AlphaBeta is not as good as you think: a simple class of
synthetic games for a better analysis of deterministic
game-solving algorithms

Raphaél Boige* Amine Boumaza Bruno Scherrer
Université de Lorraine, CNRS, Inria, LORIA, F-54000 Nancy, France

Abstract

Deterministic game-solving algorithms are conventionally analyzed in the light of
their average-case complexity against a distribution of random game-trees, where
leaf values are independently sampled from a fixed distribution. This simplified
model enables uncluttered mathematical analysis, revealing two key properties:
root value distributions asymptotically collapse to a single fixed value for finite-
valued trees, and all reasonable algorithms achieve global optimality. However,
these findings are artifacts of the model’s design: its long criticized independence
assumption strips games of structural complexity, producing trivial instances
where no algorithm faces meaningful challenges. To address this limitation,
we introduce a class of synthetic games generated by a probabilistic model that
incrementally constructs game-trees using a fixed level-wise conditional distribution.
By enforcing ancestor dependencies, a critical structural feature of real-world games,
our framework generates problems with adjustable difficulty while retaining some
form of analytical tractability. For several algorithms, including AlphaBeta and
Scout, we derive recursive formulas characterizing their average-case complexities
under this model. These allow us to rigorously compare algorithms on deep game-
trees, where Monte-Carlo simulations are no longer feasible. While asymptotically,
all algorithms seem to converge to identical branching factor (a result analogous
to that of independence-based models), deep finite trees reveal stark differences:
AlphaBeta incurs a significantly larger constant multiplicative factor compared to
algorithms like Scout, leading to a substantial practical slowdown. Our framework
sheds new light on classical game-solving algorithms, offering rigorous evidence
and analytical tools to advance the understanding of these methods under a richer,
more challenging, and yet tractable model.

1 Introduction

In this work, we consider a class of deterministic two-player zero-sum games represented by trees of
height h, where each node has a uniform branching degree b, as illustrated in Figure[T} Each level
alternates between decision points for the maximizing and minimizing players (with the root always
being a max node). Internal nodes propagate values from their children via alternating min/max
operators, reflecting optimal play. Clearly, the entire tree is determined by its leaf values, and solving
it involves recursively applying min and max operations until the root value is resolved.

Game-solving algorithms are conventionally evaluated [1} 4} |8]] by the number of leaf evaluations
required. For example, brute-force search evaluates all b" leaves, corresponding to a branching
Jactor of b—the average nodes evaluated per level, see Section [2| for formal definitions. Notably,
even with prior knowledge of the root value, verifying it requires evaluating at least one node per
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Figure 1: Illustration of a game-tree of height A = 2 and branching degree b = 2. (Left) In the
standard model, leaf values are independently sampled from a distribution. (Right) In the forward
model, intermediate values are sampled progressively, level by level, until leaf nodes are reached.
One random child is chosen to inherit the root value, illustrated by a star symbol, and the remaining
ones are sampled according to a fixed distribution, truncated to respect the minimax constraints.

max level and all b nodes per min level. This results in a complexity of bs,ora branching factor
of /b, establishing global upper and lower bounds for all algorithms. ALPHA-BETA, as shown in [2],
achieves these bounds under optimally ordered worst-case and best-case trees. This has motivated the
emergence of average-case analyses, which aim to understand how game-solving algorithms perform
on a diverse collection of random trees. The classical approach, hereafter called the standard modeﬂ
samples leaf values independently from a fixed distribution. While mathematically tractable, this
model exhibits critical flaws: when leaf values are restricted to a finite set, Pearl [5] proved that
the root value asymptotically collapses to a single fixed value for all distributions. This collapse
renders algorithm comparisons questionable: instances become trivial, as methods merely confirm a
predetermined value shared among trees.

A practical consequence is the standard model’s assignment of global optimality to multiple algorithms.
ALPHA-BETA, for instance, provably achieves the \% branching factor asymptotically when h and b
tend to infinity, except for one rare case discussed later. This is remarkable, since no alternative
algorithm, even in principle, can outperform them asymptotically. While this has been interpreted
as a sign of algorithmic maturity, we believe instead that it reflects deficiencies in the evaluation
framework. When trees homogenize to trivial instances with a single root value, comparisons lose
meaning as algorithms face no substantive challenges to distinguish their performance. Previous
works have pinpointed that these limitations stem from the model’s independence assumption [|6} 7}
2|, which can’t model dependencies between sibling nodes. Real-world games like chess possess an
important type of ancestor dependencies: correlation among sibling nodes. In average a winning
position for the white player should have many wins (and few losses) in the subtree emanating from it.
Crucially, the independence assumption eliminates such complexity, rendering the standard model a
poor proxy for practical scenarios, and a poor benchmark for comparing algorithms.

In this work, we specify and analyze a synthetic game-tree model: the forward modeﬂ that addresses
these limitations. By constructing trees level-by-level with a conditional distribution that enforces
ancestor dependencies, our approach captures two critical properties: (1) sibling values correlate
conditioned on their parent value, coarsely mimicking the strategic continuity of real games, and
(2) game difficulty can be better modulated, enabling more challenging benchmarks for algorithm
analysis. In Section [3|we further detail our forward model. Within this framework, we characterize
the behavior of classic algorithms with recursive formulas for their average-case complexity, including
ALPHA-BETA, Which we develop in Section[5} These formulas are convenient for asymptotic analysis as
well as limit-depth evaluations, as they allow simulating the behavior of algorithms on deep trees much
more efficiently than Monte-Carlo simulations. Our findings reveal that in the asymptotic regime, all
algorithms share the same branching factor, as a function of the distribution chosen. Theoretically, this
suggests that there is little reason to prefer one algorithm over another. However, finite-depth analysis,
in Section [f] reveals critical practical differences masked by asymptotics. Specifically, ALPHA-BETA
incurs a larger multiplicative constant, and needs in average to evaluated more leaf nodes compared
to other algorithms like scouT. Finally, to allow reproduction of the numerical results presented

'The standard model is often referred to as the Pearl-game or P-game model in the literature.
*In the rest of this work, we freely use the terms Forward-game or F-game to designate a game generated by
the forward model.



in this paper, we open-source our codebase which permits the precise computation of average-case
complexities of several algorithms and for game-trees up to height A =~ 500

2 Notations and background

In this section, we formalize the framework for analyzing deterministic game-solving algorithms,
focusing on average-case complexity under a probabilistic tree generation model.

