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Abstract

Despite the success of large-scale empirical risk minimization (ERM) at achieving
high accuracy across a variety of machine learning tasks, fair ERM is hindered by
the incompatibility of fairness constraints with stochastic optimization. We consider
the problem of fair classification with discrete sensitive attributes and potentially
large models and data sets, requiring stochastic solvers. Existing in-processing
fairness algorithms are either impractical in the large-scale setting because they
require large batches of data at each iteration or they are not guaranteed to converge.
In this paper, we develop the first stochastic in-processing fairness algorithm
with guaranteed convergence. For demographic parity, equalized odds, and equal
opportunity notions of fairness, we provide slight variations of our algorithm—
called FERMI-and prove that each of these variations converges in stochastic
optimization with any batch size. Empirically, we show that FERMI is amenable
to stochastic solvers with multiple (non-binary) sensitive attributes and non-binary
targets, performing well even with minibatch size as small as one. Extensive
experiments show that FERMI achieves the most favorable tradeoffs between
fairness violation and test accuracy across all tested setups compared with state-
of-the-art baselines for demographic parity, equalized odds, equal opportunity.
These benefits are especially significant with small batch sizes and for non-binary
classification with large number of sensitive attributes, making FERMI a practical,
scalable fairness algorithm.

1 Introduction

Ensuring that decisions made using machine learning (ML) algorithms are fair to different subgroups
is of utmost importance. Without any mitigation strategy, learning algorithms may result in discrimi-
nation against certain subgroups based on sensitive attributes, such as gender or race, even if such
discrimination is absent in the training data Mehrabi et al.|[2021]], and algorithmic fairness literature
aims to remedy such discrimination issues Sweeney| [2013]],Datta et al.|[2015]], Feldman et al.|[2015],
Bolukbasi et al.|[2016],|/Angwin et al.| [2016], Calmon et al.|[2017a], Hardt et al.|[2016], [Fish et al.
[2016], Woodworth et al.| [2017], [Zafar et al.|[2017]], Bechavod and Ligett| [2017]], /Agarwal et al.
[2018]], [Kearns et al.|[2018]], Prost et al.|[2019]], Lahoti et al.|[2020]. Modern ML problems often
involve large-scale models with hundreds of millions or even billions of parameters, e.g., BART
Lewis et al.[[2019]], ViT |Dosovitskiy et al.[[2020]], GPT-2 Radford et al.|[2019]. In such cases, during
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Reference NB NB NB | Beyond| Stoch. alg. | Converg.
target| attrib. | code | logistic | (unbiased ) | (stoch.)
FERMI (this work (3) 3)
[ ICho et all[[2020a] @ 7
| [Cho et all [2020b; 7 3) 7
| Baharlouei et al. [2020 7 @
Rezaei et al. [2020] 7 7 7 7 7 7
Jiang et al. [2020] 7 7 7 7 7
Mary et al. [2019] ) 7
Prost et al. [2019] 7 7 7 ) 7
Donini et al. [2018 7 7 7 7
Zhang et al. [2018 7 7) 7
Agarwal et al. [2018] 7 7 7 )

Table 1: Comparison of state-of-the-art in-processing methdts £ non-binary) on whether they (a) handle
non-binary targets (beyond binary classi cation), (b) handle non-binary sensitive attributes, (c) release code
that applies to non-binary targets/attributes, (d) extend to arbitrary models, (e) provide code for stochastic
optimization (and whether the gradients are unbiased), (f) provide convergence guarantees (for stochastic
optimization). FERMI is the only method compatible with stochastic optimization and guaranteed convergence.
The only existing baselines for non-binary classi cation with non-binary sensitive attributes are Mary et al.
[2019], Baharlouei et al. [2020], Cho et al. [2020a] (NB codé&)le refer to the in-processing method of Jiang

et al. [2020], not their post-processing method/Ve use the term “unbiased” in statistical estimation sense; not

to be confused with bias in the fairness sense.

ne-tuning, the available memory on a node constrains us to use stochastic optimization with (small)
minibatches in each training iteration. In this paper, we address the dual challerfgéesanfd
stochastidviL, providing the rst stochastic fairness algorithm that provably converges with any
batch size

A machine learning algorithm satis es tldemographic paritfairness notion if the predicted target

is independent of the sensitive attributes Dwork et al. [2012]. Promoting demographic parity can
lead to poor performance, especially if the true outcome is not independent of the sensitive attributes.
To remedy this, Hardt et al. [2016] proposeglualized odd$o ensure that the predicted target is
conditionally independent of the sensitive attributes given the true label. A further relaxed version
of this notion isequal opportunitywhich is satis ed if predicted target is conditionally independent

of sensitive attributes given that the true label is in an advantaged class Hardt et al. [2016]. Equal
opportunity ensures that false positive rates are equal across different demographics, where negative
outcome is considered an advantaged class, e.g., extending a loan. See Appendix A for formal
de nitions of these fairness notions.

Measuring fairness violation. In practice, the learner only has access to nite samples and cannot
verify demographic parity, equalized odds, or equal opportunity. This has led the machine learning
community to de ne several fairness violation metrics that quantify the degree of (conditional)
independence between random variables, b g.distance Dwork et al. [2012], Hardt et al. [2016],
mutual information Kamishima et al. [2011], Rezaei et al. [2020], Steinberg et al. [2020], Zhang
et al. [2018], Cho et al. [2020b], Roh et al. [2020], Pearson correlation Zafar et al. [2017], Beutel
et al. [2019], false positive/negative rate difference Bechavod and Ligett [2017], Hilbert Schmidt
independence criterion (HSIC) Pérez-Suay et al. [2017], kernel-based minimum mean discrepancy
(MMD) Prost et al. [2019], Rényi correlation Mary et al. [2019], Baharlouei et al. [2020], Grari et al.
[2019, 2020], and exponential Rényi mutual information (ERMI) Mary et al. [2019]. In this paper,
we focus on three variants of ERMI specialized to demographic parity, equalized odds, and equal
opportunity. The motivation for the use of ERMI is two-fold. First, we will see in Sec. 2ERM| is
amenable to stochastic optimizatiavioreover, we observe (Appendix C) that ERMI provides an
upper bound on several of the above notions of fairness violation. Consequently, a model trained to
reduce ERMI will also provide guarantees on these other fairness violdtions.

Related work & contributions. Fairness-promoting machine learning algorithms can be categorized

in three main classegre-processingpost-processingandin-processingnethods. Pre-processing
algorithms Feldman et al. [2015], Zemel et al. [2013], Calmon et al. [2017a] transform the biased data
features to a new space in which the labels and sensitive attributes are statistically independent. This

3Nevertheless, we ude; distance for measuring fairness violation in our numerical experiments, Isince
is broadly used.



transform is oblivious to the training procedure. Post-processing approaches Hardt et al. [2016], Pleiss
et al. [2017] mitigate the discrimination of the classi er by altering the nal decision. In-processing
approaches focus on the training procedure and impose the notions of fairness as constraints or
regularization terms in the training procedure. Several regularization-based methods are proposed
in the literature to promote fairness Ristanoski et al. [2013], Quadrianto and Sharmanska [2017] in
decision-trees Kamiran et al. [2010], Raff et al. [2018], Aghaei et al. [2019], support vector machines
Donini et al. [2018], boosting Fish et al. [2015], neural networks Grari et al. [2020], Cho et al. [2020a],
Prost et al. [2019], or (logistic) regression models Zafar et al. [2017], Berk et al. [2017], Taskesen
et al. [2020], Chzhen and Schreuder [2020], Baharlouei et al. [2020], Jiang et al. [2020], Grari et al.
[2019]. See the recent paper by Hort et al. [2022] for a more comprehensive literature survey.

While in-processing approaches generally give rise to better tradeoffs between fairness violation and
performance, existing approaches are mostly incompatible with stochastic optimization. This paper
addresses this problem in the context of fair (non-binary) classi cation with discrete (non-binary)
sensitive attributes. See Table 1 for a summary of the main differences between FERMI and existing
in-processing methods.

Our main contributions are as follows:

1. For each given fairness notion (demographic parity, equalized odds, or equal opportunity), we
formulate an objective that uses ERMI as a regularizer to balance fairness and accuracy (Eq. (FRMI
obj.)), and derive an empirical version of this objective (Eq. (FERMI obj.)). We propose an
algorithm (Algorithm 1) for solving each of these objectives, whiclthis rst stochastic in-
processing fairness algorithm with guaranteed convergembe main property needed to obtain
a convergent stochastic algorithm is to derive a (stochastically) unbiased estimator of the gradient
of the objective function. The existing stochastic fairness algorithms by Zhang et al. [2018], Mary
et al. [2019], Prost et al. [2019], Cho et al. [2020b,a] are not guaranteed to converge since there
is no straightforward way to obtain such unbiased estimator of the gradients for their fairness
regularizers. For any minibatch size (even as smaltlaswe prove (Theorem 1) that our algorithm
converges to an approximate solution of the empirical objective (Eq. (FERMI obj.)).

2. We show that if the number of training examples is large enough, then our algorithm (Algorithm 1)
converges to an approximate solution of gopulatiorrlevel objective (Theorem 2). The proofs
of these convergence theorems require the development of novel techniques (see e.g. Proposition 1
and Proposition 2), and the resourceful application of many classical results from optimization,
probability theory, and statistics.

3. We demonstrate through extensive numerical experiments that our stochastic algorithm achieves
superior fairness-accuracy tradeoff curves against all comparable baselines for demographic parity,
equalized odds, and equal opportunity. In particutae, performance gap is very large when
minibatch size is smafbs is practically necessary for large-scale problems) and the number of
sensitive attributes is large.

2 Fair Risk Minimization through ERMI Regularization

In this section, we propose a fair learning objective (Eq. (FRMI obj.)) and derive an empirical
variation (Eq. (FERMI obj.)) of this objective. We then develop a stochastic optimization algorithm
(Algorithm 1) that we use to solve these objectives, and prove that our algorithm converges to an
approximate solution of the two objectives.

Consider a learner who trains a model to make a predicﬁqm:.g., whether or not to extend a loan,

history features. Assume that there is a set of discrete sensitive attriBytesg,, race and sex,
supported offk].

We now de ne the fairness violation notion that we will use to enforce fairness in our model.

