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ABSTRACT

We introduce a novel neural network-based algorithm to compute optimal transport
(OT) plans for general cost functionals. In contrast to common Euclidean costs, i.e.,
21 or £2, such functionals provide more flexibility and allow using auxiliary informa-
tion, such as class labels, to construct the required transport map. Existing methods
for general cost functionals are discrete and do not provide an out-of-sample estima-
tion. We address the challenge of designing a continuous OT approach for general
cost functionals in high-dimensional spaces, such as images. We construct two
example functionals: one to map distributions while preserving the class-wise struc-
ture and the other one to preserve the given data pairs. Additionally, we provide the
theoretical error analysis for our recovered transport plans. Our implementation is
available at https://github.com/machinestein/gnot

Figure 1: Results of our method with the pair-guided cost functional (§6.2) applied to the supervised
image-to-image translation task (Celeba-MaskHQ dataset, 256 x 256 images).

1 INTRODUCTION

Optimal transport (OT) is a powerful framework T
to solve mass-moving problems for data distribu- |’ |
tions which finds many applications in machine
learning and computer vision (Bonneel & Digne|
[2023). Most existing methods to compute OT
plans are designed for discrete distributions
[mary et all, 2021}, [Cuturi, 2013). These methods
have good flexibility and allow to control the
properties of the plan 2019). How-
ever, discrete methods find an optimal matching
between two given (train) sets which does not

Figure 2: Dataset transfer problem. Input

P=>, a,P, target Q = > 5,Q,

generalize to new (test) data points. This limits
the use of discrete OT plan methods in scenar-
ios where new data needs to be generated, e.g.,

image-to-image transfer (Zhu et al, [2017).

*Equal contribution.

distributions are mixtures of /N classes. The task

is to learn a transport map 7" preserving the class.
The learner has the access to labeled input data
~ P and only partially labeled target data ~ Q.


https://github.com/machinestein/gnot
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Recent works[(Rout et al., 2022; Korotin et al., 2023b; 2021b; Fan et al., 2023; Daniels et al.,
2021) proposeontinuous methods to compute OT plans. Thanks to employing neural networks to
parameterize OT solutions, the learned transport plan can be used directly as the generative model
in data synthesis (Rout et al., 2022) and unpaired learning (Korotin et al., 2023b; Rout et al., 2022;
Daniels et al., 2021; Gazdieva et al., 2022).

Existing continuous OT methods mostly focus on classic cost functions suék(tésrotin et al.,

2021b; 2023b; Fan et al., 2023; Gazdieva et al., 2022) which estimate the closeness of input and
output points. However, choosing such costs for problems whspeei ¢ optimality of the mapping

is required may be challenging. For example, when one needs to preserve the object class during
the transport (Figure 2), commof cost may be suboptimal (Su et al., 2022, Appendix C), (Daniels

et al., 2021, Figure 3). This limitation could be xed by considergeneral cost functionalgPaty

& Cuturi, 2020) which may take into account additional information, e.g., class labels.

Despite the large popularity of OT, the approach for continuous OT with general cost function-
als (general OT) is still missing. We address this limitation. fitaén contributions of our paper are:

1. We show that the general OT probleM2] can be reformulated as a saddle point optimization
problem, which allows to implicitly recover the OT plak#{(1) in the continuous setting. The
problem can be solved with neural networks and stochastic gradient methods (Algorithm 2).

2. We provide the error analysis of solving the proposed saddle point optimization problem via the
duality gaps, i.e., errors for solving inner and outer optimization problésh2).

3. We construct and test examples of general cost functionals for mapping data distributions with the
preservation of the class-wisklb.1, Algorithm 1) and paired data structuhb(2, Algorithm 3).

From thetheoreticalperspective, our max-min reformulation is generic and subsumes previously
known reformulations for classic (Rout et al., 2022; Fan et al., 2023) and weak (Korotin et al., 2021b)
OT. Furthermore, existing error analysis works exclusively with the classic OT and operate only
under certaimestrictiveassumptions such as the the convexity of the dual potential. Satisfying these
assumptions in practice leads to a severe performance drop (Korotin et al., 2021c, Figure 5a). In
contrast, our error analysisfigefrom assumptions on the dual variable and, besides general OT, it

is applicable to weak OT for which there is currently no existing error analysis.

