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Abstract

The expanding computational costs and limited resources underscore the criti-
cal need for budgeted-iteration training, which aims to achieve optimal learning
within predetermined iteration budgets. While learning rate schedules funda-
mentally govern the performance of different networks and tasks, particularly in
budgeted-iteration scenarios, their design remains largely heuristic, lacking theoret-
ical foundations. In addition, the optimal learning rate schedule requires extensive
trial-and-error selection, making the training process inefficient. In this work,
we propose the Unified Budget-Aware (UBA) schedule, a theoretically grounded
learning rate schedule that consistently outperforms commonly-used schedules
among diverse architectures and tasks under different constrained training budgets.
First, we bridge the gap by constructing a novel training budget-aware optimization
framework, which explicitly accounts for the robustness to landscape curvature
variations. From this framework, we derive the UBA schedule, controlled by a
single hyper-parameter ¢ that provides a trade-off between flexibility and simplic-
ity, eliminating the need for per-network numerical optimization. Moreover, we
establish a theoretical connection between ¢ and the condition number, adding
interpretation and justification to our approach. Besides, we prove the convergence
for different values of . We offer practical guidelines for its selection via theoreti-
cal analysis and empirical results. Extensive experimental results show that UBA
consistently surpasses the commonly-used schedules across diverse vision and
language tasks, spanning network architectures (e.g., ResNet, OLMo) and scales,
under different training-iteration budgets.

1 Introduction

Deep learning has achieved remarkable success across a wide range of domains, including computer
vision and natural language processing. However, despite continual advancements in hardware
technologies [45) 53], the training cost of neural networks has increased dramatically due to the
growing scale of models and datasets [4} (8] |47, 48]. As a result, resource constraints, including
computational power, memory, energy consumption, and time budgets, are emerging as significant
bottlenecks in the training process [41,(58]. These challenges highlight the pressing need for budgeted
training, which aims to achieve optimal model performance under fixed hardware and limited time.
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While existing budgeted training studies broadly address resource efficiency, a critical yet under-
explored direction within budgeted training is achieving the best possible model performance under
strictly fixed iteration constraints. This scenario is common and practically significant where practi-
tioners work under limited computational or time budgets [30]], and in extreme cases, models have to
be completed within a few training iterations due to resource exhaustion. To formalize this specific
research problem, we introduce the term ‘budgeted-iteration training’, distinguishing it from the
broader scope of budgeted training.

Budgeted-iteration training has received growing attention in research, given its significant real-world
applicability. Several studies have developed relevant techniques that align with its goals. Smith et
al. [43] propose the cyclical learning rate schedule (CLR), improving accuracy in fewer iterations
without tuning [44]]. Li et al. [30]] introduce budget-aware adaptations for existing learning rate
schedules. Chen et al. S]] propose a novel learning rate schedule called Reflected Exponential (REX).
These approaches are primarily based on learning rate designing. Learning rate scheduling highlights
key advantages: (i) It plays a critical role in general training of diverse neural architectures across
tasks. (ii) It has demonstrated suitable and competitive in fixed training iteration budgets [20]. (iii) It
is plug-and-play, requiring minimal adjustments to the underlying model architecture, which makes
them easily adaptable to various deep learning frameworks. Leveraging these advantages, we adopt
the learning rate design approach for budgeted-iteration training.

Despite their advantages, most learning rate schedules, whether tailored for budgeted-iteration train-
ing or standard training performance, are still heuristic and lack rigorous theoretical grounding. In
addition, existing schedules typically rely on manually designed rules or empirical tuning. Conse-
quently, selecting an optimal schedule often involves extensive trial-and-error, incurring substantial
cost in terms of time and computation [34].

A natural question arises: Does there exist a theoretically grounded, unified schedule that eliminates
heuristic selection while maintaining robust performance across tasks, networks, scales and training
budgets?

In this paper, we provide an affirmative answer by proposing a theoretically grounded schedule. The
proposed learning rate schedule should consistently outperforms existing schedules among diverse
architectures and tasks under different constrained training budgets. By doing so, it avoids choosing
suitable learning rate schedule after multiple trials for network training.

To achieve this, we first bridge the gap by constructing a unified budget-aware training optimization
framework, which incorporates the robustness to landscape curvature variations induced by data
distribution, sampling, network architectures and optimization. The framework employs a min-max
optimization approach to guarantee performance under worst-case conditions, since the minimization
of learning rate is operated on an upper bound. Then we obtain numerical solutions by gradient
projection methods. To eliminate the need for repeated numerical optimization when applying
our method to different networks, we propose a universal parametric function that approximates
numerical solutions. We nominate the resulting schedule Unified Budget-Aware (UBA) schedule. It
requires tuning only a single hyper-parameter ¢, reducing the overhead of per-network numerical
optimization. Moreover, we establish a theoretical connection between ¢ and the condition number,
adding interpretation and optimization difficulty-aware theoretical grounding. Besides, we prove the
convergence for different values of ¢. These theoretical analysis along with empirical results offer
practical guidelines for ¢ selection. We evaluate UBA through comprehensive experiments across
vision and language tasks, spanning diverse architectures and iteration budgets. Specifically, for
vision tasks, the UBA schedule demonstrates consistent superiority over baselines across all evaluated
datasets and model scales under varying training iterations. For language tasks, we validate the
effectiveness of UBA through extensive benchmarks with OLMo model(36M, 73M, 150M and 300M
parameters). Results show that UBA achieves state-of-the-art performance across on approximately
half of the benchmarks, and consistently outperforms baselines on the average scores. Moreover, our
performance improvements come with negligible computational overhead, which constitutes one of
its key advantages.

Main contributions:

1. We construct a unified budget-aware training optimization framework that inherently adapts
to landscape curvature variations, enhancing training robustness of leaning rates.



2. We propose the Unified Budget-Aware (UBA) schedule from our constructed optimiza-
tion problem, controlled by a single hyper-parameter ¢ that provides a trade-off between
flexibility and simplicity, i.e. adaptive curvature adjustment and minimal tuning cost.

3. We prove the convergence under ¢ and derive practical guidelines for its selection through
analysis and experiments. Besides, theoretical analysis and empirical results show that ¢ is
related to optimization difficulty such as condition number.

4. We perform experiments and demonstrate that UBA surpasses the commonly-used schedules
across diverse vision and language tasks, spanning network architectures (e.g., ResNet,
OLMo) and scales, under different training-iteration budgets. Moreover, our performance
improvements come with negligible computational overhead, which constitutes one of its
key advantages.

2 Related work

Budgeted training Researchers face significant challenges in achieving optimal model performance
under fixed hardware and limited time. To address these challenges, the concept of budgeted
training has gained increasing attention, exploring techniques including computation efficiency, model
compression, training stability and convergence improvement [41]]. It focuses on: (i) emphasizing
the allocation of resources, such as the balance between the model size and the amount of data
(216} 24] 28]). (ii) finding optimal configurations or improving performance within the given compute
or time budget, such as memory efficiency and computation reduction [17, 26,31, 38]], optimization
learning rate schedules [3} 30} 43}, /44], batch size [17] and other weight averaging method [26), 27]].

Within the context of budgeted training, a key area that remains under-explored is achieving the best
possible model performance within a fixed number of iterations, i.e. ‘budgeted-iteration training’. In
this domain, learning rate scheduling based methods are particularly aligned with the objectives of
budgeted-iteration training. Smith et al. [43] propose a new learning rate schedule, named cyclical
learning rates (CLR). It improves accuracy in fewer iterations without tuning and is relevant to super-
convergence phenomenon [44]. Li et al. [30] introduce an alternative setting of existing learning
rate schedules for budgeted training. Chen et al. [5] propose the reflected exponential schedule
(REX) via a profile and sampling fashion. Zhang et al. [57] introduce the finite horizon optimization
framework and apply it to linear programming, which optimizes the algorithm performance under a
strict iteration budget. Learning rate based approaches achieve robust and high-performing results
under various lengths of training iterations, which corresponds to our purpose in this work, i.e.
budgeted-iteration training [34]. Besides, this approach is plug-and-play, requiring no substantial
alterations to the underlying model structure, making it readily adaptable to various deep network
frameworks. Therefore, we explore the proper learning rate schedule to achieve budgeted-iteration
training.

Learning rate schedule The learning rate plays a pivotal role in controlling the optimization
process during network training. The common scheme is the step decay schedule. A typical instance
decreases the learning rate by a decaying scalar 0.1 after 50% epochs and by a decaying scalar 0.01
after 75% epochs [21]]. Then Loshchilov et al. [32] observe that sharp decreases may prevent models
from escaping local minima and propose the cosine schedule function, which is the most popular
schedule for language model pretraining.

Pan et al. [36] propose Eigencurve, and demonstrate that minimax-optimal convergence can be
achieved for quadratic objectives when the Hessian’s eigenvalue distribution exhibits substantial
skewness. Defazio et al. [11] developed the theoretically-grounded framework for learning rate
scheduling, establishing optimal linear decay schedules and refinements through rigorous mathemati-
cal derivation. Their work additionally provides the most extensive empirical evaluation of scheduling
approaches to date. Although some schedules include the CLR [43]], REX [5]], Warmup-Stable-Decay
(WSD) [25] and schedule from multi-power law [34], there is no consensus on the optimal choice. In
addition, the detail can be found in Appendix[F including some works focus on adaptive learning
rate methods.

