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ABSTRACT

Despite the recent advances in communication-efficient distributed bandit learn-
ing, most existing solutions are restricted to parametric models, e.g., linear bandits
and generalized linear bandits (GLB). In comparison, kernel bandits, which search
for non-parametric functions in a reproducing kernel Hilbert space (RKHS), of-
fer higher modeling capacity. But the only existing work in distributed kernel
bandits adopts a synchronous communication protocol, which greatly limits its
practical use (e.g., every synchronization step requires all clients to participate
and wait for data exchange). In this paper, in order to improve the robustness
against delays and unavailability of clients that are common in practice, we pro-
pose the first asynchronous solution based on approximated kernel regression for
distributed kernel bandit learning. A set of effective treatments are developed to
ensure approximation quality and communication efficiency. Rigorous theoreti-
cal analysis about the regret and communication cost is provided; and extensive
empirical evaluations demonstrate the effectiveness of our solution.

1 INTRODUCTION

There are many application scenarios where an environment repeatedly provides a learner with a set
of candidate actions to choose from, and possibly some side information (aka., context) (Li et al.,
2010agb; |Durand et al., 2018); and the learner, whose goal is to maximize cumulative reward over
time, can only observe the reward corresponding to the chosen action. This is often modeled as a
bandit learning problem (Abbasi-Yadkori et al., 2011} |Krause & Ong} [2011)), which exemplifies the
well-known exploitation-exploration dilemma (Auer, 2002)). Various modeling assumptions have
been made about the relation between the context for each action and its expected reward. Com-
pared with parametric bandits, such as linear and generalized linear bandits (Abbasi-Yadkori et al.|
2011 Filippi et al., 2010), kernel/Gaussian process bandits (Valko et al., [2013} Srinivas et al., [2009)
offer greater flexibility as they find non-parametric functions lying in a RKHS. And thus they have
become a powerful tool for optimizing black box functions based on noisy observations in vari-
ous applications, such as recommender systems (Vanchinathan et al.,|2014), mobile health (Tewar1
& Murphyl, [2017), environment monitoring (Srinivas et al., [2009), automatic machine learning (L1
et al.| 2017), cyber-physical systems (Lizotte et al.l 2007} [Li et al., 2016)), etc.

Motivated by the rapid growth in affordability and availability of hardware resources, e.g., computer
clusters or IoT devices, there is increasing interest in distributing the learning tasks, which gives
rise to the recent research efforts in distributed bandits (Wang et al.,[2019} [Huang et al.| 2021; Li &
Wang,, 2022azb; |L1 et al.,|2022; |He et al., [2022)), where N clients collaboratively maximize the over-
all cumulative rewards over time 7. As communication bandwidth is the key bottleneck in many
distributed applications (Huang et al., [2013), these studies emphasize communication efficiency,
i.e., incur sub-linear communication cost with respect to time 7', while attaining near-optimal re-
gret. However, most of these works are restricted to simple parametric models, like linear bandits
(Wang et al., 2019; [Huang et al., [2021; |[Li & Wang} 2022a; |[He et al., [2022) or GLB (Li & Wang,
2022b). The only exception is|Li et al.| (2022), who proposed the first algorithm for distributed ker-
nel bandit that has sub-linear communication cost. They achieved this via a Nystrom embedding
function (Nystroml |1930) shared among all the clients, such that the clients only need to transfer the
embedded statistics for joint kernelized estimation. Nevertheless, in their algorithm, the update of
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the Nystrom embedding function, as well as the communication of the embedded statistics, relies
on a synchronization round that requires participation of all the clients. As is widely recognized in
distributed optimization (Low et al., 2012; Xie et al.,[2019} |Lian et al., 2018} Chen et al., 2020; Lim!
et al.| 2020) and distributed bandit learning (Li & Wang| [2022a}; |He et al.| 2022)), this design is vul-
nerable to stragglers (i.e., slower clients) in the system, i.e., the update procedure of |Li et al.| (2022)
is paused until the slowest client responds. Due to device heterogeneity and network unreliability,
this situation unfortunately is common especially at the scale of hundreds of devices/clients. Thus,
asynchronous communication is preferred, as the server can readily perform model update when
communication from a client is received, which is more robust against stragglers.

The main bottleneck in addressing this limitation of [Li et al.| (2022) lies in computing Nystrom
approximation under asynchronous communication. Specifically, during synchronization step, their
algorithm first samples a small set of representative data points (i.e., the dictionary) from all clients,
and then lets each client project their local data to the subspace spanned by this dictionary and share
statistics about the projected data with others. However, new challenges arise in both algorithmic
design and theoretical analysis when extending their solution to asynchronous communication, since
a ‘fresh’ re-sample from the data of all clients is no longer possible, and each client has a different
copy of the dictionary due to the asynchronous communication with the server, such that their local
data will be projected to different subspaces, and thus causes difficulty in joint kernel estimation.

In this paper, we address these challenges and propose the first asynchronous algorithm for dis-
tributed kernelized contextual bandits. Compared with prior works in distributed bandits, our al-
gorithm simultaneously enjoys the modeling capacity of non-parametric models and the improved
robustness against delays and unavailability of clients, making it suitable for a wider range of ap-
plications. To ensure the approximation quality and compactness of the constructed dictionary in
asynchronous communications, we design an incremental update procedure tailored to our prob-
lem setting with a variant of Ridge leverage score (RLS) sampling. Compared with the sampling
procedure in prior works (L1 et al [2022; |Calandriello et al., [2020), this requires specialized treat-
ments in analysis, since the quality of the current dictionary now relies on all previous asynchronous
communications. Moreover, to enable joint kernel estimation, we perform transformations on the
server side to convert statistics from different clients to a common subspace, which to the best of
our knowledge is also new in bandit literature. We rigorously proved that the proposed algorithm in-
curs an O(N 27%) communication cost, matching that of |Li et al.| (2022}, where 7 is the maximum

information gain, while still attaining the optimal O(\/T ~r) regret.

2 RELATED WORKS

There have been increasing research efforts in distributed bandit learning in recent years, i.e., mul-
tiple agents collaborate in pure exploration (Hillel et al., 2013}; Tao et al.,[2019; Du et al.| 2021])), or
regret minimization (Wang et al., 2019; |L1 & Wang] [2022ajb). They mainly differ in the relations
of learning problems solved by the agents (i.e., homogeneous vs., heterogeneous) and the type of
communication network (i.e., peer-to-peer (P2P) vs., star-shaped). However, most of these works
assume linear reward functions, and the clients communicate by transferring the O(d?) sufficient
statistics. For example, Korda et al.| (2016) considered a peer-to-peer (P2P) communication net-
work and assumes that the clients form clusters, i.e., each cluster is associated with a unique bandit
problem. Huang et al.[ (2021) considered a star-shaped communication network as in our paper,
but their proposed phase-based elimination algorithm only works in the fixed arm set setting. The
closest works to ours are Wang et al.| (2019); Dubey & Pentland| (2020); Li & Wang| (2022a); He
et al.| (2022), which propose event-triggered communication protocols to obtain sub-linear commu-
nication cost over time for distributed linear bandits with a time-varying arm set. In particular, |L1
& Wang| (2022a)) first considered the asynchronous communication setting for distributed bandit
learning. Though their proposed algorithm avoids global synchronization (Wang et al., 2019), it still
involves download to inactive clients. He et al.|(2022) further improved their algorithm design and
analysis, such that only the active client in each round needs to participate in communication.

In comparison, distributed kernelized contextual bandits still remain under-explored. Prior work
in this direction assumes a local communication setting (Dubey et al., 2020), where the agent im-
mediately shares the new raw data point to its neighbors after each interaction, and thus the com-
munication cost is still linear over time. A recent work by [Li et al.| (2022)) addresses this issue by
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letting clients communicate via statistics computed using a shared Nystrom embedding function
(Calandriello et al., 2019;2020). However, though their proposed algorithm attains sub-linear com-
munication cost over time, it relies on a global synchronization operation similar to that of Wang
et al.| (2019)) to update the embedding function and share the embedded statistics. In comparison, our
proposed method in this paper effectively addresses this issue using a novel asynchronous update
procedure for the embedding function, making asynchronous kernel bandit learning possible.

3 PRELIMINARIES

3.1 PROBLEM FORMULATION

We consider a learning system consisting of (1) /N clients that directly interact with the environment
by taking actions and receiving the corresponding rewards, and (2) a central server that coordinates
the communication among the clients to facilitate their learning. The clients cannot directly commu-
nicate with each other, but only with the central server, i.e., a star-shaped communication network.
Ateach time step ¢ € CgT] an arbitrary client ¢; € [N] becomes active and chooses an arm x; from a
candidate set A; C R%, and then receives the corresponding reward feedback y; = f(x:) +n: € R.
Note that A; is time-varying and assumed to be chosen by an oblivious adversary, f denotes the
unknown reward function shared by all clients, and 7, denotes the noise. Moreover, under the asyn-
chronous communication scheme considered in this paper, only the active client ¢; is allowed to
communicate with the server, e.g., to send or receive updates, after its interaction at time step ¢.

