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ABSTRACT

We consider the natural problem of learning a ReLU network from queries, which
was recently remotivated by model extraction attacks. In this work, we present a
polynomial-time algorithm that can learn a depth-two ReLU network from queries
under mild general position assumptions. We also present a polynomial-time al-
gorithm that, under mild general position assumptions, can learn a rich class of
depth-three ReLLU networks from queries. For instance, it can learn most net-
works where the number of first layer neurons is smaller than the dimension and
the number of second layer neurons.

These two results substantially improve state-of-the-art: Until our work,
polynomial-time algorithms were only shown to learn from queries depth-two
networks under the assumption that either the underlying distribution is Gaussian
(Chen et al.[(2021)) or that the weights matrix rows are linearly independent (Milli
et al. (2019)). For depth three or more, there were no known poly-time results.

1 INTRODUCTION

With the growth of neural-network-based applications, many commercial companies offer machine
learning services, allowing public use of trained networks as a black-box. Those networks allow
the user to query the model and, in some cases, return the exact output of the network to allow
the users to reason about the model’s output. Yet, the parameters of the model and its architecture
are considered the companies’ intellectual property, and they do not often wish to reveal it. More-
over, sometimes the training phase uses sensitive data, and as demonstrated in Zhang et al.| (2020),
inversion attacks can expose those sensitive data to one who has the trained model.

Nevertheless, the model is still vulnerable to membership query attacks even as a black box. A recent
line of works (Tramer et al.|(2016)), [Shi et al.| (2017), Milli et al.| (2019), Rolnick & Kording| (2020),
Carlini et al.| (2020), [Fornasier et al.| (2021))) showed either empirically or theoretically that using a
specific set of queries, one can reconstruct some hidden models. Theoretical work includes |Chen
et al.| (2021) that proposed a novel algorithm that, under the Gaussian distribution, can approximate
a two-layer model with ReLLU activation in a guaranteed polynomial time and query complexity
without any further assumptions on the parameters. Likewise, [Milli et al.| (2019) has shown how to
exactly extract the parameters of depth-two networks, assuming that the weight matrix has indepen-
dent rows (in particular, the number of neurons is at most the input dimension). Our work extends
their work by showing:

1. A polynomial time and query complexity algorithm for exact reconstruction of a two-layer
neural network with any number of hidden neurons, under mild general position assump-
tions; and
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2. A polynomial time and a query complexity algorithm for exact reconstruction of a three-
layer neural network under mild general position assumptions, with the additional as-
sumptions that the number of first layer neurons is smaller than the input dimension and
the assumption that the second layer has non-zero partial derivatives. The last assumption
is valid for most networks with more second layer neurons than first layer neurons.

The mild general position assumptions are further explained in section However, we note
that the proposed algorithm will work on any two-layer neural network except for a set with a
zero Lebesgue measure. Furthermore, it will work in polynomial time provided that the input
weights are slightly perturbed (for instance, each weight is perturbed by adding a uniform number
in [-279,279)) At a very high level, the basis of our approach is to find points in which the linearity
of the network breaks and extract neurons by recovering the affine transformations computed by the
network near these points. This approach was taken by the previous theoretical papers Milli et al.
(2019); [Chen et al.| (2021)) and also in the empirical works of |Carlini et al.| (2020)); |Jagielski et al.
(2019). In order to derive our results, we add several ideas to the existing techniques, including
the ability to distinguish first from second layer neurons, which allows us to deal with three-layer
networks, as well as the ability to reconstruct the neurons correctly in general depth-two networks
with any finite width in a polynomial time, without assuming that the rows are independent.

2 RESULTS

We next describe our results. Our results will assume a general position assumption quantified by
a parameter § € (0, 1), and a network that satisfies our assumption with parameter ¢ will be called
§-regular. This assumption is defined in section[3.3] We note, however, that a slight perturbation of
the network weights, say, adding to each weight a uniform number in [—2~¢,274], guarantees that
w.p. 1 — 279 the network will be §-regular with ¢ that is large enough to guarantee polynomial time
complexity. Thus, §-regularity is argued to be a mild general position assumption. Throughout the
paper, we denote by () the time it takes to make a single query.

2.1 DEPTH TWO NETWORKS

Consider a 2-layer network model given by
M(m) = u;¢ ((wy, ) +by) ()

where ¢(z) = 27 = max(z, 0) is the ReLU function, and for any j € [d;], w; € R4, b; € R, and
u; € R. We assume that the w;’s, the b;’s and the u;’s, along with the width d,, are unknown to
the user, which has only black box access to M(x), for any € R?. We do not make any further
assumptions on the network weights, rather than §-regularity.

Theorem 1. There is an algorithm that given an oracle access to a d-regular network as in equa-
tion |1} reconstructs it using O ((d1log(1/6) + did) Q + ddy) time and O (dylog(1/6) + d1d)

queries.

We note that by reconstruction we mean that the algorithm will find d} and weights wy, ..., wél,l €
R4, 6,...,b2l,1 €R, andu’l,...,u;l,1 € R such that
di
Vo € RY, M(z) = (wp, ) + by + Y wjo ((w), ) + ). )
j=1

We will also prove a similar result for the case that the algorithm is allowed to query the network just
on points in Ri, but on the other hand, equation equation needs to be satisfied just for x € R‘fr.
This case is essential for reconstructing depth-three networks, and we will call it the Ri-restricted
case.

Theorem 2. In the Ri-restricted case there is an algorithm that given an oracle access to a ¢-
regular network as in equation |1} reconstructs it using O ((ddy log(1/8) + d1d) Q + d*d3) time
and O (ddy log(1/9) + d1d) queries.
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2.2 DEPTH THREE NETWORKS

Consider a 3-layer network given by
M(z) = (u, (Ve(Wz +b) + ¢)) 3)

where W € R4 x4 b c RN,V € R%2X4 ¢ e R%, 4 € R% and ¢ is the ReLU function defined
element-wise. We assume W,V u, b, c, along with d; and ds, are unknown to the user, which
have only black box access to M (z) for any € R?. Besides d-regularity we will assume that (i)
d; < d and that (ii) the top layer has non-zero partial derivatives: For the second layer function
F :R% — R given by F(x) = (u, (Vax + ¢)) we assume that for any = € Ril and j € [d4], the
derivative of F in the direction of e?) and —e(’) is not zero. We note that if dy is large compared
to d; (dy > 3.5d; would be enough) this assumption is valid for most choices of w, V" and c (see
theorem 3)).

Theorem 3. There is an algorithm that given an oracle access to a d-regular network as in
equation |2} with d1 < d and top layer with non-zero partial derivatives, reconstruct it using
poly(d, dy, da,log(1/6)) time and queries.

By reconstruction we mean that the algorithm will find d},d, € N, weights vy, ... ,’u(’j,2 € R%,
Clys e ,c’d/z eR,uj,... ,ugé € R, as well as a matrix W' € R4 %4 and a vector b’ € R% such that
dy
Ve € R, M(z) = (v}, ¢ (W'x + b))+ c) + Z%é (v, 0 W'z +b)) +¢)).
j=1

2.3 NOVELTY OF THE RECONSTRUCTIONS

Having an exact reconstruction is an essential task for extracting a model. While approximate re-
constructions, such as in |Chen et al.| (2021), may mimic the output of the extracted network, they
cannot reveal information on the architecture, like the network’s width. Moreover, an approximated
reconstruction can be viewed as a regression task. For example, the work of [Shi et al.| (2017)) used
Naive Bayes and SVM models to predict the network’s output. An exact reconstruction requires
building new tools, as we provide in this work.

Exploring the non-linearity parts of a network can offer information on the relations between the
weights of a neuron up to a multiplicative factor. Specifically, the sign of a neuron is missing.
Indeed: for the j’th neuron both (w;, b;) and (—w;, —b;) have the property of breaking the linearity
of M(x) at the same values of . To achieve the global signs of all the neurons, one requires either
to restrict the width of the network (as in Milli et al.| (2019)) or to use brute-force over all possible
combinations (as in |Carlini et al.| (2020) and |Rolnick & Kording|(2020)). We bypass this challenge
by allowing reconstruction up to an affine transformation and using the fact that for all z € R9,

(w,z) + b= ¢({w, x) +b) — ¢(— (w, x) —b).
This bypass allows the reconstruction of a network with any finite width in a polynomial time.
Another technical novelty of the paper is an algorithm that can identify whether a neuron belongs

to the first or the second layer. This allows us to handle a second hidden layer after peeling the first
layer.

