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Abstract

Fairness and action smoothness are two crucial considerations in many online
optimization problems, but they have yet to be addressed simultaneously. In this
paper, we study a new and challenging setting of fairness-regularized smoothed
online convex optimization with switching costs. First, to highlight the fundamen-
tal challenges introduced by the long-term fairness regularizer evaluated based
on the entire sequence of actions, we prove that even without switching costs,
no online algorithms can possibly achieve a sublinear regret or finite competitive
ratio compared to the offline optimal algorithm as the problem episode length T’
increases. Then, we propose Fair0BD (Fairness-regularized Online Balanced De-
scent), which reconciles the tension between minimizing the hitting cost, switching
cost, and fairness cost. Concretely, FairOBD decomposes the long-term fairness
cost into a sequence of online costs by introducing an auxiliary variable and then
leverages the auxiliary variable to regularize the online actions for fair outcomes.
Based on a new approach to account for switching costs, we prove that FairOBD
offers a worst-case asymptotic competitive ratio against a novel benchmark—the
optimal offline algorithm with parameterized constraints— by considering 7' — oo.
Finally, we run trace-driven experiments of dynamic computing resource provision-
ing for socially responsible Al inference to empirically evaluate Fair0BD, showing
that Fair0BD can effectively reduce the total fairness-regularized cost and better
promote fair outcomes compared to existing baseline solutions.

1 Introduction

Smoothed decision-making is critical to reducing abrupt and even potentially dangerous large action
changes in many online optimization problems, e.g., energy production scheduling in power grids,
object tracking, motion planning, and server capacity provisioning in data centers, among others
[47, 155} 12]. Mathematically, action smoothness can be effectively achieved by including into the
optimization objective a switching cost that penalizes temporal changes in actions. The added
switching cost essentially equips the online optimization objective with a (finite) memory of the
previous actions and also creates substantial algorithmic challenges. As such, it has received a huge
amount of attention in the last decade, with a quickly growing list of algorithms developed under
various settings (see [0} 3} 132,451 130, 55147, (13,134} [11]] and the references therein).
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Additionally, (long-term) fairness is a crucial consideration that must be carefully addressed in a
variety of online optimization problems, especially those that can profoundly impact individuals’
well-being and social welfare. For example, sequential allocation of social goods to different
individuals/groups must be fair without discrimination [6} 49], the surging environmental costs
of geographically distributed Al data centers must be fairly distributed across different regions as
mirrored in recent repeated calls by various organizations and government agencies [22, |10, 28|
23|, and Al model performance and resource provisioning must promote social fairness without
adversely impacting certain disadvantaged individuals/groups [43]]. If not designed with fairness
in mind, online algorithms can further perpetuate or even exacerbate societal biases, which can
disproportionately affect certain groups/individuals and amplify the already widening socioeconomic
disparities. Therefore, fairness in online optimization is not just a matter of ethical concern but also a
necessity for ensuring broader social responsibility.

The incorporation of a long-term fairness regularizer into the objective function can effectively
achieve fairness in online optimization by mitigating implicit or explicit biases that could otherwise
be reinforced [6} 140} 39} 28]]. Despite its effectiveness in promoting fairness, the added fairness
regularizer presents significant challenges for online optimization[6} 40]]. This arises from the lack of
complete future information, which is required to evaluate the fairness regularizer. Intuitively, online
decision-makers prioritize immediate cost reduction, reacting to sequentially revealed information,
potentially neglecting the long-term consequences of the decision sequence.

Recent research has started to explore fairness in various online problems, such as online resource
allocation, using primal-dual techniques [39} 16l [35]. However, a major limitation of current fair online
algorithms lies in their reliance on the assumption that per-round objective functions are independent
of historical actions. This assumption plays a pivotal role in both algorithm design and theoretical
analysis (e.g., [6l [7]). For instance, in a simple resource allocation scenario, while the maximum
allowable action at time ¢ and its corresponding reward may depend on past allocation decisions
through the remaining budget, the revenue or reward function at time ¢ is assumed to depend only on
the current allocation decision and remain independent of these historical decisions. However, these
methods fall short in addressing online problems where the per-round objective function is directly
impacted by historical actions, such as those involving switching costs, as detailed in Section 2}

Contributions. In this paper, we study fairness-regularized smoothed online optimization with
switching costs, a new and challenging setting that has not been considered in the literature to our
knowledge. More specifically, we incorporate a fairness regularizer that captures the long-term
impacts of online actions, and aim to minimize the sum of a per-round hitting cost, switching cost,
and a long-term fairness cost. To simultaneously address the tension between minimizing the hitting
cost, switching cost, and fairness cost, we propose Fair0BD (Fairness-regularized Online Balanced
Descent).

Optimizing the long-term cost with a sequentially revealed context sequence is widely recognized
as a challenging problem (e.g., 39,16, [7, 12} 38| 26]). A common strategy to address this challenge
involves decomposing the long-term fairness cost into a sequence of online costs by introducing an
auxiliary variable (e.g. [8,/41,135], which effectively converts the fairness cost into an equivalent long-
term constraint. However, the key limitation of existing methods is the requirement of independence
between per-round objective functions, which is violated by the switching cost. Specifically, given the
updated Lagrangian multiplier, the per-round online objective depends on the previous irrevocable
action due to the switching cost. This dependency is not permitted in prior fairness-regularized online
problems [6L39]]. As a result, due to the differing action sequences, both Fair0BD and the benchmark
algorithm (R, ¢)-OPT (Definition have distinct objective functions at each round, complicating a
direct comparison of their costs.

In this work, we rigorously analyze the inherent hardness of incorporating long-term fairness regular-
ization into online optimization. We establish fundamental lower bounds in the dynamic benchmark
under two standard performance metrics: regret and competitive ratio. Unlike the static benchmark,
where the offline optimal action is constrained to a single fixed action, the dynamic benchmark allows
the offline optimal action sequence to adapt over time with full knowledge of the context. While a
finite competitive ratio is attainable in online optimization with switching costs, whether a similar
finite competitive ratio can be achieved in presence of long-term fairness regularization remains an
open question. Intuitively, this is because long-term regularizer depend on the entire trajectory and
can only be evaluated at the end of an episode, whereas switching costs can be assessed step by step.



Although prior work has made conjectures about the impossibility of achieving finite performance in
similar settings [6]], our results provide the first rigorous proof. Our results show that in the adversarial
setting, all online algorithms inevitably incur a constant regret gap (leading to linear total regret) and
an unbounded competitive ratio that grows at least linearly with the horizon length. This demonstrates
that the unconstrained dynamic benchmark is unsuitable for analyzing such problems. Motivated by
real-world applications and guided by insights from our proofs, we propose the (R, ¢)-benchmark, in
which the deviation between piece-wise and episode-wise function averages is bounded.

By developing a novel proof technique that explicitly accounts for the dependency of online objectives
on previous actions, we show that Fair0BD offers a worst-case asymptotic competitive ratio against a
(R, §)-constrained optimal offline algorithm (Theorem [5.2)in Section|[5.2)), where R and 4 specify the
total allowed variations of the optimal actions. Importantly, our analysis quantifies the impact of the
long-term fairness regularizer on the convergence speed of Fair0BD’s total cost, which asymptotically
matches the best-known results for two existing settings — smoothed online optimization without
fairness and fairness-regularized online optimization without switching costs—as special cases. This
demonstrates the power and generality of FairOBD.

Finally, to empirically evaluate the performance of Fair0OBD, we conduct trace-driven experiments
for AI workload shifting with a focus on geographically balanced distribution of public health risks.
Our results demonstrate that Fair0OBD can effectively reduce the total fairness-regularized cost,
highlighting the empirical advantages of FairOBD compared to existing baseline solutions.

In summary, our impossibility results and the proposed (R, §) benchmark lay a solid foundation for
studying online optimization with long-term fairness. We further advance the literature on smoothed
online optimization by introducing a novel fairness regularizer that promotes equitable outcomes.
Most importantly, we overcome the key technical challenges of entangling switching costs as a
type of action memory into the mirror descent update process, which is not allowed by the prior
fairness-regularized online algorithms [6}139] or smoothed online algorithms [18]].

2 Related Works

Smoothed online optimization. Smoothed online optimization is a challenging problem for which a
growing list of algorithms have been designed to offer the worst-case performance guarantees in both
adversarial and stochastic settings [[13} 47,120,155, [11]. Recently, it has also been extended in various
directions, including decentralized networked systems [33]], hitting cost feedback delays [42], bandit
cost feedback [2, 150} [14]], switching cost constraints [46} 51]], future cost predictions [31} [30]], and
machine learning advice augmentation [[13} 13} 44} [27], among others.

By considering a dynamic (constrained) offline optimal algorithm as the benchmark, our work focuses
on the worst-case competitive ratio and considers the classic smoothed online convex optimization
setting [[18]], but adds a long-term horizon fairness regularizer. This addition presents significant
challenges to our algorithm design and is the key novelty that separates our work from the rich
literature on smoothed online optimization. Another study [25]] considers smoothed online conversion

with a simple metric switching cost and a long-term constraint ZtT xy = 1 where z; € RT is the
scalar action at time ¢ (irrelevant to fairness). Besides different hitting and switching costs, our
work is substantially separated from [25] as we consider a general and challenging fairness cost that
regularizes the long-term fairness of online actions and necessitates our new algorithm Fair0BD.

Online optimization with fairness and long-term constraints. Our work is broadly relevant to
online optimization with fairness and long-term constraints [49 36} 40]. One key idea is to properly
choose the Lagrangian multipliers that correspond to long-term constraints or fairness. For example,
some earlier works [15] [17] study online allocation problems by estimating a fixed Lagrangian
multiplier using offline data, while other works design online algorithms by updating (or learning to
predict) the Lagrangian multiplier in an online manner [[16} (1,156} 4}|54]. More recently, reinforcement
learning has been applied to solve online problems with long-term constraints [24]], but it may not
provide any worst-case performance guarantees in adversarial settings.

Importantly, some recent studies [53} 5, [7}16] investigate online allocation problems in which the agent
first fully observes the reward or cost function before selecting an action. In contrast, other recent
work considers settings where certain components of the reward function are not revealed in advance
[38.112], providing only bandit feedback or requiring additional cost for revelation. Such limitations



preclude direct optimization of the reward via gradient-based methods. Despite these differences,
both types of settings can be addressed using dual mirror descent (DMD) or its variants, which update
the Lagrangian multipliers based on the available context and the observed action sequence. DMD
can recover a family of classic online algorithms, including projected gradient descent 56} 40] and
multiplicative weight [4]. Similar algorithms are proposed for online stochastic optimization with
distribution information in [21]]. While fairness can be converted into long-term constraints with the
introduction of an auxiliary variable, it also substantially alters the algorithm designs and is known to
be difficult to address, as exemplified in the context of online budget allocation [6]. More crucially,
given the updated dual variable at each round, the objective function in these studies is independent
of the previous actions, but our objective function naturally has a memory due to switching costs and
hence requires a novel design of Fair0BD.

