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Abstract

In this work, we study the problem of distributed mean estimation with 1-bit communication
constraints when the variance is unknown. We focus on the setting where each user has
access to one i.i.d. sample drawn from a distribution belonging to a location—scale family,
and is limited to sending just a single bit of information to a central server whose goal is to
estimate the mean. We propose simple non-adaptive and adaptive protocols and show that
both achieve asymptotic normality. We derive bounds on the asymptotic (in the number of
users) Mean Squared Error (MSE) achieved by these protocols. For a class of symmetric log-
concave distributions, we derive matching lower bounds for the MSE of adaptive protocols,
establishing the optimality of our scheme. Furthermore, we develop a lower bound on
the MSE for non-adaptive protocols that applies to any symmetric strictly log-concave
distribution, using a refined squared Hellinger distance analysis. Through this, we show
that for many common distributions, including a subclass of the generalized Gaussian family,
the asymptotic minimax MSE achieved by the best non-adaptive protocol is strictly larger
than that achieved by our simple adaptive protocol. We also demonstrate that increasing
the number of bits per user can only marginally reduce the asymptotic MSE of adaptive
protocols. Our simulation results confirm a positive gap between the adaptive and non-
adaptive settings, aligning with the theoretical bounds.

1 Introduction

The rise of big data has made distributed data analysis essential, as large datasets are often spread across
multiple locations. Traditional data processing and learning techniques are often insufficient in such scenarios,
motivating advances in distributed learning and estimation (McMahan et al., 2017; Chen et al., 2021; Kairouz
et al., 2021). In many problems such as distributed optimization and federated learning, communication
often emerges as the main bottleneck, creating the need to develop communication-efficient algorithms for
distributed learning, estimation, and optimization (Alistarh et al., 2017; Chen et al., 2021; Li et al., 2020;
Bernstein et al., 2018; Kairouz et al., 2021; Chen et al., 2018; Wang et al., 2018).

Extreme communication efficiency is also crucial in many signal processing applications, including IoT and
sensor networks, where we typically have tens to hundreds of low-power devices that make noisy measure-
ments which must be communicated to a fusion center for subsequent decisions or estimation. In such
scenarios, severe power and bandwidth constraints have motivated substantial recent work on understand-
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ing the trade-off between communication cost and estimation accuracy (Heinzelman et al., 2000; Ribeiro &
Giannakis, 2006; Luo, 2005; Ben-Basat et al., 2024).

In particular, there has been growing interest in distributed algorithms for machine learning, optimization,
and statistical inference when each of a large number of users is allowed to communicate only one bit per
sample (Seide et al., 2014; Zhu et al., 2021; Fan et al., 2022; Tang et al., 2021). While such requirements
may seem extreme, they offer significant benefits in terms of system design, particularly when using low-cost,
resource-constrained devices.

There is a large body of recent work on distributed mean estimation (DME) under such communication
constraints. DME in the high-dimensional setting forms a basic building block for several distributed learning
and optimization algorithms (Suresh et al., 2017; Amiraz et al., 2022; Liu et al., 2023).

On a similar vein, there has been significant progress in understanding the fundamental limits of para-
metric estimation in location families—particularly Gaussian (Cai & Wei, 2022b; 2024) and symmetric
log-concave (Kipnis & Duchi, 2022; Kumar & Vatedka, 2023) location families—as well as non-parametric
density (Acharya et al., 2023) and mean (Lau & Scarlett, 2025) estimation under communication constraints.
Estimation with more general information constraints has been studied in (Acharya et al., 2020a;b; 2021;
Koltchinskii et al., 2023), while lower bounds on minimax risk for distributed statistical estimation (Zhang
et al., 2013) and communication-efficient algorithms for distributed optimization on large-scale data (Zhang
et al., 2012) have been established. Practical algorithms have been proposed in (Battey et al., 2018; Deisen-
roth & Ng, 2015). The distributed setting with one-bit information sharing is particularly challenging and has
been extensively studied (Venkitasubramaniam et al., 2007; Chen & Varshney, 2009). More recently, (Han
et al., 2021; Barnes et al., 2020; Rahmani et al., 2024; Shah et al., 2025) derived lower bounds for distribu-
tion learning in parametric and nonparametric settings. The framework applies to both fixed and sequential
message-passing protocols for various problems including communication-constrained mean and covariance
estimation for Gaussian distributions. Understanding the parametric setting can yield new insights and aid
the design of algorithms for problems such as distributed optimization and federated learning with commu-
nication constraints.

Location-scale models have been widely studied in statistics, economics, and sociology. In economics, such
models form the basis of price, demand, and welfare estimation, from classical discrete-choice models Deaton
& Muellbauer (1980); McFadden (1974) to more recent work addressing arbitrage-free forecasting and heavy-
tailed market behavior Carvalho & Hahn (2018); Guggenberger & Jansson (2022). In quantitative finance,
location—scale assumptions underpin models of returns and volatility, including ARCH/GARCH and their
modern Bayesian and data-driven extensions Bollerslev (1987); Campbell et al. (1997); Yu & Meyer (2019);
Sirignano & Cont (2019). Similarly, in sociology and psychometrics, latent-trait models such as the Rasch
and logistic item-response formulations depends on scale-location structures Rasch (1960); Birnbaum (1968);
Jeon & Rabe-Hesketh (2019).

In many of these problems, data is often generated across heterogeneous, geographically dispersed, or privacy-
sensitive sources-retail outlets, financial exchanges, or survey respondents—where transmitting full-resolution
observations is impractical due to bandwidth, latency, or confidentiality constraints Suresh et al. (2017);
Konecny et al. (2016); Duchi et al. (2018). In such settings, one-bit and low-bit communication primitives
could provide an attractive alternative by reducing communication, provide privacy (with additional differ-
entially private mechanisms), and enable lightweight protocols that aggregate information without requiring
centralized raw data access Zhang et al. (2013); Braverman et al. (2016); Dana & Duchi (2022). Thus, the
one-bit estimators developed in this work could potentially have applications in many of these areas as well.

1.1 Contributions

In this paper, we consider distributed mean estimation in a setting where each user has a single i.i.d. sample
and is allowed to share only one bit of information with a central server. Many of the existing works on
DME, including (Kipnis & Duchi, 2022; Cai & Wei, 2024; Kumar & Vatedka, 2023), assume that the mean
is the only unknown parameter, which may not hold in practice. We consider scale-location families, where
both the mean and variance are unknown, and the variance is treated as a nuisance parameter. We design
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simple non-adaptive and adaptive protocols for this problem, and derive bounds on the asymptotic mean
squared error (MSE) achieved by our protocols.

Despite the recent surge of interest in such problems, much less is known about the performance gap be-
tween adaptive and non-adaptive protocols when both the mean and variance are unknown. For many
communication-constrained estimation/testing problems, it is an interesting open question as to whether
non-adaptive protocols are strictly suboptimal compared to adaptive protocols.

The main contribution of our work is to show that for a broad class of distributions, including the hyperbolic
secant and generalized Gaussian with shape parameter § < 1.85, the asymptotic minimax MSE achieved
by the best non-adaptive estimator is provably higher than that achieved by our simple 2-round adaptive
protocol. We do so by deriving a general lower bound on the minimax MSE of non-adaptive estimators for
arbitrary symmetric strictly log-concave distributions. We then compare this against the MSE achieved by
our adaptive protocol. We also derive a lower bound on the MSE achieved by adaptive estimators and prove
that for a broad class of distributions, our simple 2-round protocol is in fact optimal. We also also compare
our results with a lower bound on asymptotic MSE for the case where no communication constraints are
imposed on the users, and observe that for many distributions our adaptive protocol achieves an MSE that
is close to this lower bound.

Although we mainly study this problem through the lens of parametric estimation, the algorithms and
insights derived here could aid the design of improved algorithms for distributed optimization and federated
learning when there are severe communication constraints.

A short recorded video is provided as supplementary material here Kumar & Vatedka (2026a).
2 Problem Setup and Summary of Results

2.1 Problem Setup

Definition 2.1. Let fx be a probability density function (pdf) on R with zero mean and unit variance, and
let F'x be the corresponding cumulative distribution function (cdf).

The location family associated with fx is defined as:
L(fx) = A{fxul@) = fx(x—p): peR} (1)

The scale-location family associated with fx is defined as:

Ls(fx) = {fx,u,a(x) = %fx (x _M) c weR, o> 0}- (2)

g

Throughout the paper, we assume that fx is non-zero, F'x is invertible, and F;l is differentiable at all
points in R.

The main goal of this paper is to establish fundamental bounds on the achievable mean squared error (MSE)
for estimating © € R in a distributed setting when ¢ > 0 is unknown and treated as a nuisance parameter.

Let us formally describe the problem. Suppose X1, X5, ..., X, are i.i.d. samples drawn from a distribution
with density function fx , ., belonging to Lgr,(fx). We consider a central server and n users, where user 4
has access to only one sample X; (also called the i’th input/source) and is allowed to send a single bit of
information Y; € {0, 1} to the server.

We assume that fx is exactly known to the server, while (u,0) € R x R are unknown. The goal is to
design a communication protocol II that enables the server to reliably estimate p from Y7,...,Y,,.

Designing IT amounts to specifying n encoders (one for each user) that map X; to Y;, and a decoder (at the
server) that maps (Y1,...,Y,) to an estimate (i of u. Importantly, we do not restrict the encoders to be
identical, i.e., we can design a different map for each user if required.
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Figure 1: Illustration of our non-adaptive protocol. We partition the n users into subsets of n; and ns users. Each
user independently encodes their sample using a 1-bit quantizer, with threshold 6; for the first n; users and 62 for
the remaining no users.

We call a protocol non-adaptive if each Y; depends only on X;; it is adaptive if Y; can depend on X; as well
as Y1,...,Y; 1.

The performance of a protocol is quantified via the asymptotic mean squared error:

lim 7 MSE(A) = lim n-E [l — 4], (3)

n—0o0
which may, in general, depend on p and o.

In this work, we consider both adaptive and non-adaptive protocols for scale-location families with symmetric
log-concave base density fx. We derive bounds on the optimal asymptotic MSE in these settings and show
that for many distributions of interest, there is a positive and quantifiable gap between the optimal adaptive
and non-adaptive protocols.

2.1.1 Notation

For a sequence of random variables X1, X5, ... and a random variable X all defined over the same probability
space, we denote X,, == X if the sequence of random variables converges almost surely to X. Likewise,

X, <, X if the sequence converges in distribution to X.

We say that a protocol is strongly consistent if the final estimate i =2 1 as n — oo for every p, 0. Similarly,
we say that [i is asymptotically normal if \/n(ii — ) converges in distribution to a Gaussian as n — oo for
every [, 0.