3 PROOFS

3.1 NOTATIONS AND TERMINOLOGY

We denote by eV, ..., e(?) the standard basis of R¢ and by B(x, §) the open ball around 2 € R?
with radius 6 > 0. For w € R and b € R we denote by A, the affine function Ay, () =
(w,z) + b. For a point z € R? and a set A C R? we denote by d(z, A) = infyec ||z — yl| the
distance between  and A. Given a subspace P, A Gaussian in P is a Gaussian vector x in R4 whose
density function is supported in P. We say that it is standard if the projection of x on any line in P
that passes through E[x] has a variance of 1.
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Figure 1: An illustration of one-dimensional piecewise linear function M : R — R

The state of a neuron on a point x € R? is the sign of the input of that neuron (either positive,
negative, or zero). The state of a network on a point & € R¢ is a description of the states of all
neurons at . Similarly, the state of the first layer at & € R is a description of the state of all first
layer neurons at x.

The angle between a hyperplane P with a normal vector n and a line {tx + y : ¢ € R} (or just
a vector x # 0) is defined as ‘<H%H’ n> ‘ Likewise, the distance between two hyperplanes Py, Py

with normal vectors ny, 1 respectively, is given by D(Py,Py) := 1/1 — (n1,m2)%. We say that a
hyperplane is J-general if its angle with all the d axes is at least 0. A hyperplane is general if it is
d-general for some § > 0 (equivalently, it is not parallel to any axis).

3.2 PIECEWISE LINEAR FUNCTIONS

Let f : R? — R be piecewise linear, with finitely many pieces. A general point is a point & € R¢
such that exists a neighborhood around « for which f is affine in that neighborhood. Furthermore,
we say that the point x € R? is a §-general point if f is affine in B(x, §). Complementarily, a critical
point is a point & € R% such that for every § > 0, f is not affine in B(x, §). A critical hyperplane is
an affine hyperplane P, whose intersection with the set of critical points is of dimension d — 1. For
a critical hyperplane PP, we say that a point & € R? is P-critical if it is critical and « € P. Figure
illustrates the above definitions for the one-dimensional input case.

Note that there are finitely many critical hyperplanes for any piecewise linear function, that any
critical point belongs to at least one critical hyperplane, and mostﬂ critical points belong to exactly
one critical hyperplane. We will call such points non-degenerate. Furthermore, we will say that a
critical point x is §-non-degenerate if exactly one critical hyperplane intersects with B(x, ¢).

For the function M computed by a network such as equation [1| or equation [3] we note that for any
J € [di], the hyperplane P; = {x : (w;, ) + b; = 0} is a critical hyperplane. In this case, we say
that [P corresponds to the jth neuron, and vice-verse. Also, if x is a critical point, then at least one
of the neurons is in a critical state (i.e., its input is 0). In this case, we will say that x is a critical
point of that neuron.

We next describe a few simple algorithms related to piecewise linear functions that we will use
frequently. Their correctness is given in section [D] of the appendix; here we briefly sketch the idea
behind it.

3.2.1 RECONSTRUCTION OF AN AFFINE FUNCTION

We note that if « is an e-general point of a function f, then one can reconstruct the affine function f
computes over B(x, €) with d + 1 queries in B(z, €) and O(dQ) time. Algorithm 2]reconstructs the
desired affine function.

'By most, we mean all except a set whose dimension is d — 2.
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3.2.2 RECONSTRUCTION OF CRITICAL POINTS IN ONE DIMENSION

We say that a piecewise linear one dimensional function f : R — R is d-nice if: (1) All its critical
points are in (—%, 3) \ (=4, ), (2) each piece is of length at least 4, (3) there are no two pieces that
~og 2

share the same affine function, and (4) all the points in the grid MZ are §%-general.
Given a §-nice function, algorithmrecovers the left-most critical point in the range (a, 1/6), if such
a point exist, using O (log(1/6)Q) time. In short, the algorithm works similar to a binary search,
where each iteration splits the current range into two halves and keeps the left half if and only if it
is not affine.

Algorithm 1 FIND_CP(4, f, a): Single critical point reconstruction

Input: Parameter § < 1, black box access to a §-nice f : R — R, and left limit a € (—%, %)
Output: The left most critical point of f in (a,1/4).
1: Setxy = —%,SCR = %
2: forj =1,...,[log,(2/6%)] + 1 do
3 If ZLEIR < g or AFFINEs: (f,x1) = AFFINEs (f, ZLE28) set o, = ZLE2R Else, set
TR = -'1’«'L+13R.
4: end for
5: Let A, = AFFINEs: (f, ) and Ag = AFFINEs: (f,zg). If AL = AR then return "no critical

points in (a, 1/9)”. Else, return the point = for which Ay, (z) = Agr(z)

With algorithm1] we can reconstruct all the critical points of f in a given range (a,b) C (—1/6,1/6)
in O (klog(1/0)Q) time, where k is the number of critical points in (a, b). Indeed, we can invoke
algorithm 1| to find the left-most critical point z; in (a, b), then the one on its right and so on, until
there are no more critical points in (a, b).

3.2.3 RECONSTRUCTION OF A CRITICAL HYPERPLANE

Let f : R? — R be a piecewise linear function. Assume that z is a §-non-degenerate IP-critical point.
If 1, x2 € B(x,d) are two points on opposite sides of P, then P is the null space of A; — Ag, where
A1, Ay are the affine functions computed by f near &, and x,. Algorithm [3]therefore reconstructs
P in O(dQ) time.

3.2.4 CHECKING CONVEXITY/CONCAVITY IN A §-NON-DEGENERATE CRITICAL POINT

Let f : R? — R be a piecewise linear function. Assume that x is a §-non-degenerate P-critical point.
As P is the intersection of exactly two affine functions, then f is necessarily convex or concave in
B(«,d). Furthermore, for any unit vector e that is not paralleﬂ to P, we have that f is convex in
B(a, d) if and only if it is convex in [ — de, & + Je], in which case the slope of ¢ — f(x + te) in
[—6,0] is strictly smaller then its slope in [0, §]. Algorithm [4] therefore determine if f is convex or
concave in B(z, §) in O(Q) time.

3.2.5 DISTINGUISH ¢-GENERAL POINT FROM ¢-NON-DEGENERATE CRITICAL POINT

Let f : R? — R be a piecewise linear function. Assume that x is either a e-non-degenerate P-critical
point or an e-general point. Then by the definitions, for any unit vector e that is not parallel to PP,
x is critical if and only if the slope of ¢ — f(x + te) is different in the segments [—¢, 0] and [0, €].
Algorithm 5] therefore determine if @ is critical in O(Q) time.

3.3 GENERAL POSITION ASSUMPTION

We say that a two-layers network as in equation [1|is J-regular if the conditions for the inputs of
algorithms [2}f5] are met for the network and for any critical point that lies on the standard axes. For
a three-layer network, as in equation [3] we also require that the above apply to the sub-network
defined by the top two layers. A two- and three-layers network is called regular if it is §-regular

’By parallel we mean that the vector is orthogonal to the hyperplane’s normal.
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Algorithm 2 AFFINE (f, x) -
Affine map reconstruction from e-general point

Algorithm 4 IS_CONVEX(f, J, ) —
Checking convexity/concavity

Input: Black box access to a piecewise linear
I R? » R, parameter ¢ > 0, and an e-general
point & € R?

Output: Vector w € R? and b € R such that

Input: Black box access to a piecewise linear f :
RY 5 R, a parameter § > 0, a d-non-degenerate
P-critical point € R? for general P
Output: Is x convex in f at B(x, )

Vy € B(z,€), Aw(y) = f(y) 12 if f(x+eD)—f(z) > f(x)—f(xz—e)

()y_
1: Return w; = M and ) thg} . .
d +ee@)— : eturn “convex
b= (f(m) - M%) 2 else
- 4:  Return “concave‘
Algorithm 3 FIND HP(f, 4, ) — s end if

Reconstruction of a critical hyperplane

Algorithm 5 IS_GENERAL(f, ¢, x) —
Distinguish general point from critical point

Input: Black box access to a piecewise linear
f : R? — R, a parameter € > 0, a point a that
is either e-general or e-non-degenerate [P-critical
point for general P

Output: Is x general?

12 if f(z+eeV)— f(z) = f(x) - f(z—celV))

Input: Black box access to a piecewise linear f :
RY 5 R, a parameter § > 0, a 4-non-degenerate
PP-critical point 2 € R¢ for §-general P
Output: w € R? and b € R such that P = {x :
AU,’b((B) = 0}

1: Sete = (§/2)?