De nition 1 (ERMI — exponential Rényi mutual informatianyWe de ne the exponential Rényi
mutual information between random variablgsand S with joint distributionpy, 5 and marginals

“We suspect it might be possible to derive a provably convergent stochastic algorithm from the framework
in Prost et al. [2019] using our techniques, but their approach is limited to binary classi cation with binary
sensitive attributes. By contrast, we provide (empirical and population-level) convergence guarantees for our
algorithm with any number of sensitive attributes and any humber of classes.
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De nition 1 is what we would use iflemographic paritywere the fairness notion of interest. If
instead one wanted to promote fairness with respect to equalized odds or equal opportunity, then it
is straightforward to modify the de nition by substituting appropriate conditional probabilities for
Py .5 Py andps in Eq. (ERMI): see Appendix B. In Appendix B, we also discuss that ERMI is the
2_divergence (which is ah-divergence) between the joint distributiqn, ¢ ; and the Kronecker
product of marginalgp,  ps Calmon et al. [2017b]. In particular, ERMI is non-negative, and zero
if and only if demographic parity (or equalized odds or equal opportunity, for the conditional version
of ERMI) is satis ed. Additionally, we show in Appendix C that ERMI provides an upper bound on
other commonly used measures of fairness violation: Shannon mutual information Cho et al. [2020b],
Reényi correlation Baharlouei et al. [202@], fairness violation Kearns et al. [2018], Hardt et al.
[2016]. Therefore, any algorithm that makes ERMI small will also have small fairness violation with
respect to these other notions.

We can now de ne our fair risk minimization through exponential Rényi mutual information frame-
work:® n o

min FRMI( ):= L( )+ Dr ? (X);S (FRMI obj.)

whereL ( ) := Ex.v)[ (X;Y; )] foragiven loss function (e.g.L loss or cross entropy loss);
> Qis a scalar balancing the accuracy versus fairness objective?, 14 is the output of the
learned model (i.e. the predicted label in a classi cation task). V\)‘hi(é() = V(X; ) inherently

depends oiX and , in the rest of this paper, we sometimes leave the depender’h:emb( and/or
implicit for brevity of notation. Notice that we have also left the dependence of the loss on the

predicted outcom® = ¥ (X) implicit.

As is standard, we assume that the prediction function sati@é&( X)) = jjX) =
Ejrg ;1 X), whereF ( ;X) = (Fq( ;X);::5Fm( 5 X)T 2 [0;1]™ is differentiable in  and

i=1 Fi( ;X) = 1. For exampleF ( ;X) could represent the probability label given by a
logistic regression model or the output of a neural network after softmax layer. Indeed, this as-
sumption is natural for most classi ers. Further, even classi ers, such as SVM, that are not typ-
ically expressed using probabilities can often be well approximated by a classi er of the form
P(*?( ;X) = jjX)= Fj( ;X), e.g. by using Platt Scaling Platt et al. [1999], Niculescu-Mizil and
Caruana [2005].

The work of Mary et al. [2019] considered the same objective Eq. (FRMI obj.), and tried to empirically
solve it through a kernel approximation. We propose a different approach to solving this problem,
which we shall describe below. Essentially, we express ERMI as a “max” function (Proposition 1),
which enables us to re-formulate Eq. (FRMI obj.) (and its empirical counterpart Eq. (FERMI obj.))
as a stochastic min-max optimization problem. This allows us to use stochastic gradient descent
ascent (SGDA) to solve Eq. (FRMI obj.). Unlike the algorithm of Mary et al. [2019], our algorithm
provablyconvergesOur algorithm also empirically outperforms the algorithm of Mary et al. [2019],

as we show in Sec. 3 and Appendix E.2.

2.1 A Convergent Stochastic Algorithm for Fair Empirical Risk Minimization

In practice, the true joint distribution ¢X ; S; Y;*?’) is unknown and we only hayé samples at

our disposal. LeD = fx;;s;;yi;¥(Xi; )di2;nj denote the features, sensitive attributes, targets,
and the predictions of the model parameterized ligr these given samples. For now, we consider
the empirical risk minimization (ERM) problem and do not require any assumptions on the data set

5In this section, we present all results in the context of demographic parity, leaving off all conditional
expectations for clarity of presentation. The algorithm/results are readily extended to equalized odds and equal
opportunity by using the conditional version of Eq. (ERMI) (which is described in Appendix B); we use these
resulting algorithms for numerical experiments.



(e.g. we allow for different samples [ to be drawn from different, heterogeneous distributions).
Consider the empirical objective
n o}
min FERMI( ):= B( )+ Br(P (X);9) ; (FERMI obj.)

P
wherelb( ):= 1 N “(xi;yi; ) is the empirical loss afid
( )
<(?;:S X X < (jir)?
Ba(his= e LD, Bog U1
By (9)ps(S) (aumpra g Po)Ps(M)
|s Igmpmcal ERMI with p deBotmg empirical probabilities with r%spect o: ps(r) =
W .11fs, rgv by(]) W |1F( X) andp{ps(lr)_ Ni |1F( X)Slr for
j 2 [m];r 2 [K]. We shall see (Proposition 2) that empirical ERMI is a good approximation
of E'BMI whenN is large. Now, it is straightforward to derive an unbiased estlmat@@) via
,B, i»g  Xi Yi; whereB  [N]isarandom minibatch of data points drawn fr@m However,

unbiasedly estimatinr (¥ ; S) in the objective function Eq. (FERMI obj.) witilBj <N samples

is more dif cult. In what follows, we present our approach to deriving statistiaatlgiased stochastic
estimatorsof the gradients O@R(V ; S) given a random batch of data poids This stochastic
estimator is key to developing a stochastic convergent algorithm for solving Eq. (FERMI obj.). The
key novel observation that allows us to derive this estimator is that Equation FERMI obj. can be
written as amin-maxoptimization problem (see Corollary 1). This observation, in turn, follows from
the following result:

Proposition 1. For random variabled andS with joint distributionpy, 5 where¥ 2 [m]; S 2 [K];

we have
b (9;S) = maxf Tr(WB,WT) +2Tr( W, B, 12)  1g;

if B = diag(Py (1);:::; Py (M)); Bs = diag(Ps(1);::::Ps(K)): and(Bys)iy = Py.g (i1 ) with
Py (i);Ps(j) > Ofori 2 [mlij 2 [K]:

The proof is a direct calculation, given in Appendix D. Ugfxi; ) 2 f0;1g™ ands; =
(si1;::::8k )T 2 f0;1g° be the one-hot encodings bfx;; ) ands;, respectively foii 2 [N].

Then, Proposition 1 provides a useful variational form of Eq. (FERMI obj.), which forms the backbone
of our novel algorithmic approach:

Corollary 1. Let(x;;si;Vi) be arandom draw fronD . Then, Eq(FERMI obj.) is equivalent to

n o
min max B ;W)= 1B )+ B ;w) ; (1)
W2Rk m

- P
where ;w)= Tr(WBWT)+2Tr( W, %) 1= 25N b(;w)and

BCiw)= TWED(Xi; p(xii )TixiIW ™) +2Tr( WEp(xi: )s] jxi;siliby *2) 1
=  Tr(Wdiag(F1( ;%i); i1 Fm( x))W )+ 2Tr( WE[B(X;; )s Jx.,s.]Fb 12) 1

Corollary 1 implies that for any given data €21 the quantity (x;;yi; )+ b ( ;W) isanunbiased
estimator oﬂb( ;W) (with respect to the uniformly random drawiof [N]). Thus, we can use
stochastic optimization (e.g. SGDA) to solve Eq. (FERMI obj.) with any batchlsiZeBj N, and

the resulting algorithm will be guaranteed to converge since the stochastic gradients are unbiased. We
present our proposed algorithm, which we ¢&liRM], for solving Eq. (FERMI obj.) in Algorithm 1.

Note that the matri =2 depends only on the full data set of sensitive attribfitgs ;sn g

and has no dependence onand can therefore be computed just once, in line 2 of Algorithm 1.
On the other hand, the quantitiEfa(xi; )(xi; )Tjx;] andE[®(x;; )s'jxi;si] depend on the
sample(x;;si; ) that is drawn in a given iteration and on the model parameteasd are therefore
computed at each iteration of the algorithm.

5\We overload notation slightly here and uS¢o denote expectation with respect to grapirical (joint)
distribution.



Algorithm 1 FERMI Algorithm

1: Input: 92 R4 ; W0 =0 2 Rk ™ step-size§ ; w);fairness parameter O0; iteration
numberT, minibatch size$B:j;t 2 f0;1; ;Tg, W := Frobenius norm ball of radiud
around0 2 R* ™ for D given in Appendix D.

2. Computels 2 = diag(Ps(1) 72;:::;ps(k) 172).

3:fort=0;1;:::;T do

4:  Draw a mini-batcHB; Bf data points (Xi;Si; i)z,

5 Set ™! Yosg e r (XY t); r hbi( SWOHL:

6. Set Wt w W BT izs, WEEMp(xi; p(xi; )Tixi] +
s s (xi; ixissi]

7: end for

8: Pickf uniformly at random froni 1;:::;Tg

9: Return:

Although the min-max problem Eqg. (FERMI obj.) that we aim to solve is unconstrained, we
project the iteratesV! (in line 5 of Algorithm 1) onto a bounded s&Y in order to satisfy a
technical assumption that is needed to prove convergence of AlgorfthiWel chooseN to be a

suf ciently large ball that containgV ( ) := arg maxy Ib( ;W) for every in some neighborhood
of 2 argmin maxwy Ib( W), Sr? that Eq. (FERMI obj.) is equi(\)/alent to

minvr\}wz:%/&( Ib( ;W) = IP( )+ *P ;W)

See Appendix D for details. When applying Algorithm 1 in practice, it is not necessary to project the
iterates; e.g. in Sec. 3, we obtain strong empirical results without projection in Algorithm 1.

Since Eq. (FERMI obj.) is potentially nonconvex ina global minimum might not exist and even
computing a local minimum is NP-hard in general Murty and Kabadi [1985]. Thus, as is standard
in the nonconvex optimization literature, we aim for the milder goal of nding an approximate
stationary pointof Eq. (FERMI obj.). That is, given any> 0, we aim to nd a point such
thatEkr FERMI( )k ; where the expectation is solely with respect to the randomness of the
algorithm (minibatch sampling). The following theorem guarantees that Algorithm 1 will nd such a
point ef ciently:

Theorem 1. (Informal statement) Let> 0. Assume that(x;y; ) andF ( ;x) are Lipschitz
continuous and differentiable with Lipschitz continuous gradient (see Appendix D for de nitions),
Ps(j) > O for all sensitive attributeg 2 [K] andpy (1) > Ofor all labels| 2 [m] and at

every iterate '. Then for any batch sizéis j B;j N, Algorithm 1 converges to an rst order
stationary point of the EFERMI obj.) objective inO %  stochastic gradient evaluations.

The formal statement of Theorem 1 can be found in Theorem 3 in Appendix D. Theorem 1 implies
that Algorithm 1 can ef ciently achieve any tradeoff between fairness (ERMI) violation and (empiri-
cal) accuracy, depending on the choice &f However, if smaller fairness violation is desired (i.e. if
larger is chosen), then the algorithm needs to run for more iterations (see Appendix D). The proof

of Theorem 1 follows from Corollary 1 and the observation thais strongly concave il (see
Lemma 11 in Appendix D). This implies that Eg. (1) is a nonconvex-strongly concave min-max prob-
lem, so the convergence guarantee of SGDA Lin et al. [2020] yields Theofefiné.detailed proof

of Theorem 1 is given in Appendix D. Increasing the batch sizé to 2) improves the stochastic
gradient complexity t@( *#). On the other hand, increasing the batch size furth@@tp= N

results in a deterministic algorithm which is guaranteed to nd a poinsuchkr FERMI( )k

(no expectation) iD( 2) iterations [Lin et al., 2020, Theorem 4.4],[Ostrovskii et al., 2020, Re-
mark 4.2]; this iteration complexity has the optimal dependence@armon et al. [2020], Zhang

"Namely, boundedlV' ensures that the gradientl@fis Lipschitz continuous at every iterate and the variance
of the stochastic gradients is bounded.