2.2 Summary of Results

We first study a simple threshold-based 1-bit non-adaptive protocol that yields strongly consistent and
asymptotically normal estimates for jointly estimating both 1 and . In Theorem 3.1, we derive the achievable
MSE for estimating u and ¢ using this scheme.

We then derive a lower bound on the asymptotic MSE for non-adaptive protocols, and this is one of the main
contributions of this work. Specifically, we show that if log f% is strictly convex, then for any non-adaptive

protocol,

_ .\ L 0.103402
nlgréo stltp (n . MSE(,u)) > T(x) (4)

where T'(fx) is a parameter that depends on fx. See Theorem 3.2 for more details.

We also study an intuitive multi-threshold non-adaptive protocol, where each user is assigned a different
threshold. In Theorem 3.3, we establish bounds on the bias and variance of the resulting estimator.

We then design a simple adaptive protocol for estimating u. This requires minimal adaptation and can be
summarized at a high level as follows: We first run our non-adaptive protocol using only the first n’ = o(n)
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users, and the server produces coarse estimates (i, .) of the mean and variance respectively. The estimate
flc is broadcast to the remaining n — n’ users. These users then independently encode their samples to
produce Y,/ 41,...,Yy,, which are used by the server to produce the final estimate fi. In Theorem 4.1, we
show that this simple adaptive scheme is strongly consistent, asymptotically normal, and achieves

2

, N O
nlgrgcn-MSE(u)lef?((o).

()

We then show that this is optimal for a large subclass of symmetric, strictly log-concave distributions, by
proving a matching lower bound on the MSE of any adaptive protocol (Theorem 4.3). As a consequence
of our results, we are able to show the strict suboptimality of non-adaptive protocols compared to adaptive
protocols. For several important examples—including generalized Gaussian distributions (GGD):

fx(x)ZMFfl/ﬁ)eXP((lx/a)ﬁ)v o=\ T/ (6)

with 1 < 8 < 1.85, and the hyperbolic secant—we show that the lower bound in equation 4 is strictly larger
2

than the f" ©] achieved by our simple adaptive protocol, thereby establishing a positive and quantifiable
X

gap between the optimal adaptive and non-adaptive performance.

We compare these bounds with one obtained using the Fisher information, corresponding to the centralized
setting (equivalently, where there are no communication constraints). For many distributions, our simple
adaptive protocol achieves an asymptotic MSE that is close to this lower bound, which shows that increasing
the number of bits communicated per user can only marginally improve the performance.

We finally conclude with some comments and open questions.

2.3 Related Work

Perhaps the closest work to this paper is (Kipnis & Duchi, 2022), which studied 1-bit DME for location
families, where the mean is the only unknown parameter. Our protocols are inspired by their schemes for
location families, and we also borrow some high-level ideas in calculating the asymptotic MSE. However,
their work assumes that the mean is the only unknown parameter, and their results and techniques do not
directly extend to the case where the variance is unknown. The analysis of our adaptive protocol is also
significantly more challenging than theirs, as we must also obtain a coarse estimate of the variance, which
introduces additional dependencies in the MSE derivation. Moreover, we take a totally different approach
towards lower bounding the minimax MSE for non-adaptive protocols.

The works (Cai & Wei, 2022a; 2024) studied DME of Gaussian distributions under more general multi-bit
communication constraints, and derived bounds on the minimax MSE for finite (but large) n. However,
both works assume that the range of p is bounded (e.g., p € [0,1]), and the results do not extend if this
assumption is relaxed. While (Cai & Wei, 2024) assumes that the variance is known exactly, (Cai & Wei,
2022a) assumes that the variance is unknown but requires the protocol to know a lower bound on ¢ in advance
(with the achievable MSE depending on this bound). In fact, (Cai & Wei, 2022a) prove a gap between non-
adaptive and adaptive protocols for Gaussian scale-location families. However, their approaches are tailored
specifically to the Gaussian setting with restrictions on the range of u, o, their protocols require more than
one bit per user, and their methods do not extend easily to more general distributions. In contrast, we
make no boundedness assumptions on p or o, and our results hold for a broad class of symmetric, strictly
log-concave distributions.

It is worth noting that (Kipnis & Duchi, 2022) claimed strict suboptimality of non-adaptive protocols when
the mean is the only unknown parameter. However, their lower bound for non-adaptive protocols relies on
restrictive assumptions (see (Kipnis & Duchi, 2022, Assumption A2)), and it is possible to design schemes
that violate these. Indeed, (Cai & Wei, 2024) provide such a non-adaptive protocol for the Gaussian location
family that achieves order-optimal MSE even under communication constraints. In our work, we prove strict
suboptimality of non-adaptive protocols in the o-unknown setting for a broad class of symmetric, strictly
log-concave distributions, thereby generalizing the Gaussian-specific results of (Cai & Wei, 2022a).
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Very recently, (Shah et al., 2025) analyzed properties of the maximum likelihood (ML) estimator us-
ing threshold-based non-adaptive protocols for parametric estimation of a class of exponential families.
Specifically, they study protocols where Y; = 1(x,>.,, where 1y, denotes the indicator function and for
i =1,2,...,n, 7 € R is a predefined threshold. The authors show that the ML estimator is consistent
and asymptotically normal. Using this, they are able to compute the asymptotic mean squared error for
Gaussian scale-location families as a function of 7y, 79,..., but further optimization of the thresholds and
deriving simple closed-form upper/lower bounds was left for future work. In comparison, we design non-
adaptive and adaptive protocols for mean estimation over general scale-location families, derive closed-form
achievable and converse bounds, and prove matching lower bounds for adaptive protocols over symmetric,
strictly log-concave distributions. Our lower bound for non-adaptive protocols holds in the broadest sense
(subsuming threshold-based protocols).

More recently, (Lau & Scarlett, 2025) studied nonparametric estimation of the mean with 1-bit communi-
cation constraints, but under a probably approximately correct (PAC) framework. They derived upper and
lower bounds on the sample complexity, and notably showed that a two-stage adaptive protocol is order
optimal. In contrast, we derive bounds on the asymptotic minimax MSE, with an aim to characterize the
exact constants.

A number of works have derived lower bounds for various estimation problems with communication con-
straints (Han et al., 2021; Zhang et al., 2012), (Zhang et al., 2013), (Barnes et al., 2019; 2020). However,
these results do not directly yield lower bounds for our problem. Many of these works employ either the
Van Trees inequality or Le Cam’s method (Van Trees, 2004; Gill & Levit, 1995; Le Cam, 2012; Polyanskiy
& Wu, 2024), and we use both approaches in deriving our bounds. Our adaptive lower bound uses the
Van Trees inequality, similar to (Kipnis & Duchi, 2022), while our non-adaptive lower bound is obtained by
upper-bounding the squared Hellinger distance between transcripts under two different mean values, followed
by an application of Le Cam’s method (Le Cam, 1973; Polyanskiy & Wu, 2024).

A parallel line of work (e.g., (Koneény & Richtérik, 2018; Mayekar et al., 2021; Ben-Basat et al., 2024; Babu
et al., 2025)) studied distributed empirical mean estimation for high-dimensional vectors, with applications
to distributed optimization and federated learning. Unlike our work where the samples are assumed to be
ii.d., here the samples are fixed but arbitrarily chosen (typically to be of unit norm). The goal is to design
communication-efficient compressors and sketches and study accuracy—communication tradeoffs. While the
setup is slightly different, many high-level ideas between these works and ours (e.g., randomized quantizers
and sketching ideas) are conceptually related.

Along similar lines, Vardhan & Mazumdar (2025) have recently investigated communication-efficient dis-
tributed mean estimation with collaborative one-bit compressors, in which clients use private and shared
randomness to compress their source. Their basic scheme operates by deliberately perturbing the source with
independent gaussian noise, and the server uses a mean estimator that looks similar to the one described in
Section 3.1. The authors also extend this to high-dimensional sources and derive bounds on the worst-case
MSE assuming that the input samples lie within a (known) bounded set.

3 Non-Adaptive Protocols

3.1 A Consistent Protocol for Location Families

To provide some intuition for the design of our protocols, let us begin with the simple non-adaptive protocol
considered in (Kipnis & Duchi, 2022) for estimating location families. For now, assume that each X; is an
i.i.d. sample drawn according to fx ,(z) = fx(z — p), where p € R is the only unknown parameter.

User ¢ transmits

Y, = 1ix, <0y,
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where 6 € R is a pre-set threshold and 1g is the indicator of event E. At the server, we compute Y,, as
follows:

Y, =

S|

ZK&FX(G_M)’ (7)

where convergence follows from the strong law of large numbers. Using this, the server can estimate p by
inverting the quantile (Kipnis & Duchi, 2022; Lehmann & Casella, 2006) as follows

fi = G_F);I(Yn)~

From the continuous mapping theorem (Casella & Berger, 2002), i **> 1 as n — oo, and hence /i is a
strongly consistent protocol of p.

As discussed in (Kipnis & Duchi, 2022), v/n(Y;, — Fx (6 — p)) converges in distribution to a Gaussian with
zero mean and variance Fx (0 — p)(1 — Fx(6 — u)) as n — oo. Using the delta method, they show that
v/n(ji — p) is asymptotically normal with

lim - MSE(f) = Fx (0 - /}))2(((10—_%)( (0 — u)).

3.2 A Consistent Non-Adaptive Protocol for Scale-Location Families

As a warmup, let us extend the ideas above to design a 1-bit non-adaptive protocol for estimating u, o.

We partition the users into two subsets of size n; and no respectively. Here! n; = K1n and ny = Kon, where
K7 and K5 are constants independent of n, and K; + Ko = 1. We select two different thresholds 6; and 65,
and the encoders operate as follows:

For 1 <i < nq,

v {1 if X; <05,

0 otherwise.

For n1 +1 <i < n,

V. — 1 if X; < 02,
10 otherwise.

The users share the encoded samples with server. The server first computes
1 & 1 &
Fi=—3Y, R=— Y,
™Mo "2

and then

a1 = F);l(Fl) and g = F;l(Fg) (8)
By the strong law of large numbers, F; and Fy almost surely converge to Fx (9%“) and Fy (9%“)
respectively. Now, we define the estimates of o and u as follows:

A 4 01— 02 as. A 4 a1ty — oy as.
G AT s o ang o DT O0 s (9)
a1 — Q2 a1 — Q2
where convergence follows from the continuous mapping theorem (Casella & Berger, 2002, Sec. 5.5). With
this setup, the MSE achieved by this protocol is presented below.