Game formalism We model games as complete b-ary trees of height h, where leaf nodes hold
values from a space ). Formally, a minimax node value V}, with children values (V;f,l)igb can be
written V}, = max;<;,(Vy?_;) (resp. min;<,(V}!_;)) if level h is at an even (resp. odd) distance from
the root. However, in two-player zero-sum games, by using the identity min(a, b) = — max(—a, —b),
we can formulate an equivalent negamax view where the alternate min/max are replaced by a single
operator. This defines a negamax node value W}, with children values (Wﬁ,l)igb as:

Wi, = max(=W,_,) M
We can see the two views are equivalent, as Wy, = Vi, (resp. —V},) if level h is at an even (resp.
odd) distance from the root. In the rest of this work, we use the negamax view, as it often simplifies
algorithmic descriptions and formal analysis, conveniently halving the number of cases to study.

Algorithmic complexity and branching factor To measure the efficiency of a deterministic
algorithm A, the main value of interest is its average-case complexity I4(h), i.e. the expected
number—over a distribution of trees generated randomly—of leaf node inspections required by the
algorithm A to terminate.

The asymptotic branching factor r 4 quantifies the complexity growth of the algorithm with the height
of the tree: ra= hhm /Ta(h). )
e el

This represents the effective branching rate per level. As stated before, global lower and upper bounds
are known for these quantities, for all algorithms A: b3 < Ia(h) < b and Vb <r4<b.

3 The forward model

This section formally introduces the forward model:

. . . Algorithm 1: FORWARD-SAMPLE(z,h,b)
a simple synthetic game model that recursively

generates game-trees, down from the root node,
through a level-wise sampling process that enforces
the negamax constraint from Equation [T] at each
step. This model resembles previous synthetic game
models that generate trees in a top-down fashion [[17}
20]). Still, to the best of our knowledge, this work
provides the first analysis of this conceptually simple
yet rich game model. The sampling process can be
described as follows: starting from the root node,
assuming it holds value x, one of its b children is
uniformly selected to inherit the parent’s negated

Input: Node value z, tree height h,
branching degree b.

Output: Children values list.

if h = 0thenreturn[] // Leaf nodes

x;ist — []

ksample ~ Z/[{]w b}

for k=1...b do
if £ = ksqmpie then 2’ = —z
elsez’ ~ pu(- |- > —x)
2};5-append(z’)

end

. . . /
value —z, ensuring compliance with the negamax ~ Teturn

constraint. The remaining (b — 1) children are then sampled from the level-wise distribution (s, with
support dynamically truncated conditionally on x. For instance, if x’s initial support is {—n, ..., n}
for an integer n, it gets truncated (and re-normalized) to {—=z,...,n}. This procedure, dubbed
FORWARD-sAMPLE and formally described in Algorithm [T} is first called on the root node, and
recursively applied to each node until all leaves have been generated. For simplicity, we choose the
same distribution p for each node, and we draw the root value of the tree according to u as well.

Unlike traditional models that first assign leaf values and propagate them backward through min/max
rules, our approach builds values progressively from the root downward, hence the "forward"
designation. As demonstrated in the next section, this property simplifies the complexity analysis for
game-solving algorithms, as intermediate outcomes are conditionally known during tree construction.

3Link to the repository: https://github.com/Egiob/alphabeta
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4 A binary-valued example: the analysis of the SOLVE algorithm

In this section, we consider binary-valued trees that represent two-outcome games, loss or win (i.e.,
VY = {0,1}). We focus on soLVE, a canonical algorithm for two-outcome games, and contrast its
behavior under the standard model versus our forward model. Key derivations appear in Appendix

Algorithm description and standard model limitations The sorLve algorithm (pseudo-code
in Appendix [C) determines win/loss (1/0) outcomes by iteratively scanning through children and
evaluating them until an opponent loss (0) is found, in this case it early stops and returns a win (1), if
none is found, it returns a loss (0). Under the standard model, with probability qo of drawing a O for a
leaf node, soLvE almost always achieves a globally optimal branching factor:

STANDARD __ NG if gqo # 1 — &, (very easy instances)
SoLVE (1£b£T) - 0(&) if gg = 1 — &, (special case) ’
where &, is the positive root of 2° + 2 — 1 = 0 [5]. Since only this exceptional regime generates

non-trivial instances, it has been thoroughly analyzed in the literature [4}|5]. However, even this hardest
regime generates much easier instances than those of an ordering-invariant worst-case model [[13]:

b—1++vb2+14b+1
RAND-WC — + 4 + + — O(b) (4)

SOLVE
The standard model’s abrupt transition between /b and log b/b regimes, described in Equation
reveals its inability to generate smoothly tunable or maximally hard instances.

3

r

Complexity analysis Under the forward model, where 1 = B(q) (Bernoulli distribution with ¢ the
probability of drawing a 0), we derive (Appendix [C)) a closed-form expression for soLVE’s branching
factor:

t(q,b) + (g, b)% + 4b Lt
_ (q,0) (q,b) , Hqb) = Z 1+(b bk 1)qk(1iq)k' (5)
k=1

TSOLVE - 2

If ¢ = 1, the model collapses to a trivial tree (alternating levels full of zeros and full of ones)
leading to a /b branching factor. However, if ¢ = 0, it matches exactly the worst-case complexity
of Equation E} For values of g in-between, the monotonicity of ry.yx With respect to ¢ guarantees
that any branching factor from easiest to hardest case can be reached, allowing adjustable difficulty
calibration (unattainable under the standard model). In particular, a continuous range of ¢ values
leads to asymptotically hardest instances as stated in the following theorem, the proof of which is in
Appendix [A.T]

Theorem 4.1. For b € N and for all q € [0, 1), the branching factor of soLvE satisfies 1. = O(b).

In the next section, we analyze classical algorithms on a more general type of trees under our original
forward tree model.

S Average-case analysis of classic algorithms

Even though binary-valued games offer a simplified analysis, they cannot reflect the diversity of real
games, which are best modeled using a broader value range. In this section, we analyze the algorithms

TEST, ALPHA-BETA and scouT, on trees with values in {—n,...,n}, i.e. uis a categorical distribution
Cat(p—n;---,Pn)- Algorithm 2: TEST(N, I, 5), negamax form

. Input: Current node N, search depth h,
5.1 Analysis of TEST threshold s

Output: Certificate value determining if
N’s value is greater or equal than s
if 1 = 0 then return N.value
best <— —o0
foreach N’ in N.children do
value < —TEST(N', h — 1, —s+ 1)
best < max(best, value)
if best > s then break
end
return best

Algorithm description Described in Algo-
rithm[2] TesT answers, given a threshold s, whether
the root value x satisfies x>s. Like SOLVE, TEST
iteratively evaluates every child node by calling
a negated version of itself and terminates early
whenever it finds a value validating the condition
x>s. It is almost identical to applying SOLVE to a
binarized version of the same tree where leaves [;
are converted to 1 if [;>s and O otherwise—with
the main difference being TEST not only returns the




binary result of the assertion but also returns a certificate value determining whether 2>s or not. This
makes it a useful building block for other game-solving algorithms. For instance, a simple algorithm
could brute-force over all possible thresholds s to identify x, note that this approach can be optimized
via bisection. In Section[6] we compare these TEST-BRUTEFORCE and TEST-BISECTION approaches to the
ALPHA-BETA and scourt algorithms. In the standard model, if leaf values are drawn according to a
distribution vy with cumulative distribution F},;, then:

(0, 8) = ioe(do = Fu (5))- (©)
This equivalence suggests that games with discrete values are not fundamentally asymptotically harder

than games with binary values. In the following we characterize TEsT under the forward model and
show that its branching factor coincides with that of soLVE on a worst-case distribution.

