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Abstract

While a number of knowledge graph represen-
tation learning (KGRL) methods have been pro-
posed over the past decade, very few theoreti-
cal analyses have been conducted on them. In
this paper, we present the first PAC-Bayesian
generalization bounds for KGRL methods. To
analyze a broad class of KGRL models, we pro-
pose a generic framework named ReED (Relation-
aware Encoder-Decoder), which consists of a
relation-aware message passing encoder and a
triplet classification decoder. Our ReED frame-
work can express at least 15 different existing
KGRL models, including not only graph neu-
ral network-based models such as R-GCN and
CompGCN but also shallow-architecture models
such as RotatE and ANALOGY. Our generaliza-
tion bounds for the ReED framework provide the-
oretical grounds for the commonly used tricks in
KGRL, e.g., parameter-sharing and weight nor-
malization schemes, and guide desirable design
choices for practical KGRL methods. We empiri-
cally show that the critical factors in our general-
ization bounds can explain actual generalization
errors on three real-world knowledge graphs.

1. Introduction

Knowledge graphs consist of entities and relations where
a known fact is represented as a triplet of a head en-
tity, a relation, and a tail entity, e.g., (Washington_DC,
Capital_Of, USA). Since real-world knowledge graphs
do not exhaustively represent all known facts, knowledge
graph completion aims to predict missing facts in knowledge
graphs. That is, given an incomplete knowledge graph, the
goal is to add missing triplets by finding plausible combina-
tions of the entities and relations. This task can be cast into
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a triplet classification problem where a model determines
whether a given triplet is plausible or not [55].

Knowledge graph representation learning (KGRL) has been
considered one of the most effective approaches for knowl-
edge graph completion [8; 25; 60; 61; 11; 22]. By learn-
ing representations of entities and relations in a knowledge
graph, KGRL methods compute a score for each triplet and
determine whether the given triplet is likely true or false
based on the score [56]. While shallow-architecture models
such as RotatE [45] and ANALOGY [26] also work well in
practice, many recently proposed methods [42; 52; 43; 23]
utilize graph neural networks (GNNs) [58] or message pass-
ing neural networks (MPNNs) [15] to improve the perfor-
mance by adding a neural message passing encoder.

While KGRL techniques are widely used in many real-life
applications [55], very few theoretical analyses have been
conducted on them. Recently, Barcelo et al. [2] and Huang
et al. [17] have extended the Weisfeiler-Lehman (WL)
test [57] to multi-relational graphs to investigate the expres-
sive power of GNNs for knowledge graphs; the expressive
power indicates how well a model can distinguish graphs
with different structures [59]. On the other hand, the gener-
alization bound indicates how successfully a model solves a
given task on the entire dataset compared to its performance
on a training set [14; 34]. Though a number of KGRL
methods have been proposed over the past decade, the gen-
eralization bounds of KGRL have rarely been studied.

PAC (Probably Approximately Correct) learning theory
provides fundamental tools for analyzing the generaliza-
tion bounds [50]; the generalization bounds have been
explored using different PAC-based approaches, such as
the VC dimension-based [51], the Rademacher complexity-
based [3], and the PAC-Bayesian approaches [31; 30]. There
have been some studies about the generalization bounds
for deep neural networks [5; 4; 35] or for GNNs on stan-
dard graphs [18; 28; 13; 38; 62] but not for knowledge
graphs. Regarding the generalization bounds of GNNS, Liao
et al. [24] have shown that the PAC-Bayesian approach can
make a tighter bound than the other approaches [41; 14].

In this paper, we present the first PAC-Bayesian general-
ization bounds for KGRL methods. To comprehensively
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represent and analyze various KGRL models and their
possible variants, we design the Relation-aware Encoder-
Decoder (ReED) framework consisting of the Relation-
Aware Message-Passing (RAMP) encoder and a triplet
classification decoder; ReED is a generic framework rep-
resenting at least 15 different KGRL methods, including
both GNN-based and shallow-architecture models. We de-
rive concrete generalization bounds for ReED by proposing
a transductive PAC-Bayesian approach for a determinis-
tic triplet classifier, which extends the analyses of Bégin
et al. [6] and Neyshabur et al. [35]. We also empirically
show the increasing and decreasing trends of the actual
generalization errors regarding the critical factors in the gen-
eralization bounds using three real-world knowledge graphs.
Our theoretical generalization bounds and the empirical ob-
servations provide useful guidelines for designing practical
KGRL methods. Our contributions can be summarized as:

* We propose a novel ReED framework representing var-
ious KGRL methods. Our RAMP encoder in ReED is
a comprehensive neural encoder for KGRL that can ex-
press models such as CompGCN [52] and R-GCN [42].

* We formulate two types of triplet classification de-
coders in ReED to cover a wide range of KGRL meth-
ods; ReED can represent TransR [25], RotatE [45],
DistMult [60], ANALOGY [26], and so forth.

* We prove the generalization bounds for the ReED
framework by unrolling two-step recursions for ad-
equately modeling the interactions between relation
and entity representations. Our work is the first study
about PAC-Bayesian generalization bounds for KGRL.

* We analyze our theoretical findings from a practical
model design perspective and empirically show the
relationships between the critical factors in the theoret-
ical bounds and the actual generalization errors.'

2. Knowledge Graph Completion via Triplet
Classification

Given a knowledge graph, the goal of knowledge graph
completion is to add plausible triplets by finding appropri-
ate combinations of the entities and relations. We con-
sider a standard transductive knowledge graph comple-
tion [8; 45] where it is assumed that all entities and re-
lations are observed during training, and a model predicts
the plausibility of new combinations of the entities and rela-
tions. This can be viewed as a triplet classification problem,
where a model determines whether a given triplet is true
or false [55]. For example, assume a knowledge graph
contains entities, Washington_DC, USA, and Vienna,
and relations Capital_Of and Contains. Consider
two triplets (USA, Contains, Washington_DC) and

'0ur code and data are available at https://github.
com/bdi-lab/ReED

(Vienna, Capital_Of, USA) that are missing in the
given knowledge graph; the former triplet is true and the
latter triplet is false. Like this, for new combinations of
entities and relations, a triplet classification method predicts
whether a given triplet is true or false and then adds only
ones considered to be true for knowledge graph completion.

Let us consider a fully observed knowledge graph where
the labels of all triplets are known and represent it as G =
(V, Xent, R, X1e1, £) where V is a set of entities, Xep €
RIVIXdo js a matrix of entity features, dj is the dimension
of an entity feature vector, R is a set of relations, X €
RIRI%do ig a matrix of relation features, dj, is the dimension
of a relation feature vector, £ C ¥V x R x V such that
& = ET UE~ where £ is a set of true triplets and £~ is
a set of false triplets. In practice, if the entity and relation
features are unavailable, we can use one-hot encoding for
Xene and X 1. Each triplet (h,r,t) € £ is associated with
its label yp,+ € {0,1} such that yp,, = 1if (h,rt) €
ET and yp,y = 0if (h,7,t) € £~. By sampling triplets
from £ without replgcement, we create a set of training
triplets denoted b)\\/ E. As a result, we create a training

-~

knowledge graph G = (V, Xen, R, X o1, £). Note that € is
the full triplet set and £ is the training triplet set. A triplet
classification method is trained with G at training time and

predicts yp,+ of a triplet (h,r,t) € £ at inference time.

Notation For an entity v and a matrix M, let M v, ]
denote the row of M corresponding to v. Also, for a relation
r, M [r,:] indicates the row of M corresponding to r. Given
a triplet (h,r,t), M [t, h] indicates the element of M at the
row corresponding to ¢ and the column corresponding to h.
Let a matrix with a superscript (/) indicate the matrix at the
l-th layer and L be the total number of layers in the RAMP
encoder. Let d; and d; denote the dimension of entity and
relation representations at the [-th layer, respectively. Given
a vector x, diag(x) is a diagonal matrix whose diagonal is
x. Also, 05, xn, 1s an all-zero matrix of size n; X na. All
vectors are row vectors. More details are in Appendix A.

3. ReED Framework for Knowledge Graph
Representation Learning

Our ReED framework consists of the RAMP encoder and a
triplet classification decoder, where we introduce two dif-
ferent types of decoders: the translational distance decoder
and the semantic matching decoder.

3.1. Relation-Aware Message-Passing (RAMP) Encoder

Many recently proposed KGRL methods employ GNNs [52]
or MPNNs [42] to learn representations of entities by aggre-
gating representations of the neighboring entities and rela-
tions. We formulate our RAMP encoder in Definition 3.1 to
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Table 1: Our RAMP encoder can represent R-GCN [42], WGCN [43], and CompGCN [52] by appropriately setting the

functions and matrices in Definition 3.1.

¢ X w Ul S\ v, ]

R-GCN [42] ReLU identity w® 0d_, xd, Ao,
WGCN [43] Tanh identity aPw O, =, A, v, ]
CompGCN (Sub) [52] Tanh identity wi) -wl, A, v, ]
CompGCN (Mult) [52] Tanh identity diag (R(l‘l) Ir, :]) wi), O xar A, v, ]

represent the aggregation process in a general form that can
subsume many existing KGRL encoders.
Definition 3.1 (RAMP Encoder for KGRL). Given a train-

ing knowledge graph G = Wz Xem,R,Xrel,g), forl €
{1,2,..., L}, the RAMP encoder is defined by

H(O) = cht, R(O) == ch]
M,(nl) [v,:] = [H(lfl)[v,:] R<l*1)[r7 H ,

0)
HO — o [ YWD | SO pa®y [Wr
é ( o tp Z Y( ) U

reER

veEV,reER

R(l) — R(lfl)U(()l)

where HY) ¢ RIVI*d s a matrix of entity representa-
tions, RY ¢ RIRIXdl js a matrix of relation representa-
tions, MV € RIVIX(di—1+di1) s 3 matrix for concatenat-
ing the entity and relation representations for each relation
r, W(()l) c Rdz_1><dz, WEAZ) c R%-1 Xdz,USAl) c RdLlel,
and U él) € R%-1%4 gre learnable projection matrices,
¢, p, ¥ are Lipschitz-continuous activation functions with
Lipschitz constants Cy, C,,, Cy, > 0 and ¢(0) = 0, p(0) =
0,1(0) = 0 where 0 is a zero vector, and S € RIVIxIV|
is a graph diffusion matrix of G for relation r € R.

In Definition 3.1, an entity’s representation is updated based
on the entity and relation representations of its neighbors
which are defined per relation using a relation-specific graph
diffusion matrix Sg) for € R. The graph diffusion matri-
ces are constructed by decoupling the training triplets based
on the relations so that S ff) represents the connections be-
tween entities with relation r. A simple way to define S&l)
is to consider an adjacency matrix A, € {0, 1}/VI*IVI for
each relation 7 such that A,[t,h] = 1if (h,r,t) € ET,
A, [t, h] = 0 otherwise. When S[v,:] := A,[v,:], it im-
plies that a model uses a sum aggregator in aggregating
neighbors’ representations. On the other hand, Ss,l) can
also be set to a degree-normalized adjacency matrix, i.e.,
SW[v,:] := A,[v,:]/ deg(v) where deg(v) is the degree
of v; this implies a model uses a mean aggregator.

Several well-known GNN-based KGRL encoders can be
considered as special cases of the RAMP encoder. For

example, Table 1 shows that our RAMP encoder can repre-
sent R-GCN [42], WGCN [43], and CompGCN [52] with
two different composition operators, subtraction (Sub) and
multiplication (Mult). The key is to appropriately set the
activation functions ¢, p, ¥, the projection matrices W&l)
and Uq(f), and the graph diffusion matrices S g). In Table 1,
Cv,r for R-GCN is a problem-specific normalization con-
stant defined in [42] and ¢, ;- is usually set to be the number
of neighbors of v connected by r. Also, for WGCN, a&”
is a relation-specific parameter [43]. For CompGCN, A(r)
is a function that categorizes the relation r into one of the
normal, inverse, and self connections defined in [52]. Also,
in CompGCN, the dimensions of the entity and relation rep-
resentations should be the same for all layers. The RAMP
encoder can also represent CompGCN with a circular cor-
relation operator, which is omitted for brevity in Table 1.
More details are described in Appendix B.1.

