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ABSTRACT

Sampling from unnormalized target distributions, e.g. Boltzmann distributions
Harget () o exp(—E(x)/T), is fundamental to many scientific applications
yet computationally challenging due to complex, high-dimensional energy land-
scapes. Existing approaches applying modern generative models to Boltzmann
distributions either require large datasets of samples drawn from the target distri-
bution or, when using only energy evaluations for training, cannot efficiently lever-
age the expressivity of advanced architectures like continuous normalizing flows
that have shown promise for molecular sampling. To address these shortcomings,
we introduce Energy-Weighted Flow Matching (EWFM), a novel training objec-
tive enabling continuous normalizing flows to model Boltzmann distributions us-
ing only energy function evaluations. Our objective reformulates conditional flow
matching via importance sampling, allowing training with samples from arbitrary
proposal distributions. Based on this objective, we develop two algorithms: it-
erative EWFM (iIEWFM), which progressively refines proposals through iterative
training, and annealed EWFM (aEWFM), which additionally incorporates tem-
perature annealing for challenging energy landscapes. On benchmark systems,
including challenging 55-particle Lennard-Jones clusters, our algorithms demon-
strate sample quality competitive with established energy-only methods while re-
quiring up to three orders of magnitude fewer energy evaluations.

1 INTRODUCTION

Understanding the behavior of systems with many interacting particles is a central task in many sci-
entific fields, ranging from molecular dynamics (Allen & Tildesley, |2017; [Frenkel & Smit, 2023) to
computational chemistry (Shirts & Chodera, [2008; [Noé¢ et al.,2019)) and protein science (Bryngelson
et al.,[1995;Dill et al.,|2008). In these multi-particle systems, the equilibrium distribution of configu-
rations x (e.g., positions of atoms in a molecule) is often governed by a known energy function E(x),
giving rise to a Boltzmann distribution with unnormalized density jiqee(z) o< exp(—FE(x)/T),
where T is the system’s temperature. Generating independent samples from this distribution is es-
sential for computing equilibrium properties, such as the probability of a protein being in a folded
state. However, this task remains computationally challenging for complex, high-dimensional sys-
tems.

Traditional trajectory-based methods such as Markov Chain Monte Carlo (MCMC) (Hastings,|1970;
Andrieu et al., 2003) and molecular dynamics (MD) (Leimkuhler & Matthews), [2013)) address this
challenge by simulating paths through the system’s energy landscape. However, these energy land-
scapes exhibit numerous local minima (metastable states) separated by high-energy barriers, often
causing simulated trajectories to remain trapped within local minima for long periods. This typically
leads to prohibitively long simulation times to adequately explore the entire distribution (Allen &
Tildesley, [2017; |Noé et al., 2019; [L.atuszynski et al.l 2025; Pompe et al., [2020).

While deep generative models (Lipman et al., 2024} [Papamakarios et al.| [2021}; |Yang et al., 2023)
offer a modern alternative for learning and sampling from complex distributions, they cannot be di-
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rectly applied to Boltzmann distributions as they require training samples from the target distribution
— precisely what we seek to generate in the first place. To address this circular problem, No€ et al.
(2019) introduced Boltzmann generators, a class of deep generative models based on normalizing
flows (Rezende & Mohamed, 2015} [Dinh et al.| 2016) that primarily leverage the known energy
function for training via minimizing the reverse KL divergence between the model and the unnor-
malized target Boltzmann density. Nevertheless, these methods still require some initial target data
to supplement the energy-based training, as the reverse KL divergence alone leads to incomplete
target coverage due to its mode-seeking behavior.

This has motivated a line of research into methods that train using only energy function evaluations,
without requiring any target samplesm Two prominent methods are Flow Annealed Importance
Sampling Bootstrap (FAB) (Midgley et al., 2022) and Iterated Denoising Energy Matching iDEM)
(Akhound-Sadegh et al., [2024), though FAB faces scalability challenges for high-dimensional sys-
tems and iDEM requires substantial energy evaluations during training.

In parallel, Continuous Normalizing Flows (CNFs) (Chen et al., [2018} [Cornish et al., 2020) trained
via Flow Matching (Lipman et al., [2022; |Albergo et al.| 2023 have shown considerable promise
for Boltzmann sampling (Klein et al., 2023} |[Klein & Noé| [2024; |Vaitl & Klein, [2025), but current
formulations still require large datasets of target samples. This creates a fundamental challenge,
as we ideally need both the expressivity of these architectures and the capability of energy-only
training.

Contributions. To overcome the reliance on target data for training continuous normalizing flows
for Boltzmann sampling, we introduce the Energy-Weighted Flow Matching (EWFM) framework,
establishing a new approach for scalable and efficient energy-only Boltzmann generators. Con-
cretely, we make the following contributions:

* We introduce the EWFM objective (Sec. , which reformulates the Conditional Flow
Matching (CFM) loss as an expectation over an arbitrary proposal distribution, reweighted
by Boltzmann importance weights, enabling CNF training without target samples (see
Fig.[I]for a visual comparison).

* Based on this, we develop iIEWFM (Sec.[3.2)), which iteratively refines the proposal using
the current model, and aEWFM (Sec. [3.3), which additionally incorporates temperature
annealing for challenging energy landscapes.

* We demonstrate competitive sample quality on benchmarks including Gaussian mixtures
and n-body particle systems up to 55-particle Lennard-Jones (Sec. [d)), while requiring or-
ders of magnitude fewer energy evaluations than comparable energy-only methods.

2 BACKGROUND AND PRELIMINARIES

We aim to generate i.i.d. samples from a Boltzmann distribution fitareer OVEr R defined as:

Jrarger (1) = M, Z=| exp(~E(x)/T)dx. (1)
Rd
Here, E(z) : R? — R is the energy function of the system, and 7 is the temperature. The denom-
inator Z is the partition function, which is generally intractable to compute for high-dimensional
systems. Instead, we have access to the energy function E(x) for any configuration z, allowing us
to evaluate the unnormalized density exp(—FE(x)/T).

2.1 BOLTZMANN GENERATORS

Boltzmann generators (Noé et al., 2019) are generative models trained to sample from the Boltz-
mann distribution by learning a transformation from a simple prior to the target, using only the
energy function E(x) and temperature 7. The original approach trains normalizing flows by mini-
mizing the reverse KL divergence KL (g || ftreet), Which can be estimated from model samples alone

!The field is currently moving very fast, with multiple recent works improving upon previous methods (see
recent work paragraph in Sec. EI)
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Figure 1: Conditional Flow Matching vs. Energy-Weighted Flow Matching. (Left) Conditional
Flow Matching (CFM) requires samples from the target distribution figree;. The model learns by
regressing on points x; along conditional paths from prior pg to target samples. (Right) Energy-
Weighted Flow Matching (EWFM) reformulates the CFM objective to avoid requiring target sam-
ples, instead using an arbitrary proposal distribution. Training points are reweighted by importance
weights w(z) of their endpoints. High-weight paths (thick lines) are amplified while low-weight
paths (thin lines) are suppressed, yielding an equivalent objective that learns the target distribution.