Complexity analysis For a given threshold value s € {—n + 1,...,n} we are interested in the
average-complexity of Test(s) defined as I3, (k) = Ex~,[Ins (h)], where Itz (h) denotes the
expected complexity of Test when the root value is z € {—n,...,n}. To model intermediate

evaluation states, we extend this definition to Ifg’si(h, ¢), representing the complexity when the current
node (with value x) has ¢ < b remaining children to evaluate (all other nodes still have b children).
Thus, the base case satisfies: Itper(h) = Iisr(h, ¢ = b). A necessary tool for expressing Iy (h) is
the auxiliary function Jé';’gi(h, ¢), which represents the same complexity value, but conditioned on
the probabilistic event that the "special child" (inheriting the root’s value, enforced by the negamax
constraint) has already been identified. A recursive system characterizing the average-case dynamics
of TEST can be derived by analyzing its execution flow under the forward model. Upon evaluating the
first child (¢ = b): (1) with probability 1/c¢, TEST encounters the "special child", inheriting the root
value —x. The algorithm must then fully evaluate this child node by a recursive call to a negated
version of TEST at height » — 1, if no cutoff occurs (i.e. < s) it continues evaluating the root node
(height h), but with only ¢ — 1 remaining children, and knowing the "special child" has been found
(cost of Jrger(h, ¢ — 1) instead of Itz (h, ¢ — 1)); (2) with probability (¢ — 1)/c, TEST encounters a
"normal" child whose value X’ is sampled from p truncated to {—z,...,n} and in the absence of
cutoff (i.e. —X' < s), the algorithm proceeds to evaluate the remaining children of the root node
(cost of Itz (h, ¢ — 1)). This gives the following equation for Iy

Special child X' = —x

1
152 (h, C) = - [[_x’_‘g+1(h -1, b) + ]l{I<S}J:E’g (h, c— 1):|
C

TEST TEST TEST

(N

— 1 ,
+E R [IX T (D = 1,b) + 1y ey L55 (h 1)].

TEST TEST
cC  X'~p

’
X'>—x Normal child X’ ~ p

The auxiliary function JT””E’SST(h, ¢) follows the same logic, but being conditioned on the event "the
special child already has been found", it only allows one of the branches, so the equation simplifies to:

Tl = BB 0 - 10 e s e - )| ®)
X'>—x

Note that for the end case h = 0, both I and J equal 1 (a tree with only one node incurs a cost of
1), and for ¢ = 0, both I and J equal O (because no remaining child incurs no additional costs).
Equations [7] and [8] characterizing the complexity of TEst—as well as Equations [J] and [T0] (resp.
Equations|11]and|I2) characterizing the complexity of ALPHA-BETA (resp. scouT)—were numerically
validated through an extensive comparison with Monte-Carlo simulations, see Appendix B}

Conveniently, the intrinsic linear nature of Equations [7]and [§| makes it possible to write the system
in matrix form. This facilitates the efficient numerical computation of the complexity of TEST(s)
by matrix iteration and that of its branching factor as the spectral radius (eigenvalue with highest
magnitude) of this matrix. Additionally, we define a global branching factor for the TEsT algorithm,
corresponding to the complexity of the average TEsT, or equivalently, the complexity of the hardest TEST
(over all threshold values s): 7y = maxg Ty (). Interestingly, against a worst-case distribution
i = 0y, (all probability mass concentrated on n) 7 exactly attains the bound of Equation[d] As a
consequence, following the conclusions from the analysis of soLvE in Section ] the F-games are
typically harder problems than the games generated under standard model, even for discrete-valued
trees. That makes 75, an interesting and easy-to-compute quantity to gauge the difficulty induced by
the choice of a distribution ;.. We use this property in Section[6|as a measure of difficulty: if 7y



is large (resp. small) the game-trees are considered hard (resp. easy). In the following section, we
characterize the average-case complexity of ALPHA-BETA and compare its branching factor to that of

TEST.

5.2 Analysis of ALPHA-BETA

Algorithm description The ALPHA-
BETA algorithm improves upon classical
full negamax search by pruning branches
that cannot influence the root value. It

Algorithm 3: ALPHABETA(V, h, «, ), negamax
form

Input: Current node N, search depth h, lower-bound
«, upper-bound 3

Output: Value of node N.

if h = 0 then return N.value

tracks two evolving bounds: « (the worst-
case guarantee for the maximizing player)
and (3 (the best-case allowance for the
minimizing player). As described in Algo-
rithmE], upon a child evaluation, achieved
through a recursive call with negated pa-
rameters o/ = —f3 and 8’ = —q, ALPHA-
BETA updates the current best value and
early terminates whenever it exceeds [,
and it potentially updates o for next sibling evaluation. While typically invoked with a full-window
(o = —00, B = +00) to compute the root value x exactly, ALPHA-BETA can also operate with bounded
intervals, in this case if = is not comprised in [«, 3], it will return a certificate value (like TEST)
asserting whether > or z<a. A well-known [[14] connection to TEST appears with a so-called
null-window (o = s — 1, 5 = s), in this case, ALPHA-BETA becomes functionally equivalent to TEST(s),
incurring the same complexity and producing identical certificates.

best < —o0
foreach N’ in N.children do
value + —ALPHABETA(N',h — 1, -3, —«)
best < max(best, value)
if best > (5 then break
a < max(a, best)
end
return best

Complexity analysis We define [ Tooff (h,c) the average-case complexity of ALPHA-BETA
called with parameters o</ and using same notations as before. ~We are interested in
I.(h)=E Xw#[[igﬁ”’"(h)], the average complexity of aLpHA-BETA called with a full-window,
and in 7,5, its branching factor. The derivation of this complexity follows closely the one for TEsT and
yields a similar system of recursive equations. For a node with value X’, where ALPHA-BETA is called
with parameters « and 3, the main differences with Test are: (1) the cutoff condition now becomes
—X'<f, (2) the recursive calls to ALPHA-BETA are made with parameters —/3 and —« and (3) unlike
in TEST, further calls at the same level may use an updated value of « if the current child has the best
value encountered so far. Assuming J,; follows a similar definition to that of Jyzg:

