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Abstract

Modern reinforcement learning has shown empirical success in various real world
settings with complex models and large state-action spaces. The existing analytical
results, however, typically focus on settings with a small number of state-actions or
simple models such as linearly modeled state-action value functions. To derive RL
policies that efficiently handle large state-action spaces with more general value
functions, some recent works have considered nonlinear function approximation
using kernel ridge regression. We propose 7-KRVI, an optimistic modification of
least-squares value iteration, when the state-action value function is represented by
an RKHS. We prove the first order-optimal regret guarantees under a general setting.
Our results show a significant polynomial in the number of episodes improvement
over the state of the art. In particular, with highly non-smooth kernels (such as
Neural Tangent kernel or some Matérn kernels) the existing results lead to trivial
(superlinear in the number of episodes) regret bounds. We show a sublinear regret
bound that is order optimal in the cases where a lower bound on regret is known
(which includes the kernels mentioned above).

1 Introduction

Reinforcement learning (RL) in real world often has to deal with large state action spaces and
complex unknown models. While RL policies using complex function approximations have been
empirically effective in various fields including gaming [[1, 2 3]], autonomous driving [4], microchip
design [5], robot control [6], and algorithm search [7], little is known about theoretical performance
guarantees in such settings. The analysis of RL algorithms has predominantly focused on simpler
cases such as tabular or linear Markov decision processes (MDPs). In a tabular setting, a regret bound
of O(y/H?3|S x A|T) has been shown for optimistic state-action value learning algorithms [e.g.,
see, 8], where H is the length of episodes, T" is the number of episodes, and S and A are finite state
and action spaces. This bound does not scale well when the size of state-action space grows large.
When the model (the state-action value function or the transitions) admits a d-dimensional linear
representation in some state-action features, a regret bound of @(\/ H3d3T) is established [9]], that
scales with the dimension of the linear model rather than the cardinality of the state-action space.

Several recent studies have explored the utilization of complex models with large state-action spaces.
A very general model entails representing the state-action value function using a reproducing kernel
Hilbert space (RKHS). This approach allows using kernel ridge regression to obtain confidence
intervals, which facilitate the design and analysis of RL algorithms. The most significant contribution
to this general RL problem is [10] (also see the extended version on arXiv [L1]), that provides regret
guarantees for an optimistic least-squares value iteration (LSVI) algorithm, referred to as kernel
optimistic least-squares value iteration (KOVI). The main assumption is that the state-action value
function can be represented using the RKHS of a known kernel k. The regret bounds reported in [10]
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scale as O (H2 V(D(T) + log N (e)) I‘(T)T), with e = £, where I'(T") and N/ (€) are two kernel

related complexity terms, respectively, referred to as maximum information gain and e-covering
number of the class of state-action value functions. The definitions are given in Section 4] Both
complexity terms are determined using the spectrum of the kernel. While for smooth kernels, charac-
terized by exponentially decaying Mercer eigenvalues, such as Squared Exponential kernel, I'(T")
and log N/ (%) are logarithmic in 7", for more general kernels with greater representation capacity,
these terms may grow polynomially in T, possibly making the regret bound trivial (superlinear).

To have a better understanding of the existing result, let {o,,, > 0}5°_, denote the Mercer eigenvalues
of the kernel & in a decreasing order. Also, let {¢,,}5°_; denote the corresponding eigenfeatures.
Refer to Section for details. The kernel % is said to have a polynomial eigendecay when o,
decay at least as fast as m ™" for some p > 1. The polynomial eigendecay profile satisfies for many
kernels of practical and theoretical interest such as Matérn family of kernels [12] and the Neural
Tangent (NT) kernel [13]. For a Matérn kernel with smoothness parameter v on a d-dimensional
domain, p = % [e.g., see, [14]]. For a NT kernel with s — 1 times differentiable activations,

p= w [L5]. In [LO], the regret bound is specialized for the class of kernels with polynomially
decaying eigenvalues, by bounding the complexity terms based on the kernel spectrum. However,
the reported regret bound is sublinear in 7" only when the kernel eigenvalues decay very fast. In
particular, let p = p(1 — 2n), where for > 0, 0], ¢y, is uniformly bounded. Then, [10, Corollary

4.4] reports a regret bound of O(T¢ T+ +2), with

2d+p+1 2 d+1

@ 6-0'5-3" ° " mptd M

K* = max{¢",

The regret bound @(Tf “”"**%) is sublinear only when p and p are sufficiently large. That, at least,
requires 2£* < %, implying p > d + 2, when p is also sufficiently large. For instance, for Matérn

d(d+1) (2v+d)(1—27)
2 d

kernels, this requirement can be expressed as v > , when is sufficiently large.

Special case of bandits. A similar issue existed in the simpler problem of kernelized bandits,
corresponding to the special case where H = 1,|S| = 1. Specifically, the O(I'(T)v/T)) regret bounds
reported for optimistic sampling [16, GP-UCB], as well as for Thompson sampling [17, GP-TS] are
also trivial (superlinear) when I'(T') grows faster than /7. It remains an open problem whether the
suboptimal performance guarantees for these two algorithms is a fundamental shortcoming or an
artifact of the proof. This observation is formalized as an open problem on the online confidence
intervals for RKHS elements in [18]]. For the kernelized bandits problem, [[19] proved lower bounds

on regret in the case of Matérn family of kernels. In particular, they proved an Q(Tﬁ) lower bound
on regret of any bandit algorithm. Several recent algorithms, different from GP-UCB and GP-TS,
have been developed to alleviate the suboptimal and superlinear regret bounds in kernelized bandits
and obtain an O(+/T'(T")T') regret bound [20, 21]], that matches the lower bound in the case of the
Matérn family of kernels. The Sup variation of the UCB algorithms also obtain the optimal regret
bound in the contextual kernel bandit setting with finite actions [22].

Main contribution. The RL setting presents a greater level of complexity compared to the bandit
setting due to the Markovian dynamics. None of the solutions in [20} 21} 22]] seem appropriate in
the MDP setting, thereby leaving the question of order optimal regret bounds open in the RL setting.
In Section 3] we propose a domain partitioning kernel ridge regression based least-squares value
iteration policy (7-KRVI), that obtains a sublinear regret of O(H?\/T'(T)T) for a large class of
kernels with polynomially decaying eigenvalues, as formally defined in Definition [T} including the

Matérn family of kernels and the NT kernel. Our result can be expressed as an @(H 2T%l) regret
bound. Not only this is the first sublinear regret bound under such a general stetting, it is also order
optimal in terms of 7 in the case of Matérn kernels, given the lower bound obtained under the special
case of kernelized bandits in [19]].

Our proposed policy, m-KRVI, is based on least-squares value iteration (similar to KOVT [10]]).
However, in order to effectively utilize the confidence intervals from kernel ridge regression, m-KRVI
creates a partitioning of the state-action domain and builds the confidence intervals only based on the
observations within the same partition element. The domain partitioning allows us to leverage the
scaling of the kernel eigenvalues with respect to the domain size, as formally given in Definition|[T]
The inspiration for this idea is drawn from m-GP-UCB algorithm introduced in [[14] for kernelized
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bandits. In comparison to [14], 7-KRVI and its analysis present greater complexity due to the
Markovian dynamics in the MDP setting. Furthermore, we provide a finer analysis that significantly
improves the results compared to [[14]. Although [14] obtained sublinear regret guarantees in the
kernelized bandit setting, there still remained a polynomial in 7" gap between their regret bounds and
the lower bound reported in [[19]]. As a consequence of our results, we also close this gap.