(see Appx. [E.T|for details). A key application of trained Boltzmann generators g is computing equi-
librium properties via self-normalized importance sampling (SNIS) (Nicoli et al., 2020; |[Noé¢ et al.,
2019), where samples are reweighted with importance weights w(x) = exp(—E(z)/T)/qo(x).

2.2 CONTINUOUS NORMALIZING FLOWS AND FLOW MATCHING

Continuous Normalizing Flows (CNFs) (Chen et al., 2018)) define transformations as ODE solutions,
removing the requirement for architectural bijectivity inherent to classical normalizing flows. A
CNF learns a time-dependent vector field u{ (z) that induces a flow ; : R? — R mapping a base
distribution p, to a target p; via

%wt(m) = uY(¢(x)), with initial condition 1)o(z) = . (2)
The flow defines a probability path (p;):c[o 1] interpolating between py and p;, and the Instanta-
neous Change of Variables Formula (Chen et al., [2018) allows exact log-likelihood computation at
any generated point. To avoid computationally expensive ODE solving for likelihood computation
during training, the flow matching paradigm (Lipman et al., [2022} |/Albergo et al., [2023)) offers an
efficient alternative. The core idea is to regress the parameterized vector field u{ onto a target vector
field u; that generates a desired probability path between pg and p;. Although the ideal vector field is
generally intractable to compute, this problem is circumvented by instead optimizing the equivalent
conditional flow matching objective

2
Lora(0) = Box o, |[[uf (X0) = wn(Xa X0)[°] , where £ ~ UI0,1], X1 ~ pa, X ~ pya (1X1).
3)

This reduces flow matching to a regression task, enabling simulation-free training. However, this
approach requires target samples X; — precisely what we lack in Boltzmann sampling.

3 THE ENERGY-WEIGHTED FLOW MATCHING FRAMEWORK

We now introduce the Energy-Weighted Flow Matching framework, which includes the Energy-
Weighted Flow Matching (EWFM) objective that enables CNF training without target samples, and
two algorithms that leverage this objective: iterative EWFM and annealed EWFM.
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3.1 THE ENERGY-WEIGHTED FLOW MATCHING OBJECTIVE

As established in Sec. CFM requires target samples, which are unavailable for Boltzmann sam-
pling. We bridge this gap by reformulating the CFM loss as an expectation over an arbitrary proposal
distribution fipr0p via importance sampling.

The key insight is that while we cannot sample from the target distribution, we can evaluate its un-
normalized density exp(—F(z)/T'). This enables us to rewrite the CFM loss as an expectation over
an arbitrary proposal distribution using importance weights. More formally, the conditional flow
matching loss can be decomposed as Lcrm(6) = Ex, wpuee [f(X150)], where f(z1;6) represents
the expected loss conditioned on endpoint x;. By using the relationship

,utarget(x1> _ w(m)
Hprop (xl) EX{ ~ Lprop [’U)(X{ )]

with unnormalized weights w(z,) = W, we can take the expectation in the CFM loss
prop

with respect to an arbitrary proposal distribution to obtain our Energy-Weighted Flow Matching
(EWFM) objective:

“4)

_owX) uf u 2
B oy e —weel o

[ w(Xy)
Heprop ]EX{ ~ [hprop [U} (X{ )]
Here, we assume that ¢ ~ U0, 1], X1 ~ fiprop, and Xy ~ py1 (| X1). The mathematical equivalence

Lcrm(0) = Lewrm(0; fiprop) ensures that minimization of our importance-weighted objective has
the same theoretical minimum as the original CFM loss. The derivation is provided in Appx.[C.1]

»CEWFM(G; Nprop) = Et,Xt,Xl |:

=Ex, (X 9)} = Lcrm(9).

Fig. (1] illustrates the differences between standard CFM and our EWFM approach. A similar
reweighting strategy was used by [Zhang et al.| (2025b) to steer a learned base distribution towards a
target proportional to p; () exp(—F(x)) for reinforcement learning applications.

Remark. Crucially, this differs from methods that regress to the marginal score/vector field, such
as iDEM (Akhound-Sadegh et al., |2024) or the recently proposed Iterated Energy-based Flow
Matching GEFM) (Woo & Ahn) 2024)), which require a nested Monte Carlo importance sampling
loop to approximate the marginal score/vector field. Instead, EWFM applies importance sampling
directly to the objective. By regressing to the exact conditional vector field, we eliminate the inner
estimation loop, reducing the cost to a single energy evaluation per trajectory.

3.2 THE ITERATIVE ENERGY-WEIGHTED FLOW MATCHING ALGORITHM

While the EWFM objective is theoretically sound, its practical estimation via Monte Carlo methods
introduces a challenge. If the proposal distribution fiprp differs substantially from the target fiarget,
the importance weights w(x) will have high variance. This means the Monte Carlo estimate will
be dominated by a few samples with extremely large weights, leading to unstable gradients and
ineffective training.

To address this, we introduce the iterative EWFM (iEWFM) algorithm. The core idea is to use the
current generative model gy as the proposal distribution for the next training step. We start with an
initial proposal distribution (e.g., a simple Gaussian), train a model using EWFM, and then use this
trained model as the proposal for the next iteration. Each iteration produces a better approximation
to the target distribution, which serves as a higher-quality proposal for subsequent training.

We motivate this iterative strategy through importance sampling theory. The Monte-Carlo estimate
of the gradient of the EWFM objective can be written as:

N
v § : ~ - w(z™)
VoLewrm = w(")qﬁg(z("))’ where w(”) -\ )
S wem)

where ¢g(21) represents the gradient of the loss conditioned on endpoint ;. From importance
sampling theory, the optimal proposal distribution that minimizes the variance of such estimators

. (6)
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Figure 2: The iterative EWFM algorithm. (Top row) Shows target distribution e (solid black)
and proposal distribution jiprp (dotted green) for each iteration, with samples displayed as dots
whose size reflects their importance weights. (Bottom row) Corresponding distribution of log im-
portance weights. Iteration I: Initial proposal (single Gaussian) poorly matches the target, resulting
in highly variable importance weights. Iteration 2: Using the previous model as proposal shows
improvement — better capturing target modes with more balanced weights. Iteration k: After con-
vergence, the proposal closely matches the target, yielding low-variance weights and stable training.

is given by fiop (%) X fareet(x) - [|¢0(2) — VoLewrm||. Under the simplifying assumption that
the term || g (2) — Vo Lewrm|| does not vary substantially across the domain, this reduces to being
approximately proportional to the target density (see Appx. [C.2]for the complete derivation).

Since our model gy is trained to approximate firge, this motivates our iterative strategy of using the
current model as the proposal for the next training step. As training progresses, gg becomes a pro-
gressively better approximation of the target, leading to lower-variance gradient estimates and more
stable training. Fig.[2|illustrates this iterative refinement process. Note that our approach continually
refines a single model throughout the iterative training process, rather than training separate models
at each iteration.

