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ABSTRACT

A fundamental characteristic of natural language is the high rate at which speak-
ers produce novel expressions. Because of this novelty, a heavy-tail of rare events
accounts for a significant amount of the total probability mass of distributions
in language (Baayen, |2001). Standard language modeling metrics such as per-
plexity quantify the performance of language models (LM) in aggregate. As a
result, we have relatively little understanding of whether neural LMs accurately
estimate the probability of sequences in this heavy-tail of rare events. To address
this gap, we develop a controlled evaluation scheme which uses generative models
trained on natural data as artificial languages from which we can exactly compute
sequence probabilities. Training LMs on generations from these artificial lan-
guages, we compare the sequence-level probability estimates given by LMs to the
true probabilities in the target language. Our experiments reveal that LSTM and
Transformer language models (i) systematically underestimate the probability of
sequences drawn from the target language, and (ii) do so more severely for less-
probable sequences. Investigating where this probability mass went, (iii) we find
that LMs tend to overestimate the probability of ill-formed (perturbed) sequences.
In addition, we find that this underestimation behaviour (iv) is weakened, but not
eliminated by greater amounts of training data, and (v) is exacerbated for target

distributions with lower entropy.

1 INTRODUCTION

Natural language is fundamentally creative—speakers
and listeners frequently produce and comprehend sen-
tences which have never been produced before (Fodor,
1975; [Fodor & Pylyshyn, |1988}; (Chomsky, [1975, 1955)).
As a side-effect of this property, distributions in natural
language are characterized by a heavy-tail of individu-
ally improbable events which collectively account for a
significant amount of the total probability mass of the
distribution (Khmaladze, |1988}; |Baayen, [2001)). Precisely
approximating this large number of rare events is one
of the foundational challenges for models of natural lan-
guage (Good, |1953; Jelinek, | 1980; Katz, |1987; |Kneser &
Neyl, [1995; Wood et al., 2011} |Goldwater et al., [2011)).
Autoregressive neural language models (Bengio et al|
2003; [Mikolov et al.,[2013}; |Radford et al., [2019)) attempt
to do so by decomposing the probability of an event (a
sequence) into a series of conditional distributions, each
parameterized by a shared neural network.

Recently, a growing body work has sought to understand
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Figure 1: GPT2 sequence probability es-
timates plotted against the true sequence
probabilities. Neural LMs underestimate the
probability of sequences drawn from the lan-
guage they are trained to model.

how these language models (LM) fit the distribution of a language beyond standard measures such
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asperplexity Meister & Cotterell (2021), for example, investigated the statistical tendencies of the
distribution de ned by neural LMs, whereas Kulikov et al. (2021) explored whether they adequately
capture the modes of the distribution they attempt to model. At the same time, increased focus has
been given to performance on rare or novel events in the data distribution, both for models of natural
language (McCoy et al., 2021; Lent et al., 2021; Dudy & Bedrick, 2020; Oren et al., 2019) and neural
models more generally (see, for example Sagawa et al., 2020; D'souza et al., 2021; Chen et al., 2021,
Blevins & Zettlemoyer, 2020; Czarnowska et al., 2019; Horn & Perona, 2017; Ouyang et al., 2016;
Bengio, 2015; Zhu et al., 2014). Neither of these branches of work, however, has explored instance-
level LM performance on rare sequences in the distribution. As a result, we have relatively little
understanding of how neural LMs approximate sequences in the heavy-tail characteristic of natural
language.

In this work, we introduce a controlled methodology to explore how LMs estimate the probability
of sequences in the heavy-tail of the distribution. Our instance-level evaluation scheme explicitly
compares the target probability distribution of the language to the distribution de ned by the LM.
Since the true distribution of any natural language is in practice unknown, we use a Transformer
LM trained on natural data as a generative model to de ne tagetial languagesfor which we

can exactly compute sequence probabilities. Training LSTM and Transformer LMs on sequences
sampled from these target arti cial languages, we compare the sequence-level probability estimates
given by neural LMs to the target probabilities in the language. By controlling the entropy of the
generative model's conditional distributions, we create a set of arti cial languages with varying
distributional properties, and analyze how LM estimation behaviour is modulated by the properties
of the target distribution.

