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ABSTRACT

This paper aims to show that the inference logic of a deep model can be faithfully
approximated as a sparse, symbolic causal graph. Such a causal graph potentially
bridges the gap between connectionism and symbolism. To this end, the faithfulness
of the causal graph is theoretically guaranteed, because we show that the causal
graph can well mimic the model’s output on an exponential number of different
masked samples. Besides, such a causal graph can be further simplified and re-
written as an And-Or graph (AOG), which explains the logical relationship between
interactive concepts encoded by the deep model, without losing much explanation
accuracy. The code will be released when the paper is accepted.

1 INTRODUCTION

Can we faithfully explain the logic encoded by a deep model using a symbolic causal graph? Using
a sparse and symbolic model to explain a black-box deep model may potentially bridge the gap
between connectionism and symbolism. Recently, a line of studies (Frye et al., 2020; Heskes et al.,
2020; Wang et al., 2021) have proposed to use manually defined causal relationship between input
variables to compute their attributions w.r.t. the model output. However, previous studies mainly used
heuristically pre-defined causality to explain deep models, instead of discovering and theoretically
verifying the actual causal patterns used by the deep model for inference.

In this paper, we discover and prove that the inference logic of a deep model on a specific input
sample can usually be represented as a sparse causal graph. Let a deep model have n input variables
(e.g. a sentence with n words). Then, a three-layer causal graph in Fig. 1(b) can mimic the inference
logic of the deep model. Each source node Xi (i = 1, ..., n) in the bottom layer represents the binary
state of whether the i-th input variable is masked (Xi = 0) or not (Xi = 1). Each intermediate node
CS (S = S1, ...,SK) in the causal graph represents the AND relationship between a subset of input
variables. CS indicates the binary state of whether a specific causal pattern is triggered (CS = 1) or
not (CS = 0). For example, in Fig. 1(b), the causal pattern CS is triggered and makes an effect of
“calm down,” if and only if the three words in S = {X4 = take,X5 = it,X6 = easy} co-appear. The
sink node Y in the top layer represents the output of the causal graph.

Then, let us define the faithfulness and conciseness of using the causal graph to explain a deep model.

• Faithfulness. Given an input sample with n variables, there are 2n different ways to randomly
mask input variables. Given any one of all the 2n masked input sample, we prove that the output Y of
the causal graph can always mimic the deep model’s output. This guarantees that the causal graph
encodes the same logic (i.e. the same set of interactive concepts) as the deep model. Thus, we can
consider such a causal graph as a faithful explanation for the inference logic of the deep model.

• Conciseness. Theoretically, the totally precise fitting of the model’s outputs on all the 2n masked
samples requires the causal graph to contain K = 2n nodes in the second layer, which is quite
complex. However, we discover that we can use a very sparse graph with a small number of salient
causal patterns to approximate the deep model’s output in real applications. This is because most
causal patterns have almost zero causal effects on the output Y , and thus can be ignored. In this way,
we propose to learn a small causal graph with a few salient causal patterns to explain the deep model.

Note that since the deep model encodes complex inference logic, different input samples may activate
different sets of salient causal patterns and generate different causal graphs.

1



Under review as a conference paper at ICLR 2023

represented as

𝑥1
Sit

𝑥2
down

𝑥3
and

𝑥4
take

𝑥5
it

𝑥6
easy

…

𝑣(𝒙) 𝑌

𝑤𝒮 = 2.0

…𝐶𝒮1 𝐶𝒮 𝐶𝒮𝐾𝐶𝒮2
…

+

𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6

𝑥1𝑥2 𝑥1𝑥3 𝑥4𝑥5𝑥6 𝑥1𝑥2𝑥5𝑥6… …

+

𝑥1 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6

𝜶=𝑥1𝑥2 𝜷=𝑥5𝑥6

𝜶 𝜶𝜷𝑥1𝑥3 𝑥4𝜷… …

input variables AND node OR node

rewritten as simplified as

(a) (b) (c) (d)

𝒮 = {4, 5, 6}

𝑋1 𝑋2 𝑋3 𝑋4 𝑋5 𝑋6

2.0
2.0

(optional dependencies)

Figure 1: We prove that the inference logic of a deep model (a) can be represented as a causal graph
(b). The causal graph faithfully extracts concepts encoded by the deep model. Besides, the causal
graph can be further simplified as an And-Or graph (AOG) (c,d), which extracts common coalitions.

Furthermore, we propose to summarize common coalitions shared by salient causal patterns to
simplify the causal graph to a deep And-Or graph (AOG), as Fig. 1(c,d) shows.

• Concept discovery. Because we find that we can use a sparse causal graph to faithfully explain
the inference logic of a deep model, we can consider each causal pattern in the graph represents a
specific interactive concept encoded by the deep model. For example, in Fig. 1, the causal pattern
CS represents the AND relationship between words in S = {X4 = take,X5 = it,X6 = easy}. Their
co-appearance will make a causal effect wS = 2.0 of the “calm down” emotion on the model output.
Otherwise, the absence of any words in S will remove the “calm down” effect from the model output.
In particular, the deep model’s output can be written as a structural causal model (SCM) (Pearl, 2009),
which sums up all triggered causal effects, i.e. Y =

∑
S wS · CS .

• Generality of causal patterns. In this study, the causal patterns in the AOG are learned to satisfy the
both requirements for faithfulness and conciseness. More crucially, we prove that the causal pattern
can also explain the elementary mechanism of typical interaction metrics and attribution metrics for
deep models, including the Shapley value (Shapley, 1953), the Shapley interaction index (Grabisch &
Roubens, 1999), and the Shapley-Taylor interaction index (Sundararajan et al., 2020).

Contributions of this paper can be summarized as follows: (1) We discover and prove that the
inference logic of a complex deep model on a certain sample can be represented as a relatively simple
causal graph. (2) Furthermore, such a causal graph can be further simplified as an AOG. (3) The
trustworthiness of using the AOG to explain a DNN is verified in experiments.

2 RELATED WORKS

Explanations for deep models. Many explanation methods have been proposed to explain the
knowledge learned by deep models. Typical explanation methods include the visualization of features
learned by the DNN (Simonyan et al., 2013; Zeiler & Fergus, 2014; Yosinski et al., 2015; Dosovitskiy
& Brox, 2016), and the estimation of the pixel-wise attribution/saliency of input samples (Ribeiro
et al., 2016; Lundberg & Lee, 2017; Fong & Vedaldi, 2017; Zhou et al., 2015; 2016; Selvaraju et al.,
2017). Some studies explained a deep model’s internel logic by distilling the model into another
interpretable symbolic model, e.g. an additive model (Vaughan et al., 2018; Tan et al., 2018) or a
decision tree (Frosst & Hinton, 2017; Che et al., 2016; Wu et al., 2018). Meanwhile, another direction
is to compile the deep model into a set of logical formulas (Ignatiev et al., 2019a;b; Marques-Silva
et al., 2021) or a logical decision graph (Shih et al., 2019). Zhang et al. (2018) used an explanatory
graph to explain a deep model. However, most of these explainer models were mainly learned to fit
the model output, but whether their explanation can faithfully reflect the logic in the deep model is
still an open problem without being fully investigated. In this study, we represent the inference logic
of a deep model as a causal graph, and theoretically prove the faithfulness of such a representation.
Using causality to explain deep models. The framework of causality was originally proposed
to study the causal structure between a set of observed variables (Pearl, 2009; Hoyer et al., 2008).
Recently, many studies have explained DNNs based on causality. For example, some studies (Frye
et al., 2020; Heskes et al., 2020; Wang et al., 2021) proposed attribution methods that considered
manually defined causal relationship hidden in the input. Similarly, Alvarez-Melis & Jaakkola (2017)
and Harradon et al. (2018) extracted the inferring associations between inputs and intermediate
features / outputs. Besides, Chattopadhyay et al. (2019) considered the output of an intermediate
layer of the network as the causal effects of the input of this layer. Janzing et al. (2020) manually set
a number of causal relationships between the input and the output of the DNN to explore algorithmic
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flaws of attribution methods. Instead of manually setting or assuming the causal relationship, we
quantify the exact interactive concepts encoded by the deep model as the causal patterns for inference,
of which the faithfulness is both theoretically guaranteed and experimentally verified. Note that
although the SCM in Eq. (2) seems like a linear model, our method does not explain the DNN in
a similar manner like a bag-of-words model (Sivic & Zisserman, 2003; Csurka et al., 2004). It is
because given different input samples, the DNN may activate different sets of causal patterns.
Interactions. Causal patterns in the proposed causal graph can actually be considered as a specific
type of interactions in game theory. Just like causal effects, interactions are widely used to quantify
numerical effects of interactive concepts between input variables on the deep model’s output (Sorokina
et al., 2008; Murdoch et al., 2018; Singh et al., 2018; Jin et al., 2019; Janizek et al., 2020). In game
theory, the Shapley interaction index (Grabisch & Roubens, 1999) was used by (Lundberg et al.,
2018) to analyze tree ensembles. Sundararajan et al. (2020) defined the Shapley-Taylor interaction
index, and Tsai et al. (2022) proposed the Faith-Shap interaction index. Deng et al. (2022) proved that
DNNs were less likely to encode interactive concepts of intermediate complexity, which was counter-
intuitive. Unlike previous studies, we find that we can use a few causal patterns (i.e., a few interactive
concepts) to faithfully represent the inference logic of a deep model, which is experimentally verified.

3 METHOD

3.1 REPRESENTING A DEEP MODEL’S INFERENCE LOGIC AS A CAUSAL GRAPH

Given a pre-trained deep model v(·) and an input sample x with n variables N = {1, 2, . . . , n} (e.g.,
a sentence with n words), we find that the inference logic of the deep model on sample x can be
represented as a causal graph. As Fig. 1(b) shows, each source node Xi (i = 1, ..., n) in the bottom
layer represents the binary state of whether the i-th input variable is masked (Xi = 0) or not (Xi = 1).
The second layer consists of all causal patterns. Each causal pattern S (S = S1, ...,SK) represents
the AND relationship between a subset of input variables S ⊆N . For example, in Fig. 1(b), the
co-appearance of the three words in S = {take, it, easy} forms a phrase meaning “calm down”. In
other words, only when all the three words are present, the causal pattern S will be triggered, denoted
by CS = 1; otherwise, CS = 0. As the output of the causal graph, the single sink node Y depends
on triggering states CS of all causal patterns in Ω = {S1, ...,SK}. Thus, the transition probability in
this causal graph is given as follows, and Theorem 1 proves that the inference logic of a trained deep
model can be faithfully mimicked by this causal graph.

P (CS = 1|X1, X2, ..., Xn) =
∏

i∈S
Xi, P (Y |{CS |S ∈ Ω}) = 1

(
Y =

∑
S∈Ω

wS · CS

)
, (1)

where P (CS = 0|X1, X2, ..., Xn) = 1 − P (CS = 1|X1, X2, ..., Xn), and 1(·) refers to the indicator
function. wS can be understood as the causal effect of the pattern S to the output Y . Specifically,
each triggered causal pattern CS will contribute a certain causal effect wS to the deep model’s output.
For example, the triggered causal pattern “take it easy” would contribute a significant additional
effect wS >0 that pushes the deep model’s output towards the positive meaning “calm down”. The
quantification of the causal effect wS will be introduced later. According to Eq. (1), the causal
relationship between CS (S = S1, ...,SK) and the output Y of the causal graph can be rewritten as the
following structural causal model (SCM) (Pearl, 2009), i.e., the output Y of the causal graph sums up
causal effects of all triggered causal patterns.

Y
∣∣
X

=
∑

S∈Ω
wS · CS

∣∣
X

(2)

• Faithfulness of the causal graph. Given an input sample x with n variables, we prove that the
inference logic of the deep model on this sample can be faithfully explained as the above causal
graph. Specifically, we have 2n ways to mask input variables in x, and generate 2n different masked
samples. If the output Y of a causal graph can always mimic the deep model’s output on all the 2n

input samples, we can consider that the causal graph is faithful. Note that no matter whether input
variables are dependent or not, the faithfulness will not be affected, i.e., the causal graph can always
accurately mimic the deep model’s output on all 2n possible masked input samples. To this end, given
a subset of input variables S ⊆ N , let xS denote the masked sample, where variables in N\S are
masked, and other variables in S keep unchanged. Let v(xS) and Y (xS) denote the deep model’s
output and the causal graph’s output on this sample xS , respectively.
Theorem 1 (Proof in Appendix C). Given a certain input x, let the causal graph in Fig. 1 encode
2n causal patterns, i.e., K = 2n and Ω = 2N = {S : S ⊆ N}. If the causal effect wS of each causal
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pattern S ∈ Ω is measured by the Harsanyi dividend (Harsanyi, 1963), i.e. wS ≜
∑

S′⊆S(−1)
|S|−|S′| ·

v(xS′), then the causal graph faithfully encodes the inference logic of the deep model, as follows.

∀S ⊆ N , Y (xS) = v(xS) (3)

More crucially, the Harsanyi dividend is the unique metric that satisfies the faithfulness requirement.

Theorem 1 proves the faithfulness of using such a causal graph to represent the inference logic of the
deep model on a certain sample x. However, different samples mainly trigger different sets of causal
patterns and generate different causal graphs. For example, given a cat image, pixels on the head (in
S) may form a head pattern, and the DNN may assign a significant effect wS on the pattern. Whereas,
we cannot find the head pattern in a bus image, so the same set of pixels S in the bus image probably
do not form any meaningful pattern and have ignorable effect wS ≈ 0.

Given the sample x, model outputs on the 2n masked samples can all be accurately mimicked by the
causal graph’s output. Specifically, each masked sample xS is obtained by masking all variables in
N\S using baseline values (Dabkowski & Gal, 2017; Ancona et al., 2019), as follows.

(xS)i =

{
xi, i ∈ S
ri, i ∈ N \S , (4)

where r = [r1, r2, . . . , rn] denotes the baseline values of the n input variables. The deep model’s output
v(xS) is computed by taking the masked sample xS as the input. According to the SCM in Eq. (2),
the corresponding output Y (xS) of the causal graph is computed as Y (xS) =

∑
S∈Ω wS · CS(xS) =∑

S′⊆S wS . In particular, Y (x = xN ) =
∑

S∈Ω wS .

• Generality of causal patterns. Besides, we also prove that the above causal effects wS based
on Harsanyi dividends satisfy the efficiency, linearity, dummy, symmetry, anonymity, recursive, and
interaction distribution axioms in game theory (see Appendix B), which further demonstrates the
trustworthiness of the causal effects. More crucially, we also prove that causal effects wS can explain
the elementary mechanism of existing game-theoretic metrics. For example, both interaction metrics
in Theorems 3 and 4 can be understood as the assignment of causal effects wS to each involved
coalition. Please see Appendix D for the proof and further discussions.

Theorem 2 (Connection to the Shapley value, proved by (Harsanyi, 1963)). Let ϕ(i) denote
the Shapley value (Shapley, 1953) of an input variable i. Then, the Shapley value ϕ(i) can be
explained as the result of uniformly assigning causal effects to each involving variable i, i.e.,
ϕ(i) =

∑
S⊆N\{i}

1
|S|+1

wS∪{i}.

