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ABSTRACT

Given a set of K probability densities, we consider the multimarginal generative
modeling problem of learning a joint distribution that recovers these densities
as marginals. The structure of this joint distribution should identify multi-way
correspondences among the prescribed marginals. We formalize an approach to
this task within a generalization of the stochastic interpolant framework, leading
to efficient learning algorithms built upon dynamical transport of measure. Our
generative models are defined by velocity and score fields that can be characterized
as the minimizers of simple quadratic objectives, and they are defined on a simplex
that generalizes the time variable in the usual dynamical transport framework.
The resulting transport on the simplex is influenced by all marginals, and we
show that multi-way correspondences can be extracted. The identification of
such correspondences has applications to style transfer, algorithmic fairness, and
data decorruption. In addition, the multimarginal perspective enables an efficient
algorithm for reducing the dynamical transport cost in the ordinary two-marginal
setting. We demonstrate these capacities with several numerical examples.

1 INTRODUCTION

Generative models built upon dynamical transport of measure, in which two probability densities are
connected by a learnable transformation, underlie many recent advances in unsupervised learning
(Rombach et al., 2022; Dhariwal & Nichol, 2021). Contemporary methods such as normalizing
flows (Rezende & Mohamed, 2015) and diffusions (Song et al., 2021b) transform samples from one
density pg into samples from another density p; through an ordinary or stochastic differential equation
(ODE/SDE). In such frameworks one must learn the velocity field defining the ODE/SDE. One
effective algorithm for learning the velocity is based on the construction of a stochastic interpolant, a
stochastic process that interpolates between the two probability densities at the level of the individual
samples. The velocity can be characterized conveniently as the solution of a tractable square loss
regression problem. In conventional generative modeling, one chooses pg to be an analytically
tractable reference density, such as the standard normal density, while p; is some target density of
interest, accessible only through a dataset of samples. In this setting, a general stochastic interpolant
x4 can be written as

xe = ap(t)zo + o (t)xq, @)
where xoy ~ po and x1 ~ p; and we allow for the possibility of dependence between z and z;.
Meanwhile o (t) and a4 (t) are differentiable functions of ¢ € [0, 1] such that a(0) = a1(1) =1

and ap(1) = a1(0) = 0. These constraints guarantee that 2;—¢ = x¢ and x;—; = 21 by construction.
It was shown in Albergo & Vanden-Eijnden (2023); Albergo et al. (2023) that if X, is the solution of
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the ordinary differential equation (ODE)
X; = b(t, Xy), 2)
with velocity b defined by
b(t,x) = E[i¢|zs = x] = co(t) E[zo|zr = 2] + a1 (¢) E[x |2 = 2] 3)

and initial condition X drawn from pg, then X; matches x; in law for all times ¢ € [0, 1]. Hence we
can sample from p; by generating samples from py and propagating them via the ODE (2) to time
t = 1. Equivalent diffusion processes depending on the score can also be obtained by the introduction
of noise into the interpolant (Albergo et al., 2023).

A significant body of research on both flows and diffusions has studied how to aq(t) and «; (¢) that
reduce the computational difficulty of integrating the resulting velocity field b (Karras et al., 2022).

In this work, we first observe that the decomposition of the velocity field of (1) into conditional
expectations of samples from the marginals py and p; suggests a more general definition of a process
x(«), defined not with respect to the scalar ¢ € [0, 1] but with respect to an interpolation coordinate
a = (ag, aq),

z(a) = apxo + aqxy. 4
By specifying a curve «(t), we can recover the interpolant in (1) with the identification z; = z(«(t)).
We use the generalized perspective in (4) to identify the minimal conditions upon « so that the density
p(a, z) of x(a) is well-defined for all o, reduces to pp(x) for & = (1,0), and to p; (z) for a = (0, 1).
These considerations lead to several new advances, which we summarize as our main contributions:

1. We show that the introduction of an interpolation coordinate decouples the learning problem of
estimating a given b(¢, ) from the design problem for a path «/(t) governing the transport. We use
this to devise an optimization problem over curves «(t) with the Benamou-Brenier transport cost,
which gives a geometric algorithm for selecting a performant a.

2. By lifting « to a higher-dimensional space, we use the stochastic interpolant framework to devise
a generic paradigm for multimarginal generative modeling. To this end, we derive a generalized
probability flow valid among K + 1 marginal densities pg, p1, - - . , Px, Whose corresponding ve-
locity field b(t, x) is defined via the conditional expectations E[zy|z(a) = x] fork = 0,1,..., K
and a curve «(t). We characterize these conditional expectations as the minimizers of square loss
regression problems, and show that one gives access to the score of the multimarginal density.

3. We show that the multimarginal framework allows us to solve [g marginal transport problems
using only K marginal vector fields. Moreover, this framework naturally learns multi-way
correspondences between the individual marginals, as detailed in Section 3. The method makes
possible concepts like all-to-all image-to-image translation, where we observe an emergent style

transfer amongst the images.