3 Problem Formulation

Consider a smoothed online optimization problem spanning an episode of 7" time rounds denoted
by [T] ={1,--- ,T}. Ateach time t € [T, the agent observes a (potentially adversarially chosen)
cost function f;(-) : RY — R* and a matrix 4; € A C RM*¥ 'and chooses an irrevocable action
x; € X C RY without knowing the future information. The agent incurs two costs at time ¢: a
hitting cost f;(x;) and a switching cost d(z;, z;—1), which captures how well the current cost f;(-)
and penalizes temporal changes in actions, respectively. For notational convenience, we define
Z = {Az|A € A,z € X}. At each round ¢, the matrix A, maps the agent’s action z; into an
M -dimension cost vector, with each dimension corresponding to an entity for which fairness needs
to be taken into account. Thus, to regularize the online actions z; for fairness, we define a long-term

horizon fairness cost g(-) : R* — R in terms of £ ZtT:1 Arxy.

The overall cost is denoted by cost(z1.7) and written as

T

cost(z1.m) = ;(i fe(@e) + Z (s, $t—1)) + g(% zT: At-Tt) ey
t=1 t=1

t=1

3.1 Assumptions

We make the following standard assumptions as in the prior literature [18 140,47, 155]].
Assumption 3.1. For each time ¢ € [T, the hitting cost f;(x:), switching cost d(z¢,z:—1) and
long-term fairness cost (7 Zle Ayxy) satisfy the following properties:

o The hitting cost f;(z;) is continuous and non-negative within the action set X.
2

o The switching cost d(x¢, x¢—1) is the scaled squared Lo-norm, i.e., d(zs, x4—1) = %1 lze — xp—1]
where x is the initial action before the start of the episode.

e The diameter of the vector set Z = {Az|A € A,x € X} is bounded by Z, ie.,
SUDP,, 21 ex, A, Aren ||[Arze — Ajxy|| < Z, where || - || is the I>-norm unless otherwise noted.

o The fairness cost g(y) is convex and L-Lipschitz, i.e., g(y) —g(y’') < L- ||y —v'|| forany y, 3’ € Z.

These assumptions, e.g., non-negativity, are needed for theoretical analysis and widely considered
in the literature [18} 39]. Additionally, it is common to consider a convex L-Lipschitz fairness
cost. For example, a well-known fairness cost that prioritizes the minimization of higher costs for
disadvantaged entities is the [, norm, i.e., g(y) = ||y||, for p > 1, as considered in a variety of
applications including fair federated learning [29], budget allocation [6], server scheduling [9], and
geographical load balancing [28]], among many others. As a special case when p — oo, the [,,-norm
fairness cost addresses the classic minimax fairness.

In numerous online problems, including energy scheduling in power grids, object tracking in robotic-
human interactions, server capacity provisioning in data centers, and more in [47, 55} [13]], both
long-term cost and smoothness are crucial considerations. To better motivate the consideration and
make our model more concrete, we provide several application examples in Appendix



4 The Hardness of Long-term Fairness Regularizer

Compared with switching cost which can be calculated with the action in the subsequent step, the
long-term regularizer can be only evaluated at the end of the episode of 7', with the complete action
and context sequence. Thus, even intuitively, handling the long-term regularizer is considerably more
challenging than managing switching costs. In this subsection, we will provide rigorous analysis on
the impact of this inherent difficulty on two commonly considered performance metrics: regret and
competitive ratio.

Our theoretical results establish fundamental lower bounds on the performance gap between online
and offline algorithms in the presence of such long-term dependencies, highlighting the hardness of
the long-term fairness regularizer for online optimization even (in the absence of the switching cost).

Theorem 4.1. Assume that there is no switching cost (i.e., 31 = 0). Let 7. denote the optimal
offline action sequence. For any online algorithm that produces an online sequence of xl{:T, the worst-

case regret, defined as max s, . A;.r) {cost(xLT) — cost(x’{;T)}, is lower-bounded by a positive

constant, i.e. Q(1).

The proof idea of Theorem [4.1]is to construct adversarial future context sequence based on the
historical actions of the online algorithm, which can be found in Appendix [C.I] Notably, as the
hitting and long-term costs are already averaged by the length of episode 7', the constant performance
gap in Theorem [f.T| can be translated to a linear regret when evaluating the total cost. Furthermore,
with the switching cost eliminated (3 = 0), this linear regret is solely attributed to the long-term cost.
The lower bound on the cost gap depends on the size of the action and context spaces, specifically
quantified by the maximum norms of the action and context matrices (their diameters). Our proof
establishes this lower bound by constructing an adversarial context sequence and identifying an
offline optimal solution, both within a unit /5 ball. If the diameters of these spaces further increase, the
lower bound on the regret would also increase accordingly through a simple scaling of the adversarial
sequence. Thus, if this diameter grows with the episode length 7', the cost gap will similarly increase
with 7', potentially leading to superlinear regret in terms of the total cost.

To conclude, the findings in Theorem .| highlight the fundamental limitation imposed by the lack of
future context information, preventing any online algorithm from asymptotically matching the offline
optimal cost.

Theorem 4.2. Assume that there is no switching cost (i.e., $1 = 0). Let x5, denote the optimal offline
action sequence. For any online algorithm that produces an online sequence of xI:T, the competitive

h
ratio, defined as C1 = max(f, . Ay.r) % is lower-bounded by Q(T), i.e., ct > QT).
° ° ® 1:T

In addition to regret, the competitive ratio is a widely used metric for evaluating online algorithms,
particularly against a dynamic benchmark. Unlike a static benchmark, the dynamic setting allows
the offline optimal action to vary over time, potentially achieving significantly lower costs. In such
dynamic scenarios, achieving sublinear regret may be impossible, making the competitive ratio a more
suitable performance measure. A finite competitive ratio guarantees that an online algorithm’s cost is
bounded by a constant multiple of the offline optimal cost. For problems with only switching and
hitting costs, [19] achieved the state-of-the-art finite competitive ratio. Given that our problem setting
also employs a similar dynamic benchmark, competitive ratio appears to be an appropriate evaluation
metric. However, the inclusion of a long-term regularizer fundamentally alters this landscape.

The inherent difficulty introduced by such regularization is a long-standing research question. For
example, [6] considers a related online optimization problem focused on maximizing total reward
under constraints on both the context sequence and the offline optimal benchmark. They conjecture
that no online algorithm could achieve vanishing regret or a finite competitive ratio. Based on our
Theorem .2 and .1} we rigorously confirm that in this setting, neither a finite competitive ratio nor
vanishing regret is attainable, even in the absence of switching costs. These theorems highlight the
fundamental challenge introduced by the long-term regularizer. To enable meaningful performance
comparisons despite this challenge, we slightly constrain the offline optimal benchmark and establish
an asymptotic competitive ratio under this modified benchmark.



Definition 4.3 ((R, §)-optimal algorithm). An action sequence x}.1 is (R, J)-optimal if it satisfies:

K kR nZ
Ty = arg gﬂr}l;l cost(xy.7), s.t., Z Z Az} — T ZAtx’{ <4, )
k=1"t=(k—1)R+1 t=1

where R represents the frame size and K is a positive integer denoting the number of frames in
an episode such that R - K = T, and § > 0 measures the allowable total deviation between the

. kR . . T
frame-wise } ;" 1) Aez; and episode-wise average B> Az scaled by R.

The constrained benchmark, denoted (R, §)-OPT, imposes a restriction on the offline optimal solution
or the adversarial context sequence. Specifically, the parameter § limits the total deviation between
the frame-wise average fairness vector, A;z}, and its episode-wise counterpart, scaled by the frame
length R. The stringency of this (R, J) constraint is inversely related to the values of R and d;
increasing either parameter makes the constraint less restrictive, and vice versa. This benchmark
effectively limits the power of the offline optimum by assuming its total variance is sublinear with
respect to the episode length 7. If the total variance of the offline optimal action sequence were
permitted to grow linearly with 7', the environment can continuously shift the average of the optimal
long-term cost. In other words, the offline optimal long-term cost is able to maintain a constant
distance from the online algorithm’s cost, thus explaining the constant cost gap observed in Theorem
Therefore, we assume ¢ in the offline optimal benchmark is always sublinear with respect to the
episode length T'. Moreover, similar constrained offline optimal benchmarks have also been widely
considered in the literature, such as the switching-constrained OPT in smoothed online optimization
[L8]] and frame-wise OPT with limited future information [40, 39]. Notably, in many practical
applications such as data center scheduling, this is a very natural assumption, where the context A,
exhibits some periodicity as evidenced by the diurnal workloads. In this case even the actions chosen
by the unconstrained offline algorithm can exhibit a periodic pattern, thus resulting in a sufficiently
small ¢ for a certain large R.

In the following, we interchangeably refer to (R, §)-OPT as OPT whenever applicable without
ambiguity. Next, we define the asymptotic competitive ratio [7] by considering 7' — oo as follows.

Definition 4.4 (Asymptotic competitive ratio). Given an offline (R, §)-optimal algorithm OPT, an
algorithm ALG is asymptotically C'-competitive against OPT if for any problem instance v =

{fe, At = 1,--- | T}, it satisfies sup,, limr_, o | cost(ALG) — C - cost(OPT)| < 0.

S5 FairO0BD: Fairness-Regularized Online Balanced Descent

We propose a novel online algorithm Fair0BD for fairness-regularized smoothed online optimization
defined in Eqn. (T). Compared to the existing smoothed online optimization literature without
fairness consideration [47, 18| 42, 27], the crux of Fair0BD is to decompose the horizon fairness

cost g(% Zthl Atmt) into online costs by introducing a new regularizer and an auxiliary variable
that carefully balances the hitting cost, switching cost, and fairness cost.

5.1 Algorithm Design

Even in the absence of the fairness cost, the problem of smoothed online optimization is already
challenging due to the potential conflicts between minimizing the current hitting cost f;(x;) and
staying closer to the previous action to reduce the switching cost d(x¢, x;—1). The fairness cost

g(% ZtT:1 Atxt) is defined in terms of the long-term average of % Zthl Az and hence cannot be
determined until the end of time 7', further creating substantial challenges. Fair0BD addresses these

challenges by introducing an auxiliary variable and decomposing g(% Zthl Atiﬂt) into an online
version, and by balancing the hitting cost, switching cost, and fairness cost.