Kernelized Reward Function Following Valko et al.| (2013), we assume the unknown reward
function f lies in the RKHS, denoted as H, such that the reward can be equivalently written as
yr = 0] ¢(x¢) + ns, where 0, € H is an unknown parameter vector and ¢ : RY — H is a known
feature map associated with 7. We assume that 7); is zero-mean R-sub-Gaussian conditioned on
a((z’s, Xs, Us)se[tq], T, xt), i.e., the o-algebra generated by previous clients, their pulled arms, and
the corresponding noises. In addition, there exists a positive definite kernel k(-, -) associated with
H, and we assume Vx € A := Uy Ay that, ||x]|x < L and || f||x < S for some L, S > 0.

Regret and Communication Cost The learning system’s goal is to minimize the cumulative
(pseudo) regret for all N clients, i.c., Ry = Y., 74, where r; = maxye 4, $(X) 70, — ¢(x;) T 0.
Meanwhile, the system also needs to keep the communication cost Cr low, which is measured by
the total number of scalars being transferred across the system up to time 7.

3.2 KERNEL RIDGE REGRESSION & NYSTROM APPROXIMATION

Throughout the paper, we use D C [T] to denote a set of time steps and |D| as its size. The design
matrix and reward vector constructed using data collected at these time steps, i.e., {Xs, ¥s }sep, are

denoted as Xp = [x;]]cp € RIP*? and yp = [y,]/.p € RIPI. Applying feature map ¢(-) to each
row of Xp, we have ®p € RIPIXP where p denotes the dimension of H and is possibly infinite.

Kernel Ridge Regression Since the reward function f is linear in H, one can construct the Ridge
regression estimator for 6, as,

0= (®L®p + )1 ®Lyp

where A > 0 is the regularization parameter. This gives us the following estimated mean reward and
standard deviation in the primal form for any arm x € A:

i(x) = 6(x)" (2h®p + A1) (2hyp)
5(x) = /o) (@58p + A1) 6(x).

Note that directly working with the possibly infinite-dimension 0 € RP is impractical. Instead, using
the kernel trick (Valko et al.,[2013} |L1 et al., [2022)), we can obtain an equivalent dual form that only
involves entries of the kernel matrix:

fi(x) = Kp(x)" (Kpp + )\I)_IYD

5(x) = A2\ (. %) — Kp(x)T (Kpp + M) " Kp(x)

(D
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where Kp(x) = ®pd(x) = [k(xs,%x)]Jcp € RPland Kpp = ®L8p = [k(xs,Xs)]s,0eD €
RIPIXID|

Nystrom Approximation Though equation [I] avoids directly working in A, it requires computing
the inverse of Kp p, which is expensive in terms of both computation cost (Calandriello et al., 2019),
i.e., O(T?) as |D| = O(T'), and communication cost (Li et al., 2022), i.e., O(T) as {(Xs,ys) }seD
needs to be transferred across the clients. Therefore, Nystrom method is used to approximate equa-
tion[I] so clients can share embedded statistics, which improves communication efficiency.

As |Calandriello et al.| (2020); |Li et al.| (2022}, we project the original dataset Zﬂ to the subspace
defined by a small representative subset S C D, i.e., the dictionary, and the orthogonal projection
matrix is defined as

Ps = &L (0s®L) &5 = LK D5 € RP*P,

Taking eigen-decomposition of Ks s = UAUT € RISIXISI we can rewrite the orthogonal projec-
tionas Ps = <I>:9'—UA*1/ 2A~1/2UT @, and define the Nystrom embedding function as

2(x;8) = P ?¢(x) = A 2UT ®s6(x) = K;}S/QKS(X),

which maps the data point x from R to RIS!. Therefore, we can approximate the Ridge regression
estimator on dataset D as 0 = (P5<I>£<I’DP5 + )\I)_l (qu)gyp), and equationas

~ —1
fi(x) = 2(x;8) " (Zp.sZpys + M) Zpsyp

2
(x) = xlﬂ\/k(x, x) — 2(x; ) T2} s Zp.s |2 s Zis + A~ 12(x|S)
where Zp.s € RIPIXIS] is obtained by applying z(-; S) to each row of Xp, i.e., Zp.s = ®pP¢ .

Note that the computation of fi(x) and &(x) only requires the embedded statistics, i.e., matrix
Z}.sZp.s € RISI¥ISI and vector Z}, syp € RISI, which makes joint kernelized estimation among
N clients much more efficient in communication compared with equation T}

4 METHODOLOGY

In this section, we propose and analyze the first asynchronous algorithm for distributed kernelized
contextual bandit problem that addresses the challenges mentioned in Section [l} and name the re-
sulting algorithm Async-KernelUCB, with its description given in Algorithm [T}

4.1 ALGORITHM

We denote the embedded statistics used in the computation of equationby A(D;S) = Z; sZp:s
and b(D;S) := Zg; syp, to explicitly emphasize they are computed by projecting the data
points from dataset D to the subspace spanned by dictionary S. We denote the sequence of
time steps corresponding to the interactions between client ¢+ and the environment up to time ¢ as
N(i) = {1 <s<t:i; =i} fort € [T]. Throughout the paper, we reserve k as the index for
communication, and use ¢; € [T to denote the time step when the k-th communication happens.
Moreover, as each client has a different copy of the embedding function and embedded statistics due
to asynchronous communication, we use k(i) to denote the index of client ¢’s latest communication
with the server, up to the k-th one: if client ¢ triggers the k-th communication, then k(i) = k.

Arm Selection At each round ¢ € [T, client 3, € [N] selects arm x; from the candidate set .A; by
maximizing the following upper confidence bound (line 5)

X = argmax fig(;,)(X) + adp(,)(x) 3)

XEAL
where fig(;,)(x) and Gy(;,)(x) are approximated mean and standard deviation of arm x’s reward,
computed using statistics A(D&(it),sﬁ(it)) and B(Dﬁ(it),SE(it)) that client i, received from the
server during the k(i;)-th communication. Proper choice of « is given in Lemma

"Throughout this paper, we will often use the set of indices D (or S) to refer to the actual dataset
{xs,Ys }sep (or dictionary {xs, ys }ses) for simplicity.
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Algorithm 1 Asynchronous KernelUCB (Async-KernelUCB)
1: Input: «, ¢, communication threshold D > 0, regularization parameter A > 0, § € (0,1) and
kernel function k(-, -).
2: Initialize approximated mean and variance fip(x) = 0, 60(x) = A\~ /2/k(x, x), dataset Dy =

(0, dictionary Sy = 0, index of communication & = 0, and No( ) = 0 for each client i € [N]
3: for t=1,2,...,T do

4:  Client i; € [N] becomes active, and observes arm set .A;

5: [Client i;] Choose arm x; € A; according to equation and observe reward y,

6:  // Set Ni(ir) = Ni—1(i) U {t}, and N;(i) = Ni—1 (i) for i # iy

7. if de/\f,(u)\/\ﬂw (o) Uf(l )(xs) > D then
// Denote ADy, = Ny (ir) \ Ny, (it), and set k =k + 1

8: [Server — Client i;] Send {Xs, Ys }ses,_; A(Dk 1;Sk—1), (Dk 1;Sk—1) to client i,

9: [Client 7,] Select AS,, € ADy, via RLS sampling with probability q"kq( )
// Set S, = Si,_1 UAS,,

10: [Client i;] Compute A (ADy; Sy), b(ADy; Sk

11: [Client i; — Server] Send {Xs, ¥s }scAS,» A(ADk; Si) and B(ADk; Sk) to server
// Set Dy, = Dy,_1 U ADy,

12: [Server] Compute A(D;€7 Sk) (Dk, Sk) according to equatlonl

13: [Server — Client i;] Send A( s Sk)s (Dk, Si) to Chent 1y

14: [Client i,] Update jiy,(-) and G (-) using A(Dy; Si), b(Dy; Si.) according to equatlonl

15:  endif

16: end for

Event-triggered Asynchronous Communication After the interaction at time step ¢, fiz;,)(-) and
(i) (+) of active client i; will only be updated if the following event is true (line 7):

S ) =D, @
SENz(it,)\Nt,ﬁ(it)(it)

where D > 0 denotes the communication threshold. This measures whether sufficient amount of
new information has been collected by client ¢, since its lastest (the k(i;)-th) communication with
the server. If true, communication between client ¢; and the server is triggered (line 8-14), where
the update procedure described in the following paragraphs will be performed. And this procedure
is also illustrated in Figure

Dictionary and Embedded Statistics Update During the k-th communication, the server first
sends its latest dictionary Si_i, as well as its latest embedded statistics A(Dy_1;Sk—1) and
b(Dk—1;Sk—1), to client 4; (line 8), which is illustrated as the blue lines in Figure|l} Then client i;
selects a subset ASj, from the data it has collected since its lastest communication (line 9), i.e.,
ADy,, which will be used to incrementally update dictionary Si_;. This is done by sampling
Qk,s ~ B(pr.s) for each data point with time index s € ADy, where py s := qo;_,(xs). This
can be considered as a variant of Ridge leverage score (RLS) sampling (Calandriello et al., 2020; L1
et al.,[2022)). It is worth noting that the only purpose of sending A (Dy_1;Sk—1) and b(Dy_1; Si—1)
is to enable RLS sampling with the latest 5,3_1(~). Otherwise, client i;, whose lastest communica-
tion with the server can be long time ago, would include unnecessary data points into ASy, due to
its unawareness of server’s current status. We will demonstrate in the proof of Lemma [.3| that our
design here is necessary to obtain a compact dictionary under asynchronous communication. With
the dictionary updated, client i; computes the embeddings of its new local data, i.e., A(ADy; Sk)

and B(ADk; Sk ), and sends them, as well as AS, to the server (the yellow lines in Figure .

