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ABSTRACT

Rigorousness and clarity are both essential for interpretations of DNNs to engen-
der human trust. Path methods are commonly employed to generate rigorous at-
tributions that satisfy three axioms. However, the meaning of attributions remains
ambiguous due to distinct path choices. To address the ambiguity, we introduce
Concentration Principle, which centrally allocates high attributions to indispens-
able features, thereby endowing aesthetic and sparsity. We then present SAMP, a
model-agnostic interpreter, which efficiently searches the near-optimal path from
a pre-defined set of manipulation paths. Moreover, we propose the infinitesimal
constraint (IC) and momentum strategy (MS) to improve the rigorousness and op-
timality. Visualizations show that SAMP can precisely reveal DNNs by pinpoint-
ing salient image pixels. We also perform quantitative experiments and observe
that our method significantly outperforms the counterparts. 1

1 INTRODUCTION

The lack of transparency in deep neural networks (DNNs) hinders our understanding of how these
complex models make decisions (Bodria et al., 2021; Zhang & Zhu, 2018; Gilpin et al., 2018),
which poses significant risks in safety-critical applications like autonomous driving and healthcare.
Numerous interpretation methods (Zeiler & Fergus, 2014; Bach et al., 2015; Zhou et al., 2016; Sel-
varaju et al., 2017) have been proposed to shed light on the underlying behavior of DNNs. These
methods attribute model outputs to specific input features to reveal the contributions. In this way,
attribution methods serve as valuable debugging tools for identifying model or data mistakes. How-
ever, despite these efforts, users often lack confidence in attributions, which can be blamed on lack
of rigorousness and clarity in current methods. Attributions are influenced by three types of arti-
facts (Sundararajan et al., 2017), namely data artifacts, model mistakes, and interpretation faults. To
enhance user trust, it is crucial to sever the impact of the last factor.

One way to enhance the reliability of interpretations is ensuring their theoretical rigorousness. Given
a complex mapping function f : X 7→ R, we define the target point xT ∈ X and the baseline point
x0. Interpretations aim at explaining how the baseline output y0 gradually becomes yT when base-
line x0 changes to xT . Early interpretation methods (Selvaraju et al., 2017; Montavon et al., 2018)
employ Taylor expansion on the baseline as yT = y0 +∇f(x0)T (xT − x0) + R1(x

T ). However,
the local linear approximation can hardly interpret nonlinear models due to non-negligible errors of
the Lagrangian remainder R1(x

T ), which makes attributions less convincing. An intuitive solution
is to split the path from x0 to xT into small segments, each of which tends to be infinitesimal. In this
formulation, the variation ∆y can be formulated in integral form as ∆y = yT −y0 =

∫
l
∇f(x)T dx.

The attributions ai of each feature xi is gradually accumulated through the line integral, which is
commonly referred to as path methods (Friedman, 2004; Sundararajan et al., 2017; Xu et al., 2020;
Kapishnikov et al., 2021). Game theory research (Friedman, 2004) has proved that path methods are
the only method satisfying three axioms, namely dummy, additivity, and efficiency.

Ensuring rigorousness alone is insufficient for convincing interpretations. Distinct path choices in
existing path methods highly impact attributions and lead to ambiguity in interpretations. Integrated
Gradients (IG) (Sundararajan et al., 2017) adopts a simple straight line from x0 to xT for symmetry.
BlurIG (Xu et al., 2020) defines a path by progressively blurring the data xT adhering to additional
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scale-space axioms. GuidedIG (Kapishnikov et al., 2021) slightly modi�es the straight line to by-
pass points with sharp gradients. However, the question of which path choice is better remains
unanswered. The lack of research on the optimal path selection hampers the clarity of attributions.

Figure 1: we propose SAMP to eliminate
ambiguity of attributions by path methods,
which can precisely pinpoint important pix-
els and produce clear saliency maps. Quanti-
tative results show a consistent improvement
in Deletion/Insertion metrics.