Theorem 3 (Connection to the Shapley interaction index). Given a subset of input variables T ⊆
N , the Shapley interaction index (Grabisch & Roubens, 1999) IShapley(T ) can be represented as
IShapley(T ) =

∑
S⊆N\T

1
|S|+1

wS∪T . In other words, the index IShapley(T ) can be explained as uniformly
allocating causal effects wS′ s.t. S ′ = S ∪ T to the compositional variables of S ′, if we treat the
coalition of variables in T as a single variable.
Theorem 4 (Connection to the Shapley Taylor interaction index). Given a subset of input variables
T ⊆ N , the k-th order Shapley Taylor interaction index (Sundararajan et al., 2020) IShapley-Taylor(T )
can be represented as weighted sum of causal effects, i.e., IShapley-Taylor(T ) = wT if |T | < k;
IShapley-Taylor(T ) =

∑
S⊆N\T

(|S|+k
k

)−1
wS∪T if |T | = k; and IShapley-Taylor(T ) = 0 if |T | > k.

3.2 DISCOVERING AND BOOSTING THE CONCISENESS OF THE CAUSAL GRAPH

Remark 1. Given a deep model v(·) and an input sample x with n variables, we can find a small set
of causal patterns Ω subject to |Ω| ≪ 2n, such that the deep model’s output can be approximated by
the causal graph’s output, i.e. ∀S ⊆ N , Y (xS) ≈ v(xS).

• Discovering the conciseness. Although Theorem 1 indicates that the causal graph needs to encode
2n causal patterns to precisely fit the deep model’s output on all the 2n masked samples, Remark 1
shows a common phenomenon that the causal effects wS extracted from the deep model are usually
very sparse. The sparsity of causal effects is demonstrated in Fig. 2 and 8. Most causal patterns
have little influence on the output with negligible values |wS | ≈ 0, and they are termed noisy causal
patterns. Only a few causal patterns have considerable effects |wS |, and they are termed salient
causal patterns. To this end, we conducted experiments in Section 4.2, and Fig. 4 shows that we
could use a small number of causal patterns (empirically 10 to 100 causal patterns for most deep
models) in Ω to approximate the deep model’s output, as stated in Remark 1.
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• Boosting the conciseness. Inspired by Remark 1, we aim to learn a more concise causal graph. To
this end, we propose the following objective of learning faithful and sparse causal effects wS .

min
w,Ω

unfaith(wΩ) s.t. |Ω|≤M ⇔ min
w,Ω

unfaith(wΩ) s.t. ∥wΩ∥0≤M, unfaith(wΩ)=
∑
S⊆N

[
v(xS)−Y (xS)

]2
(5)

where wΩ
def
= [w′

S1
, w′

S1
, ..., w′

S2n
]. If S ∈ Ω, then w′

S =wS ; otherwise, w′
S =0. The L0-norm ∥wΩ∥0

refers to the number of non-zero elements in wΩ, thereby ∥wΩ∥0 = |Ω|. In this way, the above
objective function enables people to use a small number of causal patterns to explain the deep model.

In this section, we propose several techniques to learn sparse causal effects based on Eq. (5) to
faithfully mimic the deep model’s outputs on numerous masked samples. The following paragraphs
will introduce how to relax the Harsanyi dividend in Theorem 1 by removing noisy causal patterns
and learning the optimal baseline value, so as to boost the sparsity of causal effects. Besides, we also
discovered that adversarial training (Madry et al., 2018) can make the deep model encode much more
sparse causal effects.

First, boosting conciseness by learning the optimal baseline value. In fact, the sparsity of causal
patterns does not only depend on the deep model itself, but it is also determined by the choice
of baseline values in Eq. (4). Specifically, input variables are masked by their baseline values
r = [r1, r2, . . . , rn] to represent their absence states in the computation of causal effects. Thus, wΩ

can be represented as a function of r, i.e., wΩ(r). To this end, some recent studies (Ancona et al.,
2019; Dabkowski & Gal, 2017; Ren et al., 2021) defined baseline values from a heuristic perspective,
e.g. simply using mean/zero baseline values (Dabkowski & Gal, 2017; Sundararajan et al., 2017).
However, it still remains an open problem to define optimal baseline values.

Thus, we further boost the sparsity of causal patterns by learning the optimal baseline values that
enhance the conciseness of the causal graph. However, it is difficult to learn optimal baseline values
by directly optimizing Eq. (5). To this end, we relax the optimization problem in Eq. (5) (L0

regression) as a Lasso regression (L1 regression) as follows.

min
Ω,r

unfaith(wΩ) s.t. ∥wΩ∥0≤M ⇐⇒ min
Ω,r

unfaith(wΩ)+λ∥wΩ∥0
relax
=⇒ min

Ω,r
unfaith(wΩ)+λ∥wΩ∥1

(6)
We learn optimal baseline values by minimizing the loss L(r,Ω) = unfaith(wΩ) + λ · ∥wΩ∥1. More
curcially, the learning of baseline values is the most safe way of optimizing L(r,Ω), because the
change of baseline values always ensures unfaith(w)=0 and just affects ∥wΩ∥1. In this way, learning
baseline values significantly boosts the conciseness of causal effects. In practice, we usually initialize
the baseline value ri as the mean value of the variable i over all samples, and then we constrain ri
within a relatively small range, i.e., ∥ri−rinitial

i ∥2≤τ , to represent the absence state1.

Second, boosting conciseness by neglecting noisy causal patterns. Besides, considering the
optimization problem, we use a greedy strategy to remove the noisy causal patterns from 2N =
{S : S ⊆ N} and keep the salient causal patterns to construct the set Ω ⊆ 2N that minimizes the
loss L(r,Ω) in Eq. (6). It is worth noting that we do not directly learn causal effects by blindly
optimizing Eq. (6), because automatically optimized causal effects usually lacks sufficient support for
their physical meanings, while the setting of Harsanyi dividends is a meaningful interaction metric
in game theory (Harsanyi, 1963). The Harsanyi dividend satisfies the efficiency, linearity, dummy,
symmetry axioms axioms, which ensures the trustworthiness of this metric. In other words, although
automatically optimized causal effects can minimize unfaith(w), they still cannot be considered
as reliable explanations from the perspective of game theory. Thus, we only recursively remove
noisy causal patterns from Ω to update Ω, i.e., Ω←Ω\{S}, without creating any new causal effect
outside the paradigm of the Harsanyi dividends in Theorem 1. Specifically, we remove noisy causal
patterns by following a greedy strategy, i.e., iteratively removing the noisy causal pattern such that
unfaith(wΩ) is minimized in each step. In this way, we just use the set of retained causal patterns,
denoted by Ω, to approximate the output, i.e., v(x) ≈ Y (x) =

∑
S∈Ω wS · CS(x) =

∑
S∈Ω wS .

Ratio of the explained causal effects RΩ. We propose a metric RΩ to quantify the ratio of the explained
causal effects (i.e., salient causal patterns in Ω) to the overall model output.

RΩ =

∑
S∈Ω |wS |∑

S∈Ω |wS |+ |∆|
(7)

1The setting of τ is introduced in Section 4.2. Please see Appendix E and F for more discussions.
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Figure 2: AOGs that explained correct predictions made by the neural network. The networks were
trained on (left) the CoLA dataset and (right) the SST-2 dataset, respectively. The red color of nodes
in the second layer indicates causal patterns with positive effects, while the blue color represents
patterns with negative effects. Red edges indicate the parse graph of a causal pattern.

where ∆ = v(x)−
∑

S∈ΩwS denotes effects of the unexplained causal patterns. Besides RΩ, Ap-
pendix H.9 also shows another metric for the explained effects.
Third, discovering that adversarial training boosts the conciseness. As discussed in Section 4.3,
we also discover that adversarial training (Madry et al., 2018) makes the deep model encode more
sparse causal patterns than standard training, thus boosting the conciseness of the causal graph.

3.3 REWRITING THE CAUSAL GRAPH AS AN AOG

In this section, we show that the above causal graph can be rewritten into an And-Or graph (AOG),
which summarizes common coalitions shared by different causal patterns to further simplify the
explanation. According to the SCM in Eq. (2), the causal graph in Section 3.1 actually represents the
And-Sum representation encoded by the deep model, i.e., v(x) ≈

∑
S∈Ω wS · CS(x) =

∑
S∈Ω wS . In

fact, such And-Sum representation can be equivalently transformed into an AOG.

The AOG is a hierarchical graphical model that encodes how semantic patterns are formed for
inference, which has been widely used for interpretable knowledge representation (Li et al., 2019;
Zhang et al., 2020), object detection (Song et al., 2013), etc. The structure of a simple three-layer
AOG is shown in Fig. 1(c). Just like the causal graph in Fig. 1(b), at the bottom layer of the AOG in
Fig. 1(c), there are n leaf nodes representing n variables of the input sample. The second layer of the
AOG has multiple AND nodes, each representing the AND relationship between its child nodes. For
example, the AND node x4x5x6 indicates the causal pattern S = {x4, x5, x6} with the causal effect
wS = 2.0. The root node is a noisy OR node (as discussed in (Li et al., 2019)), which sums up effects
of all its child AND nodes to mimic the model output, i.e., output =

∑
S∈Ω wS · CS .

Furthermore, in order to simplify the AOG, we extract common coalitions shared by different causal
patterns as new nodes to construct a deeper AOG. For example, in Fig. 1(c), input variables x5

and x6 frequently co-appear in different causal patterns. Thus, we consider x5, x6 as a coalition
and add an AND node β = {x5, x6} to represent their co-appearance. Accordingly, the pattern
{x4, x5, x6} is simplified as {x4, β} (see Fig. 1(d)). Therefore, for each coalition / causal pattern S
in an intermediate layer, its triggering state CS =

∏
S′∈Child(S) CS′ , where Child(S) denotes all input

variables or coalitions composing S. I.e., each coalition / causal pattern S is triggered if and only if
all its child nodes in Child(S) are triggered.

In order to extract common coalitions, we use the minimum description length (MDL) princi-
ple (Hansen & Yu, 2001) to learn the AOG g as the simplest description of causal patterns. The
MDL principle is widely used in information theory to balance the model (graph) complexity and the
complexity of using the model to describe data (causal patterns). Given an AOG g and input variables
N , letM=N∪Ωcoalition denote the set of all leaf nodes and AND nodes in the bottom two layers, e.g.
M=N∪Ωcoalition ={x1, x2, ..., x6}∪{α, β} in Fig. 1(d). The objective of minimizing the description
length L(g,M) is given as follows.

min
M

L(g,M) s.t. L(g,M) = L(M)︸ ︷︷ ︸
complexity (length) of describing the set of nodes M

+ LM(g)︸ ︷︷ ︸
complexity (length) of using nodes in M to describe patterns in g

(8)

The MDL principle usually formulates the complexity (description length) of the set of nodesM as the
entropy L(M)=−κ

∑
m∈M p(m) log p(m). We set the occurring probability p(m) of the node m∈M

proportional to the overall strength of causal effects of the node m’s all parent nodes S, Child(S)∋m.
∀m∈M, p(m)=count(m)/

∑
m′∈M count(m′) s.t. count(m)=

∑
S∈Ω:Child(S)∋m |wS |. κ=10/Z is a scalar

weight, where Z=
∑

S∈Ω |wS |. The second term LM(g)=−ES∼p(S|g)
∑

m∈S log p(m) represents
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w{she, was} = -4.28

label: grammatically wrong
prediction: grammatically correct

w{John, placed} = -3.92

label: grammatically correct
prediction: grammatically wrong towards

correct
prediction

towards
wrong

prediction

Figure 3: AOGs for a network trained on the CoLA
dataset. We randomly highlight a parse graph
(blue) in the AOG.

Table 1: IoU (↑) on the synthesized datasets. The
AOG explainer correctly extracted causal patterns.

Dataset Model
Average IoU

SI STI
(k=2)

STI
(k=3) ours

Add-Mul dataset
(Zhang et al., 2021) functions in

the dataset
0.61 0.27 0.55 1.00

(Ren et al., 2021) 0.99 0.50 0.59 1.00
Manually labeled
And-Or dataset

MLP-5 0.87 0.35 0.69 0.97
ResMLP-5 0.90 0.35 0.69 0.98

the complexity (description length) of using nodes inM to describe all causal patterns in g. The
appearing probability of the causal pattern S in the AOG g is sampled as p(S|g)∝ |wS |. The loss
L(g,M) can be minimized by recursively adding common coalitions intoM via the greedy strategy
by following (Hansen & Yu, 2001). Please see Appendix G for more discussions.

Limitations of the AOG explainer. Since the AOG explainer is built on a specific input sample, an
AOG can only explain the inference logic of the deep model on a specific sample, instead of encoding
the common logic of different samples. In other words, we cannot replace the deep model with
the AOG explainer for inference. Besides, although we prove that the AOG explainer is the unique
faithful explanation, it is still far from a computationally efficient explanation. Thus, extending the
theoretical solution to the practical one is our future work, e.g. developing approximated methods or
accelerating techniques for computation.

4 EXPERIMENTS

Datasets and models. We focused on both tasks of natural language processing and the classifica-
tion/regression task based on tabular datasets. For the natural language processing, we explained
LSTMs (Hochreiter & Schmidhuber, 1997) and CNNs used in (Rakhlin, 2016). Each model was
trained for sentiment classification on the SST-2 dataset (Socher et al., 2013) or for linguistic accept-
ability classification on the CoLA dataset (Warstadt et al., 2019), respectively. The tabular datasets
included the UCI census income dataset (Dua & Graff, 2017), the UCI bike sharing dataset (Dua
& Graff, 2017), and the UCI TV news channel commercial detection dataset (Dua & Graff, 2017).
These datasets were termed census, bike, and TV news for simplicity. Each tabular dataset was used
to train MLPs, LightGBM (Ke et al., 2017), and XGBoost (Chen & Guestrin, 2016). For MLPs,
we used two-layer MLPs (namely MLP-2) and five-layer MLPs (namely MLP-5), where each layer
contained 100 neurons. Besides, we added a skip-connection to each layer of the MLP-5 to build
ResMLP-5. Please see Appendix H.1 for more details.

Explaining representation flaws of deep models. Fig. 2 and Fig. 3 show AOG explanations for
correct predictions and incorrect predictions, respectively. The highlighted parse graph in each figure
correspond to a single causal pattern. We only visualized a single parse graph in each AOG for clarity.
Results show that the AOG explainer could reveal the representation flaws that were responsible for
incorrect predictions. For example, local correct grammar “she was” in Fig. 3(left) was mistakenly
learned to make negative impacts on the linguistic acceptability of the whole sentence. The phrase
“John placed” in Fig. 3(right) directly hurt the linguistic acceptability without considering the complex
structure of the sentence. Please see Appendix H.4 for more results.