1To keep the calculations simple, we assume that K1n, Kon are integers. However, the results do not change if we choose
n1,n2 to be the closest integers to K1n, Kaon respectively.
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Theorem 3.1. For every p € R and o > 0, the protocol in Sec. 3 is strongly consistent, asymptotically
normal, and satisfies

. N o? Kyo% Kyo3
lim n - MSE(ji.) = ITTAY] (02 — M)Q% + (61— p)? ; E
o (6r=02) 7% (27) 7 (252)

4 [ 2 2

lim - MSE(6,) = Klogi Kfff ,

n ( 1 2) _f?(( 10/»¢> f)?{( 2(7#)

where fori=1,2,

pen (052 (e (5%),

We do not claim that the above protocol is optimal. A careful observation reveals that the asymptotic value
of n - MSE(fi.) and n - MSE(6.) depend on pu, and that for fixed 61,62, this grows unbounded as yu — oo
or ;4 — —oo. However, we will use this as a basic building block for our adaptive scheme. While it yields
strongly consistent estimates for both p and o, its performance can be significantly improved when a small
amount of feedback can be provided to a subset of the users.

See Appendix A for the proof.

3.3 Lower Bound for Non-Adaptive Protocols

We now present a general lower bound on the performance of non-adaptive one-bit protocols.

Theorem 3.2. Assume that fx(x) = e~ ?@) where ¢(z) is symmetric, differentiable, strictly conver, and is
upper bounded by a polynomial’. Then, for every 1-bit non-adaptive protocol,

1i E[ A 2] ~ a*g2 10
sup lim n- (A—p)7] = T(x) (10)
where
h*
0

T(fx)= | ¢'(h7'(t)r " (t)dt,
h(z) = 2¢(z) fx (z),

* A
")

are quantities that only depend on fx, and h=1 : [0,h*] — R. Here

a* = max t(l 41— e—2t) ~ 0.1034.

=

Proof. We use Le Cam’s two-point method by identifying a suitable hypothesis testing problem and lower
bounding the MSE in terms of the total variation distance between distributions of the transcript corre-
sponding to the two hypotheses for any non-adaptive protocol.

Specifically, fix p € R and ¢ > 0, choose ¢ > 0 (possibly depending on n), and define the symmetric
alternatives

[ 1= | — €0, Wy 1= U+ €o. (11)

Each user obtains an i.i.d. sample X; drawn according to one of two distributions based on the true hypothesis:

Ho: X; ~ fX,M,,a(')7 Hy: Xi~ fX,u+,U(')'

Let Py, and Pif, be the distributions of the encoded sequence Y™ = [Y7,...,Y,] for any given non-adaptive
protocol corresponding to the two hypotheses.

2We only require that the degree of the polynomial be a constant, independent of n.
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Using Le Cam’s method (Wu, 2020, Theorem 10.2),

_ 2
sup  E[(p—pw?] = w (1 — TV(Py., P;,L)) (12)
pe{p—,pt}

- 6202(1 - TV(P;H,PJ,L)>, (13)

where TV denotes the total variation distance between the two joint distributions.

Let3 )
B (P;%,P;n)é <\/P+" ") —\/Pn(y”))

y"E{O 1}71

denote the squared Hellinger distance between the two distributions.

For a non-adaptive protocol, Yi,...,Y, are independent (but need not be identically distributed). Hence
the Bhattacharyya coefficients factorize (Wright & Tang, 2024, Proposition 1.4):

n

p(Pfa, Pya) = [ [ n(P, Py)
i=1

From Theorem B.1, for each ¢ we have
H*(Py, Py,) < &(T(fx) + o(1)),
S0
p(Pf,Py)=1—€(T(fx) + o(1)).
Therefore,
p(Pf, Pr.) = (1— ET(fx) + o(e?)" = e Tx)te(d),

By the standard inequality relating total variation and the Bhattacharyya coefficient (see, e.g., (Tsybakov,
2009, cf. Lemma 2.6); also the derivation of the Bretagnolle-Huber bound (Bretagnolle & Huber, 1979)),
we have

TV( an \/1 o Y"» )2 < 1- 6_2t+0(1)a

where t = ne?T(fx). Therefore,

n- sup E[(a—p)?]= 7 (t(l —/1- e‘2t> + 0(1)) .

pe{p—,p+} T(fx)

Maximizing the right-hand side over ¢ > 0 yields the constant a*, which is approximately 0.10340 and
o(1) — 0 as n — co. This completes the proof. O

3.4 Multi-Threshold Non-Adaptive Protocol for Non-Parametric Mean Estimation

We now provide a natural multi-threshold protocol that works for general distributions (not just scale-location
families), yielding a non-parametric estimator for the mean.

Assuming E[|X|] < oo, the expectation of X can be written as

E[X] = JOOO P(X > z)dz — J-_OOO P(X < z)dz (14)

Define a partition of R as

O <O_pi1<--<0_1<bp<b1<---<0bp,

3Note that we have a factor of 1/2 in the definition of the squared Hellinger distance, which is absent in many standard
texts.
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with 6y = 0, and
0 —0;_1 =Aforall je{-m+1,...,m}

for some parameter A > 0. In particular, we choose the parameters so that 0, = —0_,,, — 0 and A — 0 as
n — 0.

Define the midpoints

9. 10,

aj:%, je{om,... 1,
and 9 0

éj:%, e{l....ml,

A natural idea is to approximate equation 14 by a Riemann sum:

-1

SYB(X > 0,0, — 0,0)— 3 B(X <8,)(0,01— 6)). (15)

j=—m

Il

E[X] ~ fie

3.4.1 The Multi-Threshold Protocol

Our protocol can be described as follows: We partition the n users into groups of K = n/(2m) users
each. For convenience, let us index the users by (i,7), where i € {1,2,..., K} labels the group and j €
{-m,...,—1,1,...,m} indexes a user within the group.

The (i, 7)’th user sends

Y, = 1{X'i,j<§j}7 lfj <0
%, o
1{Xi,j>§j}) ifj>0

and the server forms empirical averages

K
- 1
]j:?;)/i,j, forje{-m,...,—1,1,...,m}
The server outputs
m —1
par = Y A= Y LA (3)
j=1 Jj=-—m

Theorem 3.3. Let X be any random variable with E[|X|] < oo, distribution function Fx, and bounded
density fx < L. Consider the multi-threshold protocol defined above. For every pe R and o > 0,

N LmA?2
E[fimr] — E[X]| < p—
If we choose the parameters such that A — 0 and 0,, = —0_,, — 0, then

VarGiarr) = 2 ([ Fxl@)1 - Px@)as + o)

provided that the above integral exists.

The proof is provided in Appendix E.
Observe that

A (O +0_p) (O —0_)

K 2mK 2n

Therefore, if we require 6,, = —0_,, — o, then we cannot have the variance of jiy;7 = O(1/n). However,
the careful reader may note that if X is bounded, then this requirement is waived, and we can indeed obtain
MSE that decays as O(1/n).
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Figure 2: Our two-round adaptive protocol: The first n; + no users use the non-adaptive scheme to produce coarse
estimates [ic, 5.. The value of [i. is broadcast to the remaining ng users, who then send 1-bit messages using fi. as
their quantization threshold.

1+ng+2

X2|ENC,

¥

Yn1+1

This illustrates that nonparametric estimation of the mean can be more challenging. From Theorem 3.1,
we see that for a scale-location family, we can do significantly better than the above even with just two
thresholds. However, the above theorem holds even when the mean and variance are not the only unknown
parameters.

Please note that Section 3.4 develops a multi-threshold non-adaptive estimator as a general-purpose, non-
parametric construction. As discussed in that , such estimators may not achieve an O(1/n) MSE unless
additional conditions (such as boundedness of X) are imposed, because the variance term scales with the
range of the threshold grid. In contrast, for location—scale families, Theorem 3.1 shows that the two-threshold
estimator of Section 3.2 already achieves significantly better performance using only a pair of carefully chosen
thresholds. For this reason, the adaptive scheme in Section 4 builds exclusively on the two-threshold protocol
of Section 3.2, while the multi-threshold estimator of Section 3.4 is included only as a general extension and
is not used in the adaptive procedure. All references to the non-adaptive protocol in what follows should
therefore be understood as referring to the method of Section 3.2.

4 Adaptive Protocol

4.1 Simple Two-Round Adaptive Protocol

We now describe a simple adaptive scheme that can be implemented with two rounds of communication?.
We will subsequently show that for many common distributions, this outperforms the best non-adaptive
estimator.

We partition the n users into three disjoint subsets of sizes ny, na, and n3, where n; = ny = ng/(logns)
and nq + no + ng = n. The first ny + ny users participate in the first round, while the remaining ng users
participate in the second round. The protocol is illustrated in Fig. 2.

First round: We run the non-adaptive protocol of Sec. 3.2 using the first n; + no users to obtain coarse
estimates i, and .. The estimate fi. is then broadcast to the remaining ns users.?

Second round: Each user i with nq + n9 + 1 < 7 < n transmits

v = 1 if X; < fie,
10 otherwise.

4Here, one round of communication consists of bits sent from a subset of the users to the server, followed by a broadcast
message sent by the server to the remaining users.

5If the protocol is sequential and user i has access to Y7,...,Y;_1, then fi. can be directly computed by the last ng3 users by
observing the first n1 + n2 transmissions.
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The server computes
1 " | A fie —
el 3 yamlep (lon)
n3 1=ni1+nz+1 o

where almost sure convergence follows from the strong law of large numbers, conditional on fi., as ng — 0.
Let
ag = Fx'(Fs).

The final estimate of y is then
fuf = fic — Fx'(F3) - 6e, (16)

which converges almost surely to p as n — o by the continuous mapping theorem.

nsa
log ns

Theorem 4.1. Consider the adaptive protocol of Sec. 4 with ny = ngy =
forallpeR and o > 0,

and ni + ng +ng =n. Then,

2
~ d (<)
n(pr—p) >N|(0,—= |,
V(g — ) ( 1 fx(0)2>
and the asymptotic MSE satisfies

0.2

lim n-MSE(4f) =

i 1x (02 (17)

See Appendix C for the proof.

Remark 4.2. Tt may seem that the above protocol is not making full use of the power of adaptive protocols,
as the last ng users are not making use of each others’ transmissions. Similar to the observation made
in (Kipnis & Duchi, 2022) for location families, we can show that increasing the number of rounds does not
give us a lower asymptotic mean squared error. Moreover, for a large subclass of distributions, we can derive
a matching lower bound, thereby establishing the optimality of our simple two-round protocol.