Learning rate design is not only significant in general training, but also critical in budgeted-iteration
training which still remains a topic of debate. Some analyses advocate for small, constant learning
rates to ensure stability and convergence [12]]. On the contrast, one prevailing hypothesis suggests that



large learning rates may facilitate crossing over sharp local minima in the optimization landscape [56].
Despite the lack of comprehensive theoretical explanations, a range of learning rate schedules inspired
by the above analyses as heuristic guidelines has been widely adopted in practice, using variable
learning rates to budgeted-iteration training [S} 30]. In this work, we explore learning rate schedule
from optimization problem tailored to budgeted-iteration training, aiming to balance iteration budget
constraints and generalization.

3 Budgeted-iteration training

3.1 Finite optimization under limited training iterations

To design a one-size-fits-all learning rate schedule, we construct a robust optimization model of
learning rates across varying training conditions (see more conceptual illustration in Appendix [A]).
Specifically, we aim to guarantee minimal loss within constrained training iterations under the
worst-case conditions, proposing a budget-iteration-aware framework for learning rate optimization.

Definition (Finite optimization): Let f(W, D) denote the function parameterized by a given neural
network with parameters W € R on the dataset D. Let ¢ denote the data sampling on the dataset
D, and let F be a function class.Let £ be the loss function. Let 7; be the learning rate at the ¢-th
iteration, 7' be a maximum number of training iterations, and ¢ be the current learning step. A finite
optimization is

min max L(f(Wr,§)),
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In the optimization model [I] the constraint represents the stochastic gradient descent process. The
maximizing of L(f(Wr,&)) represents the worst-case among the training process on the network
f. Then it minimizes the worst-case loss within given iterations, embodying its budget-aware
property. By formulating the problem as a min-max optimization, we identify learning rates 7, (t =
1,2,---,T — 1) that are resilient to the uncertainties introduced by different training configuration,
uniformly throughout the optimization trajectory.

The challenge lies in characterizing the f within the optimization process. f is primarily determined
by variations in parameter configuration, datasets characteristics, batch ordering and network architec-
ture. From an optimization standpoint, we assume that the characteristics of f shaped by these factors
can be captured by the loss landscape of f. Therefore, we can analyze f by approximating its loss
using a quadratic expansion around nearby strict local optima. Specifically, during the optimization
process, the loss surface in the vicinity of the optimization trajectory can be approximated by sequence
of strict local optima (or at least by one optimum), denoted as W) (k=1,2,--- K, KeZm),
with the final optimum represented as W% . This approach enables us to capture the key features
of the loss surface near these points. Therefore, the trajectory of optimization is impacted by the
characteristics of the nearby strict local optima, since the optimization process is inherently shaped
by the loss landscape and the key features of the surface are captured by these optima. Consequently,
we can derive the learning rate within the optimization model by the information of these nearby
strict local optima.

According to the second-order necessary condition for the strict minimum W), this approx-
imation is achieved through the positive semi-definite Hessian matrix H}k) (6) € RNXN,
In addition, the optimization problem will be programmed sequentially. Then ob-
jective function of the optimization problem can be reformulated as L(f(W® &) +
L (Wrp, —W®) ' HP () (W, ~W®)  (k=1,2,---, K). Given that the networks un-
der consideration possess sufficient capacity to fit the data, the loss at the optimal point for different f

can be made small enough. Thus the term £(f (W) £)) can be reasonably neglected in our analysis.
We obtain the following sequential optimization problem.
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where 77 =0and Tx =T — 1.

By the first constraint W; 1 = W, — mHJ(ck) €3 (Wt — W(k)), we can obtain (see Appendixfor
derivation)
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where )\Ek) (i =1,2,---,N) are the eigenvalues of H}k)(f) around the k-th optimum, which
satisfy 0 < )\(k) < )\(k)( f(6 ) for all i, u( ) (¢t = 1,2,--+ ,N) denote N linearly

independent eigenvectors and s

Ek) are the coefficients corresponding to the eigenvector components

Since the term HWTk - W ||2 is a certain constant, the optimization process of weights Wr, | i
Trt1

equivalent to the least upper bound of the [] (1 —n Agk)). Thus, the optimization of learning
t=14+Tw
rate schedule can be formulated as follow,
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min max H (1 — e ) ,
AT 24 T My AP <P <X g 4)
s.t. MATy s 24Ty s -+ TITk+1 € [nmin7 nmaXL
k= 1727"' 7K7

To solve the constrained min-max problem (@), we adopt an iterative projected gradient method

that alternates between minimizing over the variables 7; and maximizing over the parameters )\Z(»k)
To avoid repeated numerical optimization, we fit the solutions with a parametric function. Details
regarding the numerical solution and curve fitting process are provided in Appendix Bl Then, we
obtain the 7, within the interval ¢ € [1 4+ T, Ty1] as follows

2|1+ cos (BETZ 4 (k— 1) 7))

204+ (2—9) [1+cos(%+(k—l)w

Nt = (Mmax — Mmin) )] + Nmin, 5

where ¢ is the hyper-parameter controlling the variation speed of the learning rate 7;.

When setting (K > 2), UBA extends to a multi-phase formulation, which offers three potential
advantages. (i) Hierarchical optimization: by partitioning the budget-aware optimization into multiple
phases, each near a different local minima, it improves approximation accuracy and captures the
dynamic features of the loss surface. (ii) It helps escape saddle points, (iii) It generalizes the single-
phase method, allowing for future extensions. Notably, a single-phase approach (K = 2) remains
effective, as the robust budget-aware model inherently derives the optimal schedule function, as
shown in Figure[I(a)] For consistency with common practice and to better isolate scheduling effects,
this paper focuses primarily on the single-phase implementation. The multi-phase approach is also
compared in Appendix [E.9] with its schedule shown in Figure [I(b)]

We name the proposed schedule Unified Budget-Aware (UBA) schedule for the following reasons.
The robust budget-aware model minimizes the loss function uniformly across the optimization
trajectory, resulting in stable performance. UBA provides a reliable, unified choice for practitioners,
eliminating the need for case-by-case baseline comparisons and delivering consistent superiority
across datasets, architectures, and training budgets. Lastly, UBA can uniformly approximate the
behavior of existing schedules through simple parameter adjustments.
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Figure 1: Evolution of the learning rate in UBA schedule across training iterations.

3.2 Theoretical analysis

Proposition 1. The fit function () is the exact closed-form solution to the min-max optimization
problem:

e 11 1\ ]
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when the hyper-parameter © are determined by /\l(k) and /\5}“) through the relation ¢ = 2% and
1

Mmax = 17 Mmin = 0.

The min-max model in Proposition |I| represents a special case of our generalized optimization
framework. We show that UBA is the exact solution to this special case optimization problem when

the learning rate is scaled by <)\§1k) - Aé’”) e + @ It provides a theoretical foundation for our

choice of learning rate instead of choosing it heuristically or empirically, adding rigor and justification
to our approach. Moreover, in this case, ¢ is linked condition number. It indicates how the learning
rate is shaped by the local curvature of the model, which could guide the optimization process more
effectively. The relationship between ¢ and condition number suggests an adaptive nature for the
learning rate. In regions with sharp curvatures (large condition number), ¢ reduces the learning
rate more rapidly to avoid overshooting. Conversely, in flatter regions, ¢ allows the learning rate to
remain large for several iterations, facilitating faster convergence. The transformation of the learning
rate trend is shown in Figure[I] This is a step toward establishing a principled connection between
learning rate and local loss landscape geometry along with optimization difficulty. By this special
case, we generalize that ¢ is related to optimization difficulty. The empirical results support these
conclusions, with further details in Section[4.3]and Appendix [E.6

Proposition 2. Consider the training process within the interval t € [1 4+ Ty, Ti41]. When the
hyper-parameter o is set sufficiently close to 2, the proposed learning rate scheduling formula reduces
to the cosine learning rate schedule.

By Proposition [T} the hyper-parameter ¢ is related to the optimization difficulty. In that case, the
(k)
optimization difficulty is explicitly quantified as the condition number and ¢ = 2, where k = %
l
Furthermore, Proposition [2] shows that when ¢ approaches 2, the proposed learning rate schedule
converges to the standard cosine schedule. It means that, in regions where the optimization difficulty
is manageable (i.e., the curvature is relatively flat), setting ¢ = 2 allows the learning rate schedule
to naturally reduce to the cosine form. Besides, our schedule can approximate the behavior of
existing schedules (e.g.step decay, cosine annealing, cyclic schedule or Rex schedule) through simple
parameter adjustments, shown in Table[l] The detail can be found in Appendix |C| More importantly,
it outperforms these schedules by training convergence and final accuracy, supporting results can be

found in experiment Sections [4.1]and [4.2]and Appendix
Theorem 1. Letn; = H}k) (Wt — V_V(k)) — H](ck)(f) (Wt — W(k)) be the stochastic curvature noise
introduced by sampling at iteration t. Assume that the sampling Hessian satisfies: F¢ [ntmT ] =
4>\l(k) (Nmax —"min) [1+COS (w ) } (Tre1—Tk)

2(Tp41—Tk)
(p=2)m

UQHj(fk) for some constant 0. Denote T := . Ifwe



Table 1: The adaptive simulation of existing schedules.