To the best of our knowledge, we are the �rst to
consider the optimal path for clarity. To start with,
we de�ne theConcentration Principle. This prin-
ciple guides the interpreter to identify the most es-
sential features and allocate signi�cant attributions
to them, resulting in aesthetic and sparse interpre-
tations. Subsequently, we proposeSAMP (Salient
Manipulation Path), which greedily searches the
near-optimal path from a pre-de�ned set of manip-
ulation paths. Moreover, we constrain thel1-norm
of each manipulation step below an upper bound to
ensure the in�nitesimal condition for the line inte-
gral and employ the momentum strategy to avoid
converging to local solutions. Visualizations on
MNIST (Deng, 2012), CIFAR-10 (Krizhevsky et al.,
2009), and ImageNet (Deng et al., 2009) demon-
strate the superiority of SAMP in discovering salient
pixels. We also conduct quantitative experiments
and observe a clear improvement compared with other interpretation methods as shown in Figure 1.
We highlight our contributions as follows:

• Concentration Principle for Clear Attributions. We introduce Concentration Principle,
which enhances the clarity of attributions by prioritizing sparse salient features.

• A Model-agnostic Interpreter, SAMP. The proposed interpreter SAMP is able to ef�-
ciently discovers the near-optimal path from a pre-de�ned set of manipulation paths.

• Two Play-and-plug Auxiliary Modules. We design in�nitesimal constraint (IC) and the
momentum strategy (MS) to ensure rigorousness and optimality.

• Consistent Improvement in Explainability. Qualitative and quantitative experiments
show SAMP pinpoints salient areas accurately and consistently outperforms counterparts.

2 RELATED WORK

Considerable attempts expect to reveal the mysterious veil of DNNs by different techniques. Ad-hoc
methods (Zhang et al., 2018b; Liang et al., 2020; Agarwal et al., 2021; Wan et al., 2020; Wang &
Wang, 2021; Shen et al., 2021; Barbiero et al., 2022) try to observe or intervene in latent variables
of DNNs, which rely on speci�c model types. On the contrary, post-hoc methods (Simonyan et al.,
2014; Bach et al., 2015; Zhou et al., 2016; Selvaraju et al., 2017; Lundberg & Lee, 2017) ignore con-
crete implementations and focus on imitating the outside behavior. According to how attributions are
generated, we mainly divide post-hoc methods into two categories: perturbation methods (Ribeiro
et al., 2016; Fong & Vedaldi, 2017; Petsiuk et al., 2018) and back-propagation methods (Zeiler &
Fergus, 2014; Bach et al., 2015; Selvaraju et al., 2017).

Perturbation Methods. An intuitive idea for attributions is to perturb the inputs and observe the
output variations. Occlusion method (Zeiler & Fergus, 2014) simply covers up partial areas of input
and examines the score change. LIME (Ribeiro et al., 2016) interprets the local space around the
prediction by linear regression. Prediction difference analysis (Zintgraf et al., 2017) describes the
output variation from a probabilistic perspective. Meaningful perturbation (Fong & Vedaldi, 2017)
aims at discovering the deletion regions with compact information, which is further extended by
RISE (Petsiuk et al., 2018) by the weighted average of multiple random masks. DANCE (Lu et al.,
2021) introduces a subtle perturbation to input without in�uence on internal variables. Most pertur-
bation methods require multiple iterations, which leads to a heavy computation burden. Moreover,
most of these methods lack rigorous axiomatic guarantees.