8This sentence is accurate to the degree that an approximate stationary point of the non-convex objective
Eqg. (FERMI obj.) corresponds to an approximate risk minimizer.

%A faster convergence rate 6f( %) could be obtained by using the (more complicated) SREDA method of
Luo et al. [2020] instead of SGDA to solve FERMI objective. We omit the details here.



et al. [2021]. However, like existing fairness algorithms in the literature, this full-batch variant is
impractical for large-scale problems.

Remark 1. The conditiorpy (1) in Theorem 1 is assumed in order to ensure strong concavity of

lb( t- ) at every iterate !, which leads to th©( °) convergence rate. This assumption is typically
satis ed in practice: for example, if the iterate$ remain in a compact region during the algorithm

and the classi er uses softmax, thpp(l) > 0. Having said that, it is worth noting that this
condition is not absolutely necessary to ensure convergence of Algorithm 1. Even if this condition
doesn't hold, then Eq1) is still a nonconvex-concave min-max problem. Hence SGDA still converges
to an -stationary point, albeit at the slower rate & &) Lin et al. [2020]. Alternatively, one

can add a small, regularization term to the objective to enforce strong concavity and get the fast
convergence rate @( °).

2.2 Asymptotic Convergence of Algorithm 1 for Population-level FRMI Objective

So far, we have leN 1 be arbitrary and have not made any assumptions on the underlying
distribution(s) from which the data was drawn. Even so, we showed that Algorithm 1 always
converges to a stationary point of Eq. (FERMI obj.). Now, we will show th& i€ontainsi.i.d.
samples from an unknown joint distributid@ and if N 1, then Algorithm 1 converges to an
approximate solution of thpopulationrisk minimization problem Eq. (FRMI obj.). Precisely, we

will use a one-pass sample-without-replacement (“online”) variant of Algorithm 1 to obtain this
population loss guarantee. The one-pass variant is identical to Algorithm 1 except that: a) once we
draw a batch of sampld3;, we remove these samples from the data set so that they are never re-used,;
and b) theor -loop terminates when we have usedraamples.

Theorem 2. Let > 0. Assume that(x;y; ) andF ( ;x) are Lipschitz continuous and differentiable
with Lipschitz continuous gradient, and thatn, » . ps(r) > 0. Then, there existd 2 N such
thatifn N andD D ", then a one-pass sample-without-replacement variant of Algorithm 1
converges to an- rst order stationary point of the Eq(FRMI obj.) objective inO % stochastic

gradient evaluations, for any batch siz@%].

Theorem 2 provides a guarantee on the fairness/accuracy loss that can be achieved on unseen “test
data.” This is important because the main goal of (fair) machine learning is to (fairly) give accurate
predictions on test data, rather than merely tting the training data well. Speci cally, Theorem 2
shows that with enough (i.i.d.) training examples at our disposal, (one-pass) Algorithm 1 nds an
approximate stationary point of the population-level fairness objective Eq. (FRMI obj.). Furthermore,
the gradient complexity is the same as it was in the empirical case. The proof of Theorem 2 will

be aided by the following result, which shows tHatis an asymptotically unbiased estimator of
wheremaxy ( ;W) equals ERMI:

Proposition 2. Let fzgl, = fx;;si;yigL; be drawn iid. from an unknown

joint distribution D. Denote bi(”)( W) = Tr(WEB(Xi; )p(xi; )TixWT) +
1=2

2Tr WER(Xi; )sTjxi;si] WM 1, where QY =

P -
Ty diag(liszig;  ;lis=ke)-Denote( ;W)= Tr(WPyWT)+2Tr( WPysPs 1=2)
1, where Py = diag(EF( ;X); JEFm( 5x)), (Pys)ir = Exisi[Fj( 1 Xxi)siy] for
j 2 [m];r 2 [k], andPs = diag(Ps(1); i Ps(k)). Assumes(r) > Oforall r 2 [k]. Then,

max (- ;W)= Dr(P( );S)

and
Tm BV wyl= (0w

The proof of Proposition 2 is given in Appendix D.1. The rst claim is immediate from Proposition 1
and its proof, while the second claim is proved using the strong law of large numbers, the continuous
mapping theorem, and Lebesgue's dominated convergence theorem.

Proposition 2 implies that the empirical stochastic gradients computed in Algorithm 1 are good
approximations of the true gradients of Eq. (FRMI obj.). Intuitively, this suggests that when we
use Algorithm 1 to solve the fair ERM problem Eqg. (FERMI obj.), the output of Algorithm 1
will also be an approximate solution of Eq. (FRMI obj.). While Theorem 2 shows this intuition
does indeed hold, the proof of Theorem 2 requires additional work. A reasonable rst attempt at



proving Theorem 2 might be to try to bound the expected distance between the gradiBhlof
and the gradient dFERMI (evaluated at the point that is output by Algorithm 1) via Danskin's
theorem Danskin [1966] and strong concavity, and then leverage Theorem 1 to conclude that the

gradient ofFRMI must also be small. However, the dependence @i the training data prevents

us from obtaining a tight enough bound on the distance between the empirical and population
gradients af'. Thus, we take a different approach to proving Theorem 2, in which we consider the
output of two different algorithms: one is the conceptual algorithm that runs one-pass Algorithm 1
as if we had access to the true sensitive attrib&teg‘Algorithm A"); the other is the realistic
one-pass Algorithm 1 that only uses the training data (“Algorithm B”). We argue: 1) the output of
the conceptual algorithm is a stationary point of the population-level objective; and 2) the distance
between the gradients of the population-level objectivesaind g is small. While 1) follows

easily from the proof of Theorem 1 and the online-to-batch conversion, establishing 2) requires a
careful argument. The main tools we use in the proof of Theorem 2 are Theorem 1, Proposition 2,
Danskin's theorem, Lipschitz continuity of tleg max function for strongly concave objective, the
continuous mapping theorem, and Lebesgue's dominated convergence theorem: see Appendix D.1
for the detailed proof.

Note that the online-to-batch conversion used to prove Theorem 2 requioes@rgent stochastic
optimization algorithmthis implies that our arguments could not be used to prove an analogue

of Theorem 2 for existing fair learning algorithms, since existing convergent fairness algorithms
are not stochastic. An alternate approach to bounding the “generalization error” of our algorithm
would be to use a standard covering/uniform convergence argument. However, this approach would
not yield as tight a guarantee as Theorem 2. Speci cally, the accuracy and/or gradient complexity
guarantee would depend on the dimension of the space (i.e. the number of model parameters), since
the covering number depends (exponentially) on the dimension. For large-scale problems with a huge
number of model parameters, such dimension dependence is prohibitive.

As previously mentioned, we can interpret Theorem 2 as providing a guarantee that Algorithm 1
generalizesvell, achieving small fairness violation and test error, even on unseen “test” examples—as
long as the data is i.i.d. and is suf ciently large. In the next section, we empirically corrobo-
rate Theorem 2, by evaluating the fairness-accuracy tradeoffs of the FERMI algorithm (Algorithm 1)
in several numerical experiments.

3 Numerical Experiments

In this section, we evaluate the performance of FERMI in terms of the fairness violation vs. test error
for different notions of fairness (e.g. demographic parity, equalized odds, and equality of opportunity).
To this end, we perform diverse experiments comparing FERMI to other state-of-the-art approaches
on several benchmarks. In Section 3.1, we showcase the performance of FERMI applied to a logistic
regression model on binary classi cation tasks with binary sensitive attributes on Adult, German
Credit, and COMPAS datasets. In Section 3.2, we utilize FERMI with a convolutional neural network
base model for fair (to different religious groups) toxic comment detection. In Section 3.3, we explore
fairness in non-binary classi cation with non-binary sensitive attributes. Finally, Section 3.4 shows
how FERMI may be used beyond fair empirical risk minimization in domain generalization problems
to learn a model independent of spurious features.

3.1 Fair Binary Classi cation with Binary Sensitive Attributes using Logistic Regression

3.1.1 Benchmarking full-batch performance

In the rst set of experiments, we use FERMI to learn a fair logistic regression model on the Adult
dataset. With the Adult data set, the task is to predict whether or not a person earns over $50k annually
without discriminating based on the sensitive attribute, gender. We compare FERMI against state-
of-the-art in-processing full-batcffj = N) baselines, including Zafar et al. [2017], Feldman et al.
[2015], Kamishima et al. [2011], Jiang et al. [2020], Hardt et al. [2016], Prost et al. [2019], Baharlouei
et al. [2020], Rezaei et al. [2020], Donini et al. [2018], Cho et al. [2020a]. Since the majority of
existing fair learning algorithms cannot be implemented yBh< N , these experiments allow us

to benchmark the performance of FERMI against a wider range of baselines. To contextualize the
performance of these methods, we also incluti&itve Baselinehat randomly replaces the model
output with the majority labelQin Adult dataset), with probabilitp (independent of the data), and



sweepp in [0; 1]. At one end p = 1), the output will be provably fair with performance reaching that
of a naive classi er that outputs the majority class. At the other @ @), the algorithm has no
fairness mitigation and obtains the best performance (accuracy). By sweepwegbtain a tradeoff
curve between performance and fairness violation.

Figure 1:Accuracy/Fairness trade-off of FERMI and several state-of-the-art in-processing approaches on Adult
dataset. FERMI offers the best fairness vs. accuracy tradeoff curve in all experiments against all baselines.
Rezaei et al. [2020] only allow for a single output and do not yield a tradeoff curve. Further, the algorithms
by Mary et al. [2019] and Baharlouei et al. [2020] are equivalent in this binary setting and shown by the red curve.
In the binary/binary setting, FERMI, Mary et al. [2019] and Baharlouei et al. [2020] all try to solve the same
objective Eq. (FRMI obj.). However, the empirical formulation Eq. (FERMI obj.) and FERMI algorithm that we
use results in better performance, even though we are using a full-batch for all baselines in this experiment.

In Fig. 1, we report the fairness violation (demographic parity, equalized odds, and equality of
opportunity violations) vs. test error of the aforementioned in-processing approaches on the Adult
dataset. The upper left corner of the tradeoff curves coincides with the unmitigated baseline, which
only optimizes for performance (smallest test error). As can be seen, FERMI offers a fairness-
accuracy tradeoff curve that dominates all state-of-the-art baselines in each experiment and with
respect to each notion of fairness, even in the full batch setting. Aside from in-processing approaches,
we compare FERMI with several pre-processing and post-processing algorithms on Adult, German
Credit, and COMPAS datasets in Appendix E.5, where we show that the tradeoff curves obtained
from FERMI dominate that of all other baselines considered. See Appendix E for details on the data
sets and experiments.