5.1.1 Decomposing the fairness cost

To address the challenges stemming from the horizon fairness cost g(% ZtT:l Atxt), we introduce an
auxiliary variable z, € Z = {z = Az|A € A,z € X'}. In the long run, we aim to choose the actions



Algorithm 1 Fair0BD: Fairness-regularized Online Balanced Descent

1: Input: Initial s, reference function A(-), and learning rate n

2: fort=1to T do

3:  Receive f;(-) and A;

4:  Obtain the action x; and auxiliary variable z; by solving the following:

. A
zteg?,gez(ft(xt) + Ad(ze, 20-1) + 72”«7315 —ve||? + ke - Ay + g(20) — fitzt), S
where v; = arg mingex fi(z).

Obtain a stochastic subgradient of r;: dy = 2, — Ay - @y

Update the dual variable by mirror descent: k11 = arg min, cgm (ds, k) + %Vh (K, ki), where
Vi(x,y) = h(z) — h(y) — Vh(y) " (z — y) is the Bregman divergence.

7: end for

A

that approximately satisfy the condition Zthl Ay = Zle z¢. This ensures that the horizon-wise
average of the auxiliary variable can serve as an effective estimator for the horizon fairness cost.
Alternatively, we can view z; as a dynamic “budget” that is allocated to the agent to guide its online
actions. Thus, we reformulate the problem @) as follows:

T

A T ] T T
min — (Z Je(xe) + Zd($t7$t1)> + T Zg(zt)7 s.t. ZAtl't = Zzt, 3)
t=1 t=1 =1 =1

eur,zur T P

whose optimal actions are denoted by (#1.7, 21.7). Importantly, the offline optimal cost of (3) is the
same as that of the original problem in (). This point can be seen by considering 2; = -+ = 2y =

T ZtT:I A2y and 1.7 = x7.p Where z7,1 is the offline optimal solution to ().

While the reformulated problem (3)) decomposes the horizon fairness cost g(% Ethl Atxt) by the
introduction of 2.7 and has the same optimal cost as (I, it presents a new challenge due to the
long-term constraint Zthl Ay = Zthl z¢ where z; itself is also an online action. To address
this challenge, we note that unlike a real budget constraint that cannot be violated at any round [7]],
the long-term constraint in (3)) only needs to be approximately satisfied. Therefore, we relax the
constraint and instead minimize the Lagrangian form of (3)) as follows:

T T T T £l
1 1 3
L min o < g Je(xe) + E d(xy, zt_1)> + T g (z) + ke (Z Ay — Z Zt) ()
‘TH21:T —1 =1 t=1 t=1 t=1

where r; € RM is the estimated Lagrangian multiplier at round ¢ € [T7).

Had all the future information { f1.7(+), A1.7} been provided in advance, we could easily determine
the optimal k1 = - -- = kK = k™. But, for online optimization, we need to update z; based on the
currently available information without knowing the future. Moreover, interestingly, given x; at
round ¢, z; and z; can be independently solved in (@). Thus, we propose to employ mirror descent to
update k; online, based on which we subsequently optimize x; and z; at each round ¢ € [T.

While [7, 16, 40] use mirror descent to update the Lagrangian multiplier for online allocation of a
fixed given budget, our work has a crucial difference: given x; at each round ¢, our objective includes
memory in the form of a switching cost d(z, 1), whereas the objective in [[7,[6,40] only depends
on the current action ;. This difference voids the key steps in the proof techniques of [7, 16, 40] and
requires additional care to the switching cost.

5.1.2 Balancing the hitting cost, switching cost, and fairness cost

To further reconcile conflicts between minimizing the current hitting cost f;(z;) and staying closer
to the previous action to reduce the switching cost d(x¢, x;—1), we propose Fair0BD that uses the
term k¢ A2, as a fairness regularizer while optimizing x; online. The fairness regularization effect of
ki Ay, comes from the fact that it is intended to meet the long-term constraint Zthl Ay = Zthl 2
for fairness, while “balanced” is due to two new hyperparameters A\; € (0, 1] and A2 € [0, 00) to
balance the hitting cost f;(x;) and switching cost d(x¢,x;—1). The hyperparameters A; € (0, 1]



and Ay € [0, 00) can be optimally set to optimize the asymptotic competitive ratio in Theorem
Furthermore, given k;, the auxiliary variable z; can be easily optimized by solving g(z;) — K¢2¢.

Before completing the design of Fair0BD, we introduce a reference function h(:) : R™ — R to
define the Bregman divergence in our update of «, using mirror descent. Specifically, we choose
h(-) : RM — R that is [-strongly convex and 3;-smooth [48]]. For example, Line 7 of Algorithm
follows the classic additive update rule x¢11 = [k — nd,g]+ where 17 > 0 is the learning rate when

h(k) = M, whereas it becomes the multiplicative update when h(x) = k7 log(x) [7]. The specific
choice h(s does not affect our performance analysis in Theorem and

Next, we formally describe Fair0BD in Algorithm[I] In Line 4, we optimize z; to balance the hitting
cost, switching cost, and fairness cost. In Line 5, we optimize z;, as a fairness budget for guiding the
optimization of z; in the future. In Lines 6 and 7, we update 1 using mirror descent.

5.2 Performance Analysis

We present the analysis of Fair0BD in terms of the asymptotic competitive ratio as follows.
Theorem 5.1. Suppose that x5, is the action produced by the (R, §)-optimal algorithm OPT. Assume
that there is no switching cost (i.e., f1 = 0). By setting the learning rate as n = @(Tfé) and

I~

parameters \; = Xy = 0, and initializing k1 = O(%) (or k1 = 0 if h(k) = THZ), the cost of
Fair0BD is upper bounded by

. n 1 72 LZ 2 Ls
cost(x1.7) <cost(x].r) + EZQR + Z||k1]|| + BQL\/T(I2 + QW + EZHKJH) + T
L6
=cost(a}.r) + O(T" %) + =,
(6)

where the parameters m, Z and L are specified in Assumption[3.1] and | and 35 are the strong
convexity and smoothness parameters of the reference function h(-), respectively.

In Theorem|5.1] Fair0BD achieves an asymptotic competitive ratio of 1 when the total deviation &
is sublinear in 7T". The total deviation § quantifies the fundamental difficulty of the online problem
itself, independent of the algorithm design. As discussed regarding the hardness of the long-term
regularizer, if § grows linearly with 7', no online algorithm can attain sublinear regret. Therefore,
Theorem 5.1|demonstrates that Fair0OBD achieves vanishing regret as the episode length approaches
infinity, even in worst-case scenarios. This vanishing regret highlights the effectiveness of Fair0BD
in addressing the long-term regularizer, which is achieved by decomposing the long-term cost with a
set of auxiliary variables. Furthermore, the dual variable within Fair0BD dynamically adapts through
continuous online updates, which drives the cost of Fair0BD to eventually converge to the offline
optimal benchmark.

Theorem 5.2. Suppose that x¥.1 is the action produced by the (R, ¢)-optimal algorithm OPT and
that the hyperparameters A1 € (0,1] and Ay € [0,00). Assume further the hitting cost fi(-) is

m-strongly convex for any t = 1,--- ,T. By initializing k1 = O(%) (or k1 = 0 if h(k) = @) and
setting the learning rate n = @(T_%), the cost of Fair0BD is upper bounded by

1,22 Lz 2 Lo
t2 gt g lmi +

x L
COSt(l‘l:T) SC . COSt(xI:T) + — 7Z2R + Z”ffl” + /82L\/T(12 nl T

Ap L21
Lo

=C - cost(z,p) + O(T73) + T

where C' = max{ "ZF)\’}? 1+ nif e }. The parameters m, Z and L are specified in Assumption

and | and By are the strong convexity and smoothness parameters of the reference function h(-),
respectively. In addition, by considering § in any sublinear forms in T and optimally setting

A € (0,1] and X € [0,00) such that m + Ay = 24 (1 +4/1+ 4mﬁl>, Fair0BD achieves an

asymptotic competitive ratio of% (1 +4/1+ 4:?) against (R, §)-OPT when T — oc.



As demonstrated in Equation (7), by properly setting the learning rate and initial Lagrange multiplier,
Fair0BD’s cost asymptotically converges to within a constant factor of the (R, §)-constrained offline
optimal cost. This convergence guarantees the stability of both the auxiliary variable and multiplier,
ensuring robust performance irrespective of the context sequence. In our algorithm, the dual update
is conducted using mirror descent, which generalizes the standard gradient descent as a special case
when the reference function is chosen as i (x) = 3 ||z||>. Consequently, Theorem|5.2|and Theorem|5.1
also cover the performance analysis of dual updates with gradient descent by setting [ = 52 = 1. In
addition, a comparison of these two theorems reveals that the constant C' in Theorem[5.2] arises solely

from the inclusion of the switching cost. Furthermore, by optimally setting (A1, A2) to minimize

C in Equation (7)), Fair0BD asymptotically achieves the competitive ratio of % (1 +4/1+ %)

This ratio matches the best-known competitive ratio lower bound [18]] for the problem without a
fairness cost. This observation highlights the superior performance of Fair0BD and confirms that C
is inevitable due to the switching cost.

Unlike standard online smoothed optimization [19], the long-term fairness cost impacts the total
cost of Fair0BD in two-fold, primarily due to the L-Lipschitz property of the long-term fairness
constraint. Generally speaking, larger L implies faster change speed of fairness function, which
introduces additional uncertainties when optimizing the auxiliary variables in g(z;). This imprecise
estimation slows down the convergence speed of the dual variable, as reflected in the second last term
in Eqn (7). Moreover, since 4 represents the discrepancy between the frame-wise and episode-wise
averages of A;x; in the offline optimal benchmark, a larger L amplifies this difference in Fair0OBD’s
final fairness cost, as demonstrated by the last term in Equation (7). Thus, the overall performance
of FairOBD is significantly influenced by the Lipschitz constant L, which bounds the first-order
smoothness of the fairness cost.