There are several novel contributions in our analysis that lead to the improved and order optimal
regret bounds. We establish confidence intervals for kernel ridge regression that apply uniformly to
all functions in the state-action value function class (Theorem|[I)). A similar confidence interval was
given in [[10]. We however provide flexibility with respect to setting the parameters of the confidence
interval, that eventually contributes to the improved regret bounds, with a proper choice of parameters.
We also derive bounds on the maximum information gain (Lemma [2) and the function class covering
number (Lemma [3), taking into consideration the size of the state-action domain. These bounds are
important for the analysis of our domain partitioning policy which effectively controls the number
of observations utilized in kernel ridge regression by partitioning the domain into subdomains of
diminishing size. These intermediate results may also be of general interest in similar problems.

The 7-KRVI policy enjoys an efficient runtime, polynomial in 7', and linear in |.A|, similar to the
runtime of KOVI [10]. The dependency of the runtime on |.A| limits the scope of the policy to finite
A, while allowing a continuous S (with |S| infinite). The assumption of finite A can be relaxed,

provided there is an efficient optimizer of a certain state-action value function. See the details in
Section[3.2

Other related work. There is an extensive literature on the analysis of RL policies which do not rely
on a generative model or an exploratory behavioral policy. The literature has primarily focused on
the tabular setting [8, 23| 24]. The domain of potential applications for this setting is very limited,
as in many real world problems, the state-action space is very large or even infinite. In response to
this, recent literature has placed a notable emphasis on employing function approximation in RL,
particularly within the context of generalized linear settings. This approach involves representing
the value function or transition model through a linear transformation to a well-defined feature
mapping. Important contributions include the work of [9} 25], as well as subsequent studies by
[26, 271 28] 291 130]. Furthermore, there have been several efforts to extend these techniques to a
kernelized setting, as explored in [10, 30, 31, 32} 33]. These works are also inspired by methods
originally designed for linear bandits [34}35]], as well as kernelized bandits [36} 22, [17]]. However,
all known regret bounds in the RL setting [10} 130,131} 32, [33]] are not order optimal. We compare our
regret bounds with the state of the art reported in [10]]. A similar issue existed for classic kernelized
bandit algorithms. A detailed discussion can be found in [18]]. The authors in [30]] considered finite
state-actions under a kernelized MDP model where the transition model can be directly estimated.
That is different from the setting considered in our work and [10].

2 Preliminaries and Problem Formulation

In this section, we overview the background on episodic MDPs and kernel ridge regression.

2.1 Episodic Markov Decision Processes

An episodic MDP can be described by the tuple M = (S, A, H, P,r), where S is the state space, A
is the action space, the integer H is the length of each episode, r = {rh}{le are the reward functions
and P = {P, }L | are the transition probability distributionsﬂ We use the notation Z =S x A to
denote the state-action space. For each h € [H], the reward 7}, : Z — [0, 1] is the reward function at
step h, which is supposed to be deterministic for simplicity, and P, (+|s, a) is the transition probability
distribution on S for the next state from state-action pair (s, a).

A policy m = {m;, }}L_,, at each step h, determines the (possibly random) action 7, : S — A taken
by the agent at state s. At the beginning of each episode ¢ = 1,2, - -, the environment picks an
arbitrary state sf. The agent determines a policy 7* = {r! }/L . Then, at each step h € [H], the
agent observes the state s}, € S, picks an action a}, = 7} (s} ) and observes the reward 7, (s}, a},).

"We intentionally do note use the standard term transition kernel for P}, to avoid confusion with the term
kernel in kernel-based learning.
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The new state s, ; then is drawn from the transition distribution P} (-|s},, a},). The episode ends
when the agent receives the final reward rg (st;, aly ).

The goal is to find a policy 7 that maximizes the expected total reward in the episode, starting at step
h, i.e., the value function defined as

H

Z Th/(sh', ah’)

h'=h

Vii(s) =E

sh—sl, Vs € S,h € [H], 2)

where the expectation is taken with respect to the randomness in the trajectory {(ss,an)}L,
obtained by the policy . It can be shown that under mild assumptions (e.g., continuity of P,
compactness of Z, and boundedness of r) there exists an optimal policy 7* which attains the
maximum possible value of V;7(s) at every step and at every state [e.g., see, 37]. We use the
notation V;*(s) = max, V;"(s), Vs € S, h € [H]. By definition V;™" = V;*. For a value function
V :§ — [0, H], we define the following notation

[PaV](s,a) :=Eynp, (5.0 [V(s)]- 3)

We also define the state-action value function Qf : Z — [0, H] as follows.

H

Z The (Shr, anr)

h'=h

QZ(&CL) =E,

Sh:S,ah:CL‘| y (4)

where the expectation is taken with respect to the randomness in the trajectory {(sp, az) }fL, obtained
by the policy 7. The Bellman equation associated with a policy 7 then is represented as

QZ(Sv a) = Th(sa a) + [Ph‘/hT,r+1](37 CL), ‘/hﬂ(s) = EW[Q;KSJ”L(S))]? VHﬂ--&-l =0, &)

where the expectation is taken with respect to the randomness in the policy 7. The Bellman op-
timality equation is also given as Qj (s, a) = r(s,a) + [Pn V7 1](s,a), Vi(s) = max, Qj (s, a),
Vir41 = 0. The performance of a policy m! is measured in terms of the loss in the value function,
referred to as regret, denoted by R(T') in the following definition

T

R(T) =Y (Vi(sh) = Vi (sh)). ©6)

t=1

Recall that 7t is the policy executed by the agent at episode ¢, where s! is the initial state in that
episode determined by the environment.

2.2 Kernel Ridge Regression

We assume that the state-action value functions belong to a known reproducing kernel Hilbert space
(RKHS). See Assumption[I]and Lemma [I|for the formal statement. This is a very general assumption,
considering that the RKHS of common kernels can approximate almost all continuous functions on the
compact subsets of R4 [16]. Consider a positive definite kernel k : Z x Z — R. Let Hy, be the RKHS
induced by k, where H, contains a family of functions defined on Z. Let (-, )3, : Hi X Hr — R
and || - ||%, : Hx — R denote the inner product and the norm of Hy, respectively. The reproducing
property implies that for all f € Hy, and z € Z, (f, K (-, 2))%, = f(2). Without loss of generality,
we assume k(z,z) < 1 for all z. Mercer theorem implies, under certain mild conditions, k can be
represented using an infinite dimensional feature map:

k(2,2) = 0mbm(2)dm(2), (7

m=1

where 0, > 0, and /0, ¢, € H}, form an orthonormal basis of . In particular, any f € Hj can
be represented using this basis and wights w,,, € R as

F=" wn\omom, ®)

m=1
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m=1 Way,

where | f||5,, = >_o-_, w,. A formal statement and the details are provided in Appendix We
refer to o,,, and ¢,,, as (Mercer) eigenvalues and eigenfeatures of k, respectively.