3.2. Triplet Classification Decoder

Using the entity and relation representations returned by
our RAMP encoder (i.e., H® and R(L)), we design a
triplet classification decoder to compute the scores of each
triplet for determining whether a given triplet is true or
false. While H™) and R'") are assumed to come from our
RAMP encoder in general, i.e., L > 0, we can also skip the
RAMP encoder and directly apply our triplet classification
decoder. When the RAMP encoder is bypassed, i.e., L = 0,
we assume H(©) := Xent, RO = Xel.

Let fw : VxR xV — R? denote a triplet classifier with the
parameters w. Given a triplet (h, 7, t), the classifier assigns
two different scores, each of which is stored in fy (h, 7, t)[0]
and f(h,r,t)[1], where the former is proportional to the
likelihood of (h, r, t) being false, and the latter is propor-
tional to the likelihood of (h, r,¢) being true.

Depending on how the interactions between entity and rela-
tion representations are modeled for computing the scores,
we design two decoders: the translational distance (TD)
decoder and the semantic matching (SM) decoder. The
terms, ‘translational distance’ and ‘semantic matching’,
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Table 2: Translational Distance Decoder in Definition 3.2 can represent TransR [25] and RotatE [45] and Semantic Matching
Decoder in Definition 3.3 can represent DistMult [60] and ANALOGY [26] by appropriately setting the projection matrices.

Decoder Model Projection Matrices Setup
Translational TransR [25] W< & - Téan v V§j> = Téﬁg FY &) ﬁij) = Tr<ejl>
: W oo [PY QY j - )
Distance  RotatE [45] W, =18 [_Qm po| V=T Uy =04y xdp s
(i . ) T
Semantic  DistMult[60] T =T (diag (R(L)[r, :]ngﬁ)) T
Matchi —( . . AT . ) ) )
TS ANALOGY 26] UV = TUBOTY) where BYBY = BOBY iy r e R

have been also used in [55]. In the TD decoder, the scores of
(h,r,t) are computed by the distance between h and t after
a relation-specific translation is carried out. On the other
hand, in the SM decoder, the score of (h,r,t) is computed
by the similarity between the individual components of the
triplet. Definition 3.2 defines the TD decoder.

Definition 3.2 (Translational Distance Decoder). For a
triplet (h, r, t), the TD decoder computes fy (h,r,t)[j] for
j € {0, 1} using the following formulation:

Sw(h,r, t)[j] =
N HD R, WY 4 RO T — H O, v 9,
where VV@> V) e Rdrxdit1 gnd U<J> € RIL*dr+1 gre

learnable projection matrices and dy,; is the dimension of
the final entity and relation representations.
Note that W,@ and Vf«j ) carry out the relation-specific

translation for the head and tail entity, respectively, whereas
ﬁf] ) is a projection matrix for relations. When L = 0, H ©)
and R(? are fixed to non-learnable matrices, X ent and X 1,
respectively. By appropriately setting W?, V9, and
ﬁf? > in Definition 3.2, we can represent existing knowledge
graph embedding methods as special cases of our TD de-
coder. Table 2 shows how we should set the three projection
matrices in Definition 3.2 to present TransR [25] and Ro-
tatE [45]. To allow our decoder to express existing simple

knowledge graph embedding methods having no encoder,

we introduce two learnable matrices Téflf € Réxd and
Tfel R %" which are only used for specializing our de-

coder to a particular existing model. When we do not need

to simulate an existing model, we can simply drop Tém> and

T <ej ). For TransR, the entity projection matrices are set to
T<J>F< ) where F9) € R¥dr+1 and we set d' = dp 1.

ent
Also, the relation projection matrix is not defined per rela-
tion but shared across all relations. In RotatE, the embed-

ding vectors are originally defined in a complex space [45].

To represent RotatE in our framework, we separately han-
dle the real part and the imaginary part of an embedding
vector and concatenate them to represent the whole embed-
ding vector. Let us define R‘X)[r, 5]Tr<ej1> = [pﬁj ) qﬁj q
where pf»j ) indicates the real part and qf»j ) indicates the
imaginary part. Note that (p/'[i])2 + (q¥’[i])? = 1 for

i€{0,1,---, %—1}. Also, we define P§j> = diag(pfj))
and Qﬁ.j ) = diag (qfnj )
resent RotatE as a special case of our TD decoder. Defi-
nition 3.2 can also represent TransE [8], TransH [56], and
PairRE [10], which are described in Appendix B.2.

We also define the SM decoder in Definition 3.3.

Definition 3.3 (Semantic Matching Decoder). For a triplet
(h,r,t), the SM decoder computes fy (h,r,t)[j] for j €
{0, 1} using the following formulation:

), and set d = d’ = d 4 to rep-

; T
fulhr )] = HO 4T, (HO1,1)
where ﬁiﬂ € R xdL js a relation-specific learnable pro-

jection matrix.

When L > 0, the entity representation matrix H (L) s
the output of our RAMP encoder and is multiplied to the
relation-specific learnable projection matrix to score a triplet.
Table 2 shows that DistMult [60] and ANALOGY [26] are
special cases of Definition 3.3. For DistMult, we set d = d’
in T3 and TY). For ANALOGY, we define BY) € R7*4
which is a normal matrix. Definition 3.3 can also represent
RESCAL [36], HolE [37], ComplEx [49], SimplE [19], and
QuatE [61], which are described in Appendix B.3.

3.3. Expressing Existing KGRL Methods Using ReED

ReED can represent many existing KGRL methods ranging
from simple shallow-architecture models [26; 45] to neural
encoder-based models [42; 52]. In ReED, a triplet classi-
fication decoder can be either combined with the RAMP
encoder (i.e., L > 0) or used standalone (i.c., L = 0). Also,
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ReED
RAMP Triplet Classification
Encoder Decoder
§ GCN + TransE [52
L>0 Translational Distance CompGC ! l,n\ (521
-, = => RotatE [45]
- ”’ _GC i
L=0 Semantic Matching == R-GCN + DistMult [42]
=l - - ANALOGY [26]

Figure 1: Using different instantiations and combinations
of the RAMP encoder and the triplet classification decoder,
ReED can express many existing KGRL methods.

the triplet classification decoder can be either the TD or
SM decoder. Using different combinations of the RAMP
encoder and the decoder, ReED can express various KGRL
models, as illustrated in Figure 1. While only four examples
are presented in Figure 1, ReED can express more diverse
KGRL methods using different instantiations and configu-
rations of the RAMP encoder (Section 3.1) and the triplet
classification decoder (Section 3.2).

4. Generalization Bounds for ReED

By proposing a PAC-Bayesian approach for determinis-
tic triplet classifiers for knowledge graph completion, we
present PAC-Bayesian generalization bounds of ReED.

4.1. Transductive PAC-Bayesian Approach for
Deterministic Triplet Classifiers

The PAC-Bayesian generalization bound relies on the KL
divergence of a posterior distribution Q on a hypothesis
space from a prior distribution P independent of the train-
ing set, where P indicates prior knowledge about a given
problem and Q is learned by a learning algorithm [31; 30].
While the PAC-Bayesian approach was originally designed
for analyzing stochastic models [30], our triplet classifiers
are deterministic models, i.e., the model parameters are
fixed after training. Let us consider a deterministic triplet
classifier fy (h,r,t) which assigns scores of the labels 0
and 1 for (h,r,t) € Z, where Z is a finite set of triplets. To
gauge the risk of the classifier, a y-margin loss is defined in
Definition 4.1, where the loss is taken into account when the
score of the ground-truth label yy,,+ of a triplet (h,r,t) is
less than or equal to that of the other label with the margin
of 7. Note that the margin loss is one of the most commonly
used loss functions in KGRL [55].

Definition 4.1 (y-Margin Loss of Triplet Classifier). Given
a finite triplet set Z C V x R x V, for any v > 0 and a
triplet classifier fy : V x R x V — R? with parameters
w that assigns scores for the label 0 and 1 for (h,r,t) € Z,

a y-margin loss is defined as
Lyz(fw) =

F 2wl €3+ fulh Dl = ]
(h,r,t)EZ

where fy (h,r,t)[0] is the score for label 0, fw (h,r,t)[1]
is the score for label 1, yp,; is the ground-truth label of
(h,r,t), and 1[-] is an indicator function.

When Z is set to the training triplet set £, then L a(fw)is
referred to as an empirical loss. On the other hand a classifi-
cation loss of a triplet classifier is defined as Definition 4.2.
Definition 4.2 (Classification Loss of Triplet Classifier).
Given a finite triplet set Z C V x R x V, for a triplet

classifier fy : V x R x V — R? with parameters w that
assigns scores for the label 0 and 1 for (h,r,t) € Z, the
classification loss is defined as

Lo,z (fw) =

=D

(h,rt)EZ

]l[fw(h7 r, t) [yh'r't] < fw(h7 T, t)[l — yh'r't]]

When Z is set to the full triplet set £, then Lo ¢(fw) is
referred to as an expected loss. The generalization bound
is defined as the upper bound of the difference between the
expected loss Lo.¢(fw) and the empirical loss £ z(fw).
The generalization bound hints at the level of dlscrepancy
in the model performance between the full and training sets.

As described in Section 2, the full triplet set & is finite, and
the training triplets in & are sampled from £ without replace-
ment; thus, we need a transductive PAC-Bayesian analysis,
which assumes the full set is finite. We derive Theorem 4.3
from Corollary 7 in Bégin et al. [6] by extending it to a
deterministic triplet classifier. A main idea of the proof of
Theorem 4.3 is to add random perturbations [35] to the fixed
parameters w. The proof is available in Appendix C.

Theorem 4.3 (Transductive PAC-Bayesian Generalization
Bound for a Deterministic Triplet Classifier). Let fw :
V x R xV — R? be a deterministic triplet classifier
with parameters w, and P be any prior distribution on
w. Let us consider the finite full triplet set £ C V X

R x V. We construct a posterior distribution Qs v
by adding any random perturbation w to w such that

]P)(max(h,r,t)eg ||fw+‘x,(h,7”, t) - fw(ha r, t)”OO < %) > %
Then, for any ~,0 > 0, with probability 1 — § over the
choice of a training triplet set £ drawn from the full triplet

set & (such that 20 < |E| < |E] — 20 and |E| > 40) without
replacement, for any w, we have

[’O,E (fw) S

1— 1€] 10(18
1€ (€1, 1€D)
L, e(fw)+ \J 22| |:2DKL(Qw+\X;|7)) +1In —
where E%g(fw) is defined in Definition 4.1, Lo ¢(fw)
is defined in Definition 4.2, Dy ( P) is the
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KL-divergence of Quw.ivw from P, and 0(|E|,|E]) =
3\/IE(1 — &) |€].

4.2. PAC-Bayesian Generalization Bounds for ReED

To present the PAC-Bayesian generalization bounds for
ReED, we make the following assumptions:

A.1 All activation functions ¢, p, 1 in Definition 3.1 are
Lipschitz-continuous with respect to the Euclidean
norm of their input and output vectors, i.e., there exists
a Lipschitz constant C,; such that ||g(x1) — g(x2)||2 <
Cyllx1 — x2||2 for an activation function g(-) and any
vectors x; and xo. For example, ReL.U, LeakyReL U,
Tanh, SoftPlus, Sigmoid, ArcTan, and Softsign are Lip-
schitz continuous functions with Lipschitz constant 1;
these are 1-Lipschitz actiAvation functions [54].

