % (Z1=Zn)f (z41)B (2 41) (B.12)
Z -
X Zs=Zn _ o . DY,n
e m e (X‘+1)Q‘+1jo(X‘+1Jy)f (X‘+l)p‘+1j5(dX‘+1JZS) + NZ

wheref is a bounded function ari??. . is a a positive constant. The desired result in Lemma B.2 then follows by
taking® =0 andf = 1.

Assume that equation Bg.2 holds at stefo show that it holds at step 1 we use Lemma B.3 and we compute
Bz, N, Q 141 (f) andEz, N, (1) B (2)f(z).

Using the following identities which follow from equation B.11
Z

Tipjo(X 41 jY) B (X 41 )QY 11 (F)(X42)praa (dXo41)
Z

= Gjp(Xiy)e () (x)p(dx);
and
Z

B (X 41)T 41 jo(X 1 JY)QY g yq ()X 41)P1g s (AX 41 [Xs)
z

= B (0)To(XYf (x)ps(dx:jxs) ;
we get by equation B.12 that

N 1 €
7E20:n !\fﬂ Qy 1j°+1 (f)

N LTUMRS
N 1T Tge(Ry)e () (¢)p (dx)

N %n
+ (N 1) \ Z 1=y

S—

< . o(Xjy)Ee () (x)p(dx jz:
NP T+ q‘+%j0(7‘+ljy) qJO( iy) 1(x)F( )~p( jz41)
X 7=z, DY (B.13)
——— B ()G o(X Y ()pig(dxejzs) + —
win q510(75]¥2) 1( )qJO( Jy) ( )pjs( J S) N2
_ N1 T g (Ry)e (x)f (x)p (dx)
N zZn
(N 0 X ze=z, o D
+ - : B ((X)Tio(Xsjy)f (X)pic(dx-jzs) + —2:
NT T To(Zsy) 1(¢)8jo(Xsiy)F (x )P js(dxjzs) + 57
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The induction step is nished by using again equation B.12 and noting that

1 N " B’
NEZOZ” Y@ e y(2)(z)= (Nn ‘11 Z-=Zy b ((2)f(z)+ len:
and then settin@? ;. = DY + BY .
It remains to compute the initial valueat n 2. Note that
z
N _N 1 1
Ezon n () = =g Prldxn)By 1 (xn)f (xn) + B 1(20)F (20) (B.14)

and thus by Lemma B.3 and similarly to the previous computations

EZO:n r’1\| 2:n(f )

NOo1%? N 1
= g PHEx)E, 1(xn)Qh 5 (D)) + i Ba 1(20)Q) 0 (F)(2n)
z - DY
+By oz (20 1) PLXR)EY g (xn) + L5
. R )
_ N 12 g, 0(Xn 1jY)Bn 2(Xn 1)pn 1(dXn 1)
N Zp
N 1
+ N2 Zn 17Zn By o(zn )f(z0 1)
1 z - Dy
_ S - 2in .
+ m O 20(Xn 1Y)By 2(Xn )f (Xn 1)Py 1(d%n 1jz0) + r;\lzn-
O
B.2 PROOF OFPROPOSITION2.3AND LEMMA B.4
In this section and only in this section we make the following assumption
(A2) FOF a”SZ [On 1], ps(XS)ck-f»]_ (X3+1 JXS): p3+1 (Xs+_‘]_) S(XSjXS+l):
We also consider =0. In what follows we let 4, +1 = nand we write 1.q, = f 1;:::; g, gand1.q, =[1:
nln 1. De ne the measure
Y . ‘?y . H .
0:n(@X0:n) = Pn(dxn) s(dXsjXs41) XX )Xy (ax i) (B.15)
sZTdy i=1
Under @A2) it has the following alternativéorward expression,
Y . vy . H .
0:n (dX0:n) = po(dxo) O+t (dXsi1jXs) g, (X jx  1)dx" ypu(dx  [i]): (B.16)
SZTdy i=1

Since the forward kernels decompose over the dimensions of the states, i.e.