Kernel-based models provide powerful predictors and uncertainty estimators which can be leveraged
to guide the RL algorithm. In particular, consider a fixed unknown function f € Hj. Consider a set
Zt = {z"}!_, C Z of t inputs. Assume ¢ noisy observations {Y (2*) = f(z%) + &'}!_, are provided,
where &% are independent zero mean noise terms. Kernel ridge regression provides the following
predictor and uncertainty estimate, respectively [see, e.g., 38],

pd(2) = kL(2)(Kze + N21H) 7Yy,

(b1(2))? = k(z,2) =k (2)(Kgze + X1 Tkge(2), )
where kzi(2) = [k(z,2'),...,k(2,2")]" is at x 1 vector of the kernel values between z and
observations, Kzt = [k(z", 27)]{ ;_, is the ¢ x ¢ kernel matrix, Yz: = [Y'(2!),... ,Y(Z1)] 7 is the

t x 1 observation vector, I is the 71dentity matrix of dimensions ¢, and A > 0 is a free regularization
parameter. The predictor and uncertainty estimate could be interpreted as posterior mean and variance
of a surrogate centered Gaussian process (GP) model with covariance k, and zero mean Gaussian
noise with variance A\? [e.g., see,[39].

2.3 Technical Assumption

We assume that the reward functions {ry, }#L | and the transition probability distributions P, (s'|-, -)
belong to the 1-ball of the RKHS. We use the notation By g = {f : || f|ln, < R} to denote the
R-ball of the RKHS.

Assumption 1 We assume

(- ), Pu(s']-,) € Bka, Vhe€[H], Vs €8S. (10)

This is a mild assumption considering the generality of RKHSs, that is also supposed to hold in [[10].
Similar assumptions are made in linear MDPs which are significantly more restrictive [e.g., see, 9]

An immediate consequence of Assumption [I]is that for any integrable V' : S — [0, H], r, +
[PrVh+1) € B 1. This is formalized in the following lemma.

Lemma 1 Consider any integrable V : S — [0, H]. Under Assumption we have

rh + [PoViti1] € B 1. (11)

3 Domain Partitioning Least-Squares Value Iteration Policy

A standard policy in episodic MDPs is the least-squares value iteration (LSVI), which computes an

estimate @'}L for {Q; }L_| at episode ¢, by recursively applying Bellman equation as discussed in the
previous section. In addition, an exploration bonus term b : Z — R is typically added leading to

Qf, = min{Q}, + Bb,, H —h+1}. (12)

The term @2 + /3b}, is an upper confidence bound on the state-action value function, that is inspired
by the principle of optimism in the face of uncertainty. Since the rewards are assumed to be at most 1,
the state-action value function at step h is also bounded by H — h + 1. In episode ¢, then 7! is the

greedy policy with respect to Q = {QZ}thl. Under Assumption |1} the estimate @t , the parameter
{3 and the exploration bonus b}, can all be designed using kernel ridge regression. Specifically, having

the Bellman equation in mind, @z is the (kernel ridge) predictor for rj, + [PV} 1] using (possibly
some of) the past ¢t — 1 observations {ry,(2]) + Vi, ; (s} 1) }:_} at points {z]}:_}. Recall that
E [rn(2]) + Vit 1 (sh20)] = ra(zh) + [PuV)i,1](2]), where the expectation is taken with respect

to Py, (+|2]). The observation noise V;/, | (s} 1) — [PnV}!,1](]) is due to random transitions and is
bounded by H — h < H.
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3.1 Domain Partitioning

To overcome the suboptimal performance guarantees rooted in the online confidence intervals in
kernel ridge regression, we introduce domain partitioning kernel ridge regression based least-squares
value iteration (7-KRVI). The proposed policy partitions the state-action space Z into subdomains
and builds kernel ridge regression only based on the observations within each subdomain. By doing
so, we obtain tighter confidence intervals, ultimately resulting in a tighter regret bound. To formalize
this procedure, we consider the state-action space Z C [0, 1]¢. Let S}, h € [H],t € [T be sets of
hypercubes overlapping only at edges, covering the entire [0, 1]¢. For any hypercube 2’ € Sf, we
use pz to denote the length of any of its sides, and N}, (Z’) to denote the number of observations at
step h in Z’ up to episode ¢:

t
Ni(2') =) 1{(s}.a}) € 2'}. (13)
=1

For all h € [H], we initialize S} = {[0, 1]?}. At each episode ¢, for each step h, after observing
a sample from rj, + [P, V)l ] at (s},,a},), we construct a new cover S}, as follows. We divide
every element 2’ € Si~! that satisfies pz* < |[N}(2')| + 1, into two equal halves along each
side, generating 2¢ hypercubes. The parameter o > 0 in the splitting rule is a constant specified in
Definition|l| Subsequently, we define S}, as the set of newly created hypercubes and the elements of

Sy~ ! that were not split.

The construction of the cover sets described above ensures the number N} (Z”) of observations within
each cover element Z’ remains relatively small with respect to the size of Z’, while also controlling
the total number |S},| of cover elements. The key parameter managing this tradeoff is a, which is
carefully chosen to achieve an appropriate width for the confidence interval, as shown in Section 4]

3.2 m-KRVI

Our proposed policy, 7-KRVI, is derived by adopting the precise structure of an optimistic LSVI, as
described previously, where the predictor and the exploration bonus are designed based on kernel
ridge regression only on cover elements. In particular, for z € Z, let Z}(z) € S} be the cover
element at step & of episode ¢ containing z. Define Z} (z) = {(s},a}) € Z;(z),T < t} to be the set
of past observations belonging to the same cover element as z. We then set

Qn(2) = k;,g(z)(z)(Kz;(z) + X207y ), (14)

where kzt () = [k(z, z')]z,ezt ) is the kernel values between z and all observations 2’ in Z} (z),
v h

Kyt ) = [k(2',2")].s 2rezt (2 is the kernel matrix for observations in Z}(z), and Vi) =

[rn(2")+ Vi, (s%H)]zT,eZt (»)» Where 5,41 is drawn from the transition distribution P, (-|2’), denotes
h

the observation values for the observation points z’ € Z} (z). The vectors k 71 (2) and YZ;;(Z) are

N}~'(2}%(2)) dimensional column vectors, and Kz (- and I are N7H2E(2) x NITH(ZE(2))

dimensional matrices.

The exploration bonus is determined based on the uncertainty estimate of the kernel ridge regression
model on cover elements defined as

Nl

b (2) = (k(z,z) — ks (o (2) Kz () + AZI)_lkzZZ(Z)(z)) . (15)

The policy m-KRVI then is the greedy policy with respect to
Qh.(2) = min{Q}, (=) + Br(8)b, (=), H — h + 1}, (16)
Specifically, at step h of episode ¢, the following action is chosen, after observing s},

al, = argmax Q! (s}, a). (17)
acA

A pseudocode is provided in Appendix
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The predictor @t , the confidence interval width multiplier 37 (8) and the exploration bonus b}, are
all designed using kernel ridge regression limited to the observations within cover elements given
above. The parameter 37 (), in particular, is designed in a way that Q% is a 1 — § upper confidence
bound on rj, + [P, V!, ]. Using Theorem on the confidence intervals, we show that a choice of

Br(8) = O(H /log(LH)) satisfies this requirement.