4.1 EXAMINING WHETHER THE AOG EXPLAINER REFLECTS FAITHFUL CAUSALITY

In this section, we proposed two metrics to examine whether the AOG explainer faithfully reflected
the inference logic encoded by deep models.
Metric 1: intersection over union (IoU) between causal patterns in the AOG explainer and
ground-truth causal patterns. This metric evaluated whether causal patterns (nodes) in the AOG
explainer correctly reflected the interactive concepts encoded by the model. Given a model and an
input sample, let m denote the number of ground-truth causal patterns m = |Ωtruth| in the input. Then,
for fair comparisons, we also used m causal patterns Ωtop-m in the AOG explainer with the top-m causal
effects |wS |. We measured the IoU between Ωtruth and Ωtop-m as IoU = |Ωtop-m ∩ Ωtruth|/|Ωtop-m ∪ Ωtruth|
to evaluate the correctness of the extracted causal patterns in the AOG explainer. A higher IoU value
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Table 2: Unfaithfulness ρunfaith (↓) of different explanation
methods. Our AOG exhibited the lowest unfaithfulness.

Explanation methods TV news census bike
MLP-5 ResMLP-5 MLP-5 ResMLP-5 MLP-5 ResMLP-5

Attribution
-based

explanations

Shapley 125.5 130.8 55.6 51.4 1.1E+4 7953.9
I×G 738.7 2586.1 408.1 1325.1 1.4E+5 1.1E+5
LRP 317.6 9.4E+4 155.1 1.4E+04 1.4E+5 5.8E+8
OCC 1386.2 1117.5 638.7 287.4 6.2E+4 3.7E+4

Interaction
-based

explanations

SI 6231.2 5598.6 2726.1 2719.0 1.2E+5 1.2E+5
STI (k=2) 182.0 236.0 34.7 38.8 7685.0 5219.8
STI (k=3) 177.7 252.4 41.0 60.5 1.0E+4 5045.8

ours 9.4E-12 1.1E-11 8.5E-12 8.5E-12 2.6E-9 1.9E-9

Table 3: Jaccard similarity between two
models. Two adversarially trained mod-
els were more similar than two nor-
mally trained ones.

TV news census bike

MLP-2 normal 0.5965 0.4899 -
adversarial 0.6109 0.6292 -

MLP-5 normal 0.3664 0.2482 0.3816
adversarial 0.6304 0.4971 0.4741

ResMLP-5 normal 0.3480 0.2764 0.3992
adversarial 0.5731 0.4489 0.4491

means a larger overlap between the ground-truth causal patterns and the extracted causal patterns,
which indicates higher correctness of the extracted causal patterns.

However, for most datasets and models, people could not annotate the ground-truth patterns, as
discussed in (Zhang et al., 2021). Therefore, we used the off-the-shelf functions with ground-truth
causal patterns in the Addition-Multiplication (Add-Mul) dataset (Zhang et al., 2021) and the dataset
proposed in (Ren et al., 2021), to test whether the learned AOGs could faithfully explain these
functions. The ground-truth causal patterns of functions in both datasets can be easily determined.
For example, for the function y = x1x3 + x3x4x5 + x4x6, xi ∈ {0, 1} in the Add-Mul dataset, the
ground-truth causal patterns are Ωtruth = {{x1, x3}, {x3, x4, x5}, {x4, x6}} given the input sample
x=[1, 1, ..., 1]. It was because the co-appearance of variables in each causal pattern would contribute
1 to the output score y. Similarly, we also constructed a dataset containing pre-defined And-Or
functions with ground-truth causal patterns, namely the manually labeled And-Or dataset (see
Section H.5). Then, we learned the aforementioned MLP-5 and ResMLP-5 networks to regress each
And-Or function. We considered causal patterns in such And-Or functions as ground-truth causal
patterns in the neural networks.

Actually, previous studies usually did not directly extract causal patterns from a trained DNN at
as a low level as input units. To this end, interaction metrics (such as the Shapley interaction (SI)
index (Grabisch & Roubens, 1999) and the Shapley-Taylor interaction (STI) index (Sundararajan
et al., 2020)) were widely used to quantify numerical effects of different interactive patterns between
input variables on the network output. Thus, we computed interactive patterns with top-ranked SI
values, or patterns with top-ranked STI values of orders k=2 and k=3, as competing causal patterns
for comparison. Based on the IoU score defined above, Table 1 shows that our AOG explainer
successfully explained much more causal patterns than other interaction metrics.

Metric 2: evaluating faithfulness of the the AOG explainer. We also proposed a metric ρunfaith

to evaluate whether an explanation method faithfully extracted causal effects encoded by deep
models. As discussed in Section 3.2, if the quantified causal effects w are faithful, then they
are supposed to minimize unfaith(w). Therefore, according to the SCM in Eq. (2), we defined
ρunfaith = ES⊆N [v(xS) −

∑
S′⊆S wS′)]2 to measure the unfaithfulness. As mentioned above, we

considered the SI values and STI values as numerical effects wS of different interactive patterns S on
a DNN’s inference. Besides, we could also consider that attribution-based explanations quantified
the causal effect w{i} of each single variable i. Therefore, Table 2 compares the extracted causal
effects in the AOG with SI values, STI values, and attribution-based explanations (including the
Shapley value (Shapley, 1953), Input×Gradient (Shrikumar et al., 2016), LRP (Bach et al., 2015),
and Occlusion (Zeiler & Fergus, 2014)). Our AOG explainer exhibited much lower ρunfaith values than
baseline methods.

4.2 CONCISENESS OF THE AOG EXPLAINER

The conciseness of an AOG depends on a trade-off between the ratio of the explained causal effects
RΩ and simplicity of the explanation. In this section, we evaluated effects of baseline values on the
simplicity of the AOG explainer, and examined the relationship between the ratio of causal effects
being explained and the simplicity of the AOG explainer.
Effects of baseline values on the conciseness of explanations. In this experiment, we explored
whether the learning of baseline values in Section 3.2 could boost the sparsity of causal patterns. To
this end, we followed (Dabkowski & Gal, 2017) to initialize baseline values of input variables as
their mean values over different samples. Then, we learned baseline values via Eq. (6). The baseline
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Figure 4: (a) The change of RΩ (the ratio of the explained causal effects) along with the number of
causal patterns |Ω| in AOGs. (b, c) The change of the node number and the edge number in AOGs
along with RΩ. AOGs corresponding to adversarially trained models were less complex than AOGs
w.r.t. normally trained models. (d) The histogram of the re-scaled causal effects. The learned baseline
values boosted the sparsity of causal patterns in the AOG explainer.

value ri of each input variable i was constrained within a certain range around the data average, i.e.,
∥ri − Ex[xi]∥2 ≤ τ . In experiments, we set τ=0.01·Varx[xi], where Varx[xi] denotes the variance of
the i-th input variable over different samples. Fig. 4(d) shows the histogram of the relative strength of
causal effects |wS |

maxS′⊆N |wS′ | , which was re-scaled to the range of [0, 1]. Compared with mean baseline
values, the learned baseline values usually generated fewer causal patterns with significant strengths,
which boosted the sparsity of causal effects and enhanced the conciseness of explanations. In this
experiment, we used MLP-5 and computed the re-scaled strengths of causal effects with training
samples in the TV news dataset. Please see Appendix H.10 for more experimental results.
Ratio of the explained causal effects RΩ. There was a trade-off between faithfulness (the ratio
of explained causal effects) and conciseness of the AOG. A good explanation was supposed to
improve the simplicity while keeping a large ratio of causal effects being explained. As discussed in
Section 3.2, we just used causal patterns in Ω to approximate the model output. Fig. 4(a) shows the
relationship between |Ω| and the ratio of the explained causal effects RΩ in different models based on
the TV news dataset. When we used a few causal patterns, we could explain most effects of causal
patterns to the model output. Fig. 4(b,c) shows that the node and edge number of the AOG increased
along with the increase of RΩ. Please see Appendix H.8 for results on other datasets.

4.3 EFFECTS OF ADVERSARIAL TRAINING

In this experiment, we learned MLP-2, MLP-5, and ResMLP-5 on the TV news dataset via adversarial
training (Madry et al., 2018). Fig. 4(a) shows that compared with normally trained models, we could
use less causal patterns (smaller |Ω|) to explain the same ratio of causal effects RΩ in adversarially
trained models. Moreover, Fig. 4(b,c) also shows that AOGs for adversarially trained models
contained even less nodes and edges than AOGs for normally trained models. This indicated that
adversarial training made models encode more sparse causal patterns than normal training.
Besides, adversarial training also made different models encode common patterns. To this end, we
trained different pairs of models with the same architecture but with different initial parameters.
Given the same input, we measured the Jaccard similarity coefficient between causal effects of each
pair of models, in order to examine whether the two models encoded similar causal patterns. Let wS
and w′

S denote causal effects in the two models. The Jaccard similarity coefficient was computed
as J=

∑
S⊆N min(|wS |,|w′

S |)∑
S⊆N max(|wS |,|w′

S |) . A high Jaccard similarity indicated that the two models encoded similar
causal patterns for inference. Table 3 shows that the similarity between two adversarially trained
models was significantly higher than that between two normally trained models. This indicated
adversarial training made different models encode common causal patterns for inference.

5 CONCLUSION

In this paper, we show that the inference logic of a deep model can usually be represented as a sparse
causal graph. To this end, we theoretically prove and experimentally verify the faithfulness of using a
sparse causal graph to explain the interactive concepts encoded in a DNN. We also propose several
techniques to boost the conciseness of such causal representation. Furthermore, we show that such
a causal graph can be rewritten as an AOG, which further simplifies the explanation. The AOG
explainer provides new insights for understanding the inference logic of deep models.
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ETHICS STATEMENT

This study focused on understanding the inference logic of a trained deep model. Our work shed new
insights for research fields including explainable AI (XAI), and provided new mathematical tools
to analyze deep models. Specifically, we proposed the AOG explainer for understanding the deep
model, whose faithfulness was theoretically guaranteed (Section 3.1). We also developed several
techniques to further simplify the explanation (Section 3.2, 3.3). As a generic mathematical tool
to analyze deep models, we have applied the proposed method to various deep models, including
LightGBM, XGBoost, and deep neural networks. Experimental results provided new insights for
understanding the inference logic of deep models.

REPRODUCIBILITY STATEMENT

Most work in this study is to theoretically derive the faithfulness of the proposed causal graph and
AOG explainer. Therefore, there is no problem with the reproducibility. Appendix C and Appendix D
provide proofs for all theoretical results in the paper. Besides, we have discussed all experimental
details about datasets, models, and details for building the AOG in Section 3.3 and Appendix H,
which ensures the reproducibility. Furthermore, we will release the code when the paper is accepted.
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A INTERACTIVE DEMOS OF AOGS

We provide several interactive demos of AOGs (named by *.html under the supplementary zip
file) for better visualization and understanding of AOGs. Each html file corresponds to the AOG
explainer for the model inference on an input sample. When the user hovers on each causal pattern
in the AOG, its corresponding parse graph will be highlighted, which shows the causal effect of a
certain causal pattern. Note that these interactive demos are all local html scripts rather than online
web pages, and they contain no affiliation and personal information. Please see Section H.2 and
Section H.4 for more discussions and static visualizations of the AOGs.

B HARSANYI DIVIDEND

This section revisits the definition of the Harsanyi dividend (Harsanyi, 1963), which is a typical
metric in game theory. In this paper, the causal effect wS of each pattern S is quantified based on the
Harsanyi dividend. In game theory, a complex system (e.g. a deep model) can usually be considered
as a game. Each input variable is a player of the game, and the output of this system is the reward
obtained by some subset of players. Specifically, let us consider a deep model and an input sample x
with n variables (e.g. a sentence with n words) N = {1, 2, ..., n}. The deep model can be understood
as a game v(·). In this game, input variables in N do not contribute to the model output individually.
Instead, they interact with each other to form concepts (causal patterns) for inference. Each concept
S ⊆ N will add a certain causal effect to the model output. In this paper, we prove in Theorem 1 that
the Harsanyi dividend wS is the unique faithful metric to quantify such causal effects.

wS =
∑
S′⊆S

(−1)|S
′|−|S| · v(xS′), (9)

where v(xS) denote the model output when only variables in the subset S ⊆ N are given, and all
other variables are masked using their baseline values.

In this paper, we also prove that the Harsanyi dividend wS satisfies seven desirable axioms, including
the efficiency, linearity, dummy, symmetry, anonymity, recursive and interaction distribution axioms,
which demonstrates its trustworthiness.

(1) Efficiency axiom (proved by (Harsanyi, 1963)). The output score of a model can be decomposed
into effects of different causal patterns, i.e. v(x) =

∑
S⊆N wS .

(2) Linearity axiom. If we merge output scores of two models t(·) and u(·) as the output of model
v(·), i.e. ∀S ⊆ N , v(xS) = t(xS) + u(xS), then the corresponding causal effects wt

S and wu
S can also

be merged as ∀S ⊆ N , wv
S = wt

S + wu
S .

(3) Dummy axiom. If a variable i ∈ N is a dummy variable, i.e. ∀S ⊆ N\{i}, v(xS∪{i}) =
v(xS) + v(x{i}), then it has no causal effect with other variables, ∀S ⊆ N\{i}, wS∪{i} = 0.

(4) Symmetry axiom. If input variables i, j ∈ N cooperate with other variables in the same way,
∀S ⊆ N\{i, j}, v(xS∪{i}) = v(xS∪{j}), then they have same causal effects with other variables,
∀S ⊆ N\{i, j}, wS∪{i} = wS∪{j}.

(5) Anonymity axiom. For any permutations π onN , we have ∀S⊆N , wv
S =wπv

πS , where πS≜{π(i)|i∈
S}, and the new model πv is defined by (πv)(xπS)=v(xS). This indicates that causal effects are not
changed by permutation.

(6) Recursive axiom. The causal effects can be computed recursively. For i ∈ N and S ⊆ N\{i},
the causal effect of the pattern S ∪ {i} is equal to the causal effect of S with the presence of i
minus the causal effect of S with the absence of i, i.e. ∀S ⊆ N \{i}, wS∪{i} = wS|i present − wS .
wS|i present denotes the causal effect when the variable i is always present as a constant context, i.e.
wS|i present =

∑
S′⊆S(−1)

|S|−|S′| · v(xS′∪{i}).

(7) Interaction distribution axiom. This axiom characterizes how causal effects are distributed for a
class of “interaction functions” (Sundararajan et al., 2020). An interaction function vT parameterized
by a subset of variables T is defined as follows. ∀S ⊆ N , if T ⊆ S, vT (xS) = c; otherwise,
vT (xS) = 0. The function vT purely models the causal effect of the pattern T , because only if all
variables in T are present, the output value will be increased by c. The causal effects encoded in the
function vT satisfy wT = c, and ∀S ≠ T , wS = 0.
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More crucially, we have also proved that causal effects wS based on the Harsanyi dividend can explain
the elementary mechanism of existing game-theoretic attributions/interactions, as follows.