1
5 0s6) = £ [T = L) 4 g TG - 1)
c—1 ©)
+

C  X'~p
X'>—z

ng“—ﬂ’—“(h = L0) + Lxr ey I by 1>} :

and J%P(h,c) = E
X'~p
X'>—xz
This system of equations resembles Equations [7]and [§] and allows us to run comprehensive numerical
simulations, which lead to the remarkable observation that TEsT and ALPHA-BETA share the same
branching factor. We find that the equality of the branching factor holds theoretically, as indicated in
the following theorem (proof in Appendix [A.2):

{Iﬁ"ﬁf‘*(h —1,b) + L yrepy Jomx@= X080 o — 1)} . (10)

Theorem 5.1. aLPHA-BETA called with a full window {—n, ...,n} is more efficient than the approach
consisting in testing every possible value with the TEST procedure (i.e., TEST-BRUTEFORCE) and
ALPHA-BETA and TEST share the same asymptotic branching factor, in the precise sense that for h > 0
andx € {—n,...,n}:
n
) <0y

s=—n+1

I25(h)

TEST and T, = TTEST-

This result shows that there is no asymptotic gain of using ALPHA-BETA over a simple TEST-BRUTEFORCE
approach, that calls TEsT 2n times. Moreover, numerical results, presented in Section [6] suggest
that these two algorithms present a deeper identical behavior: both for the asymptotic limit and the



multiplicative constant characterizing the convergence rate. This result is quite remarkable, since the
question answered by ALPHA-BETA—determining the precise value of the game—intuitively seems to
be much harder than the question answered by TEST, that only solves a binary problem. In the next
section, we conduct a similar average-case analysis of the scouT algorithm.

5.3 Analysis of SCOUT Algorithm 4: SCOUT(V, h, «, 3)

Input: Current node N, search depth h,
lower-bound «, upper-bound 3
Output: Value of node N

Algorithm description scour incorporates
the TEsT algorithm into a procedure similar
g) ?LPHA—]?ET?, descrlbeél in Algogthtm Bl it = O then return N.value

efore evaluating any node, scour first per- ;¢\ > g then return o
forms a call to TEST to check whether the ) .

hild’s value strict] P Only if thi foreach N’ in N.children do
child’s value strictly exceeds c. Only if this test « —TEST(N',h — 1, —a)
test returns true, indicating potential for im-
provement, does scout proceed to evaluate
the node in full, by a negated recursive call

if test > o then
| a+« —SCOUT(N',h—1,—f,—a— 1Y

to itself, and updates « to the current (higher) f;l g > 3 then break
value. Like ALPHA-BETA, it is most often d -
called with &« = —o0, but can also be called en

return «

with any value of a and potentially a parame-
ter [ too (triggering a cutoff whenever a>/3). At first glance, this approach may appear inefficient:
when a TEST returns true, subsequent evaluations revisit some leaf nodes already examined during the
threshold check. However, previous experimental results [9,|12]] suggest that the waste incurred by
scouTt’s reevaluation of some nodes is not substantial. Furthermore, improved variants of scour—
Principal Variation Search (PVS) and NegaScout [10} 9]—are still used in modern game engines [24]).
In this work we focus on the original scout algorithm, which has a simpler formal analysis: unlike its
improved variants, it does not use the certificate value v but only the boolean outcome 1, of the
TEST procedure. We believe that PVS and NegaScout improvements should not change the asymptotic
behavior of scout, and we leave their formal analysis for future work.

Complexity analysis Mirroring the ALPHA-BETA analysis, we define I:fcgf( he) a8 the complexity

of scourt conditioned on z and <3 and, we are interested in the complexity and branching factor
for a full-window Iscour(n)y = ExrmplIi '] and 7scour. We can write the following recursive

| scout(h)
equatlons:
1
z,0,f3 _ —z,—Q —z,—fB,—a—1 z,max (a,z),3
Iscou-r(h,c) - E |:ITEST(h1,b) + ]]'{OZ<I}ISCOUT(h71,b) + ]l{$<ﬁ} Jscou-r(h,cfl) :|+
1 Y
c—

X', — X' —B,—a—1 x,max(a,— X)),
EX/Z_f” |:ITEST(ha1,b) + ]l{a<_X/}Isc0UT(h7fjb) + 1{_X/<B}ISCOUT(]'L,671) :| ’

scouT TES S scour(h,c—1)

T, X', —a X', —B,—a—1 xz,max(a,—X"),
Jse [ih,c) = ]EX/Z_x |:I T(h—1,b) + 1{O‘<_X/}IC0UT([;L—1,})) + ﬂ{_X/<ﬂ}J . )ﬂ:| (12)

This defines a system very similar to that of ALPHA-BETA, and extensive numerical studies that we
conducted suggest that the branching factor of scourt coincides with that of TEST and ALPHA-BETA.
We state here an analogous result to the one we obtained for ALPHA-BETA (proof in Appendix [A.3):

Theorem 5.2. scour called with a full window {—n, ...,n} is more efficient than the approach
consisting in testing every possible value with the TEST procedure (i.e., TEST-BRUTEFORCE). For h > 0
andx € {-n,...,n}:

n

Lo (h) < Y IEs(h) and Tacour < Tresr.

scour TEST
s=—n-+1

This result is weaker than Theorem [5.1] in the sense that we did not manage to prove that scouT is
asymptotically equivalent to TEsT. The missing part is to show that 7scour > T'esr, Which is suggested
by numerical simulations.

In the next section, we experimentally compare all presented algorithms for deep trees and different
parametrizations of the forward model.

“Though this is not standard in the description of scour, it seems that we can freely increment o by one each
time a strict test is proven true, because if z > « then z € [ + 1, 8], facilitating our formal analysis of scour.



6 Finite-depth numerical analysis
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Figure 2: Finite-depth comparison of average-complexities. Each column corresponds to a parametriza-
tion of the forward model, consisting in the choice of the distribution u. (Top) Probability mass
function of 1« (Middle) Difficulty of the generated instances induced by the choice of i, measured as the
dependency of the branching factor r to the branching degree b. (Bottom) Relative average-complexity
w.r.t. the average performance of the algorithm TEsT, this allows us to visualize the sub-exponential
multiplicative factor as a function of the height i (with b = 10, n = 5). For each parametrization
ALPHA-BETA demonstrates the same convergence rate as TEST-BRUTEFORCE. Conversely, scout and
TEST-BISECTION exhibit faster convergence, and remarkably scouT even seems to incur a smaller

multiplicative constant than TEST-HARDEST. . .
In Section|5| we have established that TEST and ALPHA-BETA shared the same asymptotic branching

factor, which also coincides with that of scout numerically. To gain more insights into the behavior
of these algorithms, and especially better understand their sub-exponential convergence rates, we
conduct a finite-depth experimental analysis, using the recursive equations derived earlier in this work.