Amortized training with a sample buffer. Since evaluating the proposal density gy(x) requires
solving the reverse-time ODE of the CNF and computing the log-likelihood via the Instantaneous
Change of Variables Formula (Chen et al., [2018)), which is computationally expensive, we amortize
these costs using a sample buffer. We periodically generate samples, pre-compute their log-densities
and energies, and reuse them across multiple training steps. This buffering strategy, which has been
similarly employed in related work (Midgley et al., 2022; |/Akhound-Sadegh et al., 2024), preserves
the adaptive proposal benefits while improving efficiency. The complete iEWFM algorithm incor-
porating this buffering approach is presented in Alg. [T} with full implementation details provided in
Alg.[2]in the appendix.

3.3 ANNEALED EWFM: SCALING TO COMPLEX ENERGY LANDSCAPES

While iEWFM provides a robust strategy for the Boltzmann distributions investigated in this work,
the quality of the initial proposal can become a limiting factor for more challenging energy land-
scapes. For such systems, a randomly initialized model forms a poor initial proposal, leading to
high-variance gradient estimates that prevent the iterative algorithm from effectively improving. To
overcome this bootstrapping problem, we extend iEWFM with temperature annealing. Rather than
forcing a randomly initialized proposal to fit a difficult target, we first train at an elevated temper-
ature Top > T'. At this higher temperature, the target distribution pg, (z) x exp(—E(z)/Tp) has
flatter energy wells, increasing the likelihood that even a randomly initialized proposal achieves
non-negligible overlap with the target, yielding lower-variance importance weights and more stable
gradient estimates.

This insight leads to the annealed Energy-Weighted Flow Matching (aEWFM) algorithm. We em-
ploy a decreasing temperature schedule Ty > 77 > --- > Tx = T, implemented as a geometric
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Algorithm 1: Iterative Energy-Weighted Flow Matching GEWFM) - Simplified

Input: Energy function E(x), temperature 7', initial proposal ul()?gp
Output: Trained model gy
Hprop < ;LP(,?QP; Generate initial buffer B from feprop;
for each epoch do
if time to refresh buffer then
Hprop <— Qo (use current model as proposal);
Generate buffer B from fiprop;
end

Sample mini-batch {2!™} from buffer B;

Compute importance weights w(™ = exp(—E(2{™)/T — log piprep (x™)):

Compute CFM gradients Qgg(l'gn)) for each xin);

3y So ey w™
Zm w(m) ’

Update 6 using SNIS gradient ?QEEWFM =
end

Table 1: Quantitative comparison with established Boltzmann sampling methods. Results are
reported as mean =+ standard deviation over three random seeds. Bold indicates results not signifi-
cantly outperformed by any other method in the same column (p < 0.10, Welch’s t-test).

GMM-40 (d = 2) DW-4 (d = 8) LJ-13 (d = 39) LJ-55 (d = 165)
Method NLL | Ws | NLL | Wy | NLL | Wy | NLL | W |
FAB 7.14 +0.01  12.00 £5.73  7.16 +0.01  2.15 +0.02 17.52 +0.17  4.35 +0.01  200.32 +62.30  18.03 +1.21
iDEM 6.96 +0.07 7.42 +3.44 T7.17 £0.00 2.13 £0.04 17.68 +0.14 4.26 £0.03 125.86 +18.03 16.13 +o0.07

EWFM (Ours) 7.05 +0.05  3.88 +0.53  7.76 +0.09 2.13 +0.00 54.19 +6.05  7.39 +0.04 - -
iEWFM (Ours)  7.08 £0.03  6.68 +0.67  7.65 +0.13  2.25 +0.03  19.38 +1.27  4.19 +0.06 97.66 +2.38 16.38 +0.13
aEWFM (Ours)  7.09 +0.02  7.06 +0.49  7.81 +0.17  2.27 +0.03 1941 +1.11  4.25 +0.04 100.89 +1.46 16.13 +0.07

progression. The aEWFM algorithm applies an equivalent iterative scheme to iEWFM by using the
model from the previous step (either the previous temperature or the previous iteration at the same
temperature) as the proposal.

4 EXPERIMENTAL RESULTS

This section provides an empirical evaluation of our Energy-Weighted Flow Matching framework.
We benchmark iEWFM and aEWFM against established methods for Boltzmann sampling without
target data, analyzing sample quality, computational efficiency, and the contributions of our algo-
rithmic components.

4.1 EXPERIMENTAL SETUP

We evaluate on four benchmarks, namely GMM-40 (2D, 40 components), DW-4 (4-particle double-
well, 8D), LJ-13 (13-particle Lennard-Jones, 39D), and LJ-55 (55-particle Lennard-Jones, 165D).
The Lennard-Jones systems are particularly challenging due to high dimensionality and sharp, multi-
modal landscapes. We compare against two established energy-only methods, Flow Annealed Im-
portance Sampling Bootstrap (FAB) (Midgley et al.|[2022) and Iterated Denoising Energy Matching
(iDEM) (Akhound-Sadegh et al.| 2024)), as well as EWFM, a simplified variant without iterative
refinement. Sample quality is assessed via the 2-Wasserstein Distance (Ws) and Negative Log-
Likelihood (NLL), with energy function evaluations as our computational efficiency metric. For
iDEM and FAB, we use the quantitative results reported in |/Akhound-Sadegh et al.[ (2024). Com-
plete implementation details are provided in Appx. to
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Figure 3: Sample quality visualization across benchmark systems. (7op left) EWFM samples
and (Top middle) aBEWFM samples for GMM-40, relatively accurately capturing all mixture compo-
nents. (Top right) IEWFM performance on DW-4 showing distributions of interatomic distances and
energy values, with limitations in capturing the correct relative weights between peaks. (Bottom left)
aEWFM on LJ-13 shows excellent agreement with target distributions in both interatomic distance
and energy distributions. (Bottom right) aBEWFM performance on the challenging 165-dimensional
LJ-55 system demonstrates relatively good performance despite the system’s complexity.

4.2 RESULTS

Table|[T]presents our main quantitative results. Our methods achieve competitive performance across
benchmarks, with particular strengths on complex systems. On GMM-40, EWFM excels on Wasser-
stein distance while remaining comparable on NLL, effectively capturing the mixture structure. Per-
formance on DW-4 reveals limitations of our iterative approaches on this intermediate-complexity
system, where baselines achieve stronger results. We hypothesize this may be due to potential bias
in gradient estimates when using model proposals, though further investigation is needed to confirm
this.

For high-dimensional Lennard-Jones systems, our iterative methods demonstrate clear advantages:
both iEWFM and aEWFM achieve competitive or superior performance, with particularly strong
results on LJ-55, where our methods substantially outperform iDEM on NLL, with aEWFM also
matching it on Wasserstein distance. This confirms the effectiveness of our approach on challenging
high-dimensional tasks.

The. comparison betvyeen our variants reveals Tuple 2: Energy evaluations required during
the importance of the iterative proposal §cheme. training. EWFM variants require fewer energy
While EWFM matches or outperforms iEWFM  ¢41yations than iDEM while being comparable to

on simple systems (likely benefiting from exact EAB across benchmark systems.
density evaluation of the simple baseline pro-

posal), it fails to converge on LJ-13, demon- =t GMM DW-4 L-13 L1-55
strating that iterative refinement becomes es- AR X100 1x10° 6x10° 6x10°
sential for complex energy landscapes. Both  ;pgym 3%100 5x1010 5x100 1x10°
iIEWFM and aEWFM perform similarly across ~ EWFM variants 3 x 107 3 x 107 1x107 1 x 107
most systems, with aEWFM’s robust perfor-
mance indicating potential for our method to scale to even larger systems.