Our experiments uncover the extent to which neural LMs provide a distorted t of the language
they are trained to model. We nd that LSTM and Transformer LMs (i) systematically underesti-
mate the probability of sequences drawn from the target language and (ii) do so more when such
sequences are rare. Where did this underestimated probability mass go? We do not nd that the
underestimation is accompanied by overestimation in the head of distribution. Rather, we nd that
LMs tend to (iii) overestimate the probability of rare perturbed (ill-formed) sequences. Interpreted
together, these ndings indicate that on the one hand, neural LMs under-represent well-formed se-
guences in the tail of the language they attempt to model, and on the other hand, over-represent
ill-formed sequences far away from high probability zones in sequence-space. In addition, we nd
that (iv) greater amounts of training data lessen underestimation but do not eliminate it and that (v)
underestimation is exacerbated for target distributions with lower entropy.

2 BACKGROUND

We begin by brie y characterizing why distributions with a large number of rare events (LNRE)
emerge in natural language, and why these events pose challenges for LMs. Furthermore, we moti-
vate the need for instance-level evaluation when dealing with a large number of rare events.

Productivity In the context of language production, a language user has the ability to produce,
at any given point in their linguistic lifespan, an utterance which they have never produced before.
This creativity is the result of the generative propertypadductivity, which states that on the basis

of nite linguistic experience, a language user can produce and comprehend an unbounded number
of grammatically acceptable utterances (Chomsky, 1975, 1955). Productive processes induce a dis-
tribution which places non-zero probability on unseen events at all practical sample sizes. Because
of this property, many of the distributions in natural language—patrticularly the distribution over the
sequences of a language—are characterized by a heavy-tail of rare events.

LNRE Zone To make explicit the connection between productivity and a heavy-tail of rare events,
let Py denote the probability of sampling a novel (previously unseen) event from some distribution
after having sampletll events. Then productivity as described above statesPthat 0 for all

sample sizedN that occur in practice. The range of sample silkle$or which it is the case that

Py > 0Ois known as the.NRE zone (Khmaladze, 1988; Baayen, 2001). The LNRE zone for
natural language appears to be very large, and it seems likelR thatill remain greater thaf for
samples of natural language many orders of magnitude larger than all the data currently available
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for training LMs? In the LNRE zone, it is dif cult to obtain accurate estimates of the probability of
events using straightforward maximum likelihood estimation (MLE). Accounting for this enormous
amount of novelty is thus a central challenge in language modeling.

Language modeling A modelM of the languagé. attempts to de ne a distributiopy which
closely resembles the true distribution of the langupge In a locally-normalized autoregressive
model, this distribution is de ned by assigning probabilities to variable length sequ&ncissa
chain-rule decomposition:

yxi ¥ exp (xui 1:%i)
X) = Xi | X1 = P T
p(x) P(Xi J X1 1) exp (X1 1;X)

i=1 i=1 X2

@)

where is the vocabulary, and(x 1 1;Xi; ) is the non-negative score of token given the
sequence pre X 1:j 1, which is computed by a neural network with parameters

For pw to perfectly approximate, , we expecpy (x) = pL(x) forallx 2, where isthe

set of all strings of nite length (the Kleene closure of. In the LNRE zonepy is de ned over a
support containing a very large set of sequences which have never occurred in a training corpus (or
equivalently, have all occurred with frequen@y and which take on a very wide array of differing
probabilities. For example, while the sequenggsx, 2 have likely never occurred in any
sample of English, most would agree tlatis far more probable thaxs:

X1: The East pond in Parc Lafontaine was lled to the brim with Diet Coke.
X2: Certain nak indicate liberationing among theorter codity voters vandalized.