From thepractical perspective, we apply our method to the dataset transfer problem (Figure 2),
previously not solved using continuous optimal transport. This problem arises when it is necessary to
repurpose xed or black-box models to classify previously unseen partially labelled target datasets
with high accuracy by mapping the data into the dataset on which the classi er was trained (Alvarez-
Melis & Fusi, 2021). Our method achieves notable improvements in accuracy over existing algorithms.
Also, we show the performance of our method on the supervised image-to-image translation task.

Notations. For a compact Hausdorff spaBe we useP (S) to denote the set of Borel probability
distributions onS. We denote the space of continudrssalued functions ors endowed with
the supremum norm bg(S). Its dual space is the spabk(S) P (S) of nite signed Borel
measures oveB. Let X ;Y be compact Hausdorff spaces a2 P (X), Q 2 P(Y). We use

( P) P (X Y )todenote the subset of probability distributionsXnY , which projection
onto the rst marginal if?. We use( P; Q) ( P) to denote the subset of probability distributions
(transport plans) oX Y with marginalsP; Q. For a measurable map: X Z!Y |, we denote
the associated push-forward operatorThy.

2 BACKGROUND

In this section, we provide key concepts of the optimal transport theory. Throughout the paper, we
consider compack = Y RP andP;Q 2 P (X);P(Y).

Classic and weak OT For a cost functior 2 C()i Y ), theOT costbetweerP; Q is

Cos(P;Q) %" inf c(x;y)d (x;v); 1
Q¥ inf ety (xy); 1)
see (Villani, 2008ML). We call(1) theclassic OT. Problem(1) admits a minimizer 2 ( P;Q),
which is called arOT plan(Santambrogio, 2015, Theorem 1.4). It may be not unique (Peyré et al.,
2019, Remark 2.3). Intuitively, the cost functiofx;y) measures how hard it is to move a mass
piece between points2 X andy 2 Y. Thatis, shows how to optimally distribute the mass of
Pto Q, i.e., with minimal effort. For cost functiorgx;y) = kx yk, andc(x;y) = %kx yk3,
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the OT cos{(1) is called the Wasserstein-1V() and the (square of) WassersteinvVZy) distance,
respectively, see (Villani, 20084) or (Santambrogio, 20181, 2).

Recently, classic OT obtained theak OT extension (Gozlan et al., 2017; Backhoff-Veraguas et al.,
2019). Conside€ : X P (Y)! R,i.e., aweak cost function whose inputs are a prigtX and
a distribution ofy 2 Y . The weak OT cost is

. def . .o .
Cos(P; Q) = 2|[1fP;Q) y Cx (jx)d x); (2)

where ( jx) denotes the gonditional distribution. Weak formulat{@is reduced to classic formu-
lation (1) whenC(x; )= RY c(x;y)d (y). Another example of a weak cost function is theveak

quadratic cos€ x; = %kx yk3d (y) sVar( ); where O andVar( ) is the variance
of , see (Korotin et al., 2023b, Eq. 5), (Alibert et al., 2018,2), (Gozlan & Juillet, 2020y5.2) for
details. For this cost, we denote the optimal value of (Zy\té( and call it -weak Wasserstein-2

Regularized and general OT The expression insidd) is a linear functional. It is common to add a
lower semi-continuous convex regulariRréM (X Y )! R[flg withweight > O:

inf c(x;y)d (x;y)+ R : 3
o, SV 6+ RO) 3)
Regularized OT formulatio(B) typically provides several advantages over original formulatign

For example, iR ( ) is strictly convex, the expression insi¢i® is a strictly convex functional in

and yields the unique OT plan . Besides, regularized OT typically has better sample complexity
(Genevay, 2019; Mena & Niles-Weed, 2019; Genevay et al., 2019). Common regularizers are the
entropic (Cuturi, 2013), quadratic (Essid & Solomon, 2018), lasso (Courty et al., 2016), etc.

Cos(P; Q) ger

To consider ageneral OT formulation, letF : M (X Y ) ! R[f +1g be a convex lower
semi-continuous functional. Assume that there exis®s ( P; Q) for whichF( ) < 1 . Let

.0 %f .
Cos(P;Q) &' inf F(): @)

This problem is a@eneralizatiorof classic OT (1), weak OT (2), and regularized OT (3). Following
(Paty & Cuturi, 2020), we call probleifd) a general OT problem. It admits a minimizer (OT plan)
(Paty & Cuturi, 2020, Lemma 1). One may note that regularized3)Tepresents a similar problem:
itis enough to put(x;y) 0, =1andR( )= F( ) toobtain(4)from(3), i.e., regularized3)
and general OT (4) can be viewed as equivalent formulations.