A
Os+1 (Xs+1]Xs) = Os+1 (Xs+1 [ixs[])

=1
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wheredg,; (Xs1 [IiXs[D) = N (Xse1 [ 1 ( s+1= o)¥2%Xs[ 11 ( s+1= s)), We can write

X

gn(Xon) = po(x0) Y00 XalTiinixal1x%ol] 5 (B.17)
=1
where for” 2 [1 :dy]
. Y
Lojor XalLiinixallixoll = a (yLlix - a[D  a(dxs[lixs 1[']); (B.18)
s6 -
andfor® 2 [dy +1: dy],
1o
Tojor Xal T xn[lixol D = Goeg (Xswa [lixs[]) : (B.19)
s=0

With these quantities in hand we can now prove Proposition 2.3.

Proof of Proposition 2.3 Note that for' 2 [1 :dy],

z Y
NOLLE x[LEl )= allixl D= a.(y[lx. 1[D  a@xs[Tixs 1[])
ZSS .
= Tnjor 90l Tinxn[Dixol ]
and thus by equatio®? we have that
W
Po(X0) gy (Xo) / Do(Xo)\ N[ xo[L1 )
02
= Po(Xo) Tojor XAl xn [ Dixol']
y. 2
= po(xo) Yonjor AxalT2z1ixn [ Dixol]
=1
By equation B.16 it follows that
Z
1

%(XO) = R %:n(XO:n)dxl:n ;

%:n (>¢0:n)dx0:n

and hence by equation B.16 and equation B.15 we get
8

9
Z < dY 1 =
0(x0) I Py (X ) yia,1(dx o [cyDdx"e e (X L) ya(x DA g (Xojx L)
Ti= !
This completes the proof. O
Let E-,’;S denote the joint tim® ands marginal of the measure equation B.15, i.e.
z
E)/;S(XO;XS) = >(;:n(XOZn)Xm:s 1dXs+l: n (B-ZO)
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We now prove the following result.

Lemma B.4. AssumeA2) andlet o :=0, g,+1 := n. Forallk 2 [1:dy],

(i) fs2[k+1: k1],

())l;s (Xo; XS) =
Z v
0is+1 (X0 Xs+1 )G g o (XsiXss1 3 X0) B (Xs) Ogjs+1 :0(Xs[ iXsea ] Xo[ DdXss1
= k+1
(i) fs= &,
Z
())/;s (Xo; XS) = g;s+1 (Xo; Xs+1 )9st+1 ;O(XSjlsﬂ ;XO)
by 1 v
;i (Xs[i]) Ogjs+ :0(Xs[ TiXsea [ ] Xo[ DdXs41
i=1 T=k+1

Proof of LemmaB.4Letk 2 [1 : dy] and assumetha 2 [« +1 : x+1 2] By (A2), equation B.16,
equation B.18 and equation B.19 we have that

o :
0:s (X0 Xs) = Po(X0) o (XsiXo)  f joly [lixoliDe; , (Xs[iTy L)

i=1
v , : ,
Gjo(Xs[ lixol DA s (Y[ lixs[']);
“=k+1
and thus, using the following identity valid for2 [k + 1 : dy]
%jo(xs[ Tixol D jo(y [Tixs[ D
= Go(Xs[ Xl D) O jsra (Y[ TiXsra [ D0 (Xsoa [TiXs[ DX o1 [']
Z

= Qern 0O liXsen [ X0l D san (Y liXsea [ D jo(Xsea [lixol Ddxsea ['1
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and tha‘gsjo(lsjlo)gsﬂ (Xs+1 jls) = 95j5+1 ;O(ijxs+1 ;50)954_1 jo(lsﬂ jlo) we get that
%;%XO; Xs)
= Po(X0) G0 (XsiX0) Gy, ; (AXss1 JXs)

o jo(y [ilixoliNay | (Xsliliy D ckay ;| (dXser [Ty [i])

i=1
A : \
Ogjs+1 0(Xsl IiXsea [ X0l DA jsaq (Y[ IXs2 [ DOsqjo(Xs+a [TiXo[ DdXss1 []
= k+1
4 W )
= g;s+1 (X0; Xs+1 )9st+1 ;O(Ksjlsﬂ } X0) & (Xs) qs:js+l ;O(Xs[‘]sz+1 [T %ol DdXs+1 :