Energy Evaluation Efficiency. A key advantage of our method is its energy evaluation efficiency,
which is particularly important in real-world applications where energy function evaluations can
be computationally expensive. As shown in Table 2] our methods require up to three orders of
magnitude fewer energy evaluations than iDEM across all systems. For example, on LJ-13, iDEM
requires 5 x 10'° evaluations while our methods need only 1 x 107 — a 5000-fold reduction. This
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efficiency likely stems from the EWFM objective providing more informative learning signals per
evaluation than Monte-Carlo based objectives, as in iDEM, and our buffer-based strategy reusing
samples across training steps.

5 RELATED WORK

Boltzmann generators (Noé et al.,|2019) are deep generative models designed to overcome the com-
putational expense of classical sampling methods for equilibrium distributions. Modern approaches
can be broadly categorized by their data requirements: methods requiring target samples versus
those using only energy evaluations. Among methods requiring target samples, we focus on flow
matching approaches, which have recently shown particular promise for Boltzmann sampling. Ad-
ditional and more detailed discussion is provided in Appx.

Flow Matching-Based Methods Requiring Target Data. Recent flow matching approaches for
Boltzmann sampling (Klein et al., 2023} |[Klein & Noé¢l |2024; [Vaitl & Klein, 2025} [Yu et al., [2024)
have shown promising results for molecular systems. However, all these methods require large
datasets of target samples, which is often not feasible in practice.

Methods Using Only Energy Evaluations. Among methods using only energy evaluations, FAB
(Midgley et al.,[2022) and iDEM (Akhound-Sadegh et al.| | 2024) are two prominent approaches. FAB
combines normalizing flows with annealed importance sampling but faces scalability challenges for
high-dimensional systems, while iDEM trains diffusion models via Monte Carlo score estimators,
scaling to large systems but requiring substantial energy evaluations. Beyond these, energy-only
sampling has also been pursued through stochastic optimal control (Zhang & Chen), 2021} |Vargas
etal.,[2023; Berner et al.| 2022), with Richter & Berner|(2023) providing a unifying perspective. Fur-
ther approaches include LFIS (Tian et al.,[2024), BNEM (OuYang et al.,|2025), iIEFM (Woo & Ahnl
2024), NETS (Albergo & Vanden-Eijnden, 2024)), Annealing Flow Generative Models (Wu & Xie,
2024), reverse diffusive KL methods (He et al., [2024)), SCLD (Chen et al.,|2025)), and Underdamped
Diffusion Bridges (Blessing et al.,[2025b). A common theme among those methods is iterative re-
finement, which our iIEWFM algorithm adopts with theoretical motivation from a variance-reduction
perspective (Midgley et al., 2022).

Recent Work. Several recent works have made contributions to energy-based sampling. Ap-
proaches leveraging stochastic optimal control include Adjoint Sampling (Havens et al., 2025)),
the Adjoint Schrodinger Bridge Sampler (Liu et al., 2025), and Trust Region Constrained Mea-
sure Transport (Blessing et al.,2025a)). Methods using annealing strategies include PTSD (Rissanen
et al. 2025), PITA (Akhound-Sadegh et al.,|2025)), and Temperature-Annealed Boltzmann Genera-
tors (Schopmans & Friederich, [2025). Other recent contributions include Tilt Matching (Potaptchik:
et al.;,2025), FALCON (Rehman et al., 2025), VI-DIS (Zhang et al.| |2025a)), and SGDS (Kim et al.,
2025)). As these methods appeared recently, we leave systematic comparison for future work.

6 CONCLUSION

We introduced iterative Energy-Weighted Flow Matching (iIEWFM) and annealed EWFM
(aEWFM), novel methods for training continuous normalizing flows as Boltzmann generators with-
out target samples. Our evaluation demonstrates competitive sample quality compared to established
energy-only methods while requiring up to three orders of magnitude fewer energy evaluations. On
high-dimensional systems (LJ-13, LJ-55), our methods perform comparably or better than iDEM,
suggesting potential for real-world energy landscapes.

Limitations. Several limitations remain. The primary trade-off for our energy evaluation effi-
ciency is the computational cost of CNF density calculations, which dominates wall-clock training
time despite our buffering strategy. Additionally, performance gaps on the 8-dimensional DW-4
system compared to FAB and iDEM suggest potential bias in gradient estimates when using the
previous model as a proposal distribution, though we lack a full understanding of this behavior.

We discuss future directions and extensions to our framework that we explored in Appx.[H
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APPENDIX OVERVIEW

This appendix provides additional supporting material for the main text. We organize the content as
follows:

* Appx. [A} Reproducibility and ethics statements, including pointers to relevant appendix
sections for reproducing our results.

* Appx. Bt A visual illustration of the fundamental Boltzmann sampling problem.

* Appx.[C; Technical details for the key components of our Energy-Weighted Flow Match-
ing framework, including the complete mathematical derivation of the EWFM objective,
the optimal proposal derivation for iEWFM, the complete iIEWFM algorithm, details on
the amortized training strategy using sample buffers, and weight clipping techniques for
stabilizing training.

* Appx. [Di More detailed specifications of the benchmark systems used in our evaluation,
descriptions of the evaluation metrics employed, the full set of implementation details and
hyperparameters for reproducibility, and the computational environment used.

* Appx. [E} Descriptions of the initial Boltzmann generator framework, Flow Annealed Im-
portance Sampling Bootstrap (FAB), and Iterated Denoising Energy Matching (iDEM).

* Appx. [F: Future directions and extensions to our framework that we explored: mixture
model proposals for more efficient density evaluation, alternative gradient estimation strate-
gies for improved stability, and hybrid approaches that incorporate small amounts of target
data when available.

* Appx.[G} A disclosure of the usage of LLMs during writing and discovery.

A REPRODUCIBILITY AND ETHICS STATEMENTS

Reproducibility. To support reproducibility, we provide a mathematical derivation of our objec-
tive in Appx. detailed benchmark descriptions and metrics in Appx. and[D.2] implementa-
tion details including model architecture and temperature annealing schedule in Appx. hyper-
parameter choices in Table [3] and computational environment specifications including GPU types
and training times in Appx.

Ethics. We believe there are no significant ethical concerns stemming from our work as it focuses
on methodological advances in probabilistic modeling, does not involve human subjects or sensitive
data, and poses no immediate societal risks. Nevertheless, we advocate for responsible implementa-
tion and use of our methods.

B THE BOLTZMANN SAMPLING PROBLEM

Fig. @] visualizes the fundamental challenge of Boltzmann sampling. The left panel shows a two-
dimensional energy landscape E(x)/T with two distinct low-energy regions separated by a high-
energy barrier. The right panel displays the corresponding target Boltzmann distribution ferget () o
exp(—E(z)/T), where probability mass concentrates precisely in these low-energy regions.