A.2 The training triplets in £ are sampled from the finite
full triplet set & without replacement.

A.3 Regarding the sizes of £ and &, we assume |£] > 40
and 20 < |€] < |€| — 20.

Let us consider a triplet classification model that uses the
RAMP encoder in Definition 3.1 and the TD decoder in
Definition 3.2. Using Theorem 4.3, we compute the gener-
alization bound of this model in Theorem 4.4. Recall the
graph diffusion matrix S’g) in Definition 3.1. Given a fully
observed knowledge graph G, the full triplet set £ is finite.
Therefore, for every possible training knowledge graph G
and the corresponding training triplet set £ sampled from
&, the infinity norms of the graph diffusion matrices for
G exist per relation. Let k, denote the maximum value of
the infinity norms for all possible graph diffusion matrices
among all layers for relation . Note that k, is independent
of the choice of the training triplet set and dependent on the
full triplet set.

Theorem 4.4 (Generalization Bound for ReED with Trans-
lational Distance Decoder). For any L > 0, let fu

V x R xV — R? be a triplet classifier designed by the
combination of the RAMP encoder with L-layers in Defi-
nition 3.1 and the TD decoder in Definition 3.2. Let k, be

the maximum of the infinity norms for all possible S 9 in
the RAMP encoder. Then, for any §,~v > 0, with proba-

bility at least 1 — § over a training triplet set g(such that

20 < |E| < || — 20) sampled without replacement from
the full triplet set &, for any w, we have

ﬁo,g(fw) S £77§(fw)

1- &l 202 2L <
+o$ H [NWL <L572d1n(1vwd) . 9(5|675|)]

where (€], |€]) = 31/ |E](1 — {5) n €], Ny = 2R|L+

61R| +2L, ¢t = 272 | Xenll2 + 26 Xall2 (L1 7) +
[ Xretll2, 7= Cy + 5y s = CsCoCly X o Kiryd =

max (max0§15L+1(dl), maxoglgLH(d;)) ySL4+1 =

i) 77(3) j
maXr,j(mg?(lle(lllF, 1T e IV R)), 51 =
max(|[W¢ || p, U || p, max, W p, max,. [UV]| )
forle{1,2,...,L}, and s = maxi<;<r+1(s1)

In Theorem 4.5, we also compute the generalization bound
of a model that uses the RAMP encoder in Definition 3.1
and the SM decoder in Definition 3.3.

Theorem 4.5 (Generalization Bound for ReED with Se-
mantic Matching Decoder). For any L > 0, let fu

YV x R x V — R? be a triplet classifier designed by the
combination of the RAMP encoder with L-layers in Defi-
nition 3.1 and the SM decoder in Definition 3.3. Let k,. be

the maximum of the infinity norms for all possible S 5” in
the RAMP encoder. Then, for any §,~v > 0, with proba-

bility at least 1 — § over a training triplet set £ (such that

20 < |§| < |&| — 20) sampled without replacement from
the full triplet set &, for any w, we have

Loe(fw) < L, o(fu)

1_§ 2,4 (AL o
4ol LB [Nultnisttdin(Nud) | 6] ]
€] g 0

where 0(|€],|€]) = 31/|E](1 — (&) n|&], Ny = 2R|L+

2‘R| +2L, L = TL||Xent||2 + “||Xrel||2 ZL_Ql Tia d=

max(maxongL(dl), maxoglgL(dg)), T = Cq;-ﬁ- K,
k= CoCoCy Y e b sp4n = max,; [T | 51 =
l l
max(|W || g, 1US |7, max, [W || p, max, [UD] )
forle{1,2,...,L}, and s = maxi<;<r+1(s1).

When we derive Theorem 4.4 and Theorem 4.5 from The-
orem 4.3, we assume the prior distribution to be the Gaus-
sian distribution with the zero mean and the standard devi-
ation 0. We also assume that the perturbation follows the
same Gaussian distribution as the prior distribution since
the perturbation can follow any distribution, as indicated
in Theorem 4.3. To derive the generalization bounds of
ReED using Theorem 4.3, we need to find o such that
P(max(h,r,t)ef ||fW+W(h7 Ty t) - fW(hv 7 t) ”OO < %) > %
is satisfied, where w follows the Gaussian distribution with
the zero mean and the standard deviation of ¢. In this
process, we express || fw-rw (h, 7, t) — fw(h, 7, t)||o using
our encoder (Definition 3.1) and decoder (Definition 3.2
or Definition 3.3). Note that ¢ should be independent of
the learned parameters w since o is the standard deviation
of the prior distribution that should be independent of the
training data. Thus, we use an approximation of the norm of
w instead of its actual norm when computing o; the actual
norm of w is considered to be within a certain range from
our approximation. Finally, we express the generalization
bound in terms of the actual norm of w using the covering
number arguments [4]. The full proofs of Theorem 4.4 and
Theorem 4.5 are in Appendix D.
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To prove Theorem 4.4 and Theorem 4.5, we follow some
proof techniques of Liao et al. [24] considering standard
graphs with a single relation. However, our proofs require
more complex derivations than Liao et al. [24] because
knowledge graphs have multiple relations. In our proofs,
the interactions between the entities and the relations should
be considered in the recurrence relation of an entity repre-
sentation, leading to two-step unrolling of each recursion
step. As a result, the generalization bounds are computed
by considering (i) the norm of the difference between an
unperturbed entity representation and a perturbed entity
representation, (ii) the norm of the difference between an
unperturbed relation representation and a perturbed relation
representation, (iii) the norm of an entity representation, and
(iv) the norm of a relation representation.

When we use one-hot encoding for X ¢, and X, the spec-
tral norms of X and X are one, and the maximum
dimension becomes d = |V|. Let us assume that ¢, p, ¢
are 1-Lipschitz activation functions. In this case, we can
simplify ¢;, = 47% —1 in Theorem 4.4 and n;, = 277 —1in
Theorem 4.5. In Corollary 4.6, we present a simplified form
of our generalization bounds by leaving model-dependent
terms and regarding the rest as a constant.

Corollary 4.6 (Simplified Form of the Generalization
Bounds for ReED). Forany L > 0, let fo : V X R XV —
R? be a triplet classifier with the combination of the RAMP
encoder with L-layers in Definition 3.1 and a decoder de-
fined in Definition 3.2 or Definition 3.3. Let k, be the
maximum of the infinity norms for all possible Sg) in the
RAMP encoder. Then for any 6,y > 0, with probabil-
ity at least 1 — § over a training triplet set £ (such that
20 < |€| < |€| — 20) drawn without replacement from the
full triplet set &, for any w, we have

ﬁO,S(fw) < L%é\(fw)'i_

@ (LTLSL\/ Ny In Nw)

(Translational Distance)

o (LT2LS2L \/m> (Semantic Matching)

where s is the maximum of the Frobenius norms of all learn-
able matrices and T = 1 + ZreR k,, and Ny, is the total
number of learnable matrices.

In Corollary 4.6, the bounds are largely affected by k,- which
is the maximum infinity norm of all possible graph diffusion
matrices across all layers for relation r. Recall two different
ways of defining a graph diffusion matrix sz) discussed in
Section 3.1: an adjacency matrix (corresponding to a sum
aggregator) or a degree-normalized adjacency matrix (cor-
responding to a mean aggregator). Note that k, becomes
the maximum degree of an entity per relation when the sum
aggregator is used, whereas &, becomes at most one when
the mean aggregator is used since each row is normalized.

Thus, a mean aggregator can be a better option than a sum
aggregator in reducing the generalization bounds. The total
number of learnable matrices N, is another critical factor:
the generalization bounds decrease when the number of
parameters is reduced. This can explain the effectiveness
of the parameter-sharing strategies in Vashishth et al. [52]
and the basis or block decomposition ideas in Schlichtkrull
et al. [42]. On the other hand, the maximum of the Frobe-
nius norms of learnable matrices s also critically affects the
generalization bounds. Therefore, the generalization bounds
decrease when the weight matrices or the entity/relation rep-
resentations are normalized. This observation can provide
theoretical justification for weight normalization adapted
in Oono & Suzuki [39] and normalization of entity repre-
sentations used in Bordes et al. [8]. In Corollary 4.6, 7s is
usually greater than one because s is typically not less than
one [18]. Thus, the generalization bounds sharply increase
when the number of encoder layers L increases.

5. Experiments

We conduct experiments on three real-world knowledge
graphs: FB15K237 [47], CoDEx-M [40], and UMLS-
43 [7; 27]. Note that FB15K237 and CoDEx-M are well-
known knowledge graph benchmarks extracted from com-
monly used knowledge bases, Freebase and Wikidata, re-
spectively, and UMLS-43 is another benchmark extracted
from a popular biomedical knowledge base, UMLS. On all
datasets, we create £ randomly sampled from £ without
replacement with the sampling probability of 0.8. In the
ReED framework, we use the RAMP encoder in Defini-
tion 3.1 with L layers and use either the TD or SM decoder
(Definition 3.2 and Definition 3.3). In the RAMP encoder,
we use p = ¢ = identity and ¢ = LeakyReLU. We use
one-hot encoding for X .; and X ;. More details about the
datasets and the settings are in Appendix E.

We measure the generalization errors on real-world datasets,
where a generalization error is the actual difference between
the expected and empirical losses empirically observed in
a particular experiment; the generalization bound is the
theoretical upper bound of these generalization errors. In
Corollary 4.6, among the factors that affect the general-
ization bounds, we empirically measure the effects of the
following three factors: (i) whether a model uses a mean
aggregator or a sum aggregator, which affects k,., (ii) the
Frobenius norms of the learnable matrices s, and (iii) the
number of layers L in the RAMP encoder®. We compare the
generalization errors by varying one of these three factors
while the other two factors are controlled. Note that s is
defined as the maximum of Frobenius norms of all learnable
matrices. Indeed, to control the effect of the norms of these

“Note that Ny, is proportional to L since Ny = O(|R|L) as
indicated in Theorem 4.4 and Theorem 4.5.
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Figure 2: Generalization Errors of ReED according to different aggregators, norms of the weight matrices, and numbers of
layers in the RAMP encoder. In ReED, two different triplet classification decoders, TD or SM, are used. The changing
trends in generalization errors according to the three different factors align with the theoretical findings in Corollary 4.6.

matrices more precisely, the Frobenius norm of each weight
matrix should be fixed to be s as described in the proof of
our generalization bounds in Appendix D. Thus, we normal-
ize each weight matrix after each backpropagation step. We
use s € {10.0,15.0,20.0} and L € {1, 2, 3} for all datasets.
Figure 2 shows the generalization errors of ReED depending
on the decoder: RAMP+TD and RAMP+SM. We repeat all
experiments 10 times and visualize the mean and the stan-
dard deviation. Across all datasets and all models, the mean
aggregator shows lower generalization errors than the sum
aggregator. Also, the generalization errors increase as s and
L increase. These empirical observations are aligned with
our theoretical findings in Corollary 4.6. Even though the
theoretical generalization bound indicates the upper limit
of the possible generalization errors, Figure 2 shows that
the critical factors explaining the generalization bounds also
affect an actual generalization error.