3 RELATED WORK: DISCRETE AND CONTINUOUS OT SOLVERS

Solving OT problems usually implies either nding an OT planor the OT cost. Many approaches
in generative learning useT costas the loss function to update generative models, such as WGANs
(Arjovsky & Bottou, 2017; Petzka et al., 2018; Liu et al., 2019), see (Korotin et al., 2022b) for
a survey. These amot relatedto our work as they do not compute OT plans or maps. Existing
computational OTplan methods can be roughly split into two groups: discrete and continuous.
Discrete OT considers discrete distributioﬁ& = P Ezl Pn x, andQN = P mzl On y, andaims
to nd the OT plan(), (2), (4), (3) directly betweerP = Py andQ = O, . In this case, the OT plan

can be represented as a doubly stochastic M matrix. For a survey of computational methods
for discrete OT, we refer to (Peyré et al., 2019). In short, one of the most popular is the Sinkhorn
algorithm (Cuturi, 2013) which is designed to solve formulafi@pwith the entropic regularization.

General discrete OT is extensively studied (Nash, 2000; Courty et al., 2016; Flamary et al., 2021;

Ferradans et al., 2014; Rakotomamonjy et al., 2015); these methods are often employed in domain
adaptation problems (Courty et al., 2016). Additionally, the available labels can be used to reconstruct
the classic cost function, to capture the underlying data structure (Courty et al., 2016; Stuart &

Wolfram, 2020; Liu et al., 2020; Li et al., 2019).

The major drawback of discrete OT methods is that they only perform a (stochaatiingbetween

the given empirical samples and usually not provide out-of-sample estimatdgis limits their
application to real-world scenarios where new (test) samples frequently appear. Recent works (HUtter
& Rigollet, 2021; Pooladian & Niles-Weed, 2021; Manole et al., 2021; Deb et al., 2021) consider the
OT problem with the quadratic cost and develop out-of-sample estimators by wavelet/kernel-based
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plugin estimators or by the barycentric projection of the discrete entropic OT plan. In spite of tractable
theoretical properties, the performance of such methods in high dimensions is questionable.

Continuous OT ﬁsually considerpy = BN L andg, = i and assumes that the given discrete distri-

butionsPy = W n=1 xn QM = 1 M_l ym are theemplrlcalcounterparts of the underlying

distributionsP, Q. That is, the goal of continuous OT is to recover the OT plan betwe&which are
accessible only by their ( nite) empirical samples;; x2;:::;Xng  Pandfys;ye;iii;ymg Q.

In this case, to represent the plan one has to employ parametric approximations of the OT quian
dual potentialsi ;v which, in turn, providestraightforward out-of-sample estimates

A notable development is the use of neural networks to compute OT maps for soleaiq?2)
andclassic(1) functionals (Korotin et al., 2023b; 2022a; 2021b; Rout et al., 2022; Fan et al., 2023;
Henry-Labordere, 2019). Previous OT methods were based on formulations restricted to convex
potentials (Makkuva et al., 2020; Korotin et al., 2021a;c; Mokrov et al., 2021; Fan et al., 2023; Bunne
et al., 2021; Alvarez-Melis et al., 2022), and used Input Convex Neural Networks (Amos et al., 2017,
ICNN) to approximate them, which limited the application of OT in large-scale tasks (Korotin et al.,
2021b; Fan et al., 2022; Korotin et al., 2022a). In (Genevay et al., 2016; Seguy et al., 2018; Daniels
et al., 2021; Fan et al., 2022), the authors propose methodisdimergenceegularizedcosts (3).

While thediscreteversion of the general OT problef#) is well studied in the literature, its continuous
counterpart is not yet analyzebh our work , we |l this gap by proposing the algorithm to solve

the (continuousyeneralOT problem W), provide error boundsw.2). As an illustration, we
construct examples of general cost functionals which can take into account the available task-speci ¢
information as labels\b.1) or pairs §5.2).

4 MAXIMIN REFORMULATION OF THE GENERAL OT

In this section, we derive a saddle point formulation for the general OT profdewhich we later
solve with neural networks. All the proots the statements are given in Appendix A.