4.2 Lower Bounds for Adaptive Protocols

The following theorem gives a lower bound for adaptive protocols and is proved in Appendix D.
Theorem 4.3. Let fx be a symmetric log-concave distribution for which
. fi@

FX (ZL’)FX (—.’E)

is non-increasing in |x| and is uniquely mazimized at x = 0. Consider any prior density g on u such that

n(z) (18)

E [(g’(,u)/g(u))Q] is bounded, where ¢’ denotes the derivative of g. Then, any 1-bit adaptive protocol must
satisfy

o2

Jim Bl 01>

for every o > 0. The expectation is taken with respect to the joint density g(u) fx u,o(x) on (u,0).

(19)

It should also be noted that the above result assumes that the protocol is sequential — where Y; is allowed to
depend only on X; and Y7, ...,Y;_; — and does not hold for more complicated (e.g., blackboard) protocols.

Our lower bound in the adaptive case (equation 19) holds for symmetric, log-concave distributions such as
Gaussian, logistic, hyperbolic secant, and generalized Gaussian. Several distributions satisfy the assumption
in Theorem 4.3, including generalized normal (generalized Gaussian) distributions with shape parameter
1 < B < 2 (this includes, in particular, the Laplace distribution (8 = 1 as a limiting case) and the normal
distribution (8 = 2)). Symmetric log-concave distributions that fail this assumption include the uniform
distribution and the generalized normal distribution with shape parameter 5 > 2. Theorem 4.3 requires the
shape condition (defined in equation 18) to be non-increasing in || and uniquely maximized at 2z = 0. This
ensures that the Fisher information from one-bit messages is maximized when the quantization threshold is
placed at the true mean.

12



Published in Transactions on Machine Learning Research (Jan/2026)

Zga | fx(0) x* h* T(fx)
0.8665 | 0.4246 | 0.4854 | 0.4607 | 0.0246

Table 1: Numerical evaluation of the normalizing constant Zstq, the density at the origin fx(0), the maximizer z* of
h(z), the corresponding value h*, and the distribution-dependent constant 7'(fx) for the example equation 20

Distribution Chon | Cadapt | Chon/Cadapt
Generalized Gaussian (8 = 1.5) 2.5806 | 1.1035 2.3385
Logistic 1.1619 | 1.2159 0.9556
Hyperbolic secant 1.1239 | 1.0000 1.1239
Sin2 (custom example equation 20) | 4.1982 | 1.3868 3.0272

Table 2: Adaptive vs. non-adaptive constants for unit-variance distributions. Generalized Gaussian uses 5 = 1.5.
Values computed using Chon = 0.1034/T(fx) and Cagapt = 1/(4fx (0)?).

4.3 Suboptimality of Non-Adaptive Protocols

For any symmetric strictly log-concave fx satisfying equation 18, the benchmark upper bound on the
asymptotic value of nMSE(f1)/o? for adaptive protocols is

1

Cadapt = 4f)2< (0)7

and this can be achieved by our simple two-round protocol. The corresponding lower bound for non-adaptive
protocols is
0.1034

T(fx)
These correspond to the normalized (by 1/02) upper and lower bounds derived in Theorem 4.3 and Theo-

rem 3.2 respectively. Although the term T'(fx) does not have a simple closed-form expression, this depends
only on fx and hence can be evaluated numerically.

Onon =

We show that for many distributions of interest, Cpgapt < Chon, implying that non-adaptive protocols are
strictly suboptimal compared to adaptive protocols.

As a toy example, consider the following strictly log-concave distribution,

Ix(x) = Z:td e V@), (20)
where
Y(x) = 1.48 (9”') "~ o5 (L)4 +0.0675 sin? (4 L) +1,
2.023076 2.023076 2.023076
and

o0 1.5
— || x 4 .2 z
Zsta = J_OO exp <_ [1'48 (2‘02?3076) +0.5 (505507)  + 00675 sin” (4 3g5575) + 11) dz.
Here, the constants are chosen so that fx is a valid density and has unit variance.

Substituting for ¢’ and h’, we numerically evaluate these integrals, and the results are listed in Table 1. For
this distribution, we find that Cyqapt = 1.3868 whereas Cpon = 4.1982, thereby demonstrating that in this
case the best non-adaptive protocol has strictly larger asymptotic MSE than adaptive protocols.
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Figure 3: Illustration of bounds on

5 lim, oo MSE(f1) for the generalized Gaussian
family parameterized by 8 > 1. Here, Chon denotes
the lower bound on this quantity for non-adaptive
protocols, whereas Cadapt denotes the corresponding
upper bound for our simple adaptive protocol. As
[ increases, Chon decreases while Cadapt increases.
The curves intersect at 5 ~ 1.8488. This allows
us to conclude that non-adaptive protocols are
provably suboptimal compared to adaptive protocols
for § < 1.8488.
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Figure 4: Ratio of constants Chon/Cadaps for

the unit-variance Generalized Gaussian Distribution
(GGD) as a function of the shape parameter 8 €

[1.1,1.85). We compute Chon = %6;);‘; (non-adaptive

lower-bound constant) and Cadapt =

W (adap-
tive constant) from the unit-variance density fx.
The curves cross at 8* ~ 1.85. For 8 < 8* the non-
adaptive lower bound exceeds the adaptive constant
(ratio > 1), while for 8 > B the adaptive constant

is larger (ratio < 1).

For the Generalized Gaussian family of distributions (GGD)

fx<x>=2a£1/5)exp<—<|x/a>ﬁ), o= \/FE8 (21)

the density has zero mean and unit variance for all 8 > 0, and is strictly log-concave for 3 > 1. Note that
B = 2 gives the standard normal. For this family, we find that the non-adaptive asymptotic constant is
guaranteed to be larger than the adaptive constant throughout the range 1 < 5 < 1.85. For lighter-tailed
shapes with 8 > 1.85, this inequality no longer holds, and the adaptive constant becomes smaller. See Fig. 3
and Fig. 4. We conjecture that the lower bound is weak for 8 > 1.85 and there is scope for improvement.

Note that Theorem 3.2 explicitly requires strict log-concavity. The Laplace distribution is log-concave but
not strictly log-concave. Therefore, the adaptive lower bound remains valid for this distribution, while the
non-adaptive lower bound does not apply since it requires strict log-concavity.

4.4 Communication and computational complexity

Both the non-adaptive and adaptive protocols require only one bit of communication per user, yielding a
total communication cost of n bits. The adaptive protocol involves two rounds. In the first round, n; + no
users transmit one-bit messages based on local thresholding operations. The last ng users require access to
the estimate fi. formed from the earlier transmissions. This can be implemented in several standard ways.
Under a sequential model, the last ng users may view the previously posted one-bit messages and compute
[t directly. In settings without such shared access, the server may broadcast a single real number to these
users, which incurs only a constant amount of additional communication (assuming a broadcast model of
communication). The computational cost is also minimal. Each user performs an O(1) thresholding step, and
the server aggregates O(n) one-bit messages and then performs a constant number of real-valued operations.
Hence the overall computational complexity is O(1) for each user and O(n) for the server.

4.5 Increasing bit budgets provide marginal gains

While the main focus of our work is on one-bit compressors, it is helpful to compare our bounds on the
asymptotic MSE with a corresponding lower bound under the centralized setting, or the case where no
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communication constraints are imposed on the users. This helps assess whether allowing more than one bit
per sample can yield a substantial reduction in MSE.

The Fisher information for the location in the location-scale family for a given o > 0 is

For any regular estimator based on n i.i.d. samples, the Cramér—Rao bound implies that the MSE of any
unbiased estimator is

i o? [P
MSE(fn) > nJ(fx)’ IUix) = JR fx(2) dz.

Equivalently, the Van-Trees inequality (Gill & Levit, 1995) yields an asymptotic lower bound for any (po-

tentially biased) estimator

0.2

lim nMSE(f,,) > ,
o, PMSE() = 7

where the expectation is taken with respect to fx , - fg for any prior density on fy for which the above exists.

Thus 1/J(fx) can be thought of as the best 1/n constant achievable in the absence of quantization.
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Figure 5: Fisher-information lower bound (no quantization) compared with the adaptive and non-adaptive one-bit
lower bounds for four distributions. All curves decay as 1/n; differences arise only through the proportionality
constants. The adaptive lower bound is tight, which implies that increasing the number of bits per user can only
provide a minor improvement in the asymptotic MSE.
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Distribution CFr1 Cadp Chon
Gaussian (GGD, 8 =1.5) | 0.9126 | 1.1035 | 2.5806
Logistic 0.9119 | 1.2159 | 1.1619
Hypersecant 0.8106 | 1.0000 | 1.1239
SIN2 0.9534 | 1.3868 | 4.1982

Table 3: Normalized constants (n MSE)/o? for the Fisher-information bound, the adaptive one-bit bound, and the
non-adaptive bound, evaluated using standardized densities with 4 = 0 and o = 1.

Figure 5 illustrates the Fisher-information bound (centralized setting) together with the adaptive and non-
adaptive one-bit lower bounds we derived. All bounds exhibit the same dependence on n,o. The adaptive
one-bit curve remains close to the centralized benchmark. We also report

1 1 o

CFI = mv C’adp = mu C(non = mv

in Table 3.

The results exhibit a consistent pattern across all distributions. The adaptive one-bit method attains a
constant close to the Fisher-information limit, which represents the best performance achievable without
quantization. Consequently, the potential gain from transmitting more than one bit per sample is limited in
this setting.

The behavior of the non-adaptive bound is determined by the functional T'(fx), and we do not claim
optimality of this bound. As seen in Table 3, the constant C\,, may be either larger or smaller than the
adaptive constant, depending on the underlying distribution. The comparison with the Fisher-information
bound should therefore be understood as a consequence of the particular form of our non-adaptive bound,
rather than as a fundamental limitation of non-adaptive schemes.

5 Simulation Results

We validate our theoretical bounds by empirically evaluating the worst-case and average (over ) MSE for
four representative symmetric, strictly log-concave source distributions: generalized Gaussian with g = 1.5,
Logistic, Hyperbolic secant, and the custom density in equation 20. Each experiment averages over Ni;jas =
2000 trials. The unknown mean p is varied over the interval [—2.5,2.5] in increments of 0.5, while the
standard deviation is fixed at o = 2.

Quantization thresholds 6, and 65 are precomputed from the known range (fimin, ftmax) t0 ensure consistency
across trials. Specifically, we adopt the equal-thirds rule:

1 2
91 = Mmin + g(,umax - ,U/mir1>7 92 = [min + g(,umax - ,U/min)-

Among all possible choices of two thresholds, this rule minimizes the maximum distance from any p €
[f4min, Pmax] tO its nearest threshold, as expressed by

min  max min | — 0;].