We conduct additional experiments using the initial features
of entities and relations instead of using one-hot encoding
for Xy and X, on FB15K237 to observe the general-
ization errors by varying d. We extract the initial features
by feeding the textual descriptions of entities and relations
to BERT [12] and reduce the dimension of the extracted
features to 32 using PCA; we use the resulting features as
Xent and Xy. Then, we calculate the generalization er-

0.0275 d=64
= d=96 I
o
= d=128
w I
C
S 0.0220
e
©
N I
©
5 0.0165 I
C
3 I
0.0110

RAMP+TD RAMP+SM
Figure 3: Generalization Errors of ReED on FB15K237
according to different maximum dimensions d.

rors of ReED according to different maximum dimensions
d while fixing the other factors (e.g., the aggregator, the
norms of weight matrices, and the number of layers). Fig-
ure 3 shows the generalization errors of ReED with different
d=dy =dy =+ =dp =dpy; = d} = d}

" =dy ) € {64,96,128}. We observe that the general-
ization errors increase as d increases, which aligns with the
expected tendency.
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6. Related Work and Discussion

Regarding the generalization ability of knowledge graph
embedding, Kuzelka & Wang [21] have computed the ex-
pected number of incorrect predictions made by knowledge
graph embedding methods, which differs from a standard
generalization bound defined by the difference between the
expected and the empirical errors; their work is neither ap-
plicable to GNN-based models nor a margin loss.

While there have been some studies about the generaliza-
tion bounds for GNNs [24; 18; 29], they have considered
graph classification tasks on standard graphs with a single
relation. For example, Liao et al. [24] assume that graphs
are i.i.d. samples drawn from some unknown infinite distri-
bution. Also, Ju et al. [18] consider a twice-differentiable
loss function to compute Hessian-based bounds, and Maskey
et al. [29] apply MPNNs on the underlying continuous space
from which graphs are sampled. Our work and these previ-
ous works [24; 18; 29] are significantly distinct in that (i)
we deal with knowledge graphs having multiple relations,
(ii) our target task is a triplet classification, (iii) we assume a
finite full set since the triplets are finite given a fixed knowl-
edge graph while the previous studies [24; 18; 29] assume
that graphs are sampled from an infinite space.

Different PAC-Bayes approaches have been explored in vari-
ous perspectives. For example, Guedj [16] provides a survey
about the PAC-Bayes framework, including the extention of
the KL divergence to f-divergence for expressing a more
general divergence class in computing PAC-Bayes bounds.
Also, Alquier [1] provides a recent survey about various
tight PAC-Bayes bounds in varied settings. Though our
study focuses on the traditional KL divergence and consid-
ers the transductive PAC-Bayesian approach, we expect our
work to be extended to a broader class of divergences or
information-theoretic approaches.

7. Conclusion and Future Work

To comprehensively analyze the generalization bounds for
KGRL, we propose a generic framework, ReED, that can
subsume many existing KGRL methods. We prove the PAC-
Bayesian generalization bounds for ReED having two dif-
ferent triplet classification decoders. Our analysis provides
theoretical evidence for the benefits of the parameter-sharing
and weight normalization schemes and the advantage of a
mean aggregator over a sum aggregator within a neural
encoder in reducing the generalization bounds in KGRL.

We note that the ReED framework cannot exhaustively cover
all existing KGRL methods. Specifically, the graph attention
networks [33; 53; 9] are hard to consider in ReED with the
current form. Extending ReED to the attention mechanisms
is one of our future works. Also, we plan to investigate
the relationships between the generalization ability and the

expressivity [32] in KGRL based on our findings in the
generalization bounds of KGRL.

Impact Statement

Most of our contributions in this paper are theoretical, and
our work aims to advance the field of Machine Learning at
a fundamental level. Considering that knowledge graphs
are widely utilized in information retrieval (e.g., Google
Knowledge Graph), a societal consequence of our work is to
improve the retrieval performance by providing theoretical
insights for KGRL methods. Our findings and their practical
implications can guide the desirable designs of future KGRL
methods. Generally speaking, our generalization bounds in-
dicate that reducing the number of learnable parameters, the
norms of weight matrices, and the maximum infinity norm
of the graph diffusion matrices is beneficial to decreasing
the generalization bounds.
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A. Basic Notation

In Table 3, we provide a concise overview of the notation used throughout the paper. Any other notation not listed in Table 3
is clarified and detailed within the context.

Table 3: Overview of basic notation

Symbol Meaning
[ ], H a horizontal/vertical concatenation
the size of a set or the absolute value of a scalar value
- NIz, || * lloos | - [|7  the spectral(Euclidean)/infinity/Frobenius norm of a matrix(vector)
diag(x) a diagonal matrix whose diagonal is defined by the vector x
I,«n an identity matrix of size n X n
01xn an all-zero matrix of size m x n
0, an all-zero vector of size n
1[] an indicator function
P[], E[] the probability/expectation
o), p(+), ¥ (+) Lipschitz-continuous activation functions
Cs,C,,Cy Lipschitz constants of ¢, p, 1
MT the transpose of a matrix M
G, G a fully observed/training knowledge graph
V., R a set of entities/relations
g, g a full triplet set/training triplet set
Xent, Xrel a matrix of entity/relation features
do, dj, the dimension of the initial feature vector of an entity/relation
d;, dj the dimension of an entity/relation representation at the [-th layer
L the total number of layers in the RAMP encoder
Yhrt the ground-truth label of a triplet (h,r,t) € £
H R a matrix of entity/relation representations
wW,U,V the learnable projection matrices
S, the graph diffusion matrix of G for relation r € R
Dgr(Q||P) KL-divergence of Q from P
P,Q a prior/posterior distribution on a hypothesis space ‘H
In(-) the natural logarithm

B. Interpreting ReED as a Generalization of Existing KGRL Methods

Our ReED framework consists of the RAMP encoder and a triplet classification decoder as described in Section 3. We
provide the details about how our RAMP encoder and two types of triplet classification decoders (i.e., translational distance
decoder and semantic matching decoder) can express diverse KGRL methods.

B.1. Representing Existing KGRL Encoders Using RAMP Encoder

In Section 3.1, we define the RAMP encoder in Definition 3.1 and show that several well-known GNN-based KGRL encoders
can be considered as special cases of our RAMP encoder. For example, R-GCN [42], WGCN [43], and CompGCN [52] can
be represented using the RAMP encoder by appropriately setting the activation functions ¢, p, 1, the projection matrices
W(rl) and Uff), and the graph diffusion matrices Sg) in Definition 3.1, as shown in Table 1.

Note that CompGCN has three different variations depending on the composition operator: subtraction (Sub), multiplication
(Mult), and circular correlation (Corr). We detail how CompGCN (Corr) can be represented using the RAMP encoder
here; the others are all described in the main paper. Give an entity representation H @ [v,:] and a relation representa-
tion R [r,:] where both have the dimension of d, the circular correlation  is defined by (H"[v,:] « RO[r,:])[k] =

13
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Zd ' HY [, i) RO [r, (k+i) mod d] where k € {0,1,...,d—1}. Let us define C'" as

ROr0  ROp1 - RO d—1]
co | B RO RO
RrRW [r,d;—1] RO r,0] - Rr® [, d—2]

By setting ¢ to Tanh, p, 1) to the identity functions, W) .= C{\~ UWg\l()r), vl = 04 xa,»and SO, == A,[v,:], we
can represent CompGCN (Corr) using our RAMP encoder. Note that the dimensions of the entity and relation representations
should be the same for all layers in CompGCN.

B.2. Translational Distance Decoder and Existing KGRL Methods

We define our translational distance (TD) decoder in Definition 3.2, which includes three learnable projection matrices:
Wi]>7 Vf«j ) and ﬁ,@. By appropriately defining these matrices, our TD decoder can express five different knowledge graph

embedding methods: TransE [8], TransH [56], TransR [25], RotatE [45], and PairRE [10]. Since we already described
TransR and RotatE in the main paper, we describe the other three methods here. Recall that we introduce two learnable

matrices, Téflz € Rixd and Tr(gl> € R%*d' which are only needed for specializing our decoder to simulate an existing

shallow-architecture knowledge graph embedding model, as described in Section 3.2.

TransE [8] For each triplet, TransE assumes that the heady entity representation is translated by the relation representation,
and the resulting vector should be placed close to the tail entity representation. Our Definition 3.2 can trivially express
TransE by setting

W< 3 Ténf V( — 7 U

ent

6 _ )

rel

where d = d’ = dp41. Note that TransE has a constraint that || H ) [v, :]Teflt |l =1,Vv e Vforje{0,1}.

TransH [56] In TransH, each entity representation vector is projected onto a relation-specific hyperplane, where a projected
head entity is translated by the relation representation, and the resulting vector is assumed to be placed close to the projected
tail entity representation. For relation 7, let fT<J ) € R? denote the unit normal vector of the hyperplane for r. Note that
£ = 1 for j € {0,1} and d = d’ = dp 1. By Setting

<] > T (J >

T rel »

W = TG a8 £9) VY = T8 L~ 1Y

ent

f 7§j>) U
our TD decoder can represent TransH.

PairRE [10] In PairRE, a relation representation comprises two parts: representations for the head and the tail. The
head and tail entity representations are translated by the relation representation corresponding to the head and tail part,

respectively. The translated entity representatlons are assumed to be close to each other. Let f<] ) € R? denote the
representation of r for translating head entities and fr € R? denote the representation of r for translating tail entities. Let

us define §; gy = diag (f<j >> and 3 v = diag (fﬁj >) It is assumed that the entity representations are on the unit circle, i.e.,
| H o, ]Téﬂt o =1,Vv € Vforj € {0,1}. Givend = d’ = d.11, we can represent PairRE by setting

W(J) T§ﬁ33§j> V( Térﬂlzg ﬁfﬁ = Od’Lde+1'

B.3. Semantic Matching Decoder and Existing KGRL Methods

Our semantic matching (SM) decoder in Definition 3.3 can represent seven different knowledge graph embedding methods:
RESCAL [36], DistMult [60], HolE [37], ComplEx [49], ANALOGY [26], SimplE [19], and QuatE [61]. To show our SM

decoder can be specialized to express these ex1st1ng methods, we introduce two learnable matrices, Ténf € Réxd gnd
TY) € R4z %', Note that we need to only define U, G ; in Definition 3.3 to simulate the existing methods. We omit DistMult

rel

and ANALOGY here since they are described in the main paper.

14
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RESCAL [36] By defining a relation-specific projection matrix Bﬁj ) € R4, we can easily represent RESCAL by
setting

—(j > AT
09 =13 BYTY

HolE [37] and ComplEx [49] It has been known that HolE and ComplEx are special cases of ANALOGY [26]. Since our
SM decoder can represent ANALOGY as described in Section 3.2, our decoder can also represent HolE and ComplEx.

SimplE [19] In SimplE, an entity representation is divided into two parts: the first part is the representation when the
entity appears as a head entity, and the second part is the representation when the entity appears as a tail entity. For each
relation r, its inverse relation 7! is also considered. As a result, a relation representation is also divided into two parts:
representations for 7 and 7~ 1. Given a triplet (h,r,t), SimplE calculates its score by averaging the scores of (h,r,t) and
(t,r~1, h). Given d = d’, we can formulate SimplE by setting

=G) 16y ( . ( (L)) ) |:0d//2 a2 Lo d’/2]> BT
U, ==-T diag( (R'Y' T : ' ' T
r 2 ent g ( rel )[ ] IJ//Q@//Q 05//2@//2 ent

QuatE [61] In QuatE, each representation vector is represented in the quaternion space. Let us denote a representation

vector of r for (j) in the quaternion space as a quaternion of real numbers such that [ (9 b<j ) <j ) am where a<J )

is the real part and bY ¢/’ and 07 correspond to the imaginary coefficients. It is assumed that (a; D2 + (69°[0])2 +
)2 + P [i))? = 1fori € {0,1,---, L1} and j € {0, 1}. Let us define

A = diag (af?)) € RT/I/4 BU) — diag (b)) € RY/X0/4
V) = diag(c) € RT/T/1 DY) diag o)) € R/,
Given d = d’, we can express QuatE using our SM decoder by setting

A WO e D)

™

: ) ) () ) () )
77(4) — ) _%T Ql7‘ _gr Q:T (])T
Uy =T _¢$j> @7@ 2[§j> _%7@ Tei -
DU _gl \ W
C. Proof of Theorem 4.3

In Section 4.1, we present our Theorem 4.3 which states the transductive PAC-Bayesian generalization bound for a
deterministic triplet classifier. We derive Theorem 4.3 from the following Lemma C.1 which is originally presented as
Corollary 7 in Bégin et al. [6] where a transductive PAC-Bayesian generalization bound is presented for a stochastic model.
‘We paraphrase the original version to customize it to our problem setting.