4.1 GENERAL OT MAXIMIN REFORMULATION VIA STOCHASTIC MAPS
In this subsection, we derive the dual form for (4), which can be used to get the OT plan

Our formulation utilizes the implicit representation for plagsP) via stochastic maps, an idea
inspired by (Korotin et al., 2023#.1). We introduce a latent spage= R? and an atomless
distributionS2 P (Z) onit,e.g..S= N (0;12). Forevery 2P (X Y ),there exists a measurable
functionT = T : X Z!Y  whichimplicitly representsit. Such satisesT (X; )]S= (jx)
forall x 2 X . Thatis, giverx 2 X and a random latent vectar S, the functionT produces
sampleT (x;z) (yjx). In particular, itx P, the random vectdx; T (Xx;z)] is distributed as .
Thus, every 2 ( P) can be implicitly represented (non-uniquely) as a funclion X Z!Y

And vice-versa, every measurable functibn X Z!'Y is an implicit representation of the
distribution 1 which is the joint distribution of a random vectpr; T (x; z)] withx P;z S,

Our two following theorems constitute the main theoretical idea of our approach. They are proven
for separably *-increasing functionats (see the De nition 1 in Appendix A). Note that one can
eliminate this restiction by taking the advantage of the minimax theorems (Terkelsen, 1972).
Theorem 1 (Maximin reformulation of the general OT}or separably *-increasing convex and

lower semi-continuous functiongl : M (XY )! R[f +1g it holds (we |dent|fye(T) d—EfF( 7))

Cos(P; Q)=sup igfL(v;T)d:Efsup inf #(T) v T(x;2) dP(x)dS(2)+  v(y)dQ(y) :(5)
Vv \Y XZ Y

where thesupis taken over potentialg 2 C(Y) andinf — over measurable functiofis: X Z 'Y

From (5) we also see that it is enough to consider valueB @i + 2 ( P). For convention, in

further derivations we always consid&T )= F( )=+ 1 for 2M (X Y )n ( P).

We say thall is astochastic OT mayjf it represents some OT plan solving(4),i.e.,T (x; )]S=
(jx) holdsP-almost surely for alk 2 X .

Theorem 2(Optimal saddle points provide stochastic OT mapgsgtv 2 argsup, infrL(v;T) be
any optimal potential. Then for every stochastic OT rapt holds:

T 2arginfL(v ;T): (6)
T
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Furthermore, ifF is strictly convex in , then(4) permits the unique OT plan . In this case,
T 2arginf; L(v ;T), T isastochastic OT map.

From our results it follows that by solvin®) and obtaining an optimal saddle po(nt ; T ), one

gets a stochastic OT map . To ensure that all the solutions are OT maps, one may consider
adding strictly convex regularizers Fo with a small weight, e.ggonditional interaction energgee
Appendix D which is also known as the conditional kernel variance (Korotin et al., 2023a).

Practical considerations.Every term in(5) can be estimated with Monte Carlo by using random
empirical samples fror®; Q, allowing us to approach the general OT probigtin the continuous
setting (VB). To solve the problertb) in practice, one may use neural ngts: R°®° RS ! RP
andv, :RP | R to parametriz& andyv, respectively. To train them, one may employ stochas-
tic gradient ascent-descent (SGAD) by using random batchesBr@nS. We summarize the
optimization procedure for general cost functionglsn Algorithm 2 of Appendix B. In the text
below (Vb.1), we focus on the special cases of the class-guided functqakhich is targeted

to be used in the dataset transfer task (Figure 2) and pair-guided fundtgrfal supervised
image-to-image style transfevg.2).

Relation to prior works. Maximin reformulations analogous to o(%) appear in the continuous OT
literature (Korotin et al., 2021c; 2023b; Rout et al., 2022; Fan et al., 2023) yet they are designed only
for classic(1) andweak(2) OT. Our formulation is generic and automatically subsumes all of them.

It allows usinggeneralcost functionald= which, e.g., may easily take into account side information.

4,2 ERRORBOUNDS FORAPPROXIMATE SOLUTIONS FORGENERAL OT

For a pair ¢; T') approximatelysolving (5), it is natural to ask how close ise to the OT plan

Based on the duality gaps, i.e., errors for solving outer and inner optimization problen{#fithin
(5), we give an upper bound on the difference betwegrand . Our analysis holds for functionals
F which arestrongly convex in some metric( ; ), see De nition 2 in Appendix A. Recall that the
strong convexity of also implies the strict convexity, i.e., the OT planis unique.