This visualization reveals why traditional trajectory-based methods struggle: to transition between
the two modes, a sampling trajectory must cross the high-energy barrier, which occurs rarely. Con-
sequently, methods like MCMC often become trapped in one mode for extended periods, failing to
adequately explore the full distribution.

C METHODOLOGICAL DETAILS

This section provides technical details for the key components of our Energy-Weighted Flow Match-
ing framework. We begin with the complete mathematical derivation of the EWFM objective, then
present the optimal proposal derivation for iEWFM, provide the complete iIEWFM algorithm, cover
the amortized training strategy using sample buffers, and finally discuss weight clipping techniques
for stabilizing training.
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E( (x)
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Low Energy State = High Probability Region

Energy Landscape Target Boltzmann Distribution

Figure 4: Illustration of the Boltzmann sampling problem. (Left) A two-dimensional energy
landscape E(z)/T with energy values shown in the third dimension, revealing two distinct low-
energy regions separated by an energy barrier. (Right) The corresponding Boltzmann distribution
Hearget () o< exp(—FE(x)/T), where probability density (shown in the third dimension) is concen-
trated in low-energy regions. The goal of Boltzmann sampling is to generate samples from this
target distribution.

C.1 DETAILED DERIVATION OF THE EWFM OBJECTIVE

In the following, we present the step-by-step mathematical derivation that establishes the theoretical
foundation for the EWFM objective introduced in Sec.[3.1]

The EWFM objective addresses the fundamental limitation of conditional flow matching (CFM): its
reliance on target samples. The problem is that Boltzmann sampling seeks to generate such sam-
ples without access to initial samples. In our strategy we use the fact that Boltzmann distributions
have a known unnormalized density exp(—E(x)/T") and use methods usually applied in importance
sampling to transform the CFM loss to not require target samples.

Now let f(21;0) = Eiv(0,1], X, ~peps (-|21) Muf(Xt) — ut(Xt|x1)H2} denote the expected loss con-
ditioned on an endpoint z;. The CFM loss can then be written as
Lerm(0) = Ex, cppe [f (X130)]- )

The key insight is that f(x1;6) depends only on the endpoint 1 and not on the distribution from
which z; is sampled. We can therefore use a method usually applied in importance sampling to
transform the expectation from the intractable target distribution to an arbitrary proposal distribution
Hprop- Concretely:

E X, o pringe [ (X153 0) /f 213 0) frarger (1) dy (8)
arget \ L
/f x1;6) i gt( ) Hprop(Z1) d1 9)
Hprop (1)
,ularget(Xl)
:EXIN pmp|: (X1,9) . (10)
. :Ufprop(Xl)

For this to be well-defined, we need the support condition supp(ftarget) < SUPP(feprop)-

We now express the density ratio in terms of quantities we can evaluate. Substituting the Boltzmann

form fuareer () = M yields
prga(X1) _ exp(~E(X0)/T) _ w(Xa) )
Hprop(X1) Z piprop(X1) z
where w(z) = % Further, the partition function satisfies Z = [ exp(—FE(z)/T) dz =
E X/ ~pipop [W(X1)] by the same argument as in Eq. .
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Taken together, this gives us that

w(X1)

Lerm(0) = Exi g lf (X1:0)] = Exy i Ex: [w(X7])]
1"~ Hprop 1

F(X150) | == Lewrm(8; iprop)-

(12)
where t ~ UI0,1], X1 ~ fiprop, and Xy ~ py1(-|X1). This establishes the mathematical equiva-
lence Lcpm(0) = Lewrm(0; fprop), ensuring that minimization of our importance-weighted objec-
tive yields the same model parameters as the original CFM loss. In practice, EWFM requires only
sampling from a proposal fipop, evaluating its density, and computing energies (), i.e., avoiding
the need for target samples entirely.

C.2 OPTIMAL PROPOSAL DERIVATION FOR IEWFM

This section provides the detailed mathematical motivation for the iterative proposal refinement

strategy in iEWFM, expanding on the overview presented in Sec.[3.2]

The gradient of the EWFM objective takes the form:

B, ~pip [P0 (X1 ) (X1)]
EX{ ~ prop [w (Xi )] ’

where ¢g(21) = Eivr(0,1),X,~py 1 (1) [Volluf (X¢) — wi(Xi|z1)][?] is the gradient of the loss

conditioned on x;. If the normalization term in the denominator is estimated from the same sam-
ples, which is useful for computational efficiency, the gradient estimator takes the form of a self-

v0»CEWFM(9; Nprop) = (13)

normalized importance sampling problem. Given N samples {l’gn) MY, from fiprop, the correspond-
ing SNIS estimator is

VoL f: ¢ h =(n) _ w(xgn)) (14)
0 ~EWEM 9 {E1 , where  w = —EN N
n=1 m=1 W(T1)

From importance sampling theory (Owenl [2013)), the optimal proposal distribution that minimizes
the variance of the SNIS estimator is

,Uopt(x) o8 ,Ularget(x) : ||¢0(-7;) - v‘9ACEWFMH- (15)

While we cannot sample from i directly, as it depends on the gradient we seek, its form suggests
an effective approximation strategy. If we make the (relatively strong) simplifying assumption that
the difference ||¢g(x) — Vo Lgwrm|| does not vary substantially across the domain, the optimal
proposal becomes approximately the target density, i.e. Lopt(Z) ~ Larger(2). Since our model gg
is trained to approximate fisge, this motivates using gg as the proposal distribution, forming the
theoretical motivation for the iterative refinement strategy.

C.3 AMORTIZED TRAINING WITH SAMPLE BUFFER

A direct implementation of the iterative scheme would be computationally expensive, as evaluat-
ing the proposal density gg(x) for each new sample during each gradient step requires solving the
reverse-time ODE of the CNF, and computing the corresponding importance weights requires a new
energy evaluation. To make this practical, we amortize these costs using a sample buffer.

The buffering strategy works as follows: periodically, we generate a fixed set of Nyyser Samples and
pre-compute both their log-densities under the current proposal gy and their energies E(x). These
samples, log-densities, and energy values are cached in a buffer B = {z;,log gg(z;), E (mj)}jv:"{f
For multiple subsequent training steps, we then use this static buffer as our proposal distribution by
drawing mini-batches from it. By reusing samples multiple times, this buffering approach reduces
computational cost and the number of energy evaluations approximately by the average number of

times each sample is reused.