4. Moreover, in contrast to existing work, we consider multimarginal transport from a novel generative
perspective, demonstrating how to generate joint samples (zo, ..., Zx) matching prescribed
marginal densities and generalizing beyond the training data.

The structure of the paper is organized as follows. In Section 1.1, we review some related works in
multimarginal optimal transport and two-marginal generative modeling. In Section 2, we introduce
the interpolation coordinate framework and detail its ramifications for multimarginal generative
modeling. In Section 2.1, we formulate the path-length minimization problem and illustrate its
application. In Appendix B, we consider a limiting case where the framework directly give one-step
maps between any two marginals. In Section 3, we detail experimental results in all-to-all image
translation and style transfer. We conclude and discuss future directions in Section 4.

1.1 RELATED WORKS

Generative models and dynamical transport Recent years have seen an explosion of progress
in generative models built upon dynamical transport of measure. These models have roots as early
as (Tabak & Vanden-Eijnden, 2010; Tabak & Turner, 2013), and originally took form as a discrete
series of steps (Rezende & Mohamed, 2015; Dinh et al., 2017; Huang et al., 2016; Durkan et al.,
2019), while modern models are typically formulated via a continuous-time transformation. A
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particularly notable example of this type is score-based diffusion (Song et al., 2021c;a; Song &
Ermon, 2019), along with related methods such as denoising diffusion probabilistic models (Ho et al.,
2020; Kingma et al., 2021), which generate samples by reversing a stochastic process that maps the
data into samples from a Gaussian base density. Methods such as ow matching (Lipman et al., 2022;
Tong et al., 2023), recti ed ow (Liu, 2022; Liu et al., 2022), and stochastic interpolants (Albergo &
Vanden-Eijnden, 2023; Albergo et al., 2023) re ne this idea by connecting the target distribution to
an arbitrary base density, rather than requiring a Gaussian base by construction of the path, and allow
for paths that are more general than the one used in score-based diffusion. Importantly, methods built
upon continuous-time transformations that posit a connection between densities often lead to more
ef cient learning problems than alternatives. Here, we continue with this formulation, but focus on
generalizing the standard framework to a multimarginal setting.

Multimarginal modeling and optimal transport ~ Multimarginal problems are typically studied

from an optimal transport perspective (Pass, 2014b), where practitioners are often interested in
computation of the Wasserstein barycenter (Cuturi & Doucet, 2014; Agueh & Carlier, 2011; Altschuler
& Boix-Adsera). The barycenter is thought to lead to useful generation of combined features from a set
of datasets (Rabin et al., 2012), but its computation is expensive, leading to the need for approximate
algorithms. Some recent work has begun to fuse the barycenter problem with dynamical transport,
and has developd algorithms for its computation based on the diffusiob@nber bridge (Noble

etal., 2023).

A signi cant body of work in multimarginal optimal transport has concerned the existence of an
optimal transport plan of Monge type (Gangbd&viech, 1998; Pass, 2014a), as well as generalized
notions (Friesecke & ¥gler, 2018). A Monge transport plan is a joint distribution of the restricted
form (31) considered below and in particular yields a set of compatible deterministic correspondences
between marginal spaces. We refer to such a set of compatible correspondences as a multi-way
correspondence. Although the existence of Monge solutions in multimarginal optimal transport is
open in general (Pass, 2014a), in the setting of the quadratic cost that arises in the study of Wasserstein
barycenters, in fact a Monge solution does exist under mild regularity conditions (Ganglndegh,

1998).

We do not compute multimarginal optimal transport solutions in this work, but nonetheless we will
show how to extract an intuitive multi-way correspondence from our learned transport. We will also
show that if the multimarginal stochastic interpolant is de ned using a coupling of Monge type, then
this multi-way correspondence is uniquely determined.

2 MULTIMARGINAL STOCHASTIC INTERPOLANTS

In this section, we study stochastic interpolants built upon an interpolation coordinate, as illustrated
in (4). We consider the multimarginal generative modeling problem, whereby we have access to a
dataset of sampled x| g 10”K from each oK +1 densities withx}, . We wish to construct

a generative model that enables us to push samples from amto samples from any otheg. By

setting o to be a tractable base density such as a Gaussian, we may use this model to draw samples

from any marginal; for this reason, we hereafter assugrte be a standBrd normal. We denote by
K theK -simplex inRX*! |je., K = =( o;:i; k)2REM 1 Py k=1land

Ofork =0;:::Kg. We begin with a useful de nition of a stochastic interpolant that plac@s K :

De nition 1 (Barycentric stochastic interpolantsivenK +1 probability density functiont g,

with full support onRY, the barycentric stochastic interpolarf ) with =( ¢;:::; k)2 K
is the stochastic process de ned as