2: Using algorithm obtain (w1,b;) =

AFFINE. (f,x 4+ 3e(V) and (ws, b)) =

2 0 then
AFFINE. (f , T — € ) 2:  Return general”, else return “critical”
3: Return w = w; — wo and b = by — by 3: end if

for some § > 0. A network is in general position if it is regular, and for three-layer networks, as
in equation [3) we also require W to be surjective and that the top-layer will not have zero partial
derivatives. A formal definition for a d-regular network is given in section [A]of the appendix. Here
we want to state sufficient conditions that ensure the regularity and general position of a network.
The proofs are given in section[A]of the appendix.

Lemma 1. The set of non-regular neural networks as in equation [I| and equation [3] have a zero
Lebesgue measure.

Lemma 2. Let M be a neural network as in equation [l| or equation [3] Let q be the number of
neurons in the network, and let M > 0 be an upper bound on the absolute value of the weights. For
each weight in the network, add a uniform element in [—2~%,27%). Then, the noisy network M’ is
§-regular for § > 0 such that log(1/8) = poly(dlog(qM)) with probability of 1 — 2.

Lemma 3. For a general three-layers network as in equation[3] if di < d then W is surjective with
probability 1.

Lemma 4. For a general three-layers network as in equation[3} if 3.5dy < ds then the top layer has
non-zero partial derivatives with probability 1 — o(1).

We note that the assumptions in section[A|may seem lengthy. The keen reader may notice overlaps
between some of them and might suggest approaches to avoid others, for example, by adding ran-
domization to the queries. Yet, we keep them as is for the fluency of reading, to emphasize the main
concepts of the extraction. As training a network in practice begins from a random initialization, it
is very likely for the network to be found in a regular position after the learning phase. Therefore,
we took the freedom to ignore unlikely positions instead of combining them under a very restrictive
rule.

3.4 RECONSTRUCTION OF DEPTH TWO NETWORK — SKETCH PROOF OF THEOREMS [I]AND 2]

Recall that our goal is to recover a depth-two network in the form of equation equation [T We will
assume without loss of generality that the u;’s are in {£1}, as any neuron & — u¢({w,x) + b)
calculates the same function as « — ‘—Zl(b(<|u|'w7 x) + |u|b), as ReLU is a positive homogeneous

function.
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Our algorithm will first find a critical point for each neuron. For a regular network, each critical
hyperplane intersects the axis Re(!) exactly once, so we can reconstruct such a set of critical points
by invoking algorithm [1{on the function ¢ — M (te()).

We next reconstruct a single neuron corresponding to a given critical point &. For simplicity, assume
that x is a d-critical point of the j’th neuron. Using algorithm [3| we find an affine function A such
that A = Ay, b, or A = —Ay, p,. Then, to recover u;, note that if u; = 1 then M(x) is strictly
convex in B(x, 9) as the function u;¢((w;, ) + b;) is convex. Similarly, if u; = —1 then M(x) is
strictly concave in B(x, §). Thus, we recover u; using using algorithm

Finally, note that ¢(A(x)) is either ¢((w;, ) + b;) or ¢((w;, ) + b;) — (w;,x) — b;. Hence,
u;¢(A(x)) equals to u;¢(Aw, b, (2)) up to an affine map. The approach is detailed in Algorithm@

Algorithm 6 Recover depth-two network

Input: Parameter ¢ and a black box access to a d-regular network M as in equation
Output: Weights such that for all &, M(x) = Ay 41 (®) + D70 uj (A v (z))

1: Use repeatedly FIND_CP(5,t ~— M(te(V)),-) to find all the critical points on the axis {te(!) :
t € R} (see section . Denote these points by x1, ..., ..
fori=1,...,mdo
Compute (w}, b;) = FIND_HP(M, 4, x;).
If IS_CONVEX(M, 4, ;) = “convex* then set v, = 1. Else, set u}, = —1.
end for
Calc (wp, by) = AFFINEs (z — M(x) — Y70 uj¢ (Awr v () ,x') for arandom x’ € R%.

Return the function & +— Ay 4 () + 70 ujep (Aw;,bg (z)).

AR A

The following theorem proves the correctness of algorithm [6] and implies theorem[I} The proof is
given in section B|of the appendix.

Theorem 4. Algorithm@reconstruct a 8-regular network in time O ((log(1/6) + d)d1Q + d*dy).

3.4.1 SKETCH PROOF OF THEOREM[2|

Our algorithm for reconstruction of depth-two networks can be easily modified to work in the R‘j_-
restricted setting, with the difference that in order to reconstruct a d-critical point for each neuron
(step 1 in algorithm @), we will need to search in the range (0, 3) e(®) for all i € [d], as a critical
hyperplane of a given neuron might not intersect with R+e(1). Because of this change, each neuron
might be discovered several times (up to d times), and we will need an additional step that combines
neurons with the same affine map (up to a sign). For the particular case where the neuron has no
critical points on the positive orthant, one can ignore it without affecting equation equation [2]for all
T < R‘i.

These changes will result in a total runtime of O(dd; log(1/6)Q) instead of O(d; log(1/0)Q) for
step 1, O(d?d1Q) instead of O(dd;Q) for the loop, and O(d3d?) for combining similar neurons.
The total runtime will therefore be O((log(1/8) + d)dd;Q + d*d?). A formal proof is given in
section [B]of the appendix.

3.5 RECONSTRUCTION OF DEPTH THREE NETWORK — SKETCH PROOF OF THEOREM 3]

Recall that our goal is to recover a §-regular network of the form
M(z) = (u,p(Vop(Wz + b) + ¢)).
We denote by w; the jth row of W and assume without loss of generality that it is of unit norm, as

any neuron of the form x — ¢((w, ) + b) can be replaced by  — ||w||¢ (<ﬁ, a3> + ”Tb”>

Likewise, and similar to our algorithm for reconstruction of depth-two networks, we will assume
that u € {+1}%.

The algorithm will be decomposed into four steps described in the following four subsections. In
the first step, we will extract a set of critical hyperplanes that contains all the critical hyperplanes
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that correspond to a first layer neuron. In the second step, we will prune this list and will be left
with a list that contains precisely the critical hyperplanes that correspond to a first layer neuron. In
the third step, we will use this list to recover the first layer. Once the first layer is recovered, as the
fourth step, we recover the second layer via a reduction to the problem of recovering a depth-two
network.

3.5.1 EXTRACTING A SET CONTAINING THE CRITICAL HYPERPLANES OF THE FIRST LAYER

For the first step, we find a list L = {(ml,ﬁpl), ooy (2, }fbm)} of pairs such that:

« For each k, P, is a critical hyperplane of M and xj, is a d-non-degenerate critical point
whose critical hyperplane is P,

* The list contains all the critical hyperplanes of first-layer neurons

We find those points using Algorithm [3| Note that m = O(d1d2) (e.g. Telgarsky| (2016)). Let
Py,...,P,, be the critical hyperplanes corresponding to these points, found using Algorithm
Finally, lemma[8]below, together with d-regularity implies that every hyperplane P that corresponds
to a first layer neuron intersects Re(!) exactly once, and this intersection point is a §-non-degenerate
IP-critical point.

3.5.2 IDENTIFYING FIRST LAYER CRITICAL HYPERPLANES

The next step is to take the list L = {(azl , I@)l), U € I@’m)} from the previous step, verify all the

planes corresponding to first-layer neurons and remove all the other hyperplanes. The idea behind
this verification is simple: If P corresponds to a neuron in the first layer then any point in P is a
critical point of M (see lemma([8). On the other hand, if IP corresponds to a neuron in the second
layer, then not all its points are critical for M. Moreover, intersections with hyperplanes from the
first layer change the input for the second layer neurons, hence creating a new piece that replaces P.
Thus, in order to verify if P corresponds to a first layer neuron, we will go over all the hyperplanes
Py € L, and for each of them, will find a point ' € P that is the opposite side of Py, (relative to

x) and will check if it is critical. If it is not critical for one of the hyperplanes, we know that P does
not correspond to a first layer neuron. If all the points that we have examined are critical, even for
Py corresponded to a first layer neuron, then &’ is critical, which means that I must correspond to a
first layer neuron.

Algorithm [7]implements this idea. There is one caveat that we need to handle: The examined point
has to be generic enough in order to test whether it is critical or not using algorithm [5} To make
sure that the point is general enough, we slightly perturb it. The correctness of the algorithm follows
from lemmas [T0] and [TT] below. Due to the perturbations, the algorithm has a success probability of

at least 1 — % over the choice of &’ for each hyperplane and at least 1 — 2~¢ for all hyperplanes.
Each step in the for-loop takes O(dQ) operations. As the list size is O(d;ds), the total running time
over all hyperplanes is O(d?d3dQ).