01,02 pE[fmin,Mmax] 1€{1,2}
In addition, for symmetric strictly log-concave scale-location densities, placing thresholds symmetrically
around the mid-range (fimin + fmax)/2 prevents saturation of the empirical c.d.f. estimates Fy, Fy and keeps
the Bernoulli variances F;(1 — F;) bounded away from zero. This yields stable estimation of both p and o,
while remaining distribution-agnostic. Finally, precomputing thresholds from the range guarantees fairness
across trials and enforces strict non-adaptivity, which is essential when contrasting against adaptive protocols.
Our implementation code is publicly available on GitHub and can be accessed at Kumar & Vatedka (2026b)

The simulation curves in Fig. 6 demonstrate the superiority of adaptive protocols over non-adaptive proto-
cols. Although the lower bounds that we derive are asymptotic and are not actually valid for small n, we
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Figure 6: Worst-case and average (over u) MSE across four source distributions under one-bit protocols. Benchmarks
are computed using fx (0) for each family; adaptive and non-adaptive curves are shown according to the legend. The
curve labeled Asymptotic (Non-adaptive) represents the asymptotic value of MSE predicted by Theorem 3.1.

nevertheless plot these and can be interpreted as the first-order approximations of the lower bounds. We also
observe that in the case of the generalized Gaussian, the plot for empirical worst-case MSE intersects the
lower bound for the asymptotic MSE for non-adaptive estimators. It should be noted that the lower bound
for non-adaptive estimators could potentially be loose, which illustrates that our simple adaptive estimator
beats the best non-adaptive estimator even for finite n.

In the non-adaptive protocol, the total number of users n is split into two disjoint groups ny = Kijn and
ng = Kon with K7 + Ko = 1. Since the protocol remains consistent for any fixed (K, Ks), we explored a
range of allocations to study the effect of the split on finite-sample performance. In particular, we considered
(K1, K3) € {(0.10,0.90), (0.20, 0.80), (0.30,0.70), (0.40, 0.60), (0.50,0.50)}. The resulting curves show that
different splits slightly shift the MSE at moderate sample sizes, but the overall asymptotic behavior is
unchanged, and in all cases the non-adaptive MSE remains strictly above the adaptive benchmark. This
confirms that the suboptimality of non-adaptive protocols is inherent and not due to a particular choice of
partition.

In the adaptive protocol, users are divided into three groups of sizes ni,ns,n3 with ny + ny + ng =
n. The first two groups provide coarse estimates (fi.,d.), which are then refined using the remain-
ing ng users. To check robustness, we considered small fixed first-stage allocations with (K7i, K3) €
{(0.05,0.05), (0.10,0.10), (0.15,0.15)}, showing that even a small initial budget is sufficient for effective re-
finement. We also evaluated the theoretically motivated split n; = ny = ng/logns from Theorem 4.1,
which achieves the asymptotic MSE. Together, these experiments suggest that the adaptive scheme is both
practical (performing well with small first-stage budgets) and information-theoretically optimal.

We also compute asymptotic constants C,on, and Coggqpe for the four families, and are tabulated in Table 2.
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Figure 7: Non-adaptive MSE for symmetric, strictly log-concave distributions with different K, K2 allocations. Each
subfigure shows worst-case MSE alongside the lower bound % (1194:3 o® A consistent positive gap is observed across all

cases.

Finally, Figs. 7 and 8 analyze the effect of varying (n1,ns). The eight combined plots show worst-case MSE
on a log scale across all four distributions. In the non-adaptive case, we fix (01, 62) as described earlier but
vary K1 = ny/n and Ky = ny/n.

Fig. 9 illustrates the performance of the allocation strategy from Theorem 4.1, where ny = ny = n3/logns.
Here, both worst-case and average MSE curves gradually approach the lower bound. This confirms that
the theorem-based allocation achieves optimality, and that even with alternative user splits, the asymptotic
behavior of the adaptive scheme remains essentially unchanged.

For the generalized Gaussian source with § = 1.50 and unit variance, Fig. 10 illustrates the worst-case MSE
as u € [—2.5,2.5] with n = 40000. Thresholds are fixed once using the equal-thirds rule (6; = —0.8333,
62 = 0.8333). The MSE achieved by the adaptive protocol is lower the non-adaptive lower bound for large
enough n, providing a clear empirical validation of our results.

We also examine the standard normal, which corresponds to the special case of the generalized Gaussian
distribution with 5 = 2. As shown in Fig. 11, using the same experimental setup as Fig. 6, the non-adaptive
lower bound is observed to lie below the adaptive bound. However, we conjecture that the lower bound for
non-adaptive protocols can be improved.

Remark 5.1. These experiments also show how the asymptotic behavior appears in the finite-user setting.
Our results identify the leading term

MSE(n) = % +o0(1/n),

with C' determined by the choice of protocol and the underlying source distribution. Although this ex-
pression does not capture higher-order corrections, the simulations indicate that the C/n approximation
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Figure 8: Adaptive MSE across four symmetric, strictly log-concave distributions. Worst-case closely follow the

benchmark 7., confirming asymptotic optimality.

02
4fx (0)
remains accurate for moderately large values of n. Across all distributions considered, the empirical curves
follow the 1/n behavior, indicating that the asymptotic constants closely describe the observed finite-sample
performance.

6 Conclusion and Future Work

In this work, we derived the asymptotic mean squared error (MSE) for estimating the location parameter
of distributions from the scale-location family under one-bit communication constraints, with a primary
focus on the case where the variance is unknown. Our main contribution is the design and analysis of both
non-adaptive and adaptive protocols for mean estimation. As a byproduct, we also proposed a simple non-
adaptive protocol for the standard deviation and derived its asymptotic MSE. We note, however, that our
results for variance estimation apply only to the non-adaptive setting, and we do not claim optimality for
this estimator. We also derived a non-parametric 1-bit estimator for the mean, but observed that the MSE
scales only as w(1/n), which is worse than our simple non-adaptive estimator.

For a broad class of symmetric strictly log-concave distributions, we proved that no one-bit adaptive protocol
can achieve an asymptotic MSE smaller than presented in Theorem 4.3, and we designed an adaptive scheme
that attains this bound, thereby establishing its information-theoretic optimality. In contrast, we showed
that one-bit non-adaptive protocols necessarily incur a strictly larger MSE for many such distributions, and
we quantified the exact performance gap between optimal non-adaptive and adaptive schemes in terms of a
distribution-dependent constant T'(fx).

Our numerical comparison with the unquantized Fisher-information bound shows that the adaptive one-bit
scheme already operates close to the best performance achievable without communication constraints. This
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suggests that, within the strictly log-concave family, the improvement in MSE obtained by transmitting

more than one bit per sample is limited.
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We believe that the lower bound for non-adaptive protocols is not tight, and can be improved. We conjecture
that for all symmetric log-concave distributions fx(z) = e~?(*) where ¢ is upper bounded by some fixed
polynomial, the asymptotic minimax for non-adaptive estimators is strictly higher than that achieved by our
adaptive estimator.

While our analysis addresses the scalar mean estimation problem, several extensions remain open. In partic-
ular, extending the lower bound techniques to high-dimensional vectors, exploring protocols under multi-bit
communication budgets (e.g., b bits per sample), and developing adaptive strategies for optimal variance (or
scale) estimation are promising directions for future work. Our techniques could potentially also be used to
derive upper and lower bounds for estimation of higher-order moments or more general exponential families.
Even in the context of mean estimation, deriving tight bounds on the minimax MSE for general log-concave
distributions that hold for finite n remains an open question.
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A Proof of Theorem 3.1

We use the delta method (Casella & Berger, 2002, Theorem 5.5.24) and standard limit theorems to prove
this result. Using the central limit theorem (Casella & Berger, 2002, Theorem 5.5.14), we can write:

W(Fl - Fx (910_M>> S N (0.07),
m<FQ—Fx (92;“» L N(0,03).

Using the delta method (Casella & Berger, 2002, Theorem 5.5.24), we can write:

oo (52) (452

dz

wi,
=rx(57) (22)
— ol
\/’T2<a1 — (92 M)) 4, [ dEx ) (2) wa,
o dz (222
where w; ~ N(0,0?) for i = 1,2. After solving equation 22 we get:
0, — p d O'%
Vi { a1 - N0 e |
d f% (555 (23)
O — d o3
\/n2<041—( ))-’N 0, %= | -
o £ (254)
Let us define a function £ as:

6 — anf
{(ar,az) = S

Q] — Q2

Using the delta method (Casella & Berger, 2002, Theorem 5.5.24), we can write:

Vi (f(al,cm ¢ (91;" 92;“)) © N (0.VE"2VE)

where n = nq + ne. Now we have
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and
K 2
f%(&) 0
2= Oa Kzag
F2(%21)

Recall that ny = Kin and no = Kon, where K7 and K5 are constants independent of n, and K; + Ko = 1.
Now
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Therefore, scheme will attain an asymptotic Mean Squared Error (MSE) of:

Since we have

we can write

2

K 2
lim 7 - MSE(fi) = —— 171

SN A P B S . P N <
- o [ iy |

(%)
This concludes the proof of the first part.

We now prove the second part. Using the continuous mapping theorem (Casella & Berger, 2002) in equa-
tion 23, we can write

i o = (B2 ) £ <0’ fffﬁ) ' f?ﬁji)) | )

g o

Now we define a function
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w, 91 —92 _ —02
g 91 —92’

Applying the delta method (Casella & Berger, 2002), we can write
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Then, its derivative
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This gives us
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Therefore
4 K 2 K. 2
lim n - MSE(,) = ( ’ 2) R
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This concludes the proof of the second part of the theorem. O
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B Upper Bound on Squared Hellinger Distance

Theorem B.1. Let fx(x) = e~ %) be a symmetric log-concave distribution, with ¢ being strictly convez,
differentiable, and upper bounded by a polynomial’. Let X,y .0 and fx ;. o be the distributions corresponding
to the two hypotheses, where uy, p— are defined in equation 11.

Let m; be any randomized function from R to {0,1} that is chosen independently of X;, and P{,:, Py be the
distributions corresponding to Y; = m;(X;) when X; is drawn according to fxus,0 and fx o respectively.

Then,

h¥
H*(P{,Py) < ¢ UO ¢ (K1) R (t)dt + o(1) |,

where o(1) — 0 as € —> 0. Here, h(z) = 2¢'(x) fx(x) and h* = max;>o h(x).

To prove this theorem, we first introduce auxiliary functions that will be used in the analysis. Our construc-
tion partly follows (Cai & Wei, 2022a).