LM Evaluation For a perfect LM of English, we would expect the estimated probabilities of

the sequences; andx, to match their probabilities under the true distributimngis». However,

since Pengiish and it's underlying generative process are unknown, it is not possible to explicitly
evaluate how closely instance-level probability estimates align. As a proxy, the mean perplexity of
the model on a holdout set of sequenéess typically used, which measures whether the model,

on average, assigns high likelihood to unseen instances. This measure does not, however, tell us
whether instance-level estimates align with their true counterparts, nor is it necessarily indicative of
performance on rare, idiosyncratic eventdin In this way, the lack of access to the ground-truth
distribution severely complicates LM evaluation on the heavy-tail of rare sequences in language.
The following section introduces a methodology to overcome these limitations.

3 LANGUAGE MODEL EVALUATION IN THE LNRE ZONE

Component | Notation | Description

Generative model L A LM trained on natural instance-level data.

Arti cial language pL The distribution over sequences induced by a sampling scheme.from
Language model Pwm The distribution of a LM trained on sequences sampled fppm
Target probabilities| p. (x) The probability assigned by to the sequence.

Model probabilities| pwm (X) The probability assigned by to the sequence.

Table 1: Components of our instance-level evaluation scheme. Trgigingn samples fronp, ,
we comparey (x) top (x) forx 2

We propose evaluating language model performance on the heavy-tail of rare events via a known
probability distribution over sequences. Speci cally, we train a Transformer LM on sequences sam-
pled from a corpus of natural language to de ne a generative modérhe distribution over se-
guences induced by a sampling scheme ftandenotedp, , is then ourarti cial language We ex-

pecta modeM of this arti cial language to assign probabilitieg (x) to sequences which match

1For an empirical validation of this claim on a sample of practical size from the OpenWebText corpus, see
the Appendix.
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thetarget probabilitiegp, (x) of x underp_ . To characterize neural LM behaviour on rare events,
we train Transformer and LSTM LMs on data sampled frpm and compare the instance-level
probability estimates given oy to target probabilities undgy. . We summarize the components
of this methodology in Table 1, and overview it in greater detail in the following section.

3.1 ARTIFICAL LANGUAGES ASTARGET DISTRIBUTIONS

X log p. (x)
“we're very excited to have the opportunity to help them,” he says.29:3811
so what's going to happen? 17:4128
to me, the sheries are in the midst of a global nancial crisis. 41:4835

Table 2: Sample of sequences drawn from our arti cial language.

To de ne a generative modél, we train a randomly-initialized GPT2-medium on 1.5M sentences
sampled from the OpenWebText corpus (Gokaslan & Cohen, 2008 set the maximum sequence
length to be 128 tokens. We additionally train a byte-pair-encoding (BPE) tokenizer on this data set
with a standard GPT2 vocabulary size of 57,256 tokens. For simplicity, this tokenizer is used for all
models.

Using this generative model, we de ne the target distribution over sequences—the arti cial
language—as the distribution induced by an ancestral sampling schemé frarhus, we draw

distribution over tokens at each time step: p_( j X« ) wherex; = BOSandx; = EOS All
experiments up until Section 4.5 are conducted on the distribution induced by ancestrally sampling
from L with softmax temperatur& = 0:85.2 In Section 4.5, we explore the effects of different
values ofT when sampling fronp_ . Table 2 shows three sequences sampled from this distribution.

3.2 SEQUENCEPROBABILITY ESTIMATION IN THE LNRE ZONE

Given an arti cial language, , the task ofM —the language model—is to de ne a distribution

pv Whose sequence-level probability estimates closely align with the sequence-level probabilities
given byp, . We refer to any deviation from this desideratenasdel estimation errofTo quantify

the model estimation error for a sequencewe take the difference between the sequence's log
probability undeM and its true log probability under:

erroi(x) = log py (x) logpe (x) )

This quantity is the log probability ratio, which measures, in log-space, the number of times more
or less likely the sequenceis under the language moddl. Note that erraix) < 0 indicates that

M underestimates the probability ®f whereas errgx) > 0 indicates thatM overestimates the
probability ofx . In practice, we traitM on a set of sequenc&s,i, sampled fronp, , and compute
model estimation error on a separate set of sequeDggssampled fromp, . In all cases, we
compute the probability of a sequencas its chain rule decompositiop{x) = ~ '} p(xi j X<i )
wherexg = BOSandxj; = EOS When computing the ground-truth sequence probabilities for
pL , we take into account any softmax tempering.