The additive gap observed in Theorem [5.1and Theorem [5.2]is directly influenced by the inherent
difficulty associated with the long-term cost. This difficulty is captured by R and d: as R and/or ¢
increase, the potential for adversarial context sequences in the long-term cost becomes greater, which
is a fundamental challenge for any online algorithm. Thus, R and ¢ quantify the maximum level of
adversarialness in the context sequence. However, many real-world applications are less adversarial,
exhibiting predictable periodic patterns (such as the diurnal cycles in Al workload distributions).
These patterns significantly reduce d, the long-term deviations. Consequently, for a reasonably large
yet finite R, the total deviation between the online performance and the unconstrained offline optimal
benchmark can remain constant or grow sublinearly with 7T'.

In addition to the rigorous insights provided by Theorem[5.2] our proof technique also represents a
novel technical contribution. Unlike existing proof techniques that typically rely on the assumption
of independence between per-round objective functions, our approach does not require such an as-
sumption. Removing the assumption of temporal independence is crucial in our fairness-regularized
smoothed online optimization problem, as the switching cost functions inherently violate this assump-
tion by incorporating historical actions. Consequently, comparing the costs of per-round objective
functions between Fair0BD and the offline optimal benchmark becomes highly challenging, as their
cost functions are no longer identical under these conditions. To address this limitation, Lemma@]
and establish a theoretical foundation for such a comparison by introducing an intermediate
benchmark with per-round objective functions aligned with those of Fair0BD. This intermediate
benchmark effectively bridges the gap between the two policies, each associated with distinct sets of
cost functions, enabling a meaningful and rigorous comparison. Though the current result relies
on the properties of squared /o-norm in switching cost, it is promising to relax this assumption to
accommodate more general strongly convex and smooth functions. Specifically, in Lemma [D.3]
and Lemma the results can be directly extended under strong convexity, since the squared
lo-norm is a special case where convexity and smoothness coincide. Furthermore, when converting
the intermediate benchmark to the offline optimal benchmark, the gap between the two can also be
bounded by the strong convexity of the switching cost. It is interesting future work to study this
more general setting. More broadly, the proof techniques in our approach represent a substantial
development in addressing states influenced by past actions, extending beyond the limitations of
existing approaches that are restricted to handling memoryless functions.



6 Empirical Results

Our empirical study investigates the problem of fair resource provisioning for Al inference services
in geographically separated data centers, where decisions incur instantaneous hitting costs (energy
consumption and workload-imbalance penalties), switching costs (reconfiguration overhead), and
a long-term fairness cost quantifying regional public-health impacts from electricity generation
pollution. FairOBD decomposes and dynamically optimizes all three cost components via auxiliary
variables and mirror-descent updates to improve cost efficiency, action smoothness, and long-term
fairness simultaneously. In our simulation, we use the one-week trace of normalized LLM inference
requests from [37]], and route demand across seven selected data centers (Arizona, Iowa, Illinois,
Texas, Virginia, Washington, Wyoming) with publicly available electricity prices, PUE values, and
health-damage rates from WattTime [52]. We compare Fair0BD against five benchmarks: the offline
optimal (OPT), offline fairness-only (FairOPT), hitting-cost minimizer (HITMIN), Regularized Online
Balanced Descent (ROBD), and Dual Mirror Descent (DMD).

We also test Fair0BD with different learning rates and different weights for the fairness cost to test its
robustness under different settings, with more details in Appendix [B] Our numerical results (Table 2]
in Appendix |B)) demonstrate that Fair0BD achieves the lowest total cost among online methods,
with the minimal cost gap to the offline optimal. Moreover, FairOBD attains the smallest fairness
cost among online baselines, while maintaining low switching overhead. These results confirm that
explicit incorporation and dynamic optimization of long-term fairness in Fair0BD yields superior
performance across all cost dimensions.

7 Conclusion

We study a novel and challenging problem of fairness-regularized smoothed online convex optimiza-
tion. Our main contribution is the proposal of Fair0BD to reconcile the tension between minimizing
the hitting cost, switching cost, and fairness cost. Importantly, Fair0BD offers a guaranteed worst-
case asymptotic competitive ratio against (R, §)-OPT for finite R and sublinearly growing § by
considering the problem episode length 7' — oo. Moreover, our analysis can recover the best-known
results for two existing settings (i.e., smoothed online optimization without fairness and fairness-
regularized online optimization without switching costs) as special cases. Finally, we run trace-driven
experiments of dynamic computing resource provisioning for socially responsible Al inference to
demonstrate the empirical advantages of Fair0BD over existing baseline solutions.

8 Limitation and Impact Statements

While simultaneously addressing fairness and action smoothness in online optimization, Fair0BD is
designed based on a set of assumptions, including non-negative hitting costs and squared /5-norm
switching costs. Therefore, it is interesting future work to overcome these limitations by, e.g.,
relaxing the strong convexity assumption, considering more general forms of switching costs, and/or
incorporating potentially untrusted predictions of future information to further reduce the overall cost.
Although our work can potentially increase awareness of fairness in online optimization, we do not
foresee negative societal impacts or the need for safeguards due to the theoretical nature of our work.
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Appendix

A Real-world Applications with Long-term Costs

In this section, we present several real-world application that emphasizes long-term fairness along
with the switching cost. We provide concrete modeling for these applications and demonstrate how
these two applications align closely with our problem formulation.

A.1 Geographical Load Balancing with Balanced Public Health Costs

The exponentially growing demand for AI has been driving the recent surge of data centers around
the globe, which are notoriously energy-consuming and thus have huge environmental impacts in
terms of the local air pollution and carbon emissions (e.g. for fossil-fuel based power plants). The
escalating air pollution resulting from Al computing significantly contributes to various health issues,
including lung cancer, heart disease, and cardiovascular problems. Thus, the rise in ambient air
pollution leads to substantial public health costs, encompassing lost workdays, increased medication
usage, and increased hospitalization rates. More critically, the public health costs of data centers
are becoming increasingly unevenly distributed across different regions, disproportionately affecting
marginalized communities. To mitigate the uneven distribution of public health impacts from Al
computation, an effective approach is to leverage fairness-aware geographical load balancing to
fairly distribute the environmental costs across different data center locations [28]], and, consequently,
public health risks across diverse data center locations.

Specifically, let z; € Rf be the number of active servers or computing capacity to process incoming
workloads in N different data centers at time ¢t. With a provisioning capacity of z;, there is an
operational cost that includes the energy cost and a penalty term for workload imbalance, which can
be modeled as the hitting cost f;(z;) [32]. When adjusting computing capacities, a switching cost
d(x¢,x¢—1) arises due to server reallocation, workload migration, or wear-and-tear. Additionally, a
health cost Az, is incurred across N locations due to air pollution from electricity generation [59],
influenced by the local grid’s real-time fossil fuel intensity. Further modeling details can be found in

Appendix [B.1]

A.2 Socially-fair AI Resource Provisioning

Large Al models often have multiple sizes, each with a distinct performance and resource usage
tradeoff. For example, the GPT-3 model family has eight different sizes, ranging from the smallest
one with 125 million parameters to the largest one with 175 billion parameters [58]]. As a result, the
amount of computing resources can directly affect the model selection and inference quality during
inference, and needs to be carefully determined based on the number of user requests from different
regions. As we become increasingly reliant on Al for acquiring knowledge, insufficient resource
provisioning can lead to subpar Al model performance and could disproportionately jeopardize the
prospects of users/individuals from certain disadvantaged regions. Thus, the computing resource
provisioning for users from different regions must be fair in the long run. In addition, there is
a switching cost when adjusting the computing resource capacity (e.g., by activating otherwise
hibernating servers).

We consider a discrete-time model for the Al server provisioning problem, where 3; € R™ represents
the user demand from M different regions at time ¢ and 4 € [Zmin, Tmax| denotes the amount of
provisioned Al servers to meet the demand. The hitting cost f (2, y:) encompasses both the electricity
expenses of the Al servers and a penalty term for any dropped workload demand. The switching
cost d(z¢, x¢—1) models the cost incurred by hardware and software reconfiguration, particularly
when server provisioning undergoes frequent or substantial changes. At each time slot, we assume
the provisioned Al servers are shared by each region in proportion to their user workload demand.
To promote fair distribution of Al resources among the M regions within the horizon, we account
for each region’s dynamic resource share, which varies based on its fluctuating workload demands.
Specifically, we employ a min-max fairness function over the total amount of allocated Al resources
for the M regions.
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B Experiment

In this section, we run experiments of fair computing resource provisioning for Al inference services.
Our results demonstrate that Fair0OBD can effectively reduce the total fairness-regularized cost,
highlighting the empirical advantages of FairOBD compared to existing baseline solutions.

B.1 Simulation Setup

We investigate the challenge of fair resource provisioning for Al data centers that deliver inference
services to dynamically routed Al workloads. At each time step, we dynamically route incoming
user demand across geographically dispersed Al data centers and provision server/GPU resources
accordingly. This provisioning process incurs a hitting cost (e.g., energy cost, carbon emissions,
and penalties for imbalanced workload distribution), as well as a switching cost representing the
reconfiguration overhead associated with changes in provisioning decisions. Furthermore, electricity
consumption contributes to public health risks within the local community due to air pollution
generated during electricity production. We incorporate a long-term fairness cost that quantifies the
degree of public health impacts on the most affected region across all Al data centers.

B.1.1 Model

We consider a discrete-time model where each round (or time slot) is one hour. As each round
has the same duration, we interchangeably use power and energy wherever applicable without
ambiguity. To fulfill the demand for Al inference service at time ¢, denoted as wy, we need to
determine Al server/GPU provisioning action x;. The resource provisioning decision is defined as
Xy = [T14, -+ ,xN,e), where z; ; denotes the provisioned server/GPU capacity for data center ¢ €
[N], subject to constraint x; ; < M; where M; is its maximum capacity. Additionally, to guarantee
the optimal quality of experience for users, we consider all the Al workloads are instantaneously

served without further delays, where Zfil x;+ = w¢. The provisioning decision incurs a hitting
cost (e.g., energy cost and penalty for imbalanced workload distribution), and a switching cost due
to changing the provisioning decisions. Furthermore, electricity consumption contributes to public
health risks within the local community due to air pollution generated during electricity production.
We incorporate a long-term fairness cost that quantifies the degree of public health impacts on the
most affected region across all Al data centers. We model these three costs as follows.

The hitting cost encompasses the cost of energy consumption and penalties for imbalanced workload
scheduling. Specifically, we model server power consumption as a linear function of provisioned
computing resources, q - x+. And the non-IT power consumption (e.g., cooling systems) is modeled by
multiplying the power usage efficiency (PUE) +; over the power consumption at data center ¢ € [IN].