Lemma C.1 (Bégin et al. [6], Corollary 7). For any full triplet set £ having size |E| > 40, for any stochastic triplet classifier
f following a posterior distribution Q on a hypothesis space H, for any prior distribution P on H, for any ~,6 > 0,
with probability at least 1 — §, over the choice of a training triplet set g (such that 20 < |8| < |&| — 20) drawn without
replacement from the full triplet set £, we have

Lye (f) <L,g (J?) + 12_15 [DKL(Q||P) +1In W]

where L., z (f) =Eg~o [ﬁmg(fq,)}, fw is a deterministic triplet classifier with parameters w, L, z(f&) is defined in

Definition 4.1, Dic1,(Q||P) is the KL-divergence of Q from P, and 6(|€|, |E|) = 31/|E|(1 — %A) In |E|.
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Note that the prior distribution P is independent of the training triplets. While Lemma C.1 considers a stochastic model, we
need to consider a deterministic model because the ReED framework results in a deterministic triplet classifier. Given a
deterministic triplet classifier fy, with the fixed parameters w, we add random perturbations W to w to simulate a stochastic
triplet classifier so that Lemma C.1 can be extended to Theorem 4.3.

Theorem 4.3 (Transductive PAC-Bayesian Generalization Bound for a Deterministic Triplet Classifier). Let fy : V X R X
V — R? be a deterministic triplet classifier with parameters w, and P be any prior distribution on w. Let us consider the
Sfinite full triplet set E CV x R x V. We construct a posterior distribution Qv by adding any random perturbation W to
w such that P(max - t)eg | fwiw (.7, ) = fw (b, t)|loe < T) > 5. Then, for any y,6 > 0, with probability 1 — § over
the choice of a training triplet set € drawn from the full triplet set € (such that 20 < |E| < || — 20 and |E| > 40) without
replacement, for any w, we have

_ &l
Loe(fw) <L, z(fw)+ 2|§‘|S| [ZDKL(QW+W||P) +1n

40(|€],1€1)
1)

where L_ #(fw) is defined in Definition 4.1, Lo ( fw) is defined in Definition 4.2, Drc,(Qw-w || P) is the KL-divergence
of Quers from P, and 0(|E], |€]) = 3,/IE](1 - &) n[£].

Proof. Let H denote the hypothesis space of a triplet classifier fy,. Note that the posterior distribution Qy, 1+ is a distribution
over H. Let Q1w (W) be the probability density function indicating the probability of w being drawn from Q1. Also,

let C be a set of perturbed parameters w such that C = {Vv € ’H‘ maxp ¢y | fo (b7 t) = fw(h, 7, 1) |loo < }} C H.
If we define p == Pg..q,, (W € C), then p > 1 by our assumption.

We divide Q1+ into two distributions Q and Q where the former has a non-zero value for w € C and the latter has a
non-zero value for w € # \ C. Specifically, Q (W) and Q (w) are defined as

1 ~
o = Quiw(W) WeC o 0 wec
Q(W): p + ( ) , Q(W): 1 o) (~) ~ GH\C
0 weH\C T_pewtwiW, W

For any (h,r,t) € £ and W ~ 0, we have

|(F& (hyrs ) ynre] = fao (hy 7, )1 = ynre]) = (Fov (s, ) [ynre] — fuw (B 7, 0)[1 = ynre])|
=|(f&(hyr, ) ynre] = foo by, O)[ynre) = (foo (hy 7, )1 = Ynre] = fw (By 7, 0)[1 = ynre])|
<Ifw (b, )ynre] = foo (b r, ) [ynee]| + 1 & (B )L = ynre] = for (hy 7, )[1 = Ynre]|
< e (| fw (ko )lynre] = fu(hor Olynre][ 4 [ f (b )L = ynre] = fuo (b7 )[1 = ynre])
<% + % = % (sub-additivity, w € C)

Then, we have

fW(h7 Ty t)[y}”‘t] - fW(h7 T, t)[]- - yh’“t} <0= fVV(hv T, t)[yhTt] - f\TV(h’ T, t)[l - yhTt] < %

fw(ha ’I", t)[yhrt] S fw(ha ’I", t)[l - yhT‘t] = fﬁ(h7 Ta t) [yh"“t] S % + fﬁ/(h7 717 t) [1 - yh”‘t]
which indicates that

1 [.fw(ha T, t)[yhrt] S fw(h7 T, t)[l - yhrt]] S 1 [fW(hv T, t)[yhrt] S

o2

+ f\Tv(hH T, t)[l - yhTtH

This leads to Lo ¢(fw) < L3 ¢(fw) forany w ~ Q, meaning that
Log(fw) <Egog[Ly.e(fa)] (1
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Also, for any (h,r,t) € £ and w ~ 0, we have

fW(h7 T, t)[yhrt} - f‘TV(ha T, t)[l - yhrt] < % = fW(hara t)[yhTt] - fW(h7 T, t)[l - yhﬂ} < Y
fV~V (h7 T t)[yhrt} < % + fﬁl(hv Ty t) [1 - yh’ff] = fW(ha 7, t)[y}”‘i] < v+ fW(h7 T, t)[l - yl’”‘t}

which indicates that

1 [fVV(hf Ty t)[yhrt] < % + fvTI (h7 T t)[l - yhTtH <1 [fW (h7 Ty t)[yhTt} < Y+ fW(h, T t)[l - yhrt]]

This leads to £ #(fw) < L #(fw) for any w ~ Q. Then, we can end up with
3 :

Eqoolly e(fa)] < £, ()

2
Given 20 < || < |€| — 20 and |€| > 40, with probability 1 — §, we have

Loe(fw) <Eg.5[L7.e(fw)]

WA

(Eq. (1))

_ 18l

1- & . ra
<Ez.o [E%,E(fvv)] + J 2|TA‘|£‘ [DKL(Q||P) +1In 0(|8|5’|5|)] (Lemma C.1)

1- [ . R
<L, o(fu) + J T [DKL<Q|7>> tin ("5')] (Eq. )
Also, we can derive the following.
Dict(Quaw|P) = / QuwIn 22 gy 4 / Qw22 g5y
wel weH\C
=p Qw-&-\k’r In Qw-&-\k’r dw + (1 _ p)/ Qw-{—\'i/ In Qw-&-\'i/ dw
wec P pP W

W
wenwe 1—p  (1-p)P
+ [ ouistpdi |
wel weH\C
:pDKL(QH’P) +(1 —p)DKL(Q|\P) +plnp+ (1 —p)ln(l —p)

Since we know

< p < 1 from the assumption, we have (—In2) < plnp + (1 — p)In(1 — p) < 0. Also, Dk, is
non-negative. Therefore, we have

Drr(QIIP) ==(Drr(Qw+w|P) = (1 = p)Dr(Q||P) = plnp — (1 - p) In(1 - p))
<

"= =

(Drr(QwiwllP) +1n2) < 2Dk (Qwiwl||P) +2In2

Finally, we show

- \ 0(&), 1€
Log(fw) <L, g(fw) + 2|5'|' lDKL(QHPH—ln('(S’D]
1- 108, 1<)
L glh) | g |20 (QuewlP) - in 2
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D. Proofs of Theorem 4.4 and Theorem 4.5

We provide the complete proofs of Theorem 4.4 and Theorem 4.5.

Theorem 4.4 (Generalization Bound for ReED with Translational Distance Decoder). Forany L > 0, let fw, : VX R XV —
R? be a triplet classifier designed by the combination of the RAMP encoder with L-layers in Definition 3.1 and the TD
decoder in Definition 3.2. Let k, be the maximum of the infinity norms for all possible Sff) in the RAMP encoder. Then, for
any 8,~ > 0, with probability at least | — § over a training triplet set € (such that 20 < \g\ < |&| — 20) sampled without
replacement from the full triplet set £, for any w, we have

1 TN, 12c2 22 (Nyd (], 1€
Loclfu) £ £,6l) + O\ 2 [ LG (), O]

where 0(1E],1€1) = 3y/IE1(1 = {E) €], Ny = 2IRIL+ 6R| + 2L, ¢ = 27 Xendllz + 26 Xiall2 (L1 7) +
HX T = C¢ + K, K = C¢O Cw Z’I‘ER k‘,,d = max(max0<l<L+1(dZ) max0<g<L+1(d )) SL+1 =

ma,.; (max (W, [, [T p IV [0), 51 = max((W | p, [T |7, mas, [WO g, max, [UD||p) for | €
{1,2,...,L}, and s = maxi<j<r+1(s1).

Proof. We derive Theorem 4.4 from Theorem 4.3 where we construct a posterior distribution Qy, 1 by adding random
perturbations W to w. Following [24; 35], we set the prior distribution P as N/ (Onw, oI nWan) and the posterior
distribution Qv as N (w, 021, xy,, ) Where ny, is the size of w. We first compute max;, ,.)ee || fww (h, 7, ) —
fw(hy 7, t)|l0o, Which we call the perturbation bound, so that we can calculate the standard deviation ¢ of the prior distribution
that satisfies P (max s, e || fww (b, 75 8) = faw(h, 7, 1) |loo < §) > 5. Afterwards, we calculate the KL divergence of
Ow+vw from P using o and substitute the KL divergence term in Theorem 4.3 with our data and model-related terms, which
finishes the proof.

Perturbation bound of ReED with translational distance decoder First, we compute the perturbation bound,
maxp ,pee || fwiw(h,rt) — fw(h,7,1)||oc, and find o that makes P(max(y, ;) || fwrw (P, 7 t) —fw(h,mt)|loe <
1) > 1 true. Let W denote a perturbation (also called noise) matrix added to the original weight matrix W. As a result, we

1
~(1
have W W + W where W is a perturbed weight matrix. Also, let H " and R( ) denote the outputs of the perturbed

model at the [-th layer. Each element of W is an i.i.d. element drawn from A (O o ) Assume that the maximum of the
Frobenius norms of the noise matrices is 5. That is,

. = (5) . (j
5= e (906 9 617, ) (97707, ))
l F F F F
Now, let us calculate the perturbation bound:
—r) =) @) =0 (L) =)
wiw (b, t w(h,rt = —|H "[h,: W, R WU, —H V.,
o2 N iy t) = fuo(hor oo = max  max | = [[H[h, ] +R U, [,V 2

+ | HO 0, W+ RO T~ B[t v 9,

18
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Let us define ®;
~()
max, ||[R [, ]

HN(” W BP0 — B v | || m W + RO 9T
2

<& ~(L)[h ]ﬁ}(] +1§(L)[ .](}i‘])—ﬁ(m[ ]Vij) (reverse triangle inequality)

_ (H(L)[,L W+ RO T — H D, v n)

2

_ (ﬁ<L) B H(L)) [h, :]ﬁiﬁ 4 (E(L) B R(L)) [r, :]ﬁiﬂ

(B —HD) 9T B AW RO 0, B

2

<l (B~ DY e W, e+ 1 (B - BO) 110,

+ (ﬁ(L)—H‘L))[ Wl s + D o, [T + IR [, 2T 11

+ | H®[t, )2 V,n Hz (sub-additivity, sub-multiplicativity)
S(Q‘I}L =+ FL)(SL+1 + S) (2‘I)L —+ AL)S (deﬁnitions of \IJL, FL, SL+1, (I>L, AL, and S)

H(L)[ :}V§j>

2

—(l
= max, HH(l)[v,:]HQ, ¥; = max, ||H( )[v,:] — H(l)[v,:]Hg, A; = max, HR(l)[r, |2, and T; =
— R[r,:]||o. Then, for any (h,7,t) € &,

3

To satisfy the condition of Theorem 4.3, we need the bound of ®;, ¥y, Ay, and I'z. Since we need Ay and I'y, to calculate

& and ¥, we first calculate the bound of Az, and I',. In general, we need to compute (D bound of A; and T';, @ bound of
®;, and Q) bound of ;.