It is noteworthy that the empirical objectives of Mary et al. [2019] and Baharlouei et al. [2020] are
exactly the same in the binary/binary setting, and their algorithms also coincide to the red curve
in Fig. 1. This is because Exponential Rényi mutual information is equal to Rényi correlation for
binary targets and/or binary sensitive attributes (see Lemma 2), which is the setting of all experiments
in Sec. 3.1. Additionally, like us, in the binary/binary setting these works are trying to empirically
solve Eq. (FRMI obj.), albeit using different estimation techniques; i.e., their empirical objective is
different from Eq. (FERMI obj.). This demonstrates the effectiveness of our empirical formulation
(FERMI obj.) and our solver (Algorithm 1), even though we are using all baselines in full batch
mode in this experiment. See Appendix E.5 for the complete version of Fig. 1 which also includes
pre-processing and post-processing baselines.

Fig. 8 in Appendix E illustrates that FERMI outperforms baselines in the presemmsyfoutliers
andclass imbalanceOur theory did not consider the role of noisy outliers and class imbalance, so
the theoretical investigation of this phenomenon could be an interesting direction for future work.

3.1.2 The effect of batch size on fairness/accuracy tradeoffs

Next, we evaluate the performance of FERMI on smaller batch sizes rangind fim6#. To this end,

we compare FERMI against several state-of-the-art in-processing algorithms that permit stochastic
implementation for demographic parity: Mary et al. [2019], Baharlouei et al. [2020], and Cho et al.
[2020a]. Similarly to the full batch setting, for all methods, we train a logistic regression model with

a respective regularizer for each method. We use demographic paritjiolation (De nition 10) to
measure demographic parity violation. More details about the dataset and experiments, and additional
experimental results, can be found in Appendix E.

Fig. 2 shows that FERMI offers a superior fairness-accuracy tradeoff curve against all baselines, for
each tested batch size, empirically con rming Theorem 1, as FERMI is the only algorithm that is
guaranteed to converge for small minibatches. It is also noteworthy that all other baselines cannot



Figure 2:Performance of FERMI, Cho et al. [2020b], Mary et al. [2019], Baharlouei et al. [2020] with different
batch-sizes on Adult dataset. FERMI demonstrates the best accuracy/fainess tradeoff across different batch sizes.

beatNaive Baselinavhen the batch size is very small, e j@®j = 1: Furthermore, FERMI with
jBj = 4 almost achieves the same fairness-accuracy tradeoff as the full batch variant.

3.1.3 The effect of missing sensitive attributes on fairness/accuracy tradeoffs

Sensitive attributes might be partially unavailable in many real-world applications due to legal issues,
privacy concerns, and data gathering limitations Zhao et al. [2022], Coston et al. [2019]. Missing
sensitive attributes make fair learning tasks more challenging in practice.

The unbiased nature of the estimator used in FERMI algorithm

motivates that it may be able to handle cases where sensitive

attributes argartially available and are dropped uniformly at

random. As a case study on the Adult dataset, we randomly

maske®0% of the sensitive attribute (i.e., gender entries). To

estimate the fairness regularization term, we rely on the remain-

ing 10% of the training samples ( 3k) with sensitive attribute

information. Figure 3 depicts the tradeoff between accuracy

and fairness (demographic parity) violation for FERMI and

other baselines. We suspect that the superior accuracy-fairness

tradeoff of FERMI compared to other approqches is due to.t'{qi ure 3:Performance of FERMI and
fact that the estimator of the gradient remains unbiased SigEe - <o ¢ iha ot approaches on the
the missing entries are missing completely at random (MCARY it dataset wher80% of gender en-
Note that theNaive Baselines similar to the one implementediries are missing. Full-sensitive FERMI
in the previous section, arfeull-sensitive FERMIis an ora- is obtained by applying FERMI on the
cle method that applies FERMI to the data with no missimigta without any missing entries.
attributes (for comparison purposes only). We observe that

FERMI achieves a slightly worse fairness-accuracy tradeoff

compared to Full-sensitive FERMI oracle, whereas the other

baselines are hurt signi cantly and are only narrowly outperforming the Naive Baseline.

3.2 Fair Binary Classi cation using Neural Models

Figure 4:Fair toxic comment detection with different batch sizes. jBjr= 128, the performance of Prost et al.

[2019] and FERMI are close to each other, however, when the batch size is reduced to 16, FERMI demonstrates
a better fairness/ performance trade-off. The performance and fairness are measured by the overall false positive
rate and the false positive gap between different religious sub-groups (Christians vs Muslim-Jews), respectively.

In this experiment, our goal is to showcase the ef cacy of FERMI in stochastic optimization with
neural network function approximation. To this end, we apply FERMI, Prost et al. [2019], Baharlouei
et al. [2020], and Mary et al. [2019] (which coincides with Baharlouei et al. [2020]) to the Toxic
Comment Classi cation dataset where the underlying task is to predict whether a given published
comment in social media is toxic. The sensitive attribute is religion that is binarized into two
groups: Christians in one group; Muslims and Jews in the other group. Training a neural network
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Figure 5:Comparison between FERMI, Mary et al. [2019], Baharlouei et al. [2020], and Cho et al. [2020a] on

Communities dataset. Mary et al. [2019] outperforms Baharlouei et al. [2020], Cho et al. [2020a], which we
believe could be attributed to the effectiveness of ERMI as a regularizer. FERMI outperforms Mary et al. [2019].
This can be attributed to our empirical formulation Eq. (FERMI obj.) and unbiased stochastic optimization
algorithm.

without considering fairness leads to higher false positive rate for the Jew-Muslim group. Figure 4
demonstrates the performance of FERMI, MinDiff Prost et al. [2019], Baharlouei et al. [2020], and
naive baseline on two different batch-siz&88and16. Performance is measured by the overall
false positive rate of the trained network and fairness violation is measured by the false positive gap
between two sensitive groups (Christians and Jews-Muslims). The network structure is exactly same
as the one used by MinDiff Prost et al. [2019]. We can observe that by decreasing the batch size,
FERMI maintains the best fairness-accuracy tradeoff compared to other baselines.

3.3 Fair Non-binary Classi cation with Multiple Sensitive Attributes

In this section, we consider a non-binary classi cation problem with multiple binary sensitive
attributes. In this case, we consider the Communities and Crime dataset, which has 18 binary

tributes, which corresponds j8j 2 f 2;4;8;:::; 2'8g. We discretize the target into three classes

f high; medium lowg. The only baselines that we are aware of that can handle non-binary classi -
cation with multiple sensitive attributes are Mary et al. [2019], Baharlouei et al. [2020], Cho et al.
[2020a], Cho et al. [2020b], and Zhang et al. [2018]. We used the publicly available implementations
of Baharlouei et al. [2020] and Cho et al. [2020a] and extended their binary classi cation algorithms
to the non-binary setting.

The results are presented in Fig. 5, where we use conditional demographiclparitiolation

(De nition 10) and conditional equal opportunity; violation (De nition 11) as the fairness
violation notions for the two experiments. In each panel, we compare the test error for different
number of sensitive attributes for a xed value of DP violation. It is expected that test error increases
with the number of sensitive attributes, as we will have a more stringent fairness constraint to satisfy.
As can be seen, compared to the baselines, FERMI offers the most favorable test error vs. fairness
violation tradeoffs, particularly as the number of sensitive attributes increases and for the more
stringent fairness violation levels, e.§:02.19

3.4 Beyond Fairness: Domain Parity Regularization for Domain Generalization

In this section, we demonstrate that our approach may extend beyond fair empirical risk minimization
to other problems such as domain generalization. In fact, Li and Vasconcelos [2019], Lahoti et al.
[2020], Creager et al. [2021] have already established connections between fair ERM and domain
generalization. We consider the Color MNIST dataset Li and Vasconcelos [2019], where all 60,000
training digits are colored with different colors drawn from a class conditional Gaussian distribution

105ec. 3.4 demonstrated that using smaller batch sizes results in much more pronounced advantages of FERMI
over these baselines.
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Figure 6:Domain generalization on Color MNIST Li and Vasconcelos [2019] using in-process fair algorithms

for demographic parityLeft panel: The dashed line is the training error and the solid line is test error. As
increases, fairness regularization results in a learned representation that is less dependent on color; hence training
error increases while test error decreases (all algorithms reach a plateau aro@®)d We usgBj = 512 for

all baselinesRight panel: We plot test error vs. batch size using an optimized valuefof each algorithm

selected via a validation set. The performance of baselines drops 10-20% as batch size becomes small, whereas
FERMI is less sensitive to batch size.

with variance 2 around a certain average color for each digit, while the test set remains black and
white. Li and Vasconcelos [2019] show that &! 0; a convolutional network model over ts

signi cantly to each digit's color on the training set, and achieves vanishing training error. However,
the learned representation does not generalize to the black and white test set, due to the spurious
correlation between digits and color.

Conceptually, the goal of the classi er in this problem is to achiaigg classi cation accuracy with
predictions that are independent of the color of the diyfile view color as the sensitive attribute

in this experiment, and apply fairness baselines for the demographic parity notion of fairness. One
would expect that by promoting such independence through a fairness regularizer, generalization
would improve (i.e. lower test error on the black and white test set), at the cost of increased training
error (on the colored training set). We compare against Mary et al. [2019], Baharlouei et al. [2020],
and Cho et al. [2020a] as baselines in this experiment.

The results of this experiment are illustrated in Fig. 6. In the left panel, we see that with no

regularization ( = 0), the test error is around 80%. Asincreases, all methods achieve smaller

test error while training error increases. We also observeRB&RMI offers the best test erram

this setup. In the right panel, we observe that decreasing the batch size results in signi cantly worse

generalization for the three baselines considered (due to their biased estimators for the regularizer).

However, the negative impact of small batch size is much less severe for FERMI, since FERMI uses

unbiased stochastic gradients. In particulae, performance gap between FERMI and other baselines

is more than 20% fojB | = 64. Moreover,FERMI with minibatch sizgB j = 64 still outperforms all

other baselines witfBj > 1; 000 Finally, notice that the test error achieved by FERMI when 0

is 30%, as compared to more th&% obtained using REPAIR Li and Vasconcelos [2019] for
0:05.

4 Discussion and Concluding Remarks

In this paper, we tackled the challenge of developing a fairness-promoting algorithm that is amenable
to stochastic optimization. As discussed, algorithms for large-scale ML problems are constrained
to use stochastic optimization with (small) minibatches of data in each iteration. To this end, we
formulated an empirical objective (FERMI obj.) using ERMI as a regularizer, and derived unbiased
stochastic gradient estimators. We proposed the stochastic FERMI algorithm (Algorithm 1) for
solving this objective. We then provided thist theoretical convergence guarantees for a stochastic
in-processing fairness algorithniy showing that FERMI converges to stationary points of the
empirical and population-level objectives (Theorem 1, Theorem 2). Further, these convergence results
hold even for non-binary sensitive attributes and non-binary target variables, with any minibatch size.