Thus, the total electricity expenses of Al computing can be expressed as Zi\;l Pit Vi d " Tigs
where pf, denotes the time-varying electricity price at location ¢. Additionally, given the fluctuating
Al workload, it’s highly imperative to achieve a balanced workload distribution, both spatially and
temporally. Within time slot ¢, as the entire Al workload must be fulfilled collaboratively by N
data centers, imbalanced workload distribution can overload several data centers and result in low
utilization rate for some data centers. The low utilization may leads to wasted reserved capacity and
potentially increased idle power consumption. Additionally, from the perspective of whole horizon
T, a smaller temporal variation in the provisioned server capacities is also preferred, considering the
same amount of total workload. To this end, we incorporate a regularizer u; ||x; ¢||? into the hitting
cost of data center ¢. When it’s summed over the entire planning horizon 7', this term represents the
squared Ls-norm of the provisioned server capacity vector, [acm, cee ale]

To sum up, the hitting cost at time ¢ is defined as

2 ®)

N N
fe(ze) = pr,t “Yi Q- T UL Z |23t
i=1 i=1

Besides, the switching cost d(z¢, 21—1) = @ ||z — 241 || penalizes the frequent or large changes
between consecutive actions. Here, us is a hyperparameter that reflects the overhead associated with
hardware reconfiguration and communication arising from dynamically routed workloads.

Scaling laws are observed in large Al services [60], such as large language models, demonstrating an
exponential increase in computational requirements to achieve continuous performance improvements.
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. Average Health | Average Electricity
Location | "pioe ($MWh) | Price (MWh) | FUE ()
Arizona 17.29 77.7 1.18
Iowa 62.81 62.6 1.16
Mlinois 49.93 82.6 1.35
Texas 48.19 63.0 1.28
Virginia 52.68 87.0 1.14
Washington 17.55 62.0 1.15
Wyoming 34.79 76.1 1.11

Table 1: Information for selected data centers

This rapid escalation in computation translates to substantial energy consumption. Due to the air
pollution generated during electricity production, the increased electricity consumption associated
with these models contributes to public health risks within local communities. Following the
methodology in [52], we denote the health damage rate as A, = [A; ¢, - , An,], which reflects
the associated air pollution and consequent health risks resulting from the electricity consumption.
By strategically aligning AI computation with time periods and locations that are abundant with
cleaner energy sources (e.g., solar, wind), the health damage rate can be significantly minimized. At
the same time, ensuring fair distribution of public health risks is crucial when dynamically routing
Al workloads. We incorporate a long-term fairness cost that quantifies the degree of public health
impacts on the most affected region across all Al data centers, formulated as below

T
o q T
9(331:T) = us T;At'l’t )

where the L,-norm can recover the widely-considered min-max fairness function as p approaches
infinity. By regularizing the overall public health risk in the long-term, we can not only promote
social fairness and mitigate widening socioeconomic gaps, while maintaining sufficient flexibility for
dynamic Al workload routing.

©))

By summing up the hitting, switching and long-term fairness cost, the objective function is defined as
below

T T
1 1
arg min - ; felwe) + = ; d(, a0 1) + g(:rm)
N (10)
s.t. Zmi’t =w, Vte[1,T]
1=1

Tit < M;, Vi€ [1,N], Vit € [1,T]

B.1.2 Datasets and parameter settings

We employ a publicly available inference trace dataset for LLM services on Azure [37]]. We normalize
a sample of coding-related inference requests processed by multiple LLM services within Azure.
These traces are collected between May 10th and May 16th, 2024. The dataset provides user demand
patterns across different times of the week.

Specifically, we aggregate the number of requests received hourly to simulate the total computational
workload across different times of the day.

To meet this workload, we assumed that the total computing demand could be distributed across seven
selected data centers located in Arizona, Iowa, Illinois, Texas, Virginia, Washington, and Wyoming
(N = 7). The data center information is obtained from [61]]. We use the average state industrial
electricity price [63], denoted as p{ ,, to calculate the electricity cost for each data center. For ;, we
use the values reported by [62] to conduct our experiment.

For health impact analysis, air pollutant emissions resulting from electricity consumption contribute
to various adverse effects, such as increased hospitalizations, higher medication usage, more frequent
emergency room Visits, and additional lost school days. These impacts can be quantified in economic
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. . FairOBD
Metrics OPT FairOPT HITMIN ROBD DMD = T0=2 e 10=5 = 10~
Hitting Cost 171.30 177.20 159.75 163.63 169.46 170.06 167.80 167.47
Switching Cost 23.27 351.48 43.75 23.16 93.53 25.65 27.52 28.17
Fairness Cost 36.36 33.33 140.12 111.85 54.16 41.36 51.05 52.68
Total Cost 230.93 562.00 343.62 298.64 317.15 237.07 246.36 248.31

Table 2: The average costs of different algorithms in the default setting (i.e. u; = 10, uo = 1000 and
ug = 3.5). Minimum costs for the online algorithms are highlighted in bold.
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Figure 1: Cost distributions of different algorithms in the default setting (i.e. u; = 10, ug = 1000
and uz = 3.5)

terms using epidemiological and economic research on the associated health outcomes, collectively
referred to as health costs. WattTime [52]] divides the United States into distinct regions and provides
real-time health prices ($/MWh), representing the health cost ($) per unit of energy consumption
(MWh) across different regions and time periods. To determine the region in which each data center
is located, we utilize the information from [61]. We use the health damage rate to estimate the
health cost of energy consumption for each data center. Specifically, we set A, = [; - pﬁt] N,
where pﬁt represents the hourly average of WattTime’s health price. Our online algorithm’s ability to
dynamically update its dual variable and learn from the online context sequence eliminates the need
for prior training on a separate dataset. Therefore, we only build a testing dataset for all baseline
algorithms. This testing dataset consists of 97 three-day (72-hour) context sequences, created by
applying a sliding window across a one-week (168-hour) context sequence.

To provide readers with a high-level overview of the data centers’ operational characteristics, Table
[[] summarizes several key metrics including the average electricity price and average health price
observed from May 10th to May 16th, 2024, as well as the Power Usage Effectiveness (PUE) and
geographic location for each facility.

In the default setting, we set ¢ = 1 to map the provisioned computing resource to energy consumption.
The weights are u; = 10 for the regularizer in hitting cost, us = 1000 for switching cost and ug = 3.5
for the long-term fairness cost. We choose the identical maximum capacity for each data center
with M; = 1 and normalize maximum workload traces according to the maximum capacity. We use
p = oo for the [, norm. These values are chosen to ensure that the hitting cost, switching cost, and
fairness cost have comparable magnitudes. We set the initial dual variable x1 = [3]Y.,, A\; = 1, Ay =
30 for DMD and Fair0OBD.

The hyperparameters \; and Ao for ROBD are optimally selected based on Theorem 4 in [18]]. For
DMD, we use the same set of hyperparameter as Fair0BD, such as the default learning rate = 1073,
except that DMD ignores the switching cost. Regardless of the algorithm. The total costs of all the
baseline algorithms are calculated with Eqn (T0).

Our experiments are conducted on a MacBook Air with an M3 chip and 16 GB of memory. The
average execution time per online algorithm over 72 time slots is approximately 1 second.

B.1.3 Baseline Algorithms

We consider the following baseline algorithms for comparison.

* Optimal Fairness Offline (FairOPT): the offline optimal policy solely minimizing long-
term fairness cost.
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. . FairOBD
Metrics OPT FairOPT HITMIN ROBD DMD = T0-2 = 10-7 = 102
Hitting Cost 168.88 177.20 159.75 163.63 169.46 169.39 167.80 167.47
Switching Cost 22.92 351.49 43.75 23.16 93.53 25.67 27.52 28.17
Fairness Cost 20.33 16.67 70.06 55.93 27.08 21.35 25.52 26.34
Total Cost 212.13 545.35 273.56 242.71 290.07 216.41 220.84 221.97

Table 3: Cost comparison of different algorithms with the fairness weight uz = 1.75.

. . FairOBD
Metrics OPT FairOPT HITMIN ROBD DMD = T0=2 P 10=5 = 10~
Hitting Cost 171.81 177.20 159.75 163.63 169.46 170.52 167.80 167.47
Switching Cost 23.97 351.49 43.75 23.16 93.53 25.70 27.52 28.17
Fairness Cost 70.82 66.66 280.24 223.70 108.32 82.40 102.10 105.35
Total Cost 266.60 595.35 483.75 410.49 371.31 278.62 297.41 300.99

Table 4: Cost comparison of different algorithms with the fairness weight us = 7.

 Hitting Cost Minimizer (HITMIN): the online algorithm chasing the minimizer of the hitting
cost.

* Regularized Online Balanced Descent (ROBD): the state-of-the-art online algorithm without
accounting the long-term fairness cost.

* Dual Mirror Descent (DMD): the online algorithm solely optimizing long-term fairness.

 Optimal Offline (OPT): the strongest optimal offline benchmark, corresponding to (7', 0)-
OPT in our analysis. No online algorithms can possibly outperform OPT.

Among these algorithms, ROBD achieves the lowest competitive ratio for smoothed online convex
optimization [18]], which is an adapted version of Eqn (1) by removing the fairness cost. Besides,
DMD is proposed for online allocation problems without switching costs [6]], [57]], [39], which updates
the dual variable x; based on mirror descent techniques. We adapt DMD with a reference function

2
h(k) = @ in our experiment.

B.2 Results

We summarize the average costs of the online algorithms and their offline optimal benchmark under
the default setting in Table[2] The proposed algorithm, Fair0BD, maintains robust performance across
different learning rates 7 and consistently outperforms other online baseline algorithms (HITMIN,
ROBD, and DMD) in terms of total cost. Moreover, FairOBD attains the minimum fairness cost among
all online baselines, demonstrating its effectiveness in minimizing the long-term fairness cost.

To illustrate the minimal achievable long-term fairness cost, we incorporate FairOPT as the offline
fairness-optimal baseline, considering access to the complete context sequence. Due to the inherent
trade-off between operational cost and fairness cost, the locations with the lowest health impact do
not necessarily align with those offering lower electricity prices. Furthermore, exclusively targeting
such locations would exacerbate fluctuations in server provisioning across different regions. These
two factors explain why FairQPT achieves the lowest fairness cost, despite its hitting and switching
costs being among the highest observed, as shown in Figure[I} Conversely, HITMIN operates in the
opposite direction, focusing exclusively on minimizing hitting cost while significantly increasing the
other two costs. To address this challenge, DMD resolves the tension between long-term fairness cost
and instantaneous operational cost by decomposing the long-term costs and optimizing them using
mirror descent techniques. This approach enables an effective balance between these two competing
metrics.