As shown in Figure E], the server stores: 1) the last received embedded statistics from each client
i € [N]ie, AN, ( (1)) € RISk@ XISkl and b(N, ,, (1); Sy(iy) € RISk®]; 2) their corre-
sponding dictionary gk(l As mentloned earlier, due to asynchronous communlcatlon the statistics
from different clients are based on different dictionaries, which means they have different dimen-
sions and thus cannot be directly aggregated as in |Li et al.| (2022). We propose to transform the
statistics from each client ¢ € [N] using the latest dictionary Sy. This is based on the fact that
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Figure 1: Illustration of asynchronous update of dictionary and embedded statistics
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ZNt&(i)(i)hSk = ‘I’Nt&(i) (Z)PSk q,Ntk(Z)(.)PSk( )PSk(i) PSk = ZN}E(%) (i);SEmITE(i)J‘?’ where the

linear transformation 7y;) 1 1= Pg:/f }512 = A}S{j )ngm s, ) <I>§k Us, Agkl/2 serves the pur-
pose. Hence, we have -
ANy (1) k) = Tty s AWy (03 o)) T o
b('/\/;f&(i)(i) ) 77@(1 kb(Mk( )( ) k(i )

which makes the statistics received from all clients have the same dimension |Sj|. Then we compute

A(Dy; Si) = Zl 1A(-/\/tk<L (1); Sk) and b(Dy; Sy.) = Zl 1 (Mk( (7); Sk) (line 12), and send
them to client ¢, to update its UCB (line 13-14), which is illustrated as the green line in Figure[T]

®)

4.2 ANALYSIS OF DICTIONARY ACCURACY AND SIZE

As mentioned earlier, the key to low regret and low communication cost, is to have a dictionary Sy
that can accurately approximate the dataset Dy, while having a compact size |Sy|. In this section, we
show that this is possible with our update procedure in Section First, we need some additional
notations. We denote the total number of times up to time 7' that communication is triggered, i.e.,
the number of times equationis true, as B, where B € [0, T']. Following Calandriello et al.|(2020);
Li et al.|(2022), the approximation quality is formally defined using e-accuracy: if the event

{(1 = )(®p, Pp, +AI) < @5, S Sk ®p, + AL =< (1 +¢)(Pp, Bp, +AI)} (©)

is true, then we say the dictionary S, is e-accurate w.r.t. dataset Dy, for some ¢ € (0,1), where
Sk € RIPxIXIPxl denotes a diagonal matrix, with s-th diagonal entry equal to g s/+/Pr.s, Where
qr,s = 1if s € S, and g, s = 0, otherwise. Based on this notion, we prove Lemma below.
Lemma 4.1 (Dictionary Accuracy and Size). With ¢ = 41n(2v/27/6)3(1 + ¢/3) /€2, where 3 :=
(1+¢€)/(1—¢€), and X < k(x,x%),Vx € A, we have with probability at least 1 — ¢ that dictionary
Sk, is e-accurate w.r.t. dataset Dy, and its size |Si| < 125(1 + BD)gvyr, Yk, where § € (0,1).

This shows that our incremental update procedure under asynchronous communication still matches
the results in prior works that perform synchronous re-sampling over the whole dataset for dictionary
update (L1 et al., 2022; |Calandriello et al., [2020). We provide a proof sketch for Lemmabelow
to highlight our technical novelty and provide the detailed proof in appendix.

Proof Sketch of Lemma Let’s define the unfavorable event H;, = Ay U E}, where Ay is the

event that the dictionary Sy, is not e-accurate w.r.t. Dy, and EY, is the event that the size of dictionary

|Sk| > 128(1 + BD)gyr. Therefore, the probability of UZ_ Hj, can be decomposed as
P(Up_oHy) = P(UE_oAs) +P((UE_o Ex) N (Up—Ar)€).

Bounding the first term: In|Calandriello et al.| (20195 [2020); [Li et al.| (2022), the first term is further

decomposed as P(UF_(A;) < e P(Ax N AY ), because dictionary Sy, is constructed by a
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fresh re-sampling over Dy, using the latest approximated variance 67 _, (+), and thus they only need
to guarantee G7_,(+) is a good approximation to o7 _, (). In our case, S is incrementally updated
in each communication, i.e., Sy = U},_,; AS), where each AS} is sampled using 57, _,(-). The
accuracy of Sy, depends on the accuracy of every Sy, i.e., 02;11 A(kj,. Therefore, we decompose
B k— B k—
P(URoAr) = 1= P(NZpAY) =1 = TTiy [1 = P(Ak| Ny AD)] < 30 P(Ax| iy AY)
using Bayes theorem and Weierstrass product inequality, and bound each conditional probability
separately, which leads to Lemma[4.2]

Lemma 4.2 (Bounding 25:1 P(Ay| e AS)). By setting g = 41n(2v/2T/8)B(1+¢/3) /€%, we
have Z,If:o P(Ag| Nf 1 AS) < 6/2, for 6 € (0,1).

Bounding the second term: The second term can be decomposed as P((UE_, Ey,) N (UP_,Ax)¢) <
Zszo P(Ex, N (NE_,Af)). Note that the size of dictionary |Sy| = > sep,, Gk,s by the definition of
gk,s» and its analysis relies on upper bounding ZseDk Dk,s (Calandriello et al., 2020). Again, due
to asynchronous communication, for data point s that was added during the k’-th communication,
ie., s € ADy,, we have Qk,s = qK’,s> ﬁk,s = ﬁk’,s and thus ZseDk ﬁk,s = ZZ’:I ZSEA'Dk/ ﬁk/75.
Compared with L1 et al.| (2022); (Calandriello et al.[(2020) that re-sample all s € D, using p s =
cj&,%_l (x5), we use a different approximated variance function for each ASy,. Nevertheless, with
our design in Section ie., Prrs = q‘&i_l (x5), we show in Lemma that we can still ensure
|Sk] = O(~r), as long as a proper threshold D is chosen to avoid any ADy being too large.

Lemma 4.3 (Bounding "¢ _, P(E). N (NF_yAS))). By setting § = 41n(2v/2T/8)B(1 + ¢/3) /€2,
and A < k(x,x),Vx € A, we have ZkB:O]P’(Ek N(NE_,AS)) < 6/2, for s € (0,1).

Putting everything together, we have IP’(UkBZOH k) < 6, for § € (0, 1), which finishes the proof. [

4.3 ANALYSIS OF REGRET AND COMMUNICATION COST

Lemma [4.T] guarantees a compact and accurate dictionary for Nystrém approximation throughout
the learning process. Based on it, we establish the upper bounds for the cumulative regret and com-
munication cost of Async-KernelUCB. First, motivated by the confidence ellipsoid for asynchronous
linear bandits (He et al.}[2022), we construct the following confidence ellipsoid for our approximated
estimator for kernel bandit defined in Section |3.2| (proof is provided in appendix).

Lemma 4.4 (Confidence ellipsoid for approximated estimator). Under the same condition as
Lemma with probability at least 1 — 26, for § € (0, 1), we have Vk that

10k — 0ullv, < (1/VI—€+1)VAS+2R(\/1+ NDB + N+/2DB)\/In(1/8) + 1 :=

where V, := P, o], ®p, Ps, + A\ and yp := maxpc 4 |p|=1 1 logdet(Kp,p/(DBA) +1) F|is
the maximum information gain after T interactions (Chowdhury & Gopalan|, 2017} |Li et al.| |2022)).

Then based on Lemma[4.4] we establish Theorem [4.5]below (proof is provided in appendix).
Theorem 4.5. Under the same condition as Lemma we have

Ry < AN~ LS + 4%5[(1/@ + D)VAS + 2R(v/1+ NDB + N+/2DB)/In(1/6) + ﬂ
VTB[L+ NB(L2/A+ D)]yr
with probability at least 1 — 26, and
Cr < 2yr(N +48/D) [3(1S5)” + [Sz|) + d|Sz|].
where the dictionary size |Sp| < 128(1 + 8D)gyr due toNLemma By setting D = 1/N?, we
have R = O(NWTLS + \/T(S\/’W + 'YT)), and Cr = O(N?~3,).