X
x()= Xk ks (5)
k=0
where(X1;:::; Xk ) are jointly drawn from a probability density(x1;  ; xx ) such that
z
8k=1;:::;K : (x1;::0:xk )dxy dxg 1dxesr Oxk = k(Xk);  (6)
R(K 1) d
and we sek, N (0;1dq) independent ofx1;:::; Xk )
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The barycentric stochastic interpolant emerges as a natural extension of the two-marginal inter-
polant (1) with the choice ¢(t) =1 tand ,(t) = t. In this work, we primarily study the
barycentric interBoIant for convenience, but we note that our only requirement in the following
discussion is that E:O ﬁ > 0. This condition ensures thaf ) always contains a contribution

from somexy, and hence its density ; ) does not collapse to a Dirac measure at zero for any

In the following, we classify (; ) as the solution to a set of continuity equations.

Theorem 1(Continuity equations)For all 2 ¥, the probability distribution of the barycentric
stochastic interpolant( ) has a density ( ; x ) which satis es th&k + 1 equations

@, (;x)+rx o(;x) (;x) =0; k=0;::5;K: )]
Above, eacly, ( ;X ) is de ned as the conditional expectation
O (%)= E[xgjx( )= X]; k=0;::K; (8)
whereE[xkjx( ) = x] denotes an expectation ovey(Xg) (Xi1;:::;Xk) conditioned on the event
x( ) = X. The score along each two-marginal path connectedtis given by
8 060: rylog (;x)=  ('g(;x): )
Moreover, eacly is tr%e unigue minimizer of the objective
Ld@)=  EigGx ()7 26 aGx () d; k =03::5K; (10)
where the expectatio is taken oveKXg;:::; Xk ) o(Xo) (X1;:::;X%Xk)

The proof of Theorem 1 is given in Appendix A: it relies on the de nition of the densftyx ) that
says that, f%r every suitable test ;unctiotx), we have

. () Gxdx = o (X( ) o(X0) (Xz;::t;Xk)dXo — dX : 11)
R R(K +1

P
wherex( ) = ﬁzo kXk. Taking the derivative of both sides with respect tousing the chain
rule azs wellag®, x( ) = Xk, gZives us

@, (;x)dx= Xk 1 (X()) o(X0) (X1;:itixk)dXo —dxk: — (12)
Rd R(K +1) d
Integrating the right hand side by parts and using the de nition of the conditional expectation
implies (7).

As we will see, the loss functions {{10) are amenable to empirical estimation over a dataset of
samples, which enables ef cient learning of pe The resulting approximations can be combined
according ta(14) to construct a multimarginal generative model. In practice, we have the option
to parameterize a single, weight-shag{d x ) = (do(;X );:::0k (;X )) as a function from

(K ) Rd1 RK d orto parameterize thg. : (K D R4 1 RYindividually. In our
numerical experiments, we proceed with the former for ef ciency.

Theorem 1 provides relations between derivatives of the dengity ) with respect to and with
respect tax that involve the conditional expectatiogg( ;X ). By specifying a curve (t) that
traverses the simplex, we can use this result to design generative models that transport directly from
any one marginal to another, or that are in uenced by multiple marginals throughout the generation
process, as we now show.

Corollary 2 (Transport equations)Let f e, g represent the standard basis vectorsRif** , and
let :[0;1]! K denote a differentiable curve satisfyin0) = ¢ and (1) = g for any
i;j =0;:::;K. Thenthe barycentric stochastic interpolatt (t)) has probability density(t; x) =
(' (1);x) that satis es the transport equation
@ (x)+r  btx) (x) =0; (t=0;%x)= i(x); (t=1;x)= j(x); (13)

where we have de ned the velocity eld

X
b(t; x) = k(Mo (1):x): (14)

k=0
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In addition, the probability ow associated witfi3) given by
Xq = b(t; X+) (15)

satis esXi=1 j foranyXi=o i, and vice-versa.

Corollary 2 is proved in Appendix A, where we also show how to use the information about the
score in(9) to derive generative models based op,stochastlc dynamics. The transport e(iL@tion

is a simple consequence of the ident@y (t;x) = -, ()@, ( (t);x), in tandem with the
equations in(7). It states that the barycentric interpolant framework leads to a generative model
de ned for any path on the simplex, which can be used to transport between any pair of marginal
densities.

Note that the two-marginal transports along xed edgeéli3) reduce to a set df independent
processes, because eaghtakes values independent from the rest of the simplex when restricted
to an edge. In fact, for any edge betwegnand ; with i;j 6 k, the marginal vector eld
ok(;x ) = Ex«x( ) = x] = E[xk], because the conditioning event provides no additional
information abouky . In practice, however, we expect imperfect learning and the implicit bias of
neural networks to lead to models with two-marginal transports that are in uenced by all data used
during training. We summarize a few possibilities with the multimarginal generative modeling setup
in Section 2.1.