Schedule Parameter adjustments ~ Schedule = Parameter adjustments

Cosine p=2 Step © =0, Nmax = 0.5%, Tiy1 — Tr =decaying step.k = 1,2, ...
Exponential ¢ = 30 Cyclic =2k k+1,Ty41 — Ty =cyclicstep .,k = 1,2, ...
Rex p=0.8 OneCycle ¢ =2,k < k+ 1,15 — T = pct_start step

set the learning rate as the proposed form (), the loss uncertainty introduced by stochastic gradient
method within the interval t € [1 + Ty, Ty+1] can be bounded by two terms,

For ¢ > 2:
E [£(f(W0,€)) = LW, €)]

. { MThsr — Ti) + (¢ — 2
- 4(Tk+1 - Tk) + ((p - 2)7T(t - Tk)
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T @)
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4 Experiment results

We conduct comprehensive evaluations along three dimensions: (i) Modality diversity, including
vision and language tasks; (ii) Training budget, including model scales (small to large) and training
iterations (short to long); (iii) Ablation studies, such as parameter sensitivity and cross-optimizer
performance. This evaluation strategy ensures the robustness and generalization of our findings.

Our implementation strictly follows the PyTorch official APIL, i.e. it is inherited from the base
class torch.optim.lr_scheduler.LRScheduler (Appendix [E.3). It maintains full compatibility
with all torch.optim optimizers. The complete production-ready code is publicly available (see

Appendix [E3]|for link).

A key advantage of UBA lies in its critical parameter ¢. While an optimal ¢ can further improve
model performance, we intentionally fix its value across all tasks and architectures to ensure fair
evaluation. We fix ¢ for SGD and AdamW respectively (see learning rate variations in Figure [I(a)).
The rationale for these choices is systematically analyzed in our ablation study #.3] Since each
schedule has a different optimal learning rate in practice, to thoroughly address this concern, we
conduct additional experiments to evaluate the performance of all schedules with different learning

rates in Appendix

Baselines Research on budgeted-iteration training remains limited, with most existing approaches
focusing on learning rate scheduling strategies [} 130} 44]. To provide a fair comparison, we
adopt several widely used and empirically effective learning rate schedules as baselines: Step(SS)
[16], Cosine(CS) [32], Cyclical (CLR) and OneCycle (1C) [43] l44], Budgeted training(BT,
mathematically equivalent to linear decay) [30] and Reflected Exponential (REX) [5]. Details of
these baselines are provided in Appendix



Table 2: Validation accuracy for vision classification tasks. We present validation accuracy on vision
benchmarks (e.g., CIFAR10/100 and ImageNet) using different architectures (ResNet18, ResNet34,
ResNet50) under fixed epoch budgets of 25%, 50%, and 100% of the maximum training epochs.

training budget (epoch(%))

Dataset Network Method
75 (25%) 150(50%) 300(100%)
SS 92.7140.4243  93.45+0.4822  93.6140.3035
CS 94.2140.5116 942402419  95.524-0.2433
CLR 92.1340.2610  92.99+0.5459  94.9240.3811
CIFARIO  ResNetl8 - 04.2340.1838  95.0340.1353  95.3540.2984
BT 94.1840.3546  94.79+0.4605  95.68+0.1168
REX 94.4940.3225  95.1040.1929  95.45+0.1350
UBA(ours) 94.57+0.3281 95.26+0.2150  95.6540.1589
75 (25%) 150(50%) 300(100%)
SsS 71.0940.2676  75.34-+0.1802  77.2440.1808
cs 64.1240.1808  69.84--0.7580  74.2940.5958
CLR 73.3340.5635 73.4140.2835  74.7440.2266
CIFARI00 ~ ResNet34 )~ 7338403227  75.04+0.6382  77.86+0.2239
BT 7275402611  75.3540.2423  78.5840.2705
REX 73.6440.5635  75.14+0.3110  78.0440.1430
UBA(ours) 74.60+0.1508  76.63+0.2678  78.95+0.2818
75 (25%) 150(50%) 300(100%)
Ss 74.7440.1386  77.24-0.3861  78.5640.6435
CS 75.8440.2220  77.9540.2164  79.0740.0438
ImaceNet  ResNetso  CLR 73.90+1.4609 76.04+1.6419  77.8441.3053
mageie esive 1C 75.8340.7792  77.74+0.5218  78.9040.2956
BT 75.9040.2786  77.8140.4624  78.86+0.2814
REX 75.8540.8047  77.66+0.8853  78.66 +0.2828
UBA(ours)  76.29+0.4031 78.26+0.1640  79.39+0.0170

4.1 Experiments for vision classification tasks

We evaluate our proposed UBA schedule on vision benchmarks (e.g., CIFAR10/100 and ImageNet)
using different architectures (ResNet18, ResNet34, ResNet50). In addition, we independently train
models using fixed epoch budgets of 25%, 50%, and 100% of the maximum training epochs, without
reusing or interpolating results from longer training runs. This setup ensures that each budget setting
is evaluated in isolation, thereby preserving the integrity of comparisons across low and high training
budgets. Table[2]presents the validation accuracy across different training budgets, comparing UBA
against six baseline schedules (see detailed results in Appendix [E.4).

We find that: (i) UBA demonstrates the strongest performance across all training budgets, achieving
superior results on both small-scale (CIFAR10/100 with ResNet18/34) and large-scale (ImageNet
with ResNet50) benchmarks. This consistent improvement highlights the generalizability across
model and dataset scales. (ii) UBA outperforms baselines not only at 100% training budget but
also at 25% and 50% iteration budgets, demonstrating its budget efficiency, i.e. effectiveness in
computation-constrained scenarios. (iii)Notably, UBA shows robust performance even while the
second-best schedule varies depending on both the datasets, architectures and training budgets. For
practitioners seeking reliable schedules without extensive method selection, UBA provides a default-
strong choice. UBA eliminates the need for case-by-case baseline comparison and delivers stable
superiority and reliability regardless of datasets, architectures, training budgets and scales.

4.2 Experiments for language models

We evaluate UBA schedule on the OLMOo][[19], a truly open language model based on decoder-only
transformer architecture, across diverse benchmarks in language model evaluation. Since large
language models commonly provide multiple scales to accommodate different compute constraints.
We adjust both model size and training steps to explore budgets. We evaluate UBA on OLMo networks
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Figure 2: Training dynamics and performance for language tasks under 150B tokens on 300M OLMo.
We present the training loss, validation loss, and downstream performance on HSWAG and ARC-E,
demonstrating that UBA schedule achieves superior performance.

Table 3: Performance comparison between UBA and the best-performing baseline schedules on
OLMo. We report the results of top-performing baseline schedule for the corresponding benchmark
and model scale. The names of the top-performing baseline schedules are listed below the results.
Bold values indicate UBA’s superiority (See overall results of each schedule in Appendix [E.3)).

Benchmark(accuracy %)
Size Sched. PIQA HSWAG OBQA SciQ ARC-E ARC-C COPA SIQA SOC OTH Avg.

s Best 61.15 2791 27.80 68.10 45.26 23.41 63.00 41.45 25.18 29.86 40.92
=, baseline (CLR) (1C) (REX) (REX) (SS) 10) (SS) (CLR) (REX) (1C) (REX)

o
UBA  60.39 27.98 2740 68.20 45.79 21.74 63.00 40.69 24.33 30.14 40.97
Best 62.46 30.22 28.80 72.60 47.54 26.42 66.00 4197 2632 29.34 4253

§ baseline (REX) (REX) (CS) (CS) (IC) (10) (BT) (BT) (SS) (REX) (CS)

UBA  63.17 30.09 2880 74.30 4579  22.74 65.00 41.45 2713 28.85 42.73
s Best 6600 3572 3280 7820 53.16  26.42 69.00 43.71 27.68 32.64 4591
S baseline (CS) (REX) (I1C) (BT) (IC) (BT) (REX) (CLR) (REX) (REX) (REX)
T UBA 6523 3550 29.80 7830 5035  27.42 67.00 43.50 29.29 32.72 4591
s Best 7018 4630 3340 8440 5772  28.43 72.00 44.58 29.50 36.74 49.70
S baseline (REX) REX) (CS) (REX)(REX) (REX)  (BT) (CS) (REX) (REX) (REX)

UBA 6948 46.44 34.60 83.90 60.35 29.10 72.00 4442 28.53 3541 50.42

spanning four parameter scales: 36M, 73M, 151M, and 300M, covering normal to large-scale models.
Due to space limitation, we defer details such as benchmarks introduction, experimental setting and
overall results in Appendix [E.5).