Theorem 3(Error analysis via duality gaps for stochastic magstF : M (X Y )! RJ[f +1g
be a convex cost functional. Lef; ) be a metricon( P) M (X Y ). Assume thaF is

-strongly convex in on ( P). Consider the duality gaps for an approximate solutfont') of (5):
HOHEL@T) infLET); "2(0) E'supinfL(v;T) inf L(0;T);
\
which are the errors of solving the outsup, and innerinft problems in(5), respectively. Then for
OT plan in (4) betweerP andQ the following inequality holds:

5 ¢

2 n p "7
(+ ) - 1T+ )

i.e., the sum of the roots of duality gaps upper bounds the error of the plamrt. in ().

The signi cance of our Theorem 3 is manifested when moving from the theoretical objég}ite
its numerical counterpart. In practice, the dual potemtial (5) is parameterized by NNs (a subset
of continuous functions) and may not reach the optimizerOur duality gap analysis shows that
we can still nd a good approximation of the OT plan. It suf ces to nd a pér T') that achieves
nearlyoptimal objective values in the innarf+ and outeisup, problems of (5). In such a pair,

is close to the OT plan . To apply our duality gap analysis, the strong convexit§ aé required.
We give an example of strongly convex regularizeand a general recipe for using it in Appendix D.
In turn, Appendix D.1 demonstrates the applicatidhis regularization technique in practice.

Relation to prior works. The authors of (Fan et al., 2023), (Rout et al., 2022), (Makkuva et al.,
2020) carried out error analysis via duality gaps resembling our Theorem 3. Their error analysis
worksonly for classic OT(1) and requires the potenti@lto satisfy certain convexity properties. Our
error analysis isree from assumptions oft and works for general OT (4) with strongly convieéx

5 LEARNING WITH GENERAL COSTFUNCTIONALS

In this section, we show class-guided general cost functigbadl for dataset transfer probleb.1
and pair-guided cost functioni®b.2 for supervised image-to-image translatidn?2.

5
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Algorithm 1: Neural optimal transport with the class-guided cost functié®al

Input : DistributionsP= " . ,P,, Q= . Qn, Saccessible by samplesr{labeled;
weights , are known and samples from edef; Q,, are accessiblddbeled;
mapping netword : R® RS ! RQ; potential network, : R° ! R;
number of inner iterationk t ;

Output: Learned stochastic OT mdp representing an OT plan between distributiéh;

repeat

Samplea(unlgbeled) batch¥s Q,X Pandforeactkx 2 X sample batcZ[x] S

L, v (T (xz)) Vi ().

XT1Z[x Yo
2X 227 [x] IXJiZIxl yay VI

Update! by using@ o

forkr =1;2;:::;Ky do
Pickn 2 f 1; 2 """ ; N g at random with probabilitieé 1;:::;

ND;
Sample (Iabeled) batch(é(s1 Pn, Yrb Q,]:l foreachx 2 X sample batclz,[x] S
Lt 9E? Xni T(XniZn)i Ya Sk

x2xnz22n[x]' nliZalx]]

Update by using%r;
until notconverged;

5.1 Q.AsSs-GUIDED COSTFUNCTIONAL

To begin with, we theoretically formalize the problem setup. Let each iRpahd outputQ
dlstrllputlons be a mixture Bﬁ distributions ¢lasseyf Png)-; andf Q,gN\-, , respectively. That is
P= .21 nPn andQP— n=1 nQn where ,; , Oare the respective weightslgss prior
probabilitieg satisfying N_, ,=1and }_, . =1.Inthis general setup, we aimto nd the
transport plan (x;y) 2 ( P; Q) for which the classesof 2 X andy 2 Y are the same for as many
pairs(x;y) as possible. That is, its respective stochastic Mahould map each compond®
(class) ofP to the respective compone@t, (class) ofQ.

The task above is related ttomain adaptatioror transfer learningproblems. It does not always
have a solution with eadB, exactly mapped t®, due to possible prior/posterior shift (Kouw &
Loog, 2018) We aim to nd a stochastic mapbetweerP andQ satisfyingT; (P, S) Q. for all
n=1;:::;N. To solve the above-discussed problem, we propose the following functional:

def

Fo( )= Fo(T) = nE2 T I(Pn 9):Qn ; ()

n=1
whereE denotes the energy distan@). For two distribution®Q; Q°2 P (Y) with Y  RP, the
(square of) energy distan&e(Rizzo & Székely, 2016) between them is:

1 1
E2(Q; Q% = EkY: Yok EEk\/l Y ko éEkY2 Y Xo; (8)

whereY; Q;Y? Q;Y> Q%Y QPareindependent random vectors. Energy dist48ks a
particular case of the Maximum Mean Discrepancy (Sejdinovic et al., 2013). It equals zero only when
Q1 = Q2. Hence, our functional (7) is non-negative and attains zero value when the components of
P are correctly mapped to the respective componeng @f this is possible).