Runtime complexity. The 7-KRVI policy is also runtime efficient with a polynomial runtime
complexity. In particular, an upper bound on the runtime of 7-KRVIis O(HT* + H|A|T?), that is
similar to KOVI [10]]. However, analogous to [[14], we expect an improved runtime for 7-KRVI in
practice. In addition, the runtime can further improve in terms of 7" utilizing sparse approximations
of kernel ridge predictor and uncertainty estimate [e.g., see, [40]. The dependency of the runtime
on |A] is due to the step given in Equation (T7). If this optimization can be done efficiently over
continuous domains, m-KRVI (also KOVI) could handle infinite number of actions. The assumption
that the upper confidence bound index can be efficiently optimized over continuous domains is often
made in the kernelized bandits [e.g., see, 16l

4 Main Results and Regret Analysis

In this section, we present our main results. In Theorem we establish an O(y/TT A(T)) regret
bound for 7-KRVI, for the class of kernels with polynomial eigendecay. We first prove bounds
on maximum information gain and covering number of state-action value function class. Those
enable us to present our uniform confidence interval for state-action value functions (Theorem [I)),
and subsequently the regret bound (Theorem [2)).

Definition 1 (Polynomial Eigendecay) Consider the Mercer eigenvalues {c,}5_1 of k : Zx Z —
R, given in Equation (7)), in a decreasing order, as well as the corresponding eigenfeatures { ¢, }20_;.
Assume Z is a d-dimensional hypercube with side length pz. For some Cp, o > 0,p > 1, the kernel k
is said to have a polynomial eigendecay, if for all m € N, 0,,, < C,m™Pp%. In addition, for some
1 > 0, ol om(2) is uniformly bounded over all m and z. We use the notation p = p(1 — 2n).

The polynomial eigendecay profile encompasses a large class of common kernels, e.g., the Matérn
family of kernels. For a Matérn kernel with smoothness parameter v, p = z%jd and o = 2v [e.g.,
see, [14]. Another example is the NT kernel [[13]. It has been shown that the RKHS of the NT kernel,
when the activations are s — 1 times differentiable, is equivalent to the RKHS of a Matérn kernel

with smoothness v = s — % [[15]. For instance, the RKHS of an NT kernel with ReLU activations
is equivalent to the RKHS of a Matérn kernel with v = % (also known as the Laplace kernel). In
this case, p = 1 + é and o = 1. The hypercube domain assumption is a technical formality that

can be relaxed to other regular compact subsets of R?. The uniform boundedness of o7, ¢, (z)
also holds for a broad class of kernels, including the Matérn family, as discussed in [10]. Several
works including [15 41]], have employed an averaging technique over subsets of eigenfeatures,
demonstrating that, for the regret bounds and I'y, », the effective value of 1) can be considered as 0 in
the case of Matérn and NT kernels.

4.1 Confidence Intervals for State-Action Value Functions

Confidence intervals are an important building block in the design and analysis of bandit and RL
algorithms. For a fixed function f in the RKHS of a known kernel, 1 — § confidence intervals of the
form | f(z) — ut7f (2)| < B(8)bt(2) are established in several works [[16} [17, 42} 43] under various
assumptions. In our setting of interest, however, these confidence intervals cannot be directly applied.
This is due to the randomness of the target function itself. Specifically, in our case, the target function
is7y + [PV} +1)» which is not a fixed function due to the temporal dependence within an episode.
An argument based on the covering number of the state-action value function class was used in [10]]
to establish uniform confidence intervals over all z € Z and all f in a specific function class. In
Theorem |[I] we prove a different confidence interval that offers flexibility with respect to setting the
parameters of the confidence interval. Our approach leads to a more refined confidence interval,
which, with a proper choice of parameters, contributes to the improved regret bound achieved by our

policy.
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We first give a formal definition of the two complexity terms: maximum information gain and the
covering number of the state-action value function class, which appear in our confidence intervals.

Definition 2 (Maximum Information Gain) In the kernel ridge regression setting described in
Section the following quantity is referred to as maximum information gain: T x\(t) =
max g z log det(I + %Kzt).

Upper bounds on maximum information gain based on the spectrum of the kernel are established
in [14} 16} 44]. Maximum information gain is closely related to the effective dimension of the kernel.
While the feature representation of common kernels is infinite dimensional, with a finite observation
set, only a finite number of features have a significant impact on kernel ridge regression, that is
referred to as the effective dimension. It has been shown that information gain and effective dimension
are the same up to logarithmic factors [45]. This observation offers an intuitive understanding of
information gain.

State-action value function class: Let us use Qy, (R, B) to denote the class of state-action value
functions. In particular for a set of observations Z, let by, (z) be the uncertainty estimate obtained
from kernel ridge regression as given in (9). We define

Qen(R,B) ={Q: Q(z) = min{Qu(z) + Bby(2), H—h+ 1}, |Qolln, < R, B8 < B,|Z] %15)}

Definition 3 (Covering Set and Number) Consider a function class F. For € > 0, we define the
minimum e-covering set C(€) as the smallest subset of F that covers it up to an € error in lo, norm.
That is to say, for all f € F, there exists a g € C(€), such that || f — g||i.. < e. We refer to the size of
C(e) as the e-covering number.

We use the notation Ny, j, (€; R, B) to denote the e-covering number of Qy, 5, (R, B), that appears in
the confidence interval.

In Lemmas 2]and 3] we establish bounds on I'y x(t) and Ny, »(€; R, B), respectively.

Lemma 2 (Maximum information gain) Consider a positive definite kernel k : Z x Z — R, with
polynomial eigendecay on a hypercube with side length pz. The maximum information gain given in
Definition 2] satisfies

Tya(T) = O (T3 (log(T)) "4 p3 ).

Lemma 3 (Covering Number of Oy, ,(R, B)) Recall the class of state-action value functions
Qi.n(R, B), where k : Z x Z — R satisfies the polynomial eigendecay on a hypercube with
side length pz. We have

2 « ﬁ 2 Ha %
1ogNk,h<e;R,B>:0<<R Z)7 (e (7)) (F2) " (1 <B>>>
€ € € €

Our bound on maximum information gain is stronger than the ones presented in [10, |14} [16]] and is
similar to the one given in [44], in terms of dependency on 7". Our bound on function class covering
number is similar to the one given in [10], in terms of dependency on 7". Both Lemmas 2] and 3] given
in this work are, however, novel in terms of dependency on the domain size pz, and are required for
the analysis of our domain partitioning algorithm.

We next present the confidence interval. Proofs are given in the appendix.