From Table[3] UBA achieves state-of-the-art performance on approximately 50% of the benchmarks
across all scales while the second-best schedule varies. Furthermore, it achieves consistent superior
average performance among all baselines. It highlights the stable superiority and reliability of
UBA, providing a default-strong choice. Moreover, it demonstrates significant improvements in
SciQ-73M(+1.7) and ARC-E-300M(-+2.63), highlighting its ability to enhance generalization across
diverse benchmarks. Besides, in Figure 2] UBA consistently achieves lower training loss and
validation loss throughout the training, indicating the efficient training ability and downstream
performance enhancement. Notably, while task-specific tuning of ¢ can further improve model
performance, we intentionally fix its value across all tasks and architectures to ensure fair evaluation.
Remarkably, even with this universal ¢ setting, UBA consistently outperforms baselines on diverse
benchmarks, demonstrating inherent robustness to varying benchmarks and model scales.

4.3 Ablation study

Performance across different optimizers UBA originates from the optimization problem under
gradient descent dynamics. While modern optimizers (e.g., AdamW [33]) introduce momentum
and adaptive mechanisms, they maintain the fundamental property of gradient-based updates. To
verify the cross-optimizer performance, we conduct ablation studies between SGD and AdamW



optimizers(see detailed results in Appendix [E.6). The results show that UBA achieves SOTAs on both
SGD and AdamW optimizers, demonstrating the cross-optimizer robustness of UBA. This highlights
its broad applicability beyond standard gradient descent.

Parameter analysis of ¢ We perform a sensitivity analysis of ¢ € {0.25,0.5,1.0,2.5,5,10} in
equation (B) , which controls the variation speed of learning rate (see detailed setting, results and
analyses in Appendix [E.7). Figure[IT]|shows that AdamW prefers smaller ¢ while SGD requires
larger . We attribute this phenomenon to the preconditioning effect of AdamW. As the relationship
formalized in Proposition[I]), smaller ¢ is favored for low optimization difficult, while larger ¢ is
beneficial for difficult optimization. AdamW adapts the learning rate by scaling gradients with the
second moment estimate /v, implicitly reducing the condition number of the optimization landscape.
Thus the schedule with smaller ¢ is preferred. In contrast, SGD lacks such adaptive mechanisms,
thus a larger  is more suitable for this situation. This alignment between theory and experiment
underscores the importance of tailoring ¢ to the optimizer’s characteristics. Overall, ¢ is related to a
generalized optimization difficulty, where optimization precondition effect, datasets distribution and
network architecture are all related to optimization difficulty.

Performance across different periods Our schedule has a periodic phase-based learning rate
adjustment setting, where the learning rate at the k-th phase is dynamically determined by the k-th
local minimum of the loss landscape. To validate our scheduling strategy, we conduct experiments by
varying K (see detailed results in Appendix [E.9). The results suggests that multi-phase scheduling
captures the dynamic features of the loss surface more finely, but it needs careful selection for
o, where ¢ reflects optimization difficulty. However, selecting optimal ¢ values per phase for
multi-phase remains non-trivial, which motivates future work on automated landscape-aware ¢
tuning.

5 Conclusion

In this paper, we construct a unified budget-aware training optimization framework that inherently
adapts to landscape curvature variations, enhancing training robustness. From this optimization frame-
work, we propose the Unified Budget-Aware (UBA) schedule. Extensive experiments demonstrate
UBA consistently surpasses the commonly-used schedules across diverse vision and language tasks,
spanning network architectures (e.g., ResNet, OLMo) and scales, under different training-iteration
budgets. Moreover, our performance improvements come with negligible computational overhead,
which constitutes one of its key advantages.

Theoretically and empirically, we observe that the parameter o correlates with the optimization
difficulty of the training process, influences the optimal choice of ¢ and UBA’s performance. However,
the explicit relationship between ¢ and optimization difficulty remains unexplored and no established
evaluation metric exists to quantify the optimization difficulty. These limitations motivate future
work on optimization difficulty-aware ¢ tuning.

Despite these open questions, the effectiveness, implementation simplicity and ease of tuning make
the UBA a practical, must-try schedule for deep learning practitioners. We hope this work could
motivate more studies on learning rate scheduling.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The main claims in the abstract and introduction (e.g., UBA consistently
surpasses the commonly-used schedules on vision and language tasks and sets new SoTAs
for many networks and frameworks, e.g. ResNet and OLMo, under different training
iterations.) are fully aligned with the paper’s contributions and scope. We provide an
in-depth experiments and analyses of the proposed learning schedule across vision and
language tasks, networks, scales and training budgets.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We explicitly discuss limitations and future work in Section[5] Besides, the
assumptions can be found in Appendix |Al We test our method across vision and language
tasks, various scales of datasets and networks, under different iteration budgets.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,

model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms

and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to

address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.
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3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: The full set of assumptions are in Appendix [Al The complete derivations and
proof are in Appendix [A]and

Guidelines:

* The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: In Appendix [E| we carefully describe provide complete information needed to
reproduce the experimental results, including hyper-parameters(initial learning rates, batch
sizes, configurations of optimizer and schedules) for all tasks, implementation versions(such
as PyTorch 2.4.1+cul18 on CIFAR), hardware configurations(GPU models, memory), full
results of ablation studies (see Appendix [E). Code and data are also available.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).
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(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We provide open access to the code in the Appendix. Moreover, we provide
sufficient instructions to faithfully reproduce the main experimental results in Appendix [E}

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

 The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

 Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: These details are described in Appendix [E]
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer:

Justification: Due to the high computational cost of training large-scale models (e.g., Trans-
formers on ImageNet), we report results from a single run with fixed random seeds. To
ensure reliability, we list experimental setting and provide code for deterministic reproduc-
tion. To maintain uniform evaluation protocols across all experiments (large/small-scale),
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we prioritized identical statistical reporting standards. This avoids selective rigor that could
mislead comparisons. Besides, we conduct parameter analyses to improve reliability. More-
over, small-scale results align with the expectations and results on large-scale experiments,
reducing the need for empirical variance quantification. However, we provide error bars of
curve fitting on numerical solution.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: The computation resource is described in Appendix [El we carefully describe
provide complete information including type of compute workers and memory.

Guidelines:

¢ The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We conform with the NeurIPS code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

17


https://neurips.cc/public/EthicsGuidelines

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: The paper discusses societal impacts in Section [5] It highlights potential
benefits, such as improving model performance and offering a practical scheduling strategy
for practitioners, which may inspire further research on learning rate scheduling. Since
we note that the proposed method is a generic optimization algorithm with no explicit
negative societal impacts, indirect risks such as computational costs from sub-optimal hyper-
parameter selection are not thoroughly examined. We provide the hyper-parameter selection
guideline through analyses to mitigate this indirect risk.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: Our paper poses no such risks.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.
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12.

13.

14.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: All assets are properly cited.
Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

o If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.
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15.

16.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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Figure 3: Conceptual illustration: visualization of the motivations behind the proposed modeling
approaches. (a) shows the rationale for the modeling approach in (T)), while (b) explains the modeling
approach for (2). The solid line represents the optimization trajectory, while the dashed circles
indicate the local approximation around corresponding minima.

Appendix

A Methodology

Conceptual illustration The optimization landscape of neural networks is highly dynamic due
to data distribution and sampling, and sensitive to various factors, such as network architecture,
optimization and hyper-parameters. Figure [3(a)] illustrates the inherent uncertainties during the
training process. The black-and-white surfaces reflect the loss landscape processing one batch, while
the colored surface represents the landscape following the next batch. The substantial variations
in the landscape between consecutive batches significantly affect the training trajectory, making
it challenging to design a one-size-fits-all learning rate strategy that can effectively adapt to such
fluctuations. Therefore, we aim to develop a strategy a robust approach to be scheduled leaning
rate across diverse optimization landscapes. We construct a budget-iteration-aware framework for
learning rate optimization model that guarantees minimal loss within constrained training iterations
under the worst-case conditions.

We analyze loss landscape by a quadratic approximation around nearby strict local optima. This
approach enables us to capture the key features of the loss surface near these points. Therefore, the
trajectory of optimization is impacted by the characteristics of the nearby strict local optima, since
the optimization process is inherently shaped by the loss landscape and the key features of the surface
are captured by these optima, as illustrated in Figure 3(b)] Consequently, we can derive the learning
rate within the optimization model by the information of these nearby strict local optima.

Assumptions The optimization behavior of a neural network is fundamentally governed by the
geometry of its loss landscape, which emerges from the interaction of parameter configuration,
datasets characteristics, sampling, network architecture, optimization preconditioning effect. In the
vicinity of any strict local minimum, the loss surface can be approximated by a quadratic method
whose curvature is determined by the local Hessian matrix. Thus the optimization trajectory is
consequently dominated by the geometric properties (e.g., Hessian features, curvature profiles) of the
nearest strict local minima.

Many tasks train models using epochs, where one epoch represents a full pass through the datasets.
Under this circumstance, an iteration occurs when the model processes a single batch. While the
number of iterations per epoch varies with batch size, training with a fixed epoch budget becomes
equivalent to using a fixed iteration count when batch size remains constant. For consistency, this
paper uses iterations as our primary unit of optimization model construction and networks training.
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The sampling Hessian satisfies: K¢ [ntntT ] = 02H](ck) for some constant o. This assumption is

followed by the work [[16} [36]]. Here, o> measures the degree of Hessian inconsistency across data
samples, i.e., the variance in the per-sample Hessian matrices. Besides, a smaller o2 indicates a more
stable curvature landscape between each data sampling, leading to lower noise amplification during
optimization.