Baselines In addition to ALPHA-BETA and scouT, we choose to consider two TEsT-based baselines:
(1) TEST-BRUTEFORCE, which comprehensively applies Test for every threshold s € {—n 4+ 1,...,n}
and (2) TEST-BISECTION, which uses a binary search approach to reduce the number of TEST trials
from O(n) to O(log n). We also introduce the TEST-HARDEST baseline which corresponds to the most
expensive call to TEST across all threshold s values.

Parametrization To best compare the algorithms, we design diverse instantiations of the forward
model, with different distributions p. Ideally, we want these parametrizations to cover a wide range of
problem difficulty, from the simplest to the hardest case. We suggest that the asymptotic branching
factor (common to all algorithms) 7 can be interpreted as a measure of the intrinsic game’s difficulty.
We propose an arbitrary and informal way of classifying the difficulty: for a given distribution g,
value range n and branching degree b, if the branching factor r is close to v/b (the lower bound) then
we classify it as easy, similarly if it’s close to b (the upper bound) we classify it as hard, otherwise
we classify it as medium. For the specific choice of these distributions we start with a uniform
distribution—a natural choice that maximizes the diversity (entropy) of root values. Then, we choose
distributions that assign increasing probability mass on positive atoms, because we have found
empirically that this leads to produce problems of increased difficulty. The intuition is that a node
with value x will draw children in {—z, ..., n}, thus the larger x, the wider the interval, and the higher



the diversity of node values in the generated tree. As displayed in the top row of Figure[2] we choose
a triangular distribution, a power-law (cubic) distribution and finally a bimodal-uniform distribution
with more than 1/b mass concentrated on positive atoms (following a criterion similar to that of
Theorem [4.1)).

Results We present in Figure [2] the results of the finite-depth average-case complexity comparison.
Each column in the figure represents, top to bottom, the probability distribution p used, the difficulty
this choice induces in the generated game-trees and finally the actual performance of the compared
algorithms. To best compare the relative performance of algorithms, we divide the average-complexity
by that of TEsT, computed as an average of all possible values of threshold s. This allows us to
easily distinguish the algorithm transient regimes by focusing on the sub-exponential multiplicative
factor and ignoring the mechanical effect of the complexity increasing with the height of the tree. A
striking result appears: ALPHA-BETA consistently ends up as the worst algorithm across all evaluation
setups as well as for every tree size. Remarkably, it seems to mirror the performance of the naive
TEST-BRUTEFORCE baseline for very deep trees. It may suggest that through recursive calls, the
« and S parameters of ALPHA-BETA rapidly reduce to null-window situations where @ = 3 — 1,
and end up comprehensively testing all possible threshold values, thus becoming equivalent to the
TEST-BRUTEFORCE approach. This might be a symptom of a deeper asymptotic equivalence between
ALPHA-BETA and TEST-BRUTEFORCE, Which seem to behave identically asymptotically as well as in
their sub-exponential constant factor.

Conversely, scouT seems to consistently outperform ALPHA-BETA and to achieve the best performance
for every game difficulty. Unlike the conclusions drawn in a fixed-depth analysis under the standard
model [5]], it supports the practical superiority of SCOUT over ALPHA-BETA as hinted in multiple
numerical studies [9,12]. TEsT-BISECTION also displays a strong performance, we believe this comes
from its conceptual similarity to the MTD(f) algorithm, whose practical superiority over ALPHA-BETA
have been suggested in the past [16]. Interestingly enough, scouT seems to even outperform TEST-
HARDEST for deeper trees. This result is counter-intuitive since scouT’s cost mostly comes from calls
to TesT. This probably suggests that scout behaves like an adaptive version of TEsT, which updates
the threshold value according to the values encountered, unlike TEsT, which has a fixed threshold
value, making it more sensitive to worst-case situations.

7 Related works

The average-case analysis of minimax algorithms originated from studying ALPHA-BETA under the
standard model with independent leaf values [|1} 4f], where it achieves optimality [8}|11]]. Subsequent
algorithms, scout [5]], MTD(f) [14] and PVS (sometimes called NegaScout) [10] were proven
asymptotically equivalent. Critiques of the standard model highlight its unrealistic independence
assumption [2,[7]. Alternative models introduce ancestor dependencies, e.g., the incremental model
maintains a heuristic value at each node, and defines leaf values as the sum of values along the
path to the root node. Only limited settings of this formulation of the incremental model have been
successfully analyzed [15] 3] and a more general analysis is yet to be proven feasible. Prior works
also explore the idea of forward tree generation [|17}20]], where values are generated top-down like
in our forward model. The closest model to ours is the Prefix Value Game Tree Model [20]], it is
an instantiation of the incremental model where heuristic values of nodes are computed additively
from their parents, and one child is always attributed a zero increment, this resembles our forward
model where one child inherits the value of the parent. However, to our knowledge, this model has
not yet been successfully theoretically analyzed before. Moreover, we are confident that the analysis
techniques we developed in this work could be very simply adapted to it.

Another popular approach in modern game solving is Monte-Carlo Tree Search (MCTS) [18| 21]],
however, a common theoretical average-complexity analysis under a shared framework with minimax-
based game-solving algorithms is currently missing. This is explained by technical reasons. MCTS
algorithms only offer asymptotic convergence guarantees (vs. deterministic guarantees) and their
convergence rate can be doubly-exponential in the size of the tree [[19}23]] instead of at most exponential
for minimax algorithms. Furthermore, while we believe extending our analysis to an MCTS-based
algorithm is possible in principle, it presents a formidable technical challenge as the algorithm’s
states depend on visit counts and empirical rewards at each node, this would make the equations
substantially more involved, and we view it as an important direction for future research. Finally,



although MCTS-based algorithms are state-of-the-art in multiple settings, exact minimax algorithms
still remain practically useful in chess engines [24] and hybrid (RL+solving) approaches [22].

8 Discussion and limitations

Discussion In this work, we introduced the forward model, a simple synthetic game model which
provably addresses limitations of previous models while retaining some form of analytical tractability.
For binary-valued trees, we established a closed-form expression for sOoLVE’s average-complexity
and branching factor, and showed that the F-games were of adjustable difficulty and could span
from maximally easy to maximally hard instances. For discrete-valued trees, we characterized
the behavior of the TEST, ALPHA-BETA and scout algorithms with equations, allowing a fast and
efficient computation of the complexity and asymptotic branching factor, intractable with Monte-Carlo
simulations. Unlike previous analysis under the standard model, we didn’t manage to find closed-form
expressions for the branching factors of all studied algorithms and we leave this open for future
work. However, we established that TEsT and ALPHA-BETA share the same branching factor, and we
hypothesize that scouT shares it as well. This property was numerically confirmed by extensive
numerical experiments, which further revealed that ALPHA-BETA incurred a larger sub-exponential
factor than other approaches, suggesting that it is a poor baseline for practical scenarios.