The use of a buffer introduces several hyperparameters that represent trade-offs between computa-
tional cost and statistical accuracy. The buffer size Nyyfer and mini-batch size Npyep control the
approximation quality and per-step computational cost, while the buffer refresh rate determines how
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Algorithm 2: Iterative Energy-Weighted Flow Matching GEWFM) - Detailed

Input: Energy function E'(x); target temperature T'; initial parameters 6; total epochs Eiyal;
epochs per buffer refresh Elefresn; buffer size Nyysrer; batch size Nypyen; initial proposal

Jirop Prior po.
Output: Final trained model parameters 6.
0

Mprop <— ,Ul(aro)p;
Generate initial buffer B by sampling {x;,log jtprop(2;), E(x;)} ;y:"“{"“ from ul(,?gp;
for e =1 to E,,;,; do
if (e — 1) (mod E,fresn) == 0 and e > 1 then

Hprop <— 405

Generate buffer B by sampling {z,10g ftprop(2;), E(xj)}éy:"“{"“ from fprop;
end

Sample mini-batch { (2", log upmp(xgn)))}fyi“{h from B;

Compute importance weights w(™) = eXp(—E(xgn)) /T —log upmp(:cg”))) for
n= ]-7 v 7Nbatch;
for n = 1 to Ny, do
Sample t ~ U(0,1),z¢ ~ po;

e (1 —t)xg + tmgn);
do(z\™)  V, ‘
end

s

0 Ok
uf (@) = (o))

N I n
St g (2w ™
St wlm

Update parameters 6 <— OptimizerUpdate (6, @gﬁEpr);

Estimate full gradient VoLEwmm =

end
return 0;

frequently the buffer is updated to remain consistent with the changing model gg. We are currently
sampling with replacement from the buffer, but we have also experimented with sampling without
replacement, which did not seem to improve performance.

This buffering approach is similar to strategies employed in related work (Midgley et al., 2022;
Akhound-Sadegh et al.l 2024). The specific hyperparameter values used in our experiments are
detailed in Appx. [Dl You can find the full iEWFM algorithm, including the buffering strategy, in

Alg.[2}
C.4 STABILIZING TRAINING WITH WEIGHT CLIPPING

To further mitigate the issue of the SNIS gradient estimator becoming unstable when sampling from
distributions with sharp energy landscapes, we investigated weight clipping strategies to cap the
influence of samples with very high importance weights.

We investigated two different clipping strategies to address this issue. The first approach directly
clips the negative energy values from above:

exp (min (—E(z)/T, 1))
10g fiprop ()
while the second approach clips the combined log-importance weight term from above:

wilzigped(x) = exp (min (—E(z) /T — 10g fiprop(), T2)) 5 (17)
where 7 and 7, are set to high percentile thresholds (e.g., the 99th percentile) of their respective
unclipped terms, preventing the largest importance weights from dominating the gradient estimates.
Based on our results during hyperparameter tuning, we adopted the second approach as it performs
better, especially when the proposal distribution’s likelihood evaluations are less reliable due to the
Hutchinson trace estimator used for density evaluation in CNFs.

Whihea () = — exp (min (—E(2)/T, 1) — 10g fiprop (7)), (16)
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D EXPERIMENTAL DETAILS

To ensure comparability with other recent work, our experimental setup generally follows that of
Akhound-Sadegh et al.| (2024)), employing benchmark systems and metrics commonly used in recent
literature on generative Boltzmann sampling. For the performance of the baselines (both iDEM and
FAB), we directly cite results from|Akhound-Sadegh et al.|(2024). We re-implemented an equivalent
evaluation pipeline to/Akhound-Sadegh et al.| (2024)) to evaluate our models.

The following subsections provide detailed information on the benchmark systems utilized, the eval-
uation metrics employed, and the hyperparameters used in our experiments.

D.1 BENCHMARK SYSTEMS

We evaluate our methods on four classical benchmark systems for Boltzmann generators, covering
a range of complexities and dimensionalities. For more detailed descriptions, see Akhound-Sadegh
et al.[(2024).

GMM-40 This represents a two-dimensional Gaussian Mixture Model with 40 components ar-
ranged on a grid (Midgley et al., 2022). The energy function is the negative log-probability of

the mixture: E(z) = —log (Z?& ﬁ

challenges models to capture multiple distinct modes.

N (x|, 27)) Despite its low dimensionality, this system

DW-4 This system describes four particles in a 2-dimensional space (8D total dimensions) in-
teracting via a double-well potential (Kohler et al. 2020). Following previous work, we set the
parameters toa = 0, b = —4, ¢ = 0.9, dy = 4, and 7 = 1. For evaluation, we use ground truth data
from Klein et al. (2023)).

LJ-13 and LJ-55 These systems feature clusters of particles governed by the Lennard-Jones po-
tential with harmonic confinement, modeling attractive and repulsive forces between particles. LJ-13
involves 13 particles (39D total), and LJ-55 involves 55 particles (165D total). These systems are
particularly challenging due to their high dimensionality and sharp, multi-modal energy landscapes.
We use MCMC samples from Klein et al.|(2023)) as ground truth.

D.2 EVALUATION METRICS

Sample quality is assessed using two complementary metrics that capture different aspects of distri-
butional similarity:

2-Wasserstein Distance (JV;) The W, distance quantifies the minimum cost to transform one
probability distribution into another:

1/2
w2<u,u>=( mi [ ||x—y||§dw<x,y>) (18)
Rd xR

m€(p,v)

where TI(1, v) is the set of all joint distributions with marginals x and v. We estimate this distance
by computing the Wasserstein distance between the empirical distributions of generated and ground
truth samples using the Python Optimal Transport package (Flamary et al. 2021) with Euclidean
distance. Lower W, values indicate a closer distributional match.

Negative Log-Likelihood (NLL) The NLL measures how likely a set of ground truth test samples
is under the learned generative model. Following the evaluation pipeline from |Akhound-Sadegh
et al.[(2024)), we first generate a large dataset of samples from our trained model (100,000 for GMM-
40, DW-4, and LJ-13; 10,000 for LJ-55). We then train a separate evaluation CNF on these generated
samples. The NLL is then the negative log-probability of the ground truth test data under this
evaluation CNF, computed using the Instantaneous Change of Variables Formula. For the GMM-
40, DW-4, and LJ-13 tasks, we use exact computation of the divergence term, while for the high-
dimensional LJ-55 system, we use the Hutchinson trace estimator. Lower NLL values indicate better
sample quality.
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While we employ this evaluation pipeline for comparability with Akhound-Sadegh et al.| (2024)), it
has limitations: the optimal checkpoint for the evaluation CNF is selected using a validation set of
samples from the target distribution, and we also found that there were slight discrepancies between
NLL values under our original model versus the evaluation model. We note that we do not find this
evaluation procedure optimal and plan to use different metrics that do not require training a second
model in future versions of this paper.

Omission of Effective Sample Size (ESS) We omit the Effective Sample Size metric used in
Akhound-Sadegh et al.|(2024) as we found it to be relatively unstable during our evaluations. Specif-
ically, the ESS values varied significantly depending on whether we used the density from our orig-
inal model or the density from the evaluation CNF model, and also showed considerable variation
between different runs. Additionally, we note that Akhound-Sadegh et al.|(2024) evaluated the ESS
on only 16 test samples for all tasks, which may not provide reliable estimates.

Energy Function Evaluations As energy evaluations can be computationally expensive for large
systems (Klein & Noé¢| 2024} Havens et al., |2025), we report the total number of energy function
evaluations during training as an important efficiency metric.

D.3 IMPLEMENTATION DETAILS AND HYPERPARAMETERS

Baselines We compare our algorithms against two state-of-the-art methods for energy-only Boltz-
mann sampling: Flow Annealed Importance Sampling Bootstrap (FAB) (Midgley et all [2022),
which combines normalizing flows with Annealed Importance Sampling, and iterated Denoising
Energy Matching (iDEM) (Akhound-Sadegh et al., 2024), which employs a score-matching ap-
proach. Both methods enable training Boltzmann generators without target data. For both baselines,
we report performance metrics from |/Akhound-Sadegh et al.[(2024)).