Theorem 4 (Properties of the class-guided cost functioRa)). FunctionalFg( ) is convex in
2 ( P), lower semi-continuous andseparably increasing.

In practice, each of the terni€ T ](P, 9);Q, in (7) admits estimation from samples from

Proposition 1 (Estimator forE?). LetX,, P, be a batch oK x samples from class. For each
X2 XnletZy[X] Shbe alatent batch of siZ€ ;. Consider a batcly, Q, of sizeKy. Then

X X X .
dE2 X, T(Xn;Zn) Yo & ky TO62)ke

y2Yn X2 Xy zZZr.[x]KY Kx KZ
X X X X kT(xz) T(x%z9k, ©)
2 (K Kx) K2

X2Xn 22Zn [x]1x92 Xy nfxgz%2Z,0
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is an estimator oE?> T](P, S); Q. up to a constanT -independent shift.

To estimate®s(T), one may separately estimate teBfs T](P, S);Q, for eachn and sum them
up with weights ,. We only estimata-th term with probability , at each iteration.

We highlight thetwo key detail®f the estimation of7) which are signi cantly different from the
estimation of classi€l) and weak OT cost&) appearing in related works (Korotin et al., 2023b;
2021b; Fan et al., 2023). First, one has to sample not just from the input distrilBytatseparately
from each its component (clad®). Moreover, one also has to be ableseparatelysample from
the target distribution's) component®),,. This is the part where thguidance(semi-supervision)
happens. We note that to estimate costs such as classic o(2)enk target samples froQ are
needed at all, i.e., they can be viewed as unsupervised.

In practice, we assume that the learner is givéaballedempirical sample fronk for training. In
contrast, we assume that the available samples @camre onlypartially labelled(with 1 labelled

data point per class). That is, we know the class label only for a limited amount of data (Figure 2). In
this case, alh cost termg9) can still be stochastically estimated. These cost terms are used to learn
the transport map in Algorithm 2. The remaining (unlabeled) samples will be used when training
the potential, , as labels are not needed to update the potenti@)inWe provide the detailed
procedure for learning with the functionlak (7) in Algorithm 1.

5.2 RIR-GUIDED COSTFUNCTIONAL

In this section, we demonstrate general OT formulation with another practically-appealing
speci cation. In particular, we de ne thepair-guided general OT cost functional. For a
given paired data s€ix1;y (X1));::5;(XnY (Xn)) with samplesX 1.y = fxi;:::xyg and

y (X1n) = fy (X2);:::;y (Xn)g which are assumed to follow the sourBeand targetQ
distributions, respectively, we introdumz:

FsO)E iy 60)d (xy): (10)
The function” : X Y !  Ris an appropriate loss measuring the difference between samples. In the
majority of our experiments we choosgy/;y%) = ky  y%.. In practice, to estimatgl0) we assume
that the learner is givenlabelledempirical sample oP andQ for training. Using the cog{L0),
which can handle such information, we can train optimal mapping in a supervised manh&.2n (
we show how our method, together with the pair-guided functiéralis directly applicable to the
paired image-to-image translation problem.

6 EXPERIMENTAL ILLUSTRATIONS

Our Algorithm 1 is capable of learning both stochastiod-to-many T (x;z) and deterministic
(one-to-ongT(x;z) T(x) transport maps. For the latter, no random naise added to input.
First, we implement stochastic and deterministic maps along with our class-guided cost fnstion

to address the dataset transfer probl®&h1). Second, using the deterministic transport méy),

we apply our pair-guided function&ls to solve the image-to-image supervised translatidh?). In

the Appendix we provide experiments with toy data C.2, biological batch effect problem C.13 and
various paired image-to-image datasets E. The code for the experiments can be found at

https://github.com/machinestein/gnot
6.1 CLASS-GUIDED EXPERIMENTS

Datasets.We use MNIST (LeCun & Cortes, 2010), FashionMNIST (Xiao et al., 2017) and MNIST-
M (Ganin & Lempitsky, 2015) datasets BsQ. Each dataset has 10 (balanced) classes and the
pre-de ned train-test split. In this experiment, the goal is to nd a class-wise map between unrelated
domains: FMNIST MNIST and MNIST! MNIST-M. We use the default class correspondence
between the datasets. For completeness, in Appendices we paoMd®onal resultsvith imbalanced
classes (C.8), non-default correspondence (C.11), and other datasets (C).