2.1 OPTIMIZING THE PATHS TO LOWER THE TRANSPORT COST

Importantly, the results above highlight that the learning problem for the velbatdecoupled from
the choice of path (t) on the simplex. We can consider the extent to which this exibility can lower
the cost of transporting a given to another ; when this transport is accomplished by solv{i§)
subject to(13). In particular, we are free to parameterize thein the expression for the velocity
b(t; x) given in(14) so long as the simplex constraints orare satis ed. We use this to state the
following corollary.

Corollary 3. The solution to

Z1 hx 5
(") = min , E (o (M (1) x(M (1)) dt (16)

k=0

ves the transport with least path length in Wasserstelg -2 metric over the class of vefi{¢jtids=
k —0 X (t)ak (" (t); x). Hereg is given by(8), x( ) = k _o kXk.the expectation is taken over

(Xo; X1:::Xk) o ,and the minimization is over all patifs2 C([0; 1]) such that*(t) 2 X
forall t 2 [0; 1].

Note the objective irff16) can be estimated ef ciently without having to simulate the probability
ow given by (15) by sampling the interpolant. Note also that this gives a way to reduce the
transport directly without having to solve the max-min problem presented (Albergo & Vanden-
Eijnden, 2023). We stress however that this class of velocities is not suf cient to achieve optimal
transport, as such a guarantee requires the use of nonlinear interpolants (cf. Appendix D of Albergo
& Vanden-Eijnden (2023)). An example learnable parameterization is given in Appendix C.1.
In addition to optimization over the path, the
transport equat|o(tl3) enables generative proA|gor|thm 1: Learning eaci@k
cedures that are unique to the multimarginal S(ﬁj.' ..... ),
ting, such as transporting any given density to radient stepdl . 10ss functlorlq_ as
the barycenter of thK + 1 densities, or trans- g + SIeP¥g, K
port through the interior of the simplex de ned in (10)

' forj =1;:::;Ngdo

draW(Xo, KXK ) o(Xo) (X1, iXk)
3 NUMERICAL EXPERIMENTS draw
makex( )=, KXk

In this section, we numerically explore the char-12ke gradient step with respectltq

acteristics, behavior, and applications of the m

timarginal generative model introduced abo etum: .
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Example Example Application Simplex representation

2-marginal standard generative modeling 1!

3-marginal two-marginal with smoothing 1! 2 A

5

N

2
N

S
IRZS

N

K-marginal all-to-all image translation/style transfer ; |

Table 1: Characterizing various generative modeling aims with respect to how their transport appears
on the simplex. We highlight a sampling of various other tasks that can emerge from generic
multimarginal generative modeling. Here, two-marginal with smoothing corresponds to the addition
of a Gaussian marginal, as done in (Albergo et al., 2023), with a path through the simplex.

Figure 1: Direct optimization of (t) over a parametric class to reduce transport cost in the 2-marginal
learning problem of a Gaussian to the checkerboard dehsfy. The initial and nal *o; *; learned
over 300 optimizations steps ¢h6). Center The reduction in the path length over trainifiRjght
Time slices of the probability density(t; x) corresponding to learned interpolant with learrieds
compared to the linear interpolant=[1  t;t].

We start with the numerical demonstration of the path minimization in the restricted class de ned in
Corollary 3. Following that, we explore various pathways of transport on the simplex to illustrate
various characteristics and applications of the method. We explore what happens empirically with the
respect to transport on the edges of the simplex and from its barycenter. We also consider empirically
if probability ows following (15) with different paths speci ed by (t) but the same endpoint

(1) on give meaningfully similar but varying samples. Algorithms for learning the vector glds
and learning a least-cost parametric path (if desired) on the simplex are given in Algorithm 1 and
Algorithm 2 respectively.

3.1 OPTIMIZING THE SIMPLEX PATH (t) Algorithm 2: Learning a path '(\t)

As shown in Section 2, the multimarginal fornput: modelgy, model path*(t), coupling

mulation reveals that transport between distri- (X1;::1; Xk), gradient stepBlsieps
butions can be de ned in a path-independent loss functionC(") as de ned in (16)
manner. Moreover, Corollary 3 highlights thafor j =1;:::;Ng do

the path can be determinegposteriorivia an | draw(xo; Xk ) o(Xo) (X1; i XK )

optimization procedure. Here we study to whatdrawt  Unif[0; 1]

extent this optimization can lower the transport compute”(t)

cost, and in addition, we consider what effect it makex( (t)) = , «(t)xk

has on the resulting path at the qualitative levelTake gradient step with respect@)
of the samples. We note that while we focus heend

on the stochastic interpolant framework consi®eturn: ~(t).

ered in(5), score-based diffusion (Song et al’,
2021c) ts within the original interpolant formalism as presente@lip. This means that the frame-
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work that we consider can also be used to optimize over the diffusion coef g{e€nfor diffusion
models, providing an algorithmic procedure for the experiments proposed by Karras et al. (2022).