Optimization problem derivation for Section[3.1] Considering the first constraint Wy = Wy —
mH}k) (&) (Wi — W) in min-max optimization (2), we can reformulate it as

Wi =W = (1= nHP())) (W - W), ©
where I denotes the identity matrix. By iteratively applying this equation (9), we obtain
(-0

= (I - nTk+1—1H](”k)(€)> (I - 77Tk+lH](fk) (f)) (WTk-H - W(k)) : 1o

Since the matrix H](ck)(é) is positive semi-definite, it possesses N eigenvalues
M), M (F(€), -+ AV (£(€)) abbreviated as A", which satisfy 0 < A" < A" (£(¢)) <

AP for all 4. Here, )\l(k) and A denote the bounds on the non-zero eigenvalues of the Hessian around
k-th optimum. It also satisfies )\ﬁk) < % where 7 is the learning rate to guarantee the convergence [56].
Moreover, there exist N linearly independent eigenvectors ugk) (f(6), uék) (f(&), -, ug\lﬁ) (f(£)
abbreviated as ugk)

H}k)(é)ugk) = A(k)ugk) (i=1,2,---,N) and the initial deviation from the optimal solution can

(3

, which can form the basis for the N dimension vector space. Then we have

_ N

be expressed as Wy, — Wk = sgk)ul(-k) where 35“ are the coefficients corresponding to the
i=1

eigenvector components. Thus, we obtain

Trt1

.
k k k
W = w0 =SS0 | T (1= )
1:1 t=14T}%
2
N Tt
()21, (F) |2 ( _ W) 11
Z H Iz (k></\<%§(</\<k) th L=mA; (n
i=1 = k
Tr41 2 2

- o | 1T ()] oo

(k) 3 (k) (k)
)‘l S)\7 S)\u :1+Tk
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B Numerical solution and curve fitting

To solve the constrained min-max problem (Ef[) as follow,

Trt1 9
. k
min max H (1 — 77t)\1(' )>
ATy 24T 55N T 1 )\g’v)g/\gk‘)g)\gﬁ) 14T

St My N24Tys o NMThyr € [Mmins Mmax]
k=1,2--- K
we adopt an iterative projected gradient method that alternates between minimizing over the variables
7¢ and maximizing over the parameters /\Ek). Specifically, at each iteration, we update 7, with fixed
)\Ek) as follows

e Pl ) (10— 09, L0 A1)

*) yvia

)\Ek) — P[Agk)y)\ik)] ()\Ek) + 6VA§k>£(nt7 )\gk))> R

where P is the projection over box constraints, and « and /3 are step sizes.

For fixed 7, we update A

This approach requires per-network numerical optimization to determine optimal learning rates
case-by-case. To circumvent repeated numerical optimization for learning rate scheduling whenever
a new network is trained, we propose to fit these solutions with a parametric function universally
across networks.

We note that the solution of optimization model is an unordered set {ni 1, , M24+7 s s N7, }>
meaning that any permutation of these values yields the same objective value. To facilitate function
approximation and improve the training stability of the network, we sort the solution set in both
descending and ascending orders before fitting them with a smooth function. This pre-processing
step preserves the optimality of the solution while enhancing the stability and interpretability of the
fitted function.

Due to the symmetry between the descending and ascending orders, and without loss of generality,
we first fit a function to the descending order solution. The corresponding function for the ascending
order can then be easily obtained via a simple transformation.

Our key observation is that the numerical solutions under varying \;, A,, configurations exhibit
two characteristic decay modes. As shown in Figure [] these transformations manifest through
two distinct mechanisms: (i) gradual-to-accelerated decay: gentle initial decrease transitioning to
rapid drop (as shown in Figures and[A(D)); (ii) rapid-to-gradual decay: Initial steep decline
followed by slow decay (as shown in Figures and[4(1). These pattern can be formulated as
transformations of a base function, which resembles the curvature variation of the transformed /¢
norm modulated by a parameter [42].

We first isolate the base function by examining the limiting case where \; =~ A,. In this regime,
the numerical solution within each interval [1 4+ T}, Ty 1] manifests a cosine-like profile (Figures

and[4(c)), suggesting the base form:

2[(t—Tk) - ].}7T>
14+cos| —"—— 1.
( 2 (Th4r — Ti)
Then we construct the fitting function as:
2[(t=Tx)— 1=
a {1 + cos (72[ng+’;)7ij) )]

(nmax - nmin) + TImin
2[(t—Ty)—1]7
b+ec [1 + cos (72(71“’1‘_%) )}

(12)

where {a, b, ¢} control learning rate decay modes.

In addition, through systematic fitting across nine configurations (Table[d)), we discover a universal
scaling relationship among the parameters:
b+ 2¢
a

~ 2. (13)
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Table 4: The parameter details of curve fitting.

hyper-parameters fitted parameters objective value(log)(@)
Nmin  Mmax )\l(k> )\ﬁk) a b c %) by numerical by fitting
solution function
0 10 1.89 2.60 0.26 0.51 0.00 1.99 792.67 750.83
0 10 2.39 2.61 4.16 7.35 0.53 1.80 798.38 770.38
0 10 5.29 5.61 4.84 7.32 1.28 1.56 1118.79 1105.80
0 10 18.89 260.11 1124.67 21228 1011.94 0.19 2933.34 2933.62
0 5 28.89  200.11 755.91 85.01 719.40 0.12 2607.11 2591.51
0 2 50.89 150.11 0.27 0.05 0.24 0.17 2031.66 2075.50
1 10 10.01 150.11 7745 684.15 —268.20 8.40 2373.58 2431.42
2 10 18.89  50.11 0.11 2.52 —1.15 21.02  2007.68 2044.84
3 10 20.01 180.11 0.07 3.07 —1.47 38.34  2604.98 2632.21

Table [ lists the fitted parameters {a, b, ¢}, where the mean absolute error is 0.04. Figure 3] visualizes

the variability of the % by shading the region within £1 standard deviation from the theoretical
value in Figure[5] The empirical results falls within =10 of the predicted value (2.0 & 0.04) in most
of cases, demonstrating strong agreement with the assumption relation (T3)).

This empirical relationship (T3) allows us to reduce the original 3-parameter system to 2 degrees of
freedom as follows,

o 2[(t—Tk)—1]7
2a [1 + cos (72(%:—%) )}

(nmax - nmin> + Tlmin - (14)
2[(t—Ty)—1]x
2b+ (2a — b) [1 + cos (72[@“];7%]) )}
Actually, it is a 1-parameter system
2(t—Ty)—1]m
2 [1 + cos (72(%:—%) )}
(Umax - nmin) 2[(t—Th)—1]m + Mmin, (15)
204+ (2—-¢) {1 + cos (m)}

where ¢ := b/a. We list the value of fitted parameter ¢ in Table Since the equation (I4)
and the equation (I3 are mathematically equivalent, we adopt the equation (T3] as the canonical
representation throughout this work.

Then the corresponding function for the ascending order can then be easily obtained via a phase shift
of 7 as follow,

2((t—Tx)—1]m
2 [1 + cos ( ST =T T Tl')}

2(t—Ty)—1]
2 + (2 — ) [1 + cos (72[(Tk+’;4k]) t

(hmax — 7hmin) + Tmin, (16)
)]

In summary, we obtain the 7; within the interval ¢ € [1 + T}, Tj+1] as follows

2{1+cos (w+(k—l)w)}

2(Try1—Tk)

e = (nmax - nmin) )i| + Thmin» (17)

20+ (2 — ¢) [1+cos(%+(k—1)n

where ¢ is the hyper-parameter controlling the variation speed of 7.
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Figure 6: Adaptive simulation by UBA schedule.

C Adaptive approximation of existing schedules

Our schedule has adaptability owing to the parameter ¢, enabling it to approximate the behavior
of existing schedules (e.g.step decay, cosine annealing, cyclic schedule or Rex schedule) through
simple parameter adjustments. More importantly, it outperforms these schedules by jointly optimizing
training stability and final accuracy.

We visualize the adaptive simulation of in Figure [6| By setting our parameter ¢ to 2, the UBA
schedule degenerates to a cosine schedule (Figure[6(a)). By setting ¢ to large value such as 30, the
UBA schedule mimics exponential schedule (Figure [o(b)). By setting ¢ to small value such as 0.8,
the UBA schedule mimics Rex schedule (Figure [6(c)). By setting ¢ to 0 , the proposed schedule
degenerates to a constant. Therefore, we can control 7.« as piece-wise value depending on iteration,
and the UBA schedule degenerates to a step schedule (Figure[6(d)). By setting k to any integer larger
than 1, the UBA schedule possesses cyclic characters, thus it mimics cyclic schedule (Figure
[6(®)). Since the OneCycle learning rate schedule can be viewed as a single-period version of cyclical
learning rates, the UBA schedule mimics the OneCycle approach by emulating the cyclical schedule.
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D Propositions and lemmas

D.1 Proof of Proposition|[i]

Proposition 1] The fitted function @) is the exact closed-form  solution
2 [1+cos <72[(t_T’€)_1]7r >:|
2(Trt1—Tk)
20+(2—¢) [H—cos <72[(FT’“)71]7r

2(Thq1-Tk)
Tr+1 2
. 1 1 1
min max H [(1 — ((}\(k) — 7/\(/&) )1 + 7)\ k)> )\Ek))] , (18)

AT M2 T MTn AP AP AP 7 1 {

)} to the min-max optimization problem:

AR)
v and
)

Al

when the hyper-parameter p are determined by )\l(k) and A&k) through the relation p = 2
Tmax = 17 Tmin = 0.