Theorem 5 (Connection to the marginal benefit (Grabisch & Roubens, 1999)). ∆vT (xS) =∑
T ′⊆T (−1)|T |−|T ′|v(xT ′∪S) denotes the marginal benefit of variables in T ⊆ N \ S given the

environment S. We have proven that ∆vT (xS) can be decomposed into the sum of causal effects
inside T and sub-environments of S, i.e. ∆vT (xS) =

∑
S′⊆S wT ∪S′ .

Theorem 2 (Connection to the Shapley value (Shapley, 1953), proved by (Harsanyi, 1963)).
Let ϕ(i) denote the Shapley value of an input variable i. Then, the Shapley value ϕ(i) can be
explained as the result of uniformly assigning causal effects to each involving variable i, i.e.,
ϕ(i) =

∑
S⊆N\{i}

1
|S|+1

wS∪{i}. This theorem also proves that the Shapley value is a fair assign-
ment of attributions from the perspective of causal effects, as shown in Figure 5.

Theorem 3 (Connection to the Shapley interaction index (Grabisch & Roubens, 1999)). Given a
subset of input variables T ⊆ N , the Shapley interaction index IShapley(T ) can be represented as
IShapley(T ) =

∑
S⊆N\T

1
|S|+1

wS∪T . In other words, the index IShapley(T ) can be explained as uniformly
allocating causal effects wS′ s.t. S ′ = S ∪ T to the compositional variables of S ′, if we treat the
coalition of variables in T as a single variable.

Theorem 4 (Connection to the Shapley Taylor interaction index (Sundararajan et al., 2020)). Given a
subset of input variables T ⊆ N , the k-th order Shapley Taylor interaction index IShapley-Taylor(T ) can be
represented as weighted sum of causal effects, i.e., IShapley-Taylor(T ) = wT if |T | < k; IShapley-Taylor(T ) =∑

S⊆N\T
(|S|+k

k

)−1
wS∪T if |T | = k; and IShapley-Taylor(T ) = 0 if |T | > k.

C THE PROOF OF THEOREM 1 IN THE MAIN PAPER

Theorem 1. Given a certain input x, let the causal graph in Fig. 1 encodes 2n causal patterns,
i.e., K = 2n and Ω = 2N = {S : S ⊆ N}. If the causal effect wS of each causal pattern S ∈ Ω is
measured by the Harsanyi dividend (Harsanyi, 1963), i.e. wS ≜

∑
S′⊆S(−1)

|S|−|S′| · v(xS′), then the
causal graph faithfully encodes the inference logic of the deep model, as follows.

∀S ⊆ N , Y (xS) = v(xS) (10)

More crucially, the Harsanyi dividend is the unique metric that satisfies the faithfulness requirement.

• Proof: We only need to prove the following two statements. (1) Necessity: the causal graph
based on Harsanyi dividends wS satisfies the faithfulness requirement ∀S ⊆ N , Y (xS)=v(xS). (2)
Sufficiency: if there exists another metric w̃S that also satisfies the faithfulness requirement, then, it
is equivalent to the Harsanyi dividend, i.e. ∀S ⊆ N , w̃S = wS .

According to the SCM in Eq. (2), we have Y (xS) =
∑

S′∈Ω wS′ · CS′(xS) =
∑

S′⊆S wS′ . Therefore,
the faithfulness requirement can be equivalently re-written as ∀S ⊆ N , v(xS) =

∑
S′⊆S wS′ .

Proof for necessity. According to the definition of the Harsanyi dividend, we have ∀S ⊆ N ,∑
S′⊆S

wS′ =
∑
S′⊆S

∑
L⊆S′

(−1)|S
′|−|L|v(xL)

=
∑
L⊆S

∑
S′⊆S:S′⊇L

(−1)|S
′|−|L|v(xL)

=
∑
L⊆S

|S|∑
s′=|L|

∑
S′⊆S:S′⊇L

|S′|=s′

(−1)s
′−|L|v(xL)

=
∑
L⊆S

v(xL)

|S|−|L|∑
m=0

(
|S| − |L|

m

)
(−1)m = v(xS)

Proof for sufficiency. Suppose there exists another metric w̃S that satisfies ∀S ⊆ N , v(xS) =∑
S′⊆Sw̃S′ . Then, we prove w̃S = wS by induction on the number of variables |S| in the causal

pattern.
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(Basis step) When |S| = 0, i.e. S = ∅, we have w̃∅ = v(x∅) = w∅. Similarly, it can be directly
derived that when |S| = 1, i.e. S = {i}, w̃{i} = v(x{i})− v(x∅) = w{i}; when |S| = 2, i.e. S = {i, j},
w̃{i,j} = v(x{i,j})− v(x{i})− v(x{j}) + v(x∅) = w{i,j}.

(Induction step) Suppose w̃S = wS holds for any S with |S| = s ≥ 2. Then, for |S| = s+ 1, we have

v(xS) =
∑
S′⊆S

w̃S′ = w̃S +
∑
S′⊊S

w̃S′

=w̃S +
∑
S′⊊S

∑
L⊆S′

(−1)|S
′|−|L|v(xL) // by the induction assumption

=w̃S +
∑
L⊊S

∑
S′⊊S:L⊆S′

(−1)|S
′|−|L| · v(xL)

=w̃S +
∑
L⊊S

|S|−1∑
s′=|L|

∑
S′⊊S:L⊆S′

|S′|=s′

(−1)s
′−|L| · v(xL)

=w̃S +
∑
L⊊S

v(xL)

|S|−1∑
s′=|L|

(
|S| − |L|
s′ − |L|

)
(−1)s

′−|L|

=w̃S +
∑
L⊊S

v(xL)

|S|−|L|−1∑
m=0

(
|S| − |L|

m

)
(−1)m︸ ︷︷ ︸

0−(−1)|S|−|L|

=w̃S −
∑
L⊊S

(−1)|S|−|L|v(xL).

In this way, we have

w̃S = v(xS) +
∑
L⊊S

(−1)|S|−|L|v(xL) =
∑
L⊆S

(−1)|S|−|L|v(xL) = wS .

Therefore, the Harsanyi dividend is the unique metric that satisfies the faithfulness requirement.

D PROOFS OF AXIOMS AND THEOREMS FOR THE HARSANYI DIVIDEND

D.1 PROOFS OF AXIOMS

In this section, we prove that the Harsanyi dividend wS satisfies the efficiency, linearity, dummy,
symmetry, anonymity, recursive, and interaction distribution axioms.

(1) Efficiency axiom. The output score of a model can be decomposed into effects of different causal
patterns, i.e. v(x) =

∑
S⊆N wS .

• Proof: According to the definition of the Harsanyi dividend, we have∑
S⊆N

wS =
∑
S⊆N

∑
S′⊆S

(−1)|S|−|S′| · v(xS′)

=
∑

S′⊆N

∑
S:S′⊆S⊆N

(−1)|S|−|S′| · v(xS′)

=
∑

S′⊆N

n∑
s=|S′|

∑
S:S′⊆S⊆N

|S|=s

(−1)s−|S′|v(xS′)

=
∑

S′⊆N

v(xS′)

n−|S′|∑
m=0

(
n− |S ′|

m

)
(−1)m

=v(x) // the only case that cannot be cancelled out is S ′ = N

(2) Linearity axiom. If we merge output scores of two models t(·) and u(·) as the output of model
v(·), i.e. ∀S ⊆ N , v(xS) = t(xS) + u(xS), then the corresponding causal effects wt

S and wu
S can also

be merged as ∀S ⊆ N , wv
S = wt

S + wu
S .
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• Proof: According to the definition of the Harsanyi dividend, we have

wv
S =

∑
S′⊆S

(−1)|S|−|S′|v(xS)

=
∑
S′⊆S

(−1)|S|−|S′|[t(xS) + u(xS)]

=
∑
S′⊆S

(−1)|S|−|S′|t(xS) +
∑
S′⊆S

(−1)|S|−|S′|u(xS)

=wt
S + wu

S .

(3) Dummy axiom. If a variable i ∈ N is a dummy variable, i.e. ∀S ⊆ N\{i}, v(xS∪{i}) =
v(xS) + v(x{i}), then it has no causal effect with other variables, ∀S ⊆ N\{i}, wS∪{i} = 0.

• Proof: According to the definition of the Harsanyi dividend, we have

wS∪{i} =
∑

S′⊆S∪{i}

(−1)|S|+1−|S′|v(xS′)

=
∑
S′⊆S

(−1)|S|+1−|S′|v(xS′) +
∑
S′⊆S

(−1)|S|−|S′|v(xS′∪{i})

=
∑
S′⊆S

(−1)|S|+1−|S′|v(xS′) +
∑
S′⊆S

(−1)|S|−|S′|[v(xS) + v(x{i})]

=
[ ∑
S′⊆S

(−1)|S|−|S′|
]
· v(x{i})

=0.

(4) Symmetry axiom. If input variables i, j ∈ N cooperate with other variables in the same way,
∀S ⊆ N\{i, j}, v(xS∪{i}) = v(xS∪{j}), then they have same causal effects with other variables,
∀S ⊆ N\{i, j}, wS∪{i} = wS∪{j}.

• Proof: According to the definition of the Harsanyi dividend, we have

wS∪{i} =
∑

S′⊆S∪{i}

(−1)|S|+1−|S′|v(xS′)

=
∑
S′⊆S

(−1)|S|+1−|S′|v(xS′) +
∑
S′⊆S

(−1)|S|−|S′|v(xS′∪{i})

=
∑
S′⊆S

(−1)|S|+1−|S′|v(xS′) +
∑
S′⊆S

(−1)|S|−|S′|v(xS′∪{j})

=
∑

S′⊆S∪{j}

(−1)|S|+1−|S′|v(xS′)

=wS∪{j}.

(5) Anonymity axiom. For any permutations π on N , we have ∀S ⊆ N , wv
S = wπv

πS , where πS ≜
{π(i)|i∈S}, and the new model πv is defined by (πv)(xπS)=v(xS). This indicates that causal effects
are not changed by permutation.

• Proof: According to the definition of the Harsanyi dividend, we have

wπv
πS =

∑
S′⊆S

(−1)|S|−|S′|(πv)(xπS′)

=
∑
S′⊆S

(−1)|S|−|S′|v(xS′)

=wv
S .

(6) Recursive axiom. The causal effects can be computed recursively. For i ∈ N and S ⊆ N\{i},
the causal effect of the pattern S ∪ {i} is equal to the causal effect of S with the presence of i
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minus the causal effect of S with the absence of i, i.e. ∀S ⊆ N \{i}, wS∪{i} = wS|i present − wS .
wS|i present denotes the causal effect when the variable i is always present as a constant context, i.e.
wS|i present =

∑
S′⊆S(−1)

|S|−|S′| · v(xS′∪{i}).

• Proof: According to the definition of the Harsanyi dividend, we have

wS∪{i} =
∑

S′⊆S∪{i}

(−1)|S|+1−|S′|v(xS′)

=
∑
S′⊆S

(−1)|S|+1−|S′|v(xS′) +
∑
S′⊆S

(−1)|S|−|S′|v(xS′∪{i})

=
∑
S′⊆S

(−1)|S|−|S′|v(xS′∪{i})−
∑
S′⊆S

(−1)|S|−|S′|v(xS′)

=wS|i present − wS .

(7) Interaction distribution axiom. This axiom characterizes how causal effects are distributed for a
class of “interaction functions” (Sundararajan et al., 2020). An interaction function vT parameterized
by a subset of variables T is defined as follows. ∀S ⊆ N , if T ⊆ S, vT (xS) = c; otherwise,
vT (xS) = 0. The function vT purely models the causal effect of the pattern T , because only if all
variables in T are present, the output value will be increased by c. The causal effects encoded in the
function vT satisfy wT = c, and ∀S ≠ T , wS = 0.

• Proof: If S ⊊ T , we have
wS =

∑
S′⊆S

(−1)|S|−|S′| · v(xS′)︸ ︷︷ ︸
∀S′⊆S⊊T ,v(xS′ )=0

= 0.

If S = T , we have

wS =wT =
∑
S′⊆T

(−1)|T |−|S′|v(xS′)

=v(T ) +
∑
S′⊊T

(−1)|T |−|S′| v(xS′)︸ ︷︷ ︸
=0

= c.

If S ⊊ T , we have

wS =
∑
S′⊆S

(−1)|S|−|S′|v(xS′)

=c ·
∑
S′⊆S
S′⊇T

(−1)|S|−|S′|

=c ·
|S|−|T |∑
m=0

(
|S| − |T |

m

)
(−1)m = 0.

D.2 PROOFS OF THEOREMS

In this section, we prove connections between the Harsanyi dividend wS and several game-theoretic
attributions/interactions. We first prove Theorem 5, which can be seen as the foundation for proofs of
Theorem 2, 3, and 4.

Theorem 5 (Connection to the marginal benefit). Let ∆vT (xS) =
∑

T ′⊆T (−1)|T |−|T ′|v(xT ′∪S)
denote the marginal benefit of variables in T ⊆ N \ S given the environment S. We have proven that
∆vT (xS) can be decomposed into the sum of causal effects inside T and sub-environments of S, i.e.
∆vT (xS) =

∑
S′⊆S wT ∪S′ .

• Proof: By the definition of the marginal benefit, we have

∆vT (xS) =
∑
L⊆T

(−1)|T |−|L|v(xL∪S)

=
∑
L⊆T

(−1)|T |−|L|
∑

K⊆L∪S

wK // by Theorem 1
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=
∑
L⊆T

(−1)|T |−|L|
∑
L′⊆L

∑
S′⊆S

wL′∪S′ // since L ∩ S = ∅

=
∑
S′⊆S

∑
L⊆T

(−1)|T |−|L|
∑
L′⊆L

wL′∪S′



=
∑
S′⊆S

 ∑
L′⊆T

∑
L⊆T
L⊇L′

(−1)|T |−|L|wL′∪S′



=
∑
S′⊆S

wS′∪T︸ ︷︷ ︸
L′=T

+
∑
L′⊊T

 |T |∑
l=|L′|

(
|T | − |L′|
l − |L′|

)
(−1)|T |−|L|wL′∪S′


︸ ︷︷ ︸

L′⊊T



=
∑
S′⊆S

wS′∪T +
∑
L′⊊T

wL′∪S′ ·
|T |∑

l=|L′|

(
|T | − |L′|
l − |L′|

)
(−1)|T |−|L|

︸ ︷︷ ︸
=0




=
∑
S′⊆S

wS′∪T

In particular, if T is a singleton set, i.e. T = {i}, we can obtain a similar conclusion to (Ren et al.,
2021) that ∆v{i}(xS) =

∑
L⊆S wL∪{i}.

Theorem 2 (Connection to the Shapley value). Let ϕ(i) denote the Shapley value (Shapley, 1953)
of an input variable i. Then, the Shapley value ϕ(i) can be represented as a weighted sum of causal
effects involving the variable i, i.e., ϕ(i) =

∑
S⊆N\{i}

1
|S|+1

wS∪{i}. In other words, the effect of a
causal pattern with m variables should be equally assigned to the m variables in the computation of
Shapley values.