A numerical realization of the effect of path optimization is provided in Fig. 1. We train an interpolant
on the two-marginal problem of mapping a standard Gaussian to the two-dimensional checkerboard
density seen in the right half of the gure. We parameterize thand 1 in this case with a Fourier
expansion withm = 20 components normalized to the simplex; the complete formula is given in
Appendix C.1. A visualization of the improvements from the learnddr xed number of function
evaluations is also given in the appendix. We note that this procedure yigldsd ; that are
qualitatively very similar to those observed by Shaul et al. (2023), who study how to minimize a
kinetic cost of Gaussian paths to the checkerboard.

3.2 ALL-TO-ALL IMAGE TRANSLATION AND STYLE TRANSFER

A natural application of the multimarginal framework is image-to-image translation. Gveanage
distributions, every image dataset is mapped to every other in a way that can be exploited, for example,
for style transfer. If the distributions have some distinct characteristics, the aim is to nd a map that
connects samples andx; from ; and j in a way that visually transforms aspects of one into
another. We explore this in two cases. The rstis a class to class example on the MNIST dataset,
where every digit class is mapped to every other digit class. The second is a case using multiple
common datasets as marginals: the AFHQ-2 animal faces dataset (Choi et al., 2020), the Oxford
owers dataset (Nilsback & Zisserman, 2006), and the CelebA dataset (Zhang et al., 2019). All three
are set to resolutio4 64. For each case, we provide pictorial representations that indicate which
marginals map where using either simplex diagrams or Petrie polygons representing the edges of the
higher-order simplices. For all image experiments, we use the U-Net architecture made popular in
(Ho et al., 2020).

Figure 2: Left: Generated MNIST digits from the same Gaussian saxgple o, with K =7
marginals (o and 6 digit classes)xy is visualized in the center of the image collection at time

t = 0, and the perimeter corresponds to transport to the edge of the simplex dt tirhewith
vertices color-coded. A Petrie polygon representing the 6-simplex, with arrows denoting transport
from the Gaussians along edges to the color-coded marginals, clari es the marginal endpoints. Right:
Demonstrating the impact of learning with over the larger simplex. Top row: learning just on the
simplex edge fron® to 3. Middle: Learning on all the simplex edges frdhthrough5. Bottom:
Learning on the entire simplex constructed frOrthrough5 and not just the edges.

Qualitative rami cations of multimarginal transport ~ We use mappings between MNIST digits

as a simple testbed to begin a study of multimarginal mappings. For visual simplicity, we consider
the case of a set of marginals containing the digitsrough5 and a Gaussian. The inclusion of

the Gaussian marginal facilitates resampling to generate from any given marginal, in addition to the
ability to map from any ; to any other ;.

In the left of Fig. 2, we show the generation space across the simplex for samples pushed forward
from the same Gaussian sample towards all other vertices of the simplex. Directions from the center
to the colored circles indicate transport towards one of the vertices corresponding to the different
digits. We note that this mapping is smooth amongst all the generated endpoint digits, allowing for a

natural translation toward every marginal.
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Figure 3: Left: An illustration of how different transport paths on the simplex can reach nal samples
that have similar content. Top row: A cat sample is transformed into a celebrity. Middle row: The
same cat is pushed to the ower marginal. Bottom row: The new marginal ower sample is then
pushed to a celebrity that maintains meaningful semantic structure from the celebrity generated from
along the other path on the simplex.

On the right of this gure, we illustrate how training on the simplex in uences the learned gener-
ative model. The top row corresponds to learning just in the two-marginal case. The middle row
corresponds to learning only on tledgesof the simplex, and is equivalent to learning multiple
two-marginal models in one shared representation. The third corresponds to learning on the entire
simplex. We observe here (and in additional examples provided in Appendix C.2) that learning on
the whole simplex empirically results in image translation that better preserves the characteristics of
the original image. This can best be seen in the bottom row, where the three naturally emerges from
the shape of the zero.

In addition to translatinglong the marginals, one can try to forge a correspondence between
the margmals by pushing samples through the barycenter of the simplex de nedthy=

T +1 kAT +1 ). This is a unique feature of the multimarginal generative model, and we demonstrate
its use in the right of Fig. 3 to construct other digits with a correspondence to a given sample

We next turn to the higher-dimensional image generation tasks depicted in Fig. 4, where we train a
4-marginal model{ = 3) to generate and translate among the celebrity, owers, and animal face
datasets mentioned above. In the left of this gure we present results generated marginally from the
Gaussian vertex for a model trained on the entire simplex. Depictions of the transport along edges
of the simplex are shown to the right. We show in the right half of the gure that image-to-image
translation between the marginals has the capability to pick up coherent form, texture, and color from
a sample from a sample from one marginal and bring it to another (e.g. the wolf maps to a ower
with features of the wolf). Additional examples are available in Appendix C.2.