Theorem 1 (Confidence Interval) Let @’,51 and b}, denote the kernel ridge predictor and uncertainty
estimate of 1y, + [PV} ,], using t observations {V}! | (s} )Y,y at Z] = {z]}._, C Z, where

5541 is the next state drawn from Py,(-|z])). Let Ry = 2H\/T'y x\(T). For ¢,0 € (0,1), with
probability, at least 1 — 6, we have, Vz € Z,h € [H| and t € [T,
7 (2) + [PaVit] (2) — Q1 ()| < BL(S, )bl (2) + ¢,
where (3} (8, €) is set to any value satisfying
H H 3Vt
)5

T
Bh(s,€) > H+1+ 7 Tpa(t) +1log N w(e; Rr, B85 (6, €)) + 1 4 log (5 3

19)
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4.2 Regret of 7-KRVI

A key step in the analysis of 7-KRVI is to apply the confidence interval in Theorem|I]to a subdomain

Z' € 8. By design of the splitting rule, we can prove that the maximum information gain

: !t T( 2z — " _ Hy/log(&H)
corresponding to Z’ satisfies I'y, x (N, (2')) = O(log(T')). In addition, we choose € = Ve
when applying the confidence interval at step h of episode ¢ on this subdomain. That ensures
log Mg n(€; RN}T(Z,),BZ((?, €)) = O(log(T)). From these, and by applying a probability union

bound over all subdomains Z’ created in 7-KRVI, we can deduce that the choice of 87 (d) =

O(H,/ log(¥)) with a sufficiently large constant, satisfies the requirements for confidence interval

widths based on Theorem[I} The details are provided in the proof of Theorem [2]in Appendix [E] Then,
using standard tools from the analysis of optimistic LSVI algorithms, we arrive at the following regret
bound.

Theorem 2 (Regret of 7-KRVI) Consider the w-KRVI policy described in Section with

Br(d) = ©(H, /10g(¥)) with a sufficiently large constant implied in the © notation. Under
Assumption[l] for kernels given in Definition[l} with probability at least 1 — §, the regret of 7-KRVI

satisfies
R(T) =0 <H2 log(T)\/ TTyA(T)log (?)) : (20)

R(T)=0 (HQT’Z? \/(bg(T))?’% log (?)) . 21)

The regret bound of m-KRVI provided in Theorem [2| represents a significant improvement over

the state of the art regret bound in [10]. It improves their regret bound by removing an
Pl

O(/Tx\(T) +log Ny 1.(€, Ry, B)) factor, for some B > Br(d). Also, O(T"27 ) is sublinear
with p > 1, which is a substantial improvement over the requirement for sublinear regret in [10]
(discussed in the introduction).

Equivalently,

When specialized for the Matérn family of kernels, replacing p = %

R(T) =0 (HQTH)(M) \/ (log(T))* "7 log (?)) . (22)

In terms of T scaling, this matches the lower bound for the special case of kernelized bandits [[19]], up
to logarithmic factors, for cases where 1 = 0. As discussed, even for cases where 7 > 0, utilizing an
averaging technique over eigenfeatures, 7 can be effectively considered 0. For example, see [15} 41]].

, our regret bound becomes

5 Conclusion

The analysis of RL algorithms has predominantly focused on simple settings such as tabular or
linear MDPs. Several recent studies have considered more general models, including representing
the state-action value functions using RKHSs. Notably, the work in [[10] derives regret bounds
for an optimistic LSVI policy. However, the regret bounds in [10] are sublinear only when the
eigenvalues of the kernel decay rapidly. In this work, we leveraged a domain partitioning technique,
a uniform confidence interval for state-action value functions, and bounds on complexity terms based
on the domain size to propose 7-KRVI, which attains a sublinear regret bound for a general class
of kernels. Moreover, our regret bounds match the lower bound derived for Matérn kernels in the
special case of kernelized bandits, up to logarithmic factors. It remains an open problem whether
the suboptimal regret bounds in the case of standard optimistic LSVI policies [such as KOVI, |[10]
represent a fundamental shortcoming or an artifact of the proof.
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s2 A A Pseudocode for 7-KRVI

503 A pseudocode for the 7-KRVI policy, presented in Section[3] is provided in Algorithm T}

Algorithm 1 The 7-KRVI Policy
I: Input: A, Br(8), k, M = (S, A, H, P,r).
2: Forall h € [H], let S} = {0, 1]¢}.
3: for Episodet =1,2,...,T,do

4:  Receive the initial state s}.
5. SetVf,(s)=0,foralls.
6: forsteph=H,...,1do
7: Obtain value functions QY (z) as in (16).
8: end for
9: forsteph =1,2,...,H do
10: Take action a}, < argmax,. 4 Q) (¢}, a).
11: Observe the reward ry, (s},, af,) and the next state sJ, , ;.
12: Split any element 2’ € S/, for which pZ* < |N{(Z')| + 1 along the middle of each
side, and obtain S} .
13: end for
14: end for

s04 Figure [T] demonstrates the domain partitioning used in 7-KRVI on a 2-dimensional domain. The
505 colors represent the value of the target function. The observation points are expected to concentrate
so6 around the areas where the target function has a high value. As a result the domain is partitioned to
507 smaller squares in that region.

10
08
0.6
0.4

02

0.0
0.0 0.2 0.4 0.6 0.8 10

Figure 1: A 2-dimensional domain partitioned into smaller squares.

sos B Mercer Theorem and the RKHSs

509 Mercer theorem [46] provides a representation of the kernel in terms of an infinite dimensional
sto feature map [e.g., see, Theorem 4.49]. Let Z be a compact metric space and p be a finite Borel
511 measure on Z (we consider Lebesgue measure in a Euclidean space). Let Li(Z) be the set of
512 square-integrable functions on Z with respect to ;. We further say a kernel is square-integrable if

/Z/Zk2(z,z') dp(z)du(z") < oo.

513 Theorem 3 (Mercer Theorem) Let Z be a compact metric space and |1 be a finite Borel measure
s14 on Z. Let k be a continuous and square-integrable kernel, inducing an integral operator Ty, :
si5s L2(Z) — L (Z) defined by

(Tof) () = / k(o)) du(),

Z
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where f € Li (Z). Then, there exists a sequence of eigenvalue-eigenfeature pairs {(op,, m )}y

such that oy, > 0, and Ty ¢py, = TP, for m > 1. Moreover, the kernel function can be represented
as

k(z,2") = Z Tmdm(2)om (2') 5

where the convergence of the series holds uniformly on Z x Z.

According to the Mercer representation theorem [e.g., see, 47, Theorem 4.51], the RKHS induced
by k can consequently be represented in terms of {(0.,, &) }50_;.

Theorem 4 (Mercer Representation Theorem) Let {(0y,, ) }io | be the Mercer eigenvalue eigen-
feature pairs. Then, the RKHS of k is given by

Hi = {f() = Z wmaéz(bm(') f W, € R, Hf”%—[k = Z wZ@ < OO} .
m=1 m=1

Mercer representation theorem indicates that the scaled eigenfeatures {\/0, . }5°_, form an or-
thonormal basis for H,.