Back-propagation Methods. Another kind of interpretations recovers signals or generates attri-
butions by back-propagating information layer by layer. Early research (e.g, Deconvolution (Zeiler
& Fergus, 2014) and Guided-BP (Springenberg et al., 2015)) reverses the forward procedure and
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recover active signals in input space. Recent attempts generate attributions by propagating gradi-
ents (Shrikumar et al., 2016), relevance (Bach et al., 2015), and difference-from-reference (Shriku-
mar et al., 2017). Most methods choose gradients as the propagation intermediary for ease. Grad-
CAM (Selvaraju et al., 2017) and its variants (Chattopadhay et al., 2018) directly interpolate gradi-
ents from the top layer to input size as the saliency map. SmoothGrad (Smilkov et al., 2017) aims at
removing noise by averaging multiple gradients at neighbor points. The �rst-order Taylor decompo-
sition (Montavon et al., 2018) assigns attributions by linearization with the gradient around the given
root point. Since the difference between the data and the root is often not in�nitesimal, expansion
based on a single-point gradient results in a large error (Lagrangian remainder), which damages the
rigorousness of interpretations. Path methods (Sundararajan et al., 2017; Xu et al., 2020; Kapish-
nikov et al., 2021) �x this issue by dividing the integral path into small segments. Game theory
guarantees that path methods are the only method satisfying three fundamental axioms (see Propo-
sition 1 in Friedmanet al. (Friedman, 2004)). However, different path choices (e.g., straight line
in space (Sundararajan et al., 2017) or frequency (Xu et al., 2020) and guided path along �at land-
scape (Kapishnikov et al., 2021)) indicate distinct attribution allocations, which makes the meaning
of attribution ambiguous. Therefore, we introduce the Concentration Principle and discuss how to
obtain a near-optimal path through the proposed SAMP method.

3 METHOD

In this section, we �rst summarize the canonical path methods (Friedman, 2004). Then we de�ne
Concentration Principle in Section 3.2. Subsequently, we propose the Salient Manipulation Path
and derive an ef�cient algorithm under Brownian motion assumption in Section 3.3. Finally, we
introduce in�nitesimal constraint (IC) for rigorous line integrals and momentum strategy (MS) to
escape from local sub-optimal solutions in Section 3.4.

(a) (b)
Figure 2: (a) Concentration Principle prioritizes attributions (green pointA) with large distance from
mean pointP. (b) SAMP chooses the directions with max gradient projection (colored in red), and
attributions allocated along this path mainly concentrate on salient pixels.

3.1 PRELIMINARY : PATH METHOD

Path methods (Friedman, 2004) for additive cost-sharing methods are derived from Aumann-
Shapley (Aumann & Shapley, 1974), which is �rst introduced to machine learning by IG (Sundarara-
jan et al., 2017). We de�ne the many-to-one mapping asf : X ! R, where inputx T 2 X hasd fea-
tures andyT denotes its output. An intuitive idea of interpreting models is to analyze how the output
y0 turns toyT when gradually changing baselinex 0 to x T . Considering the difference betweenx 0

andx T is not in�nitesimal, the naive Taylor decompositionyT = y0+ r f (x 0)T (x T � x 0)+ R1(x T )
suffers from large Lagrangian remainderR1(x T ). Therefore, it is a natural improvement to divide
path fromx 0 to x T into multiple segments, which should be small enough. Assuming the modelf
is differentiable, the output variation� y can be expanded as

� y = yT � y0 =
Z 1

� =0

@f(
 (� ))
@
 (� )

@
 (� )
@�

d�; (1)

where
 (� ) is path functionx = 
 (� ) and 
 (0) = x 0; 
 (1) = x T . We de�ne each feature's
attribution asai and� y equals sum ofai (namely completeness (Sundararajan et al., 2017)):

ai ,
Z 1

� =0

@f(
 (� ))
@
i (� )

@
i (� )
@�

d�; � y =
dX

i =1

ai : (2)

3



Published as a conference paper at ICLR 2024

Game theory research (Friedman, 2004) has proved that the path method is the only interpretation
method satisfying three fundamental axioms (i.e., completeness, additivity, and dummy). However,
choices of path function
 (� ) highly impact the attribution allocation, which hampers the clarity of
the interpretations. In this paper, we explore an explicit selection criterion among candidate paths.