@D Bound of A; and I';
First, we calculate the upper bound of || R [r, :]||5 and Hﬁ(l) Ir,:] — RO, |-

IRDr,:[l2 = ROr, HU o < ||Xrel||2Hsz

HR(l)

Note that

[r,:] —

~(1-1) 0} _
RO =R [r, )0, — RO ”[hron”Hz
- l ~ (1 .
IR0y = ROV 0, + RV 000 .
~(1-1) - @
IR ) = RV 21Ty

IRV, o [T |2 (sub-additivity, sub-multiplicativity)

-
<||R( 1)[ J— RV o (s + 8) + [|RY"V[r,:]|l25  (definitions of s; and )
-1
~(-1) _ .. ..
<R ] = RVl lla(se + 8) + 81 Xvelllz [T 50 (Ba.4))
i=1

(1) W

[r,] = RV [r, ||z =l X alr, U,
= (1)
=[| Xralr,:]Uq |2
. (1)
<[ Xl 21U "2

<|| Xret]|25  (definitions of the spectral norm and §)

Iz Xoalr, JU |2

19
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Then, we get

l -1
~(1 ~(1—1 _ .
IR [, = RO[r o + | Xall [ 50 < (nR‘ "] = ROV s + ||Xm|2Hsz-> (s1+3)
=1 =1
l

~(1
S(HR( )[r, J—= RV |2 + \|X1-e1||231) H(si + §) (recursion)
i=2
1
< (1 Xwatll28 + | Xwatll251) [ [ (55 +5)  (Eq. (5))

=2

l
= Xralla [ [ (si +8)

1=1

Putting all this together, we have

1
A= max IRV [r, ]ll2 < | Xretl2 Hsz (6)
i1

l l
~(1) ..
I = max IR [r,] — RY[r, |2 < | Xrell2 (H(sl +38)— H si> 7
i=1 i=1
Note that the bound of Ay, and I';, can be obtained by setting | = L
@ Bound of ¥,

We can calculate the upper bound of ®; using sub-additivity, sub-multiplicativity, and the definitions of matrix norms. Note
that the bound of ®, can be obtained by setting [ = L.

Let v* = argmax, || H"[v,:]||2. Then,

®

reER

O]
<Coll (HWE) 07+ (Z sVv (M) [W D v, dlle (Lipschitzness of 6, ¢(0) = 0)

®
reR U

P

0}
<C|H V[, |2 lW P |2 + Collp (Z SOy (M ( (”) {‘?j_f(l) D [v*,:]|l2  (sub-additivity, sub-multiplicativity)
reER

@)
<Col H' Vo, o W12 + CoCl (ZSW(MS)) [W D[ Il (Lipschitzness of p. p(0) = 0)

@
reER U
(1—=1)1, * (1) o ) wi
=Col H D AW + CoColl 3 | 30 801" ] (w (M) ) | o | ) I
r€R \vEV T

=Cy|H "V, |2 [W P2 (definition of M ")

Q)
L eI T (z SO ) (6 (Do) RO d]) [Wa) D s

rER \veV
<Cy|H V[, )2 W |2 (sub-additivity, absolute homogeneity)
£ 30 S|S0l (v (HO D[, ) WO g (R, 1) UD) |
reRveV

<Cy|H" V™, ||| W(()l) 2 (sub-additivity, sub-multiplicativity)
+CoCo >0 DO 0l (I (H OV, ) IlW Pz + 1w (RO 1r0) 2012

reRveV
<Cy|H "V, |12 W |2 (Lipschitzness of 1, 1(0) = 0)
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+CoCoCo D2 0 SO ol | (I Vol W o + [R V)12 [U]2)
reRvev

<Co® 1 [|[W||l2 + CsCoCy > <(<I>H|W$”||2 + Al71||U£f>|\2) > )Sil)[v*m}‘) (definitions of ®; and A;)
reER vEY

<Co1 W 2 + CoCoCy 3 ((pH WOy + A UL \|2) 1S%]|s  (definition of the infinity norm of a matrix)

rerR
<Co®ia[W 12+ CoC,Cu Y (s |[W Pl + AicallUL]2) Ky (definition of k)
reR

<Cys1Pi—1 + CpCpCysi(Pr—1 + Aj—1) Z k,  (definition of s;)

reR

-1
<Cys1®1-1 + CyC,pCysi <‘1>z—1 + [| X et 2 1‘[&-) > ke (Eq.(6))
i=1 rer
1
<751P1—1 + K[| Xrel|2 H s;  (definitions of 7 and k) (8)

=1

Note that &1 < 751P¢ + &|| Xrell251 < 751|| Xentll2 + K[| Xrer|l251 by Eq. (8) and the definition of the spectral norm.
Then,

! -1 ! -1 1
<‘1>z — H||Xre1|2HSz‘> — K| Xrel||2 <ZT1> (H 32‘) <751P1_1 — k|| Xret|2 (ZTZ) <H81>
i=1 i—1 i=1

=1 =1

which leads to

-1 l -2 -1
D — k|| Xrel||2 (Z Ti> (H si) <rs <(I>l1 — K[| X et |2 <Z 7") (H Sl>>
1 0 1
<7t <H si> (@1 — k|| X rel||2 (Z Ti> <H sz)> (recursion)

1
<t (H 8¢> (Ts1]| Xentl|2 + £|| Xret|l251 — K| Xrel]|251)
i=2
!
STZ||Xem||2 Hsz
im1

Finally, we get

l -1 l -1 l l
@l ng”Xent”QHSi+/€||Xrel||2 <27i> <H51> = (Tl”Xent|2+/€||Xre]||227—i> Hsi :anSi (9)
i=1 i=0 i=1 i=1

i=1 =0
1— .
where 7; = 7| Xen|2 + 5| Xralla S0 g 7.

® Bound of ¥,
We can calculate the upper bound of ¥; using sub-additivity, sub-multiplicativity, and the definitions of matrix norms. Note
that the bound of ¥, can be obtained by setting [ = L.

—(
Let v** = argmax,, ||H( )[v, ] — H®[v, 2. Then,

o

—(1-1) == () ~0\ W, -
\I’Z—H¢)<H Wo +p<ZS£”¢(MT)[ﬁg>D>[v ]

reER
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_ wi -
_ (HU 1>Wg”+p<2 Sy (M<l)) [U(” [v™, ]

reR

2

1)
( (1— 1)"}‘7 l)) . p E : S(l ( (l)) W, W, [U** ‘] (Lipschitzness of ¢)
H o + ~ (l e

<Cy
reER T

_ ((H(Z—I)W(()l)) ™, +p <Z oM (M,(f)) {1;{]/5))]) ™, :]>

reER

2

<Cyll (H 7 ”Wﬁf’)[ A= (HOOW) e (subadditivity)

=) B 201
+Cullo (z s (31 [Vgg)]) - p (z s (M) _Vggf;)_) w3l

re€R reER

<Cyll (H 7" ”Wé”)[ A= (HOOWE) el (Lipschitzness of p)

) M (D]
+CsCol (Z sVy (1, Pgm])[v**,:}(z 5Oy (M) W) >[v**,:1||2

reER reR T

=Coll (H W) ) = (HOOW) s

(Zzsg)“’”*‘” (v(32.7) 1) _V;%l;_) <ZZSU> ool (w0 (M) 0.1 [VJJJD

reERveEV LY r | reRvEVY

+ CyCp

—Coll (H W) ) = (HOOW) s

(o5 (D7 0]
K% "‘"(l) W,. Wr
+CoColl 3 3 8™ vl ((¢ (#7.") [01) 5o~ (v (M) 10:2) [Ump "
reRveyY LY » r
<Cs| ( " 1)VV(()Z)) [v™", ] — (H(l_l)ng)) [v**,:]ll2  (definition of M " and sub-additivity)
=)
+CoCo Y Y ’S [0™", o] || ([ﬁ(H)[v,:] R, :]D st
reRvey Ur
W
- ([H PV, ] RV [r,1)) U(Tl) (absolute homogeneity)
r 2

—Cy|| ( (l 1>Wél>) [0, - (H(Z—I)W(l)) v, 2

[** ‘Hw( (l 1)[ ])W +1ZJ( (l 1)[’:])[77})

reERvEY
¢(H(z 1)[ ])W(l) w(R(zq)[r’:])ng)Hz
fc¢||(( g H”’l)) ~”)) 1 (H(l 1>W”)) [0, l.  (definition of W)
s 35 0] o ) 1)

+ (1/) (ﬁ“il [r, }) — (R(l_l)[r, ])) ﬁf)

o (H(l—l)[,w :]) w4 " (R(l—l)[r :]) i

— 1
<C,|l (H Ea —HOD) [0 e W |2 + Coll HE D™ )W |la (sub-additivity, sub-multiplicativity)

+CoCp 30 3 800l (I (B ,7) = (B o, ) 1)W1

reRveV

2

+ |l (E 71)[7“, :]) — (R“’l)[r, :}) |‘2‘|ﬁ£l>||2
1l ([0, 0) [ + e (RO, 1) 10012
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(l 1) — *k = (1) — l . .
<Ol (A~ HO) 7 oW + Col OV WS 2 (Lipschitzness of v, 4(0) = 0)

+CoCyCo 30 S|S0 ol | (I ol = HO o)W s

reRvey
~(I—1) _ ~ (1)
Ir,] = ROV [, 11T,
_ )
HIED o, Wl + 1RV 172

<Cy(s1+ 8)Wi_1 + CpPi_18 (definitions of ®;, Uy, A, Ty, s;, and §)
+ CyCpCly Z Z ‘Sg)[v**,v]‘(%q(s; +8)+Timi(si+8) + P18+ Alflg)
reRvey
<Cy(si+ 8)U_1 + CpP—18 (definition of the infinity norm of a matrix)

+ CyCrCy (\1’171(81 +8)4+Ti—i(si+38) + P18+ Alflg) Z HSSL)HOO
rTER

+ R

=C¢(Sl + S')\I/lfl + Cp P15

+ CpCpCy(¥i—1 +Ti—1) (51 + 3) Z |Sr]loo + CpCpCoyp(Pr—1 + A1—1)3 Z 15|
reER reR
<Cy(s1 +5)V1 4+ Ce®r13 (definition of k)

+ CpCpCy(¥i—1 +Ti—1)(s1 + 3) Z kr +CyCpCy(Pr—1 + Aj—1)3 Z k,

reER rerR

ST(SZ =+ 5)\1’171 +7P;_18+ K(Sl + §)F171 + kSN 1 (deﬁnitions of 7 and K) (10)

-1 -1 -1 -1
<t(si+ 8)Wi_1 + T8m_1 Hsz + kst + 8)|| Xrell|2 (H (si+8) — H&) + 18| Xret||2 Hsz (Eq. (6), (1), (9))

i=1 i=1 i=1 i=1
-1 -1 -1

=7(s1+ §)Vi—1 + T8m—1 Hsl + K(s1 + 8)|| Xrel|2 1_[(5Z +38) — k81| Xret||2 H S;
i=1 i=1 i=1