C Proof of Theorem (1) (Confidence Interval)

Confidence bounds of the form given in Theorem 1| have been established for a fixed function f with
bounded RKHS norm and sub-Gaussian observation noise in several works including [42} 17, 43]. In
the RL setting, however, we apply the confidence interval to f = 7, + [P, V! 1] Although the RKHS
norm of this target function is bounded by H + 1, this is not a fixed function as it depends on V! 11
In addition the observation noise terms V;,1(s},, 1) — [PV}, ](s},, a},) also depend on V! ;. To
handle this setting, we prove a confidence interval that holds for all possible V}! +1:S — [0, H]. For
this Izurpose, we use a probability union bound and a covering set argument over the function class
of Vi 4.

We first recall the confidence interval for a fixed function and noise sequence given in [[17, Theorem 2].
See also [42, Corollary 3.15].

Lemmad Let {2* € Z}I_| be a stochastic process predictable with respect to the filtration {F; }1_.
Let {e'}]_, be a real valued F; measurable stochastic process with a o sub-Gaussian distribution
conditioned on F;_,. Let utf and b* be the kernel ridge predictor and uncertainty estimate of f
using t noisy observations of the form { f (27) + €” }._,. Assume f € By g .Then with probability at
least 1 — 9, forall z € Z andt > 1,

1f(2) = ut (2)] < Bub'(2), (23)

where 1 = R+ 0\/2(1"k,>\(t) +1+log(3)).

As discussed above, we cannot directly use this confidence interval on rj, + [P, V! +1} in the RL
setting. Instead, we need to prove a new confidence interval that holds true for all possible V!, ;. We
thus define V to be the function class of V}!  as follows.

Vin(R,B) ={V:V(s) = néaj(Q(s,a), for some @ € Ok n(R, B)}. (24)

For simplicity of presentation, we specify the parameters R and B later.

Let C,‘;h(e; R, B) be the smallest e-covering set of Vj, (R, B) in terms of I, norm. That is to
say for all V' € Vi u(R, B), there exists some V € C;, (& R, B) such that [|[V — V|;, < e
Let N}, (¢; R, B) denote the e covering number of Vi, »(R, B). By definition N}Y, (¢; R, B) =
ICY 1 (e; R, B)|.
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We can create a confidence bound for all V € C}; (€ R, B), using Lemmaand a probability union
~t1
bound over C/, (¢; R, B). Fix h € [H] and ¢ € [T]. Let us use the notation @ for the kernel ridge

— =t — — —
predictor with V. Thatis Q (2) =k, (2)(Kz, + A?I)~'Y, where Y = [V(sh41)]bzy.and s7
is the next state drawn randomly from probability distribution Py, (-|2}). In addition, to simplify

the notation, we use g = 75, + [P, V] and p*9 = @t. Also, let b'(z) = (k(z,2) — kg, (2)(Kz, +
A21)"1ky, (2))2. Then, we have, with probability at least 1 — 4, forall V € C,Kh(e; R, B) and for
all z € Z,

l9(2) = p9(2)] < Bab'(2), (25)

where B = H + 1+ 2, [T 0 (t) +10g MY, (65 R, B) + 1+ log(}).

Confidence interval (23) is a direct application of Lemmad]and using a probability union bound over
allV € C,‘;h(e; R, B). Note that, ||rp + PrV||n, < H+1 (Lemma. In addition, V' (s}, ;) —

[P,V](2]) € [0, H] for all h and 7. A bounded random variable in [0, H] is a H/2 sub-Gaussian
random variable based on Hoeffding inequality [48]].

Now, we extend the uniform confidence interval over all V' € CY, (€; R, B) to a uniform confidence

interval over all V € V. 1,(R, B). For some V € V. ,(R, B), define f = rj, + [P, V] and pu*f = Q.
similar to g and p*9. By definition of CY, (¢; R, B), there exists V' € CY, (¢; R, B), such that
[V =V <e Thus, forall z € Z,

f(z) = g(2) = [PV](2) = [PV](2) < sup V(s) = V(s)| <e (26)

Therefore, with probability at least 1 — 4,

1f(z) = ()] < 1f(2) = g(2)| + lg(2) — "9 (2)| + |t (z) — ub ()]
< Bab'(2) + e+ |9 (2) — ph (2). 27

Next, we prove that |t (2) — ut9(2)| < %bf(z)

Let us further simplify the notation by introducing o, (2) = (Kz,+A21)"Ykz, (2), F,” = [f(2])]!

T=1°
—T —
Bl =[e7 = V(sh )= [PV 2. G = [9))—1. By = [E7 = V(s )= [PV
so that ut/ (2) = @™ (2)(F; + E;) and pu9(2) = o' (2)(Gy + Ey).
As discussed earlier, the observation noise terms ¢* also depend on V. We have, for all ¢ > 1,
et =& = |V(sig1) = V(sigr) — ([PaV](z]) — [PuV](2])

< 2e.

Using the difference between f and g, as well as the difference between noise terms, we have

|t (2) = pt9(2)] o] (2)(Fy + Ep) — o' (2)(Ge + Ev)|

< Nla(2)IFr = Gt + By — Ef|
< Bevt|au(2)]|
< 36\/f/\bt(z)’

where the last inequality follows from || (2)]| < btf\z) [e.g., see, 43| Proposition 1].

The bound on |p*7 () — 9 ()| combined with (27) proves that for a fixed ¢ € [T, fixed h € [H],
forall z € Zand forall V € Vi (R, B),

f(2) = u" (2)] < Bab'(2) + e,
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577 where

53—H+1+ 3\56.

1
Tia(t) +log MY, (6; R, B) + 1+ log(g) + (28)

7

578 The confidence interval holds uniformly for all A € [H] and ¢ € [T'] using a probability union bound,
579 when f3 is replaced with the following

3eV/t

)+>\

54_H+1+\[\/Fk>\ +1ogNkh(eRB)+1+1og( (29)

)
ss0 To complete the proof, we bound W, ,2’ »(e; R, B) in terms of the specific parameters of the problem.
ss1  Firstly, the e covering number of Vy j, (R, B) is bounded by that of Qy, (R, B) [10, proof of Lemma
sz D.1]. Recall the definition of O (R, B) in (I8). We note that ||Q% ||, < 2H/Tx(t) [10,
ss3 Lemma C.1]. Thus, the theorem follows with /3}, (4, €), where f3}, (4, €) is set to some value satisfying

36\[
)

Bi(0,€) > H + 1+ —=1 [T (t) +log Nion (€5 Re, 3], (,¢)) + 1 + 1o g( (30)

\f
ssa  with R, = 24/I'y, »(t). That completes the proof of Theorem

sss D Proof of Lemmas 2] (Maximum Information Gain) and 3] (Covering
586 Number).