3.2 CRITERION AND CANDIDATE SET

Existing path methods lack clarity due to various path choices. In Eq. (2), the attributiona is a
function of the selected path
 asa = g(
 ) given x T ; x 0; f . However, conventional interpreta-
tions often scatter the attributions over all pixels (Kapishnikov et al., 2021; Smilkov et al., 2017)
due to unpredictable distractors. To address this, we propose theConcentration Principle, which
introduces a selection preference for the allocation of attributions. Instead of scattering attributions
across all features, we aim to concentrate them centrally on the indispensable features.
De�nition 1 (Concentration Principle). A path function
 � is said to satisfy Concentration Prin-
ciple if the attributiona achieves the max Var(a) = 1

d

P d
i =1 (ai � �a)2.

Remark. Considering
P d

i =1 ai is a constantC = � y, the variance ofa could depict the concen-
tration degree. For a 3-feature case, this principle prefersa = (0 :7; 0:2; 0:1) to (0:4; 0:3; 0:3). For
image input in Figure 1, this principle achieves aesthetic and sparsity. Our method clearly pinpoints
important pixels while IG (Sundararajan et al., 2017) spreads attributions over most pixels. We also
conduct a counting model example in Appendix A.2 to illustrate the potential challenge.

Under this principle, we explore to formulate a tractable optimization problem. To maintain consis-
tency in our formulation, we introduce the start pointx S and the end pointx E . To approximate the
line integral in Eq. (1), we use Riemann sum by dividing the path inton segments as:

� y =
nX

k=1

r f (x k )T dx k ; (3)

wheredx k is thekth segment along the path andx k = x S +
P k

l =1 dx l . Analogous to Eq. (2),
we calculate each attributionai as ai =

P n
k=1 (r f (x k )) i (dx k ) i . However, it is intractable to

directly �nd the optimal path from the in�nite set� of all path functions. Thus we construct a
�nite Manipulation Path set� s � � , along which we manipulate images by inserting or deleting
s = d=n pixels per step. The formal de�nition is as follows:
De�nition 2 (Manipulation Path). Thekth segmentdx k of a manipulation path
 2 � s satis�es

(dx k ) i =
�

xE
i � xk

i ; i 2 
 k

0; Otherwise
; (4)

wherej
 k j = s and all 
 k consist of a non-overlapping partition of all pixel indices which satisfy
that8k 6= l; 
 k

T

 l = ? and

S n
k=1 
 k = f 1; � � � ; dg.

Remark. � s is a �nite set andj� s j equals tod!=(s!)n .

Following De�nitions 1 and 2, we formulate the optimal path selection problem as follows:


 � = arg max

 2 � s

V ar(a) =
1
d

dX

i =1

�
ai �

C
d

� 2

: (5)

Solving Equation 5 directly is computationally challenging. To overcome this, we propose SAMP
algorithm, which leverages Brownian motion assumption to ef�ciently search for the optimal path.

3.3 SALIENT MANIPULATION PATH

The intuition of Eq. (5) is to enlarge the distanceDap betweena (limited in the hyperplane
P d

i =1 ai = C) and the center point(C=d;� � � ; C=d) in Figure 2a. We need to introduce prior
knowledge to accelerate the search process. Without loss of generality, we sets = 1 for ease of
derivation. Since the attributions are assigned sequentially, we regard the allocation process as a
stochastic process2. We de�ne the partial sumuk as

P k
i =1 ai and make the following assumption:

2We use lowercase letters to denote random variables for consistency.
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Assumption 1(Allocation as Brownian motion). We assume the additive processf ut ; t � 0g as
the Brownian motion andut � N (0; �t ) if without any constraint condition.

We now explain the rationality of the assumption. In the model-agnostic case, we consider the input
space to be isotropic. If without any constraint condition, we assumeE(ai ) = E(dyi ) = 0 with
randomly sampled stepdx i andai ; aj for anyi 6= j are independent. It is important to note that we
do NOT directly assume theai ; aj as conditional independent given the condition

P d
i =1 ai = C.