• Proof: By the definition of the Shapley value, we have

ϕ(i) =E
m

E
S⊆N\{i}
|S|=m

[v(xS∪{i})− v(xS)]

=
1

|N |

|N|−1∑
m=0

1(|N|−1
m

) ∑
S⊆N\{i}
|S|=m

[
v(xS∪{i})− v(xS)

]

=
1

|N |

|N|−1∑
m=0

1(|N|−1
m

) ∑
S⊆N\{i}
|S|=m

∆v{i}(xS)

=
1

|N |

|N|−1∑
m=0

1(|N|−1
m

) ∑
S⊆N\{i}
|S|=m

∑
L⊆S

wL∪{i}

 // by Theorem 5

=
1

|N |
∑

L⊆N\{i}

|N|−1∑
m=0

1(|N|−1
m

) ∑
S⊆N\{i}
|S|=m
S⊇L

wL∪{i}

=
1

|N |
∑

L⊆N\{i}

|N|−1∑
m=|L|

1(|N|−1
m

) ∑
S⊆N\{i}
|S|=m
S⊇L

wL∪{i} // since S ⊇ L, |S| = m ≥ |L|.

=
1

|N |
∑

L⊆N\{i}

|N|−1∑
m=|L|

1(|N|−1
m

) ·(|N | − |L| − 1

m− |L|

)
· wL∪{i}
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=
1

|N |
∑

L⊆N\{i}

wL∪{i}

|N|−|L|−1∑
k=0

1(|N|−1
|L|+k

) ·(|N | − |L| − 1

k

)
︸ ︷︷ ︸

αL

Then, we leverage the following properties of combinatorial numbers and the Beta function to simplify
the term wL =

∑|N|−|L|−1
k=0

1

(|N|−1
|L|+k)

·
(|N|−|L|−1

k

)
.

(i) A property of combinitorial numbers. m ·
(
n
m

)
= n ·

(
n−1
m−1

)
.

(ii) The definition of the Beta function. For p, q > 0, the Beta function is defined as B(p, q) =∫ 1

0
xp−1(1− x)1−qdx.

(iii) Connections between combinitorial numbers and the Beta function.

◦ When p, q ∈ Z+, we have B(p, q) = 1

q·(p+q−1
p−1 )

.

◦ For m,n ∈ Z+ and n > m, we have
(
n
m

)
= 1

m·B(n−m+1,m)
.

αL =

|N|−|L|−1∑
k=0

1(|N|−1
|L|+k

) ·(|N | − |L| − 1

k

)

=

|N|−|L|−1∑
k=0

(
|N | − |L| − 1

k

)
· (|L|+ k) ·B(|N | − |L| − k, |L|+ k)

=

|N|−|L|−1∑
k=0

|L| ·

(
|N | − |L| − 1

k

)
·B(|N | − |L| − k, |L|+ k) · · · 1⃝

+

|N|−|L|−1∑
k=0

k ·

(
|N | − |L| − 1

k

)
·B(|N | − |L| − k, |L|+ k) · · · 2⃝

Then, we solve 1⃝ and 2⃝ respectively. For 1⃝, we have

1⃝ =

∫ 1

0

|L|
|N|−|L|−1∑

k=0

(
|N | − |L| − 1

k

)
· x|N|−|L|−k−1 · (1− x)|L|+k−1 dx

=

∫ 1

0

|L| ·

|N|−|L|−1∑
k=0

(
|N | − |L| − 1

k

)
· x|N|−|L|−k−1 · (1− x)k


︸ ︷︷ ︸

=1

·(1− x)|L|−1 dx

=

∫ 1

0

|L|(1− x)|L|−1 dx = 1

For 2⃝, we have

2⃝ =

|N|−|L|−1∑
k=1

(|N | − |L| − 1) ·

(
|N | − |L| − 2

k − 1

)
·B(|N | − |L| − k, |L|+ k)

=(|N | − |L| − 1)

|N|−|L|−2∑
k′=0

(
|N | − |L| − 2

k′

)
·B(|N | − |L| − k′ − 1, |L|+ k′ + 1)

=(|N | − |L| − 1)

∫ 1

0

|N|−|L|−2∑
k′=0

(
|N | − |L| − 2

k′

)
· x|N|−|L|−k′−2 · (1− x)|L|+k′

dx

=(|N | − |L| − 1)

∫ 1

0

|N|−|L|−2∑
k′=0

(
|N | − |L| − 2

k′

)
· x|N|−|L|−k′−2 · (1− x)k

′


︸ ︷︷ ︸

=1

·(1− x)|L| dx

=(|N | − |L| − 1)

∫ 1

0

(1− x)|L| dx =
|N | − |L| − 1

|L|+ 1
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Figure 5: Connection between the Harsanyi dividend
and Shapley values. If we uniformly assign the causal
effect wS with m variables in S, then the overall effect
received by each variable equals to its Shapley value. See
Theorem 2.
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Figure 6: The cosine similarity between
the accurate Shapley value ϕ and the es-
timated Shapley value ϕ̃, when we used
different ratios of salient patterns for es-
timation.

Hence, we have

αL = 1⃝+ 2⃝ = 1 +
|N | − |L| − 1

|L|+ 1
=
|N |
|L|+ 1

Therefore, we proved ϕ(i) = 1
|N|
∑

S⊆N\{i} αL · wL∪{i} =
∑

S⊆N\{i}
1

|S|+1
· wS∪{i}.

• Experimental verification: We conducted an experiment to verify Theorem 2, i.e. the Shapley
value can be accurately approximated by the Harsanyi dividend. Let ϕ(i) denote the accurate Shapley
value, and ϕ̃(i) =

∑
S⊆N\{i}

1
|S|+1

wS∪{i} denote the estimated Shapley value using the Harsanyi
dividend wS . In order to estimate the Shapley value via causal effects wS , we first selected the
most salient k causal patterns Ωsalient

top-k . Then, according to Theorem 2, we computed the estimated
Shapley value ϕ̃(i) as ϕ̃(i) =

∑
S∈Ωsalient

top-k :S∋i
1
|S|wS . Figure 6 shows the cosine similarity between

the accurate Shapley values ϕ = [ϕ(1), ϕ(2), . . . , ϕ(n)] ∈ Rn and the estimated Shapley values
ϕ̃ = [ϕ̃(1), ϕ̃(2), . . . , ϕ̃(n)] ∈ Rn, when we used different ratios of salient patterns k

2n
to approximate

the Shapley value. It indicated that the causal effects based on the Harsanyi dividend could accurately
approximate the Shapley value.

Theorem 2 (Connection to the Shapley interaction index). Given a subset of input variables T ⊆ N ,
IShapley(T ) =

∑
S⊆N\T

|S|!(|N|−|S|−|T |)!
(|N|−|T |+1)!

∆vT (xS) denotes the Shapley interaction index (Grabisch &
Roubens, 1999) of T . We have proved that the Shapley interaction index can be represented as the
weighted sum of causal effects involving T , i.e., IShapley(T ) =

∑
S⊆N\T

1
|S|+1

wS∪T . In other words,
the index IShapley(T ) can be explained as uniformly allocating causal effects wS′ s.t. S ′ = S ∪ T to the
compositional variables of S ′, if we treat the coalition of variables in T as a single variable.

• Proof:

IShapley(T ) =
∑

S⊆N\T

|S|!(|N | − |S| − |T |)!
(|N | − |T |+ 1)!

∆vT (xS)

=
1

|N | − |T |+ 1

|N|−|T |∑
m=0

1(|N|−|T |
m

) ∑
S⊆N\T
|S|=m

∆vT (xS)

=
1

|N | − |T |+ 1

|N|−|T |∑
m=0

1(|N|−|T |
m

) ∑
S⊆N\T
|S|=m

∑
L⊆S

wL∪T


=

1

|N | − |T |+ 1

∑
L⊆N\T

|N|−|T |∑
m=|L|

1(|N|−|T |
m

) ∑
S⊆N\T
|S|=m
S⊇L

wL∪T

=
1

|N | − |T |+ 1

∑
L⊆N\T

|N|−|T |∑
m=|L|

1(|N|−|T |
m

)(|N | − |L| − |T |
m− |L|

)
wL∪T
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=
1

|N | − |T |+ 1

∑
L⊆N\T

wL∪T

|N|−|L|−|T |∑
k=0

1(|N|−|T |
|L|+k

)(|N | − |L| − |T |
k

)
︸ ︷︷ ︸

αL
Just like the proof of Theorem 1, we leverage the properties of combinitorial numbers and the Beta
function to simplify αL.

αL =

|N|−|L|−|T |∑
k=0

1(|N|−|T |
|L|+k

)(|N | − |L| − |T |
k

)

=

|N|−|L|−|T |∑
k=0

(
|N | − |L| − |T |

k

)
·
(
|L|+ k

)
·B
(
|N | − |L| − |T | − k + 1, |L|+ k

)

=

|N|−|L|−|T |∑
k=0

|L| ·

(
|N | − |L| − |T |

k

)
·B
(
|N | − |L| − |T | − k + 1, |L|+ k

)
· · · 1⃝

+

|N|−|L|−|T |∑
k=0

k ·

(
|N | − |L| − |T |

k

)
·B
(
|N | − |L| − |T | − k + 1, |L|+ k

)
· · · 2⃝

Then, we solve 1⃝ and 2⃝ respectively. For 1⃝, we have

1⃝ =

∫ 1

0

|L|
|N|−|L|−|T |∑

k=0

(
|N | − |L| − |T |

k

)
· x|N|−|L|−|T |−k · (1− x)|L|+k−1 dx

=

∫ 1

0

|L| ·

|N|−|L|−|T |∑
k=0

(
|N | − |L| − |T |

k

)
· x|N|−|L|−|T |−k · (1− x)k


︸ ︷︷ ︸

=1

·(1− x)|L|−1 dx

=

∫ 1

0

|L| · (1− x)|L|−1 dx = 1

For 2⃝, we have

2⃝ =

|N|−|L|−|T |∑
k=1

(|N | − |L| − |T |)

(
|N | − |L| − |T | − 1

k − 1

)
·B
(
|N | − |L| − |T | − k + 1, |L|+ k

)

=(|N | − |L| − |T |)
|N|−|L|−|T |−1∑

k′=0

(
|N | − |L| − |T | − 1

k′

)
·B
(
|N | − |L| − |T | − k′, |L|+ k′ + 1

)

=(|N | − |L| − |T |)
∫ 1

0

|N|−|L|−|T |−1∑
k′=0

(
|N | − |L| − |T | − 1

k′

)
· x|N|−|L|−|T |−k′−1 · (1− x)|L|+k′

dx

=(|N | − |L| − |T |)
∫ 1

0

|N|−|L|−|T |−1∑
k′=0

(
|N | − |L| − |T | − 1

k′

)
· x|N|−|L|−|T |−k′−1 · (1− x)k

′


︸ ︷︷ ︸

=1

·(1− x)|L| dx

=(|N | − |L| − |T |)
∫ 1

0

(1− x)|L| dx =
|N | − |L| − |T |
|L|+ 1

Hence, we have

αL = 1⃝+ 2⃝ = 1 +
|N | − |L| − |T |
|L|+ 1

=
|N | − |T |+ 1

|L|+ 1

Therefore, we proved that IShapley(T ) = 1
|N|−|T |+1

∑
L⊆N\T αL · wL∪T =

∑
L⊆N\T

1
|L|+1

wL∪T .

Theorem 3 (Connection to the Shapley Taylor interaction index). Given a subset of input variables
T ⊆ N , the k-th order Shapley Taylor interaction index IShapley-Taylor(T ) can be represented as weighted
sum of causal effects, i.e., IShapley-Taylor(T ) = wT if |T | < k; IShapley-Taylor(T ) =

∑
S⊆N\T

(|S|+k
k

)−1
wS∪T

if |T | = k; and IShapley-Taylor(T ) = 0 if |T | > k.
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• Proof: By the definition of the Shapley Taylor interaction index,

IShapley-Taylor(k)(T ) =


∆vT (x∅) if |T | < k

k
|N|
∑

S⊆N\T
1

(|N|−1
|S| )

∆vT (xS) if |T | = k

0 if |T | > k

When |T | < k, by the definition of the Harsanyi dividend, we have
IShapley-Taylor(k)(T ) = ∆vT (x∅) =

∑
L⊆T

(−1)|T |−|L| · v(xL) = wT .

When |T | = k, we have

IShapley-Taylor(k)(T ) = k

|N |
∑

S⊆N\T

1(|N|−1
|S|

) ·∆vT (xS)

=
k

|N |

|N|−k∑
m=0

∑
S⊆N\T
|S|=m

1(|N|−1
|S|

) ·∆vT (xS)

=
k

|N |

|N|−k∑
m=0

∑
S⊆N\T
|S|=m

1(|N|−1
|S|

)
∑

L⊆S

wL∪T


=

k

|N |
∑

L⊆N\T

|N|−k∑
m=|L|

1(|N|−1
|S|

) ∑
S⊆N\T
|S|=m
S⊇L

wL∪T

=
k

|N |
∑

L⊆N\T

|N|−k∑
m=|L|

1(|N|−1
|S|

)(|N | − |L| − k

m− |L|

)
wL∪T

=
k

|N |
∑

L⊆N\T

wL∪T

|N|−|L|−k∑
m=0

1(|N|−1
|L|+m

)(|N | − |L| − k

m

)
︸ ︷︷ ︸

αL

Just like the proof of Theorem 1, we leverage the properties of combinitorial numbers and the Beta
function to simplify αL.

αL =

|N|−|L|−k∑
m=0

1(|N|−1
|L|+m

)(|N | − |L| − k

m

)

=

|N|−|L|−k∑
m=0

(
|N | − |L| − k

m

)
·
(
|L|+m

)
·B
(
|N | − |L| −m, |L|+m

)

=

|N|−|L|−k∑
m=0

|L| ·

(
|N | − |L| − k

m

)
·B
(
|N | − |L| −m, |L|+m

)
· · · 1⃝

+

|N|−|L|−k∑
m=0

m ·

(
|N | − |L| − k

m

)
·B
(
|N | − |L| −m, |L|+m

)
· · · 2⃝

Then, we solve 1⃝ and 2⃝ respectively. For 1⃝, we have

1⃝ =

∫ 1

0

|L| ·
|N|−|L|−k∑

m=0

(
|N | − |L| − k

m

)
· x|N|−|L|−m−1 · (1− x)|L|+m−1 dx

=

∫ 1

0

|L| ·

|N|−|L|−k∑
m=0

(
|N | − |L| − k

m

)
· x|N|−|L|−m−k · (1− x)m


︸ ︷︷ ︸

=1

·xk−1 · (1− x)|L|−1 dx
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=

∫ 1

0

|L| · xk−1 · (1− x)|L|−1 dx = |L| ·B(k, |L|) = 1(|L|+k−1
k−1

)
For 2⃝, we have

2⃝ =

|N|−|L|−k∑
m=1

(|N | − |L| − k) ·

(
|N | − |L| − k − 1

m− 1

)
·B
(
|N | − |L| −m, |L|+m

)

=

|N|−|L|−k−1∑
m′=0

(|N | − |L| − k) ·

(
|N | − |L| − k − 1

m′

)
·B
(
|N | − |L| −m′ − 1, |L|+m′ + 1

)

=

∫ 1

0

(|N | − |L| − k)

|N|−|L|−k−1∑
m′=0

(
|N | − |L| − k − 1

m′

)
· x|N|−|L|−m′−2 · (1− x)|L|+m′

dx

=

∫ 1

0

(|N | − |L| − k)

|N|−|L|−k−1∑
m′=0

(
|N | − |L| − k − 1

m′

)
· x|N|−|L|−m′−k−1 · (1− x)m

′


︸ ︷︷ ︸

=1

·xk−1 · (1− x)|L| dx

=

∫ 1

0

(|N | − |L| − k) · xk−1 · (1− x)|L| dx = (|N | − |L| − k) ·B(k, |L|+ 1)

=
|N | − |L| − k

(|L|+ 1)
(|L|+k

k−1

)
Hence, we have

αL = 1⃝+ 2⃝ =
1(|L|+k−1

k−1

) +
|N | − |L| − k

(|L|+ 1)
(|L|+k

k−1

)
=
|L|! · (k − 1)!