587 We first introduce the projection of the RKHS on a lower dimensional RKHS that is used in the
sss  proof of both lemmas. We then present the proofs. Recall the Mercer theorem and the representation
s89  of kernel using Mercer eigenvalues and eigenfeatures. Using Mercer representation theorem, any
590 f € Bpr can be written as

F= wn\omom, 31)

m=1

sot with Y~ w2 < R% For some D € N, let IIp[f] denote the projection of f onto the D-

m
s92 dimensional RKHS corresponding to the first D features with the largest eigenvalues

D
= Z W/ Om®m.- (32)
m=1
ses  Let us use the notations wp = [wy,wa, -+ ,w D]T for the D-dimensional column vector of weights,
sa ¢dp(z) = [#1(2),p2(2), -+ ,ép(2)]" for the D-dimensional column vector of eigenfeatures, and
se5 Lp = diag([o1, 09, -+ ,op]) for the diagonal matrix of eigenvalues with [0, 09, - ,0p] as the
s96 diagonal entries. We also use the notations
EP(2,2) = ¢, (2)Epdp(2), (33)

597 to denote the kernel corresponding to the D-dimensional RKHS, as well as k°(z, ') = k(z,2') —
so8 kP(z,2).

s99 D.1 Proof of Lemma 2l on Maximum Information Gain

so0 Recall the definition of 'y, x(¢). We have

1 1 1 1
ilogdet (I"‘ )\2KZ6> = ilogdet (I+ )\ (Kzt +Kzf)>

1 1 5\ 1 1 1 p10
2logdet(l+)\2Kzf>+210gdet(1+ ﬁ([‘i‘ﬁKzt) KZt .

Term (i) Term (i)
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602

603
604

605
606
607

608
609
610

611

612

613

614

615

616

We next bound the two terms on the right hand side.

Term (i): Note that for kP corresponding to the D-dimensional RKHS, we have K gt =&, b,

where ®; = [¢p(2)]].,: is at x D matrix that stacks the feature vectors ¢p(z7), 7 =1,-- ,t, as
it rows. By Weinstein—Aronszajn identity [49]] (a special case of matrix determinant lemma),
1 1
log det <1t + )\2K§> = logdet <It + ﬁcﬁtEDi’tT ) (34)

1 s )
_ logdet<ID+)\22%)<I>t<I>:El%>
1 1
u(IP + L358,8] 53)
< DI AZ=D2 b
< Dlog( D )
t
< Dlog(l—k—/\QD).

The first inequality follows from the inequality of arithmetic and geometric means on eigenvalues of
the argument, and the second inequality follows from k£” < 1. For clarity, we used the notations I*
and I” for identity matrices of dimension ¢ and D, respectively. Otherwise, we drop the superscript.

Term (i7): Similarly using the inequality of arithmetic and geometric means on eigenvalues, we
bound the log det by the log of the trace of the argument. Let us use ep to denote an upper bound on
kY.
1 L Dy-150
logdet | I + ﬁ(“' FKzt) K.

tr(l + (I + LK2) 1KY,
tlog(r( +>\2( "‘22 Z) Z)) (35)

€D
< tlog(1+ F)

tGD
= N
The last inequality uses log(1 + ) < x which holds for all z € R.
Combining the bounds on Term () and Term (i7), we have

D t teD
Fea(t) < =log(l+ =)+ —-. 36
k,,\(),2 og( +/\2D)+2/\2 (36)
Now, using the polynomial eigendecay profile given in Definition [2]

o0

ko(zvz/> = Z 0m¢m(z)¢m(z/) 37
m=D+1
< 012 Z 57,1,;277
m=D+1
LS
< Ciops 3w
m=D+1
< Cprp%/ xPdx
D
2 (e}
< MD*FA. (38)

p—1
The constant C; is the uniform bound on ¢!, ¢,,,, and C,, is the parameter in Definition E}

Choosing D = Ct%pg (log(t))_%, with constant C' = %(%)% we obtain

ﬁ_
) ; (39)

=

) + (log(t))'~

1@ 1 t
Tpa(t) < Ctrpl (log(t) 7 log(1 4+ D

that completes the proof.
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633
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637
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D.2  Proof of Lemma 3]on Covering Number of State-Action Value Function Class
Recall the definition of the state-action value function class,
Qin(R, B) = {Q: Q(2) = min{Qo(2) + Bb(2), H — h + 1}, [|Qolln, < R, B < B,|Z| <T}.

and the notation Ny, 5, (¢; R, B) for its e-covering number. Let us use the notation Ny, g(€) for the
e-covering number of RKHS ball By r = {f : || fll#, < R}, N|o,p)(€) for the e-covering number of
interval [0, B] with respect to Euclidean distance, and NV, (€) for the e-covering number of class of

uncertainty functions by, = {b(z) = (k(z, 2) — k} (2)(Kz + AQI)*lkZ(z))% NZ| < Th.

Consider Q,Q € Oy x(R,B) where Q(z) = min{Qo(z) + Bb(z),H —h+ 1} and Q(z) =
min {Qy(z) + Bb(z), H — h + 1}. We have

Q(2) — Q(2)] < 1Qo(2) — Qo(2)] + |8 — Bl + Blb(2) - b(2)]. (40)
That implies

Nk,h(€§RaB)§Nk,R(§)NOB]( )Nkb( ) (41)

For the e-covering number of the [0, B] interval, we simply have No pj(¢/3) < 14-3B/e. In the next
lemmas, we bound the e-covering number of the RKHS ball and the class of uncertainty functions.

Lemma 5 (RKHS Covering Number) Consider a positive definite kernel k : Z X Z — R, with
polynomial eigendecay on a hypercube with side length pz. The e-covering number of R-ball in the

RKHS satisfies
2 « ﬁ
log Ni,r(e) = O <<R Pz> log(1 + f)) . 42)

€2

Lemma 6 (Uncertainty Class Covering Number) Consider a positive definite kernel k : ZxX Z —
R, with polynomial eigendecay on a hypercube with side length pz. The e-covering number of the
class of uncertainty functions satisfies

log Ny p(e) = O <(i3)p T(1+ log(l))) (43)

Combining (@) with Lemmas [5]and [6] we obtain

(67

R? R B? 2 B
log (e 1. 5) = O (L2071 4 o) + (P PThow(D))

that completes the proof of Lemma[3] Next, we provide the proof of two lemmas above on the
covering numbers of the RKHS ball and the uncertainty function class.

Proof 1 (Proof of Lemmal[5) For f in the RKHS, recall the following representation

(o)
F=Y wn\omom, (45)
m=1
as well as its projection on the D-dimensional RKHS
D
1= Wn\Tmtm. (46)
m=1
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648

649
650

652

653

654
655

We note that

||f_HD[f]Hoo = Z wm\/am(bm
m=D+1
S Ol Z |wm| 0'7171_27]
m=D+1
1 o0
< 002 np%ﬂ Z |y [ P2 =)
m=D++1
1 1
31 a/2 = 2 ’ = 1-2 ’
S 010172 Pz Z |wm‘ Z mip( a 77)
m=D+1 m=D+1
1
1_ . 2
< CiCp np%”R (/ x_pd,m)
D

Clcp%inpaz/zRD —152+1

p—1

In the expressions above, C is the uniform bound on o), ¢, and C,, is the constant specified in
Definition[l) The third inequality follows form Cauchy—Schwarz inequality.

Now, let Dy be the smallest D such that the right hand side is bounded by 5. There exists a constant
Cy > 0, only depending on constants Cy, Cp, 1 and p, such that

) " (47)

For a D-dimensional linear model, where the norm of the weights is bounded by R, the e-covering is
at most C5D(1 + log(?), for some constant Cs [e.g., see,[10]. Using an €/2 covering number for
the space of 1| f] and using the minimum number of dimensions that ensures | f — U p[f]]| < €/2,
we conclude that

R*pg
2

D0§02<

)

1

log Ni r(e€)

IN

C3Do(1 + log(

R2p2\ 7 R
cxca (F22)" (o),

IN

B
that completes the proof of the lemma.