3.3 NEURAL LANGUAGE MODELS

We study the estimation performance of two neural LM architectures: the Transformer (Vaswani
et al., 2017) and the LSTM (Melis et al., 2020). When training either architecture, we halve the
learning rate if validation loss increases at the end of an epoch. For all model sizes, we use a batch
size of 128 sequences. Models with the lowest cross-entropy loss on a withheld validation set are
used in experiments unless otherwise mentioned.

2All Transformer implementations were obtained from Huggingface, and training was done on two or four
RTX-8000 GPUs (depending on model size) with mixed oating point precision.

3We temper in an effort to de ne a ground-truth distribution whose entropy more closely resembles that of
a natural language. Note that our ndings hold for untempefied:(1 :00) ground-truth distributions as well
(see A.l.1and A.1.2).
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Figure 2: Test sequence probability estimates given by neural TWsee left-most guresThe

joint histograms of sequence probability estimates. The dotted line denotes the cases in which the
model's estimates perfectly align with the target probability; shading to the right of this line denotes
underestimationRight-most gure Mean sequence estimation error by target sequence probability.

We use the Huggingface (Wolf et al., 2020) implementations of GPT2-small, GPT2-medium and
GPT2-large (Radford et al., 2019) as representative Transformer LMs. We use Adam Optimization
with =1e ®andlearningrates =5e ®, =4e ®and =3e °for GPT2-small, -medium and

-large respectively. Since these models are in the same model class as our arti cial target language
p. , we expect the task of recovering the ground-truth distribution to be relatively easy compared to
the true problem faced in modeling natural language, where both the distribution and the underlying
generative process are unknown. For the LSTM (Hochreiter & Schmidhuber, 1997), we follow the
implementation of the baseline LM described in (Melis et al., 2020). We use 2 layers and adjust
the hidden state and embedding dimension (2048 and 1024, respectively) to be such that the total
number of parameters is approximately equal to GPT2-small (110M).

4 RESULTS

4,1 ESTIMATION ERROR WITH FIXED DATA

We begin by exploring model estimation error on a xed trainingB3gfi, of 1M sequences sampled

from p.. We rst train LSTM and GPT models oDy, early-stopping as described above. Fol-
lowing training, we sample a test 9ef.¢; of 500,000 sequences fropp , and score each sequence
under both the model distributiqm, and the true language distributign. From this, we obtain

a set of probability estimateSst = fhpL (X);pm (X)i ] X 2 Dsg. If the modelM perfectly

models the languagde, then for eachp, (X); pm (X)i 2 S test We would expecp, (X) = pwm (X).

Figures 2(A) and 2(B) visualize this relationship with theandy-axes denoting the true and model
estimated sequence probabilities respectively, and a dashed line representing equality. To compare
probability estimates, we represent the Sgi;in the form of a joint histogram over this coordinate
space. Histogram bins are shaded based on the number of tuples which lie in the coordinate range
they de ne. Importantly, any deviation of this histogram from the identity line indicates that the
model distorts the shape of the distribution of the language.

Figures 2(A) and 2(B) provide evidence for distributional distortion in the form of underestimation.
The majority of probability tuples B lie to the right of the identity line, indicating that LSTM

and GPT2 models consistently underestimate the probability of sequences sampled fréar-
thermore, the distance between the identity line and the probability tuples grows non-linearly as
function of the true sequence probability, indicating that underestimation error is more severe for
rarer sequences in the language. We validate these observations in the right-most plot of Figure
2, which shows mean estimation error decreasing non-linearly as a function of the target sequences
probability* In addition, comparing underestimation behaviour across model size, we nd that while
GPT2-medium performs slightly better than GPT2-small, these improvements are typically within
the range de ned by the bootstrapped 95% con dence intervals. See A.1.3 for evidence indicating
that this underestimation behaviour also occurs in pre-trained models ne-turieg,@n