(|L|+ k − 1)!
+
|N | − |L| − k

|L|+ 1
· (|L|+ 1)! · (k − 1)!

(|L|+ k)!

=
|L|! · (k − 1)!

(|L|+ k − 1)!
+
|N | − |L| − k

|L|+ k
· |L|! · (k − 1)!

(|L|+ k − 1)!

=

[
1 +
|N | − |L| − k

|L|+ k

]
· |L|! · (k − 1)!

(|L|+ k − 1)!

=
|N |
|L|+ k

· |L|! · (k − 1)!

(|L|+ k − 1)!

=
|N |
k
· |L|! · k!
(|L|+ k)!

=
|N |
k
· 1(|L|+k

k

)
Therefore, we proved that when |T | = k, IShapley-Taylor(T ) = k

|N|
∑

L⊆N\T αL · wL∪T =

k
|N|
∑

L⊆N\T
|N|
k
· 1

(|L|+k
k )
· wL∪T =

∑
L⊆N\T

(|L|+k
k

)−1
wL∪T .

E SIMPLIFYING THE EXPLANATION USING THE OPTIMAL BASELINE VALUES

In this section, we proved that the sparsity of causal patterns does not only depend on the deep model
itself, but it is also determined by the choice of baseline values, as is mentioned in Section 3.2 of
the main paper. Lemma 1 and Theorem 6 below proved that baseline values will affect the overall
sparsity of salient causal patterns.
Lemma 1. The inference of the deep model on an input sample x can be written in the form of
v(x) =

∑
S⊆N w′

S ·
∏

i∈S(xi − r∗i ), where r∗i is the ground-truth baseline value of the i-th input
variable.

• Proof: According to the SCM in Eq. (2), we have v(x) =
∑

S⊆N wS · CS(x) for a specific input
sample x. For the effect of each causal pattern wS · CS(x), we can rewrite it as follows.
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wS · CS(x) =
wS

λ
·
∏
i∈S

(xi − r∗i )

where r∗i denotes the ground-truth baseline value of the i-th input variable. λ =
∏

j∈S(xj − r∗j )

denotes the product of all variables that are not masked. Then, for any masked input sample xmasked, if
the i-th variable (i ∈ S) is absent (is replaced by its baseline value), then the pattern is deactivated
and wS · CS(x

masked) = wS
λ
·
∏

i∈S(x
masked
i − r∗i ) = 0.

Therefore, the causal effect of the pattern S can be represented as wS · CS(x) = w′
S
∏

i∈S(xi − r∗i ),
and w′

S = wS
λ

. The model output a specific input sample (may be a masked sample) can be written as
v(x) =

∑
S⊆N w′

S
∏

i∈S(xi − r∗i ).

Theorem 6. Given an input sample x, according to Lemma 1, the effect of a single causal pattern S
can be represented as the function vS(x) = w′

S
∏

j∈S(xj − r∗j ). Accordingly, ground-truth baseline
values of variables are obviously {r∗j }. This is because

(1) Setting any variable xj = r∗j will deactivate this pattern. If we explain the pattern using ground-
truth baseline values {r∗j }, there is only one causal pattern S with a non-zero causal effect wS .

(2) However, if we use m′ incorrect baselines values {r′j} to replace correct ones,
∑

j∈S 1r′j ̸=r∗j
= m′,

then the function will be explained to contain at most 2m
′

causal patterns. Specifically, a total of(
m′

k−|S|+m′

)
causal patterns of the k-th order emerge in this case, k ≥ |S| −m′. The order k of a

causal pattern means that this causal pattern contains k variables.

• Proof: Without loss of generality, let us consider an input sample x, with ∀j ∈ S, xj ̸= r∗j . Based
on the ground-truth baseline vaule {r∗j }, we have
(1) vS(xS) = w′

S
∏

j∈S(xj − r∗j ) ̸= 0,
(2) ∀S ′ ⊊ S, vS(xS′) = w′

S
∏

j∈S′(xj − r∗j )
∏

j∈S\S′(r
∗
j − r∗j ) = 0.

Therefore, the causal effect wS of the pattern S is wS =
∑

S′⊆S(−1)
|S|−|S′|vS(xS′) = vS(xS) ̸= 0.

For all the other patterns S ′ ⊊ S, we have wS′ =
∑

L⊆S′(−1)|S
′|−|L|vS(xL) =

∑
L⊆S′ 0 = 0. Hence,

there is only one causal pattern S with a non-zero effect wS .

In comparison, if we use m′ incorrect baseline values {r′j}, where
∑

j∈S 1r′j ̸=r∗j
= m′, then the

function will be explained to contain at most 2m
′

causal patterns. For the simplicity of notations, let
S = {1, 2, ...,m}, and r′1 = r∗1 + ϵ1, ..., r′m′ = r∗m′ + ϵm′ , where ϵ1, ..., ϵm′ ̸= 0. Let T = {1, 2, . . . ,m′}.
In this case, we have
(1) vS(xS) ̸= 0
(2) ∀S ′ ⊊ S, |S ′| < m−m′, vS(xS′) = w′

S
∏

j∈S′(xj − r∗j )
∏

j∈S\S′(r
′
j − r∗j ). Because |S|− |S ′| > m′,

there is at least one variable with ground-truth baseline value in S \ S ′. Therefore, vS(xS′) = 0.
Furthermore, the causal effect of the pattern S satisfies wS′ =

∑
L⊆S′(−1)|S

′|−|L|vS(xL) = 0

(3) ∀S ′ ⊊ S, |S ′| = k ≥ m−m′, vS(xS′) = w′
S
∏

j∈S′(xj − r∗j )
∏

j∈S\S′(r
′
j − r∗j ). If S \ T ⊆ S ′, then

S \ S ′ ⊆ T and vS(xS′) ̸= 0. Otherwise, vS(xS′) = 0. Then,

wS′ =
∑
L⊆S′

(−1)|S
′|−|L|vS(xL)

=
∑

L⊆S′,|L|<m−m′

(−1)|S
′|−|L|vS(xL) +

∑
L⊆S′,L≥m−m′

(−1)|S
′|−|L|vS(xL)

= 0 +
∑

L⊆S′,L≥m−m′,L⊇S\T

(−1)|S
′|−|L|vS(xL) +

∑
L⊆S′,L≥m−m′,L⊉S\T

(−1)|S
′|−|L|vS(xL)

=
∑

L⊆S′,L≥m−m′,L⊇S\T

(−1)|S
′|−|L|vS(xL)

If the above wS′ = 0, it indicates that S \T ⊈ S ′. In this case, there is no subset L ⊆ S ′ s.t. S \T ⊆ L.
In other words, only if S \ T ⊆ S ′, wS′ ̸= 0. In this way, a total of

(
m′

k−(|S|−m′)

)
causal patterns of the

k-th order emerge, where the order k of a causal pattern means that this causal pattern S ′ contains
k = |S ′| variables. There are totally

∑m
k=|S|−m′

(
m′

k−(|S|−m′)

)
= 2m

′
causal patterns in x.
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For example, if the input x is given as follows,

xi =

{
r∗i + 2ϵi, i ∈ T = {1, . . . ,m′}
r∗i + ϵi, i ∈ S \ T = {m′ + 1, . . . ,m}

where ϵi ̸= 0 are arbitrary non-zero scalars. In this case, we have ∀S ′ ⊆ T , wS′∪{m′+1,...,m} =

ϵ1ϵ2...ϵm ̸= 0. Besides, if {m′ + 1, ...,m} ⊈ S ′, we have wS′ = 0. In this way, there are totally 2m
′

causal patterns in x.

F POTENTIAL ALTERNATIVE SETTINGS FOR BASELINE VALUES

This section discusses potential alternative settings for baseline values, as is mentioned in Section 3.2
of the main paper. Baseline values are used to represent absent states of variables in the computation
of v(xS). To this end, many recent studies set baseline values from a heuristic perspective, as follows.

• Mean baseline values (Dabkowski & Gal, 2017). The baseline value of each input variable is set to
the mean value of this variable over all samples, i.e. ∀i ∈ N , ri = Ex[xi].
• Zero baseline values (Ancona et al., 2019; Sundararajan et al., 2017). The baseline value of each
input variable is set to zero, i.e. ∀i ∈ N , ri = 0.
• Blurring input samples. In the computation of v(xS), some studies (Fong & Vedaldi, 2017; Fong
et al., 2019) removed variables in the input image by blurring the value of each input variable xi

(i ∈ N\S) based on a Gaussian kernel.

However, it still remains an open problem to define optimal baseline values. As is discussed in
Section E, the optimal baseline values provides a perspective that simplifies the explanation of a deep
model, thereby boosting the conciseness of the explanation. Therefore, in this paper, we learn the
optimal baseline values that enhance the conciseness of the explanation based on Eq. (6) of the main
paper. Specifically, we initialize the baseline value ri as the mean value of the variable i over all
samples, and then we optimize ri to minimize Eq. (6) in the main paper while constraining it within a
relatively small range, i.e., ∥ri−rinitial

i ∥2≤τ , to represent the absence state.

G SIMPLIFYING THE EXPLANATION USING THE MINIMUM DESCRIPTION
LENGTH PRINCIPLE

In this section, we discuss the algorithm of extracting common coalitions to minimize the total
description length in Eq. (8) of the main paper. Given an AOG g and input variables N , let
M = N ∪ Ωcoalition denote the set of all terminal nodes and AND nodes in the bottom two layers (e.g.
M = N ∪ Ωcoalition = {x1, x2, ..., x6} ∪ {α, β} in Fig. 1(d) of the main paper). The total description
length L(g,M) was given in Eq. (8) of the main paper.

In order to minimize L(g,M), we used the greedy strategy to iteratively extract common coalitions
of input variables. In each iteration, we chose the coalition α ⊆ N which most efficiently decreased
the total description length. Then we took this coalition as an AND node, and added it into Ωcoalition in
the third layer of the AOG. The efficiency of a coalition α w.r.t. the decrease of the total description
length was defined as follows.

δ(α) =
∆L

|α| =
L(g,M∪ {α})− L(g,M)

|α| , (11)

where L(g,M) denoted the total description length without using the newly added coalition α,
and L(g,M ∪ {α}) denoted the total description when we added the node α to further simplify
the description of g. |α| denotes the number of input variables in α. We iteratively extracted
the most efficient coalition α to minimize the total description length. The extracting process
stopped when there was no new coalition α could further reduce the total description length (i.e.
∀α /∈M, L(g,M∪ {α})− L(g,M) > 0), or the most efficient α was not shared by multiple patterns.
Algorithm 1 shows the pseudo-code of this algorithm.
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Algorithm 1: The greedy algorithm to minimize total description length L(g,M)

Input: The set of leaf nodes N , the set of causal patterns Ω, the causal effects of these patterns
{wS}S∈Ω, the maximum iteration times T

Output: The set of nodes in the bottom two layersM = N ∪ Ωcoalition

1 Initialize Ωcoalition = ∅ andM = N ∪ Ωcoalition

2 for iteration 1 to T do
3 foreach possible coalition α ⊆ N do
4 Calculate the efficiency δ(α) according to Eq. (11)
5 end
6 Select α as the coalition whose δ(α) is the smallest
7 if δ(α) > 0 or α co-appears in only one pattern then
8 break
9 end

10 Update AND nodes, Ωcoalition ← Ωcoalition ∪ {α}
11 Rewrite each pattern S ∈ Ω according toM = N ∪ Ωcoalition

12 end
13 returnM = N ∪ Ωcoalition

H MORE EXPERIMENTAL DETAILS, RESULTS, AND DISCUSSIONS

H.1 DATASETS AND MODELS

Datasets. We conducted experiments on both tasks of natural language processing and the classifica-
tion/regression tasks based on tabular datasets. For natural language processing, we used the SST-2
dataset (Socher et al., 2013) for sentiment prediction and the CoLA dataset (Warstadt et al., 2019) for
linguistic acceptability. For tabular datasets, we used the UCI census income dataset (census) (Dua &
Graff, 2017), the UCI bike sharing dataset (bike) (Dua & Graff, 2017), and the UCI TV news channel
commercial detection dataset (TV news) (Dua & Graff, 2017). We followed (Covert et al., 2020;
Covert & Lee, 2021) to conduct data pre-processing for these tabular datasets. We also normalized
data in each dataset to zero mean and unit variance.

Models. We trained LSTMs and CNNs based on NLP datasets. The LSTM was unidirectional and
had two layers, with a hidden layer of size 100. The architecture of the CNN was the same as the
network architecture in (Rakhlin, 2016). Besides, for tabular datasets, we followed (Covert et al.,
2020; Covert & Lee, 2021) to train LightGBMs (Ke et al., 2017), XGBoost (Chen & Guestrin, 2016),
and two-layer MLPs (namely MLP-2). We also trained five-layer MLPs (namely MLP-5) and five
layer MLPs with skip-connections (namely ResMLP-5) on these datasets. For the ResMLP-5, we
added a skip connection to each fully connected layer of the MLP-5. Figure 7 shows the architecture
of the ResMLP-5. The hidden layers in MLP-5 and ResMLP-5 had the same width of 100. In our
experiment, we also learned MLP-2, MLP-5, and ResMLP-5 on each tabular dataset via adversarial
training (Madry et al., 2018). During adversarial training, adversarial examples xadv = x+ δ were
generated by the ℓ∞ PGD attack, where ∥δ∥∞ ≤ 0.1. The attack was iterated for 20 steps with the
step size of 0.01.
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Figure 7: The architecture of the ResMLP-5.

Accuracy of models. Table 4 reports the classification accuracy of models trained on the TV news
dataset, the classification accuracy of models trained on the census dataset, and the mean squared
error of models trained on the bike dataset. Table 5 reports the classification accuracy of models
trained on the CoLA dataset and the SST-2 dataset.
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Table 4: Classification accuracy (on TV news and census dataset) and
mean squared error (on bike dataset) of different models.