3.5.3 IDENTIFYING DIRECTIONS

Since the rows in W are assumed to have a unit norm, the list of the critical hyperplanes of the
first-layer neurons, obtained in the previous step, determines the weights up to sign. In order to

recover the correct sign of (w1, 31), we can simply do the following test: Choose a point  such that

wx + lA71 = 0, and query the network in the points « + ez, x — ez, for small ¢, where z € R%is a
unit vector that has the property that is orthogonal to ws, . .., Wq, , but Wy z > 0. If we assume that
W is right invertible, then such a z exists, as wy, ..., wq, are linearly independent.

Let out(x) be the output of the first layer given some point &, then:

(w1, + ez) + by (wi,z) +(wi,ez) +b
(we, T + €z) + by (wa, x) +bo

out(x + €z) = ) = . = out(x) + € (w1, z) eV
(wq, , ¢ + €z) + by, (wg,, x) +ba,
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Algorithm 7 Identifying whether a critical hyperplane corresponds to the first layer
Input: A Black box access to a d-regular network M as in equation a list L =

{(wl, Py),..., (T, I@’m)} of pairs as described in section|3.5.1|and a pair (z,P) € L

Output: Does P correspond to a first layer neuron?
1: Choose ¢’ small enough such that 22(¢1+d2) % <

—  m?

2—d—1

(R—5")2 < g—d—1

2: Choose R > 0 large enough such thate™ = prvg

3: for any k € [m], such that Pj, # P do

4:  Choose a point z € P such that z and x are separated by PPy, and d(z,P) >R
5:  Choose a standard Gaussian Z in [P whose mean is z

6:  If IS_.GENERAL(M,d’, Z), return "I is not a first-layer critical hyperplane”

7: end for

8: Return ”PP is a first-layer critical hyperplane”

Therefore, when moving from « to either 4 ez or  — €z, only the first neuron changes, and after
the ReLLU activation function, only the positive direction will return a different value. Hence, in
order to have the correct sign we can do the following: If M () # M (x + ez) then keep (11, by ).
Else, replace it with (—w1, —131). We repeat this method for all the neurons j € [d;].

The above method fails in the special case where both V' ¢(out(x + €z)) + ¢ < 0 and V ¢(out(x —
€z)) + ¢ < 0, which occur if the partial derivatives of the top-layer are zero at ¢(x + €z) and
¢(x — ez). As we showed on section this is not expected if the second layer is wide enough.

The runtime of this step is O(d3d + d1Q), as to find z we need to do Gram-Schmidt, which takes
O(d3d), and additional two queries to find the sign.

3.5.4 RECONSTRUCTION OF THE TOP TWO LAYERS

After having the weights of the first layer at hand, and since W is assumed to be right invertible, we
can directly access the sub-network defined by the top two layers. Namely, given € Ril, we can
find z € R? such that

T = (¢(’U)12 +b1) P "¢(wd1z +bd1))
e.g., by taking z = W ~!(x — b) where W ! is a right inverse of W. Now, M(2) is precisely the
value of the top layer on the input «, and the problem boils down to the problem of reconstructing a
depth two network in the }Ri -restricted case, which we already solved.

Now, the cost of a query to the second layer is @) plus the cost of computing z, which is O(dd;).
There is also an asymptotically negligible cost of O(d?d) for computing W ~1. The runtime of this
step is therefore O((log(1/d) + dy)d1d2(Q + ddy) + d3d3).

4 DISCUSSION AND SOCIAL IMPACT

This work continues a set of empirical and theoretical results, showing that extracting a ReLU net-
work given membership queries is possible. Here we prove that two- and three-layer model extrac-
tion can be done in polynomial time. Our nonrestrictive assumptions make it feasible to construct a
fully connected network, a convolutional network, and many other architectures.

For practical use, our approach suffers several limitations. First, two- and three-layer networks are
too shallow in practice. Second, exact access to the black-box network may not be feasible in prac-
tice. As the number of output bits is bounded, numerical inaccuracies may affect the reconstruction,
especially when ¢ is very small. In that regard, our work is mostly theoretical in nature, showing
that reconstruction is provably achievable.

Yet, this work raises practical social concerns regarding the potential risks of membership-queries
attacks. Extracting the exact parameters and architecture will allow attackers to reveal proprietary
information and even construct adversarial examples. Therefore, uncovering those risks and creating
a conversation on ways to protect against them is essential.
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As empirical evidence shows, we believe it is possible to prove similar results with even fewer
assumptions for deeper models and more complex architectures. Furthermore, it might be interesting
to investigate the methods of this paper when we restrict the queries and the outputs up to machine
precision. We leave those challenges for future works.
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A  REGULAR NETWORKS

Definition 1. A neural network is called d-regular if it satisfies the following requirements:

1. Foreachi € [d), the piecewise linear function t — M (teV) is 5-nice as defined in section
3.2.2

2. Any critical point in the axes {te(i) : t € R} is §-non-degenerate.
3. Each critical hyperplane corresponds to a single neuron.

4. The distance between each pair of critical hyperplanes is at least §
5

. The angle between any critical hyperplane and an axis is at least J. Le., all critical hyper-
planes are §-general.

6. Each critical hyperplane P correspondingE] to a second layer neuron also corresponds to
a single first layer state. That is, the state of the first layer is the same for any P-critical
point.

7. In the case of depth-three networks, we assume that the above conditions also apply to the
sub-network defined by the top two layers.

While the definition above is lengthy, most of the requirements overlap, and we detailed them sep-
arately for ease of analysis. The following lemma shows that a regular network is expected from
a random network. As an untrained network begins from a random initialization, it is very likely
to be found in some random position after the learning phase. However, we note that some post-
processing methods, like weights-pruning, may affect the general position assumption; such cases
should be given specific care and are not in the scope of this paper.

Lemma 5. Let S be the set of networks as in equation [l and equation 3| that violate at least one of
the above:

1. Foreach i € [d), the piecewise linear function t — M(te?)) is nice.
. Any critical point in the axes {te(” : t € R} is non-degenerate.
. Each critical hyperplane corresponds to a single neuron.

2
3
4. The distance between each pair of critical hyperplanes is non-zero.
5. All critical hyperplanes are general.

6.

. Each non-zero critical hyperplane P corresponding to a second layer neuron also corre-
sponds to a single first layer state.

7. In the case of depth-three networks, we assume that the above conditions also apply to the
sub-network defined by the top two layers.

Then S has a zero Lebesgue measure.

Proof. 1t is enough to show that each of the above has a zero measure, as a finite sum of sets with
zero measure has a zero measure.

The demand of a specific point & € R¢ to be critical requires some critical hyperplane P such that
x € IP. This imposes a linear constraint on the set of all such possible hyperplanes and reduces their
degree of freedom. Any subspace with dimension < d has a zero Lebesgue measure in R, which

3Remember that we assign a (non-degenerate) critical point to a neuron if the value at that neuron, before
the ReLU function, is 0. A point & corresponds to the ith neuron in the first layer if (w;,x) + b; = 0,
and corresponds to the jth neuron in the second layer if (v;, (W a + b)) + ¢; = 0. A critical hyperplane
corresponds to some neuron if there is a non-empty open set S C P where each & € S corresponds to that
neuron.

11
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is also the case of all the possible hyperplanes containing . As a corollary, the set of hyperplanes
. . —[log2(2/6%)1 . .

that contains the points of *Z has also a zero measure, as Z is sparse in R.

As another corollary, once fixing a plane IP, the set of planes collides with P exactly on the i’th axis,
i € [d], is of zero measure as well, which is the case where a critical point on one of the axes to be
degenerate. Even a more degenerate case is where two neurons have the same hyperplane, which
means both neurons have exactly the same parameters up to a factor. Obviously, this case has a zero
measure in R?, which implies that with probability 1, a finite set of hyperplanes have a non-zero
distance between each other. If we consider the points on the i’th axis, {z € R? : (z,e(?) = 0},
as a hyperplane itself, then it is easy to see that a non-general hyperplane also has a zero measure.

For a one-dimensional function to be nice, one must require that no two pieces share the same affine
function. For functions of ¢ — M(te(?)), there are no two neurons whose i’th parameters are the
same. Indeed, the opposite case, where two neurons share the exact same parameters, has a zero
measure in R.