“To compute this curve, we split the target sequence probapilifx ) range intoN equally sized bins (by
probability range). We report the mean estimation error for each binxwittD sequences. We additionally
compute 95% con dence intervals wiftd; 000 bootstraps for each mean, resamplngqual to the number of
sequences in the given bin.
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Figure 3: Mean model estimation error by training epoch (GPT2-medium). Each line denotes the
mean estimation error for a 50th of the sequences; darker lines represent less probable sequences.
The shaded area denotes the area in which validation cross-entropy reaches a minimum.

4.2 ESTIMATION ERROR ACROSSTRAINING TIME

To understand the training dynamics underlying the previously reported underestimation, we com-
pute model probability estimates on subsetBgfi, anthestat the end of each training iteration

Once computed, we sort each set of probability tuﬂ%a);}] andSt(e'gt by their target sequence proba-
bilities p_ (x), and split the probability tuples into 50 equally-sized bins. We plot estimation curves

in Figure 3: Each curve represents a 50th of the sequences, with darker curves denoting estimation
error for sequences with lower target probabilities (rarer sequences). At any given point, then, the
distance between estimation curves represents the degree to which estimation error is dependent on
the target probability of the sequence.

Figure 3 left visualizes underestimation error for sequences seen in training. Around the fth epoch,
estimation error for train sentences converges to zero, thg i) pwm (X)), indicating that
GPT2-medium is able to almost perfectly recover the target probabilities of training sequences no
matter their target probability. At the same time, this convergence happens almost simultaneously
for all sequences, indicating that a complete reduction in error during training occurs throughout the
entire range of target sequence probabilities.

Figure 3 right visualizes GPT2-medium model's performance on a separate set of test sequences.
First, unlike forDysin, €stimation error foDs;does not converge to zero, meaning that even when

the model has perfectly recovered the target probability of train sequences, the target probabilities
for test sequences remain underestimated. Second, in the daggrothe difference between esti-
mation curves of different shades converges to zero, indicating that estimation performance becomes
uniform across the distribution of train sequences. We do not see such behavingy: itnstead,

the error curves remain at a relatively consistent distance from one another, indicating that the dis-
crepancy in estimation error at different parts of the distribution is unchanging for sequences not
seen during training.

4.3 ESTIMATION ERROR BY AMOUNT OF TRAINING DATA

Figure 4. GPT2-medium, GPT2-large and LSTM trained on 30M sequences sampleg from

Main plots Mean estimation error on test sequences as a function of the number of sequences seen
in training. Inset plots Relative change in mean estimation error of test sequences as a function of
the number of sequences seen in training. In both cases, each line denotes estimation behaviour for
a 50th of the test sequences; darker lines represent less probable sequences.

Our previous experiment trained languages models on a set of 1M sequences. A plausible expla-
nation for the model's underestimation behaviour on unseen test sequences is therefore that the
language model has not seen enough samples from the target distribution. Here we explore how
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Figure 5: GPT2-medium estimation behaviour for 15M sequences iacross two dimensions:
sequence rarity (x-axis) anddegree of perturbation (y-axis). The heat map is shaded based on
estimation error severity; blue areas indicate overestimation, whereas brown areas indicate underes-
timation. We also include example sequences from two zones in this sequence space.

estimation error varies as a function of the amount of training data. We train GPT2-medium, GPT2-
large and an LSTM model in the online “Ideal World” setting (Nakkiran et al., 2020) by sampling,

at the beginning of each training iteration, a fresh set of 500,000 sequencep,fr@nd training

M on this sample. Doing so for 60 iterations, we obtain LMs which have been trained on 30 million
sequences. We compute model estimation errdD@g at the end of each iteratidn Figure 4 vi-
sualizes underestimation error throughout training for these LMs. We again split test sequences by
their true probability, with darker lines denoting estimation trends for less probable target sequences.