Then we assume that everyai complies with a Gaussian distribution (i.e.,ai � N (0; � )). If we
subdivide time in�nitely, the additive processf ut ; t � 0g tends to a Brownian motion.
Proposition 1. By Brownian motion assumption, the conditional joint distributionP(~ajC) =
P(a1; � � � ; ad� 1jud = C) is a multivariate Gaussian distribution as:

P(~ajC) =
1

(2� )
d � 1

2
p

j� j
exp

(

�
1
2








 ~a �

C
d

1










2

� � 1

)

; (6)

where� = � (I � J
d ) 2 R(d� 1) � (d� 1) andJ is all-one matrix.

Remark. See proof in Appendix A.1. Eq.(6) reveals that the conditional distribution is centered
at point P in Figure 2a. For anyi 6= j , Cov(ai ; aj jud = C) = � �=d indicates that allocating
more toai results in less toaj . Moreover,E(uk jud = C) = kC=d reveals that a randomly selected
path tends to produce a linear variation in output. Surprisingly, we observe the curve shapes of
IG (Sundararajan et al., 2017), XRAI (Kapishnikov et al., 2019), and Grad-CAM (Selvaraju et al.,
2017) in Figure 1 are nearly straight lines, which is consistent with theoretical analysis.

Algorithm 1: The SAMP++ algorithm.

Input: Start pointx S ; End pointx E ; Upper
bound� ; Momentum coef�cient� .

Output: Attribution a; Path segmentsD.

1 Resetk = 0 and set of path segmentsD = ; ;
2 Initialize x k = x S , ak = 0, gk = r f (x S );
3 while x k 6= x E do
4 Increase indexk by 1;
5 Updategk = � gk � 1 + (1 � � )r f (x k );
6 Compute� j = gk

j (xE
j � xk

j ) if xE
j 6= xk

j
and�1 otherwise;

7 ConstructM k = f i j i 2 topsf � j gg;
8 Compute(dx k ) i = xE

i � xk
i if i 2 M k and

0 otherwise;
9 If k dx k k1 > � : dx k = �

k dx k k1
dx k ;

10 Move current pointx k = x k � 1 + d x k ;
11 Update attributionak = ak � 1 + gk � dx k ;
12 ExpandD = D

S
f dx k g;

13 Returnak , D.

As the dimension of images is always
high, we investigate the asymptotic prop-
erty ofP(~ajC) as:
Proposition 2. Sincelimd!1 � = � I ,
conditional covariance Cov(ai ; aj jud =
C) is nearly zero with high dimensiond.
Thus we can approximate Eq.(6) as:

P̂ (~ajC) =
exp

�
�

D 2
ap

2�

�

(2� )
d � 1

2
p

j� j
(7)

Remark. P̂ (~ajC) = P(~ajC)ea2
d =(2 � ) . As

the last attributionad tends to0 if d is
high enough, the approximation error of
P̂ (~ajC) is tolerable.

Since image dimension is always high, we
regard any two attributionsai ; aj as nearly
independent by Proposition 2. Therefore,
we can maximize each attribution sepa-
rately with negligible error while reducing
the computational complexity from facto-
rial O(d!) to linearO(d). Speci�cally, we chooses pixels with the largest projection of gradient
r f (x k ) ontodx k . We name this greedy selection strategy asSalient Manipulation Path (SAMP)
and take insertion direction as an example to formulate SAMP as:

(dx k ) i =
�

xE
i � xk

i ; i 2 M k

0; Otherwise
; (8)

whereM k = f i j i 2 topsf � j gg(tops(�) means the largests elements) and� j = ( r f (x k )) j (xE
j �

xk
j ) if xE

j 6= xk
j and�1 otherwise. It is obvious that the path de�ned above belongs to� s.