Proof 2 (Proof of Lemmal[6) Let us define b; = {b* : b € by} and Ny, p2(€) to be its e-covering
number. We note that, for b,b € b,

[b(2) — b(2)| < \/I(b(Z))2 = (0(2))?]- (48)

2

Thus, an e-covering number of b is bounded by an €>-covering of b:

./\/']“b(E) S Nh[,z (62). (49)

We next bound N p2 (€2).

Using the feature space representation of the kernel, we obtain
(b(2)) = D YmOmdn (2), (50)
m=1

for some 7y, € [0,1]. Based on the GP interpretation of the model, ~,, can be understood as the
posterior variances of the weights. Let Dy be the smallest D such that Y >, | 0m@2,(2) < €2/2.

m
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ess  From Equation (38), we can see that, for some constant Cy, only depending on constants C1, Cyp, 1
657 and p,

Dy < C4 (”5) n 51)
€

658 For Z © | YmOm @2, (2) on a finite Do-dimensional spectrum, as shown in Lemma D.3 of [10], an

659 €2/2 covering number scales with D3. Specifically, an €2 /2 covering number of 250:1 Vi Tm®2,(2)
660 covering number is bounded by

1
CsD2(1 + log(z). (52)

661 Combining Equations 1) and (52), we obtain

1
C5DE(1 + log(,))

2

O3 (Zg’) T

s E  Proof of Theorem 2| (Regret of 7-KRVI).

Nk,b2(€2)

IN

IN

662 that completes the proof of the lemma.

es4 Following the standard analysis of optimisitc LSVI policies, for any h € [H], t € [T], we define
665 temporal difference error 0}, : Z — R as
0h(2) = r(2) + [PaViial(2) = Qi (2), V2 € 2. (53)

ess Roughly speaking, {46! (2)}L, quantify how far the {Q!}/L | are from satisfying the Bellman
667 optimality equation.

ees Forany h € [H],t € [T], we also define

ﬂ,t 71'1’
& = (Vitsh) = Vi (sh) = (@h(zh) = Q' ().
Go= (IPVialh) = [PV ) = (Vi (shn) = Vil (shn)) . 54
669 Using the notation defined above, we then have the following regret decomposition into three parts.

670 Lemma 7 (Lemma 5.1 in [10] on regret decomposition) We have

T H T H
=2 D Exl8i(en)ls1 = si] = 64 (1) + > > (€h +Ch)

t=1 h=1 t=1 h=1

(3) (i1)

T H
+> > B (@ (snmh (50)) — @ (sn, mh (s0)) 51 = 8] (55)

t=1 h=1

(i)
671 The third term is negative, by definition of 7}, that is the greedy policy with respect to Q}:
Qi (sn 7, (5n)) = Qi (sn, 77 (50)) = Qh (s 75 (1)) — max Q1 (sn, @) <0,

672 for all s;, € S. The second term is bounded using the following lemma.
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Lemma 8 (Lemma 5.3 in [10]) For any ¢ € (0, 1), with probability at least 1 — 0, we have

T H 9
SN &+ <4,/TH31og(5> (56)
t=1 h=1

Term (7): It turns out that the dominant term and the challenging term to bound is the first term in
Lemma([7} We next provide an upper bound on this term.

LetUl = U;T:l S}, be the union of all cover elements used by 7-KRVI over all episodes. The size of
U} is bounded in the following lemma and is useful in the analysis of Term (i).

Lemma 9 (Lemma 2 in [14]) The size of L{,LT satisfies
UT| < CTyA(T), (57)

for some constant C.

Now, consider a cover element Z’ € U]'. Usmg Theoreml we have, with probability at least 1 — 9,
forall h € [H|,t € [T],z € 2, for some €}, € (0,1),

-~

|71(2) + [PaVit](2) — Q1 (2)| < BL(6, €1,)b1,(2) + €, (58)

where 3}, (4, €} ) is the smallest value satisfying

t
Bi(0,e,) > H+1+ — NH) + 3\/N6h7

T (N) g N v 5,0, 60) 1+ o (50 ) + 25

\f
with N = N7, and ¢, = 250,

INT
th’

‘We also note that

IA
Q
Z
|
&
-

<)
=
=
&

T

Sl
S
[\\)'E\Q

TN 2)

IN
Q
RS
&

IN A

Clog(T), (59)
where the first inequality is based on Lemma[2] the second inezquality is by the design of partitioning
in 7-KRVI. Recall that each hypercube is partitioned when p ;> < N, ,tL 2+ 1 ensuring N }2 2, Temains
at most p;".

For the covering number, with the choice of e'}L = , we have

IOgNk,h(GI}‘/l; RN7 ﬂfz (57 6}57,))

= C( (62)2 ) (1 1 g( Ez >) + ( (62)2 (1+1 g( 61}2 ))
B\ N ACACT ) 546.)
< C <H210gj\(ff{f)> (1+10g(€))+ <H2hbg(};{;T)> (1 + log(Zn%Ch) ) €n )).

We thus see that the choice of 3 (6, €},) = ©(H y/log(L£)) satisfies the requirement for confidence

interval width on Z’ based on Theorem I We now use probability union bound over all Z’ € Z/Ih to

obtain
TH HUr
Hy/lo | Ui | Hy/log(—— TH (60)
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697

698
699

700

701

for which, we have with probability at least 1 — §, for all h € [H],t € [T],z € Z,
|7 (2) + [PaVisa](2) — Q1 (2)| < Br(6)b(2) + €, (61)

where in the above expression €/, is the parameter of the covering number corresponding to Z’ when
zeZ.

Therefore, we have, with probability at least 1 — §

H H
Term (i) < Y > =0} (2h) < 287(6) (ZZ b‘é(zi)) + 2¢},, (62)
t=1 h=1 t=1 h=1
with
H\/log(LTE)
= —f—— (63)
Nh,Z(sz)

We bound the total uncertainty in the kernel ridge regression measured by Zthl (bt (z,ﬁ))2

XT: (Bh(=1))" o> (GhGh)

t=1 Zreul zhez

2
> (N 2)

<
= 2

s log(1+1/X2?)

2C
Y i
2
s log(1+1/)2)
T

< 2]y

log(1+41/A2%)
S OFk’,\(T) lOg(T)
The first inequality is commonly used in kernelized bandits. For example see [16, Lemma 5.4]. The

second and fourth inequality follow from Equation (39) and Lemma 9] respectively. Also, we have

- ~ H?log(%{")

DE? = D (64)
t=1 t=1 h,Z(z},)
H?log( %)
< 22 T
zreUl zhez’ h,z’
TH
< |U5\H210g(7)10g(T)
TH
< CIia(T)H? log(T)log(T).

We are now ready to bound the

Term (i) < 2B7(d) (65)

A
o
™
~
=
N

|

&
A/

T

The proof is completed.
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