Limitations Our work focused on discrete-valued trees, which in our opinion best represent
real-world games, and are numerically cheaper to solve. That being said, the equations we derived for
the complexity analysis of TEST, ALPHA-BETA and scout are, with small modifications, applicable to
continuous values, opening avenues for an extended analysis of F-games. An important disclaimer is
that we do not claim that our model accurately represents real-world games dynamics: it suffers from
several important limitations that are consequences of its simplicity. First, the model only generates
uniform b-ary trees of constant depth, which does not reflect the variable branching degrees and depths
found in real games. Extending the analysis to more complex tree structures is a direction for future
work. Second, the conditional distribution used to generate child values is the same for every node in
the tree. It depends only on the parent’s value, not on the broader game state. Furthermore, the method
of ensuring the minimax constraint (truncating the distribution) is just one of many possibilities; other,
more complex transformations could be valid but may also be harder to analyze. Regarding the choice
of algorithms, we focused on TEST, scouT and ALPHA-BETA, but an analysis of MTD(f) and PVS
would be an insightful extension, though they may prove more difficult to conduct since they require
modeling the distribution of the test certificate value (and not only its binary outcome). However, we
believe that scour is a good proxy for PVS, and that PVS optimizations should not change asymptotic
properties. Similarly, we think TEST-BISECTION is good proxy for MTD(f) where instead of choosing
the next threshold using the certificate value of the last iterate—as in MTD(f)—we select it with a
simple bisection rule. Of course, this is only speculation, which is why we believe it’s important that
PVS and MTD(f) are properly analyzed in the future under the forward model.

9 Broader impact

While our work focuses on classical deterministic game-solving algorithms, we believe it contributes
to ongoing discussions at the intersection of learning, planning, and decision-making. Search remains
a core ingredient of modern Al systems: top-performing agents such as AlphaZero combine learning
with planning, yet the theoretical understanding of deterministic search methods (e.g., AlphaBeta)
remains limited. Our analysis introduces a simple average-case model that incorporates structural
dependencies in search trees, bridging a gap in the theoretical understanding of deterministic solvers.
By providing a clearer picture of their expected behavior, our work may help guide the design of
hybrid systems that integrate learning and deterministic planning.
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A Proof material

In this section we provide detailed proofs for the results established in the paper, that were not included
in the main text due to space and readability constraints.

A.1 Proof of Theorem

We first recall the result:
Theoremﬂ Forb € Nand for all q € [0, %] the branching factor of soLvE satisfies rso,: = O(b).

Proof. Recall that
1+(b—k—1)q

7 k(1 —q)F.

By analyzing the sign of g—f] (g, b) and showing it’s non-positive for ¢ € [0, 1] we can establish that ¢ is
monotonically decreasing in ¢ on [0, 1]. Then, we only have to show that ¢, = t(¢ = 1/b,b) = O(b),
for the result to be true for all ¢ € [0, ;]. First we separate positive and negative sums:

b—1 1
1+(b—-k—-1)g 1.
ty=) —————k(1—-+
b= . k(L - 3) (13)
k=1
b—1 b—1
2 1 1 1
== k1= =) kk+1)(1 - )k 14
SY k(=) = Y Kk (- ) (14)
k=1 k=1
By expanding both sums (with geometrical sum expansions) and using the fact that:
1
(1=3)"=e""+o(1), (15)
we can show that:
g b=1 - X
- 1— )" =(2—-4e” 1
P> k(=) =(2—4e7 )b +o(b) (16)
k=1
b—1
1 Lok -1
andb—2 k(k—&—l)(l—g) =(2—5e" )b+ o(b), (17)
k=1

allowing us to conclude that ¢, = e~ 1b + o(b) = O(b). This terminates the proof. As a side note, if
we consider instead ¢ = b% for a > 1, we can show that ¢, = g + o(b), which is slightly higher than
e !b (because e ! ~ 0.37 < %) and asymptotically reaches the same constant as in Equation @ O

A.2 Proof of Theorem 5.1]

We start by proving an intermediate property, useful for proving Theorem [5.1]

Proposition A.1. Evaluating ALPHA-BETA with a given window is always more efficient than splitting
this window into two sub-windows and evaluating these sub-windows separately.
For h > 0 and x € [—n,n], for all o, € N such that « < 8 — 1 and for all v € N such that
a<y<pB:

L5090 (h) < 1557 (h) + I P (h).

Proof. Let’s recall the expression of the complexity of aLpHA-BETA 157 (R, ¢) and it’s auxiliary
function JZKB’O"ﬁ(h7 c):

1
L5 (he) = [I:f"""a(h — 1) + Ly GO (he— 1)

(18)

c—1
+ E
C  X'~p
X'>—x

IX 7P (h = 1,b) + 1 xr ey I XDB (e — 1)] ,
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L5 he) = B NI = L) 4+ Loy ST B (e~ 1) (19)
X'~
X/zfa:
We conduct the proof for the function I and J altogether, i.e. we want to prove that for all o < v <
and all integers h, ¢ we have:

1778 (hye) < 157 (hy¢) + I57P (h, )
and TEB (hy ) < J5%7 (hy ) + JZE (hyc)

Let’s proceed by double induction on the integers h and c.

Base cases for all h, Iff,;a’ﬁ(h, 0) = 0and I3 (h,0) + If,;%ﬂ(h, 0) = 0. Similarly for all ¢ > 0,
I5P(0,¢) = 1 and I5%7(0,¢) + I577(0,¢) = 2. It follows identically for J. So the base cases
hold.

Induction step now we assume that the property holds for (h,c — 1) and (h — 1,b). We’ll detail
here the induction step for the function J, as it is less cumbersome to write, but the proof for I follows
the exact same steps. First, let’s remark that the expectation involves a sum of terms, and let’s try
to prove the inequality holds term by term. Let X’ > —x, first if 4(X’) = 0, the inequality holds
trivially, so we consider without loss of generality ;1 (X’) > 0. Let’s define:

A= IX Pl = 1,0) + Ly xrapy S5 XD8 (e — 1)
and
B = IX 770 (h = 1,b) + Ly ay X0 (e — 1)+
IX 7P (= 1,0) 4+ U xo ey JE XD B (e — 1)
and show that A < B.

Casel If3 < —X' thenl{_x/.p = 1{_x/<y = 0, the property then holds using the induction
hypothesis for (h — 1, ).

Case2 Now,if v < —X' < B, Iy_x/c5y = 1 and 1;_x,.,3 = 0. Moreover, max(y, —X') =
— X’ and max(a, —X') = —X’. So:
A=T1X"F=(h—1,0) + J% X B (h,c—1)
and
B=T1X""7"h=1,0) + IX" P (h = 1,b) + J5 X B (h,c = 1).
The inequality also directly holds using the induction hypothesis for (h — 1, b).