3.4 TOWARDS RIGOROUSNESS ANDOPTIMALITY

Two potential issues still remain in our proposed SAMP interpreter. First, if the step sizej dx k j is
too large, the in�nitesimal condition may be violated, thereby breaking the completeness axiom in
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Eq. (2). Besides, most greedy algorithms tend to get stuck in the local sub-optimal solution. To
address these, we propose the in�nitesimal constraint and the momentum strategy respectively.

In�nitesimal Constraint (IC). To ensure the completeness axiom, we need to restrict each step
size below a given bound� > 0. Therefore we rectifydx k in Eq. (8) as:

dx̂ k =

8
<

:

�
k dx k k1

dx k ; if k dx k k1 > �

dx k ; Otherwise
(9)

Note that the above constraint does not affect the convergence of SAMP. According to the de�nition
of manipulation paths, it is easy to know the sum of L1 norm of all steps is a constant value asP n

k=1 k dx k k1 = kx S � x E k1 = C. As long as� > 0, the constrained SAMP can certainly
converge after �nite iterations.

Momentum Strategy (MS). Due to the nature of greedy algorithms, SAMP runs the risk of falling
into a local optimum. Inspired by the gradient descent with momentum, we incorporate the momen-
tum strategy to coast across the �at landscape through the inertia mechanism as follows:

gk = � gk � 1 + (1 � � )r f (x k ): (10)

By substitutingdx k with dx̂ k andr f (x k ) with gk , we formulate SAMP++ in Algorithm 1.

4 EXPERIMENT

In this section, we conduct qualitative and quantitative experiments to demonstrate the superiority of
our proposed SAMP method. Due to the wide variety of interpretability methods, they often need to
be evaluated from multiple dimensions (Nauta et al., 2022). Our proposed SAMP method belongs
to attribution methods. We �rst perform qualitative experiments to verify the Concentration Prin-
ciple claimed above and compare the visualization results with other counterparts in Section 4.2.
Subsequently, we employ Deletion/Insertion metrics (Petsiuk et al., 2018) to examine SAMP quan-
titatively and conduct a completeness check with the Sensitivity-N metric (Ancona et al., 2018) in
Section 4.3. Extensive ablation studies demonstrate the effectiveness of each feature in Section 4.4.

4.1 EXPERIMENTAL SETTING

Datasets and Models. We evaluate SAMP on the widely used MNIST (Deng, 2012), CIFAR-
10 (Krizhevsky et al., 2009), and ImageNet (Deng et al., 2009). For MNIST and CIFAR-10 datasets,
we simply build two �ve-layer CNNs (c.f. Appendix A.3) and train them to convergence using
AdamW optimizer (Loshchilov & Hutter, 2017). For ImageNet dataset, we use the pre-trained
ResNet-50 model (He et al., 2016) from PyTorch torchvision package (Paszke et al., 2019).

Metrics. Interpretations should faithfully reveal the attention of model decisions. One evaluation
for judging attributions is to check whether features with large attribution have a signi�cant effect
outputs. Therefore, we choose the Deletion/Insertion metrics (Petsiuk et al., 2018) for quantitative
comparison. We delete/insert pixels sequentially in the descending order of attributions, plot the
output curve, and calculate the area under the curve (AUC). For Deletion, a smaller AUC indicates
better interpretability; for insertion, a larger AUC is expected. Moreover, we wish to examine the
effect of the in�nitesimal constraint (IC) on the rigorousness of SAMP. Therefore, we adopt the
Sensitivity-N metric (Ancona et al., 2018) by calculating the Pearson correlation between the sum
of attributions and the model output for completeness check.

Implementation Details. We compare Deletion/Insertion metrics of SAMP with 12 mainstream
interpretation methods.3 Following the con�guration (Petsiuk et al., 2018), we set the baseline point
as a zero-�lled image for Deletion and a Gaussian-blurred image for Insertion. We randomly select
100 images from each dataset and report the mean and standard deviation of AUCs. Speci�cally,
for MNIST and CIFAR-10, we set the Gaussian blur kernel sizesg to 11 the variance� g to 5, and
the step size for calculating metricssm to 10; for ImageNet,sg = 31, � g = 5 , andsm = 224 � 8.
If without special speci�cations, we �x the step sizes in SAMP as224� 16 for ImageNet and10
for other datasets, the ratio of the in�nitesimal upper bound� to k� x k1 as0:1, and the momentum
coef�cient � as 0.5. We perform all experiments with PyTorch on one NVIDIA 3090 card.