From an experimental perspective, we showedEEzRMI leads to better fairness-accuracy tradeoffs
than all of the state-of-the-art baselines a wide variety of binary and non-binary classi cation tasks

(for demographic parity, equalized odds, and equal opportunity). We also showed that these bene ts
are particularly signi cant when the number of sensitive attributes grows or the batch size is small. In
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particular, we observed that FERMI consistently outperforms Mary et al. [2019] (which tries to solve
the same objective Eq. (FRMI obj.)) by up to 20% when the batch size is small. This is not surprising
since FERMI is the only algorithm that is guaranteed to nd an approximate solution of the fair
learning objective with any batch sif@j 1. Also, we show in Fig. 7 that the lack of convergence
guarantee of Mary et al. [2019] is not just due to more limited analysis: in fact, their stochastic
algorithm does not converge. Even in full batch mode, FERMI outperforms all baselines, including
Mary et al. [2019] (Fig. 1, Fig. 5). In full batch mode, all baselines should be expected to converge to
an approximate solution of their respective empirical objectives, so this suggests that our empirical
objective Eq. (FERMI obj.) is fundamentally better, in some sense, than the empirical objectives
proposed in prior works. In what sense is Eq. (FERMI obj.) a better empirical objective (apart from
permitting stochastic optimization)? For one, it is an asymptotically unbiased estimator of Eq. (FRMI
obj.) (by Proposition 2), and Theorem 2 suggests that FERMI algorithm outputs an approximate
solution of Eq. (FRMI obj.) for large enoud¥. By contrast, the empirical objectives considered

in prior works do not provably yield an approximate solution to the corresponding population-level
objective.

The superior fairness-accuracy tradeoffs of FERMI algorithm over the (full batch) baselines also
suggests that the underlying population-level objective Eq. (FRMI obj.) has bene ts over other
fairness objectives. What might these bene ts be? First, ERMI upper bounds all other fairness
violations (e.g. Shannon mutual informatidn,, L1 ) used in the literature: see Appendix C. This
implies that ERMI-regularized training yields a model that has small fairness violation with respect
to these other notions. Could this also somehow help explain the superior fairness-accuracy tradeoffs
achieved by FERMI? Second, the objective function Eq. (FRMI obj.) is easier to optimize than the
objectives of competing in-processing methods: ERMI is smooth and is equal to the trace of a matrix
(see Lemma 5 in the Appendix), which is easy to compute. Contrast this with the larger computational
overhead of Rényi correlation used by Baharlouei et al. [2020], for example, which requires nding
the second singular value of a matrix. Perhaps these computational bene ts contribute to the observed
performance gains? We leave it as future work to rigorously understand the factors that are most
responsible for the favorable fairness-accuracy tradeoffs observed from FERMI.

Broader Impact and Limitations

This paper studied the important problem of developing practical machine learning (ML) algorithms
that arefair (i.e. non-discriminatory) towards different demographic groups (e.g. race, gender,
age). We hope that the societal impacts of our work will be positive, as the deployment of our
FERMI algorithm may enable/help companies, government agencies, and other organizations to train
large-scale ML models that do not discriminate against certain groups of users. On the other hand,
any technology has its limitations, and our algorithm is no exception.

One important limitation of our work is that we have (implicitly) assumed that the data set at hand
is labeled accurately and fairly. For example, if race is the sensitive attribute and “likelihood of
committing a crime” is the target, then we assume that the training data accurately re ects the criminal
histories of all individuals (and in particular does not disproportionately in ate the criminal histories
of racial minorities). If this assumption is not satis ed in practice, then the outcomes promoted
by our algorithm may not be as fair (in the philosophical sense) as the computed level of fairness
violation might suggest. It is even possible that our mitigation strategy could result in more unfairness
than unmitigated ERM in this case. More generally, conditional fairness notions like equalized odds
suffer from a potential ampli cation of the inherent discrimination that may exist in the training data.
Tackling such issues is beyond the scope of this work; c.f. Kilbertus et al. [2020] and Bechavod et al.
[2019].

Another consideration that was not addressed in this paper is the interplay between fairness and
other socially consequential Al metrics, such as privacy and robustness (e.g. to data poisoning).
It is possible that our algorithm couldak sensitive information about individuals in the training

data set (e.g. via membership inference attacks or model inversion attacks), even if the data is
anonymous Fredrikson et al. [2015], Shokri et al. [2017], Faizullabhoy and Korolova [2018], Nasr
et al. [2019], Carlini et al. [2021]. Such leaks could be used maliciously, e.g. to discriminate against
an individual with a con dential disabilityDifferential privacyDwork et al. [2006] ensures that
sensitive data cannot be leaked (with high probability), and the interplay between fairness and privacy
has been explored (see e.g. Jagielski et al. [2019], Xu et al. [2019], Cummings et al. [2019], Mozannar
et al. [2020], Tran et al. [2021a,b]. Developing and analyzing a differentially private version of
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FERMI could be an interesting direction for future work. Another potential threat to FERMI-trained
models is data poisoning attacks. While our experiments demonstrated that FERMI is relatively
effective with missing sensitive attributes, we did not investigate its performance in the presence
of label ipping or other poisoning attacks. Exploring and improving the robustness of FERMI is
another avenue for future research.
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A Notions of Fairness

Let (Y;*P ;A; S) denote the true target, predicted target, the advantaged outcome class, and the
sensitive attribute, respectively. We review three major notions of fairness.

De nition 2 (demographic parity Dwork et al. [2012]We say that a learning machine satis es
demographic parity i is independent db:

De nition 3 (equalized odds Hardt et al. [2016\We say that a learning machine satis es equalized
odds, if? is conditionally independent & givenY .

De nition 4 (equal opportunity Hardt et al. [2016]We say that a learning machine satis es equal
opportunity with respect té; if ¥ is conditionally independent & givenY = yforally 2 A .

Notice that the equal opportunity as de ned here generalizes the de nition in Hardt et al. [2016].
It recovers equalized oddsAf = Y; and it recovers equal opportunity of Hardt et al. [2016] for
A = f1gin binary classi cation.
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B ERMI: General De nition, Properties, and Special Cases Unraveled

We begin by stating a notion of fairness that generalizes demographic parity, equalized odds, and
equal opportunity fairness de nitions (the three notions considered in this paper). This will be
convenient for de ning ERMI in its general form and presenting the results in Appendix C. Consider

a learner who trains a model to make a predicti%me.g., whether or not to extend a loan, supported

on a setY. Here we allow? to be either discrete or continuous. The prediction is made using a
set of featuresX, e.g., nancial history features. We assume that there is a set of discrete sensitive
attributes S; e.g., race and sex, supported®rassociated with each sample. FurtherAletY

denote an advantaged outcome class, e.g., the outcome where a loan is extended.

De nition 5 ((Z; Z)-fairness) Given a random variabl& , letZ be a subset of values thatcan

take. We say that a learning machine satis(&s Z )-fairness if for everg 2 Z ; Pis conditionally
independent of givenZ = z,i.e.892Y;s2S;22Z;py sjz (¥;sjz) = Pyjz (9i2)psjz (si2).

(Z; Z)-fairness includes the popular demographic parity, equalized odds, and equal opportunity
notions of fairness as special cases:

1. (Z; Z)-fairness recovers demographic parity Dwork et al. [2012Z] # 0 andZ = f0g. In this
case, conditioning oA has no effect, and hen¢@; f 0g) fairness is equivalent to the independence

between®? andS (see De nition 2, Appendix A).

2. (Z; Z)-fairness recovers equalized odds Hardt et al. [201B]# Y andZ = Y: In this case,
Z 2 Z istrivially satis ed. Hence, conditioning oA is equivalent to conditioning o¥i; which

recovers the equalized odds notion of fairness, i.e., conditional independefcanafS givenY
(see De nition 3, Appendix A).

3. (Z; Z)-fairness recovers equal opportunity Hardt et al. [201&] # Y andZ = A: This s also
similar to the previous case with replaced withA (see De nition 4, Appendix A).

Note that verifying(Z; Z )-fairness requires having access to the joint distribution of random variables

(Z; \'E S): This joint distribution is unavailable to the learner in the context of machine learning, and
hence the learner would resort to empirical estimation of the amount of violation of independence,
measured through some divergence. See Williamson and Menon [2019] for a related discussion.

In this general context, here is the general de nition of ERMI:
De nition 6 (ERMI — exponential Rényi mutual informatianWWe de ne the exponential Rényi

mutual information betwee® andS givenZ 2 Z as

ph;sjz (b ;' SiZ)
Pz (PiZ)psiz (SjZ)

Dr(¥:Sj222):= E, 1: (ERMI)

Notice that ERMI is in fact the 2-divergence between the conditional joint distributip@,s; and
the Kronecker product of conditional margingtg, ps; where the conditioning is o8 2 Z :

Further, 2-divergence is af -divergence withf (t) = (t  1)?. See [Csiszar and Shields, 2004,
Section 4] for a discussion. As an immediate result of this observation and well-known properties of
f -divergences, we can state the following property of ERMI:

Remark 2. DR(*P;SjZ 22) 0 with equality if and only if for allz 2 Z, ¥ ands are
conditionally independent giveh = z.

To further clarify the de nition of ERMI, especially as it relates to demographic parity, equalized
odds, and equal opportunity, we will unravel the de nition explicitly in a few special cases.
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First, letZ = 0 andZ = f0g. In this caseZ 2 Z trivially holds, and conditioning oZ has no
effect, resulting in:

Dr(¥;S):= Dr(?;Sjz22) 2012 =10g
( -

R UER
¥ e (P)ps(S)
X %y Pe(®)ps(s)

) s2s y2Y Py (§)Ps () Py.s (§;5)dg: @)

DR(*?;S) is the notion of ERMI that should be used when the desired notion of fairness is de-
mographic parity. In particuIaDR(?;S) = 0 implies that ? divergence betweep, 5; and the
Kronecker product of marginalp,  ps is zero. This in turn implies thd® ands are independent,
which is the de nition of demographic parity. We note that wHerndsS are discrete, this special
case Z =0 andZ = f0g) of ERMI is referred to as -information by Calmon et al. [2017b].