As for depth-three networks, all the above is valid for the sub-network defined by the top layer.
Moreover, we can consider the first-layer state as an affine transformation for the second layer’s
neurons. Therefore, in order for a second-layer critical hyperplane PP to span two first-layer states,
there must be two second-layer neurons that have the same parameters up to an affine transformation
whose uniquely defined by the parameters of the first layer. As the set of all those affine transforma-
tions is finite, this imposes a finite set of possible constraints, and each has a zero measure. O

The following two lemmas state the effect of a small perturbation over 6.

Lemma 6. Let M be a two-layers neural network as in equation[l| Let q be the number of neurons
in the network, and let M be an upper bound on the absolute value of the weights. For each weight
in the network, add a uniform element in [—2%,274], and denote the the noisy network by M’
Then:

1. For each i € [d], all critical points of the piecewise linear function t — M(te'V)) are in
(=%, %) \ (=0,8) with probability 1 — py = 1 — dqd(M + 1)2¢+1,

2. For each i € [d), each piece in the piecewise linear function t — M (te?)) is of length at
least § with probability 1 — py = 1 — d2%¢?>§(M + 1).
o 2
3. For each i € [d), all the points in the grid WZ of the piecewise linear function
t = M(te)) are 62-general with probability 1 — p3 = 1 — 3dq0.

4. Any critical point in the axes {te(i) : t € R} is 0-non-degenerate with probability 1 —py =
1—d32¢25(M +1)2¢-1,

5. The distance between each pair of critical hyperplanes is at least § with probability 1—ps =
1 — 8¢V dd(M + 1)229+1,

6. The angle between any critical hyperplane and any axis is at least § with probability 1 —
Pe = 1-— dQ(SQd

Proof. Let the ith axis to be {te(i) RS ]R}. Denote by w;; as the ith element of w; and by
W) = wj; + 1;, to be the noisy value of w;,;, where r;; ~ U([-274,274)). Similarly, let
b;- = bj + s; to be the noisy value of b;, where s; ~ U([—27¢,279]). Then the jth neuron has a

. . . . ; ; b’
critical point on the ith axis when te") = ts e where t;; = —47/—. Note that from lemma we
Gy

have almost surely that —oo < t;; < 0.

1. Foreach i € [d] and j € [g], note that |w/ ;| < M 4279 < M + 1. Given a € (0,279),

we have that:
«
p(|w;,i‘ >a) > p(rj| >a)=1- et

12
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Now, with probability 1 —a2?*! we have that both |wgz| > o and |b;| > «, and therefore,
by setting « = §(M + 1):

/
« i
0= S It.i = ’/J

M1l
M+ 4 -

«a 5

To make the above valid for every ¢ € [d] and j € [g], we can use the union bound to get
an overall probability 1 — p; where:

p1 < dga2¥t = dgs(M +1)24+1L,

2. Assume the weights were perturbed in the following order: First, W’ is perturbed. Sec-
ond, the bias of the first neuron, by, is defined, which sets its critical points with the axes,
t1,1,...,t1,4. As for the second neuron, we can ask what is the probability for b, to have a
critical point that is d-close to a critical point of the first neuron. That is, for some i € [d],

by + 1
p(ta; € B(ti;,0)) =p (- 2 ; 2 e (t1s — 0t + 5))

Wai

=p(rz € (—wWh(t1,i +6) — by, —Wh ;(t1; — 6) — b2))
< 2%6wh; < 296(M +1)
and using the union bound,
p(H’L S [d], ta; € B(tlﬂ',(g)) < d2d(5(M + 1).

Now, let us continue with the perturbation, and for the jth neuron, note that the probability
to intersect with any of the balls with radius § around t; ;,...,t;_14, ¢ € [d], is at most

(j — 1)d296(M + 1).

Finally, the probability that all the pieces for all ¢ € [d] are of length at least § is 1 — po
with:

q
p2 <3 (G — 1)d2%6(M + 1) < d2%g25(M + 1).

=2

3. Fix W' and some 7 € [d]. Note that for the jth neuron, t;; is uniform in L =
—b;—27% —p; 4274 |L|§

Wi 0 Wy 2—og2(2/52)]
times. Therefore, for all the points in the grid to be §2-general, it means that a segment of
length 262k should not contain a critical point. As t; ; is uniform, the probability of avoid-
ing that segment is therefore:

20%
L

} . As L is bounded, it intersects with the grid at most k =

1 1 — §%2M082(2/6%1 > 1 _ 35

where the last inequality follows for § < 1.
Overall, we get that the points in the grid are §2-general with probability 1 — p3, where
pP3 = 3dq5

4. Let P; the critical hyperplane defined by the jth neuron. The distance between IP; and a

critical point ty ;e(V), k # j is

wtpe®) + b ty W, + b +s;
D(P;, 1) = K 3ok > J| > |k 4i Y J’
| VA + 1)

As s; is a symmetric distribution around 0, we have with probability > %

that |t,W, +b;j+s;| > |[s;| and with probability 3 — o297 we have that

13
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tr W + by + sj} > |sj| > a. If we set @ = §v/d(M + 1) then using the union bound
we get:

1
p(Jield,j#k, st D(Pj,t;) < 6) < dg* {W«E(M +1)2¢ 1 — 2}
S d3/2q25(M+ 1)2(171 = pa.

Note that if tk,ie(i) is far from every other critical hyperplane with at least J, then it is
0-non-degenerate. Therefore, all the critical points on the axes are J-non-degenerate with
probability 1 — py.

5. For any unit vector e we have that at least one of the coordinates is of absolute value at

least 1/+/d. Thus,p ((w e)cd [ \/j 2\;}) < ¢ and (w, e>2 < |lwl|? = (w, e)* <
2 _ §2” Y, (w,e)? 27

lw|* — f w.p. at least 1 — 6" It follows that ~r2me- < 1 — fl\ H2 <1 I

w.p. at least 1 — ¢’. Taking roots we get that < Tl ? e> <1- %. Hence, w.p. at

_ 5 : : [ §2-d §'2=4
least 1 — ¢, the distance is at least SVad(M 1)’ > N EETEEVER

Hence, we get for each pair of critical hyperplanes a distance of at least 6 w.p. 1 — p5 =
1 — 6¢>Vdd(M + 1)24+1,

6. The angle between the jth neuron and the axis {te(i) 1t e R} equals to |<w;-, e(i)>| =
‘W;z | The probability for this to be at least § is

p(|W)i| > 0) > p(] |>5)—1—i

W) p(|rj,i 5=d-

Using the union bound, we have that the probability for each neuron and each axis to have
an angle of at least § is 1 — pg, where pg = dqd2?.

O

Lemma 7. Let M be a three-layers neural network as in equation[3} Let q be the number of neurons
in the network, and let M be an upper bound on the absolute value of the weights. For each weight
in the network, add a uniform element in [—2~% 279, and denote the the noisy network by M.
Then:

1. For each i € [d), all critical points of the piecewise linear function t — M(te)) are in
(=%, %) \ (=0,68) with probability 1 — p; = 1 — dg*§(dM? + 2)2¢+1.

2. For each i € [d), each piece in the piecewise linear function t — M (te")) is of length at
least § with probability 1 — py = 1 — d2%¢*6(dM? + 2).

. L ., 9= og2(2/5)] . - .
3. For each i € [d], all the points in the grid %Z of the piecewise linear function

t — M(te®) are §%-general with probability 1 — ps = 1 — 3dq>9.

4. Any critical point in the axes {te(i) : t € R} is 0-non-degenerate with probability 1 — py =
1 — d®2¢*6(dM? + 2)2¢-1,

5. The distance between each pair of critical hyperplanes is at least 0 with probability 1 —ps =
1 — 8¢g*Vdd(dM? + 2)22¢+1,

6. The angle between any critical hyperplane and any axis is at least § with probability 1 —
Pe = 1-— dq2(52d.

7. In the case of depth-three networks, we assume that the above conditions also apply to the
sub-network defined by the top two layers with probability 1 — p; where p7 is the sum of
the probabilities of lemma|6}

14
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Proof. Lemma [3|tells us that each non-zero critical hyperplane P corresponding to a second layer
neuron also corresponds to a single first layer state almost surely. Therefore, given ¢ € [d], we
can consider the ¢’ critical points that intersect with the ith axis as ¢’ first-layer neurons, where
each second neuron is multiplied by an affine transformation that is the current state of the first
neurons. As each first layer neuron intersects with the axis at most once, and each second layer
neuron intersects with the axis at most ¢q; times, where ¢; is the number of first layer neurons, we
can bound ¢’ by ¢’ < ¢2.