In addition to our main proposed methods GEWFM and aEWFM), we also evaluate a simplified
variant we call EWFM, which represents an ablation of iEWFM without the iterative refinement
component. Instead of using the current model as a proposal, EWFM employs a simple, fixed
proposal distribution throughout training (e.g., a standard Gaussian). This allows us to assess the
specific contribution of the iterative scheme to the overall performance.

Model Architectures To ensure direct comparability with baseline results, we use the same net-
work architectures as |Akhound-Sadegh et al.| (2024) used for score estimation to parameterize our
vector fields: a multi-layer perceptron (MLP) with sinusoidal positional embeddings for the GMM
task, and an Equivariant Graph Neural Network (EGNN) (Satorras et al.,[2021}) for the DW-4, LJ-13,
and LJ-55 systems. All models were optimized using the Adam optimizer (Kingma & Bal, [2014).

Training Details We employ weight clipping on the top percentiles of importance weights to sta-
bilize training, with clipping percentiles ranging from 97.5% to 99.9%. We found that the choice of
clipping percentile was often one of the most impactful hyperparameters for training stability and
final performance. When training our models with either iIEWFM or aEWFM, we evaluate model
densities using the Hutchinson trace estimator for the divergence calculations, which leads to im-
perfect density estimates but is required to keep training computationally tractable. For evaluation,
we use the final checkpoint at the end of training without any model selection based on validation
performance.

For aEWFM, we employ a geometric temperature annealing schedule starting from 7j,; = 10.0
and decreasing every 2 epochs until reaching the target temperature of 1.0, using a total of 100
epochs to anneal across all systems. The buffer refresh rate is set to once per epoch across all
experiments, though for the more challenging LJ systems, we reduced the refresh rate and increased
the number of mini-batches per epoch to save computational cost. Hyperparameters were chosen
through a structured search over key parameters, including learning rates, buffer sizes, and clipping
percentiles.

17



Published as a paper at the 2nd DeL.Ta Workshop, ICLR 2026

Table 3: Key hyperparameters across the various benchmark systems. The main hyperparam-
eters (learning rate through mini-batches per epoch) are used identically for EWFM, iEWFM, and
aEWFM. The annealing schedule parameters are only used for aEEWFM, while iIEWFM and EWFM
use a fixed temperature of 1.0 throughout training. For DW-4, the clipping percentile notation
97.5%/99.9% indicates that 97.5% was used for aBEWFM and iEWFM while 99.9% was used for
EWFM.

Hyperparameter GMM-40 DW-4 LJ-13 LJ-55
Learning Rate 5x 1074 1x107%  5x107* 5x107*
Buffer Size (Npuffer) 5000 5000 5000 500
Batch Size (Npach) 5000 5000 5000 500
Total Training Epochs 5000 2500 2500 2500
Mini-batches per Epoch 10 10 20 20
Annealing Schedule (for aEWFM)

Initial Temperature (Zipi) 10.0 10.0 10.0 10.0
Epochs per Temperature 2 2 2 2
Total Annealing Epochs 100 100 100 100
Weight Clipping

Clipping Percentile 99.9% 97.5%/99.9%  99.9% 98.0%

D.4 COMPUTATIONAL ENVIRONMENT

Experiments were conducted on a variety of NVIDIA GPUs. The computationally intensive LJ-55
experiments utilized an H100 GPU. The LJ-13 experiments were performed on an A100 GPU, while
the smaller GMM-40 and DW-4 systems were trained on a GTX 1080 Ti GPU.

For reference, the training times were as follows: LJ-55 (H100) took 25-27 hours, LJ-13 (A100)
took 30-31 hours, DW-4 (GTX 1080 Ti) took 10 hours, and GMM-40 (GTX 1080 Ti) took 5 hours.
We note that both wall-clock time and energy evaluation counts could likely be improved further
by reducing the number of training epochs, as convergence was often achieved in approximately
one-half of the total training time, with only marginal improvements observed in later stages.

E FURTHER DETAILS ON RELATED WORK

This section provides extended descriptions of the methods discussed in Sec. [} including the initial

Boltzmann generator framework, flow matching-based methods requiring target data, energy-only
methods (FAB, iDEM, and others).

E.1 THE INITIAL BOLTZMANN GENERATOR METHOD

The core contribution of Boltzmann generators, as introduced by [Noé et al. (2019), is to adapt the
training of generative models to the setting where only the energy function F/(z) and temperature T
are known. The initial training objective is to minimize the reverse KL divergence, KL(gg || fttarget),
which, unlike the forward KL, can be estimated using samples from the model gy itself:

g0 ()
KL - z)log ——=dx
(qu/J'mIget) /qe( )log ﬂtarget(x)

= Ex~g, logqo(X) + E(X)/T] +log Z. (19)
Since log Z is constant with respect to the model parameters 6, it can be ignored during optimization.
Note that the reverse KL divergence has the known limitation of being “mode-seeking”, meaning
that optimizing it can lead to the model collapsing to only a subset of the modes of a multi-modal
target distribution. To stabilize training, |[Noé et al.| (2019) use a combination of the forward and
reverse KL divergences:
)‘KL(MtargetHQG) + (1 - )\)KL(QGHMtarget) (20)
where ) is a hyperparameter, which is often annealed during training. Here, the forward KL term is
estimated using a small set of training samples from the target distribution.
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E.2 FLOW ANNEALED IMPORTANCE SAMPLING BOOTSTRAP (FAB)

Flow Annealed Importance Sampling Bootstrap (FAB) (Midgley et al.l 2022} 2023)) augments a
normalizing flow gy with an Annealed Importance Sampling (AIS) bootstrap to minimize the mass-
covering a-divergence (with o = 2) between the target firgec and the flow:

thvet(x)Q
D r =1 e d , 21
Q(Nta get | q@) 3 /Rd 20 () x (21)

whose minimizer yields the lowest possible variance of importance weights. This choice of diver-
gence addresses the mode-seeking behavior of the reverse KL divergence used in earlier methods.

During training, AIS is run with the current flow as the initial distribution and a target density
9(®) X fiarget(£)?/go(x); this makes the AIS path focus on regions that contribute most to Do,
similar to how our iterative approach uses the current model as the proposal for the next iteration to
minimize the variance of the estimator. Each AIS run returns pairs {(z,wars)}¥;, used to update
the flow through a self-normalized surrogate loss:

w
S'(0) = —Ears[wais loggo(x)],  Wars = —x—o—. (22)
Zz’:l WATS,i

Furthermore, a prioritized replay buffer lets FAB reuse past AIS samples, reducing computational
costs. FAB requires significantly fewer energy evaluations than previous methods, though it has
limited scalability to more complex systems.