We define the maximum pointwise density difference

ag ésuﬂg|fx($+€)—fx(x—€)|~ (27)
e
For 0 < a < af, let
Acla) ={xeR: |fx(x +€) — fx(x —¢€)| = a}, (28)
and
Zo(€) = sup Ac(a). (29)
Let
Iz, z =0,
g+(z,a) = %a r € Ac(a),
0, otherwise,
b x=0,
g-(z,a) = %7 z € Ac(a), (30)
0, otherwise.

A direct calculation shows
% ¥

J.as g+ (z,a)da = fx(z +€), J ) g—(x,a)da = fx(x —€).
0

0
1 T — e 1 T —
7fX ( K ) = J —g+ ( lu7a> da‘a
o o 0o O o
1 T — af q T —
() ) e () e
o o 0o O o

R, = sup M (31)

z€Ac(a) fX (m - 6) ‘

The next results show how R, can be used to bound the squared Hellinger distance.

Thus,

and

Define the likelihood ratio

6The exact value of the degree is not particularly important here. We only require the degree to be finite.
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Lemma B.2. Let m; : R — {0,1} be any (possibly randomized) non-adaptive encoder, and let g4 (-, a), g—(-, a)
be as in equation 30. Then, for a € [0,aF) and any p € R, o > 0, the induced distributions P;,: and Py,
satisfy

o VR, — 1

H?*(Pf:Py) < 2 2
(Pyii ) o VRe+1

«(€) da. (32)

The proof can be found in Appendix G.
We split the integral above into two parts, and then further upper bound this using the following lemma.

Lemma B.3. Let fx(z) = e~ ?®) where ¢ is even, differentiable, and strictly convex. For e > 0,

VR, —1 B I(za(e),e) €' (za(e) +¢)

< < ) 33
VR, +1 4 2 (33)
where
(za(e), €) = ¢(z + €) — p(z —e).
See Appendix G for the details (G.2).
Splitting equation 32 into two regions and then applying the two bounds from Lemma B.3, we have,
1 E2.5 ¢ a:k
HQ(P;,LPZ,) < 1 f 0(zq(€),€) zo(e) da + §J &' (za(€) + €) x4(€) da.
0 €25
=L +1I (34)

o First region (0 < a < ¢2%): Here the integrand is small; a Taylor expansion near a = 0 shows the
contribution is o(e?), negligible in the asymptotics.

« Second region (¢ < a < af): This term is ©(e?), and we compute the underlying constant,
which eventually yields the upper bound on MSE.

First Region: 0 < a < €2
Define
1 62.0
I = *j 0(xq(€), €) xo(e) da
0
Note that

a < fx(a(€) =€) = fx(xale) + €) < fx(zale) —€)
and since fx (z) = e~ ?®) we have

za(e) < o7 <log i) + ¢,

where ¢~1 : Ryg — R is guaranteed to exist as ¢ restricted to R is strictly convex, smooth and increasing;
hence invertible. Under these assumptions on ¢, the inverse ¢! is concave and smooth; see, e.g., (Niculescu
& Persson, 2006, Prop. 1.1.7). Using first-order property of concave functions,

- 1
za(€) < ¢71(0) + $(0) log —, (35)
where ¢(0) is the derivative of ¢! evaluated at 0. Hence, z4(¢) behaves as O(log(1/a)) in this regime.
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Let us now bound the integrand. Suppose that ¢(x) is upper bounded by a polynomial of degree k, for some
fixed k (as assumed in the theorem). We have,

5(a(€), )2ale) = (B(xale) + €) — Bxale) — €))a(e)
< max {@(za(e) + €), d(za(e) — ) fza(e)

= ¢(za(€) + €)zale)
1
< clogh = (36)
a
for some universal constant c, as long as a < €. In the last step, we made use of equation 35 and the fact that

a < €%® and that ¢ is upper bounded by a polynomial of degree k. In this regime, log% = O(log(1/€)) — o
as € — 0, which is the dominant term.

Therefore, for some universal constants ¢, c”,

2.5

L < c'f log® (a)da
0

1
< 'éSpoly (log )
€
<o(e?) (37)
where in the penultimate step, we have used the fact that the integral of log® z is 2?poly(log ).

*

Second Region: ¢*° < a < a?

Now

From Taylors approximation, we have

fx(@—e) = fx(z +€) = 2¢fx(z)¢' (z) + O(c®).

Therefore,
af < 2esup fx(2) ¢'(2) + O(").
Define
h(z) = 2¢/ (2) fx (@),
and
h* = sup h(z).
=0

Then, for a € [€2%, a¥],

? e

xo(€) = ht (2% + O(ez))

Using this representation, we can bound I as

2¢h*
I) < %J ¢ (W' (£ +0(?) +€) h' (£ + O(e?)) da.

Applying the change of variable t = - gives

As e — 0,
h*
f ¢ (W' (@®) () dt +o(1) | (38)
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Combined Bound

Combining equation 37 and equation 38,

h¥
H*(Pf,Py) <o(e®) + € U ¢ (W) R () dt + 0(1)1 .
L 7 615/2

and hence,

h¥

H*(P{, Py ) < ¢ U ¢’ (h™'(t)) k™ (t) dt + 0(1)1 , (39)

0

where o(1) — 0 as € — 0. This completes the proof. O

C Proof of Theorem 4.1

In equation 16, we observe that fiy depends on fi. and 6.. As fi. and . are not constants but random
variables, the procedure used to derive the results for the non-adaptive scheme cannot be directly applied
here.

Let us define:

Ty = Vit 1 ll > (Y;—Ans)], (10)

3 =
\/Var Yoy tno+1litc] | M3 i=n1+na+1

where .
s A~ ~ He — 1
Ang = E[Yo, 1ny41lfic] = P [ Xy ynot1 < fle] = Fx ( pu > .

The conditional variance is
Var [V, 1ny 11 fle] = Apy (1 — Any)
and
E[[Yaitno+1 = Ang P | fre] < (1= Apg) Ang.

From the Berry-Esseen theorem (Vershynin, 2018, Theorem 2.1.3) there exists a universal constant C' such
that:
Py () — 2(2)| < ¢ (a1)
Sup |1, . |p.\T) — PT)| < .
wek | sl Vs (L — A, ) A

where Fr, |5, is the conditional cdf of T, given fic, and ®(x) is the standard normal cumulative distribution
function.

Now we can rewrite equation 40 as:

1
Ty, = /i3 [(Fx(as) = Any)] (42)
’ A"s (1 - Ans) ’
Rearranging the terms,
oy~ Bt (1 CERR) Ay — (Rt (43)
NG s o

Let us define
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For any h € R,

Using equation 42,

(H<h)=<T,, < O (45)
Using the Taylor series, we can write,
re(Ge i) - () - () () <o ()
Hence, equation 45 becomes
ez vl () (Ge) o (5)] .
VA, (1= Apy)
Therefore
f ﬂc;p' f:m O Z%
Frjp6.(h) = Fr, 5.6, \/@[ : {/% ( )]
Now from equation 41
w1y 0 YR E) () £ 0 () ¢ (47)

< .
heR An3(1 - Ang) A/ 134/ (1 - An3)An3

Now, recall the expression for fif from equation 16

iy = i~ Fx'(F3) - 6.

Since a3 = Fy'(F3) = - + (%), we can write

3

and

My = Vi ) = Ho + g | E=2 =) |, (45)

g

Let 8 = /n3 [(U_UC)UM] and My = \/nz(p— fif), so that

Mf:H&c+6.
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The event
My <my = {1 < 20 (49)
Oc
Using this and equation 47, we obtain
fX llc;l»l« m[;ﬁ _ 9
sup | Fiuss)e,6.(m) — @ ( ) ( : ) +0 (M) < ¢ . (50)
meR e An;(l — Ang) n3oc A/M3/ (1 — An3)An3

Now, we define ¢ = Ix(Bt)B o) ((m—B)2

Fer/Ang (1= Any) nso;

B of (2x2)m C
Mfmc-ﬁc (m) - 6'(3 A”s(l - Ans) _C s \/ﬂm (51)

). For any fixed m € R, equation 50 can be written as:

Using the triangle inequality

f 0 fX ﬂc;l‘« m
Futgcn ()= ® (L) <\ ) - @ (&C % - c)‘
() -
fX Hc;l»’« m fX (O)m
M (&c AL ) _C>_¢( )
Since ®(x) is Lipschitz continuous, we can write
o Ix (ﬂc{:/‘) m R (fx(())m> _ 1 fx (ﬂc;#) m ) fx(O)m (53)
Ger/An, (1— Ay,) /2 )| " V2r |\ Gen/An, (1= Apy) a/2 |
Using equation 53 and equation 51 in equation 52, we can write
o fx(O)m)‘ c Cl () om]
P m) —o (P57 < Vi /(L= A4y, | Vo (ac Aoy o) o |

where

o (54) Vs (0~ 5 (s =) =)

<= Go- o/ Ay (1 — Ay

We apply the Jensen’s inequality:

5 (Psaim o (B3]} 2| 2 (=0 (257
Therefore
ﬁc],E&c Fatslaco.(m) =@ (fX;;)?)mN z ‘FMf (m) —® <b(<f(?2)m> '

32



Published in Transactions on Machine Learning Research (Jan/2026)

Now, equation 54 becomes

fx(O)m c L [ A xom

Fy.(m) — @ < .
‘Mf( ) ( o/2 >‘ V(1= Apy) An, fle,6c \ V2T Gern/ Ang (1 — Ayy) /2

Now our goal is to show that the R.H.S. of equation 55 converges to zero as n — oo. To achieve this, we first
establish the convergence of \/nz ((1t — fic) (6 — 6¢)). The following lemma provides this convergence result.