As a nal exploration, we consider the effect of taking different paths on the simplex to the same
vertex. As mentioned in the related works and in Theorem 4, a coupling of the(&rnwvould

Figure 4: Left: Marginally sampling K = 4 multimarginal model comprised of the AFHQ, owers,
and CelebA datasets at resolutiéh 64. Shown to the right of the images is the corresponding
path taken on the simplex, with(0) = ey starting at the Gaussia and ending at one of;; »
or 3. Right: Demonstration of style transfer that emerges naturally when learning a multimarginal
interpolant. With a single shared interpolant, we ow from the AFHQ vertgxo the owers vertex

1 or to the CelebA vertexs. The learned ow connects images with stylistic similarities.
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lead to sample generation independent of the interior of the p@d)hand dependent only on its
endpoints. Here, we do not enforce such a constraint, and instead examine the path-dependence
of an unconstrained multimarginal model. In the left of Fig. 3, we take a sample of a cat from the
animals dataset and push it to a generated celebrity. In the middle row, we take the same cat image
and push it toward the ower marginal. We then take the generated ower and push it towards the
celebrity marginal. We note that there are similarities in the semantic structure of the two generated
images, despite the different paths taken along the simplex. Nevertheless, the loop does not close,
and there are differences in the generated samples, such as in their hair. This suggests that different
paths through the space of measures de ned on the simplex have the potential to provide meaningful
variations in output samples using the same learned marginal vectorgelds

4 OUTLOOK AND CONCLUSION

In this work, we introduced a generic framework for multimarginal generative modeling. To do so,
we used the formalism of stochastic interpolants, which enabled us to de ne a stochastic process
on the simplex that interpolates between any pak oflensities at the level of the samples. We
showed that this formulation decouples the problem of learning a velocity eld that accomplishes a
given dynamical transport from the problem of designing a path between two densities, which leads
to a simple minimization problem for the path with lowest transport cost over a speci ¢ class of
velocity elds. We considered this minimization problem in the two-marginal case numerically, and
showed that it can lower the transport cost in practice. It would be interesting to apply the method to
score-based diffusion, where signi cant effort has gone into heuristic tuning of the signal to noise
ratio (Karras et al., 2022), and see if the optimization can recover or improve upon recommended
schedules. In addition, we explored how training multimarginal generative models impacts the
generated samples in comparison to two-marginal couplings, and found that the incorporation of
data from multiple densities leads to novel ows that demonstrate emergent properties such as style
transfer. Future work will consider the application of this method to problems in measurement
decorruption from multiple sources.
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A OMITTED PROOFS

Theorem 1(Continuity equations)For all 2 ¥ | the probability distribution of the barycentric
stochastic interpolant( ) has a density ( ; x ) which satis es th&k + 1 equations

@, (x)+rx a(;x) (;x) =0;  k=0;::5K: (7
Above, eacly, (;x ) is de ned as the conditional expectation
O (%)= E[Xgjx( )= X]; k=0;:K; (8)
whereE[xkjx( ) = x] denotes an expectation ovey(Xo) (Xi1;:::;Xk) conditioned on the event
x( ) = x. The score along each two-marginal path connectedtis given by
8 060 : rylog (;x)=  olg(;x): 9)
Moreover, eaclyy is tr%e unigue minimizer of the objective
Le@) = EjeGx ()7 2% aGx () d; k =05::5K (10)
where the expectatiof is taken ovelXg;:::; Xk ) o(Xo) (X1;:::;%Xk)

P
Proof. By de nition of the barycentric interpolant( ) = E:o k Xk, its characteristic function is
given by Z
. P .
E[e* *( )] = gk ke Xk (xqpiiixg)dxy  dxge 2 ok’ (7)
Rd Rd
where we usedy ? (X1;:::;Xk ) andxo  N(0;Idg). The smoothness ik of this expression
guarantees that the distributionxof ) has a density( ;x ) > 0. Using the de nition ofx( ) again,
(;x ) satis es, for any suitable test function: R ! R:
VA Z

(x) (txj )dx = (X( ) (xuinxe)@ ) e #Xodxg  dxg
Rd Rd

(18)
Taking the dzerivative with respect tqc of both sides we get
@, (;x)dx

Rz
= X T (X( ) (xi;ixk)@ ) %2e 2%0’dx,  dxg

AN (19)
= Exkr (x()x()=x (;x)dx

Vi

" Elxejx(1 )= x] r (x) (5x )dx

where we used the chain rule to get the rst equality, the de nition of the conditional expectation to
get the second, and the fact thdk( )) = (x) since we condition or( ) = x to get the third.
Since

Elxix( ) = x]= a(:x) (20)
by the de nition ofgk in (8), we can write (1Z9) as
@, (;x)dx= og(;x) r (x) (;x)dx (21)
Rd Rd