The estimation curves in Figure 4 suggest that while increasing the amount of data in training ini-
tially leads to lower estimation error, this reduction eventually asymptotes. In the insets of Figure 4,
we visualize the relative change in mean estimation between epochsndi. Relative change in
estimation error eventually uctuates around 0 (minimal change) for the majority of the distribution.
Comparing architectures, we nd that the Transformer is signi cantly more ef cient at reducing
mean estimation error throughout the distribution.

4.4 \WHERE DID THE PROBABILITY MASS GO?

In the previous section, we saw that even when increasing the amount of trainingyglatansis-
tently underestimates the probabilities of sequences sampled from thepail Af the same time,

we did not nd thatpy overestimated sgsjuences in the heap ofUnder the assumption thay; is

a proper probability distributiothatis, ., pw (x) =1, these ndings suggest that there ex-
ists sequences in whose probability is overestimated by the model. In this section, we investigate
where this probability mass went.

To do so, we compute model estimation error on perturbed -
sequences from, —sequences in  which are increasingly Swaptwo tokens inx.
far away from the high-probability zones m . We build Deletea token fromx.
a corpus of perturbed sequences by recursively applying 30 Insert a token from

- at a position inx..
random perturbations to each sequerc2 D s Formally, SubStituteatoken inx

the set of sequences at perturbation stean be expressed with a token from .
- p@d = i (i 1)
as! Dperyrped = FPERTUREX) | X 2 D popymed Where

PERTURHX) is a function which returns a novel perturbedable 3: PERTURKx) randomly ap-

version ofx, andD'%, ., .,= Des Sequence perturbatiorfis O of these perturbationsito
operations are shown in Table 3. While it is possible that these

operations produce other well-formed strings, we expect this to be a relatively rare outcome. We
score each of these 15M sequences under both the target generativggmandeéithe LMpy, . Note

that we use as LM the GPT2-medium model from the previous section (trained on 30M sequences).

See Welleck et al. (2020a) for discussion on consistency in the context of neural language model decoding.
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Figure 6: Model estimation error on test sequences as a function of target sequence probability for
three different arti cial languages. Each line visualizes estimation error for a GPT2-medium model
trained to model a language with a speci ¢ softmax temperature parameter

Figure 5 visualizes GPT2-medium's mean estimation error for these 15M sequences across two
dimensions. On the x-axis, we plot the target probability of the sequence pndand on the y-

axis, the number of perturbations performed on the sequence. For example, the bottom-left corner
(1) of Figure 5 visualizes estimation behaviour for rare sequences sampled directly frarhereas

the top-left corner (2) visualizes estimation error sequences which are equally rare, but which have
been perturbed up to 30 times.

Figure 5 offers a nuanced characterization of underestimation behaviour. The brown area on the
bottom of the gure re-states the underestimation ndings of the previous section. When increasing
the number of perturbations performed, however, we begin entering into a space of sequences which
are at rst well-estimated byy (the white areas) but then are quickly overestimategpy(the

dark blue areas), con rming that there are indeed sequences ihich are overestimated by the
language model. Furthermore, these ndings suggest that the tail of rare events de ned by the
language model does not match the tail of the arti cial language—the rare events typicahne
under-represented ipy in favour of other sequences in . See Section A.1.4 for experiments
nding that random sequences from are also overestimated Ipy; .

4.5 MODULATING THE SHAPE OF THETARGET DISTRIBUTION

Up to this point, the target arti cial languagpe was given as the distribution induced by an ancestral
sampling scheme with softmdx = 0:85from the generative model. In the previous section, we
saw thatpy placed excess probability mass on areas irwith low-probability undeip, . Here we
modulate the shape of the sequence space de nqg lg investigate how estimation error varies
with respect to systematic interventions in the target distribution. To adjust the way thHdcates
probability mass over , we control the entropy of the conditional distributions at each generation
stept by dividing the pre-softmax logits by a temperature valug