E.3 ITERATED DENOISING ENERGY MATCHING (IDEM)

Iterated Denoising Energy Matching (iDEM) (Akhound-Sadegh et al.,[2024)) trains a diffusion-based
sampler by replacing standard score-matching with a Denoising Energy Matching objective. This is
done by constructing a Monte-Carlo estimator of the score for noised points z; ~ N (z1, 021):

LK exp (=€ (2D)) Vexp (—& (210
S (20, t) = = 1 ééfﬁ;z)g (xgjt)()) ( 1t))’ :6327’965? N (0,0?)

(23)
and fits a score network via the loss Lpgnm (0) = E¢ 4, [||so (74, t) — Sk (24, ¢)||?]. Training proceeds
in two coupled loops with a replay buffer strategy. Similar to our approach, iDEM uses an iterative
refinement strategy where the model is progressively improved by using samples from the current
model to train the next iteration. The method requires gradients of the energy function and, while
it scales well to high-dimensional systems, requires relatively many energy evaluations. Notably,
iDEM was the first method to successfully train using only energy evaluations on the challenging
55-particle Lennard-Jones system.

E.4 FLOW MATCHING-BASED METHODS REQUIRING TARGET DATA

Klein et al.[(2023) first sampled molecular equilibrium distributions in Cartesian coordinates using
equivariant flow matching with graph neural networks. This was extended to transferable Boltz-
mann generators that generalize across chemical space without retraining (Klein & Noél 2024).
Furthermore, |Vaitl & Klein| (2025) demonstrated that fine-tuning such models with path gradients
can significantly improve sampling efficiency. Relatedly, |Yu et al.| (2024) proposed Force-guided
Bridge Matching, a conditional bridge-matching framework that employs a hybrid approach com-
bining data and energy evaluations in a two-stage training procedure.

E.5 FURTHER ENERGY-ONLY METHODS

Beyond FAB and iDEM, several other approaches train generative models using only energy evalua-
tions. NETS (Albergo & Vanden-E1jnden,|2024) uses neural transport samplers to construct efficient
sampling schemes. He et al.|(2024) target the reverse diffusive KL divergence as a training objective
to mitigate mode-seeking behavior. Sequential Controlled Langevin Diffusions (SCLD) (Chen et al.,
20235)) connects diffusion models with Sequential Monte Carlo via controlled Langevin dynamics.
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Underdamped Diffusion Bridges (Blessing et al. 2025b) construct bridge processes based on un-
derdamped Langevin SDEs. Iterated Energy-based Flow Matching GEFM) (Woo & Ahnl [2024)
is the only other flow matching approach using only energy evaluations. iEFM adapts the iDEM
framework by deriving Monte Carlo estimators for target vector fields; however, it requires signifi-
cantly more energy evaluations during training and has only been demonstrated on smaller systems
(GMM-40, DW-4).

F FUTURE WORK AND FURTHER EXTENSIONS

Beyond the results presented in the main text, several directions for future work remain. Evalua-
tion on larger molecular systems (di-, tetra-, hexapeptides) and systematic comparison with recent
methods would help assess the relative performance of our approach. Additionally, investigating
single-model fine-tuning versus separate model retraining (as done in TA-BG) would provide in-
sights into optimal temperature annealing strategies.

In the following, we detail three extensions to our framework that we explored: mixture model pro-
posals for computational efficiency, alternative gradient estimation strategies for improved stability,
and hybrid approaches that incorporate small amounts of target data when available.

F.1 MIXTURE MODEL PROPOSALS FOR IMPROVED EFFICIENCY

While using the current model gy as the proposal distribution in iEWFM is well-motivated, it is
computationally expensive, and the likelihood evaluations can be inaccurate, potentially leading to
unreliable importance weights.

To address these limitations, we explored approximating the proposal distribution more efficiently
using buffer samples from the current model gg. One approach is to use kernel density estimation
(KDE) to approximate the current model distribution based on the buffer samples. Given buffer
samples {z;}¥ | from the current model gy, we construct the smoothed proposal distribution as

N
1
Mpmp(x) = N E Kn(z — ), (24)
i=1

where K, is a kernel function with bandwidth h. For instance, using a Gaussian kernel yields a
Gaussian mixture model as the proposal distribution. This “smoothed” proposal distribution fprp
provides efficient sampling and density evaluations.

However, our experiments revealed that the quality we achieve with this approach depends strongly
on the kernel bandwidth h, which controls the smoothness of the KDE approximation. We found
an interesting trade-off: smaller bandwidths improved the Wasserstein distance but worsened the
negative log-likelihood performance, suggesting potential bias in the learned distribution. Due to
these concerns, we ultimately did not adopt this approach for our main experiments, though we
believe it represents an interesting direction for future work.

F.2 ALTERNATIVE GRADIENT ESTIMATION STRATEGY

An alternative strategy for estimating the EWFM objective, which we did not implement in this
work, involves rewriting it as a set of nested expectations. This approach may improve the stability of
the estimation, particularly for target distributions with sharp modes. The objective can be expressed
as

w(X 1) 0 2:| :|
————— ||uy (X)) — up(Xe| X 25
s o LACORITECE Al N IS
where the outer expectation is over the marginal path p; and the inner is over the posterior path
p1j¢- One could then generate the required samples as follows: first draw Xy by interpolating be-
tween a prior sample and a proposal sample, then draw X; for the inner expectation by sampling
from the posterior path conditioned on X;. However, this formulation is incompatible with our
efficient sample buffer strategy, as the inner expectation requires repeated sampling of new X; sam-
ples conditioned on X, which prevents pre-computation of the proposal log-densities and energy
evaluations.

Lewpm = Eivuio,1), X, ~p: |:]EX1Npllt('|Xt) [
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F.3 COMBINING WITH TARGET SAMPLES

While our methods are designed for settings without target samples, a potential extension could
be to leverage a small dataset if one exists. This might help stabilize the initial stages of training,
particularly for the IEWFM algorithm. Following the original Boltzmann generator framework (Noé
et al.,|2019)), one could explore a hybrid loss function

Lhybria(0; A) = (1 — X) Lewrm (85 tiprop) + AMcrm(0), (26)

where A € [0, 1] is a weighting parameter. The Lgwrm component would still benefit from the
iterative proposal scheme. To mitigate overfitting to the small dataset, it may be beneficial to anneal
the hyperparameter A\ during training, starting with a higher value and gradually decreasing it to
ZEero.

It is important to note that this hybrid approach cannot be directly combined with our aEWFM
algorithm. The available target samples are from the distribution at the final target temperature
T, not the higher intermediate temperatures 7; > T used in the annealing schedule. Integrating
target samples into aEWFM would require a more complex procedure, such as using importance
resampling to adapt the target samples to different temperatures.

G LLM USAGE DISCLOSURE

During the preparation of this manuscript, large language models (LLMs) were used in a supporting
role. For writing, we employed LLMs to provide grammar and style suggestions; no proofs or
derivations were generated by LLMs. In addition, we used advanced reasoning models to challenge
our own interpretations and conclusions.

For retrieval and discovery, we employed LLM-based Deep Research tools to help identify poten-
tially relevant references and to occasionally summarize external work for scoping purposes.

Overall, LLMs served as an auxiliary tool for writing polish, exploratory literature discovery, and
internal cross-checking, without contributing novel technical content.
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