Lemma C.1. Let fi. and 6. be estimates of p and o using the non-adaptive protocol described in Sec. 3.
Then

P

ﬁ|0 — 5 | ‘ N | > 8|/’LU|(10g n3)2/\/ n3 < dex 701 logn3 1+ ex nlog ns
3 c| |1 Hel| Z _ PR p 3 p 3 .
(1 2(logms)/4 /n3)

Where Cy is a constant that depends on Fx, 6;, o, and 1, but independent of n. As n — oo,

\/E(M_/lc) (0’—6’0) LO

Please note that as n — 00, we have /A, (1 — A,,) =2 1/2, fic =25 u, 6. =2 o, and from Lemma C.1,

vz (i = fie) (0 — 6.)) 2 0. Consequently,
¢50,

and A
Ix (%) &fX(O)m
(6en/Ans (1= 4,,)) o/2

Thus, the R.H.S. of equation 55 converges to zero as n — o0, and we can write:

2
d o
My =~n(pg—p) >N <0, 4fx(0)2) :
Finally, this gives us
2
) N O
i - MSE(fy) = 7755
This concludes the proof O

D Proof of Theorem 4.3

To establish a lower bound on the mean-squared error (MSE) of our estimator, we employ the Van Trees
inequality (Gill & Levit, 1995; Van Trees, 2004), which states that for any estimator,

E [(ﬂ - M)z] = ]}Zg[:[::IJFIO (56)

where g(-) is any prior density over the parameter u that satisfies the regularity conditions. The expecta-
tion on the left hand side is with respect to the joint density g(u)fx uo(z) on (u,x), while E4[-] denotes
expectation with respect to g(u). Also, Iy and I, are defined as:

0| (5) ] ma e-x| (mrer)

respectively. Here ¢'(u) is the the derivative of g(u) with respect to p and Y = [Y7,Y53,...,Y,], where each
Y; is the 1-bit output of user i. Moreover, P(Y | u) denotes the joint distribution of Y3,...,Y,, given u. To
keep notation simple, we have not explicitly mentioned the dependence on o.
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Using the chain rule of Fisher information (Zamir, 1998),

L= > T, (57)
i=1
where the Fisher information
0 2
Lii =E[ (5 log P(Yi | Vi, Yiers)) .
I

By definition of an adaptive protocol, Y; can depend only on X; and Yi,...,Y;_1. Moreover, X; is indepen-
dent of Y7,...,Y;_1. Therefore, we can write

Y, — R if X; € .Az
L 0, otherwise.

where each A; is a Borel measurable set that can depend only on Y7,...,Y; 1 and therefore independent of
X;.

Lemma D.1. Let S be a Borel measurable set independent of X;, and define Y; as:

v {1 if X, €S,

0 otherwise.

Then, for any 6 > 0, the Fisher information 1, ; of Y; with respect to u is upper bounded by:

2+0
I;L,i < <2fX(O)> ’ 3

g

Using the fact that equation 58 holds for every § > 0, and equation 57,

Iuén(QfX(o)>2.

g

Substituting this upper bound into the Van Trees inequality equation 56 provides the final lower bound on
the MSE:

~ 1 = 1
E[(p—m?] > n(zfxT(o))QJr[O . n[(%f,@)QJr“]

n

As n — o0, the term %0 approaches zero (since Iy is assumed to be bounded). Consequently, we obtain:

0.2

Jlim n E[(p—p?] = (02 (58)

This concludes the proof. O

E Proof of Theorem 3.3

We analyze bias and variance separately.
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E.0.1 Bias

Clearly,

We now bound the term |E[X] — E[fim]|-
Recall that
0; + 0,41 2h

A= 20

9j=u+jA0', éj: D) y m

Using the representation of iy and separating the negative and positive intervals, we write

[E[X] — Effiner]| - ’ _ (

j=—m

* Z (L (I - Fx(z))dz—(1 —Fx(ej))A>'

9j+1 _
J Fx(z)dZ—Fx(Qj)A>

0;

Jj—1

’ Z J“l Fx(2) — Fx(0;)) dz

jf—m

+ Zf (1- Fx(2) - (1 - Fx(8,))) d=

j=—m
Since fx(t) < L for all ¢, the CDF Fx is L-Lipschitz in its argument:
‘Fx(u) — Fx(’U)| < L|u — U|.

In our estimator, the argument of Fx is the normalized variable (z — p)/o. Thus,

‘Fx<z_u)—Fx<9j_M)‘<LZ_9j .
o o o
For z e [Gj, 9j+1], we have
~ 0ix1—0;, Ao
\z—@ﬂg%:?.

Substituting into the Lipschitz bound gives

‘Fx(z_'u> —Fx(ej_'u>|<m.
o o 2

0j+1 _ LA2
|7 ) - @1 < 55

05

Therefore,

and the same bound holds for the positive intervals. Summing over all 2m bins yields

E[X] - E[anrr]| < LmA2.

35

i+1 _ m  ~0; B
Z f |Fx (2 X(ej)|dZ+ZL‘ |Fx(0;) — Fx(2)|dz.

(59)

(60)
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E.0.2 Variance

For every j € {—m,...,—1,1,...,m},
_ . Fx(0;)(1 - Fx(0
Va,r([) X( J)( X( J))
K
Therefore,
_ A2 _ _
Var(finr) = Z A% Var(I;) = e DT Fx(0;)(1 - Fx(6))). (61)
T s

Since 0; = 4+ jAo, the term
Fx (0;)(1 - Fx(6)))
is evaluated at points forming a uniform grid of spacing Ac. Hence
D1 Fx(6;)(1— Fx(6;))A
e

is a Riemann sum for the integral

JOO Fx(z)(1 - Fx(x)) dz,

—0
If we choose the parameters such that A — 0 and 6,, = —0_,,, — o0, then
A 0
Var(fipr) = e (j Fx(z)(1 - Fx(z))dz + 0(1)) .
—0
This completes the proof. O

F Bounding the Total Variation Distance using the Squared Hellinger Distance

Lemma F.1. For any pair of discrete distributions’ P;,r, Py defined on a common alphabet,

2
TV(Py, Py) <1¢1—(L—H%PYJ¢».

Proof. The following relationship between the squared Hellinger distance and the Bhattacharyya coefficient
is standard, but we nevertheless provide a proof for completeness. For discrete distributions P;ﬁ , Py, we

have
%Zyl <\/p§(y) - \/pxt(y))z

1—p(Py, PY), (62)

H? (Py, PY)

where
P Yo P + Z py py

is the Bhattacharyya coefficient.

Let u(y) := 1 /py(y) and v(y) := 1/p{ (). Then

Ipy (1) = Py )] = [(u(y) — v())(u(y) + ()],

7 An identical approach works for continuous distributions as well.
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and by the Cauchy—Schwarz inequality,

Sl -] < (S - ww?)” (Stotw + ow?)”
Simplifying,
2y —rywl < (201~ p(Py, )" (2(1+ o(P7, PE)))
= 2\/1- p(Py, )2 (63)
Therefore,

TV(P;7P;F) < V 1_p(P}77P)J/r)2'

Finally, using equation 62 yields

2
TV(Pl;vp;/r) < \/1_(1_H2<PY7P;)) )

which gives us the lemma. O

G Proofs of Lemmas Appearing in the Proof of Theorem B.1

G.1 Proof of lemma B.2

We now define a generalized squared Hellinger distance. Let Z be a finite set, m; : R — Z a (possibly
randomized) function, and f1, fo be non-negative functions. Then

2

H?*(m(X); f1(), fo(z)) = 4 Z <\/f00 fi(@)Pr[mi(X) = 2z | X = z]dz — \/fOC fo(x)Pr[mi(X) =2 | X = :c]dx) ,

z2eZ
which reduces to the usual squared Hellinger distance when f1, fo are valid densities.

Similarly, if m; is a function with output alphabet Z = {0, 1}, the generalized total variation distance is

TV (mi(X); fu(x), fa(x)) = § )

_EOOO fi@)Pr[mi(X) =2z | X = z]dx — J‘jooo fo(x) Pr[mi(X) = z | X = x]dz|.

Now we recall our definitions:

* *
a. (l6

" g4(z,a)da and fX(J:—e)=fO g—(z,a)da.

frx(ete = |

0

Therefore,

le (m—u) = lfX (x— (M_EU)> = lfX (x—u +€> = JaE l9+ (x—/x’a> da (64)
g g g g g g 0 g g

and likewise,
1 T — 1 T — (u+eo G 1 T —
iy ( “*) “ Ly ((“)) [ 2o ( ‘ﬂa) da. (65)
o o o o 0o O o

Using equation 64, equation 65, and (Cai & Wei, 2022a, Lemma 2),
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*

g
ac 1 - 1 -
< J H2 <7T7,(5E)7g+ <x 607a> )y —9— (m GUva)> da
0 g g g g
1%

ot (52 e () o0

Now for any R, > 1 that satisfies

1 _g4(2)

R, ~ g-()

s}

< R, for all z such that g_(x) > 0.

We can write,

<

0
5

— 1 —
o) oo (5
o o o

Lizztea, @y 9%

Q|+
Q
+

A/~
8
Q||
=
Q
~_
|
Q|+
T
A/~
8
Q| |
=
)
~_
[t
‘&
qfl
=

m

s
s
o,
8

1
5 eyl a
teAe(a)
1 1
= §|A€(a)| < 5(2$a) = Za-

Where the third step follows from a change of variable, and the penultimate step uses the definition of x,.
Now using this bound on TV in equation 66, we have,

*
¥ Ry —1
H%(PY: P> <J Va2, da. 67

(Pyi; Py,) o («/Ra—i—l a, 04 (67)

This completes the proof. O
G.2 Proof of Lemma B.3
Since fx(z) = e~ ?®), we have

fX(x + 6) _ €7¢(x+e)+¢>(zfe) _ 675(26,6)’

fx(x—e)
where
O(z,€) = d(x +€) — oz —¢).
Therefore,
Ra = sup e—&(m,s) = e inf,IEAE(a)(;(z,e)-
€A (a)

From the strict convexity of ¢ and the definition of §:

o d(x,¢€) is strictly increasing on [0, c0),

o Evenness of ¢ implies d(x,€) is odd: 0(—x,€) = —d(x, €).
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Thus d(z, €) changes sign exactly once at = 0, being negative for < 0 and positive for > 0. Since A.(a)
is symmetric, the smallest value of d(z, €) over A.(a) occurs at the left endpoint, which equals —|d(x4(€), €)|,
where z,(e) = sup A.(a).
Consequently,
inf 4§ ) =—|d a ) )

it 5(2.6) = ~16(ra(0).)

and
R, = ¢ facaca 8(2.0) _ olo(a(e)0)l

Ry = e%(al€):€) g0

a

Since tanh(t) <t for all t > 0,

VR, —1
m Ta(€) < 4 Za(€). (68)

Since ¢ is convex and differentiable, we can use the first-order condition for convexity to get
2c- ¢ (x—e€) < plx+€) — dlx—€) <2 ¢ (x+¢).
Therefore,
d(wale), €) < 2ed/(zale) +e),

which yields
6(xa(€), €)
4

Therefore, equation 68 can be written as,

€d'(wale) + €) Ta(e)
5 .

xo(€) <

%: za(e) < %qb'(ma(e) +€) wq(€).

Substituting this pointwise bound into the integral directly yields the result. O

H Proofs of Lemmas C.1 and D.1

H.1 Proof of Lemma C.1

To prove the convergence of /ng(u — fi.)(o0 — 6¢), we first state two key Lemmas that show the convergence
of (fic — p) and (6. — o), respectively.

Lemma H.1. Let ji, be the estimate of p using the non-adaptive scheme described in Sec. 3. Then,

. 4logn —C1logn —nlogn
Pr<|uc —ul = |yl <\/173—21(jgm>,)> < 2€Xp(133> [1 + exp<33 ]7 (69)

Here, Cy and 1 depend only on the underlying distribution class and are independent of ny,ns, ns.