Furthermore, given a critical hyperplane P corresponding to a second layer neuron j, denote by
Wi, bp,) the state of that first layer (which is the same as (W', b’) as defined in the proof of Lemma
except to some zero rows due to ReLU). That is, P = {x : (v;, Wpx) + (v;,bp) +¢; = 0}
which can be viewed locally as a pseudo-neuron with parameters ((Wg)7 v;, +(v;, b}) 4 ¢;) that
are each bounded in magnitude by M’ < dM? + 1.
1. Applying the above to lemma[6] we get:

p1 < dg'5(M' +1)29 < dg?5(dM? + 2)24T,

2. Applying the above to lemmal6] we get:
po < d29q?6(M' + 1) < d2%*6(dM? + 2).
3. Applying the above to lemmal6] we get:
p3 < 3dq'6 < 3dg>6.
4. Applying the above to lemmal6] we get:
pa < d*2qP5(M' +1)277 < d¥2¢*s(dM? + 2)2% .
5. Note that the maximal possible number of critical hyperplanes is at most h = ¢2, as in-

teractions between each first-layer neuron and a second-layer neuron may cause a single
hyperplane. Therefore, we get:

ps = OR2Vdd(M' 4 1)%29 < §¢*Vdd(dM? + 2)?29+1,
6. Applying the above to lemmal6] we get:
pe < dq'62¢ < dg?624.

7. Let p1,Dp2, p3, P4, D5, Pe as defined on lemma[6] As the number of neurons in the second
layer is at most g, using the union bound we get: p; = Z?:1 Di-

O
In the rest of the section, we prove lemmas stated in section[3.3]

Proof. (of lemmal[T)) The proof follow from lemmal5|and the fact that the number of neurons - hence,
the number of critical hyperplanes - is finite. O

Proof. (of lemma2)) From lemmall] we have that the perturbed network M is regular almost surely.
This implies that it is §-regular for some § > 0, As the number of neurons is finite.

Fix a § > 0. For two-layer networks, lemma [6] bounds the probability to dispose one of the restric-
tions of d-regular network. Let p1, ..., ps as in lemmal6] then, using the union bound, we get that
the network is §-regular with probability of at least 1 — p where

P=p1+p2+p3+ps+pPs+Pe
= dgd(M + 1)24" + d2%25(M + 1) + 3dgd
+ d®2@P5 (M +1)297 1 + 662V dd(M + 1)22%+ 4 dgs2d
< 10(M +1)%¢%d3/252¢,
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Therefore, if we choose § = (10(M + 1)2¢?d?/222?)~1 we will get the requested bound.

For three-layer networks, let p1, . .., p7 as in lemma([7] then, using the union bound, we get that the
network is d-regular with probability of at least 1 — p’ where

P’ =p1+pa+p3+pa+ps+ps +pr
< dg?5(dM? 4 2)241 4+ d28¢*6(dM? + 2) + 3dq?0 + d*/?¢*6(dM? + 2)2¢ 1
+ 8¢ Vdd(dM? + 2)229F + dg?629 +10(M + 1)%¢%d>/ %527
< 20(dM? + 2)2¢*d>/?52¢.

Therefore, if we set § = (20(dM? + 2)2¢*d®/222?)~1 we will get the requested bound. O

Proof. (of lemma Let W € R%*9 3 random matrix, where each element is drawn independent
of the other, and define by w; its j’th row, j € [d]. Also, let r = min{d, d; }. Note that W has a
full rank with probability 1, where by full rank we mean that rank(W) = min{d, d; } = r. Indeed,
consider drawing at random the jth row, for j < r after fixing the first j — 1 rows. In order of that
row to be dependent in wy, ..., w;_1, then w; must fall in a subspace whose dimension is at most
j — 1 < r, which has a zero Lebesgue measure in an r-dimensional space.

Therefore, if d; < dthen r = d; and W has a rank d; with probabilty 1. The Rank—nullity theorem
then implies that the image of W is a d;-dimensional space, and thus W is surjective. O

Proof. (of lemmafd)) The proof follows from Theorem 5] If we set 3.5d; < dy we get a probability
of:

2d2 - 23.5d1

(ed ditl

edy di+1 dy

4 ) 3.5¢) " 35 o
124 <1 35¢) :1—35€<?:> dizoo

B PROOF OF THE MAIN THEOREMS

Proof. (of theorem [T)) The correctness of the theorem follows from the correctness of theorem ]
below. O

Proof. (of theorem E]) We will assume without loss of generality that the u;’s are in {£1}, as any
neuron  — ug({w, x) + b) calculates the same function as x ﬁ¢((|u|w, x) + |ulb), as ReLU

is a positive homogeneous function.

Let S = {@1,...,x,,} be the list of points found using FIND_CP in algorithm @ Our general
assumption is that all the critical points on the line Re™) are on the range (—%,%) e"). Hence,
from the correctness of lemma we are guarantees that all the critical points on the line Re(!)
are in S. We claim that for each « € S there is exactly one critical hyperplane P with x € P, and
[SNP| = 1. Assume by contradiction that one of the above is false. If x ¢ P for all the critical
hyperplanes, then x is not a critical point, which contradicts lemma If |SNP| = 0 this means
that P does not intersect with e(!), i.e., parallel to this axis, which contradict our general position
assumption. Finally, if [SNP| > 1 this means that P intersects with e(l), which means P is not

affine. Therefore, each neuron is represented by a unique critical point « € S.

Let x € S be a critical point of the j°th neuron, and (w’,b") = FIND_HP(M, 6, ). From lemmal[14]
we get that either (wj;, b;) = (w', ') or (w', V') = (—w}, —b}). To recover uy, note that if u; =1
then M (z) is strictly convex in B(x,d) as the sum of the affine function M’(x) and the convex
function u;¢((w;, ) + b;). Similarly, if u; = —1 then M(z) is strictly concave in B(x, ¢). Thus,
using algorithmE], we will be able to determine u; correctly.
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Let C C [d;] be the set of neurons assigned to an incorrect sign. Then, for all € R%:

Zuqb w :c —|—b’ Zug¢ wj, ) +bj) —uj¢ ((wj, ) — by)
jec
qu] w;, x) + b;)
jeC

which is an affine transformation and can be recovered successfully at the last stage of the algorithm.

As for the time and query complexity, step 1 takes O (dqlog(1/6)Q) (see section 3.2). Since
each neuron correspond to a single critical point, we have that m = d;. Thus the loop in step
2 makes d; iterations. The cost of each iteration is O(dQ®). Hence, the total cost of the loop is
O(d1dQ). Finally, to perform step 6 we need to make d queries to M which cost O(dQ), and
also d evaluations of Y /" | u}¢ (Awg,b; (az)) which cost did each. The total runtime is therefore

O (di10g(1/8)Q + d1dQ + dQ + d*dy) = O (dy log(1/6)Q + d1dQ + d?dy). O

Proof. (of theorem [2) Denote the output of the j’th neuron before the activation by M;(x) =
wja: —+ bj.

Letxi,xo € R‘i be two points such that exactly one neuron j € [d;] changed its state (i.e. changed
from active to inactive, or vice versa) in the segment [x1, Z2] := {Ax1 + (1 — N)x2 : A € [0,1]}.

Moreover, assume that no neuron changes its state in neighborhoods of @1 and x-, so that the change
in the state happens in the interior of [x1, 23]. We note that finding such a pair of points &, 5 can
be done by considering a ray ¢(p) := pe'), and seeking a critical point j of the (one dimensional)
function N o ¢. Under our general position assumptions, for some j € [d], there is such a p in R,

and it can be found efficiently. Given such a p, and again under our general position assumptions,
we can take ©1 = £(p — €) and @2 = £(p + €), for small enough e.

We will explain next how given such two points, we can reconstruct the j’th neuron, up to an affine
function. First, the reconstruction of u; is simple. Indeed, in the segment [zq, 5], M'(x) :=
M(x) — ujp(w;x + b;) is affine, as no neuron, except the j’th neuron, changes its mode. Hence,
M(z) = ujp(w;x +bj) + M’(x) is a sum of an affine function and the j’th neuron. In particular,
it is convex iff the j’th neuron is convex iff u; = 1. Hence, to reconstruct u; we only need to check
if the restriction of N to [z1, 23] is convex or concave.

We next explain how to reconstruct an affine map A such that ¢(A(x)) — ¢(M;(a)) is affine.Let
A1, Ay : RY — R be the affine maps computed by the networks in the neighborhoods of z; and
@9 respectively. Note that it is straight forward to reconstruct A; from the set M(x;), M(x; +
€e1), ..., M(z; + eeq), for small enough e. We have that A := Ay — Ay is either N; or —N;.
Hence, we have that ¢(A(x)) is either (M (x)) or p(—M;(x)) = p(M,(x)) — M;(=).