-1 l
=7(s1+ 8)V_1 + 78— 1H51+K/||XrelHZH (si +8) —/-cIIXrell\szz
i=1

i=1 i=1

-1 1 1
=7(s1+ 8)Vi_1 + 78m—1 Hsz + K| X et || 2 < (si +38)— H Si)
i=1 i=1

1=1
From the above inequality, we can induce

! 1 -1 1
1T | ] s | Xell2 | | si ST(st+8)¥ 1 +7(si +8)m—1 | | si + K| Xrel]|2 8+ 8
¥+ + K[| X e[| <7(s1+8)Wi—1 + 7(s1 + 3) + | Xrallz | | (si +3)

i=1 i=1 i=1 i=1
where

! ! ! !
U+ 7y [ i+ sl Xalle [] 50 = O+ (rmey + 6l X all) [T si = @+ m [ s

i=1 i=1 i=1

Putting all this together, we have

1 ! -1 !
U 4+ HS'L — K[| Xret||2 H(Sz +8) — K| Xretl|2 (Z TZ) (H (si +8) >
i=1 i=1 i=1 i=1
-1 -1 l
T(se+ Wiy +7(se+ 8ma [ [ 56 — w5l Xall2 (Z T1> <H i+ 3 >

=1 =1

Note that Uy < 7(s1 + 8)Ug + 78D + k(s1 + §)To + k8Ag < 78] Xent||2 + #5]| X rel]|2 by Eq. (10) and the definitions
of \Ilo, (I)(), AO and F().
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Gathering up,

1
U+ Hsz — K[| Xret|2 (Z 7'7'> (H si + s))
7(s1+ 8) <\Ill 1+ M1 1_[5Z — K[| X et |2 <ZT > (H si + s)))
< 7t (H(Sz +3) > (‘1’1 +m Hsz — K[| Xret|2 (ZT > (H (si + s))) (recursion)

=2

l
<7t (H(Si + g)) (BTl Xenll2 + £l Xrell2) + (7| Xenll2 + £l Xreall2) 51 — K| Xrea[l2(s1 + )

=2

=7 (H(s + s’)) ([ X |2

We end up with
1 -1 l !
W < (H (si+3§ ) [ Xentll2 + 5[] X et [|2 (Z T’) <H(Sz + S)> —m s
i=1 i=0 i=1 i=1
1
= ( (si +38) H sz> (definition of ;) (11)
Then,

(hI?%)XGS | fwtww (B, t) — fw (b, t)|loo <29 +Tr)(sp41+8) + (20 + Ap)S (Eq. 3))

L
< (]‘[ si+5) Hs1> (20 + [ Xretll2) (5241 + 8)  (Eq. (6), (7), 9), (1))
=1

+ (H 81) 2nL + (| X retll2)8
i=1

L+1 L+1
= H (Si + 5) - H Si> (27711 + ||Xrel||2)
i=1 i=1
<((s+8Ft =t ¢ (definition of s)
GL+1)(s+8"¢:  (0<s<s+3) (12)

where (; = 21 + || X el 2-

Generalization bound of ReED with translational distance decoder Recall that we set the prior distribution P as
N (Onw, oI N an). Since the distribution of the perturbed parameters Q. is N (W, oI o X T ) , the distribution of
the perturbation is N’ (Onw, oI . an). For the perturbation matrices that follow the normal distribution, we can derive
the following by replacing the standard normal variable in Corollary 4.2. in Tropp [48] with a random variable following the
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normal distribution having the mean of 0 and the variance of 2.

IP’( U)H > 5) < (di +dl)6752/(2max(d1_1,d1,)o'2) < 2de—5/(2d0%)
P(|00], > ) < @+ e Cmosiositde®) < =500
P (|||, 2 8) < iy + dige s/ @mestiedne®) < g /200%
P ( ﬁf.l)HQ > s) < (d)_y + dy)e¥/@max(di_yd)o®) < 9e—57/(2d0?)
P <‘ Wiﬂ ’2 > S> (dr, +dps1)e =5/ (2max(dr,dr+1)0%) < 9g—5/(2d0)
P (‘ ﬁiﬁ ’2 > 8) (d7y +dpy1)e —§?/(2max(dl,,dr41)0?) < 2de— 5"/ (2do?)
p([v” [, 2 ) < (@ + duga)em ™/ Ematitine®) < g2

Using Bernoulli’s inequality, we can derive that the probability of all perturbation matrices having the spectral norm less
than § is greater than or equal to 1 — 2Ny de % /(24" where Ny, = 2- L+ 2 |R|L + 3 - 2|R| = 2|R|L + 6|R| + 2L is
the number of perturbation matrices.

To satisfy the condition of Theorem 4.3, we set 2Ny, de " /(2d7*) = 1/2. Then, we get § = 0+/2d1n (4N d). Since the
prior is independent of the learned parameters w, we cannot directly use s to formulate . Therefore, we approximate s
with $ in the following range.

PP B L WY .
SO0 L+2°=°>T7+2°

Additionally, we assume that § < ms Then, if

max || fwsi(hor,t) = falhr,t)l|oo SSL+1)(s + 38" (Eq. (12))

(h,r,t)eE
t L1
<E(L+1)s" ( 2> CL <S<L+28>

is satisfied, we meet the condition of Theorem 4.3. With § = ¢/2d In (4Ny,d), we have

§=02dl{ANGD) < 7

(L+1)sE¢,

v (s
2d1n (4Nyd) \4e*(L +1)sL(¢y,
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By setting 0 =

[w

Dir(Qw+w|P) =

1 v
\/2d1n (4N d) (462(L+1)§LgL )

202

2
2

, we can calculate D1, (Qwiw||P)-

2

2d1In (4Nywd) (Z ||WH%>

2
8l
(4@2(L+1)§LCL)
(4€2(L + 1)$L¢, ) dIn (4Nwd)

2 (Nwsz)

16€* Ny, (L + 1)*§2L52¢2d In (4Ny,d)

IA

4 2.2(L+3 2L 2
164 Ny (L + 1)%s (—s) 20 1n (4N d)

72

L+2

72

16€S Ny (L + 1)*s2L+2¢2 d1In (4Ny,d)

From Theorem 4.3, we get

(KL divergence between two normal distributions)

(range of s)

1 xT
5 ((1—1—) <e,Vm>0)
y T

EO,E(fW) Sﬁy,f(fW) +

™)

Loe(fw) <L a(fw) +

L— i 16( €

B (€1, 1€1)
L& 9D 1 (O [ P) + In 2L 1ED

= [ k1 (QusIP) .

1= {5 [1665 Ny (L + 1)%62L422d1n (4Nwd) 1 46(|], |€])
— 5 + —-ln ——~=
\5| ¥ 2 1)

Now, let us find some range of s such that Theorem 4.4 trivially holds.

First, if

HfW(h> T t)”oo = 1max

max

(h,rt)e€ je{0,1}

< max

max

T (hyrt)EE jE{O,1}

< (201 + | Xuall2) 1 [ [ 80 < s < L

_1
) L+1

then Theorem 4.4 trivially holds since Lo ¢ (fw)

~y
—s < | 54—
(sz

Also, if

—IHP 0, AW + RO 0 - B[ V2|

(HH S HWij> [l (sub-additivity, sub-multiplicativity)

HIRP [, 11T ]2 + [ H e, 1]\|2HV§]>||2)
<(2®r + AL) sL+1

(definitions of ®;, A, and spy1)
L

2

=1

2

1— & 6 2 204202 o
] [166 Nu(L+ 1)*s2 23 dIn (4Nwd) | 1 49(5,5|)] .

1-

5

2 )

26

,72

| (432L+2C%

(13)

L z(fw) =1 when || fw(h,rt)]lc < 3 holds forall (h,r,t) € E.
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then Theorem 4.4 holds regardless of the value of Ly ¢(fw) and Ew #(fw) because the value of the loss function cannot
exceed 1.

Therefore, we only need to consider s in range

1 B T4
f}/ L+1
— <s< = 14
()" == N o
€]
< o < _1
We also need to check whether the assumption § < == s holds in this range. Note that if e () S T 5

holds, then the assumption also holds since § = . With a simple calculation, we get

(L+1) T S 462(L+1)¢L(§—i§s)L
L+2
sl > (L+2)y _
4e(L + 1)¢ (44)
The above inequality holds if s is in the range of Eq. (14), since

L+1 x
(L +2)y L:4Z <1+L11> §47 <l§SL+1 (<1+1) §e,Vm20)
462(L+1)§L<%) (L + eCr. — 2¢r, x

Therefore, we only need to consider Eq. (14) because otherwise Theorem 4.4 holds regardless of the choice of . While

Eq. (13) holds with probability 1 — 4, it only holds for s such that £5s < § < £+25. To make Eq.(13) hold for all

s in range Eq. (14), we need to select multiple § so that any s in range Eq. (14) can be covered. By assuming that

T+1
|s — 5| < 75 +2 ( QZL ) <1 +2 s, we can calculate the number of § we need to consider, i.e., the size of covering C, by

dividing the length of the range of s in Eq. (14) by the length of each cover, i.e., L+2 (QZL ) o . Let |C| denote the size of

T ILH1
covering C. By simple division, we get |C| = (L;Q) ( é — Ié> — 1 |. Using Bernoulli’s inequality, we can

conclude that the probability of Eq. (13) holding simultaneously for |C| choices of $is 1 — |C'|§. Therefore,

1-— 2] 16¢6 N. 22L+22 2
61 [16e5Nw (L + 1)°52042¢2dIn (4Nwd) 1. 40(1E),EDIC]
<L = - hy paNaa il Vit |
Loe(fw) <L, g(fw) + 7 l 7 T3l 5
- Ly, L2¢2s2Ld1n (Nyd 0(|€), 1€
<L, 5w+ 0\ =5 w1 M ”]
holds with probability of 1 — |C| - % = 1 — § regardless of s. O

Theorem 4.5 (Generalization Bound for ReED with Semantic Matching Decoder). Forany L > 0, let f, : VXR XV — R2
be a triplet classifier designed by the combination of the RAMP encoder with L-layers in Definition 3.1 and the SM decoder
in Definition 3.3. Let k, be the maximum of the infinity norms for all possible S, () in the RAMP encoder. Then, for any
0,y > 0, with probability at least 1 — § over a training triplet set g (such that 20 < |8| < |&| — 20) sampled without
replacement from the full triplet set £, for any w, we have

1-f

2,4 AL £
2 Ny L2n7 s*d1n (N, d)+ln9(|5\,\5\)

Loe(fw) <L g(fw)+0O 72 5

where 0(€],1€]) = 3\/IE|(1 = {5 |€], Now = 2[R|L+ 2[R| + 2L, np = 75 Xenll2 + K||Xrel||zz 0 rid =

max(maxo<i<r(di), maxo<i<r(d;)), 7 = Cy¢ + K, & = Cy4C,Cy % cpkr SL11 = maX”HU ||F,sl =
max(||[W || ¢, JUP | p, max, [WO ||z, max, |[UD || ) forl € {1,2,..., L}, and s = max;<;< 11 (s).
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Proof. We derive Theorem 4.5 from Theorem 4.3 where we construct a posterior distribution Q1 by adding random
perturbations w to w. Following [24; 35], we set the prior distribution P as N’ (Onw, oI nw><nw) and the posterior
distribution Q.+ as N (w, 02InWan) where n., is the size of w. We first compute maxy, ,+)cg || fwiw(h, 7, 1) —
fw(hy 7, t)|l0o, Which we call the perturbation bound, so that we can calculate the standard deviation ¢ of the prior distribution
that satisfies P (max s, .1y ee || fww (A1) — fw(h, 7,10 < F) > 1. Afterwards, we calculate the KL divergence of
OQw+vw from P using o and substitute the KL divergence term in Theorem 4.3 with our data and model-related terms, which
finishes the proof.