Next, we consideZ = Y andZ = Y: In this caseZ 2 Z is trivially satis ed, and hence,

Dr(¥:SjY) = Dr(¥iSiz 22)

Py.sjy (P3SIY)
Y by (PiY)psyy (SIY)
X 22 pygiy(9iSY) Py (SiY)Psiy (SiY)

= . . $.5(Y; ¥ s)dgd
s Y2Y  y2Y Pojy (91Y)Psjy (sjy) Prip s (V39: 9) gy

Z Z - eiv)2
X Py.sjy (95 S1Y)
= S —py (y)dgdy L (3)
ows vay g2y Pejy (91Y)psjy (siy)

)
= E

DR(*P;SjY) should be used when the desired notion of fairness is equalized odds. In particular,
DR(*? ;SjY) =0 directly implies the conditional independence*bfands givenY:
Finally, we consideZ = Y andZ = A. In this case, we have
A . Qj — . Qj
DA(®;SjY):= Dr(®;Sjz22) vaen
Po.sjv (P:SIY)
Pojy (PiY)psjy (SiY)
X 22 pusiy@isiy) ey O)Psiv (SY)
= —— py (y)dgdy
s Y2A  y2Y Pojy (91Y)Psjy (sjy)
X z z pb;sjy(y;sjy)z

= . . iy (90 dgdy 1, 4
e o yov Pory GMIPsyy (i) Pesiv O SY)Py ()dgdy @

1

= EY;*P;S

where

- g Py
w(y) . yO2A 9% (yO)dyO (5)

This notion is what should be used when the desired notion of fairness is equal opportunity. This
can be further simpli ed when the advantaged class is a singleton (which is the case in binary
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classi cation). IfZ = Y andZ = fyg; then

Dr(¥;SjY = y) := DR(Y;SjY)

X P Py (OiSiY) Py OP () o
s 92 Po v (9iY)Psjy (siy) sy

X z Pp;sjy(S’:Sjy)z

= : —dy 1 6
s2s  92Y p?jv(yjy)ijY (SJY) y ( )

Finally, we note that we use the notatiDr (*P ;SjY) andDg (*?; SjY = y) to be consistent with
the de nition of conditional mutual information in Cover and Thomas [1991].
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C Relations Between ERMI and Other Fairness Violation Notions

Recall that most existing in-processing methods use some notion of fairness violation as a regularizer
to enforce fairness in the trained model. These notions of fairness violation typically take the form of
some information divergence between the sensitive attributes and the predicted targets (e.g. Mary et al.
[2019], Baharlouei et al. [2020], Cho et al. [2020b]). In this section, we show that ERMI provides
an upper bound on all of the existing measures of fairness violations for demographic parity, equal
opportunity, and equalized odds. As mentioned in the main body, this insight might help explain the
favorable empirical performance of our algorithm compared to baselines—even when full batch is
used. In particular, the results in this section imply that FERMI algorithm leads to small fairness
violation with respect to ERMI and all of these other measures.

We should mention that many of these propertiek divergences are well-known or easily derived
from existing results, so we do not intend to claim great originality with any of these results. That
said, we include proofs of all results for which we are not aware of any references with proofs. The

results in this section also hold for continuous (or discr@teWe will now state and discuss these

results before proving them.

De nition 7 (Rényi mutual information Rényi [1961])et the Rényi mutual information of order
> 1 between random variablé® andS givenZ 2 Z be de ned as:

8 v ] 9

< <, (:Sz) =
| (8:8iz22)= 1 log E,ps. p*”'s’_z( ) )_ z2z  ;  (RM)

1 L pyyz (PjZ)psiz (SjZ) ,
which generalizes Shannon mutual information
( . ! )
. V;SZ

11(9;SjZ22):= E,ps log Posjz (¥:512) z27 ; (M1)

Pojz (PiZ)psiz (SjZ)
and recoversitasm , ;- | (9;Sjz2z)= 1.(9;Sjz22):

Note thatt (¥;Sjz 2Z) 0 with equality if and only if(Z; Z )-fairness is satis ed.
The following is a minor change from results in Sason and Verdu [2016]:
Lemma 1 (ERMI provides an upper bound for Shannon mutual informatidhg have

0 1.(V:Sjz22) I1xP:Sjiz2z) €2Psiz2Z) 1-pL(b:sjz22): @

Lemma 1 also shows that ERMI is exponentially related to the Rényi mutual information oforder
We include a proof below for completeness.

De nition 8 (Rényi correlation Hirschfeld [1935], Gebelein [1941], Rényi [1959]¢t F and
G be the set of measurable functions such that for random varidblasd S, Eyff (‘?’;z)g =
Esfg(S;2)g=0,Eyff(¥;2)2g= Es 9(S;2)2 =1;forall z2 Z : Rényi correlation is:

n (0]
r(P:Sjiz22):=sup E, o f(¥;2)9(S;2) 222 : (RC)
f,g 2F G T
Rényi correlation generalizes Pearson 8correlation, g
< Ep..fPSjZ =
®:85z22)= €, gt "9 z2z (PC)

g
EyfP2jZgEsfS?jZg

to capture nonlinear dependencies between the random variables by nding functions of random
variables that maximize the Pearson correlation coef cient between the random variables. In fact,
it is true that R(*P ;S§Z 2Z) 0with equality if and only if(Z; Z)-fairness is satis ed. Rényi
correlation has gained popularity as a measure of fairness violation Mary et al. [2019], Baharlouei
et al. [2020], Grari et al. [2020]. Rényi correlation is also upper bounded by ERMI. The following
result has already been shown by Mary et al. [2019] and we present it for completeness.
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Lemma 2 (ERMI provides an upper bound for Rényi correlatiolye have

0j (9:5222)] r(P:;S5z22) Dr(¥;Sjz22); (8)

andifjSj=2;Dr(®;Sjz22)= r(P:S5z22):
De nition 9 (L4 fairness violation) We de ne thel , fairness violation folg 1 by:

( z Y )
. X . . _oa
Lo(®:Sjiz22) = E Pp.siz (BiSiZ) Py, (WZ)psjz(siZz) dy Z2Z
$2Y 0 525

(La)

Note thaﬂ_q(*? 1 §jZ 22) =0 ifand only if (Z; Z)-fairness is satis ed. In particulak,; fairness
violation recovers demographic parity violation [Kearns et al., 2018, De nition 2.1] if wg let f Og
andZ = 0: It also recovers equal opportunity violation Hardt et al. [201&] i€ A andZ = Y.

Lemma 3 (ERMI provides an upper bound fdr; fairness violation) Let ® be a discrete or
continuous random variable, arf8ibe a discrete random variable supported on a nite set. Then for
anyq 1,

0 Lq(P;Siz22) Dr(P:Sz22): (9)

The above lemma says that if a method controls ERMI value for imposing fairness, theiolation

is controlled. In particular, the variant of ERMI that is specialized to demographic parity also controls
L, demographic parity violation Kearns et al. [2018]. The variant of ERMI that is specialized to
equal opportunity also controls the equal opportunity violation Hardt et al. [2016]. While our
algorithm uses ERMI as a regularizer, in our experiments, we measure fairness violation through the
more commonly usell; violation. Despite this, we show that our approach leads to better tradeoff
curves between fairness violation and performance.

Remark. The bounds in Lemmas 1-3 are not tight in general, but this is not of practical concern. They
show that bounding ERMI is suf cient because any model that achieves small ERMI is guaranteed to
satisfy any other fairness violation. This makes ERMI an effective regularizer for promoting fairness.
In fact, in Sec. 3, we saw that our algorithm, FERMI, achieves the best tradeoffs between fairness
violation and performance across state-of-the-art baselines.

Proof of Lemma 1 We proceed to prove all the (in)equalities one by one:

0 IS(*? ;' SjZ 2 Z): This is well known and the proof can be found in any information
theory textbook Cover and Thomas [1991].

o | 1(*2 1 SjZ2227) Iz(*3 ;SjZ 2 Z): This is a known property of Rényi mutual information,
but we provide a proof for completeness in Lemma 4 below.

e 1,(0;Sjz 22) €2(¥:8i222)  1: This follows from the fact that e 1:

. d2(¥:9)iz2Z2 1 = pp(P;:SjZ 2 Z): This follows from simple algebraic manipulation.

O

Lemma 4. Let¥® ;' S; Z be discrete or continuous random variables. Then:

(@) Forany; 2[L1]1 (®;Sjz2z) 1 (9;Sjz22)if >
n (0]
(b) lim 1 1 (9;SjZ 2Z) = 12(P:S) == Ez Dt (PpsjzliPy; Psjz) 222

wherel 1('; ) denotes the Shannon mutual information &gl is Kullback-Leibler diver-
gence (relative entropy).

(c) Forall 2[1;11],1 (9;Sjz22) 0withequality if and only if foralz 2 Z , ¥ and
S are conditionally independent given
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Proof. (a) Firstassum@< < < 1 andthat; 61:Denea= 1, andb= 1: Then
the function (t) = t=2 is convex for alt  0; so by Jensen's inequality we have:
0 8

Pp 91 0 ! ) b=a
1 < pP:sz) = 1 o®:siz)y
Zlog@E 220 22z A Zlog@ =" 727 A
b - p(Piz)p(siz) : b p(Piz)p(sjz)
! )!
= Liog p(?;siz)
a p(Piz)p(Siz)
(10)

Now suppose = 1: Then by the monotonicity for 6 1 proved above, we have

11(9:9) =1im 1 1 (9;S) = sup 0! (P;S) inf> 11 (¥;9): Also, 11 (¥;9) =
lim 1 | (P;S)=sup. o (¥;9):
(b) This is a standard property of the cumulant generating function (see Dembo and Zeitouni [2009]).

(c) Itis straightforward to observe that independence implies that Rényi mutual information vanishes.
On the other hand, if Rényi mutual information vanishes, then part (a) implies that Shannon mutual
information also vanishes, which implies the desired conditional independence. O

Proof of Lemma 2.The proof is completed using the following pieces.

0 j (P:;52z 2 2)j r(P:Sjz 2 Z): This is obvious from the de nition of
r(P:S5z22):

. R(*? 1 S§Z222) DR(*?’; SjZ 2 Z): This follows from Lemma 5 below.
« Notice that ifjSj = 2; Lemma 5 implies thabg (?;Sjz 2Z)= r(®;S22Z):
O

Next, we recall the following lemma, which is stated in Mary et al. [2019] and derives from Witsen-
hausen's characterization of Renyi correlation:

Lemma 5. Suppose thad = [Kk]: Letthek k matrixP be de ned a = fPj gij 21 [«], where
z : .
1 Pp.s(Y:1)Pp 5 (Y:i)

T P s ps ) yev P (¥) d -
Letl= 1 5 Il k  0be the eigenvalues &. Then,
r(P:9= 2 (12)
X
Dr(®;S)=Tr(P) 1= . (13)

Proof. Eq. (12) is proved in [Witsenhausen, 1975, Section 3]. To prove Eq. (13), notice that
X

Tr(P) = Pi

i2[k] |

X 1% ppslyii)?
ps(i) yav Py (¥)

i2[k]

)
_ p*?;s(b;s)
= Eyg T
Py (Y)ps(S)
=1+ Dr(¥;9);
which completes the proof. O
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Proof of Lemma 3.t suf ces to prove the inequality fok ;; asL is bounded above bl for
allg 1: The proof for the case whe#& = 0 andZ = f0g follows from the following set of
inequalities:

X Z
Li(P:Sz22)= Pp.s(¥:S) Py (y)ps(s) dy (14)
s2s  Y2Y
X £ 0 ppo(¥i9) Pp(y)Ps(s)
- De (V)Ps(8) 2 2 gy (15)
s2s  Y2Y Py (Y)Ps(S)
\d i ] H
f g (Pp.s(¥:S) Py (¥)Ps(9))?
o5  Y2Y Pe (V)Ps(s)dy o5  Y2Y Py (Y)Ps ()
(16)
AT ———y
P Pp.sY; Py (Y)Ps dy (17)
s V2Y Py (Y)Ps(S)
q_ —
= Dr(Y;S); (18)

where Eq. (16) follows from Cauchy-Schwarz inequality, and Eq. (18) follows from Lemma 6.
The, extension to gegnera and Z is immediatg by observing thqt(*P;SjZ 2 Z) =
E, (b;thZ) 227, r(V;Sz 22Z)= E, r(%:;S52)z2Z ,andDgr(?;Siz 2

i

Z)= E; Dr(P;S2z)z22Z .