2As discussed in |Li et al.| (2022), vz is problem-dependent, showing how fast kernel’s eigenvalues de-
cay. For kernels with exponentially decaying eigenvalues, i.e., A, = O(exp(—m?)), for B > 0,

yr = O(log'™'/P<(T)), which includes Gaussian kernel that is widely used for GPs and SVMs. For kernels
with polynomially decaying eigenvalues, i.e., A = O(m %), for 8, > 1, yr = O(TY 7 log! ~1/#r (T)).
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5 EXPERIMENTS

To validate Async-KernelUCB’s effectiveness in reducing communication cost, we performed exten-
sive empirical evaluations on both synthetic and real-world datasets, and reported the results (over
10 runs) in Figure [2] The baselines included in our comparisons are: 1) OneKernelUCB (Valko
et al., |2013), it learns a shared kernel bandit model across all clients’ aggregated data where data
aggregation happens immediately after each new data point becomes available; 2) NKernelUCB, it
learns a separate kernel bandit model for each client with no communication; 3) FedGLBUCB (Li
& Wang|, 2022b)), it is a synchronous distributed GLB algorithm; 4) DisLinUCB (Wang et al.,|2019),
it is a synchronous distributed linear bandit algorithm; 5) FedLinUCB (He et al., [2022), it is an
asynchronous distributed linear bandit algorithm; and 6) Approx-DisKernelUCB (Li et al., 2022), it
is a synchronous distributed kernel bandit algorithm. For all the kernel bandit algorithms, we used
the Gaussian kernel k(z,y) = exp(—y||x — y||?), where we did a grid search of v € {0.1,1,4},
and for FedGLBUCB, we used Sigmoid function p(z) = (1 + exp(—z)) ™" as link function. For
all algorithms, instead of using their theoretically derived exploration coefficient cv, we followed the
convention |Li et al. (2010a); Zhou et al.| (2020) to use grid search for « in {0.1,1, 4}.

5.1 EXPERIMENT SETUP

Synthetic dataset We simulated the distributed bandit setting in Section with d = 20,T =
10*, N = 10%. Ateach time step ¢ € [T, client i; € [N] selects an arm from candidate set .A; (with
| A:| = 20), which is uniformly sampled from a ¢5 unit ball. Then the reward is generated using one
of the following reward functions: 1) f(x) = cos(3x 6, ), and 2) fo(x) = (x6,)> — 3(x"6,)% —
(XTQ*) + 3, where the parameter 6, is uniformly sampled from a ¢ unit ball and fixed.

UCI Datasets We also performed experiments using MagicTelescope and Mushroom from the UCI
Machine Learning Repository (Dua & Gratff}, 2017), which are converted to bandit problem follow-
ing |Filippi et al| (2010). Specifically, we partitioned the dataset into 20 clusters using k-means,
and used the centroid of each cluster as the context for the arms and used the averaged response as
mean reward (the response is binarized by setting one class as 1, and all the others as 0). Then we
simulated the distributed bandit setting in Sectionwith |A;| =20, T =10* and N = 102.

MovieLens and Yelp dataset Yelp dataset is released by the Yelp dataset challenge, and consists of
4.7 million rating entries for 157 thousand restaurants by 1.18 million users. MovieLens consists of
25 million ratings between 160 thousand users and 60 thousand movies (Harper & Konstan, [2015).
Following the pre-processing steps in [Ban et al.| (2021), we built the rating matrix by choosing
the top 2,000 users and top 10,000 restaurants/movies and used singular-value decomposition to
extract a 10-dimension feature vector for each user and restaurant/movie. We treated ratings greater
than 2 as positive, and simulated the distributed bandit setting in Section with T = 10* and
N = 102. The candidate set A; (with |A;| = 20) is constructed by sampling an arm with positive
reward and nineteen arms with negative reward from the arm pool, and the concatenation of user
and restaurant/movie feature vector is used as the context vector for the arm (thus d = 20).

5.2 EXPERIMENT RESULTS

OneKernelUCB and NKernelUCB correspond to the two extreme cases where the clients either com-
municate in every time step to learn a shared model, or they learn their own models independently
with no communication. As shown in Figure [2] OneKernelUCB achieved the smallest cumulative
regret in almost all experiments, but also incurred the highest communication cost, i.e., O(TNd)
due to sending each new data point to all clients in every round, which demonstrates the necessity
of communication efficient bandit algorithms. On the other hand, distributed linear bandit algo-
rithms, e.g., DisLinUCB and FedLinUCB, incurred very low communication cost as they directly
communicate via the d x d statistics, but fail to capture the complicated reward mappings in most of
these datasets, e.g., in Figure[2(d)] they even had much worse regret than NKernelUCB that requries
no communication. Equipped with logistic function, distributed GLB algorithm FedGLBUCB at-
tained both low regret and low communication cost on the two classification datasets, i.e., Figure
and Figure[2(d)] but required many iterations of distributed gradient updates to converge on the
other four datasets where logistic function may not fit, and led to huge communication costs. In
comparison, Approx-DisKernelUCB and our proposed Async-KernelUCB had consistently smaller
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Figure 2: Experiment results on synthetic and real-world datasets.

regret than their linear counterparts, while requiring relatively lower communication cost for joint
kernel estimation. It is also worth noting that despite having the same O(N?2~2.) theoretical scaling
in communication cost, Async-KernelUCB incurs much smaller communication cost empirically,
while having comparable or even better regret than Approx-DisKernelUCB.

CONCLUSIONS

In this paper, we proposed the first asynchronous algorithm for distributed kernel bandit, which
relaxes the limitation of prior work that requires impractical global synchronization to update the
Nystrom embedding function and share the embedded statistics across all clients. To ensure approx-
imation quality and compactness of the constructed dictionary in asynchronous communications, we
designed an incremental update procedure tailored to this communication scheme, and a transfor-
mation operation on the server side to enable joint kernel estimation using statistics with different
embeddings. With the improved robustness against delays and unavailability of clients by having
asynchronous communication, we show that to attain near-optimal regret, the proposed algorithm
still only incurs an O(N?2~2.) communication cost, matching that of the prior work.

The lower bound analysis for the communication cost of distributed contextual bandits still remains
an open problem, and is an important future direction. To the best of our knowledge, the only appli-
cable lower bound states that, in order to have smaller regret than the trivial O(v/ NT) result, i.e., run
N instances of optimal bandit algorithm with no communication, 2(/N) communications is neces-
sary (He et al.,[2022). In comparison, it is more interesting to know what the communication lower
bound is in order to attain the optimal O(\/T) regret. Moreover, motivated by the differential private
(DP) version of DisLinUCB by|Dubey & Pentland (2020), i.e., apply randomized mechanisms to the
shared sufficient statistics, another interesting direction is a DP version of our Async-KernelUCB, in
which case, the main focus is a privacy-preserving construction of the shared embedding function.
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A TECHNICAL LEMMAS

Lemma A.1 (Lemma 11 of |Abbasi-Yadkori et al.| (2011)). Let {xt} 1 be a sequence in RV e
R*4 g positive definite matrix, and define Vt V+ ZS 1 XsX Then we have that

det
(G antn? :

If |x¢tll2 < L, Vt, and Apin (V') > max(l L2) then
antnv_l_ ()
Lemma A.2 (Lemma 12 of Abba81—Yadkor1 et al.| (2011)). Let A, B and C be positive semi-definite
matrices such that A = B + C. Then, we have that:
x'Ax _ det(A)
il;% XTBx = det(B)
Lemma A.3 (Lemma A.2 of Li et al | (2022)). Define positive definite matrices A = \X1 + ®] &, +

&) Py and B = \1 + @] @, where @] ®,, ®, &5 € RP*P and p is possibly infinite. Then, we
have that:

“ ¢ A det(I + 271K ,)

P STBG ~ det(I+ A 1Kp)
P,
3]
Lemma A.4 (Eq (26) and Eq (27) of |Zenati et al.[(2022)). Let {¢;}:2, be a sequence in RP, V' €

RP*P g positive definite matrix, where p is possibly infinite, and define V; = V + ZZ:I bsp. . Then
we have that

where K4 = [ ] [(I’lT,{)T] and K = &, <I'T

Zmin(Hfth%/;ll,l) < 2In(det(I+ A"'Ky,)),

where Ky, is the kernel matrix corresponding to Vy as defined in LemmalA.3]

Lemma A.5 (Lemma 4 of [Calandriello et al.[(2020)). Fort > t’, we have for any x € R4
t
oi(x) S oh(x) < (1+ Y op(x)or(x)
s=t'+1
Lemma A.6 (Lemma 6 of |Calandriello et al.| (2019). If Sk is e-accurate w.r.t. Dy, then
1-— 1
oot < min(e(x),1) < Tot(x)
for all x € R%.
Lemma A.7 (Proposition 7 of [Calandriello et al.| (2019)). Let G, ..., G, be a sequence of inde-
pendent self-adjoint random operators such that E|G;] = 0 and ||G;|| < R. Then for any € > 0, we
have

t 62
P(H; Gill 2 €) < dtexp(—=r E[G/Z? V)

Lemma A.8 (Proposition 8 of (Calandriello et al., [2019)). Ler {qs}._, be independent Bernoulli
random variables, each with success probability ps. Then we have

t t t
P(> q:>3) ps) <exp(—2) ps).
s=1 =1 s=1

Lemma A.9 (Corollary 7.7.4. (a) of[Horn & Johnson|(2012)). Let A, B be positive definite matrices,
such that A = B, then we have