Dataset MLP-2 MLP-5 ResMLP-5 XGBoost LightGBMnormal adversarial normal adversarial normal adversarial
TV news 83.11% 78.49% 79.86% 80.24% 79.01% 80.13% 84.48% 84.19%
census 79.91% 75.77% 78.96% 77.79% 80.49% 77.99% 87.35% 87.54%
bike - - 2161.47 3080.73 2149.43 2708.59 1623.71 -

Table 5: Accuracy of models
trained on NLP datasets.

Dataset LSTM CNN
CoLA 64.42% 65.79%
SST-2 86.83% 78.19%

H.2 SETTINGS OF v(·) IN EXPERIMENTS

In the computation of Harsanyi dividend, people can apply different confidence scores to implement
v(·). For example, Lundberg & Lee (2017) directly set v(xS) = p(y = ytruth|xS) in the classification
task. Covert et al. (2020) computed v(xS) as the cross-entropy loss of the sample xS . In this paper,
we used v(xS) = log p(y=1|xS)

1−p(y=1|xS)
for models learned on binary classification tasks, where p(y = 1|xS)

denoted the output probability of the positive class. Specifically, y = 1 denoted the prediction of “is
commercial”, “income > 50k”, “positive sentiment”, and “grammatically correct” in the TV news
dataset, the census dataset, the SST-2 dataset, and the CoLA dataset, respectively. For models learned
on regression tasks, we directly computed v(xS) as the scalar output of the model on xS .

H.3 DISCOVERING THE SPARSITY OF CAUSAL EFFECTS

This section provided more experimental results to verify the sparsity of causal effects, which is
mentioned in Section 3.2. To this end, for each input sample, we computed causal effects wS of all
2n patterns S ∈ 2N encoded by a deep model. In the computation of causal effects, the baseline
values of input variables were set according to Section 3.2. Just like experiments in Section 4.2, we
computed the relative strength of causal effects |wS |

maxS′⊆N |wS′ | , which re-scaled the range of causal
effect strengths to [0, 1]. Fig. 8(a-c,right) show histograms of the relative strength of causal effects
in each single sample. Fig. 8(a-c,left) show histograms of relative strength, which are averaged on
different samples in each dataset. We found that the deep model usually encoded a very small number
of causal patterns with significant causal effects, and most causal patterns had almost zero causal
effects. This verified that the causal effects wS extracted from the deep model were usually very
sparse.

H.4 MORE VISUALIZATION OF AOGS

This section provides the visualization of more AOGs generated by our method on various datasets.

For tabular datasets, Figure 15, Figure 16, Figure 17, Figure 18, and Figure 19 show examples of
AOGs generated by our method on different models trained on the census, bike, and TV news dataset.
The up-arrow(↑) / down-arrow(↓) labeled in terminal nodes indicated the actual value of the input
variable was greater than / less than the baseline value.

For NLP datasets, Figure 20 and Figure 21 show examples of AOGs generated by our method on
LSTMs and CNNs trained on the SST-2 dataset and the CoLA dataset. Furthermore, Figure 22
shows examples of AOGs for explaining incorrect predictions. Results show that the AOG explainer
could reveal reasons why the model made incorrect predictions. For example, in the sentiment
classification task, the local sentiment may significantly affect the inference on the entire sentence,
such as words “originality” and “cleverness” in Figure 22(top), words “originality” and “delight” in
Figure 22(middle), and words “painfully” and “bad” in Figure 22(bottom).

H.5 DETAILS OF EXPERIMENTS ON SYNTHESIZED FUNCTIONS AND DATASETS

This section provides more details of synthesized functions and datasets used in Section 4.1 of the
main paper.

The Addition-Multiplication dataset (Zhang et al., 2021). This dataset contained 100 functions,
which only consisted of addition and multiplication operations. For example, v(x) = x1 + x2x3 +
x3x4x5 + x4x6. Each variable xi was a binary variable, i.e. xi ∈ {0, 1}.

The ground-truth causal patterns and there effects corresponding to these functions can be easily
determined. For each term in these functions (e.g. the term x3x4x5 in the function v(x) = x1 +x2x3 +
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(a) (left) The average histogram of relative strength of causal effects encoded by the MLP-5 network, for the
census dataset. (right) Examples of histograms of relative strength of causal effects, for single samples in the
census dataset.
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(b) (left) The average histogram of relative strength of causal patterns encoded by the ResMLP-5 network, for
the TV news dataset. (right) Examples of histograms of relative strength of causal effects, for single samples in
the TV news dataset.
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(c) (left) The average histogram of relative strength of causal effects encoded by the CNN network, for the SST-2
dataset. (right) Examples of histograms of relative strength of causal effects, for single samples in the SST-2
dataset.

Figure 8: Histograms of the relative strength of causal effects. The causal effects wS extracted from
the deep model are usually very sparse.

x3x4x5 + x4x6), only when variables contained by this term were all present (e.g. x3 = x4 = x5 = 1),
this term would contribute to the output. Therefore, we could consider input variables in each
term formed a ground-truth causal pattern. In the above example function, given the input x =
[1, 1, 1, 1, 1, 1], the ground-truth causal patterns were Ωtruth = {{x1}, {x2, x3}, {x3, x4, x5}, {x4, x6}}.
Given the input x = [1, 1, 0, 1, 1, 1], the ground-truth causal patterns were Ωtruth = {{x1}, {x4, x6}}.

In our experiments, we randomly generated 100 Addition-Multiplication functions. Each of them had
10 input variables, and had 10 to 100 terms. Then, we randomly generated 200 binary input samples
for each of these functions. For each input sample, let m = |Ωtruth| denote the number of the labeled
ground-truth patterns. For fair comparison, we computed causal effects I(S) and extracted the top-m
salient patterns Ωtop-m. Then, we averaged the value of IoU = |Ωtop-k∩Ωtruth|

|Ωtop-k∪Ωtruth| over all samples.

The dataset in (Ren et al., 2021). This dataset contained 100 functions, which consisted of addition,
subtraction, multiplication, and the sigmoid operations. Just like the Addition-Multiplication dataset,
the ground-truth causal patterns in this dataset could also be easily determined. Let us consider the
function v(x) = −x1x2x3 − sigmoid(5x4x5 − 5x6 − 2.5), xi ∈ {0, 1} as an example. The term x1x2x3

was activated (= 1) if and only if x1 = x2 = x3 = 1. The term sigmoid(5x4x5 − 5x6 − 2.5) was
activated (> 0.5) if and only if x4 = x5 = 1 and x6 = 0. Thus, we could also consider this function
contained two ground-truth causal pattern. In other words, for the above function, given the input
x = [1, 1, 1, 1, 1, 0], the ground-truth causal patterns were Ωtruth = {{x1, x2, x3}, {x4, x5, x6}}. Given
the input x = [1, 1, 1, 1, 1, 1], the ground-truth causal patterns were Ωtruth = {{x1, x2, x3}}.

In our experiments, we followed (Ren et al., 2021) to randomly generated 100 functions. Each of
them had 6 to 12 input variables. Then, we randomly generated 200 binary input samples for each of
these functions. Just like the Addition-Multiplication dataset, we extracted the top-m (m = |Ωtruth|)
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salient patterns Ωtop-m, and computed the average IoU between Ωtruth and Ωtop-m over all samples for
comparison.

The manually labeled And-Or dataset. This dataset contained 10 functions with AND operations
(denoted by &) and OR operations (denoted by |). For example, the function f(x) = (x1 > 0)&(x2 >
0)|(x2 > 0)&(x3 > 0)&(x4 > 0)|(x3 > 0)&(x5 > 0). Each input variable is a scalar, i.e. xi ∈ R, and
the output is binary, i.e. f(x) ∈ {0, 1}. For each And-Or function, we randomly generated 100,000
Gaussian noises with n = 8 variables as input samples, and labeled these samples following functions
in the And-Or dataset, namely the manually labeled And-Or dataset.

The ground-truth causal patterns in this dataset could be determined as follows. For the above
function, we could consider {x1, x2}, {x2, x3, x4}, and {x3, x5} as possible causal patterns. If any of
these patterns was significantly activated, i.e. if all input variables in this pattern were greater than a
threshold τ = 0.5, then we consider this pattern is significant enough to be a valid ground-truth causal
pattern. I.e. for the above function, given the input x = [1.0, 2.0, 1.5, 0.9, 0.8], the ground-truth causal
patterns were Ωtruth = {{x1, x2}, {x2, x3, x4}, {x3, x5}}. Given the input x = [0.8, 1.5, 1.2, 0.1, 0.9], the
ground-truth causal patterns were Ωtruth = {{x1, x2}, {x3, x5}}.

In our experiments, we trained one MLP-5 and one ResMLP-5 networks for binary classification
based on the manually labeled dataset generated based on each And-Or function. Just like the above
experiments, for each well-trained model, we extracted the top-m salient patterns and computed
the average IoU over 1000 training samples for comparison. Note that there was no principle to
ensure that the model learned exactly the ground-truth causality between input variables for inference.
Therefore, the average IoU on this dataset was less than 1.

An extended version of the Addition-Multiplication dataset. In order to evaluate the accuracy of the
computed causal effects, we also extended the Addition-Multiplication dataset to generate functions
with not only ground-truth causal patterns, but also ground-truth causal effects for evaluation. The
extended Addition-Multiplication dataset also contained 100 functions, which consisted of addition
and multiplication operations. Each variable xi was a binary variable, i.e. xi ∈ {0, 1}. Different from
functions in the Addition-Multiplication dataset, there were different coefficients before each term in
each function. For example, v(x) = 3x1 − 2x2x3 − x3x4x5 + 5x4x6.

The ground-truth causal effects in these functions can be easily determined. Just like the original
Addition-Multiplication dataset, each term was a ground-truth pattern. In this case, we could consider
the causal effect of each pattern as the value of its coefficient. For the above function, given the
input x = [1, 1, 1, 1, 1, 1], the ground-truth effects of causal patterns were w{x1} = 3, w{x2,x3} =
−2, w{x3,x4,x5} = −1, w{x4,x6} = 5, and for other S ⊆ {x1, ..., x6}, wS = 0. Given the input
x = (1, 1, 0, 1, 1, 1), the ground-truth causal effects were w{x1} = 3, w{x4,x6} = 5, and for other
S ⊆ {x1, ..., x6}, wS = 0.

In our experiments, we randomly generated 100 functions. Each of them had 10 input variables, and
had 10 to 100 terms. Then, we randomly generated 200 binary input samples for each of these func-
tions. For each input sample, we measured the Jaccard similarity coefficient J =

∑
S⊆N min(|wtruth

S |,|wS |)∑
S⊆N max(|wtruth

S |,|wS |)

between ground-truth causal effects wtruth
S (defined above) and causal effects wS computed by our

method. The average value of J over all samples was 1.00, indicating that our method based on
Harsanyi dividends correctly extracted the causal effects in these functions.

H.6 MORE ANALYSIS ON THE FAITHFULNESS OF THE AOG EXPLAINER

In this section, we provide more discussions about the experiment in Section 4.1, where we evaluated
whether an explanation method faithfully extracted causal effects encoded by deep models based
on metric 2. To this end, we considered the SI value IShapley(S) (Grabisch & Roubens, 1999) and
the STI value IShapley-Taylor(S) (Sundararajan et al., 2020) as numerical effects of different interactive
patterns S on a DNN’s inference. Besides, we could also consider that attribution-based explanations
quantified the causal effect of each single variable i (e.g. the Shapley-Taylor interaction index, the
Shapley value (Shapley, 1953), Input×Gradient (Shrikumar et al., 2016), LRP (Bach et al., 2015),
Occlusion (Zeiler & Fergus, 2014)).

Specifically, the computation of the metric ρunfaith for each baseline method are discussed as follows.
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Table 6: Unfaithfulness (↓) of attribution-based explanations when we used the normalized and
original attributions, respectively.

Explanation methods TV news census bike
MLP-5 ResMLP-5 MLP-5 ResMLP-5 MLP-5 ResMLP-5

Input × Gradient original 738.68 2586.14 408.10 1325.09 1.4E+5 1.1E+5
normalized 1892.92 6898.62 520.69 1966.58 5.9E+4 4.1E+4

LRP original 317.56 9.4E+4 155.13 1.4E+4 1.4E+5 5.8E+8
normalized 2542.52 1358.84 1.7E+04 219.79 5.9E+4 4.3E+4

Occlusion original 1386.16 1117.46 638.75 287.39 6.2E+4 3.7E+4
normalized 330.58 323.21 154.61 139.08 1.4E+6 2.2E+5

Ours 9.4E-12 1.1E-11 8.5E-12 8.5E-12 2.6E-9 1.9E-9

Table 7: Unfaithfulness (↓) of distillation-based explainer models. Our AOG exhibited the lowest
unfaithfulness.

Explanation methods TV news census bike
MLP-5 ResMLP-5 MLP-5 ResMLP-5 MLP-5 ResMLP-5

distillation-based
explainer models

distill 115.00 139.51 62.19 78.75 8374.04 4773.01
SDT 155.89 160.77 168.87 158.73 - -
GBT 188.58 168.32 87.84 90.73 10724.51 7786.60

ours 9.4E-12 1.1E-11 8.5E-12 8.5E-12 2.6E-9 1.9E-9

• For interaction-based explanations, given an input sample x, let IShapley(S), IShapley-Taylor(S) denote
the Shapley interaction (SI) value and the Shapley-Taylor interaction (STI) value of the interactive
pattern S. According to the SCM in Eq. (2), the metric ρunfaith is defined as follows.

ρunfaith
SI = ES⊆N [v(xS)−

∑
S′⊆S

IShapley(S ′)]2, ρunfaith
STI = ES⊆N [v(xS)−

∑
S′⊆S

IShapley-Taylor(S ′)]2

(12)
• For attribution-based explainer models, given the input sample x, let ϕShapley(i), ϕIG(i), ϕLRP(i),
ϕOcc(i) denote the attribution of the input variable i computed by the Shapley value, Input × Gradient,
LRP, and Occlusion, respectively. As mentioned above, these attribution values quantify the causal
effect of each single variable i. According to the SCM in Eq. (2), the unfaithfulness of these
attribution-based explanations was similarly measured as follows.

ρunfaith
Shapley = ES⊆N [v(xS)−

∑
i∈S

ϕShapley(i)]2, ρunfaith
IG = ES⊆N [v(xS)−

∑
i∈S

ϕIG(i)]2,

ρunfaith
LRP = ES⊆N [v(xS)−

∑
i∈S

ϕLRP(i)]2, ρunfaith
Occ = ES⊆N [v(xS)−

∑
i∈S

ϕOcc(i)]2
(13)

Then, we compared the unfaithfulness of the AOG explainer with the above six baseline explanation
methods. Based on each tabular dataset, we computed the average ρunfaith over the training samples,
i.e. Ex[ρ

unfaith]given x. Table 2 in the main paper shows that the AOG explainer exhibited significantly
stronger faithfulness than other explanation methods.