Perturbation bound of ReED with semantic matching decoder First, we compute the perturbation bound,
maX(;, ri)eg | fwsw (R, 7, t) = fw(h,7,t)| 0, and find o that makes P(max s, yee || fwiw (B 7, 1)-fw (7 1) |00 < f) >
5 true Let W denote a perturbation (also called noise) matrix added to the original weight matrix W. As a result, we have

W =W + W where W is a perturbed weight matrix. Also, let H 7" and R( ) denote the outputs of the perturbed model
at the [-th layer. Each element of W is an i.i.d. element drawn from N (O, 02). Assume that the maximum of the Frobenius
norms of the noise matrices is §. That is,

)

== (4)
, max H U

77

(l)H

00" o [

me |07

T

§= max <HW

Now, let us calculate the perturbation bound.

th t wh, 7t oo
(hr51§)>;5||f+( r,t) = fw(hr, Ol

T

—~(L =(J) [ ~(L T —
— max  max |[H b0, (H( I, :}) - VT (HO) |
(h,r,t)eE j€{0,1}

—~(1
Recall that &; = max, | H" [0, ][|» and ¥, = max, |H " [0,] — HO [, ][|2.
For any (h,r,t) € &,

a“mn, 0 (' (N(L’ t, ]) ~HOp T (HOL, :})T

— (ﬁ(”[h, 1-HPh, ]+ HO b)) (ﬁf?%’ﬁf‘”) (’ﬁ‘“[ 1 HD ]+ HPR, ])

= (7)
—HBPh U (H(L)[t ]) ’ (deﬁnitionofUTJ)

_ (fi(”[m 1- =M )) T (ff’( :

- HOL ] + HOR, )

+ HD ot (ﬁ(L)[t, - HOp, :])T
(80 - BV B )0 (- H O O) |
<\ [, = HO W, [T 2 (||ff“>[t, 1-HOR, e + [H P, 2)
I ED [, [T ) [t = HP[t, ]|l (sub-additivity, sub-multiplicativity)
£ (1Y 1, Ot JHP [0, 1) [T, (5 10 - HO L Al 1))

<Up (Vr+2Pr)sp+1 + (Y + CI>L)2 § (definitions of Uy, @, and sp4+1)

Therefore,

e | fwio (hy 7, t) = far (B, )|l oo < UL (Vp 4 28p)sp41 + (Vg + $p)?6
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Note that we can calculate the upper bounds of ®, and ¥, using Eq. (9) and Eq. (11), respectively. Then,

(hg{§)){€g||fw+w(h,r,t) — fa(hy 7, 1)]| oo

<UL(Up +201)sr41+ (U + (I)L)2§

SNL (H(Sz +3) — H Sz> (UL (H(Sz +3) — H Sz> +2ng H 52) SL+1

i=1 i=1 =1

+ <77L (H(Sz‘ + 8) _H3i> +77LH5i> §

1=

(s 4+ 521+ = 2041) (15)

Generalization bound of ReED with semantic matching decoder Recall that we set the prior distribution P as
N (0n,,, %I, xn,, )- Since the distribution of the perturbed parameters Q4+ is N (W, 021, xn,, ), the distribution of
the perturbation is N (Onw, oI N an). For the perturbation matrices that follow the normal distribution, we can derive
the following by replacing the standard normal variable in Corollary 4.2. in Tropp [48] with a random variable following the
normal distribution having the mean of 0 and the variance of o2

P (||W81)||2 > s) < (dis +dl)67§2/(2max(dl,hdl)oQ) < 2d67§2/(2d02)
P (”Uél)n2 > 8) <(d_, +d;)efs-?/(zmax(dg,l,d;)ﬁ) < 9de 5/ (2d0?)
P (||W,(ﬂl)||2 > s) < (di_s +dl)e_s-?/(zmax(dl,hdl)g?) < 9de—5/(2d0?)
P (”US)HQ > S) <(d_, +dl)6_§2/(2max(dg,hdl)a?) < 9de 5/ (2d0?)

P (U:’7>2 > S) < 2dLe_52/(2dL02) < 2de—§2/(2d02)

Using Bernoulli’s inequality, we can derive that the probability of all perturbation matrices having the spectral norm less
than  is greater than or equal to 1 — 2Ny,de~¥/(247”) 'where Ny, =2+ L + 2+ |R|L + 2|R| = 2 [R|L + 2|R| + 2L is
the number of perturbation matrices.

To satisfy the condition of Theorem 4.3, we set 2Ny, de = /(2d*) — 1/2. Then, we get § = 0+/2d In (4N d). Since the

prior is independent of the learned parameters w, we cannot directly use s to formulate o. Therefore, we approximate s
with § in the following range.

| i| < 1 2L +1 <0<2L+3
§—5| < ——>5 = 5<5s s
~ 2L +2 20+2 & T 2L +2
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Additionally, we assume § < s. Then, if

2L+2
108 | fori (b, 8) = fuo (B D)oo < g (s + 82 =24 (Bq.(15)
<EEQ2L+1)(s+5)%F (0<s<s+3)

1 2L
<2520 +1)s2F <1+ YA ) <§§ 2L—|—2$)

2
i} 2L +2 \*" 1\ i
<nis(2L+1)<2L+1s) <1+2L+2> (range of $)
9 2L
=n25(2L 4 1)5*F (1 + )

2
2. oL 2 7 1\*
<np8(2L+1)57e S <(1+> S&VSCZO)

is satisfied, we meet the condition of Theorem 4.3. With § = o1/2d In (4Ny,d), we have

§ = 0+\/2dIn (4Nyd) < i

= 4e?(2L + 1)n? §2L

1 o
2d1n (4N d) (462(2L + 1)n? sQL)

1
\/2d1n (4N, d)

By setting 0 = (462(2“71)772 =T > , we can calculate D 1, (Qwiw||P).
z.

w3
202

_ 2d1n ( éjN (Z HW”F)

2 (W)
< (4e2(2L + 1)n? 82E)2d1n (4Nyd)

D1 (Qww|P) =

(KL divergence between two normal distributions)

< Ny s>
2
. 2L\ 2
Nyys2 (462(2 L+1)n2 (;‘Ligs) ) dIn (4N d)
< 2 (range of $)
Ny s2(4e3 (2L + 1)n? s2L)2d 1n (4N d 1\*
¢ N UL P N) (1) < o)
~ T
168 Ny (2L + 1)° 04 s*E+2d In (4 Ny, d)
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From Theorem 4.3, we get
1- 14 GAE

16)

" E
L & w =
<L, s(fw) + |5‘

16€6 Ny (2L + 1)*n 42424 In (4 Ny d) R 40(1€),1€1)
2 2 )
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Now, let us find some range of s such that Theorem 4.5 trivially holds. First, if

_ T _ T
I fuw (o) | o < max <‘H(L) 00, (H PR ) ‘ , ‘H(L) 007 (H PR )

)

2

L

< ®ispy1 < sy <H Sz> < ittt < ;Y
=1

1
2L+1
— s < (72 )
207

then Theorem 4.5 trivially holds since Lo (fw) = £ #(fw) =1 when || fw(h,7,1)|loc < 3 holds for all (h,r,t) € €.
Also, if '

1= 18 [ 1665 Ny (2L + 1)%% s1L42d In (4Nyyd) N (N R & 4sazvzpt .
— —In———W=| >
€] ok 2 J €] 72
1
2L+1
— s>

then Theorem 4.5 holds regardless of the value of L ¢( fw) and L',7 #(fw) because the value of the loss cannot exceed 1.
Therefore, we only need to consider s in range

1 2L+1
y L+1
— < 17
(277%) == (an
. .. 1 . . . fy 1
We also need to check whether the assumption § < 51735 holds in this range. Note that if 12 L) (2 s)u < 517135
. . . ~ y . . .
holds, then the assumption also holds since § = 1 (2L+1)n2 8ok < 1o L (ER With a simple calculation, we get
$2LHL > (2L +2)y -
4e2(2L + )2 (ggg)
The above inequality holds if s is in the range of Eq. (17) since
2L +2 1\t 1\"
CLe2y (14 << < 14+=) <eVr>0
5 9 (2041 4e3n7 2L +1 den7 — 2n7 x

Therefore, we only need to consider Eq. (17) because otherwise Theorem 4.5 holds regardless of the choice of . While

Eq. (16) holds with probability 1 — 4, it only holds for s such that 22435 < § < 22435 To make Eq. (16) hold for

all s in range Eq. (17), we need to select multiple s so that any s in range Eq. (17) can be covered. By assuming that

v 2LF1
|s — 5] < 5 L =) ( ) <5 L 5 S, we can calculate the number of § we need to consider, i.e., the size of covering C, by

dividing the length of the range of s in Eq. (17) by the length of each cover, i.e.,ﬁ ( # ) m. Let |C| denote the size of
L

LT
covering C. By simple division, we get |C| = (2L2+2) (( \?ll — é) — 1) . Using Bernoulli’s inequality, we can
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Table 4: Dataset Statistic

VI IR €l

FB15K237 1,496 179 41,873 52,318
CoDEx-M 2,684 42 17,951 22,224
UMLS-43 133 43 10,174 12,732

conclude that the probability of Eq. (16) holding simultaneously for |C| choices of $ is 1 — |C'|§. Therefore,

Loe(fu) <L 5(fu) +

- [1666Nw(2L + 1)y}t 2dIn (4Nwd) | 1, 40(ELIE]IC]

€] ~2 2 )
s o | I [Nt () | 6GELeD
e €| 7 5
holds with probability of 1 — |C| - &7 =1 — 4. O

E. Experimental Details

‘We conduct experiments on three real-world knowledge graphs: FB15K237 [47], CoDEx-M [40], and UMLS-43 [7; 27],
shown in Table 4. We generate smaller versions of FB15K237 and CoDEx-M via graph sampling [46] for ease of analysis.
We create smaller versions of FB15K237 [47] and CoDEx-M [40] using a standard graph sampling [46] and consider them
as fully observed knowledge graphs G for easier analysis. Specifically, we randomly sample five seed entities for FB15K237
and ten seed entities for CoODEx-M. From the seed entities, we randomly sample 30 neighboring entities per hop for two
hops. Then, we take all sampled entities and the triplets between them. While CoDEx-M contains negative triplets (i.e., false
triplets needed for training a triplet classifier), FB15K237 and UMLS-43 do not include negative triplets. For these datasets,
we create negative triplets by corrupting either a head or a tail entity of each positive triplet, following Socher et al. [44].

Wesetd; =ds = --- = dp = dp+1 for all datasets. We use d; = 96 for FB15K237, d; = 64 for CoDEx-M, and d; = 48
for UMLS-43. For RAMP+TD, we set the learning rate to be 0.0003 on FB15K237, 0.0005 for CoDEx-M, and 0.0002 for
UMLS-43. For RAMP+SM, we set the learning rate to be 0.0005 for all datasets. We set the margin of the margin loss for
FB15K237 and CoDEx-M to be 0.5, and 0.75 for UMLS-43 and run all models for 2,000 epochs.

In our implementation of ReED, we use the Adam optimizer [20]. When implementing ReED, we used python 3.8 and
PyTorch 1.12.1 with cudatoolkit 11.3. We run all our experiments using NVIDIA GeForce RTX 2080 Ti. We repeat each
experiment ten times with the random seeds: 0, 10, 20, 30, 40, 50, 60, 70, 80, and 90. Our code and data are available at
https://github.com/bdi-1lab/ReED where more details about the experiments are explained in the README
file.
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