At < Bt
Lemma A.10 (Lemma 2.2 of Tie et al.| (2011)). For any positive semi-definite matrices A, B and
C, it holds that det(A + B + C') + det(A) > det(A + B) + det(A + C).
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B PROOF OF LEMMAS IN SECTION [4.2]

Let’s define the unfavorable event H, = A U E}, where Ay, is the event that the dictionary S, is not
e-accurate w.r.t. Dy, and E}, is the event that the size of dictionary |Sy| is large, i.e., | S| > 125(1+
BD)Gyr. Therefore, we want to bound the probability of UkBZOH k> which can be decomposed as

P(UioHi) = P(Upo(Ar U Ey)) = P((UroAk) U (Up—o Ex))

=P(Upzo k) + P(URoEx) — P((Up—oAx) N (Ui Ex))

= P(UkB:OAk) + P((UkB:OEk) N (Ur—oAr)€)
Note that, as in |Calandriello et al.| (2017), we bound the second term as P((UkBZOEk) N

B

(UioA)9) = P((UoBr) N (NS0 AR)) = P(UL[ER N (NS0 A)]) < i P(Er N
(NP_,AY)). For the first term P(UZ_ Ay ), we need a decomposition different from prior works
(Calandriello et al., 2017;2019), since our dictionary is incrementally updated with a batch of sam-

ples at each communication round (line 9 in Algorithm[I)). Specifically, when bounding the probabil-
ity of having an inaccurate dictionary at the k-th communication, i.e., event Ay, we need to condition

on the event that dictionaries at all previous communications are e-accurate, i.e., event NJ,_} A{.
Hence, we decompose P(Uk 0Ar) =1-P(NE OAC) =1-P(AS) Hk L P(AY| ne2 0 AL =
1—TTo (1 — P(AL nE2 AD)] < SO0 P(A| NEZL) AS), where the second equahty is due
to Bayes theorem, the third equahty is because Dy = 0 is well approximated by Sy = 0, and thus

]P’(AS" ) = 1, and the inequality is due to Weierstrass product inequality. Putting everything together,
we have

B B
P(UoHr) < Y P(AklNE 1 AD) + D P(Bx N (NE0AR)) (7
k=1 k=1

Then we can upper bound these two terms using Lemma 4.2 and Lemma [.3] given in Section 4.2}
which leads to P(UP_ Hy) < 4, for § € (0,1), and thus finishes the proof of Lemma

Proof of Lemma - bounding S0 P(Ay| Nt AS). As [Calandriello et al| (2019), we can
rewrite the event Ay, based on the definition of e-accuracy given in equation[f] as

Ap ={I > Gisll > €}

s€Dy

where Gj s = (£= — 1)y, gwk cand Yy s = (@%kém + M)~1/2¢(x,). Then let’s define

Pk,s
Fi := {qk,s:Ms } sep,, for k € [B], which contains all randomness in the construction of Sy, during
the k-th communication. With conditioning, we have

P(Ax [ O AG) =P(I| Y Grsll > €| M AD) =Ex [1{(1 > Grsll > €} [N AL
s€Dy, s€Dy,

= IE:].-)C?1 []]:'1_7%\_7:,%1 [1{” Z Gk,s” > 6}|fk71] | ﬁk/ A }

SEDy

= E}'k_l:ﬂz,_lAf/ [E}_k\}'k—l [1{H Z Grsll > 5}”‘%—1”
sE€Dy

=Er,_pag [Proz (12 (?k’z = Dt | > €] Froa)]-
s€Dy, ’

where the third equality holds because when conditioned on the event ﬂ 7L AS,, the outcomes asso-
ciated with the complement of this event have zero probability, and thus we can restrict the expecta-

tion to the outcomes where the event ﬂﬁ,_ 1Ag, holds.

Consider the k-th communication for £ € [B]. We denote the client who triggers the k-th com-
munication as ¢ € [N], and the time step when the k-th communication happens as ¢, € [T]. In
addition, recall that we denote the sequence of time steps in-between client c;’s last communication
(whose index is denoted as k(cx) € [0, k — 1]) and the current (the k-th) communication when client
c’s is active as ADy, := Mk (ck) \Mﬁ(ck)(ck) = {tE(Ck) < s <t itg = Ck}.
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Note that due to our incremental update procedure, for some data point with time index s, that was
added into Dy, during the k’-th communication (sent to the server in the form of embedded statistics),
ie., s € ADy, for k' = 1,...,k, we have qx s = qi s and Py s = Pr’,s. When conditioned on
Fi—1, qx,s for all s € Dy, are independent Bernoulli random variable with mean py, s, because they
only correlate via the approximated variance function(s) that were used for arm selection and RLS
sampling up to the k-th communication, which are deterministic conditioned on Fj_1, and thus both
Dk,s and 1y, , are deterministic as well.

Therefore, we can bound Pr,\ 7, _, (HZSE'Dk(Zﬁ — 1)y, 51/1 ol > €[Fk—1) using Lernma

First, we need to show that each term in the summation has zero mean and bounded norm, 1.e.,
Ez\ 7.1 [Gr,s|Fr—1] = 0 and ||G} s|| < R for some constant R:

E.Fk\;}cfl [Qk,s |‘Fk71} —
ﬁk,s

dk,s
Ero\ 7 s [(m — D o[ Fr1] = ( D5t o =0,

and

Gl = N2 — 1yl < (22— ) < 2 o5lxs),

ks

™

where the last inequality is because qx s < 1 and |95 1) || = )] ks = 02(Xs). As mentioned

earlier, for s € ADy, k' = 1,...,k, we have py s = Prrs = q0p_1(Xs), i.€., during the k'~
th communication, client ¢y first receives server’s latest statistics to compute 5,%,_1(') for RLS
sampling. Conditioned on N¥,_,A$, and by Lemma we have 62, | (xs) > o2, _,(xs)/5,
where 8 := (1 +¢)/(1 — €). Hence,

< o (Xs) _ f’fi(xs) <P ok (Xs) B R.

Gk, - - s -
3 Pk,s qo']%lfl(xs) q 013'71()(3) q

where the last inequality is because the variance is non-increasing over time. Then by Lemmal[A7]

€2/2 )
1> een, EF\mo, [GR [ Fr—1]ll + Re/3

Proge (1D Grsll > €l Fi1) < 4[Di|exp(—
s€Dy

Now we need to further upper bound the term |-, Ex,\7,_, (G} .| Fr—1]||. First, note that

dk,s
E]:k\]:k—l [Gi,s‘]:kfl] = ]E]'—k,\]:k—l [(ﬁk - 1)2¢k75¢;5¢k75¢;5|fk71]

dk,s
= E.Fk\]:k_l [(ﬁk - 1)2|fk—1]wk,swlzs¢k,s¢lzs)

yS

and B, 7, (2 >2|fk_11 — Eppm (52020 Fis] = 2By, [ Fi] + 1 =

Pk, 1
Efk\fk 1[ |}—k 1] - = Prs
1
]E]'—k\]'—k 1[Gk s|]:k 1} - wk dek s 2 Pr ||1/Jk,s1;bl—cr,s||wk,swl—cr,s = ka,swl—cr,sv
and thus,

1Y Erosm [GRFiaalll < BIY - vrstd Ll

sEDy, sEDy
= R| Y (@5, ®p, + \I) 20,6 (5, ®p, + A1) /||
s€Dy
= R|(®}, ®p, + A\I)"/2®] &p, (8], ®p, + AI) /2| <R,
where the first equality is by definition of 9, ;. Putting everything together, we have

/2 g
1+¢/3 B)’

Prozi, (1D Grsll > e[ Fi1) < 4Dy exp(—
s€Dy
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and thus P(Ay, | N} AS) < 4Dy | exp(— 1+£/23 . %) Summing over B terms, we have
B 9 _ B 9 _
- 2 g /2 q
> P(Ax| Ny Af) < dex _</ -f§ Dy| < 4T? ex .
P (Arl M= i) < p( 1+¢/3 P 1| ¢l p(= 1+¢/3 ﬁ)

In order to make sure ZkB o P(Ag ne 2 ) AG) < 3, we need to set ¢ = 43~ Lte/3 n(Q‘/(?T).