This equation is (7) written in weak form.
To establish (9), note that, ify > 0, we have

. . 1 2., . 1 5.,.
E xoe k% = L@)E € k% = Li@)e 2 3 =i gke 2 3N (22)
As aresult, usingo ? (X1;:::;Xk ), we have
E xo€* *() =i okE &k *() (23)

12



Published as a conference paper at ICLR 2024

Using the properties of the conditional expectation, the left-hand side of this equation can be written
as Z

E xoek ¥ ) = E xo€* X0 ) x( )= x (;x)dx

Elxojx( )= x]e* * (;x )dx (24)
zR
= go(;x )R * (;x)dx

Rd

where we used the de nition @ in (8) to get the last equality. Since the right-hand sid€23) is
the Fourier transform of o (;x ), we deduce that

Qo(ix) Gx)= or (Gx)=  orlog (5x) (;x): (25)
Since (;x ) > 0, thisimplies (9) when> 0.
Finally, to derive (10), notice that we can write

z
Lk(®) = ) EjoCx ( Ni7 2 &(;x () d;
z "z
= E jo(:ix (N7 2x &(x ( Nix( )= x  (;x )dxd
z"“zr (26)
= j0cCx (Ni% 2B[xx( )] ge(ix () ((;x )dxd
z " ¥

= JsGx NiZ 20(tx ) k(:x (1)) (;x)dxd
where we used the de nition adi in (8). The unique minimizer of this objective function is
O (X )= ak(:x).
O

Corollary 2 (Transport equations)Let f g represent the standard basis vectorsR5f*! , and
let :[0;1]! K" denote a differentiable curve satisfying0) = e and (1) = g for any
i;j =0;:::;K. Thenthe barycentric stochastic interpolatt (t)) has probability density(t; x) =
(' (t);x) that satis es the transport equation
@ (tEx)+r  btx) (x) =0; (t=0;x)= i(x); (t=1;x)= j(x); (13)
where we have de ned the velocity eld

X
b(t; x) = k(Mo (1):x): (14)

k=0
In addition, the probability ow associated witfi3) given by

Xe = bt X4) (15)
satis esX =1 j foranyXi=o i, and vice-versa.
Proof. By de nition (t=0;x)= ( (0);x)= (&;x)= i(x)and (t=1;x)= ( (1);x)=

(g;x)= j(x), sothe boundary conditions (fi3) are satis ed. To derive the transport equation
in (13) use the chain rule as well as (7) to deduce

X x
@ (tx)= «xO@, (;x)= «®r (g (1):x) (ix)): (27)

k=0 k=0

This gives(13) by de nition of b(t; x) in (14). (15)is the characteristic equation associated \iB)
which implies the statement about the solution of this ODE. O
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Note that, using the expression(it3) forr log ( (t);x) = r log (t;x) as well as the identity
tx)=r (r (tx) (tx)) wecan,forany(t) O, write(13)as the Fokker-Planck equation
(FPE)
@ (Ex)+ 1 Btx) (1) o'l ot);x) (ix) = (1) (tx): (28)
The SDE associated with this FPE reads 0
dX{ = btEX{) (1) (Dl o(t); X{) dt+ 2 ()dWi: (29)
As a result of the property of the solutioft; x) we deduce that the solutions to the S[28) are
such thaiX {; i if X i» Which results in a generative model using a diffusion.
Corollary 3. The solution to
Z1 hx 5
") =min E 2o (M) x (M (1) dt (16)
0 k=0
ves the transport with least path length in Wasserstelg -2 metric over the class of vefi¢jties=
k 0 _k(t)gk("(t) X). Hereg is given by(8), x( ) = EO KXk, the expectation is taken over

(Xo;X1:1:Xk) o ,and the minimization is over all patis2 C([0; 1]) such that*(t) 2 X
for all t 2 [0; 1].

Proof. The statement follows from the fact that the integral at the right-hand sifesptan be
written as

Z1 hx 5 Z1 h ,
E YOO x(M)  dt= B BEx(M(D))
k=0 2012 (30)

= jb(t; x)j? A(t; x ) dxdt
P 0 Rd
whereB(t; x) = K., 2 (t)g (" (t); x) and/(t; x) solves the transport equati¢itB) with breplaced

by B. This expression give the length in Wasserstein-2 metric of the path followed by this density,
implying the statement of the corollary.