We visualize the effects of on the shape of the distribution in the left of Figure 6. By increasing
the value ofT, we increase the entropy of the distributions over next tokens, which in turn, spreads
probability mass across a larger number of sequences inWe de ne four arti cial languages

with varyingT and train GPT2-medium on an ancestral sample of 1M sequences from each of these
arti cial languages. Figure 6 visualizes model estimation error by true sequence probability for
each model. We nd that models trained on languages with increased entropy perform compara-
tively better than models trained on low entropy languages. Estimation error for models trained on
languages with greatdr is less severe, and this holds throughout nearly all target sequence prob-
abilities. These results indicate that neural LMs provide a more accurate approximation of target
distributions which spread mass more uniformly across

5 RELATED WORK

This paper contributes to recent work investigating the properties of the distributions de ned by
LMs. Prior studies have focused on exploring (Takahashi & Tanaka-Ishii, 2019; 2017) and develop-

SFormally, for theith component of the lengtik pre-softmax logitsx, this operation is given as:

Xi
SOFTMAX(X); = P T )
K, exn( 1)
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ing frameworks (Meister & Cotterell, 2021) to better understand whether the large-scale statistical
tendencies of natural language, such as Zipf's law (Zipf, 1949), are captured by LMs. We take a
more ne-grained approach, proposing a methodology which draws off of instance-level evaluation
schemes (Zhong et al., 2021) and the experimental control afforded by arti cial corpora (White &
Cotterell, 2021; Papadimitriou & Jurafsky, 2020). Indeed, closely related to our work is Kulikov
et al. (2021)'s, in which arti cial corpora produced by generative models were used to explore mode
recovery in neural language modeling. Our analysis exploring the overestimation of ill-formed
sequences extends previous ndings on locally hormalized conditional models assigning arbitrary
probability mass to unlikely sequences (Andor et al., 2016; Goyal et al., 2019; Lafferty et al., 2001),
neural LMs assigning high likelihood to sequences with repetitions (Welleck et al., 2020b), the con-
sistency of decoding algorithms (Welleck et al., 2020a), and on machine translation models placing
signi cant probability mass on the empty sequence (Stahlberg & Byrne, 2019).

We additionally contribute to the body work seeking to characterize and adapt neural model per-
formance on rare or novel examples and classes (Horn & Perona, 2017; Bengio, 2015). In the
context of language modeling, Lent et al. (2021) explored performance on under-resourced lan-
guages, whereas Oren et al. (2019) did so on under-represented domains in training corpora. Mc-
Coy et al. (2021) introduced analyses to assess sequential and syntactic novelty in LMs. Focusing
on the word frequency distribution, Dudy & Bedrick (2020) found that LMs under-perform when
less frequent examples are encountered at test time. In the classi cation setting, various approaches
have been proposed to help alleviate class imbalance in the data distribution, such as data aug-
mentation (Sagawa et al., 2020) or the transfer of knowledge from high-frequency classes to infre-
guent ones (Ouyang et al., 2016; Zhu et al., 2014; Chen et al., 2021). Prior to the current neural
paradigm (Bengio et al., 2003), multiple approaches have been proposed to deal with the heavy-tail,
such as smoothing and back-off approaches in statistiggbms (Chen & Goodman, 1999) and
two-stage Bayesian approaches (Goldwater et al., 2006).

6 CONCLUSION

Emerging as a result of a language user's ability to produce and comprehend novel expressions, the
heavy-tail of rare events is one of the fundamental features of distributions in natural language. In
this work, we introduce a controlled methodology to evaluate instance-level LM performance on
this set of individually rare but collectively frequent events. We use generative models trained on
natural language corpora to de ne a set of arti cial languages for which we can exactly compute the
probability of sequences. Training LSTM and Transformer LMs on sequences sampled from these
arti cial languages, our analysis compares the probability estimates given to sequences by the LMs
to the target probabilities of sequences under the arti cial language.