Besides, for fair comparison, we also used normalized attribution values to quantify the causal
effects of each single variable. I.e. ϕ̃IG(i) = ϕIG(i)∑

i∈N ϕIG(i)
· v(x), ϕ̃LRP(i) = ϕLRP(i)∑

i∈N ϕLRP(i)
· v(x), and

ϕ̃Occ(i) =
ϕOcc(i)∑

i∈N ϕOcc(i)
· v(x). Then, we computed the average ρunfaith over the training samples based

on these normalized causal effects. Table 6 shows that the normalized attributions usually exhibited
stronger faithfulness, compared with their original attributions. Nevertheless, the AOG explainer still
exhibited much stronger faithfulness compared with the normalized attributions.

We also conducted experiments to verify that distilling knowledge from a deep model to an explainer
model cannot faithfully explain the logic in the deep model, as mentioned in Section 2. To this end,
we compared the faithfulness of the AOG explainer model with distillation-based explainer models,
including GBT (Che et al., 2016), SDT (Frosst & Hinton, 2017), and knowledge distillation (Hinton
et al., 2015). Similarly, a distillation-based explainer model is faithful if it can mimic the deep model’s
output on massive masked samples xS . Accordingly, let g(xS) denote the output of the explainer
model when given the masked input xS . The unfaithfulness of distillation-based explainer models
was defined as ρunfaith = ES⊆N [v(xS) − g(xS)]

2. Table 7 shows that the AOG explainer exhibited
stronger faithfulness than distillation-based explanation methods, indicating that distilling knowledge
from a deep model to an explainer model cannot faithfully explain the logic in the deep model.

Besides, we also conducted another experiment to verify the above claim. Specifically, as Figure 9
shows, although knowledge distillation could ensure that the student model had similar outputs with
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Figure 9: Knowledge distillation cannot ensure the faithfulness of the student model, because the
student model and the teacher model use different image regions to compute features. The first row
shows the Grad-CAM attention (Selvaraju et al., 2017) of the teacher model. The second row shows
the Grad-CAM attention of the student model.
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Figure 10: The relationship between RΩ and the unfaithfulness ρunfaith of the AOG explainer.

the teacher model, the student model exhibited a different logic from the teacher model. We distilled
the output before the softmax of a pre-trained VGG-11 (Simonyan & Zisserman, 2014) into another
VGG-11 on the CIFAR-10 dataset (Krizhevsky et al., 2009). The result showed that the attention
of the student model computed by Grad-CAM (Selvaraju et al., 2017) was significantly different
from that of the teacher model. Therefore, knowledge distillation could not ensure the student model
represented the same inference logic as the teacher model, making the student model an unfaithful
explainer for the teacher model.

H.7 THE RELATIONSHIP BETWEEN RATIO OF THE EXPLAINED CAUSAL EFFECTS AND THE
FAITHFULNESS

We further studied the relationship between the ratio of explained causal effects RΩ in Eq. (8) of
the main paper and the unfaithfulness ρunfaith of the explanation. We averaged the RΩ-ρunfaith curve
over the training samples in each dataset. Figure 10 shows that the faithfulness of the AOG explainer
increased along with the increase of ratio of the explained causal effects RΩ.

H.8 MORE EXPERIMENTAL RESULTS ON THE RATIO OF THE EXPLAINED CAUSAL EFFECTS RΩ

This section provides more experimental results on the relationship between the ratio of explained
causal effects RΩ and the AOG explainer.

Just like the experiment in Paragraph Ratio of the explained causal effects, Section 4.2 of the main
paper, we used causal patterns in Ω to approximate the model output. Figure 11(a) and Figure 12(a)
show the relationship between |Ω| and the ratio of explained causal effetcs RΩ in different models,
based on the census dataset and the bike dataset. We found that when we used a few causal patterns,
we could explain most causal effects in the model output. Figure 11(b,c) and Figure 12(b,c) show
that the node number and the edge number increased along with the increase of RΩ.

Besides, Figure 11(a) and Figure 12 also show that compared with the normally trained model, we
could use less causal patterns (smaller |Ω|) to achieve the same ratio of the explained causal effects
RΩ in the adversarially trained model. Moreover, Figure 11(b,c) and Figure 12(b,c) also show that
AOGs corresponding to adversarially trained models were less complex than AOGs corresponding to
normally trained models. This indicated that adversarial training made models encode more sparse
causal patterns than normal training.
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Figure 11: (a) The relationship between the number of causal patterns |Ω| in the AOG and the ratio of
the explained causal effects RΩ, based on the census dataset. The relationship between RΩ and (b)
the number of nodes, and (c) the number of edges in the AOG, based on the census dataset.
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Figure 12: (a) The relationship between the number of causal patterns |Ω| in the AOG and the ratio of
the explained causal effects RΩ, based on the bike dataset. The relationship between RΩ and (b) the
number of nodes, and (c) the number of edges in the AOG, based on the bike dataset.

H.9 ANOTHER METRIC FOR THE RATIO OF THE EXPLAINED CAUSAL EFFECTS

In this section, we provide another metric for the ratio of the explained causal effects. As is discussed
in Section 3.2 of the main paper, we only used causal patterns in Ω, to approximately explain the
output of the deep model. The ratio of the explained causal effects could also be quantified as follows.

QΩ =

∑
S∈Ω |wS |∑
S⊆N |wS |

, (14)

where we used
∑

S∈Ω |wS | to quantify the explained causal effects in the AOG explainer, while∑
S⊆N |wS | represented all causal effetcs encoded by the deep model.

We also studied the relationship between the number of causal patterns |Ω| and QΩ, the relationship
between QΩ and the unfaithfulness ρunfaith of the AOG explainer, and the relationship between QΩ and
the AOG complexity. Figure 13 show that the ratio of explained causal effects QΩ increased along
with the increase of the number of causal patterns |Ω|. Besides, the faithfulness of the AOG explainer
was boosted along with the increase of QΩ. Moreover, the number of nodes and the number of edges
in the AOG also increased along with the increase of QΩ.

H.10 MORE ANALYSIS ON THE EFFECTIVENESS OF THE LEARNED BASELINE VALUES

This section provides more experimental analysis on the effects of baseline values on the conciseness
of explanations. Beyond experiments in the Paragraph Effects of baseline values on the conciseness
of explanations, Section 4.2 of the main paper, in this section, we analyzed the effectiveness of the
learned baseline values in terms of the AOG complexity from different perspectives. To this end, we
first computed causal effects using baseline values obtained in different epochs during the learning
phase. Then, based on the computed causal effects, we measured the number of causal patterns, the
node number, and the edge number in the AOG at each learning epoch. For fair comparison, we
selected the minimum number |Ω| of causal patterns such that the ratio of the explained causal effects
QΩ exceeded 70%, to construct the AOG. Figure 14 shows the change of the AOG complexity during
the learning process of baseline values, in terms of the number of causal patterns, the number of nodes,
and the number of edges in the AOG. We found that the learning of baseline values significantly
simplified the AOG, thus boosting the conciseness of explanations.
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Figure 13: (1) The first column shows the relationship between the number of causal patterns |Ω| in
the AOG and the ratio of the explained causal effects QΩ, based on different datasets. (2) The second
column shows the relationship between QΩ and the unfaithfulness ρunfaith of the AOG explainer, based
on different datasets. (3) The third column and the fourth column show the relationship between QΩ

and the node number, and the edge number in the AOG, respectively.
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Figure 14: The number of patterns (the first column), nodes (the second column), and edges (the third
column) in the AOG, based on baseline values of different learning epochs. The learned baseline
value significantly enhanced the conciseness of explanations.

I DISCUSSION ABOUT THE DIFFERENCE BETWEEN THE AOG EXPLAINER AND
THE BOW MODEL

Do we explain a DNN as a linear model, such as a bag-of-words (BoW) model (Sivic & Zisserman,
2003; Csurka et al., 2004)? First, although the AOG explainer seems like a linear additive model, the
AOG explainer does NOT simplify the non-linear deep model as a linear model. Instead, as mentioned
in Section 3.1, the AOG explainer extracts different causal patterns from different input samples,
rather than using the same set of causal patterns to explain different samples. It is because the deep
model is non-linear and triggers different causal patterns to handle different samples. Therefore,
unlike the BoW model that extracts the same set of features for each sample, the AOG explainer
quantifies how the deep model triggers different causal patterns to handle different samples, thereby
still being non-linear for different inputs. Second, the BoW model only considers the presence or
absence of input variables, while the AOG explainer is sensitive to the spatial relationship of input
variables. For example, Table 8 shows the causal effects wS of the same sets of words S encoded by
the deep model2, given two sentences with the same words but different word positions. We found

2In this example, we explained the causal effects encoded by a two-layer LSTM model trained on the SST-2
dataset for sentiment classification. We set v(xS) = p(y = positive sentiment|xS).
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that the deep model encoded significantly different causal effects between the same sets of words,
which demonstrated that the AOG explainer was different from the BoW model.

Table 8: Given two sentences with the same words but different word positions, the causal effects of
the same sets of words S encoded by the deep model were different. This demonstrated that the AOG
explainer was sensitive to the spatial relationship of input variables, indicating a difference with the
BoW model.

Sentence 1: it’s just not very smart. Sentence 2: it’s not just very smart.
sets of words S causal effects wS sets of words S causal effects wS

{just, not, smart, .} -1.616 {not, just, smart, .} 1.139
{it, just, not, very} -1.510 {it, not, just, very} 5.908

{’s, just, not, very, smart} -1.172 {’s, not, just, very, smart} 0.890
{just, not, very, smart} -0.715 {not, just, very, smart} 3.563

Nevertheless, common and salient causal patterns shared by different input samples can also be
considered as basic elementary concepts encoded by the deep model. For example, if two sentences
contain the same set of words S in the same positions, then the deep model will encode the same
causal effects wS′ , ∀S ′ ⊆ S. Table 9 shows that the deep model encoded the same causal effects
within S = {not, very, smart} in two different sentences. From this perspective, such common causal
patterns can be roughly considered as typical “words” in a BoW model.

Table 9: Given two sentences containing the same set of words S = {not, very, smart}, the causal
effects within the subset of words S encoded by the deep model were the same. The deep model
encoded the same causal effects wS′ , ∀S ′ ⊆ S.

Sentence 1: it’s just not very smart. Sentence 3: he is just not very smart.
sets of words S ′ ⊆ S causal effect wS′ sets of words S ′ ⊆ S causal effect wS′

{not, smart} -13.481 {not, smart} -13.481
{not, very} -12.826 {not, very} -12.826
{smart} 6.568 {smart} 6.568

{very, smart} 3.720 {very, smart} 3.720
{not} 0.939 {not} 0.939

{not, very, smart} 0.837 {not, very, smart} 0.837
{very} -0.197 {very} -0.197
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output = 48.99, income > 50K, 𝑅Ω=98.75%
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-76.37

Figure 15: An example of the AOG extracted from the MLP-5 network, trained on the census dataset.
Red edges indicate the parse graph of the most salient causal pattern.
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output = -20.95, income < 50K, 𝑅Ω=99.42%
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Figure 16: An example of the AOG extracted from the ResMLP-5 network, trained on the census
dataset. Red edges indicate the parse graph of the most salient causal pattern.
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output = -1.53, income < 50K, 𝑅Ω=98.50% output = 0.98, income > 50K, 𝑅Ω=99.08%
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(a) Examples of AOGs extracted from the MLP-2 network, adversarially trained on the census dataset.
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output = -3.54, income < 50K, 𝑅Ω=99.87% output = -5.22, income < 50K, 𝑅Ω=99.67%

1.57

-1.57
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(b) Examples of AOGs extracted from the MLP-5 network, adversarially trained on the census dataset.
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Census ResMLP-5 (adv)

Right: test sample-0016
output = 4.61, income > 50K, 𝑅Ω=98.88% output = -3.56, income < 50K, 𝑅Ω=98.34%
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(c) Examples of AOGs extracted from the ResMLP-5 network, adversarially trained on the census dataset.

Figure 17: Examples of AOGs extracted from models trained on the census dataset. Red edges
indicate the parse graph of a specific causal pattern.
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(a) Examples of AOGs extracted from the MLP-5 network, adversarially trained on the bike dataset.
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output = 78.92, # bike rent is 78, 𝑅Ω=99.38% output = 234.95, # bike rent is 234, 𝑅Ω=97.26%

(b) Examples of AOGs extracted from the ResMLP-5 network, adversarially trained on the bike dataset.

Figure 18: Examples of AOGs extracted from models trained on the bike dataset. Red edges indicate
the parse graph of a specific causal pattern.
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output = -9.76, not commercial, 𝑅Ω=98.73% output = -9.79, not commercial, 𝑅Ω=99.54%
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(a) Examples of AOGs extracted from the MLP-2 network, adversarially trained on the TV news dataset.
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output = -1.15, not commercial, 𝑅Ω=99.53% output = 0.71, is commercial, 𝑅Ω=99.87%
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(b) Examples of AOGs extracted from the MLP-5 network, adversarially trained on the TV news dataset.
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Commercial ResMLP-5 (adv)

Right: train sample-0011
output = -1.72, not commercial, 𝑅Ω=98.94% output = 0.74, is commercial, 𝑅Ω=98.87%
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-0.56
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(c) Examples of AOGs extracted from the ResMLP-5 network, adversarially trained on the TV news
dataset.

Figure 19: Examples of AOGs extracted from models trained on the TV news dataset. Red edges
indicate the parse graph of a specific causal pattern.

output = 11.40, positive sentiment, 𝑅Ω=98.92% output = -6.72, negative sentiment, 𝑅Ω=99.86%
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(a) Examples of AOGs extracted from the CNN network, trained on the SST-2 dataset.
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output = -18.56, negative sentiment, 𝑅Ω=99.21% output = 18.71, positive sentiment, 𝑅Ω=99.08%

(b) Examples of AOGs extracted from the LSTM network, trained on the SST-2 dataset.

Figure 20: Examples of AOGs extracted from models trained on the SST-2 dataset. Red edges
indicate the parse graph of the most salient causal pattern.

output = 7.98, grammatically correct, 𝑅Ω=99.00% output = -6.19, grammatically wrong, 𝑅Ω=99.93%

5.36

-5.36

3.53

-3.53

(a) Examples of AOGs extracted from the CNN network, trained on the CoLA dataset.

output = 13.95, grammatically correct, 𝑅Ω=97.41%output = 13.08, grammatically correct, 𝑅Ω=99.40%
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(b) Examples of AOGs extracted from the LSTM network, trained on the CoLA dataset.

Figure 21: Examples of AOGs extracted from models trained on the CoLA dataset. Red edges
indicate the parse graph of the most salient causal pattern.
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Figure 22: AOGs that explained incorrect predictions of the network model trained on the SST-2
dataset. Red edges indicated the parse graphs of causal patterns towards correct predictions, while
blue edges indicated parse graphs of causal patterns towards wrong predictions.
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