O
B DETERMINISTIC COUPLINGS AND MAP DISTILLATION
We now describe an illustrative coupling(xo) (X1;:::; Xk ) for the multimarginal setting in which
the probability ow between marginals is given in one step. Tet RY! R fork =1;:::;K be

invertible maps such that, = T (Xo) k if Xo o (i.e., each g is the pushforward ofo by Tk).
Assume that the couplingis of Monge type, i.e.,

¥
(X131 ) = Xk Tk(x0)) (31)
k=1
Clearly, this distribution satis e$6). For simplicity of notathg let us denote By (x) = x the
identity map. Let us also assume that, foral ¥, the map t:o k Tk (X) is invertible, with
inverseR( ;x ):
X X
8 2 K:x2RY : R ; kTe(x) = «T(R(; X)) = x (32)
k=0 k=0
In this case, the factog ( ; x ) evaluated at = ey simply recover the mapk,. Evaluated ag;,
they transport samples from to samples fromy, as shown in the following results:
Theorem 4. Assume that(x1;:::; Xk ) is given by(31)and that(32)h0|ds Then, under the same
conditions as in Corollary 2, the factogi ( ; X ) de ned in(8) are given by
o (;x )= Te(R(:x)) (33)

In particular, if = e, we havegc (e ;x) = T (T, 1(x)) so that ifx; i thengk(e; %) k-
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Proof. If (Xx1;:::;Xk) is given by (31), we have

h X i h i
(X )= Eo Tk(xo) kTk(X0) = X = Eo Tk(Xo0) Xo = R(;x ) = T(R(;x)): (34)
k=0
whereE, denotes expectation ovieg o. The relatiorgy (&;x) = T (T, 1(x)) follows from (33)
sinceR(e;x) = T, 1(x) and the nal statement from (31). O

In addition, the solution to the probability ow ODEL5)with initial dataX =g = T;(Xo) is given by

X
Xy = k(1) Tk (Xo0) (35)
k=0
o thatXi=1 = Tj(Xo) since (1) = g by assumption. To chec{85), notice thatb(t;x) =
Ko k(OT(R( (1);x)). As aresult, using (32),

X X X
b(t; X¢) = x(OT R (1); k(D) Tko(Xo) = k(Tk(x0) = X (36)
k=0 k9=0 k=0
so that (35) satis es (15).

C EXPERIMENTAL DETAILS

C.1 TRANSPORT REDUCTION EXPERIMENTS

Corollary 3 tells us that, because the problem of learning to transport between any two densities

j on the simplex can separated from a speci ¢ path on the simplex, some of the transport costs
associated to the probability o{l5) can be reduced by choosing the optimél). (t) can be
parametepized as a learnable function conditional on this parameterization maintaining the simplex
constraint |,  =1.

In the 2D Gaussian to checkboard example provided in the main text, we ful lled this by taking an
~; 5 of the form:

X . 2
~=1 t+ & sin(nt) (37)
n
X\I . 2
~ =t+ ajn sin(nxt) (38)
n
wherea;,, ; &, are learnable parameters. We also found the square on the sum, though necessary for
enforcinga;; 0, could be removed if N is not too large for faster optimization. For the case when
the simplex contains more than two margin&$(i;j ), the additional x which do not specify an
endpointi;j of the transport can be parameterized drop the rst terms which enforce the boundary
conditions so that

X

. 2
~Kk6ij = akn sin(nt) (39)
n
(40)
The 8k are normalized such that h i
= PXQ_-PTL - PTK - (42)

~k
As such, their time derivatives, necessary for using the QI3tas a generative model, is given as,

for any component
P P
=% Kk ~m ~k Kk =m
k= mé b . mé : (42)
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Figure 5: The output of the probability owl5) realized by for the learned interpolant for the
checkerboard problem discussed in Section 2.1 and Appendix C.1. For xed number of function
evaluations, 5 steps of the midpoint integrator, the learnéslquicker to give a more accurate

solution.

C.2 ARCHITECTURE FOR IMAGE EXPERIMENTS

We adapt the standard U-Net architecture (Ho et al., 2020) to work with a vedescribing the
"time coordinate” rather than a scalgrwhich is the conventional coordinate label. The number
of output channels from the network is given #smage channels K, where eaclkth slice of
# image channelsorresponds to thkth marginal vector eld necessary for doing the probability

Oow.
MNIST  AFHQ-Flowers-CelebA
Dimension 32 32 64 64 3
# Training point 50,000 15000, 8196, 200000
Batch Size 500 180
Training Steps 310° 1 10
Hidden dim 128 256
Attention Resolution 64 64
Learning Rate (LR) 0:0002 00002
LR decay (1k epochs) 0.995 0.995
U-Net dim mult [1,2,2] [1,2,3,4]
Learned sinusoidal embedding Yes Yes
to; tr when sampling with ODE  [0.0, 1.0] [0.0,1.0]
EMA decay rate 0.9999 0.9999
EMA start iteration 10000 10000
# GPUs 2 8

Table 2: Hyperparameters and architecture for image datasets.

C.3 ADDITIONAL IMAGE RESULTS

Here we provide some additional image results, applied to the image-to-image translation.
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Figure 6: Random assortment of additional image translation examples built from the simplex of
CelebA, the Oxford owers dataset, and the animal faces dataset@dl at64 resolution.
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