3The benchmark code will be released together with SAMP.
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(a) (b)
Figure 3: Veri�cation of Concentration Principle. (a) Visualizations of intermediate points and
corresponding attributions along the path solved by SAMP. (b) The output score curve from the
baseline point to the target image.

Figure 4: Visualizations on MNIST, CIFAR-10, and ImageNet compared with other methods.

4.2 QUALITATIVE V ISUALIZATION

4.2.1 VERIFICATION OF PROPERTIES

We �rst verify whether SAMP can reach an expected path towards Concentration Principle. For clear
visualization, we set the baseline point as zero-�lled, and choose the manipulation direction from
x 0 to x T . Along the path solved by SAMP, the intermediate points and corresponding attributions
at different stages are visualized separately, as shown in Figure 3a. We can see that the �rst 25% of
the path has precisely pinpointed the subject animal. Besides, we plot the output scores at different
stages along the manipulation path in Figure 3b. A rapid rise can be observed at the start, which
indicates that SAMP tends to capture the most salient pixels �rst. At the same time, there is a small
drop at the end. We ascribe this to background pixels, which interfere with the output score.

4.2.2 VISUALIZATION COMPARISON

We compare the visualization results of SAMP with other mainstream interpretation meth-
ods (Ribeiro et al., 2016; Selvaraju et al., 2017; Sundararajan et al., 2017; Smilkov et al., 2017;
Shrikumar et al., 2017; Bach et al., 2015; Petsiuk et al., 2018; Kapishnikov et al., 2019; Xu et al.,
2020; Kapishnikov et al., 2021). After randomly selecting input images on MNIST, CIFAR-10, and
ImageNet, we calculate the attribution results of each method. We �rst convert the attributions to a
grayscale image for visualization and also superimpose the attribution values with the original im-
age. Figure 4 shows the comparison of the SAMP method with existing methods. As can be seen,
the attribution results allocated by our method pinpoint important pixels and localize all pixels on
salient objects most completely. Additionally, the attribution results of the SAMP++ approach are
broadly similar to SAMP, but the results of SAMP++ are more �ne-grained due to the in�nitesimal
constraints (for instance, the subject is more separated from the background).

4.3 QUANTITATIVE ANALYSIS

We conducted quantitative experiments to assess the performance of SAMP, including metrics such
as Deletion/Insertion and Sensitivity-N check. In addition, we also carried out evaluations such as
� Fidelity (Novello et al., 2022) and pointing game (Zhang et al., 2018a) in Section A.5.4.
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Table 1: Deletion/Insertion metrics on MNIST, CIFAR-10, and ImageNet.