= k+1

If s= k+1 then

Yo .
35 (X0 Xs) = po(Xo)gsjo(lsjlo)‘ q jo(y [ilixoliDag; , (Xs[iTiy [il)

= ¢ (B.21)
q oy [k + 1jxo[k + 1)) Ajo(xsLlixol DA (Y[ lixs[ D) ;
= k+2
and similarly to the previous case we get
;s (X0: Xs)
z v
= ())/;s+1 (Xo; Xs+1 )gsjs+1 ;O(XSJ'XSH ;lo)g)s/ (Ys) qs;js+1 ;o(XS[\]szﬂ [‘]; XO[\])dXs+1 :
Tz k42
Finally,ifs= ¢+ 1,then
. V( H P . i — .
0:s(X0iXs) = Po(X0)qo(XsiXo) oy ilixoliDay | (Xs[iliy [i])
i=1
k+1 ; k+1 ; ‘?y ) i ™ i N
Gjo (Xs[k+1]jxolk +1]) 0" ;s (Y [k + 1]jxs[k + 1]) Gjo(Xs[ lixo[ A js(Y[lixs[']);
= k+2

and using
ol (xs[k + Ljxolk + 1) "2 (v [k + 1 jxs[k + 1))

= @ sk + 20X ., K+ 2150k + 1) L (y [k + 2jxolk + 1)
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we nd that

O;S(XO;XS)
z v
= G (XX )8 oKX X0 R (KS) G (X[ liX o [Tixol DX .y
‘= k+1

B.3 ALGORITHMIC DETAILS AND NUMERICS

B.3.1 GMM

For a given dimensiody , we considengaa @ mixture of25 Gaussian random variables. The Gaussian random
variables have mean;; := (81i; 8j; :8i:8)) 2 R% for (i;j) 2f 2; 1;0;1;2g% and unit variance. The
mixture (unnormalized) weights;; are independently drawn according to adistribution. The paramater of
MCGdiff is 2 =10 *. We use20steps oDDIMfor the numerical examples and for all algorithms.

R
Score: Note thatgs(Xs) =  Gsjo(XsjX0)0data (X0)dXo. AS Qdata IS @ Mixture of Gaussiangs(xs) is also a

mixture of Gaussians with meang ™~ ij and unitary variances. Therefore, using automatic differentiation

libraries, we can calculate loggs(Xs). Settinge(xs;s) = (1 s)¥2r loggs(xs) leads to the optimum of
equation 1.4.

Forward process scaling: We chose the sequence fofsgl%° as a linearly decreasing sequence between
1=0:2 and 1000 = 10 4,

Measurement model: For a pair of dimensiongdy; dy) the measurement modgl; A; ) is drawn as fol-
lows:

* A: We rstdraw A N (04, q,;lg, q) and compute the SVD decomposition &f = usvrT.

Then, we sample fofi;j) 2 f 2; 1;0;1;2¢g%, s;; according to a uniform ifi0; 1]. Finally, we set
A =UDiag( fsij ggij )z 2 1;0;1;2gZ)VT-
* y: Wedraw y uniformly in the interval0O; max(sa; »Sd, )]
 y: We then drawx Qoata @nd seyy :=Ax +  where N (Og,;lqg,).
Posterior:  Once we have drawn botlyata and(y; A; y), the posterior can be exactly calculated using Bayes
formula and gives a mixture of Gaussians with mixture compongptand associated weights;
cj =N( Aly= 5"‘ i)
Moo= LN A G Plg, +AAT);
where := g + ,?ATA '

Variational Inference: The RNVPentries in the numerical examination are obtained by Variational Inference
using theRNVParchitecture for the normalizing ow from Dinh et al. (2017). Given a normalizing bw
with 2 Rl;j 2 N, the training procedure consists of optimizing the ELBO, i.e., solving the optimization
problem
&nf
=argmax  logjJf (i)j+log (f ()); (B.22)
2R =z
whereNys 2 N is the minibatch-sizeJf the Jacobian of w.r.t ,and 1.n, N (0;1) Nnt  All the
experiments were performed usind@layersRNVP Equation (B.22) is solved using Adam algorithm Kingma &
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dx:]. dx:2 dx:4

KL
A

KL

08="p

KL
= Ap

008

Iteration

Figure 4: Evolution oKL with the number of iterations for all pairs ¢diy ; d ) tested in the GMM case.