Without explicitly accounting for smoothness during the load balancing process, the aforementioned
three methods minimize fairness and/or hitting costs by aggressively targeting locations with the
lowest operational costs. These approach inevitably incur a significantly higher switching cost. For
instance, the average switching cost of FairOPT is still around 15 times that of the offline optimal
benchmark. In extreme cases, this ratio could be even higher, indicating considerable fluctuations
in server provisioning—an undesirable strategy for data centers. It highlights the critical need to
explicitly incorporate switching costs into the optimization framework. ROBD strategically balances
between the minimizer of the hitting cost and the previous action, achieving the lowest switching
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cost while maintaining a reasonably low hitting cost. However, due to the non-separable nature of
the long-term cost, ROBD fails to minimize the fairness cost as a result of its algorithm design. By
decomposing the long-term cost using auxiliary variables and dynamically optimizing these variables
with mirror descent techniques, Fair0BD achieves the best trade-off between hitting, switching,
and fairness costs. This approach results in the lowest fairness and total costs among all the online
algorithms.

To compare the impact of fairness cost, we present additional results by considering us = 1.75 and
ug = 7 on the performance of Fair0BD, summarized in Tables [3|and 4] respectively. Similar as in
Table[2] we see that under three different learning rates 7, Fair0BD is very close to OPT in terms of
the total cost regardless of the hyperparameters, which demonstrates the superior performance of
Fair0BD. The other baselines (i.e., FairOPT, HITMIN, ROBD, and DMD) all have substantially higher
total costs. The other online baseline algorithms (ROBD and HITMIN), which do not explicitly account
for long-term fairness cost, consistently exhibit poor fairness performance across different values of
the fairness cost parameter us. In contrast, Fair0BD consistently maintains a relatively low fairness
cost while simultaneously minimizing hitting cost and ensuring action smoothness. These results
demonstrate that incorporating long-term fairness cost into our algorithm design is not only effective
but also robust.

In summary, Fair0BD effectively balances action smoothness while maintaining a low hitting cost
and outperforms all other online baselines in fairness cost. These results validate the superiority of
Fair0BD ’s explicit incorporation of long-term fairness in fostering socially responsible decision-
making.

C Proof of the Lower Bounds

C.1 Proof of Theorem [4.1]

Proof. In this proof, we consider hitting, switching and long-term cost as following,

m
COSt .131T TZ Oth_CtHQ'i‘”*ZAtxtHP? (11

where the horizon length 7" is known in advance. For the hitting cost, we choose the constant value
my satisfying mg > 1. For an online policy, the context ¢; and A, are revealed sequentially, and the
future context can be chosen adversarially based on the actions from the online optimal policy. The
offline policy has the complete information about the context.

Now we construct two selections for the online context sequence

¢G.r=[1,1,...,1,0,0,...,0]
——— ——
Option 1: e T/2 1
C ) Afr=1[11,...,1,0,0,...,0]
N— e N——
T/2 T/2
Sr=[1,1,...,1]
: T
Optlon 2: <1>:T — [1717”.717_17_17”.7_1] (13)
~— —
T/2 T/2

Let xI:T denote the action sequence generated by the online algorithm. For the first half of the
horizon, ¢t € [1,7/2], the two context sequences (cj.r, Aj.r) and (c§.p, Aj.r) are identical. The
decision of which context sequence to choose is made at time 7'/2 + 1. Before revealing the context

at this time, we examine the historical actions xI:T /2 of the expert policy.

For the online algorithm, we define the sum of action sequence as
T/2

th _T ST+e( ). (14)
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where ST is a constant value and ¢(T") is a vanishing term satisfying limz_, o, ¢(7") = 0. We consider
two cases about ST.

Case 1: |ST| < 27o=1,

In this case, we choose the second context trace (¢, AS.7-). And the offline optimal action sequence
can be obtained as

Jf‘l(:T = c<1>:T' (15)

And the total cost is calculated as

T
cost(xzi.p) =0+ ’Z Acg| =0 (16)

t=1

In this case, for any action sequence a:TT J2+1:T chosen by the online algorithm, the cost of the expert
algorithm is lower bounded by

cost(xl.r) = 7 Z o} —cul” + Il ZAtxtnp
T/2
2
-7 Z ! (17)
_ mo H T\ Xl —1/2|
- 2T 2 T/2

- T(ST - 1+6(T))2

where the first inequality is due to the non-negativity of the hitting and long-term costs, the second
inequality is based on RMS—AM inequality. Given ¢(7') is a vanishing term, the regret is lower
bounded by

1

1
4 (2m

16m0

cost(x] 1) = cost(ai.r) 2 T0[IST = 1) >

)2 = (18)
Case 2: |5T| > 2pno=1,
mo

In this case, we choose the first context trace (cj.r, Af.7). And one feasible action sequence is
defined as

mo—l

T1T = A (19)

mo

We don’t need to prove the optimality of this feasible action sequence, as any the offline optimal cost
must be upper bounded by the cost of this feasible action sequence, which is

T T
% 1 mo 1
cost(z],r) < T ; 7”% -l + HT ;Atmtﬂp
lmOT 1 1T mg—1 (20)
T T2 2 m3 T2 my
1 mo — 1 o 2m0 -1

- 4m0 + 2m0 4m0
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For the online algorithm, we have

L 172 L 172
cost(al.r) = 7 Z el + I ZAtxth
T/2 1
> TZ jof =102 + S 1IST + (D)l
21
mo 7| Yl al T2 2+1IIST+ ()| ()
=972 T/2 2 e
m 1
= L IST=1+eD) + 515"+ D),
mo 1
> (ST —1)2 4 2|5t
2 08t - 1) + SIS
Then the regret of the online algorithm is lower bounded by
" m 1 2mg — 1
cost(a].r) = cost(alr) 2 (8T = 1) + 31187 = = — (22)
Based on our condition on ST, if ST < % it’s obvious that
mo 2 1 -1 mo 2mog—1 9
Mo gt _1y2 4 Lygty - 2o =1y Mo 2mo =1y, 23
1\ )"+ SIS 4m0_4(+2m0) (23)

On the other hand, if ST > 0, the minimizer of 22 (ST — 1)? + 1||ST|| — 22'2=1 js achieved at the
critical point ST = 1 — 5.—. Therefore, ST = 1 — 5,— is the minimizer for the bound as the bound
monotonically increases as S > 0. So the lower bound in this case can be expressed as
mo, 1o, 1,1 2mo—1 1

T *
t(@1.p) — cost(alr) 2 —(5—)"+ 51 - - -
cost(xy.p) — cost(z].p) 2 1 (2m0> 5 | 2o I 4myg 16 mg

(24)

Given mg > %, the lower bounded for cost gap is obtained by combining the bounds for these two
conditions for ST, which is

1
cost(a},p) — cost(z}.r) 2

. 2
~ T6me (25)

To sum up, compared with the offline optimal action, the regret of any online algorithm is lower
bounded by Q(1).

O
C.2 Proof of Theorem4.2]
Proof. In this proof, we construct the hitting, switching and long-term cost as following,
m
cost(z1.7) TZ e = ||fZAt;ct\|p, (26)

where the horizon length T is known in advance and mo > 1. For an onhne policy, the context c; and
A, are revealed sequentially, and the future context can be chosen adversarially based on the actions
from the online policy. The offline policy has the complete information about the context. Our goal
is to derive a lower bound for the competitive ratio between online and offline policies under this
information asymmetry.

We construct two selections for the online context sequence

. =la,a,...,a,0,0,...,0]
———— ——
Option 1: T e 27
P Afp=[L1,...,1,1,0,0,...,0]
———r N —
T/2 T/2-1
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Option 2: © e[, —1,—1,.. 1] (28)
/2 772

Let x}T denote the action sequence generated by the online algorithm. For the first half of the
horizon, ¢ € [1,T/2], the two context sequences (c}., Af.) and (¢$.p, AS.) are identical. The
decision of which context sequence to choose is made at time 7'/2 + 1. Before revealing the context

at this time, we examine the historical actions 2! of the online policy.

1:T/2

If there exists a time ¢ € [1,7/2] such that ] # a, we select (¢$.;, A%,;.) as the context sequence.
In this scenario, the offline optimal action is consistently a, resulting in a zero total cost. However,
the expert’s cost will be non-zero, leading to an infinite competitive ratio.

Conversely, if the online action sequence is :cI:T /2= [a,a,- - ,a], we will choose (¢].p, A].7) as
the context sequence. The best an online algorithm can do is to only optimize the action in a:TT /241

and set all subsequent actions as zero. We define the objective for action at xTT 24138
9 T
h1() = 0w + | Za v a @)

In our current setting, x is a scalar and the gradient of g; () is defined as

mox + 1 x>—%

gi(x)=Smoz -1 z<-—L2 (30)

undefined x = —1
In our following proof, we will choose the constant a > 2 T (g a= QT) To preserve generality,
we will work with a symbolically. Given that mg > 0 and T > 2, for all T < —<5%, we can derive the
upper bound of the gradient as follows, g (x) = mox —-1< mo —-1< 71 This implies that
g1(x) is monotonically decreasing as x approaches — 2 from the left Since ¢y () is continuous,

the minimizer cannot be located in the region x < — 7.

On the other hand, as = approaches —% from the right (z > —%), the gradient g} (z) = moz + 1
approaches —mo% +1< —-141 <0. Given ¢; () is continuous, this suggests that the minimizer

of ¢1 (z) must lie in the region 2 > —Z2. To find the critical point in this region, we set g{ () = 0

for x > —1, which is mgx + 1 = 0. Solving for z, we obtain the potential minimizer:
o 1

— 31
T T T e (€29)
And the minimum value of g, () becomes
% 1
91 (IT/2+1) T 2+ ||—a + xH

1 T 1
- Za— — 32
-1 [ +Ta mo] (32)
1 1
2 2m0 T

where the second equality is due to our choice of a > —=— mO . The total cost of any online algorithm
in this case is lower bounded by
1 1

cost(z! ;) > 3% B T

(33)
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Next, we aim to derive the upper bound for the offline policy with complete context sequence. As we
only focus on the scale of the competitive ratio’s lower bound, it’s not necessary to explicitly solve
the true offline optimal trace, which could be very messy. Instead, we choose the following action
sequence to serve as a feasible action sequence .., which is

0 tell,L]
rp=¢-a t=L+1 (34)
0 te[l+1,T]

Then the total cost of the true offline optimal cost is bounded by

1 T
cost(x.1) < cost(x).p) = T {mo(? +1)a® + a]

(35)
Here we choose a = # The lower bound for the cost of any online algorithm and the upper
bound for the offline optimal cost is given by

1 1
cost(],7) =

§a72m0T: 2m0T 36
t(*)<1 mO(T+1)2+ 3 i 2 (36)
cost(x], —|—=(= o ta| =—ms+—=.
LT/ = 2 moT2 ' moT?
The competitive ratio is lower bounded by
T 1
t(xy, m T T
cr=ur) o B T T (37)
cost(y.p) T A4 Zm 647 76
In other words, the competitive ratio of any online algorithm is lower bounded by (7). O

D Proof of Asymptotic Competitive Ratio for Fair0OBD

For the ease of presentation, we define the drift of Bregman divergence for the dual variable « at time
t as
A(t) = Vi1, K1) — Valka, Ke) (38)

To facilitate the proof of the asymptotic competitive ratio for Fair0BD in different settings, we first
present several technical lemmas.