O

ProofofLemma - bounding ZkB o P(Er N (NE_yAL)). First, note that P(Eg N (NE_,Af)) =
0, because Sy = 0, and by definition of g, s for s € Dy, the size of dictionary |Sy| = Zsepk Qk,s-
We formally deﬁne unfavorable event Ey; as

Ek = { Z Qk,s > 125(1 +BD)(TYT}5

s€Dy

where 8 = (1 + €)/(1 — €). Similar to [Calandriello et al.| (2017; 2019), we will use a stochastic
dominance argument to upper bound the probability of event E. First, we use conditioning again
to rewrite P(Ey, N (NZ_; A7) as

P(Er N (M AF) = P(Bx | Ny ADP(NEL, AF) < P(ER | 072 AY)

=P( > qre > 128(1 + BD)gvr | NEL AF)
SEDy

=Ez, .o ac [Pros . (Y @rs > 12801+ BD)gyr | Feo1)].
s€Dy

As discussed earlier, when conditioned on Fj_1, g s for s € D), becomes independent Bernoulli
random variable, with mean Py ;. In addition, as a result of our incremental dictionary update
(line 9 in Algorlthm ' the partition in Dy, that were added durmg the k’-th communication for
k' € 1,...,k, which is denoted by ADyy, is sampled using g53,_,(x,) for s € ADy.. Hence,

E]:k\]:k—l [ Z qus"Fk_l] = Z Pk,s

s€Dy SEDy
k k
m2 2 A= ) Gbalx)
k'=1s€AD,, '=1s€AD,,
k 2
_ i _1(Xs)
Y Y =Y T b
k'=1s€AD,, k'=1s€AD,, Th'—1,5—-1Xs
k
~ 2 2
< Bq Z Ohr_1,s-1(%s) - [1+ Z ohr1(xs)]
k'=1s€AD,, s'€ADyr:s'<s—1

IN
5
M=

Uﬁ/—l,s—l(xs) 1+ Z Ué(ck,)(xs/)]

s’€AD;,:s"'<s—1

I
,U.
»

m
>
>}
z

A
5
™=

Oi’—l,s—l(xs) : [1 + 5 Z &é(ck/) (XS')]

k'=1s€AD;, s'€AD,:s'<s—1
k
_ 2
< B(1+pBD)g Z Z Ojr—1,5-1(Xs)
k'=1sEAD,,

where the imaginary variance function o3, , . ,(-) is constructed using dataset (UZ;IADk) U

{s’ € ADy : ' < s — 1} (not computed in the actual algorithm); the first and forth inequality is

due to Lemma as we conditioned on NZ_ A¢; the second is due to Lemma the third is

because k'(cxs) < k' — 1 and the variance is non-increasing over time; and the fifth is due to our
. . . . . ~2

event-trigger design in equatlon ie., ZseADk/:sgtk,—l aﬂ(ck,)(xs) < D.
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Now for each term in the summation on the RHS of the inequality above, we introduce an inde-
pendent Bernoulli random variable gy s ~ B(B8(1+ 8D)qo}, _; ,_;(Xs)). Since gy, stochastically

dominates gy s, i.e., E[qr s | Fx—1] = pr.s < B(1+ BD)goj,_y 1 (xs) = E[Gr,s], we have
P(> " qrs >128(1+ BD)gyr | Feo1) P( D dr.s > 128(1+ D)gyr).
s€Dy s€Dy
Then we can further upper bound the RHS

P( Y Grs > 128(1+ BD)gvr)

s€Dy
P> Grs >3B8(1+BD)q Z > ob 1 a(x)
s€Dy k'= 1S€ADk/

< exp(—26(1+ BD)g Z Z TRr1,6-1(%s))

k'=1s€AD,

where the first inequality is because Y5, Ysean,, Ov—1,6-1(Xs) < 4yr, and the

second inequality is due to Lemma By substituting ¢ = 45— 1+e/3 (Q?T)
and under the condition that YF,_, Ysean, Tr—15-1(Xs) = 1, we have

exp(—28(1 + BD)GYr_, Yscan,, Oh-1,6-1(%s)) < exp(—In(877/5)).  To ensure
Zzlzl > seaD,, 01%’—1,5—1(Xs) > 1, we can set A < k(x,x),Vx € A. Finally, by summing over
B terms, we have
= 5
ZP(Ek N (NEZoAf)) < Texp(—In(872/5)) < T'- a7z <
k=0

N

where the last inequality is because 7" > 1.

C PROOF OF LEMMA [4.4] 1IN SECTION [4.3]

Recall from Section [3.2]that the approximated kernel Ridge regression estimator for 6, is defined as
0, = Vi 'Ps, ‘I’zTDkYDk
where V. := Pg, <I>1T7 ®p, Ps, + AL Then we can decompose
10 = 0,113, = (O — 02) T Vi(0r — 0.)

=0k — 0.) T Vi(V,'Ps, @5, yp, — bs)

=(0k — 0.) ' Vi[V, 'Ps, ®p, (21,0, + 111,) — 0]

= (6, — 0.)"Vi(V;'Ps, @1, ®p,0. —6.) + (01 — 0.) "Ps, 1, 1pp,

Ay Az

Since Vi(V,'Ps, @), ®p,0, — 0,) = Ps,®] ®p, 0. — Ps, 8] ®p Ps 0. — M. =
Ps, @, ®p, (I—Ps, )0, — A, we have

Ay =0k — 0,)"Ps, @] ®p,(I—Ps, )0, — A0 — 0,) 70,
=0, — 0.) VPV, PP, &L ®p, (1 - Ps, )0, — A0 — 0,)T V>V, /%0,
<[16x = 0.l (I1V;,/*Ps, B, B, (T— P, )0l + A6 [ 1)
<0 — Oullv, (I1V*Ps, @5, || @p, (- P56 + VAI6.])
<[|6x — 0.lly, (@D, (X —Ps,)| + V) [0, ]
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where the first inequality is due to Cauchy Schwartz, and the last inequality is because
v, ?*Ps,@L || = \/‘@Dkng(Pski’gk@Dszk +AI)~!Pg,®], < 1. Then by definition
of the spectral norm ||-||, and the properties of the orthogonal projection matrix P, , we have

”(PD)C (I - Psk)” = \/)‘Hlax (i)Dk (I - ng)Q(I’%k) = \//\max((I’Dk (I - Psk)¢'—Drk)'

Moreover, due to Lemma Sy 18 e-accurate w.rt. Dy, for all k, so we have I — Ps, =
A (<I>1T)k ®p, + M)~ by the property of e-accuracy (Proposition 10 of|Calandriello et al.[(2019)).

1—e
Substituting this to RHS of the equality above, we have

A A
0,1~ P, €\ 1 N (@, (@5, B+ 21) 105, ) < /12

Therefore, A1 < [|0), — 0.1y, (\/ = + 1) VAlI0.]].
Similarly, by applying Cauchy-Schwartz inequality on term Ao, we have
Ay =0 = 0,) VPV PP, @5 ip, < 10k — a5, V5 /P, @, 1, |
5 cr—1/2 2x7—1/2
=0k — 0.1, IV, P, V2V 2B, |

Y ~r—1/2 1/2 —1/2
<16k — 0.5, IV 2 Ps, V2V 2@ i, |

where V, 1= <I>£k ®p, + AL Note that Ps, Vi, Ps, = Psk(fbgk ®p, +A\)Ps, = \ka—k)\(Pg,c —
I) and Ps, <1, so we have

cr—1/2 1/2 cr—1/2 1/2 1/2 cr—1/2 cr—1/2 /~ cr—1/2
IV PPs, VI = IV 2 Ps, VAV 2P Vi 2 < /I 2 (Vi + AP, — 1)V, 2|

I XV 2P, — D)V < 1+ AV, — T

<V1i4+AA1-1=v2,

and thus Ay < V2|0 — 0. ]l¢, [V, @5 no, I

As mentioned by He et al.|(2022), the standard self-normalized bound for vector-valued martingales

cannot be directly applied to bound the term HV,:l/ 2<I>1—';knpk ||, since Dy, is constructed by the data
that each client has uploaded so far during the event-triggered communications. Therefore, in the
following paragraphs, we bound this term by extending their results to the kernel bandit problem
considered in our paper.

We first need to establish the following lemma.

Lemma C.1. Let’s denote V(i) = Y v, o d(xs)p(xs) T, such that Vi, = X1+ Zf\il Vi (2),
k(i

and then denote the covariance matrix for client i’s data that hasn’t been uploaded to server by time
step ty, as AV (i) = ZseNtk (D\Woy ) () (xs)p(xs) " fori € [N]. Then we have

1
Vi = @AVIC(Z’), ®)

and Vx € RY,

$(x) "V o(x)

<14+ NBD.
ST (@ By ) o) T

Bounding ||V,;1/ Q‘I%k np, ||: Recall that Dy, contains data points that N clients have uploaded up
to the k-th communication, i.e., Dy, = Ufilj\/'tﬁ - (1), where t1(s) denotes the time step of client ¢’s
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last communication with the server. Therefore, we have the following decomposition

N
—1/2 T . —1/2 T
Vi (I)Dk Dy, = Z Vi ‘I)Ntm) (1)77/\0%) (1)

=1

— “1/2156T T
=2 Vi PR, W, ) F BAG \W ()INe (0N (0)]

N
—1/24T
*ka PN (\Noy ) ()TN, () \ Wiy ) ()
i=1

1/2 T
=V, %8 tk]—ZV B (D\Ney sy ()N, (0\Wiy ) ()

Then using triangle inequality, we have

N
_1/2 1/2 —1/2
IV 0,00, | < IV 2R el + DIV B, iy ) 08, 0Ny 0
We can bound ||V, 1 Q‘E'T ﬂ[tk]” as
~1/2
IV 2@ e | = 19, iy < 12 lley, 4202 V1 + NDA

<1+ NDﬁR\/Q In(1/5) + In(det(Kry ry /A + 1)),

with probability at least 1 — §, where the first inequality is due to Lemma [C.1} and the second
inequality is due to the standard self-normalized bound for kernelized contextual bandit, e.g., Lemma
B.3. of[Li et al.| (2022).