Our results indicate that neural LMs systematically under-represent sequences in the tail of the target
distribution, even when increasing the amount of the training data. Investigating where this proba-
bility mass went, our perturbation experiments reveal that neural LMs do not tend to overestimate
the head of the distribution, but rather overestimate the probability of sequences outside those typ-
ical in the target distribution. Comparing model performance on target distributions with varying
properties, we nd that neural LMs tend to provide more accurate approximations of distributions
with greater entropy. Interpreted together, these results indicate that autoregressive neural language
models have a tendency to spread probability mass too uniformly across the space of possible se-
guences.

Finally, we would like to acknowledge that we do not know the degree of structural difference
between our Transformer-generated ground-truth distributions and the distributions of actual natural
languages. It is likely that the distribution de ned by our ground truth models is less structured
than the distribution of a natural language. Therefore, it is possible that some systematic difference
between natural language distributions and our ground-truth distributions may affect our results to
a certain degree. That being said, our experiments in Section 4.5 suggest that it may actually be
easier for neural LMs to learn less structured distributions, and we expect the task of recovering
a ground-truth distribution to be made easier when the target distribution and LM are in the same
model class. Nevertheless, future work should seek to conduct similar experiments using ground-
truth distributions with more explicit structure.
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A APPENDIX

A.1 ADDITIONAL EXPERIMENTS

A.1.1 PRE-TRAINED GROUND-TRUTH MODEL

In our previous experiments, our ground-truth model was given as a Transformer language model
trainined on 1.5M sequences from the OpenWebText corpus. Here we explore underestimation
behaviour when the ground-truth distribution is given by a pretrained GPT2-medium model fine-
tuned on 1.5M sequences from the OpenWebText corpus. We sample from p,_ with softmax T =
1:00.

Analogously to the experiment in Section 4.1, we train a randomly-initialized GPT2-medium model
on 1M sequences sampled from the fine-tuned model. In the center of Figure 7, we visualize mean
model estimation error for 50; 000 test sequences as a function of true sequence probability. Sim-
ilarly to our experiments in Section 4.4, we find that the LM underestimates the probability of the
majority of sequences, and does so more severely for less probable sequences. Note that this LM
obtains a test perplexity of 67:97.
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Figure 7: Left: Joint histogram of sequence probability estimates for test sequences. Center: Mean
model estimation error by true sequence probability for test sequences. Right: Mean model estima-
tion error by true sequence probability for sequences randomly sampled from *.

Finally, to ensure that our findings regarding the overestimation of ill-formed sequences hold, we
compute model estimation error on random sequences sampled from * (see A.l1.4 for details on
how these sequences are constructed). Figure 7 center visualizes mean model estimation error as a
function of target sequence probability. We find that pys overestimates the majority of ill-formed
sequences, indicating that these findings hold when the ground-truth distribution is defined using a
pretrained model.

A.1.2 UNTEMPERED (T = 1.00) GROUND-TRUTH DISTRIBUTION

In Sections 4.1 to 4.4, we conducted all experiments on an artificial language defined by ancestral
sampling scheme with T = 0:85. In Section we saw that the underestimation findings held
regardless of T. To provide further evidence that these results hold for other values of T, we conduct
similar experiments as in Section[d.3| with an artificial language p_ defined by an ancestral sampling
scheme with T = 1:00. Specifically, we train GPT2-medium and an GPT2-large on a total of
30M sequences sampled from p;_, and we compute model estimation error on a set of withheld test
sequences at each training iteration.

A.1.3 PRE-TRAINED MODEL ESTIMATION ERROR

In Section[4.3] we explored how estimation error varies as a function of the amount of training data,
finding that while increased data weakens estimation error, the underestimation behaviour persists.
As an alternative way to explore how underestimation varies with increasing data, we fine-tune Hug-
gingface’s pre-trained GPT2-small, -medium and -large models on the set of 1M sequences used in
Section[4.1] Computing estimation error on a set of unseen test sequences, we find, analogously to
our experiments on models trained from scratch, that pre-trained models underestimate the proba-
bility of the majority of sequences sampled from the target distribution, and do so more severely for
rarer sequences (we visualize this in Figure [0). Furthermore, in Figure we increase the amount
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