Ba (2015) with a learning rate a0 3 and200iterations withN,; = 10. The losses for each pdidy; dy ) is
shown in g. 4, where one can see that the majority of the losses have converged.

ChoosingDDIMtimesteps for a given measurement model: Given a number oDDIM samplesR, we choose
the timestepg = t; < <tgr =1000 2 [1:1000]as to try to satisfy the two following constraints:

« Foralli 2 [1:dy]there exists & such that tljzz @ ),

« Foralli2 [1:R 1], ;% [  forsome > O.

ti+1
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MCGdiff DDRM DPS RNVP

X2

X2

X2

X1

Figure 5: First two dimensions for the GMM case with= 8. The rows represer, = 1;2; 4 respectively. The
blue dots represent samples from the exact posterior, while the red dots correspond to samples generated by each
of the algorithms used (the names of the algorithms are given at the top of each column).

The rst constraint comes naturally from the denition of ;. Since the poten-
tials have mean tlizzy, the second condition constrains the intermediate laws remain
“close”. An algorithm that approximately satises both constraints is given below.

Algorithm 2: Timesteps choice

Input: Number ofDDIMstepsR, , fsig, ,f ;gLo%
Output: ft; R,

SetS = fg.
forj [1:dy]do
Sety =argmin-, 110007 | y o ).

7Add~] toS if"] 2S.

Setnp, =R #S land =( 1} 12 )=Nm.
Sett; =1,e=1 andie =1. for° [2 : 1000]do
it 22 > or2S then

| | Sete= "Jie=ie+land;, ="

Set g = 1000.

1=2

Additional numerics: We now proceed to illustrate in Figures 5 to 7 the rst 2 components for one of the
measurement models for all the different combination&ef d, ) combinations used in table 1. We also show in
0. 8 the evolution of each observed coordinate in the noise casedyith4. We can see that it follows closely
the forward path of the diffused observations indicated by the blue line.
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MCGdiff DDRM DPS RNVP

X2

X2

X2

X1

Figure 6: First two dimensions for the GMM case with= 80. The rows represemt, = 1;2; 4 respectively.
The blue dots represent samples from the exact posterior, while the red dots correspond to samples generated by

each of the algorithms used (the names of the algorithms are given at the top of each column).

MCGdiff DDRM DPS RNVP

X2

X2

X2

X1
Figure 7: First two dimensions for the GMM case with= 800. The rows represemk, = 1;2; 4 respectively.

The blue dots represent samples from the exact posterior, while the red dots correspond to samples generated by
each of the algorithms used (the names of the algorithms are given at the top of each column).
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d dy | MCGdift DDRM DPS RNVP

8 1| 1.43+0.55| 588+1.16| 4.86+1.01| 9.43+0.99
8 2 | 049+0.24| 5.20+1.32| 579+1.96| 8.93+1.29
8 4 | 0.38+0.25| 2.51+1.29| 3.48+1.52| 6.71+1.54
80 | 1 |1.39+045| 564+1.10| 498+1.14| 6.86+ 0.88
80 | 2 | 0.67+£0.24] 7.07+1.35| 5.10+1.23| 7.79+1.50
80 | 4 | 0.28+0.14| 7.81+1.48| 4.28+1.26| 7.95+1.61
800 | 1 | 240+1.00| 7.44+1.15| 6.49+1.16| 7.74+1.34
800| 2 | 1.31+0.60| 8.95+1.12| 6.88+1.01| 8.75+1.02
800 | 4 | 0.47+0.19] 8.39+1.48| 551+1.18| 7.81+1.63

Xs[1]

Xs[3]

Table 2: Extended GMM sliced wasserstein table.