Method
MNIST CIFAR-10 ImageNet

Deletion_ Insertion^ Deletion_ Insertion^ Deletion_ Insertion^

LRP -0.003(� 0.13) 0.808(� 0.10) -0.257(� 0.49) 1.452(� 0.37) 0.210(� 0.13) 0.575(� 0.15)
CAM 0.221(� 0.15) 0.715(� 0.11) 0.314(� 0.31) 0.863(� 0.23) 0.313(� 0.129) 0.897(� 0.13)
LIME 0.282(� 0.14) 0.597(� 0.09) 0.479(� 0.29) 0.722(� 0.24) 0.312(� 0.13) 0.898(� 0.14)
Grad-CAM 0.221(� 0.15) 0.715(� 0.11) 0.314(� 0.31) 0.863(� 0.23) 0.313(� 0.13) 0.897(� 0.13)
IG -0.038(� 0.14) 0.795(� 0.11) -0.372(� 0.54) 1.452(� 0.40) 0.197(� 0.13) 0.725(� 0.20)
SmoothGrads 0.003(� 0.13) 0.547(� 0.11) 0.777(� 0.55) 0.517(� 0.28) 0.300(� 0.13) 0.605(� 0.17)
DeepLIFT -0.025(� 0.14) 0.791(� 0.11) -0.300(� 0.51) 1.443(� 0.38) 0.216(� 0.12) 0.688(� 0.18)
RISE 0.059(� 0.11) 0.651(� 0.12) 0.149(� 0.35) 0.904(� 0.27) 0.282(� 0.13) 0.849(� 0.15)
XRAI 0.120(� 0.12) 0.754(� 0.10) 0.248(� 0.33) 0.910(� 0.21) 0.346(� 0.16) 0.865(� 0.14)
Blur IG 0.021(� 0.02) 0.804(� 0.17) -0.107(� 0.39) 1.407(� 0.47) 0.261(� 0.14) 0.712(� 0.22)
Guided IG -0.041(� 0.14) 0.762(� 0.10) -0.276(� 0.47) 1.209(� 0.35) 0.167(� 0.13) 0.699(� 0.21)

SAMP (ours) -0.093(� 0.14) 1.074(� 0.18) -0.733(� 0.67) 1.458(� 0.40) 0.154(� 0.12) 0.984(� 0.20)
SAMP++ (ours) -0.137(� 0.151) 1.050(� 0.18) -0.899(� 0.72) 1.514(� 0.43) 0.145(� 0.12) 1.116(� 0.24)

(a) (b)
Figure 5: Sensitivity-N check for IC.

(a) (b)
Figure 6: Impact of momentum coef�cient� .

4.3.1 DELETION/INSERTIONCOMPARISON

To precisely compare the performance, we calculate the Deletion/Insertion metrics (Petsiuk et al.,
2018). We randomly sampled 100 images and report the mean and standard deviation of the AUCs
(see Table 1), where “SAMP” represents the original algorithm described in Eq. (8) and “SAMP++”
denotes Algorithm 1 with the in�nitesimal constraint (IC) and momentum strategy (MS). Our
method consistently outperforms all other methods on three datasets. We ascribe this to Concen-
tration Principle that facilitates our method to perform clear saliency rankings. In addition, the
improved version signi�cantly improves the original one in most cases. We believe that the momen-
tum strategy plays an essential role in prompting the algorithm to break free from the local point
(c.f. Section 4.4 for ablation studies.).

4.3.2 SENSITIVITY-N CHECK

In this part, we show the importance of the in�nitesimal constraint (IC) on rigorousness (or com-
pleteness (Sundararajan et al., 2017)). Sensitivity-N (Ancona et al., 2018) checks the completeness
by calculating the Pearson correlation of

P
j aj and� y. We gradually increase� = kx k1=� (i.e.,

decrease the upper bound� in Eq. (9)) and draw the curve of the correlation w.r.t.� (see Figure 5).
With the decrease of� , the correlation increases signi�cantly. This is because IC limits each step to
be in�nitesimal, which ensures that Lagrangian remainder tends to 0, thereby enhancing rigorous-
ness of Eq. (3). Interestingly, Figure 5a shows that with the further decrease of� , the numerical error
becomes the main error source, and the correlation no longer rises; because� is not small enough at
the start of Figure 5b, most steps are not cropped, thereby leading to a �at correlation curve.

4.4 ABLATION STUDY

4.4.1 INFLUENCE OFIC AND MS

We perform ablation studies on the in�nitesimal constraint (IC) and momentum strategy (MS), as
shown in Table 2. As we can see, the improvement of SAMP in Deletion/Insertion metrics mainly
comes from MS. According to Figure 6, SAMP achieves the largest improvement when� � 0:3.
Table 3 shows that IC has no signi�cant impact on Deletion/Insertion metrics, which can be at-
tributed to the fact that IC is primarily designed to maintain rigor and lacks a direct connection with
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