O
Lemma 6. We have . |
X (Pp.s(¥:9) Py (Y)Ps(s)?
VS S dy: 9
AR by (1)Ps (5) Y )
Proof. The proof follows from the following set qf identities:
X2 Busi9) P’ X T (e’
25 Y2V Py (Y)Ps(S) s V2Y Z|o4p(y)|0s(5)
X
2 » Py .5 (¥; s)dy
s2s, Y
X *Z
+ Py (Y)Ps(s)dy (20)
s2s Y2Y )
Py (P)ps(S)
= Dr(¥:9): (22)
O

Next, we present some alternative fairness de nitions and show that they are also upper bounded by
ERMIL.

De nition 10 (conditional demographic parity; violation). Given a predictof*? supported or¥
and a discrete sensitive attribuBsupported on a nite seB, we de ne the conditional demographic
parity violation by:

@(VPjS) := sup max py;s(Bis) Py () : (23)
p2Y s2S
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First, we show thacﬂb(*PjS) is a reasonable notion of fairness violation.
Lemma 7. &(?jS) = 0 iff (if and only if) ¥ andS are independent.

Proof. By de nition, &(¥jS) = 0 iff forall P2 Y;s2 'S, py.s(9is) = pp(9) iff ¥ andS are
independent (since we always assyn(® > Oforalls 2 S). O

Lemma 8 (ERMI provides an upper bound for conditional demographic parityviolation). Let®
be a discrete or continuous random variable supportedoandS be a discrete random variable
supported on a nite se®. Denotepd" := min s2s ps(s) > 0. Then,

q —
0 d&Pjs) pgnlm Dr(?;S): (24)

Proof. The proof follows from the following set of (in)equalities:

2 2

G(PIS) = sup max py;s(his) Py () (25)

1 _ 2
o) ;Ypr;"lzgx Pp.s(B:S) Py (W)Ps(S)) (26)

1 X _ 2
I oy e Pp.s(1;5) Py (P)Ps(s)) (27)
= (prs'i 2 Dr(?;S); (28)
where Eq. (28) follows from Lemma 3. O

De nition 11 (conditional equal opportunitl; violation Hardt et al. [2016]) LetY; ¥ take values
inY and letA Y be a compact subset denoting the advantaged outcomes (For example, the
decision “to interview" an individual or classify an individual as a “low risk" for nancial purposes).

We de ne the conditional equal opportunity; violation of® with respect to the sensitive attribute
S and the advantaged outcomeby

( )
e(PiS;Y 2A) = By supmax py.g;y BISIY) Py (Y) Y 2A 1 (29)

Lemma 9 (ERMI provides an upper bound for conditional equal opportubity violation). Let

¥ Y;be discrete or continuous random variables supported pand letS be a discrete random
variable supported on a nite s&d. LetA Y be a compact subset ¥f.

Denoteplia = min s2s y2a Psjy (Sjy). Then,
q

min
SjA

0 e(PjS;Y2A) Dr(®;SjY 2A): (30)

Proof. Notice that the same proof for Lemma 8 would give that folyd A :

0 supmax py.g;y (BiSiy)  Pyjy (BY) = e(PjS;Y = y)

p2y S
1 49—
) Dr(®;SjY = y)
q -
o Dr(¥;SiY = y):
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Hence,

n (0}
ePjS;Y2A)= Ey ePjS;Y) Y2A

1 q
——Ey  Dr(P;SjY) Y2A
SjA
1 r LI U
—— Ey Dgr(?;SjY) Y2A
SjA
_ 1 9 .
= amin DR( !SJY 2A)1
Psja

where the last inequality follows from Jensen's inequality. This completes the proof.
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D Precise Statement and Proofs of Theorem 1 and Theorem 2

To begin, we provide the proof of Proposition 1:
Proposition 3 (Re-statement of Proposition.1ffor random variabled® andS with joint distribution
Py s where¥ 2 [m]; S 2 [k]; we have

Br(P;S) = max R Tr(WB,WT) +2Tr( WB,. B, 12)  1g;

Py (1);Ps(j) > Ofori 2 [m];j 2 [K]:

Proof. LetW 2 argmaxy g« »  TH(WB,WT) +2Tr( W, B, %), Setting the derivative
of the expression on the RHS equal to zero leads to:

Wiy +2B Bl =0 =) w =B Rl b T

Plugging this expression fW ; we have
max  Tr(WB,WT)+2Tr( Wb, B, 172)

W 2 Rk
= T, 2] P, 1y B, 12) 4 2Tr( B, 120 Py 1l B, 12)
= Tr( b, 172 P 1By B, 172)
= Tr( B I P, 1By
Writing out the matrix multiplication explicitly in the last expression, we have

b, td bty = UV

whereU; = Ds(i) *Pyp.q (i) andVij = Dy () *Py.s(si); fori 2 [k];j 2 [m]: Hence

max  Tr(WB,WT)+2Tr( Wb, B, 12)
W2Rk m

=Tr( UVT)

— X X pb;s(j;i)z
201 2(m] Ps(1)pPy (i)
Br(P;S)+1;

which completes the proof. O

Corollary 2 (Re-statement of Corollary 1)Let (X;;si;yi) be a random draw fronD. Then,
Eq. (FERMI obj.) is equivalent to

n 0
min  max Ib( ;W) = Lb( )+ l? W) (31)
w2Rk m

where® W)= Tr(WB,WT)+2Tr( Wy B 179 1= Nip N b(;w)and
B W)= T(WE(xi; Mp(xi; )TixiIWT)+2Tr( WELp(xi; )l jxi;silP, 2 1
= Tr(Wdiag(F1( ;xi);:: 5 Fm( ixi))WT)+2Tr( WE[B(Xi; )sjxi;silb 172 1
Proof. The proof simply follows the fact that
i

max E B( ;W) = max TI(WB,WT)+2Tr( Wl B, 12) 1 = Br(P;S);
ymax B B(W) = max (WPyWT) (WP B ) r(¥;S)
where the last equality is due to Proposition 1. O

Next, we will state and prove the precise form of Theorem 1. We rst recall some basic de nitions:
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De nition 12. A functionf is L-Lipschitz if for allu; u®2 domair(f ) we havekf (u) f (u)k
Lku u%:

De nition 13. A differentiable functiorf is -smooth if for allu;u® 2 domair(r f) we have
ke f(u) r f(uk ku u%

De nition 14. A differentiable functiorfi is -strongly concave if for atk;y 2 domair(f ), we have
F)+f)T(y x) zky xk*  f(y)

De nition 15. Apoint = A(D) output by a randomized algorithA is an -stationary point of
a differentiable function if Ekr ( )k .Wesay isan -stationary point of the nonconvex-

strongly concave min-max problemn maxy F( ;W) ifitis an -stationary point of the differen-
tiable function () :=maxw F( ;W).

Recall that Eq. (FERMI obj.) is equivalent to
( % h

min max  B( ;W)= B )+ B W)= =
W2RK m N _,

)
|
iy )+ BOsw) 5 (32)
N

where® ;W)= Tr(WB,WT)+2Tr( Wl B %) 1= Nip- . B(;w)and

1=
B( W)= T(WE(xi; )p(xis )TixiIWT) +2Tr( WE[p(xi; )sl jxi;siJb %) 1
= Tr(Wdiag(F1( ;%) Fm( 5x)WT)+2T( WEp(xi; s jxissilBy %) 1
whereb(x;; ) ands; are the one-hot encodings¥fx;; ) ands;, respectively.
Assumption 1. e (;Xx;y) is G-Lipscthiz, and --smooth for allx; y.

* F(;x) isL-Lipschitz and>-smooth for allx.

in .— ; 1 P N .
* B =inf comgMingem v = Fi( X)) >0
. P

s 0" = 4 N Lig=jg> 0.

Remark 3. As mentioned in remark 1, the third bullet in Assumption 1 is convenient and allows for
a faster convergence rate, but not strictly necessary for convergence of Algorithm 1.
Theorem 3(Precise statement of Theorem Letfx;;y;; Sigi2n] be any given data set of features,
labels, and sensitive attributes and grant Assumption 1W.et Br (0;D) RX ™ (Frobenius
norm ball of radiusD ), where D := 4:m in Algorithm 1. Denote  := [Q o) inf Q );

pe" - pY
WherekQ ) == maxw Fb( :W). In Algorithm 1, choose the step-sizes as= (1 = ? ) and
w = (1 =)andmini-batch size g8:j= max 1; 2 2 :Thenunder Assumption 1, the

iteration complexity of Algorithm 1 to return anrstationary point of0 is bounded by

2+ 2p2
O > ;

which gives the total stochastic gradient complexity of

2+ 2p2

O 5 max 1, 2 ?
where
! I
1 1
=2 +2Dmb D+P: +2+8L D+pi
pgﬂln gln
:2 p;\;irl.
2-16 2(D2+1)+4 G2 +32 2D2L% 1+ K
pgﬂn
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Remark 4. The larger minibatch size is necessary to obtain the faSter 4) convergence rate

via two-timescale SGDA. However, as noted in [Lin et al., 2020, p.8], their proof readily extends to
any batch sizgB;j 1, showing that two-timescale SGDA still converges. But jith =1, the
iteration complexity becomes slow&( 3 °). This is the informal Theorem 1 that was stated in
the main body.