Lemma H.2. Let 6. be the estimate of o using the non-adaptive scheme described in Sec. 3. Then,

21 -1 -7l
PI‘ |:|0' — 5’0| 2 |O'| (7%)] < 26Xp<130gn3> |:1 + eXp(ngg"FLg)] . (70)

As before, the constants Cy and n depend only on the distribution and not on ny,ns, ns.
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Since the right-hand sides in Lemmas H.1 and H.2 converge to zero as ng — o0, both fi. and &, are consistent
in probability under the non-adaptive scheme. The proof of these two lemmas is given in Appendix I.

Now we begin with some definitions. Let us define the events:

A ) 2logns

B, = {g_ac| > |o] (M>}
A ) 4logng

&={M—MPZM(ﬁw:mg%)}

If A, B, C, and D are random variables with A < B and C' < D, then AC < BD. Thus,
{AC = BD} c {A>= B} u{C = D},

and by the union bound,
P(AC = BD)< P(A=B)+ P(C = D).

Using this, we obtain

810 (logns)?/ s
(1 —2(log ng)/\/rTg)2

Pr l\ﬁns o =5l I — ficl > ] < P[&1] + P[E.].

Using the bounds for P(E;) and P(E>) from Lemmas H.1 and H.2, we obtain:

8 I 2 _C _
P | Vialo = ool = ] > DB, | gy (ZEL0ER ) [y o (BN
(1 — 2(log ns)/y/5) 3 3

As n3z — oo, this probability approaches zero, implying convergence in probability for the non-adaptive
scheme. O

H.2 Proof of Lemma D.1

Let S be a Borel measurable set, and define Y; as:

i

{1 if X, €,

0 otherwise.

Now the Fisher information for a parameter p is defined as:

I,=E l(ailogp(Yi,u)>2].

PY;=1|p) = J:S fxpo(x)d.

By regularity of the Lebesgue measure, we can approximate any Borel measurable set S using a finite number
of disjoint intervals:

The probability that Y; = 1 is:

k
¢ = Ulay.q;1,
j=1

with
- + — + +
—0Ka; <o) <y <ay <2 <ap <O,
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such that

where A denotes symmetric difference.

Therefore,

Y; = 1|u) = ZJ+U]0X<

where g (€') is a quantity that can be made arbitrarily close to 0 by choosing k large enough.

)d;v+gk( ",

Using the substitution v = *>#, x = ou + p, and dz = odu, the integral becomes

k J
P(Y; =1|p) = ] ﬁ;,“ fx (w)du + gi(€).
j=1 Iz

Recall that Fx as the CDF corresponding to fx. Then

( . M) . (a;-(j-ﬂ)] + (e,

P(Y; =0[p) =1—P(Y; = 1|p).
Taking the derivative of P(Y; = 1|u) w.r.t. u, we obtain

k

(i = 1|u) = Z

Similarly,

PR ¥ INCETIINCESS) W

Using the chain rule,

Thus:

0
2P, =1 - E (
Since Y; is a binary random variable, the Fisher information expands as:

B = PO = 1) (£ t0u P = 1))+ P = 0 (£ 10w PUY; = 0 )+ e,

for some h(€') that can be made arbitrarily close to 0 by choosing k large enough.

By substituting the probabilities and derivatives, and then assuming:

NN G N CEL)

g

Afy = L [fx( - n (7).

we write

k
)+ k(€ P(Yi=0lp) =1 3 AF;(p) +gi(¢).

=1lp) =

H'Mw
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Therefore

1 k
o) 4 . AT
S-log P(Y; = 1) = 221 DLW )
Z 3o AF; (1)

and -
EZJ‘:1 Afj(ﬂ) '
+ .
1 _25:1 AFj(p) o)

0
Zog P(Y; = -
o 18 (Y; = 0|p)

Substituting these into I, ;, we obtain:

1k 2
(235, Afw)
= + hk(el). (71)

S AR ) (1- X AR W)

Mt

We now make use of the following result, which is a corollary of (Kipnis & Duchi, 2022, Lemma 11):
Lemma H.3. Assume the hypotheses of Theorem 4.8. For every é > 0,

(2xh, anm)
(2 amm) " (1- Sk, AR W)

5 S L5 ().

Using this in equation 71 completes the proof of Lemma D.1 O

I Proof of Lemmas H.1 and H.2.

The proofs of Lemmas H.1 and H.2 rely on the following lemma, which we prove first.

Lemma I.1. Fori=1,2, with 8; e R, ¢, > 0, and «; as defined in equation 8, the following bound holds:

- A 20 .
bl u‘><eu>]<2p<0>
o o 3

Here, C;, is a constant that depends only on Fx, 0;, o, and 1, but is independent of ni,ng, n3.

P

Proof. For ¢ = 1,2, we want to show that

0. — 0. — —e20n;
. Zau‘%i(zouﬂggexp(ezgzw,

We recall the definition of «; from equation 8 and write

P

a; = F'(B(F;) + Gy),
where G; = F; — E(F;) is a random variable.

Note that

Ni+ni—1
— — 1 917‘[1
SRR T B i | Y (=)

tj=nioi+1

where we have assumed ng = 0. Hence we can write

Pl a; — ei“‘ > ¢ <u>] — P[|F;1 (EF; + G;) — FX'(EF)| = (M)]

g
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Using the Taylor series expansion

Fi(B(F) + G1) = F B(R)) + —mrsss G+ O(GY) (72)
X i
Thus equation 72 becomes
b . 0i —p\ | _ G 2 N
Plfo - Bt ( - ) prX(FXI(EFi))m(GZ) > ( - )] (73)

G

For sufficiently large n;, G; is small, and the term O(G?) is at most m

and hence equation 73

becomes

Using the Chernoff bound for Bernoulli random variables form (Har-Peled, 2011, Theorem 27.17)), for all
0 <0 <1, we have:

+O(G?)

—5%n.E[F;
P[|F; —E(F,)| > 0E(F;)] < 2exp ("3”) . (75)
Therefore, applying this bound to equation 74, we obtain:
€ (b — -
Plir B > § (4 et @)
n; €2 0; — 1 2 —n,;e2C;
<2 . i € % 2 (g1 EF; =92 1T Tt
x| ~gmer (1) (51) AR ER) | = 200 (T4,
~ 1 0i—p 2 2 -1 1 [ 2 2 (0i—p
where Ci = sy (%52) R BF) = by (%54) 7% (%5).
Finally we can write:
b — b — —n;e2C;
Pl |a; — u‘?a(”)}é%}xp(ne’).
o o 3
This completes the proof. O
1.1 Proof of Lemma H.1
From Lemma 1.1, for ¢ = 1,2 and ¢; > 0, the following inequality holds:
0; — 0; — —nie;C
Pl la; — u‘<6i<u)]<l2exp<nezc>.
o o 3
This implies that as n; — o0, a; becomes arbitrarily close to 0’;“ within a margin proportional to ;.
For some €¢; > 0, if we have
0; — 0; —
o (02) o
o o

for i = 1,2, then

e ((%2) - (552 o
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and
1 1 1 1 1
N (O N )
or equivalently,
((%%“) o — (02;“> 91) (1—2€) _ a192—a291> o ((01;”)92—(02;#)91) (1+2€) -
(CONCHEETES () o ((%52) = (%)) 1 -2e)
Simplifying, we conclude that if equation 76 holds, then ™
—4ey . 4eq
(I+2e) HSHeTHST2) W (79)

This implies that for all sufficiently small €,

a1_91—u‘>61<91—u>
ag ag

Then, applying Lemma 1.1, we can write:

. 4e —n,e2C —nge2C
Pl = el = Iu(l_éel)] < 2exp (111> +2exp (212)

i fiel > ]
/’L MC/M(172€1

P )| <P

(80)

1
and €; = 28 Then, we have:
Vns ’

. 4logn —Cylogn —nlogn
p [lu = fic| = |pl (leg%)] < 2exp (133) [1 +exp (33 : (81)

Now from equation 81, we conclude that p converges in probability to u as n3 — o0. This completes the
proof.

n3

Letn1:n2:10g7n3

O

1.2 Proof of Lemma H.2

Now we recall the definition of . and write

(a—c—a)—a<a‘91_92)—1>. (82)

(041 — (9

The approach is very similar to that of the Lemma H.1 and we omit minor calculations. If we have
9; — 6. —
b M‘<61<z u),
o o

—2€10
(1+2€;)

for ¢4 > 0 and 7 = 1,2, then

2¢€10

(1 - 261) ’

O — 0 <

We can apply the same union bound approach used in proving Lemma H.1, yielding:
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2 0, — 0, — 0y — 0y —
P|076c|2|0|i < P lag — L > € ATH + P |ag — 2T H >€e 2R
(1—2e) o o o o
Using the value of ¢ = logﬁ and following a similar approach as in Lemma H.1, we apply Lemma I.1 to

obtain the following:

. 2logn —C1logn —nlogn
Pl|a—ac| > IUW] < 2exp (13g3) [1 + exp (773g3>] .

Where C; and 7 are the constants as defined in Lemma H.1. Hence, as n — 0, &, converges in probability
to 0. This concludes the proof of the Lemma. O
Remark 1.2. In the proofs of Lemmas H.1 and H.2 we only require that fi. and 6. converge in probability
to u and o, respectively. This is ensured as soon as the product nie? tends to infinity, since the deviation
probabilities then go to zero for every fixed threshold. In particular, our choice

ns log ng
ny =ng = =

logns’ N

yields nie? = logns — oo and is therefore sufficient for the consistency in probability established in Lem-
mas H.1 and H.2. One may also consider the more general allocation

ns
= = 0<d<l1
ni n2 (logng)l_‘;’ )
with the same choice €; = logﬁ. In this case
n log n3)?
nie = 3 - (log ns) _ (logn3)1+5,

(lognz)t= ns

so the deviation probabilities P(A,,) satisfy
P(Ay,) < exp(— C(logns)' ™), C > 0.

The series

2 exp( — C(log n3)1+6)

is then finite, and the Borel-Cantelli lemma (see, e.g., (Durrett, 2019, Theorem 2.3.7)) implies that the events
Ay, occur only finitely many times almost surely. Under this alternative scaling, the deviation probabilities
decay fast enough to yield a stronger conclusion for Lemmas H.1 and H.2, namely almost sure convergence
instead of convergence in probability. Since none of our results require this stronger mode of convergence,
we work with the simpler choice n; = ns = ng/logns, which already ensures the consistency guarantees
established in Lemmas H.1 and H.2.
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