Case3 Now,ifa < —X'<~v,1{_x/p =1land 1;_x/,3 = 1. Moreover, max(y, —X') = v
and max(a, —X’) = —X’. So:
A=T1X"0(h —1,0) + J% X P (hc— 1)
and
B=1IX"07h = 1,0) + J% X B (h,e — 1) + 1277 (h = 1,0) + JZ P (h, e — 1).

Here again, the inequality holds by induction hypothesis on (h, b) and using the fact .J, LB (he—1)
is non-negative.

Case 4 Finally, if — X’ < «, we obtain:
A=T1X"P=(h = 1,b) + J5P (h,c — 1)
and
B=TIX""7"%h—=1,b) + J5%% (h,c — 1) + IX =P~ (h = 1,b) + JZ P (h,c — 1).

Here the inequality holds using both the induction steps at (h — 1, b) and (h, ¢ — 1). We have covered
all possible values of X', so the proof is concluded. O

Now we recall the theorem of interest:
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Theorem ALPHA-BETA called with a full window {—n, ...,n} is more efficient than the approach
consisting in testing every possible value with the TEST procedure (i.e., TEST-BRUTEFORCE) and
ALPHA-BETA and TEST share the same asymptotic branching factor, in the precise sense that for h > 0
andz € {-n,...,n}:
n
IL=""(h) < Z I5o(h) and  Tay = Trgsre
s=—n-+1

Proof. The first part of the theorem is obtained by iteratively applying Proposition[A.T|with o« = —n
and 8 = n and choosing v = —n + 1, then v = —n + 2 and so on, until vy = n — 1.
The second part can be deducted by remarking that we have:

max I3 (h) < 57" (h) < ) I (h) < 2nmax [55 (h).
The left-hand-side inequality reflects the fact that a smaller «— window results in evaluating strictly
less nodes — note that this doesn’t hold for scouT, due to non-monotonicity of TEST’s complexity

with respect to the threshold value s. By taking power 1/h on both sides and taking the limit in +o0o
this gives us the desired result. O

A.3 Proof of Theorem [5.2]

We first recall the result:

Theorem scour called with a full window {—n, ...,n} is more efficient than the approach
consisting in testing every possible value with the TEST procedure (i.e., TEST-BRUTEFORCE). For h > 0
andx € {-n,..,n}:

n

12 (h) <0 Y IEa(h) and  Ticopr < Tager

scout TEST —
s=—n+1

Proof. The proof is very similar to that of Proposition[A.T] in particular it relies on the same type of
induction, so we only detail here the induction step for the function Jscoyy-

‘We assume that n
I (h) < Y IEs(h)
s=—n-+1
and n
Tooor™(h) < JEa(h).
s=—n+1

We recall the expression for Jycour:

Jx,a,ﬁ

X', —B,—a—1 z,max(a,—X"),B
scout(h,c) I J

X/, -
:]EX,Z_m I (ha—l,b)—"_]l{a<*xl} scout(h—1,b) +]1{*X’<B} scout(h,c—1) - (20)

TEST
A little subtlety that was not explicit in Equations [T1] and [T2]is that for the special case o = f3,
Algorithm ] terminates instantly, incurring a cost of 0. As a consequence when called with v = s — 1

and 8 = s, scourt is equivalent to a call to TEsT(s), since s)(fogj;(ﬁh’:fflj)l =1 ;c(o&;(si;:i b = 0. Without
loss of generality, we consider in the following a < 8 — 1, as the desired inequality is clearly true for

a = 3 — 1. Let’s show the inequality holds term by term for every value of X’. We define:

A= IXI*_O‘ + ]1{04<7XI}IX/’_57_O‘_1 + 1{7X,<B}J:v,max(a,—X ).B

Test(h—1,b) scout(h—1,b) scout(h,c—1)
and
o X', —s+1 o x,s
B = ITES"lz(h—l,b) + Z IL{*X/<5}JTI~:7ST(h,c—1)'
s=a+1 s=a+1

Let’s show that A < B in all cases.
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Casel If3 < —X' thenl,._x/ =1land 1 x5 = 0. So:

_x! X', —B,—a—1
A= ITEST(h 1,b) + ISCOUT(h 1,b)
and
B X B
o f—s+1 ,—s+1
B = ITEST(IL 1,b) + Z ]l{ X/<S} TEST(h c—1) 2 ITEST(h 1,b)°
s=a+1 s=a+1 s=a+1
By induction hypothesis on (h — 1, b) and variable change s’ = —s + 1, we can write:
—a—1 B
X' s ! —s+1 ,—s+1
A< — TEST(h 1 b)+ Z ITEST h—1,b) — TEST h 1,b) + Z TEST(h 1,b) < ITEST(h 1,b) < B.
s=—B+1 s=a+2 s=a+1

So the inequality holds in this case.

Case2 Ifa < —X' < f,then ]l{a< x3 = land 1{_x/.p = 1 and max(a, —X') = =X'". A

and B become: X', —B,—a—1 B
d A= ITEST(h 1,b) + ISCOUT(h 1,b) + JSCOUT(h c—1)
an

¢l ,—s+1
B = Z ITESTh 1b)+ Z ]l{ X/<5} TEST(hc 1)°

=+
For the term in (h — 1,b) it’s the same as in Case 1. For the terms in (h,c — 1), we remark that

B
Z ]]-{—X/<5}JTEST(h c— 1) = Z J:;si(h c— 1)
s=a+1 s=—X'+1

By induction hypothesis on (h, ¢ — 1), with & = — X', we have:
B
z,—X',B T,s
Jscou’r(h,cfl) < Z JTEST h,c—1)"
s=—X'+1
So the inequality holds term by term for this case.

Case3 If —X' < q, we have then:
_ X, X'.B
A=1 (h 10) + Jg

TEST cout(h,c—1)
and B
. 7s+1
B = TEST(h 1,b) + Z ]1{ X'<3} TEST(h c—1)"
—a+1
By reusing arguments from the" two previous cases, We can see easily that this case holds as well, thus
concluding the proof. O
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B Monte-Carlo Simulations

In this section we provide results of Monte-Carlo simulations, experimentally validating the equations
characterizing the different algorithms in the paper. All experiments here, and in the main text, were
run in a couple of hours of CPU time on a consumer-grade laptop.