Baselines.We compare our method to the pixel-level adaptation methods such as (one-to-many)
AugCycleGAN (Almahairi et al., 2018; Zhu et al., 2017; Hoffman et al., 2018; Almahairi et al., 2018)
and MUNIT (Huang et al., 2018; Liu et al., 2017). We use the of cial implementations with the
hyperparameters from the respective papers. We test Neural OT (Korotin et al., 2023b; Fan et al.,
2023) with Euclidean cost functions: the quadratic c%je( yk2 (W,) and the -weak (one-to-

many) quadratic cosW,. , = %). For semi-supervised mapping, we considered (one-to-one)
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(a) FMNIST! MNIST (b) MNIST! MNIST-M

Figure 3: The results of class-preserving mapping between two unrelated (left) and related (right)
datasets. Each column shows the transfer result of a random (testxinpBf, ( rst row) from a
particular classri{=0;1;:::;9). Each row shows the results of transfer via a particular method. For
methods which learn a stochastic mafx; z), we show their output (x; z) for a random noise.

Image-to-Image

Translation Flows Discrete OT Neural Optimal Transport
Aug . Fg,noz Fo
Datasets(32  32) MUNIT CycleGAN OTDD | SinkhornLpL1 Wy Wo. [Ours] [Ours]
FMNIST! MNIST 8.93 12.03 10.28 10.67 10.96 8.02 82.79 83.22
MNIST! MNIST-M 97.95 98.2 - 83.26 38.77 37.0 95.27 94.62

Table 1: Accuracy of the maps learned by the translation methods in view.

Aug . Fg,noz Fo
Datasets(32  32) MUNIT CycleGAN OTDD | SinkhornLpL1 Wy Wo. [Ours] [Ours]
FMNIST! MNIST 7.91 26.35 > 100 > 100 7.51 7.02 7.14 5.26
MNIST! MNIST-M 11.68 26.87 - > 100 19.43 17.48 18.56 6.67

Table 2: FIB# of the samples generated by the translation methods in view.

OTDD ow (Alvarez-Melis & Fusi, 2021; 2020). This method employs gradient ows to perform

the transfer preserving the class label. We also examine a General Discrete OT (DOT) which use
labels. In particular, we adopted the solver frotrda (Flamary et al., 2021) with its default
out-of-sample estimation procedure. The solver utilizes the Sinkhorn (Cuturi, 2013) with Laplacian
cost regularization (Courty et al., 2016). We showttbgultsof ICNN-basedOT method (Makkuva

et al., 2020; Korotin et al., 2021a) in Appendix C.9.

Metrics. All the models are tted on the train parts of datasets; all the provided qualitative and
guantitative results arexclusivelyfor test (unseen) data. To evaluate the visual quality, we compute
FID (Heusel et al., 2017) of the entire mapped source test set w.r.t. the entire target test set. To
estimate the accuracy of the mapping we use a pre-trained ResNet18 (He et al., 2016) classi er (with
95+ accuracy) on the target data. We consider the mappit@be correct if the predicted label for

the mapped samplE(x; z) matches the corresponding labebof

Results. Qualitative results are shown in Figure 3; FID, accuracies — in Tables 2 and 1, respectively.
To keep the gures simple, for all the models (one-to-one, one-to-many), we plot a single output per
input. For completeness, in Appendices C.5, C.6 we smortiple outputgper each input for our
method, and in Appendix C.7 we providélation studyn Z size. Our method, general discrete OT

and OTDD, use 10 labeled samples for each class in the target. Other baselines lack the capability
to use label information. As seen in Figure 3 and Table 1, our approach preserves the class-wise
structure accurately with just 10 labelled samples per class. The accuracy of other neural OT methods
is aroundl0% equivalent to a random guess. Both the general discrete OT and OTDD methods do
not preserve the class structure in high dimensions, resulting in samples with poor FID, see table 2.
Visually, the OTDD results are comparable to those in Figure 3 of (Alvarez-Melis & Fusi, 2021).
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