S

Xs[2]

Xs[4]

Figure 8: lllustration of the particle cloud of tiderst observed coordinate in the cags ; dy) = (4 ; 800) with
100DDIMsteps. The red points represent the particle cloud, while the purple points at the origin represent the

1=2

posterior distribution. The blue curve corresponds to the csifve s “y[ ] and the blue dot on the curve to

I

Table 2 is an extended version of table 1.
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o
<
1
N
[o8
<
1
»
o
<
1
=
o

X2

X1

Figure 9: Purple points are samples from the prior and yellow samples from the diffusioR5ADIM steps.

d SW

2 1 0.79+£0.15
6 | 0.87+0.07
10 | 0.96 + 0.06

Table 3: Sliced Wasserstein between learned diffusion and target prior.

B.3.2 FMM
A funnel distribution is de ned by the following density

\d
N (x1;0;1)  N(xi;0;exp(x1=2)):
i=1

To generate a Funnel mixture model2fcomponents in dimensiah we start by rstly sampling i; R;)%%,
uniformly in ([ 20;20F SO(RY)) 2°. The mixture will consist 020 Funnel random variables translated by
i and rotated byR;, with unnormalized weights;; that are independently drawn uniformly[igy 1].

Score The denoising diffusion networl( ) in dimensiond is de ned as & layers Resnet network where each
Resnet block consists of the chaining of three blocks where each block has the following layers:

 Linear 612 10249,
* 1d Batch Norm,
* ReLU activation.

The Resnet is preceeded by an input embedding from dimeddm12and in the end an output embedding
layer projects the output of the resnet fr@i2to d. The timet is embedded using positional embedding into
dimensions12and is added to the input at each Resnet block. The network is trained using the same loss as in Ho
et al. (2020) forl0* iterations using a batch size 8f2samples. A learning rate 4D 2 is used for the Adam
optimizer Kingma & Ba (2015). Figure 9 illustrate the outcome of the learned diffusion generative model and the
target prior. In table 3 we show the Cl95% intervals for the SW between the learned diffusion generative model
and the target prior.

Forward process scaling We chose the sequence fofsgi%° as a linearly decreasing sequence between
1=0:2and 1000 = 10 4.
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Figure 10: Evolution oKL with the number of iterations for all pairs ¢d ; d ) tested in the FMM case.

Measurement model The measurement model was generated in the same way as for the GMM case.

Posterior The posterior samples were generated by running the No U-turn sampler (Hoffman & Gelman (2011))
with a chain of lengthl0* and taking the last sample of the chain. This was done in parallel to gedéfate
samples. The mass matrix and learning rate were set by rst running Stan's warmup and taking the last values of

the warmup phase.

Variational inference: Variational inference in FMM shares the same details as the GMM case. The analogous
of g. 4 is displayed at g. 10.

Additional plots: We now proceed to illustrate in Figures 11 to 13 the rst 2 components for one of the
measurement models for all the different combination@pfd, ) combinations used in table 1.
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Figure 11: First two dimensions for the FMM case with= 10. The rows represemk, = 1; 3; 5 respectively.
The blue dots represent samples from the exact posterior, while the red dots correspond to samples generated by

each of the algorithms used (the names of the algorithms are given at the top of each column).
DPS RNVP

MCGdiff DDRM

PCA, PCA;

PCA,

PCA;

Figure 12: First two dimensions for the FMM case with= 6. The rows represertt, = 1;3; 5 respectively.
The blue dots represent samples from the exact posterior, while the red dots correspond to samples generated by

each of the algorithms used (the names of the algorithms are given at the top of each column).
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Figure 13: First two dimensions for the FMM case with= 2 anddy, = 1. The blue dots represent samples
from the exact posterior, while the red dots correspond to samples generated by each of the algorithms used (the

names of the algorithms are given at the top of each column).
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