Proof. According to the theorem in [14], among all polynomials of degree n in p that take the value
+1 at u = d > 1, the Chebyshev polynomial S,, (1) = g" EZ; is the unique solution that minimizes

the maximum absolute value over the interval (—1, +1)T.L Here, C,, (1) = cos(narccos(y)) is the
n-th order Chebyshev polynomial.

We define the polynomial Q()\Z(-k)) as:

Wy _ 1 11 1\ \w
QN = H [1—<<W—w)nt+w>Ai ]7
t=Ty+1 ! u u

which is a degree n = T}, — T}, polynomial in )\gk).
Next, we introduce the variable transformation:
_2>\l(k) + )‘l(k) + )\gk)
)\gk) _ )\l(k)

)

which maps the interval )\l(k) < )\gk) < )\q(f) to the interval —1 < v < 1, such that /\Ek) = /\gk)
corresponds to v = —1 and /\Ek) = /\l(k) corresponds to y = 1.

The polynomial P(y) = Q()\Z(»k)) now satisfies the condition in the theorem from [14], i.e.,

(Af’“) + A

M) =1 since Q(O) =1.

Therefore, the original min-max problem

This 1 1 1 (k) ?
. k
min max 1-— _ = — + — | A ,
T 2T A 0B 7P t:lT:[H [ <<A§’“) ASﬁ’) " Aé’”) ’ ]

is equivalent to the problem of finding a polynomial in ~ of degree T}, 1 — T}, that minimizes the
maximum absolute value in the interval —1 <~ < 1.

By the theorem in [14]], the desired solution to the problem is the Chebyshev polynomial:

CTA-,-H —Ty (’Y)

A A\
1 u
CTIQ1+17T7<: (/\gc)_/\gk)

STk-+1 =Ty (7) =

To match P(vy) = St,_, —1, (7), we equate the corresponding zeros. The roots of Q()\Ek)) =0are
given by:
1
AP = for t=1,2,...,Tes1 — T

1 1 _1
<>\;k) A&k)) Nt + NG
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On the other hand, the zeros of P(+) correspond to the values of v where the polynomial P(v)
vanishes, and these zeros are given by:

A AP 2

V= -
(k) _ (k) k k
AP A KA})A})) ”tﬂsﬂ (B 0

for tZl,Q,...,Tk+1—Tk.

The zeros of the Chebyshev polynomial St, ., —7, () are given by the values:

N <<2<tTk> —

f t=1,2,...,Tps1 — T}.
2(Tk+1_Tk) > or y 4y s Lk+1 k

Equating the zeros of St, ., —7, () and P(), we have:
XD 2 ((Q(t —Ty) - 1)7r>
B _ @ o o\ 2@ —1e )
Au Al <</\§1’”)_,\1’”)>77t+)\(1’“>) ()‘&)_)‘z( )) (Tht1 k)

Solving this equation for 7;, we obtain:
(2@t=Ti)—1)m
(1+ cos (72ETIC+’1€*TA<)) ))

= .
N AL (2(t—Ty)—1)m
23 - (3 1) (1 o (3622025)

D.2 Proof of Proposition 2]

Proposition [2| Consider the training process within the interval t € [1 + Ty, Ty11]. When the
hyper-parameter o is set sufficiently close to 2, the proposed learning rate scheduling formula
reduces to the cosine learning rate schedule.

Proof.

JERC)

114)1112 (nmax - nmin) 2[(t—Tk)—1]7‘r + Tmin
14 2(p+(2—(p) |:1+COS (m)}

1 1 (2t-T)-1)r

= (Mmax — Mmin) (5 + 3 cos( Ty —T) ) + Dnin
:% (Mmax — Mmin) (1 + COS(I(;HJE);‘; ) COS(Z(T;HT— Tk)) (19)
t—1T;
n sin(;k+1 B sin )+ i
%% (Nmax — Mmin) (1 + COS(M)) + Donin.

The final approximation holds because each training phase typically contains many iterations, i.e.,

making ﬁ ~ 0. Consequently, sin( x ) =~ 0 and cos( ~ 1. O

T
2(Tkt1—Tk) 2(Tw—lka))

D.3 Proof of Theorem[T]

Lemma 1. Let n); be the learning rate at the iteration j € [1 + Ty, t], defined by the proposed form
(B). Let /\Ek) be the eigenvalues of the Hessian matrix H}k) (€) at the k-th strict minimum W),

2(t—Tp ) —1]m
4>\l(k>(77rnax7771nin) [1+COS <[2((Tk+7)1‘)_’rk])>:| (Try1—Tr)

Denote T 1= = . Then for any t € [1 4+ Ty, Ti41], the
following inequalities hold,
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Case 1 (p > 2):
¢ 2
[T [0-m2")]
J=14+T} (20)

" ATy —Ti) +(p=2)m 17
< exp<_2/\i min (t = Tk)) . |:4(Tk+1 —+Tk) + (o = 2)m(t — T)

Case 2 (p < 2):

t

[T [a-n®)

J=1+T}
(2 +2 y— 2= g 05| @b
YTt — Q) — -1\t — 4k — U
< eXp(—2>\Z(-k)77min (t - Tk)) . (Tr41 T}c227(p)7r
(2cp+27r—ga7r)+m
Proof. By the fact that 1 — & < exp(—x), we have
t 2 t
k k
[I [0-02")] <em[-2 3w ). (22)
F=1+Ty F=1+Ty
Substituting the expression for 7; by the proposed form () yields:
t
exp | —2 Z nj)\gk)
J=1+T}
(2(=Ty) =)=
© t 2(1 + cos (72(?“1‘7:,%) ))
=exp —2\; (nmax - nmin) N + Tmin
! QEU=Tx)-)m
J=1+T 20+ (2= ¢)(1 + cos (m) (23)
=exp (—2)\§k)77min (t— Tk))
(23 =Tk)—1)m
cexp [ —22®) Eé (. — o) 2 1+ cos (i)
i max min 2 i—To)—1)m
J=1+Ty 20+ (2-¢) (1 + cos (%))

The behavior of this term depends on the value of the parameter . We consider the following cases:

cifp>22-0p<0

Since
@ =Ty) =D, @U—TU—1W>1_(@U—7H—1W)
T Y R T PR I 201 =T0) )
>1_7T< (J —Ti) )
- (Thgr —Tx))’
we have
¢ 1
j=1tT, 20+ (2 =) (1 + cos (W))
t
1

e (e () .

1
= Z (p=2)7 ’

J=14+T% 4+ (Tk1—Tr) ('7 - Tk)
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Then the equality (23) becomes

exp (—2)\Ek)nmin (t— Tk))

(2U—=Tk)—1)
@ < 2 1+ cos (G i)
~exp | —2); Z (Mmax — min) 2(G—Ty)—)n
J=14+Ty 20+ (2-¢) (1 + cos ( 2(Tkt1—Tk) ))
(k) (k) (2(t = Tp) — Vm
< — ) . — AN\ _ .
> eXp( 2)‘1 nmm(t Tk)) expl 4)‘1 (nmax nmm) (1 + cos ( Q(Tk+l _ Tk)

t

> 1 ]
j=1t1 20+ (2 — @) (1 + cos (W))

(k) (k) (2t —Tp) — )7
< _2 i min - T _4 i max — //min 1 S
< exp (200 ( k>)expl A (= ) |1+ cos (0

(26)

t

1
Z (p—2)m

= At Tt U — Th)

Note that the function h(j) := is monotone decreasing over j € [1+T}, ],

1
EO LD
4+%(J*Tk)

so we can bound the summation from below by the integral:

t

1
Z (p—2)m

jerrm At noon U Th)
t+1

1
> / dj
- (p=2)m (-
1+T} 4+ Ti+1—Tk (‘7 Tk) (27)
t
1
> / dj
- (p=2)m (. _
14T 4+ Try1—Tk (j Tk)

T —Ti) <4(Tk+1 —Ty) + (p = 2)m(t — Tk)>
(p—2)m ATys1 = Tie) + (p = 2)7 '

Thus the inequality (26) becomes

B W s @ =Ty) =
exp ( 2>\1 Tlmin (t Tk)) eXp[ )‘z (nmax nmln) [1 + cos ( Z(Tk+1 — Tk)

t

1
Z (p—2)m

J=14T, 4+ (Th41—Tx) (‘7 o Tk)

AN (e = nin) (1 + cos (Wk)_m))

< exp(—?)\l(-k)nmin(t — Tk)> exp

Q(Tk+1 - Tk)
(Ty1 — Tie) I ( A1 —Ti)) + (p = 2)7 > -+
(p—2)7 4 T+1 = Tie) + (¢ — 2)7(t — Tj)
A(Tjsr — Ti)) + ( —2)m  \T
= eXp(_”‘l('k)nmin(t B Tk)) (4(Tk+1 S Tk) + (p = 2)7(t - Tk))
4Th41 —Ti) + (¢ —2)7 i
< GXp(—QAEk)nmin(t - Tk)) <4(Tk+1 i ) _|_k( ) (t — Tk)) ’