1/2 2T
Then we can bound ||V, ‘I)Ntk (D\Woys, (&) Mo, () \Wey i) (D) || as

-1/25T
IV R, )Wy ) (N, DWWy O
T —1/25T
< +/2Dg] [D5>\I + (I’Nf,k(i)\NtW)(i)q’Ntk(’?)\N@m (i)} q)Ntk(i)\Ntﬁ(“(i)nNtk(i)\Nt&(i) @l

—1

= V2DB®N, ip\w. )N ()W ()
tk(l)\ tﬁ(i)(l) t k(i) [Dﬁ)\IJr‘I)Iftk(i)\NtMi)(i)(I)Nik(i)\NtE(i)(“]

< «/QDBR\/2 In(1/6) + In(det(Kzy 1/ (DBA) + 1)

where the first inequality is because Vi, = AXI + @, ®p, = DLﬁ‘I)/T/tk (\Wig o) () DN ()\Noy ) (1)

due to equation in Lemma so Vi, = A + ‘I%k ®p, = 2DB(DLB’)\I +
<I>;\r,tk (1 \Way iy (i)@ Now ()\Way o) (iy)» and the second inequality is again obtained using the standard
self-normalized bound.

Putting everything together, we have

10k — 0.y, < (V1/(1 =€) + DVA|0u] +2(v/1+ NDB + Nv/2DB)R\/In(1/6) + 7,

where y7 := maxpc 4. pj=r 3 log det(Kp p/(DBA) +I).

Proof of Lemma|[C.1} Note that by definition, AV (c;) = 0, where ¢, € [N] is the index of the
client who triggers the k-th communication. In the following, we first show that

1
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for all ¢ € [N]. For client ¢, Vi = 0 = 5%AV]€(C]€). For client ¢ # ci, we have
¢(X)TV;<§)¢(X)
-1
d(x)T (Vi) + AVi(i)  o(x)
<1+ Z ¢(XS)TV§(§)¢(Xs) =1+ Z Ué(i)(XS)

SEN (D)W, () SEN (Wi, ()

<148 > G35 (xs) <1+ BD,
SEN G, ()\Niy ) (3)

where the first inequality is due to Lemmal[A.5] the second is due to property of e-accuracy in Lemma
[A.6] and the third is due to our event-trigger in equation [4]

This implies V,:é) = (14 B8D)(Vyu) + AVk(i))fl. Then due to Lemma we have (1 +
BD)VE(Z') >~ Vﬁ(i) + AV(i), and thus Vﬁ(i) >~ B%Avk(l) In addition, since k(i) < k, Vi # ¢y,

we have Vi, = V) = ﬁAvk(i).

By averaging equation[§]over all N clients, we have

N

1

Vi = —— AV
k NBD ; k(z)7
and thus, we have
N
B Py + A=V + Y AV,(i) 2 (1+ NBD)V.

i=1

Using Lemma[A.9] again finishes the proof. O

D PROOF OF THEOREM IN SECTION

D.1 COMMUNICATION COST

Recall from Section[d.1|that Dy, is the set of time indices for the data points that are used to construct
the embedded statistics on the server at the k-th communication round, for k = 1, ..., B. We denote
the corresponding (exact) covariance matrix as Vi = AI + <I>1Tjk ®p, € RP*P with Vi = AL, and

1 — T Dy | x| Dy
kernel matrix as Kp, p, = ®p, ®p, € RIDk|x|Dx |

Similar to (He et al., 2022), by defining k, = min{k € [B] | det(I+ A"'Kp, p,) > 27)}, we

have log(det(I + A’lKka+17ka+l )/ det(I + )FlKka’ka )) > 1 for each p > 0. We call the

sequence of time steps in-between ¢, and ¢, , an epoch, and denote the total number of epochs as

P. Note that since

det(IT+A"'Kp, b, )) N log(det(l + X 'Kp,, 1,,)
det(I) det(I + >‘71K'Dk1 Di, )

< log(det(I+ A 'Kiry,1m)) < 297,

det(I + )\_IKDkP 7ka) )
det(I + AflKkail Dip_, )

log( )+-~~—|—10g(

there can be at most 2y terms, i.e., P < 2yp. Now that we have divided the time horizon [T'] into
P epochs using {tx, },c(p). we prove the following lemma that upper bounds the total number of
times communication is triggered in each epoch.

Lemma D.1 (Number of communications per epoch). For each epoch, i.e., the sequence of time
steps in-between ty and ly,_ ,, the number of communications is upper bounded by N + %.

Since there are at most 27 epochs, the total number of communications B < 2y (N + %). More-
over, by Lemma[. 1] we know that during each communication, the size of data being communicated
is O(log*(T)72.). Hence, with D = &, Cr = O(N?+3.1og*(T)).
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Proof of Lemma[D.1} Consider the epoch [ty ,tx, , — 1] for some p = 0,1,..., P. We denote the
total number of communications in this epoch as (),,, and the total number of communications in

this epoch that are triggered by client ¢ as @, ; for i € [N], i.e., Q, = Zf\il Qp.i-
Let’s denote the indices associated with the communications triggered by some client ¢ as

K1,K2,. .5 KQ,, € [kp, kpr1 — 1]. Then for each j = 2,3,. ..,Qpl, i.e., excluding client 7’s
first communlcatlon in this epoch, due to our event-trigger des1gn in equation El, we have

~2
Jé] E O’kp Xs) > E oﬂj_l Xs) > E Gy, (x5) > D,
SEA’DW SEA’DN]. SEAD,‘.J
where the first inequality is because by definition of k;_;, we have x;_; > kp, so
2 2 . . .
o.. (x) < Tk, (x),Vx, and the second inequality is due to Lemma Therefore, we have

Kj—1

>seany, Ok, (Xs) = D/B. Since of_(x) = [$(x)[5, 1, we have
J P

det (I + )\*IKD% UAD,, Dy, UAD,,) )
det(I + )\_IKka’ka)

2
D/B < Se;j% [$(x )1, + < 4log
det(I + A_lKkauA’DNj Di, UADKJ.)
det(I + )ﬁlKka ,ka)
where the second inequality is by definition of epoch, i.e., det(I+ )\*IKD}eerl 1Dk )/ det(I+

A—lKka ,ka) < 2, combined with Lemma and the third is because log(z) < x — 1 forz > 0.
Hence, we have

<—-4+4

det(I + A_lKDk.,p UAD,, Dy, UADKJ.) D
>14 =,
det(T+ A Ko, p,,) = 115
and thus, we have det(I + )flKkauADh_j ,kaumym]) — det(I + A’lKDkP,DkP) > % det(I +
)FlKka,ka) forall j =2,3,...,Q,, and all client i € [N].

Denote the indices associated with the communications of all clients in this epoch as
K1, K, . kg, € {kp,kpy1 — 1} Then for each j € [@Qp], if client ¢y has already communi-
cated with the server ealier in this epoch, we have

detI+ A 'Kp , p,)—det(I+ A "Kp_ , Dy )
J J -1

j—1

- det(I + AilKDNIv UA’DN/ ,'DN/ UA’DN/ ) det(I + >\ 1KD / N )
j—1 J j—1 J

—1

> det(I+ le%UwM Dy, uaD,, ) — det(I + )flKDkw%)
J J

D _
> ] det(I+ A\"'Kp, p,,)

where the first inequality is obtained via matrix determinant lemma and Lemma[A.T0} and the second
is due to the inequality we derived above. Summing over all communications in this epoch, we have

det(I + A_lKka+1*1’ka+1*1) — det(I + A—lKka}ka)
Qp

= det(I+ A~ 1KD,D,) det(T + A~ 1KD, o, )
= -1 Fi-1

>Z Qpi — det(IJr/\ 'Kp,, py, )

and since det(I+ A~ 1Kka+1 1Dy, -1)/ det(T+ AT Kp, p, ) < 2by our definition of epoch,
we have

1+—Z Qpi—1) <det@+A\"'Kp, o, )/ det(T+ A~ "Kp,, p,,) <2

50Qp =N Qpi < N+ % which finishes the proof. O
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D.2 CUMULATIVE REGRET

To facilitate regret analysis of Async-KernelUCB, we need to introduce some additional notations.
First, let’s denote the client who triggers the k-th communication as ¢, € [N], the index of its
next communication as k(cx ), and the time step when the % (cy,)-th communication happens is tr(en)
(th(cyy = T'if k is client ¢;’s final communication with the server). Then we denote the set of
time steps in-between (but not including) the current (the k-th) communication and client c’s next
communication when client ¢y, is active as Py, := {tx < s < Ui(er) is = ¢}, and thus by
definition ADy ) = /\fté(%)(ck) \ Mi,(ek) = Pr U {t(,)}- We also define Py as the union
over the set of time steps before the first communication of each client i € [N]. Therefore, we
have (UEZ_oPr) U {tx}res) = [T)]. Since in Algorithm [1| the approximated mean and variance
of each client only get updated when it triggers communication, and then remain fixed until after
its next communication, we have that all the interactions in Py, U {tj,,} are based on the same
{fr(-),0k(-)}, for k = 0,1,..., B. In addition, an important observation is that, based on our
event-trigger in equation 4}, we have