After removing all the neurons, we are left with an affine map that can be reconstructed easily using
O(d) queries as explained above, and the full reconstruction of the network is complete.

O

Proof. (of theorem [3)) Recall that our goal is to recover a d-regular network of the form
M(zx) = (u,¢p(Vo(Wex + b) + ¢)).
We denote by w; the jth row of W and assume without loss of generality that it is of unit norm, as

any neuron of the form  — ¢((w, ) + b) can be replaced by  — ||w||¢ (<ﬁ, :c> + ”Tb”>

Likewise, and similar to our algorithm for reconstruction of depth-two networks, we will assume
that u € {+1}%.

The first step of the algorithm would be to find a list

L= {(azl,@’l),...,(:ﬂm,@’m)}

of pairs such that
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* For each k, Py is a critical hyperplane of M and xj, is a J-non-degenerate critical point
whose critical hyperplane is Py,

* The list contains all the critical hyperplanes of first-layer neurons

For that we will use repeatedly FIND_CP(J, ¢ — M (te(!)), ) to find all the critical points on the axis
{te™) : t € R} (see section , similar to our algorithm for reconstructing depth two networks.
Denote those set of points by S = {x1,...,x,,}. Lemma along with the general position
assumption, guarantee that for each critical hyperplane PP that corresponds to a first-layer neuron,
[P N'S| = 1, and that all the points in S are -non-degenerate. Then, using algorithm we will find
the critical hyperplane Py, for each point x;, € S.

For the runtime, note that m = O(dyds) (e.g. [Telgarsky| (2016))), the critical points can be found
in time O (d1ds log(1/8)Q) as explained in section[3.2.2} and each hyperplane IP; can be efficiently

found via O(d) queries near x; as explained in section The total running time of this step is
therefore O (d1dz log(1/6)Q + d1d2dQ).

The second step is to take the list L = {(ml, ]f”l), ooy (@, I@’m)} and remove all the points that

don’t correspond to first-layer neurons. After that, the list will contain precisely the critical hyper-
planes of the neurons in the first layer. In order to do so, it is enough to efficiently decide, given the
list L, whether a given hyperplane PP is a critical hyperplane of a neuron in the first layer. The idea
behind this verification is simple: If P corresponds to a neuron in the first layer then any point in PP
is a critical point of M (see lemma|8). Indeed, suppose that IP is critical at P for a first layer neuron
h(xz) = ¢(wzx + b). We have that IP is the null space of the affine input to & in the proximity of P.
But the input to / is the same affine function in the proximity of every point & € R¢. Thus, for every
x € R? s a critical point for h with IP as its critical hyperplane. On the other hand, if P corresponds
to a neuron in the second layer, then not all its points are critical for M: Indeed, suppose that we
start from & € P, which is critical for M and start to move inside [P until one of the neurons in the
first layer changes its state. Then we will reach a point in 2’ € P, which is not critical for M, as, by
our general position assumption, P corresponds to a single first layer state. Thus, in order to verify
if P corresponds to a first layer neuron, we will go over all the hyperplanes Py, € L, and for each
of them, will find a point ' € PP that is the opposite side of [P}, (relative to x) and will check if it
is critical. If it is not critical for one of the hyperplanes, we know that [P does not correspond to a
first layer neuron. If all the points that we have examined are critical, even for Py, corresponding to
a first layer neuron, then @’ is critical, which means that P must correspond to a first layer neuron.

Algorithm [7|implements this idea. There is one caveat that we need to handle: The examined point
has to be generic enough in order to test whether it is critical or not using algorithm [5] To make
sure that the point is general enough, we slightly perturb it. The correctness of the algorithm follows
from lemmas [I0] and [T1] Indeed, if P corresponds to a first layer neuron, then lemma [I0] implies
that each test in the for loop will fail w.p. at least 1 — % Thus, w.p. at least 1 — % all the
tests will fail, and the algorithm will reach step 8 and will correctly output that ”P is a first-layer
critical hyperplane.” In the case that P corresponds to a second layer neuron, lemma[TT|implies that
once we will reach an iteration in which PP, corresponds to a first layer neuron, the test in step 6 will

succeed w.p at least 1 — Qm;:, in which case the algorithm will correctly output PP is not a first-layer
critical hyperplane.” All in all, it follows that the algorithm will output the correct output w.p. at

least 1 — % for every hyperplane P. Thus, w.p. at least 1 — 2% it will output the correct answer
for all hyperplanes.

As for runtime, note that each step in the for-loop takes O(dQ). As the list size is O(d;dz), the total
running time over all hyperplanes is O(d2d3dQ).

Since the rows in W are assumed to have a unit norm, the list of the critical hyperplanes of the
first-layer neurons, obtained in the previous step, determines the weights up to sign. Namely, we can
reconstruct a list

L= {(n,b), .. (dba,ba,) }
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that define precisely the neurons on the first layer, up so sign. For the third step, it, therefore, remains
to recover the correct signs (note that this process is only required for inner layers and avoidable for
the top layer, as explained above).

In order to recover the correct sign of (w1, 51) we can simply do the following test: Choose a point
x such that wix + 31 = 0, and query the network in the points  + €z, x — ez, for small €, where
z € R%is a unit vector that has the property that is orthogonal to s, . . . , Wg, , but @, z > 0. If we
assume that IV is right invertible, then such a z exists, as wy, . .., wy, are linearly independent.

Now, when moving from x to either * + ez or  — €z, the value of all the neurons in the first
layer, possibly except the one that corresponds to (w1, 131), does not change. As for the neuron
that corresponds to (w71, 131), if its real weights are indeed (w1, 131), then its value changes when we
move from x to x + ez but not when we move from x to £ — €z. On the other hand, if its real
weights are (—b, —by), then the value changes when we move from x to  — ez but not when
we move from x to * + e€z. Hence, in order to have the correct sign we can do the following:
If M(x) # M(x + ez) then keep (w1, by). Else, replace it with (—t;, —by). This test works
because of the above discussion, together with the assumption that the second layer has non-zero
partial derivatives; therefore, we can guarantee that either © + ez or * — ez will show a change in
the values of M. More on the non-zero partial derivatives assumption, see section [E]

The runtime of this step is O(d?d + d1Q). Indeed, to find z, we need to do Gram-Schmidt, which
takes O(d3d). After that, all that is needed is two queries. We need to do this for each first layer
neuron, so the total runtime is O(d3d + d1 Q).

For the fourth step, we shall recover the values of the top layer up to an affine transformation. After
having the weights of the first layer at hand, and since W is assumed to be right invertible, we can
directly access the sub-network defined by the top two layers. Namely, given x € R%, we can find
z € R% such that

= (¢p(wrz+b1),...,0(wsz+by,))

e.g., by taking z = W~!(x — b) where W1 is a right inverse of W. Now, M(z) is precisely
the value of the top layer on the input . Hence, the problem of reconstructing the top two layers
boils down to the problem of reconstructing a depth two network in the Rff_ -restricted case, which
its correctness is given in theorem 2]

The cost of a query to the second layer is ) plus the cost of computing z, which is O(dd;). There
is also an asymptotically negligible cost of O(d?d) for computing W ~1. The runtime of this step is
therefore O((log(1/8) + dy1)d1da(Q + ddy) + d3d3).

O

C PROOFS OF LEMMAS

Lemma 8. Let P be a critical hyperplane corresponding to a first layer neuron. Then, any point in
P is critical for M.

Proof. W.l.o.g. P corresponds to the neuron ¢(wyx + by). Let g € P and let e be a unit vector
that is orthogonal to ws, ..., wy, and such that (w;,e) > 0. Such e exists as we assume that
wy, ..., wq, are independent.

1

Consider the function f(t) = M(xo + te). We claim that it is not linear in any neighborhood of
0, which implies that x is critical. Indeed, for all ¢ > 1, t — ¢(w;(xo + te) + b;) is constant,
as e is orthogonal to w;. As fori = 1, ¢ — ¢(wi(xo + te) + by) is the zero function for ¢ < 0,
as in this case wi(xg + te) + by < wixo + by = 0. Hence, the left derivative of f at 0 is 0.
On the other hand, for ¢ > 0, ¢(wq(xo + te) + b1) = wi(xo + te) + by = twie. Hence,
the right derivative of g(t) = ¢(W (o + te) + b) is (w1, e)e™). Now, it is assumed that the
derivative of F'(z) = u¢(V 2z + c) in the direction of e(!) is not zero. Hence, the right derivative of
f(t) = F(g(t)) is not zero. All in all we have shown that the right derivative of f at 0 is different
from the left derivative, which implies that f is not linear in any neighborhood of 0. O
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Lemma 9. Let Py, Py be hyperplanes such that D(P1,Ps) > §. Let @ € Py and let x be a standard

Gaussian in Py with mean x. Then p (d(x,P3) < a) < 5‘6%.