ATt _Te) H(o—2)m

The last inequality is because )\l(k) < )\Ek) and Tt =TT (o= (=Th) = 1

30



e if o <2,2—¢ >0 Since

(20 —Tx) — )7 (20 —Te) — )7

1 + cos ST — 29
( 2(Th41 — Tk) ) 2(Thqr — Tk) @
We obtain
eXp (_2)‘Ek)nmin (t - Tlc))
(2(G—Te)-D=
© ¢ 2 (1 + cos (ﬁ))
~exp | —2); Z (Mmax — min) 2(G—Ty)—)n
G=1+T 2(p + (2 — (p) (1 -+ cos (m))
20t —1Ty) — 1
< eXp(_2)\£k)77min(t - Tk:)) exp l—4A£k) (nmax - nmin) (1 + cos (W))
41—
t 1 1 (30)
4T, 20+ (2 @)1 + cos (G
20t —1Tr) — 1
S exp (—2>\§k)7]rl’lin (t — Tk)) eXp [—4A£k) (’r}rnax - nmin) |:1 + COS (W)}
+1—

t

1
Z (2—p)m

F=1+T), (2¢ +2m — pm) — m(j — T —0.5)

_ 1
- (2¢+2ﬂ—¢ﬂ)—%(j—'f‘k—o.5)
range [1 + T}, +00), then it holds that

Because function A(j) : is monotone increasing in the

t

1

2—p)m .
2, (20 +2m —om) — FEEES (5 - T — 0.5)
t

1

2/ S dj 31)
2 (29 + 27 — o) — (ng'zﬁ»livi)m('] — Ty —0.5)
(Th41 — Tk) In (2¢ + 27 — ) — %(t — T —05)
= - — 2—p)m
(2—p)m (29 + 27 — pm) + %
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Thus, we have
20t —T,) — 1
exp (—2)\§k)nmin (t— Tk)) exp l—4)\5k) (Mmax — Mmin) [1 + cos (Wﬂ

t

1
Z (2—p)m

j=1rm, \ (29421 —om) — =275 — T — 0.5)

® ®) @t —Ti) — D
<exp(—®n T AP (s — i) ( 1 A
- exp( AS min k)> expl A U = i) ( e ( 2(Thot1 — Ti)

2—p)m
(Tk+1 - Tk) 1 (290 + 27 — L,D?T) B (’ng-%-lﬁTk) (t — T — 0'5) ‘|

C-gm (20 + 21 — o) + g2
1 ¥ 2(Thi1—Tr) (32)
< exp(—?)\gk)nmin(t - Tk)>
| ((2<p—|—27r — om) — %(t ~ T — 0.5))T
2—p)m
(2¢ + 21 — ) + 72(:(pk+f_)Tk)
< exp(_Q)‘gk)nmin(t - Tk:))
2—p)m
2—p)m :
(2 + 21 — ) + 72(}“1@%)
2p42m—pm) — 2B (4T}, —0.5
The last inequality is because /\l(k) < A% and e ) (T’““_T(’;),E,,)W i
? (2tp+2ﬂ—tpﬂ)+m
O]

Theorem Letn; = H)(ck) (Wt — W(k)) - H}k)(f) (Wt - W(k)) be the stochastic curvature noise
introduced by sampling at iteration t. Assume that the sampling Hessian satisfies: F¢ [ntn: ] =

(k) 4)‘§k) (nmax_nmin) [1+COS<%>} (Tk+1_Tk)
o?H}" for some constant 0. Denote T := kil & . If we
f (p—2)m

set the learning rate as the proposed form (), the loss uncertainty introduced by stochastic gradient
method within the interval t € [1 4+ Ty, Ty.1] can be bounded by two terms,
For ¢ > 2:

E[£(f(We€)) = £V, €)]

L R &
T 4(Tryr — Ti) + (0 — 2)7(t — Ti

Ay 2 , YTpgpr — Ti) + (@ — 2)m(i — T w(33)
ot 30w eXp(_z)‘g'k)nmi“(t_Z))'[4ET1]:1—T:;+E£—2§7rgt_TZH '

S| xp (<2 it~ T AP, —

i:1+Tk Jj=1

For o < 2:
E[L(F(We,©) = LV, €)]

(20 + 21 — om) — Z=ET_(t — T, — 0.5)

(Th41—Tr)

-7

- exp (—2A in (¢ = 7)) AP Wi, — WO

(20 + 21 — om) + 20
2(Tx+1—Tr) (34) -
¢ N 2 (2 + 27 — o7) — A= (t — T}, — 0.5)
+o? Z n? Z <A§k)) exp(—2/\§»k)nmin(t — z)) . ( (";_lw)w’“) .
i:1+Tk =1 (2@ + 2r — QDﬂ') — m(l — Tk — 05)

32



Proof. Let H ](ck) denote full batch Hessian at k-th minimum, such that E( H}k)(g ) = Hj(ck), and

denote n; = Hj(pk) (Wt — W(k)) — H}’“)(g) (Wt — W(k)), which indicates the bias. The uncertainty
brought by stochastic gradient method is measured as follows,

Wi —WH =w, —wk) — ”tHJ("k)(f) (Wt - W(k))
= Wt — W(k) — ’I’}tHJ(tk) (Wt — W(k))
) (W= W) =€) (Wi - w®)

= - UtH](ck)) (Wt - W(k)> +neny

(35)
= (I = HW)I — oy HD) - (L= e HE )Wy — W)

t
k k k
+ ) (I—TltH](f ))(I—Tltle,(c ))"’(1_771'+1H](f Mning
i=t—q
t

— Pt(k)Pt(f) P(k) (Wt q W(k)) + Z Pt(k)Pt(’j)l .. P(f)ﬂh”u

i
i=t—q

where P( ) = - mH(k))

According to the approximation approach of the objective function (I) in Section 3] , i.e
LFW,8) ~ LFWE &) + LW — W(k))TH}k)(S)(W — W), the loss uncertainty in-
troduced by stochastic gradient method within the interval ¢t € [1 + Ty, Tk41] is quantified as
E[(Wr,,, —W®)TH ](ck) (Wr,,, — W®)], where the loss function is approximated by leveraging
the full batch Hessian.

L(f(Wy,€) ﬁ(f(WUﬂ),g))} —E {(Wt — )T (W, - W(k))]
T
k — & 5
=K Pt( )P 1("1‘)Tk <W1+Tk W(k Z P "}kil = P(+)1771nz
i= 14Ty,
t

Pt(k)P : 1(+)T (Wigr, — WH) 4 Z Pt(k)Pt(f) P(f)mml

=147,

(36)
E{(Wt WONTPE, - PO E P P (W = W)

3

t
+2E [(W, = WP, PP HEE (ST PR P,

1=1+4Ty,
.
t t
k k k k k
+E Z Pt( ). P(+)177znz HJ(C) Z Pt( )"'P¢(+)177mz‘
=141y, =141y

K2

- t
Since E [nt] =0,E (Wt _ W(k))Tpl(i)Tk L. Pt(k)HJ(ck) ( Z Pt(k) P(f)lnlnl>‘| = 0. Mean-
1=14Ty
while, we notice the data samplings between different iteration are independent, thus E [(nz)Tnj] =
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0 (i # j). We obtain
-
E Z P(k) (j:)lnnnz Hj(vk) Z P(k z+1771nz

= 14Ty = 14Ty

“u( S waTBY B P, )

LJ=141Ty,

=S Bl P PO EOES ).

K2
=14y,

Therefore, Eq.(36) can be reformulated as follows,

.
E Z P P B ming | HYY Z PN P ning

=141y, =147y,

= k k) (k) ok k =
—E [(Wt — W(k))Tpl(Jr)Tk ... pf )H} ) p® "'P1(+)Tk(Wt — k)

t
+ 3 E(nnl B PP HPEY P,

=141y

=B+V,

(38)

where we denote B := E [(Wt —wE)TpE, PP M pE . pE, (W, - WU@)} bias

term and V' := Z E (77z Pz(Jr)1 -Pt(k)H}k)Pt(k) e Pi(f)lmni) variance term.