Z &I%(Xs) <D,

sEPy

(> ah(xa)] + 57 (Xtr(,,)) > D-
sEP

€))

Now we are ready to upper bound the cumulative regret. Consider some time step ¢ € P, U {t,;(ck) 1.
Due to our arm selection rule (line 5 of Algorithm (1)), we have x; = arg max, ¢ 4, fix(X) + a0 (X).
Combining this with Lemma[4.4] with probability at least 1 — J, we have

f(x3) < e (x}) + aok(xy) < fin(xe) + adr(xe),
F(x¢) > fin(x¢) — aor(xy),

where x} := argmax, 4, f(X) = argmax,c 4, #(x) ' 6, is the optimal arm at time step ¢, and
thus r; = f(x}) — f(x¢) < 2a(x¢). The cumulative regret Ry can be rewritten as

B B B B
Ry = Z Z Ts + Zrtk < Z Z min(2LS, 2a6y(xs)) + Zmin{?LS, 200y (c,) (X1, ) }-
k=1 k=1

k=0 s€Py k=0 sePy

Bounding first term: To bound the first term, we introduce an imaginary variance function 0,378_1 )
(not computed in the actual algorithm) for s € Py, and k = 0,1, ..., B, which is constructed using
dataset (U}, Pw) U{s’ € Py : s’ < s —1}. In the following paragraph, we will bound the first
term by showing that >>¢ > sep, Oi(Xs) is not too much larger than P D sy Ths1(Xs)-

This requires us to bound the ratio Uf’%ﬂ for s € P, and k = 0,1,...,B. Recall that

ks (Xs)

0%(-) is constructed using data points that N clients have uploaded to the server up to the k-
th communication, ie., Dy = UL N, (tx), which is a subset of Dy, U (UY,ADy;)) =
Dy U (Uij\ilpﬂi) U {t,;(i)}). However, as shown in equationlgl, the event-trigger cannot be directly
used to upper bound the summation of approximated variances in P ;) U {t,;(i) }, but can be used to
upper bound that in Py;, which is why we construct the imaginary variance function without using
data points with time indices {t } <. Specifically, using the notations we just introduced, we can
rewrite the variance as

or(x) = ¢(x) " (@5, B, + ML) B(x)

2 T T T
Ok,s—1(x) = B(x) (‘I’Dk\{tk,}k/e[k] Lo\ {1 prepy T AL Z Pp,,) PPy
i#£Ck

1

T -1
+ ‘I’{s'epk:slgs—1}‘I’{S'GPk:s/gsq}) #(x)

> (b(X)T (@gk ®p, + AL+ Z Q;r?h(i) '1)77&(1') + q:'j{rs’epk:s’gs—l}Q{S’Epkislﬁs—l})7
i#cy

1

P(x)

The following lemma provides a upper bound for this ratio.
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Lemma D.2 (Bounding o7 (x)/ 0'278_1 (x5)). Under the same condition as Lemma with com-
munication threshold D, we have Yk, s that

on(xs)/0h o 1(xs) <1+ NBD.

With Lemma|[D.2] we can bound the first term as

B B B
> min(2LS, 206k (%)) < 20, | T > 62(xs) <20, | TBY > 0F(xs)

k=0 s€Py, k=0 sePy k=0 s€Py

B 2y B
=20, |TBY > oF, i(x:)- 02"’6# <2a,|TA(+NBD)Y > o2, 4(x)

k=0 s€ Py, kﬁsfl(xs) k=0 s€P,
< 4ay/TB(1+ NSD)yr
< 4[(1/\/1 “ e+ 1)VAS + 2R(v/1+ NDB + N/2DB)v/In(1/6) + ﬂ VTB(1+ NBD)yr

with probability at least 1 — 24, where the first inequality is due to Cauchy-Schwarz, and second
is due to the property of e-accuracy in Lemma[A.6 the third is due to Lemma[D.2] the forth is by
definition of maximum information gain 7, and the last is by substituting o defined in Lemma [4.4]

Bounding second term: For the second term Zle min{2LS, 2a6 (., ) (X, )} we should note that
Ok(cy)(+) is the approximated variance function that client ¢, received during its last communica-
tion with the server, instead of o;_1(+) as in our proof of Lemma when bounding the size of
dictionary. Ideally, we want to relate each oy, () to oy (-) and then apply the elliptical potential
argument, but as we do not make any assumption on how frequent client arrives, it is possible that
for clients who show up infrequently, these two functions are very different.

However, by using the epoch argument as in the proof for communication cost, we can show that
this undesirable situation only occurs at most 2y times. Specifically, recall that Vi, = AI +
@/, ®p,, with Vo = AL and kernel matrix as Kp, p, = ®p, ®4, € RIP:XPrl We define k), =
min{k € [B] | det(I+ A"'Kp, p,) > 27)}, such that log(det(I + A_lKka+1’ka+1 )/ det(I +

A_lKka,'ka )) > 1 for each p > 0. We call the sequence of time steps in-between ¢, and iy,
an epoch, and denote the total number of epochs as P. As shown in the proof for communication
cost, we have P < 2vr.

Consider the epoch [ty ,tx, , — 1] for some p = 0,1,..., P. We denote the total number of
communications in this epoch that are triggered by client i as @, ; for i € [N], and the indices
associated with these communications triggered by client i as x1, ko, ..., kqQ, , € [kp, kpy1 — 1].

. . . . . . 2
As mentioned above, the approximated variance used during arm selection at ¢, i.e, Um(cnl)(')

could be from a very long time ago. Therefore, we simply bound its regret by 2L.S, and in total,
there can be at most 27 N such terms for all N clients, leading to a upper bound of 4N~y LS.

Now we only need to be concerned about the communications at j = 2,3,..., () ;, and show that

02 (o, y(x)is close to o (x) for all x. Specifically, we have

<202 (x),

Kj

where the first equality is because by definition £; (cx;) = kj_1, the first inequality is because
o, (x)/0% (x) < det(@I+ A 'Kp, .\, )/ det(IT+A"'Kp, p, )< 2duetoLemma
Lemma[A.9]and the definition of epoch. Therefore, further applying Cauchy-Schwarz and the
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e-accuracy property in Lemmal[A.6] the second term can be bounded by

B B
Z min{2LS, 2a6 () (X¢, )} < 4Ny LS + 2a, | 2BS Z o2 (x¢,)
k=1 k=1
B B
<ANyrLS + 20, |2BBY 02y, i (xt,) <ANyrLS+2a,|2BBY > o, (x.)
k=1 k=1 seADy
< AN~pLS + 4an/ 2T Byr

where the imaginary variance function o_, . () is constructed using dataset (Uk/ lADk/)

{s’ € ADy, : ¢ < s — 1}, the second inequality is because variance is non-increasing over time,
the third is because variances are positive, and the last is due to definition of maximum information
gain y7 and that B < T

Putting upper bounds for the first and second term together, we have Ry < 4N~pLS +
4\/5[(1/\/1 ~ ¢+ 1)VAS + 2R(vIF NDB + N\2DB)/In(1/5) + VT} VTB( + NAD)r.

Proof of Lemma|D.2] We denote Vi, = AI + i 2 LD, AV o 1(i) = (I)Pkm ®p, ,, fori # c
and AVk,s_l(ck) = ‘Pj{rszepk;srgs_l}@{S’E'F’k:s’gsfl}'
In the following, we first show that
A\ —AV s— 10
F= 5p A Ve 1() (10)
for all i € [N]. Note that for any client i # ¢, we have

x'v!

k@ <1+ S xIVilx

XT(Vk(l)"‘AVks 1 ) SEPg (i)
=14 Y opnx)S1+B Y G (x)

SG’PA(,) SG'PE(,;)
<1+pD,

where the first inequality is due to Lemma [A.5] the second inequality is due to Lemma [4.1] and
Lemma[A.6] and the last inequality is due to equation 9}

This implies VE_&) < (14 8D) (Vﬁ(i) + AV s ) . Then due to Lernma we have

(14 BD)Viiy = Viuy + AV o 1(3), and thus Vi) >= 1 5AVy s_1(i). Moreover, since
k(i) < k,Vi # cx, we have Vi = Vi (;) > AV;c s—1(2). Slmllarly for client ¢, we have

Tyr—1
\%
e X <1y Y ol(xy)<1+6D.
XT (Vk + AVk’Sfl(C]C)) X ' EPy:s’ <s—1

Again, this implies V, >~ ) D AV}, s_1(ck), which finishes the proof of equation

By averaging equation[I0]over all V clients, we have

N
1
. .
Vk -~ 7N6D i:E - AVkvs_l(z),

and thus, we have

N
Vi + Z AV s 1(i) 2 (1 + NBD)Vy

i=1
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Using Lemmaagain, we have (14+ NBD)(Vy + Zi\;l AVy s—1(i))7t = V1. Therefore, we
have

¢(x) TV (x)

. <14 NBD
Jk,s—l(x) qb(x)T(Vk—i—Zﬁil AVk,sfl(i)) P(x) A
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