Lemma D.1. Suppose k;1 is the solution to the following equation
et = arg muin (di, ) + %Vh(n, ) (39)
Then for any k' € RY, we have
(s di) + %Vh(nm, k) < (i) + %Vh(m’, o) — %Vh(m', 1) (40)
Proof. For simplicity, we define
e(k) = (di, k) + %Vh(/{,m) 41)
The gradient of e(x) with respect to & is defined as
Viee(k) =di + %(Vh(m) — Vh(k)) (42)
Since k1 is the minimizer of e(x), then for any x’ € RY we must have

1
</£/ — K¢+1, dt + ;(Vh(/ﬁt_‘_l) - Vh(/ﬁlt))> Z 0 (43)

23



We prove this by contradiction. Suppose there exist ', such that (" — k411, Vce(k)) < 0, then we
construct a function y(§) = e(ke41 + £(K — Ke41)), where € € [0, 1]. The gradient of y(§) is

ng(f) = </§/ — Kiq1,de — %(Vh(lit) — Vh(lipd + f(/{’ _ 5t+1))>> 44)

Then Vey(0) = (' —Kus1, de+ 5 (VA(ker1) = V() < 0. Therefore £ = 0 is not the minimizer
of y(&) or in other words, k1 is not the minimizer of eg\/,i), which is contradictory to our assumption.
So the inequality in Eqn (@3)) must hold for any ' € RY. By organizing the inequality, we have

(s dy) <(sdo) + %< Vhiksr) — Vh(sr)) %ml, Vh(ks1) — Vh(s))

1 (45)
=(r',ds) + 5(/—1’ — Kiy1, VR(Kir1) — Vh(ky))
According to the definition of Bregman Divergence, we have
(K" = Kig1, VR(Rep1) — Vh(ke))
=(K" = 1, VA(ker1)) — (6" — g1, VA(k))
=(k" — ki1, VR(kir1)) — (' — ke, VR(ke)) + (Kee1 — ke, VR(K)) 46)
= — h(K) + h(k41) + (K = K1, Vi(keg1)) = hike) + h(K") — (K" — Ky, V(1))
= h(keg1) + h(ke) + (Re1 — ke, V()
= — Vi(K', kit1) + Vi(k', 6¢) — Vi(Kig1, Ke)
Then we finish the proof. O

Lemma D.2. [f the reference function h(-) is l-strongly convex and k1 is the initial dual variable,
then the dual variable r is bounded by

z? a
Vi(k1, krg1) < T(n2§ +nLZ) — K, - (Z Ay — zp) 47)
t=1
where the constant Z = sup,, .. , ||zt — Arzel].

Proof. According to the Line 7 of Algorithm and Lemma for any ' € Rf we have

1 1 1
(Keg1,di) + 5Vh(l€t+1a k) < (K, dy) + EVh(H/, ki) — EVh('flv Kty1) (48)

By setting v’ = k1 and add (k., d;) to both sides of Eqn (@8), we have

1
(ki — K1,dp) < <<"‘5t — K1, de) — n‘/}L(’it-i-lv"ft))

(49)
1 1
+ HVh(m, Kt) — Evh("ihf‘itﬂ)
Since the reference function h(a) is I-strongly convex. then
l
h(a) = h(b) + (¢ = ) VA(b) + S la — b]” (50)
In other words l
Vi (Kig1, ke) > §||f€t+1 — ke (51)
Therefore, we have
1
;Vh(ﬁt+1a Ht) - <f€t — Kt+1, dt>
1
=(Ke41 — Ke, dp) + EVh(KHl’ Kt)
l
> = |lker1 — rellllde| +%||Ht+1 — ke? (52)

l 2 Ui 2 l 2
>_ — kel = L)+ — -
2 2n||f<«'t+1 Kt | 2l|| el +277H/€t+1 kit
Ui 2 N 2
= N2> -1z
Tl = 2k
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The first inequality holds by the definition of inner product and the [-strongly convexity assumption
of reference function A(-), the second inequality is derived with the AM-GM inequality, and the last
inequality is obtained with the assumption ||d;|| < Z. According to the definition of A(¢), Eqn (@9)
becomes

At)

(Kt, 20 — Apay) + T < 2%22 + (K1, 26 — Avy) (53)

According to Line 4 and Line 5 of algorithm|[1] then for any z} € X; and 2, € Z, we have

A
fe(ze) + Md(ze, 2e—1) + ?2||90t - Ut||2 +9g(z) + H;r (Agry — 2z¢)
54

A
<o) + Md(wy wem) + Tl —oel* + g(zp) + 5] - (A — =)

By adding <A7(7t) — k) - (Agzy — zt)> to both sides of the inequality, we have

Al

A
+ fi(ze) + Md(2g, 20-1) + ?QH% — |l + g(=)

At A
<(B0 T (= 2)) o) + Ml ioa) + 2l =l 909 + T (i = 5

n
A
< (352° = KT - (Ae = 20)) + fula}) + Nd(h mer) + Sl = vel2 + () + 1] - (A, — )
(55)
Now we choose x} = z; and z; = Az}, then we have
At
W < (522wl - (= 20) + o) gl < B2+ L2 ] - (e =) (56)

By summing up the difference over the episode 7', we have

Vi(k1, krg1) — Vi(k1, k1) < 77T(21 72+ LZ) 77/{1 ZAtxt — 2t) (57)

D.1 Proof of Theorem[5.1]

In the problem setting without switching cost, we define the optimization objective as

T
G(x1r) = ;Z[ﬁ € } ZAtxt (58)

t=1

Proof. Since x, z; is the optimal solution for Eqn (3], so we have the following equation for any
xp € X,z € Z:

ft(xt) + Rt * Atitt S ft(xé) + Kt - At.’IJ; (59)
9(z) — Koz < g(zp) — kezy (60)
By combining the inequalities in Eqn (33)), (39) and (60), we have

Al)

- fulw) 4+ 9(z1) < 527+ Fil@l) + g(=f) + k] - (Avey = 2) = R] - (Awwy =) (61)

For the last term of Eqn (61)), since x; is the minimizer of e(x), then for any x’ € R we must
have

<K, — Kt+1, dt + — (Vh(lﬁ',t_;,_l) Vh(l{t))> Z 0 (62)

This condition is satisfied only if the gradlent is zero, which is

di + — (Vh(mm) Vh(ky)) = 0. (63)
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Since the reference function is [-strongly convex, we can bound the dual update by the gradient
distance in the following way

77||dt||

Ier = el < F1(Thlsear) = Vh(e) ] < (6

Thus, we can have the following inequality for the last term of Eqn (61) by summing it up over the
frame R, which is

t+k—1

(Kt — Kty AeykTyy g — Zi4k) SH > (ki1 — 55) ‘ PR A |
j=t
. t+k—1 072 (65)
§7'( ) HAJ'%'*ZJ‘H) Z<(k=1)- =
Then within the frame of size R, we have
kER+R ER+R
R(R-1

[ Z ke - (Apry — z,{)] < KkRi1 [ Z (Awzy — 21) | + %WZQ. (66)

t=kR+1 t=kR+1

Then by substituting Eqn (66) to Eqn (61)) and summing up over the whole episode 7', we have:

T T T
50204 3 e+ gt = P S ) 4 g
t=1 t=1 =1
K kR
<> {ft(ivi) +9(Z£)] +5 TZ*TR — k] - ZAW —Z D oh-vre Y (Awh—2)
t=1 k=1 t=(k—1)R+1

(67)

Now suppose 7., is the (R, §)-optimal action sequence, then within the k-th frame we manually
construct z; as

kR+R
1
g=% > Awj, Vte[kR+1,kR+R,1<k<K (68)
i=kR+1

Based on the L-Lipschitz assumption on function g(-), we have:

T K 1 kR
Yo =Y Rgk S Aap)
t=1 k=1 t=(k—1)R+1

kR

K T Ko 1 Z
SRZQ(TZA'@:)—"_LZ”E Z Atxf—TZAtx:H
k=1 t=1 k=1

t=(k—1) R+1 t=1 69)
K LI
SZ{R'Q(TZAM?)} + Lo
k=1

T
1
=Ty(+ > Awp)+ L6

=1
Substituting it back to Eqn (67), we have

T

Z|:ft(117t —|—g Zt :| Z|:ff l't :| —|—Tg ZAt.Z‘t + ZQTR

=t =t (70)
Vi(K1, Kr41)
RELLSE LI A Atmt — 2

n

+ Lo
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where the Bregman divergence V}, (k1, k741) is non-negative since the reference function is convex,
. o . T . T
which can be eliminated later. The last step is to upper bound g(#: >°,_; Ayz;) with 1 >, g(21),

which is
1z T
T-9(5 ;At%) - g(=)

=1
1 T 1 T L T 1 T
STLIZ ) A = Zt||+T[g( %)~ 7 g(zt)] (71)
T T
LY Ay =)
t=1 t=1
Since k41 is the minimizer of e(x), we have
dy + — (thﬂ4) Vh(ky)) = 0. (72)
In other words
T T
Vh —Vh
[ = [ (i )| = VR =T 73)
t=1 =1

Since the reference function h(+) is I-strongly convex and 3-smooth, we have

[Vh(kri1) = VA1) _ Ballbrir — sl _ B2
n - n o
By substituting the inequality to Eqn (71)), we have

1 <& I L /2
l”mszmw—Zh@0<%7¢ﬂﬂmwnﬁ (75)
t=1 t=1

By substituting Lemma [D.2]into the inequality, we have

2
7Vh(l€1,l€’f+1) (74)

T
1 Z2 1 2LZ 2
g(f i Atl‘t tE - g Zt < ﬁgL T( 12 + T] l E Atmt — Zt (76)