=147y,
Denote ugk) i € {1,2,---, N} are linearly independent eigenvectors, which can form the basis
for the N dimension vector space. Then we have H}k) &)u; (k) — )\(k) (k) (1=1,2,--- ,N)and

_ N
the initial deviation from the optimal solution can be expressed as W; — W) = S~ sgk)ugk) where

i=1
(k)

s, are the coefficients corresponding to the eigenvector components. Combined with Lemma we

obtain
Casel (¢ > 2):

B=(W,-Ww®)TpH. .

k k k k T

k k = K
(7 —ne)- (1 - mmH} ) (Wi, WW H} )
(= ﬂtH,(ck)) (= 771+TkHJ(ck))(W1+Tk - W)

N t
S oG IAY T [0 =]

J=1+T}

N
< P A exp (=20t = 7))

( Tk+1 Ty) + (p = 2)7 )T
4(Tho1 — Tie) + (p — 2)(t — Ti)

< ( 4(Tk+1 Tk) + (v — 2)7‘1’ )T
T (T = Tie) + (0 = 2)7(t — Tie)

- exp (=2A i (t = T0) ) AP Wi, = WO,

(39)
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In addition,

t

V= Z E (mnzTP(k) . Pt(k)H}k)Pt(k) . P(.’:)lnznz)

i+1° 7
=141y
t .
= Z nE tr(nz’TPi(f)l"'Pt(k)H}k)Pt(k)"‘Pi(f)lm)}
=141y i
t .
C S (P HOOR )]
=141y i
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S [ O RO PO )]
=141y i
t
<o S [P HOOR A
=141y
t N L t L 2
=o* 3 X I (1=
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N
<o 37 w2 3 exp (22 it ~ 1)

) (4(Tk+1 —Ty) + (p = 2)m(i — Tk))T
A(Tpr — Ti) + (p = 2)m(t = Tp) )

(40)

where the second equality comes from cyclic property of trace and the first inequality comes from

E¢ [ntnﬂ < O'QHJ(ck).
Case 2 (¢ < 2):

B=W,-WTpE, ... pWEPP® . P (W, - W)

+T%k +T%

; _ T
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<
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In addition,

k) 17 (k) p(k k
Z E(m z+1 . Pf )H,E 'Pf )"‘P¢(+)177mi>

=141y
t
k k) 77(k) (k k
= Z n7E ( T‘PZ(+)1 "Pt( )HJ(“ )Pt( )"'Pz‘(+)1”i)}
=147y
t
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=147y
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k k) 17(k) ok k) 77(k
2 Z mtr[ PO PO W R ) 1 >}
1=14Ty,
t S (k)2 t )\
—rt 3 YO0 TT (1-m)
7;:1+Tk Jj=1 g=1+1
t N
k k )
Z Z >\( )2 eXp<_2)‘§' )nmin(t - Z))
=141y J=1
((2<p+27r—<p7r)—M(t—Tk—O.S))—T
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where the second equality comes from cyclic property of trace and the first inequality comes from
Ee [ung | < 0’2H(k)

O

In this proof, we employ assumption [E, [ntn; ] < o?H ](ck) used in the work [[16, 36]]. Moreover, we
acknowledge that the idea of the proof is inspired by the approach introduced in [[16}36]
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E Experimental details

E.1 Baselines
We detail the baselines as follows,

* Step schedule(SS) reduces the learning rate in a piecewise manner. It implements discrete
learning rate drops at predefined epoch intervals following schedule g(t) = d|;/;, |, where
ts is the predefined decaying step and d;(d; > d;11) is predefined decaying scalar [16]. A
typical implementation decreases the learning rate by a factor of 0.1 after 50% of the epochs
and further by a factor of 0.01 after 75% of the epochs [21]]. However, it requires careful
tuning of step timing since abrupt changes may destabilize optimization. In this paper, we
employ such setting of step schedule (x 0.1 after 50% and x 0.01 after 75%) for all our
experiments.

* Cosine schedule(CS) controls the ¢-th iteration learning rate 7); following the mathematical
formulation as 7y = Nmin+ % (M0 —"min) (1+cos( %T )) where T is total iterations. It provides
smooth transition between learning rates, shown to improve final model accuracy step
schedule. Moreover, it is proposed to mitigate abrupt decreases in the learning rate that could
hinder models from escaping local minima. This approach has demonstrated effectiveness,
particularly in transformer training [32]. Besides, it includes restart mechanisms where T'
becomes the cyclic period.

* Cyclical Learning Rates (CLR) oscillates between base learning rate 7,,,;, and maximal
learning rate 7),,,4, With triangular and triangular2 policies. The cyclic property help traverse
loss landscape barrier, so that it enables neural networks to train significantly faster, often
by an order of magnitude, compared to standard training methods [43| 144]]. Besides, the
commonly-used OneCycle learning rate schedule can be seen as the one period version
of Cyclical Learning Rates. In our experiments, this baseline CLR includes Cyclical and
OneCycle schedules(1C). For CLR, we set linear mode for each period and period is two.

* Budgeted training(BT) is conducted by the proposed budget-aware setting of existing
learning rate schedule under epoch budget [30]. It reformulates standard schedules such as
linear, step and cosine schedule as functions of remaining budget. The classic linear decay
version is formulated as 7; = 79 x (1 — t/T") where T is total iterations. It is particularly
effective for hyper-parameter tuning.

* Reflected Exponential (REX) controls the ¢-th iteration learning rate 7, following the
1-t/T
0.5+0.5x (1—t/T)
of delayed linear schedules, aggressively reducing the learning rate near the end of training

and reflecting an exponential decay [S]].

mathematical formulation as n; = 1 ( ) It is inspired by the performance

E.2 Evaluation benchmarks of language task

We evaluate models on a diverse set of open benchmarks. The benchmarks are listed in Table[5] For
language models evaluation, we adopt the [[15]] for standardized performance comparisons.

E.3 Implementation Details

Consistent with CIFAR, ImageNet and OLMo practices, we use step-wise scheduling for all training
procedures.

Vision tasks on CIFAR CIFAR10/100 are simple benchmark datasets that are widely used for
quick and efficient evaluation of deep learning tasks. CIFAR10 consists of a training split of 50000
examples and a test split of 10000 examples. Each example is a 3232 color image in 10 classes
(airplane, automobile, bird, cat, deer, dog, frog, horse, ship, truck). CIFAR100 comprises 60000
32x32 pixels color images which are divided into 100 classes. Each class contains 600 images and
the classes are grouped into 20 super-classes. Each image comes with a ‘fine’ label (the class to which
it belongs) and a ‘coarse’ label (the super-class to which it belongs). We use the torch.optim.SGD
and torch.optim.AdamW API to configure the optimizer. For vision tasks in Section {1} we all
adopt the SGD optimizer. For ablation studies in Section we adopt the AdamW optimizer. We
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Table 5: Evaluation benchmarks of language task

Datasets name abbreviation
ARC-Easy [10] ARC-E
ARC-Challenge [10] ARC-C
HellaSwag [55]] HSWAG
PIQA [3]] PIQA
‘WinoGrande [39]] WG
OpenbookQA [35] OBQA
BoolQ [9] BoolQ
SciQ [50] SciQ
COPA [18] COPA
CommonsenseQA [46] CSQA
SociallQA [40] SIQA
MMLU stem [22] STEM

MMLU humanities [22] HUM
MMLU social sci [22]] SOC
MMLU other [22]] OTH

initialize the learning rate to le-1, set the batch size to 128. Each epoch consists of 50000/128 + 1
=391 steps. We leave the weight decay value as 5e-4, and complete the training task on PyTorch
2.4.1+cul18 with RTX 5880 and RTX 3090.

Vision tasks on ImageNet To evaluate the scalability of our schedule on larger-scale dataset, we
conduct experiments on the ImageNet dataset, a dataset that more closely reflects real-world visual
recognition challenges. ImageNet consists of approximately 1.28 million training images and 50000
validation images across 1000 classes, which also come with an official dataset split. This benchmark,
particularly with the ResNet-50 architecture, has been extensively studied and is widely regarded as a
standard evaluation setup. We adopt the common ResNet50 architecture, and separately train it with
different learning rate schedulers. To provide a comprehensive evaluation, we conduct experiments
using both the classical SGD optimizer and the popularized AdamW optimizer. For the experiments
with SGD, we set the peak learning rate to 0.5 and apply the weight decay factor of 1e-4. For the
experiments using AdamW, the peak learning rate is set to 3e-3, with a decoupled weight decay
of 0.02. Following default configuration which requires learning rate warmup, we integrate 10%
warmup phases of the total training tokens into all schedules. For schedules that inherently include a
warmup-like behavior, such as the 1C schedule, where the learning rate initially rises from zero to a
target value, we retain their original settings during the ascending phase. We set the batch size to
2048 and complete these training tasks with 8 NVIDIA A100 GPUs.

Language tasks For language tasks, we use the OLMo model. OLMo [19] is a decoder-only
transformer-based language model that builds upon the vanilla Transformer architecture [49]. It
incorporates several key improvements inspired by recent large language models (LLMs) such
as PalLM [8], the LLaMA family [48]], OpenLM and Falcon [1]]. Notably, OLMo stands out as
a truly open language model, offering full transparency through its open training data, released
training/evaluation code, intermediate model checkpoints, and comprehensive training logs, making
it a valuable resource for reproducibility and further research.

For the training hyper-parameters on OLMo, we primarily adopt the configuration outlined in OLMo
[19]. We conduct experiment on H100 and A100. Following default configuration which requires
learning rate warmup, we integrate 10% warmup phases of the total training tokens into all schedules.
For schedules that inherently include a warmup-like behavior, such as the 1C schedule, where the
learning rate initially rises from zero to a target value, we retain their original settings during the
ascending phase. Besides, large language models commonly provide multiple scales to accommodate
different compute constraints. We adjust both model size and training steps to explore budgets.
To ensure robust conclusions, we maintain a data-to-parameters ratio (D/N) of 500 across scales.
The sp