Proof. W.l.0.g. we can assume that ’; and [P» contain the origin. Let o be the normal of Py. We
have that d(x,P3) = |(x,12)|. Now
<X? n2> = X, N2 — projIPl ’I’l2> + <X7 proj]P’l ’I’l2>

(
x€Py <

X, Projp, n2)
—  (x— @, projp, na) + (@, projp, na)
Hence (x, no) is a Gaussian with mean p := <:c, Projp, n2> and variance ¢? > §2. Hence,
(%) gt < 28 _ 7\/5(1
~62r 0T

[N

p(x € [—a,a

h=am .
O

Lemma 10. Let P be a hyperplane that corresponds to a first layer neuron. Let x € P and let x be
a standard Gaussian in P with mean . Then x is §'-non-degenerate critical point of P w.p. at least
1— 22(d1+d2) ((SS/\/@

™

Proof. By lemma [§] x is critical w.p. 1. It is therefore enough to show that w.p. at least 1 —
22(d1+d>) ‘g—‘/f, the distance of x from every critical hyperplane other than P is at least ¢’. Indeed,

by lemma (9| and the fact that there are at most (d; + do)2%1+92 < 22(d1+d2) critical hyperplanes,
the probability that the distance from x to one of the critical hyperplane is less than ¢’ is at most
92(d1+dz) 7‘?\\;5_ O

Lemma 11. Let P be a hyperplane that corresponds to a second layer neuron. Let x1 € P be a

critical point with P as its critical hyperplane. Let Py be a hyperplane that corresponds to a first

layer neuron. Let xo € P be another point and assume that x1 and xo are of opposite sides of

Py. Let x be a standard Gaussian in P with mean xo. Then x is §'-general w.p. at least 1 —
by _s57)2

22(d1+d2) V2 e—i(d(m%]lé) 5) .

T

Proof. As in the proof of lemma [10] the probability that the distance from x to one of the critical
hyperplanes other than P is less than &' is at most 22(d1+d2) %. It is therefore remains to show that
. . » o (d(wp.F1)—5")

the probability that x is ¢’-close to on of IP’s critical points is at most e~ =

Denote by 7121 the normal of P;. We first note that there are no P-critical points in xo’s side of P;.
Indeed, the state of the first layer is different than the state at «;, as the neuron corresponding to Py
changes its state. As it is assumed that each second layer critical hyperplane corresponds to a single
neuron and single first layer state, it follows that there are no P-critical points in x5’s side of ;. It
is therefore enough to bound the probability that x is ¢’-close to x1’s side of 1, which is same as
the probability that (x — @2, m1) > d(x2,P1) — ¢’. Finally, (x — @2, m1) is a centered Gaussian

d(wg,Pp)—6")2
with variance < 1. Hence, p((x — @2, n1) > d(x9,P1) — §') < e*% O

D CORRECTNESS OF THE ALGORITHMS

Lemma 12. Algorithm 2] reconstructs the correct affine transformation at an e-general point x €

R<.
Proof. Note that for any y € R with |ly|| < € we have,

d xr Ee(i) — €T
foty) = fa)+y @) 2@,

: €
=1
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Hence, for every z € B(x, €) we have
f(z) = fl@+(z-2)
d ce®) —
)+ S f(x + ee) f(‘”)(z,» )

- €
i=1

d 9 ee(i) — r d 9 ee(i) — r
<f(w)_zf( +eet) — 1 )xi>+zf( e~ fl@)

c €
i=1

As f is affine at x, we therefore get:

oy f@ree) @ ( flo) - 3 e - f(w)%) |

€

Lemma 13. Algorithm|l| returns the left most critical point of a 6-nice one-dimensional function f
in the range (a,1/6).

Proof. Let 2* is the left-most critical point in (a, 1/§). Throughout the algorithm’s execution, we
have that x;, < £* < xR, as in each iteration, we choose the left half of the segment unless this half
is affine (and therefore cannot have a critical point). As we start with a segment of size 2/ and split
it two halves at each iteration, after [log,(2/62)] iterations we left with |7, — 2| < J. Hence, in
the final step, we have that z, is in the left-most piece, while x is in the piece that is adjacent to
the left-most piece. Therefore, z* is the point at the intersection of those two affine functions. If no
critical point is in (a, 1/4), then the segment is affine and we get that A;, = Ag.

Finally, note that all the points x1,, xr and IRT“E’ during the execution of the algorithm are in the

., 9—Tloga(2/5%)]
grid 2—""—7 and therefore 52-general. O

Lemma 14. Algorithm [3| returns critical hyperplane of §-non-degenerate critical point x € R?,
assuming the hyperplane is § general.

Proof. Let us assume that « is a J-critical point of the j’th neuron. We will reconstruct the j’th
neuron in two steps.

1. The first step is to find an affine function A such that A = Ay, 5, or A = —Ay, 5. Let
M (z) == M(z) — u;¢({(w;, z) + b;). Note that M’ is affine in B(x, d), as no neuron
other than the j’th one changes its state in B(x, ). We have that in B(x, J) on one side
of a’s critical hyperplane the network computes M’ () and on the other hand it computes
M (x) +u;({w;, ) +b;). Thus, to extract A, , up to sign, we can simply compute the
affine functions computed by the network on both sides of the x’s critical hyperplane, and
subtract them.

2. The second step is to recover u;. To this end, we note that if u; = 1 then M(z) is
strictly convex in B(a, 0) as the sum of the affine function M’(x) and the convex function
u;jo((w;, ) + b;). Similarly, if u; = —1 then M (x) is strictly concave in B(x, §). Thus,
to recover u; we will simply check the convexity of M in B(z, §) using algorithm [4]

Finally, note that ¢(A(x)) is either ¢({(w;, ) + b;) or ¢({w;,x) + b;) — (w;,x) — b;. Hence,
ujp(A(x)) is either u;p((w;, ) + b;) or ujp({(wj, x) + b;) — uj(w;, ) — u;b;. In particular,
u;¢(A(x)) equals to u;¢(Aqw; () up to an affine map. O
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E ON THE NON-ZERO PARTIAL DERIVATIVES ASSUMPTION

Consider a ReLU network

dy
M(x) = Zujqﬁ(wjx +b;) 4)
j=1
and assume that for any j, u; # 0 (otherwise the corresponding neuron can be dropped). We have
that
oM
Gxi

dy
(x) = Zuy‘d"(wﬂ' + b;)w; (i)

Now, if the weights are random, say that the w;’s are independent random variables such that w (¢)

has a continuous distribution, then w.p. 1, we have that for every non-zero vector z € {0, 1}d1, it
holds that

dy
D zjw;(i) #0
j=1
and hence %(m) # 0, unless the vector A(x) := (wix + by, ... wq,  + by, ) is in the negative

orthant R%. Tt follows the non-zero partial derivatives assumption holds, provided if and only if

the affine map A maps the positive orthant Ri to the complement of the negative orthant R% . The
following lemma shows that if d; > d, then this is often the case.

Lemma 15. Assume that the pairs (w;, b;) are independent and symmetricﬂ then

» (A(Rd) NR% # (2)) < %

edl)d+1

Proof. We first note that the number of orthants that has a non-negative intersection with A(R) is
exactly the number of functions in the class

H = {j € [d] — sign(z(j)) : z € A(R")}

Since A(R?) is an affine space of dimension at most d, H has VC dimension at most d + 1 (e.g.
Anthony & Bartlet (1999)). Hence, by the Sauer-Shelah lemma (again, Anthony & Bartlet| (1999))

d+1 d+1
d1 €d1
H<§ < | —

Finally, since the (w;, b;)’s and symmetric, the probability that A(R?) intersects R*' is the same as
the probability that it intersects any other orthant. Since there are 2% orthants, and A(R?) intersects

ed; V41 ; d d (=)™
atmost (¢41) " of them, it follows that p (A(]R )NRI @) < O

d
241

All in all we get the following corollary:

Theorem 5. Assume that the pairs (wj,b;) are independent, symmetric, and has continuous

cdy \d+1
() we have that %(w) # 0 forall x € R and i € [d).

d
241

marginals, w.p. 1 —

*That is, for all j € [d1], the distributions of (w;, b;) and (—w;, —b;) are the same.
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