According to our assumption, we have ’Hl . (Zt 1Az — z¢)| < TZ - ||k1]|- By substituting the

above inequality into Eqn (70}, we have

T T T

z)| +T- Agzy) < e +T-g(= ) Awx)) +3 Z%R
S|t +T oz z ) <3|+ T oot A
22 1 2LZ 2
+TZ||n1||+L5+62L\/ ﬁZ””lH)
(77)
By dividing both sides by 7', we finish the proof. O
D.2 Proof of Theorem[5.2]
For the ease of presentation, we define the optimization objective G(z1.1, Zo.7—1) as
e A e
G($1:T,9~U0:T—1) = T tz:; |:ft($t) + /\ld(l'hi't—l) + g”xt - Ut||2:| + Q(T ;Atﬂ?t) (78)

To facilitate the proof of the asymptotic competitive ratio for Fair0BD when the hitting cost is
m-strongly convex, we first present several technical lemmas.
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Lemma D.3. Suppose the switching cost is defined as as d(x¢,x¢—1) = % |z — x4_1]|? and the
action sequence {(x,z:)|Vt € [1,T]} is the solution using Algorithm|l| then for any x(t)’ € X,
z(t)" € Z, we have

Me

Alt
T Z{ft x1) + Md(ze, me-1) + g( Zt:|+Z||$t_Ut|

t=1 t=1

o~
Il
—

kR

Ao
[ﬁ(m»ﬂd(mt,xt )+ |xt—vt||2+gzt} meﬂ S (A7)

t=(k—1)R+1

Z Atl't — Zt‘|

Me

t=1

T
ABrL+ A
_ T’”l—ﬁﬁzz Iz, — 2|2 + QZZQTR_ KT -

(79

Proof. Since the function f;(x) is m-strongly convex and switching cost d(x, 241 )is also 31 -strongly
convex with respect to = by definition, then we have

m+ A By + Ao

ft(xt)—I—)\ld(xt,mt_l)—I—%th—vtﬂz—&-/@t.Atht—i— 5 llz} — x|
Ao (80)
<filah) + Md(zy, zo1) + -l = vel® + ke - Agy
where x; is the optimal solution for Eqn @) Then similarly, for z;, we have
9(2t) — keze < g(zp) — Kez (81)
By combining the inequalities in Eqn (33)), (80) and (§T), we have
e R O e e A

A
L2+ fuly) + Md(at, wem) + ng; —vil? + g(z) + mf - (Aeat — 2) — Ri - (Agzy — 2)
(82)
For the last term of Eqn (82), since ;1 is the minimizer of e(x), then for any x’ € R we must
have

_2l

<:‘$ — Ht+1, dt + — (Vh(:‘ﬂ?t+1) Vh(ﬁlt))> 2 0 (83)
This condition is satisfied only if the gradlent is zero, which is
di + — (Vh(mﬂ) Vh(ky)) = 0. (84)

Since the reference function is l—strongly convex, we can bound the dual update by the gradient
distance in the following way

77||dt||

Ier = ell < T (Thlker) = Vh(e)|| < 85)

Thus, we can have the following inequality for the last term of Eqn (82) by summing it up over the
frame R, which is

t+k—1
(K — ’ithtJrkx;%Hc - Z£+k> SH Z ('ij+1 - Hj) H : HAHMM - Z£+kH

j=t
he (36)

(Z [ 4525 = zj!|)-zs<k—1>-”l£.

I /\

Then within the frame of size R, we have

kR+R kER+R

R(R—-1
Z ke - (Ag) — z,'f)] < KkR+1 [ Z (A, — zp) | + %nzz (87)
t=kR+1 t=kR+1
Then we finish the proof by substituting Eqn (87) to Eqn (82)) and summing up over the whole episode
T. O
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Lemma D.4. Given any context sequence v = {(fi(-), Ay)|Vt € [1,T1}, x1.1 and x.r are the
action sequence of Fatr0BD and the (R, §)-optimal benchmark, respectively. Suppose the switching

cost d(xy,x4—1) = %1 ||t 2, then the optimization objective of Fair0BD is bounded by

T
WEZ et — a2

G(z1.1,0:r—1) <G(27,1, o:7—1) — >

(88)

1 z2 LZ 2
+2—+ -7

L6
lZ2R + Z||k1 || + BQL\/

Proof. With Lemma|D.2]and Lemma[D.3} we are ready to prove the Lemma|[D.4] Now suppose =7,
is the (R, §)-optimal action sequence, then within the k-th frame we manually construct z; as

kR+R
1
4=z > Awj, Vte[kR+1,kR+R,1<k<K (89)
i=kR+1

Then according to Lemma|D.3] we have

T
Vi(k1, K
h(lnm‘i'Z{ft o) + Md(zg, we—1) + g(2 ] +Z*||l’f—th2
t=1
da A
<y [ﬂ(xt) (et ao) + 22 g — vl + g(z,r)} ©0)
t=1

T
m~+ AP+ A "
- DS ey - il + S 2P TR — ] -

t=1

Z Ay — Zt]
Besides, based on the L-Lipschitz assumption on function g(+), we have

T K kR

SoE =D Regl > Aud)
t=1 k=1 t:(k—l)R+1
K kR 1 T
<RY g(z ZAtmt +LZ||— Yo A A
k=1 t=(k—1)R+1 t=1 1)
K
gZ[Rg(%ZAtxz‘)} Lo
k=1 t=1

T
1 *
:Tg(? ;:1 Avxy) + Lo
Substituting it back to Eqn (90), we have

T

57 i)+ Madar,aioa) + o = il + 90|

=1
T A\ |z
* * 2 * *
S; [ft(xt) + Md(x}, xe—1) + ?th — vt|2} +7T. g(f ;Atxt)

T
ABi+ A v
_ %Z ot — z |2 + 2zZZTR+L5 h(*ﬂlnf’“TH) _
t=1

T
Z Az — Zt]
t=1

92)
where the Bregman divergence V},(k1, k741) is non-negative since the reference function is convex,
which can be eliminated later. The last step is to upper bound g(+ 23:1 Ayzy) with ZZ;I 9(z),
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which is

T
ZAtxt Zg( t)
t_T 1 T 1 T
<TL||ZAtxt—Zzt||+T[ Zzt)—TZg(zt)] (93)

T

<L ZAm > 4
t=1

t=1
Since k41 is the minimizer of e(k), we have

1
di + B(Vh(lit_;_l) — Vh(ke)) = 0. (94)

In other words

T T
Vh(k — Vh(k
S]] = |32 (Arm — ) | = [RLezen) = Vi) 95)
t=1 t=1 g
Since the reference function h(+) is I-strongly convex and 33-smooth, we have
h —Vh -
||V (KTJrl) 4 (ﬁl)H < 52||"€T+1 Hl” 52 Vh(lﬁ, KT+1) (96)
n n n Vi
By substituting the inequality to Eqn (93)), we have
T T
1 BoL 2
T MTZ;AwJ—ZQM%%§7T 7 Valk1, ki) 97

By substituting Lemma [D.2]into the inequality, we have

T T
1 zZ? 1 2LZ 2
g(f t§:1 Agzy) — ;:1 9(zt) < B2L T(Tg 1 I g Ay — 2t) (98)

According to our assumption, we have ‘/{1 (Zt 1 Ay — )‘ < TZ - ||k1||- By substituting the
above inequality into Eqn (92), we have

T

T
> [ft@ct) # Mdrrs) + 2l = ul?| 47 o(1 > A

I\M’ﬂ

A2y
[ft (7)) + Md(zf, 2e-1) + 22||xt—vt||2]+T-g ZAtxt + ZQTR

T

m+ A\ 51+ A . A 12L7 2

+TZ||/€1H+L(S_fZH$t —$t||2+52L\/ (l2 +* I ﬁZ”/ﬁl”)
t=1

(99)
By dividing both sides by 7', we finish the proof.

O
Now we are ready to prove Theorem [5.2]as the following.

Proof. According to Lemma|D.4] the switching cost in right hand side in Eqn (88) is evaluated on the
actual action sequence, while the ultimate goal is to bound it with the switching cost of offline optimal
action sequence. In other words, the final step is to convert G (2.1, o.7—1) to G(&3.p, 5.1 )-
More specifically,
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Substitute Eqn (T00) into Eqn (88), we have

Nl =
[M]=

T
A 1
o)+ D)+ el + ol 3 A

t=1"%
N T
1 . m+X+AbBr Aoy ) 1 .
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(101)
where A = £ Z?R + BgL\/%(— 2Ll + 7}2lZ||/-@1||) + Z||k1|| + £2. Then the overall cost of
Fair0BD is bounded by

T
1
Z|:ft xy) + d(zg, Tp—1 ] +9(T;Aﬂt)

t=1

1 & 1 1T
STZ{ ze) + Aid( xtvxt—l)} +/\79(T2Atl’t)+7
=1 1 p
T T (102)
1 m+ m+ A2 + A3 . 1,1 i
<= tz_;{ (z7) + (T)\Q)d(xth—ﬂ +)\—19(T;Atxt)+
1 I 1 T
<C|7 > {ft(xt*) + d(x:,x:_l)] +9(5 > Awy)
=1 t=1
where C' = max{ ”f;ﬁz ) mt’,\j:;zlﬁ L1 is the competitive ratio. O
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We include some discussion about the limitations of the work in our paper.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: All the assumptions are clearly listed in the main paper. A complete and
correct proof is attached in the appendix and ready for review.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We fully disclose all the information needed to reproduce the main experimen-
tal results of the paper. Due to the page limit, the detailed information can be found in the
appendix.

Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: In our empirical study, all information is based on publicly available data. We
will make the data and code public upon acceptance of the paper.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: As we don’t need to train We provide all the information about the test details
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: We provide the error bars for our experiment in the appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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8.

10.

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: We provide sufficient information on the computer resources.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics.

Guidelines:

e The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]

Justification: Due to the theoretical nature of our work, we do not foresee too much negative
societal impacts or the need for safeguards. Our discussion mainly focuses on the positive
broader impacts.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.
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» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: Due to the theoretical nature of this work, it doesn’t have such risks for data or
model misuse.

Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]

Justification: Due to the theoretical nature of this work, the paper does not use existing
assets.

Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.
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13.

14.

15.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

 For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.
New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]

Justification: Due to the theoretical nature of this work, the paper does not release new
assets.

Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]

Justification: Due to the theoretical nature of this work, the paper does not involve crowd-
sourcing nor research with human subjects.

Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: Due to the theoretical nature of this work, the paper does not involve crowd-
sourcing nor research with human subjects.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.
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* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used

only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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