In Figure 3] ff]and[5] we represent the evolution of the Monte-Carlo mean estimator of the TEsT, scouT
and ALPHA-BETA complexities, respectively. The Monte-Carlo estimator is represented as a function
of the number of trials, for different settings of distribution y, branching degree b, value range n and
tree height h. In every scenario, the Monte-Carlo estimator converges to the oracle computed using
equations derived in Section[5] The settings were chosen to showcase a high diversity of parameters,
while maintaining the computational cost reasonable. Results are averaged over 5 independent random
seeds. Shaded areas represent bootstrapped 95% confidence interval.
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Figure 3: Evolution of the Monte-Carlo mean estimator of the TEST complexity, as a function of
the number of trials, for different settings. Results are averaged over 5 independent random seeds
and shaded areas represent bootstrapped 95% confidence interval. The oracle is computed using
Equations [7]and 8]
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C Derivation details for the SOLVE analysis

Algorithm 5: SOLVE(/V, h) — binary-valued tree

Input: Current node N, search depth h
Output: Value of node N.
if h = 0 then return N.value
best <— 0
foreach N’ in N.children do
value + 1 — SOLVE(N',h — 1)
best +— max(best, value)
if best = 1 then break
end
return best

In the following, we provide additional details for the analysis of the soLvE algorithm.

We analyze the average-case complexity Iso.ve(h) of SOLVE on a depth-h tree generated by the forward
model where . = B(q) (Bernoulli distribution with ¢ the probability of drawing a 0). Clearly,
Lowe(h) = Exou I o (h) where IZ . (h) denotes the complexity of soLvE, but conditioned on
the evaluated node value z € {0,1}. By capturing in equations the execution flow described in
Algorithm [5]for every encountered case, we can characterize the dynamics of soLve. If z = 0 all
children values s are 1. In this case soLve will recursively evaluate all b children:

ISOOLVE(h’) = bIl (h - 1) (21)

Now, if = 1, at least one child ; will hold the value 0, and whenever soLvE finds it, it will terminate
early. Hence, soLve will incur the cost of evaluating this z} = 0 child plus the expected number of
failed trials needed to find it, multiplied by the cost of evaluating a =} = 1 child:

Islowﬁ(h) = ISOOLVE(h - 1) + t(Qa b)lslowﬁ(h - 1)7 (22)

where ¢(q, b) is the expected number of trials before finding a child with value 0. Note that we can
write these equations because by design, the distribution g is independent from the height & (given the
knowledge of the value x). Under the forward model, t can be derived by compounding the individual
probabilities of finding a child with value 0 on the first (b — 1) trials, leading to the expression in
Equation 3}

14 (b—k—1)q N

tg:0) =) ; k(1= )"

k=1
Equations 21|and together define a recursive linear system, with initial conditions IZ, . (0) =1 (a
tree with only one node always incurs a cost of 1). Luckily, a closed-form solution for Iso, s (h) can
be derived, first we define:

t(q,b) £ \/t(q,b)? + 4b
rra— (q,b) 2(61 ) 7 23)

allowing us to write:
Liove(h) = q(AT’f +(1- A)r§> +b(1 —q) (Ar{l—l +(1- A)r;H) 24)

where A € [0, 1] is defined as:
1, 1+t(g,b)/2

2 Jt(q,0)2 +4b

Clearly the branching factor is determined by the larger of r; and ro, hence the expression in

Equation 3}
t(q,b) + /t(q,0)* + 4b

Tsoove = T'1 = B .
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction accurately describe the paper’s main contributions:
the critique of the standard model, the proposal of the forward model, the derivation of
recursive complexity equations for specific algorithms under this model, and the key finding
regarding differing finite-depth performance despite similar asymptotic branching factors.
The scope (analysis of classical deterministic game solvers) is also clearly stated.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims made
in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: The discussion section explicitly discusses limitations, including the lack
of closed-form expressions for branching factors for all algorithms, the focus on specific
classical algorithms (AlphaBeta, Scout, Test) while leaving others like MTD(f) and PVS for
future work, and the current focus on discrete-valued trees.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,

model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms

and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to address

problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an important
role in developing norms that preserve the integrity of the community. Reviewers will
be specifically instructed to not penalize honesty concerning limitations.
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3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: The paper states its main theoretical results and indicates that proofs are
provided in the appendix. The core derivations of complexity recurrences proceed from
the definition of the forward model and the algorithms. Key assumptions about the model
(uniform special child selection, fixed distribution ) are stated. Theorems and formulas are
numbered and referenced.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: The main "experimental” results are numerical computations based on the
derived theoretical recurrence relations. The paper provides these equations, describes the
method for solving them (matrix iteration, spectral radius), specifies the parameters used,
and describes/plots the distributions p used in the figures. Additionally, code is included in
the supplementary material.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived well
by the reviewers: Making the paper reproducible is important, regardless of whether
the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

* While NeurIPS does not require releasing code, the conference does require all
submissions to provide some reasonable avenue for reproducibility, which may depend
on the nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.
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(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct the
dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case authors
are welcome to describe the particular way they provide for reproducibility. In the
case of closed-source models, it may be that access to the model is limited in some
way (e.g., to registered users), but it should be possible for other researchers to have
some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instructions
to faithfully reproduce the main experimental results, as described in supplemental material?

Answer: [Yes]
Justification: Python code included in the supplementary material. No external data is used.
Guidelines:

» The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

e The instructions should contain the exact command and environment needed to run
to reproduce the results. See the NeurIPS code and data submission guidelines
(https://nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: All parameters and settings are described.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
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Justification: The main results in Figure 2] are exact calculations of expected values from the
theoretical model, not empirical results subject to sampling variance. Therefore, statistical
error bars are not applicable to these central findings. For the Monte-Carlo simulations in
the Appendix [B| number of seeds and confidence intervals are included.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error of
the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

 For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g., negative
error rates).

o If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the computer
resources (type of compute workers, memory, time of execution) needed to reproduce the
experiments?

Answer: [Yes]
Justification: Compute resources are provided in Appendix [B]
Guidelines:

* The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research involves theoretical modeling and algorithmic analysis. It does not
involve human subjects, sensitive data, or direct applications with obvious ethical concerns
related to fairness, privacy, or potential misuse as outlined in the Code of Ethics.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.
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10.

11.

12.

* The authors should make sure to preserve anonymity (e.g., if there is a special
consideration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: The paper focuses on foundational theoretical analysis of algorithms and does
not include a discussion of potential broader societal impacts. The work is not directly tied
to specific applications where such impacts would be immediate.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

o If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

 The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: The paper does not release data or models that pose a high risk for misuse.
The released asset is code for theoretical analysis.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
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13.

14.

15.

Answer: [NA]
Justification: The paper does not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to the
asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: The paper introduces new code for complexity calculations, included in
supplementary material and released upon acceptance. The code is concise and documented.

Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The research does not involve crowdsourcing or human subjects.
Guidelines:
» The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main
contribution of the paper involves human subjects, then as much detail as possible
should be included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects
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Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The research does not involve human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer:[NA]
Justification: LLMs were only used for proofreading and editing purposes.
Guidelines:

e The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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