In light of Corollary 1, Theorem 3 follows from [Lin et al., 2020, Theorem 4.5] combined with
the following technical lemmas. We assume Assumption 1 holds for the remainder of the proof of
Theorem 3:

Lemma 10. If x;;y;;s; are drawn uniformly at random from data sBt, then the gradients of
Xy )+ or bi( ; W) are unbiased estimators of the gradientﬁﬂif ;W) forall ;W

Elr “(xivi; )+ r B(;w)=r P(;W); and
E[ rwB( ;W)]=rwB( ;W):
Furthermore, itkWkr D, then the variance of the stochastic gradients is bounded as follows:

SUpEkr “(xi;yi: )+ r B(:w) r B ;w)ke 2 (33)
W

where 2=16 2(D?+1)+4 G?+32 2D?L2 1+ MMk

pgﬂn

Proof. Unbiasedness is obvious. For the variance bound, we will show that

SUpEK rw B( ;W) r wB( W)k 2; (34)
W

and
supEkr “(xi;yi; )+ r B(iw) r B Wk % (35)
W

where 2= 2+ 2 First,

rwB( ;W)= 2WER(xi; W(xi; )Tixil+2ps(r) 2E[sig(xi; ixiisil: (36)

Thus, forany ;W; , we have

b - . 2_42X\I . L \T; 1=2 c\Tiy. -
Ek rwB( ;W) r Wlb( TWHKE = N WER(xi; W(xi; ) jxi]  bs(r) E[siy(xi; ) jxi;sil
i=1
)(\I . - .
WER (xi; W (xi; )Tixil  bs(r) 2E[sy(xi; )Tixi;si]

2 kWkZ Efp(xi; p(xi; )Tixil By i
i=1 #

+ B2 Elsp(xi; ) ixirsi] By .

2

4 2 X\I 2 1=2 T; T
N 2 2D+ IbS E[sip(xi; ) jxi;sil be,;s .

i=1
42X

—— 2 2D%*+2
N i=1

16 2(D2 +1);

where we used Young's inequalitypthe Frobenius norm inequieh ke k Akg kB kg, the facts
thatkElp(x;; Jp0a; )TixidkE = L Fi(ixi)®  Landki®s E[sB(x; )Tixi;silkE =
jkzl s 2y Fi(xi; )? 1foralli 2 [N](since for evenyi 2 [N], only one of thes;; is
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5}
non-zero and equal th and |7, Fi( ;xi)=1).
Next, h

i
roBCswy= r o vecE(xi; )i )TixiDT vecWTW) +2r  vecE[sip(xi; )Tjxi;si])vecw B, 172y
(37)
Hence, for any ; W, we have

Ekr “(xi;yi; )+ r B(swW) r B(;W)KE 2 2supkr C(xiyi; )k
XiiYi

+ 2 supr vecElp(xi; )p(xi; )Tixi)T vecW W)
XiYiiSi #

+2r vecElshixi; ) jxiis)vecw B, )

4G*+2 2 sup r vecElp(xi; )p(xi; )Tixi)T vecWT W)
| I#
tasup 1 vecElsbxi; )T ixi;si])vecWT b, 12)

Xi;Si
by Young's and Jensen's inequalities and the assumption tkaty; ; ) is G-Lipschitz. Now,
T: T T X X
roovecE(xi; p(xi; ) jxi]) veeW W)= F (xi; ) WiaWi s
I=1 j=1
which implies

X
kr  vecER(xi; (xi; )Tjxi])T vecW T W)k? W3 sup krF ((x; )k* DZL%

il 12[m];x;
(38)
by L -Lipschitzness of ( ;x). Also,
C Ty Th 1=2y _ xex oy Sir W
r vec(E[sip(xi; )'jxi;si])vec(W IbS )= rF (X)) pP—=;
r=1j=1 pS(r)

which implies
|
P2
2 X y )
¢ vecEls b )TiisDveeW B ) mk T supkF () BEoi T 2pe

p—" :
r=1 j=1 Xi: Ps(r) A"
Thus,
2 4G?+32 D22 1+ pr:]ff]
S
Combining the - andW -variance bounds yields the lemma. O
Lemma 11. Let
1 X
PCiwy= 5 iy )+ BCw)
i2[N]

where
B w)y= T(WED(i; M(xi; )TixiIWT)+2Tr( WER(xi; )l jxi;silb ¥72) 1

Then:

1. Pis -smooth, where =2 - +2 Dmb D+19’31Tn +2+8L D+ pi—
S

prsnln
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2. b( ;) is2 p{\‘;‘“ -strongly concave for all t.

3. IfW = Bg(0;D) withD W,then Eq(l)=min maxwaw B( ;W).
v s

Proof. We shall freely use the expressions for the derivativel abtained in the proof of Lemma 10.
1. First,
ke wiB( W) 1 WP WOKe  2SUupkWELD(xi; p(xi; ) ixil WEB(; p(xi; ) ixilke
Xi
kW Wk ;
sinceF;( ;x;) 1forallj 2 [m]. Next,
ke wB( ;W) 1B Aw)kZ
2
8 sup D? Elp(xi; )o(xii )Tixil EMP(xi; AP(xis VTixil
Xi3SiYi
#

+ B, 72 Elspxi; )ixis] E[sP(xi; 9Tixi;si i

8 sup D2KF( ;x;) F ( %x)k3
Xi;SiYi
#
X ><< H 0. 2 12
+ JFj( ;Xi) F j( ;Xi)J bs(l’)(l') Si;r
j=1r=1, #
21 2 2 L2 2 .
8 sup D?L%k %+ ——k %
Xi3SiYi pg"n

which implies
!

kr wB( ;W) r B *W)ke 8L D+pﬁ k %:
S

Lastly,

ke BC;wW) r PCOSW)k  sup kr C(xisyis ) 1 (ki 9k

XiiYiiSi
+ r vecElp(xi; Jp(xi; )TixiDT + 1 vecER (xi; W (xi; VTixiD)T

vecWTW) +2 [r vecE[sih(xi; )Tixi;si) r  vecE[siy(xi; ITixi:siD]
#
vec(W T B, 172)

xn
-k %+ D 2sup  krF (( ;x) rF o ( %x)k
e

X
+2  sup rF(ix) rFj( Sx)ps(r) T2Wy

x;r 2 [k] j=1
I#
-+2 D%+ p& k %;
pléﬂln
by Assumption 1. Combining the above inequalities yields part 1.
2. We haver 2,,B( ;W) = 2 B, which is a diagonal matrix witlr 2,, B( ;W));;
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P . i
2 & W R ) 2 PR, by Assumption 1. Thudb(; )is2 pJ™ -strongly concave
forall .
3. Our choice oD ensures thatv () 2 int(W), since

KW (ke = ki, 2280 ()T ) ke (39)
1

—p—: 40

pré‘lln prsnln ( )

Thereforemaxw ow B( ;W) = maxw B( ; W), which implies part 3 of the lemma.
]

By Assumption 1 and Lemma 11, our choice@fimplies that?v () 2 W and hence that the
solution of Eq. (FERMI obj.) solves
8 9
<
. o1 X
min max B( W)= N

)+ B ow)
i2[N] ’

This enables us to establish the convergence of Algorithm 1 (which involves projection) to a stationary
point for theunconstrainedmin-max optimization problem Eq. (1) that we consider. Wié
projection step in Algorithm 1 is necessary to ensure that the itevdtesmain bounded, and hence

that the smoothness and bounded variance conditiofsao satis ed at every iteration.

D.1 Proof of Theorem 2

Now we turn to the proof of Theorem 2. We rst re-state and prove Proposition 2.

Proposition 4 (Restatement of Proposition .2)Let fzgl, = fxi;si;vigL,; be
drawn i.i.d. from an unknown joint distributionD. Denote bi(”)( W) =
TAOWED(X; B0 )TIXIWT) + 2T WEB(x; )sTjxis] B 1
(n) — 1 P ; . . . — T
where "™ = 17" diag(lis=1q;  lis=kg). Denote ( ;W) =  Tr(WPyWT) +
2TH(WPysPs ™) 1, where Py = diag(EF1( ;X); ;EFm( ;X)), (Pps)ir =

Ex; s [Fj( ;xi)sir] for j 2 [m];r 2 [K], and Ps = diag(Ps(1); ;Ps(k)). Assume
ps(r) > Oforall r 2 [K]. Then,

max (- ;W)= Dr(®( );S)

and
Tim BV wyl= (0w

Proof. The rstclaim, thatmaxy ( ;W)= DR(*P( ); S) is immediate from Proposition 1 and

its proof, by replacing the empirical probabilities wiikprobabilities everywhere. For the second

claim, we clearly have
h

i =
EBV( W)= B T(WED(G: )p(xi; ) iiIWT) +2E T WE(: )sljxiis] B T 1
(41)

1=2

= T (WPyWT)+2E Tr WE[R(Xi; )si jxi;si] BM 1;

foranyn 1. Now, Ibs(”)(r) converges almost surely (and in probability)k(r) by the strong law

of large numbers, anE[Ibs(”)(r)] = ps(r). Thus,lbs(”)(r) is a consistent estimator p§(r). Then
by the continuous mapping theorem and the assumptiompifa} C for someC > 0, we have

1=2
that Ibs(”)(r) converges almost surely (and in probability)yxg(r) 2. Moreover, we claim

1=2
that there existdl 2 Nsuch thatforanyp N ,var  B{"(r) Z < 1.Toseewhy
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this claim holds, note that the de nition of almost sure convergenda(a?(r) to ps(r) implies that,
with probability 1, there existdN such thatforalh N ,

I (n) i = =2-
rnzwl[E]Ibs (r) rnz1|[L1]ps(r) C=2 C=2

1=2 1 1=2
Thus, var B (r) E B (r) 2. Therefore B{"(r) is a con-
sistent estimator with uniformly bounded variance, hence it is asymptotically unbiased:

1=2 1=2
limaa E B (r) = ps(r) 2. Furthermore, E[p(xi; )sfjxi;si] BM

jir
1=2

Z for all n N and Efp(xi; )sljxi;si] B converges almost surely to

jir
Efp(xi; )sljxi;sil(Ps) > asn!1 (foranyj 2 [m];r 2 [K]). Thus, by Lebesgue's
Jir
dominated convergence theorem, we have

1=2
lim - E Elp(xi; )slixiisi] B

E Ep(xi; )sl jxi;si] lim B (1)

= Els, Fi (o)l fim B0
= (Pys )i Ps(r) 72
= (Pys Ps ")jr (42)

forallj 2 [m];r 2 [K]. Combining Eq. (41) with Eq. (42) (and using linearity of trace and matrix
multiplication) proves the second claim. O

We are now ready to prove Theorem 2.

Proof of Theorem 2Denote ( ) := maxw F( ;W) for the population-level objective
F(;W):= L()+ ( ;W) (using the notation in Proposition 2). Let denote the output
of the one-pass/sample-without-replacement version of Algorithm 1, run on the modi ed empir-

1=2 -
ical objective where I is replaced by the true sensitive attribute maﬁgl‘z. That

is, Unif( 1;:::; 1), where , denotes the-th iterate of the modi ed FERMI algorithm

just described. Then, given i.i.d. samples, the stochastic gradients are unbiased (with respect to
the population distributio) for any minibatch size, by Corollary 1 and its proof. Further, the
without-replacement sampling strategy ensures that the stochastic gradients are independent across

1=2
iterations. Additionally, the proof of Proposition 2 showed thex™) converges almost surely
to P '™, Thus, there exist suchthatin N T = (), thenmin, B (r) > 0 (by
almost sure convergencelég, see proof of Proposition 2), and

Ekr ( )k? (43)

Z;
by Theorem 1 and its proof. Léi,‘”) denote the-th iteration of the one-pass version of Algorithm 1
1=2
run on the empirical objective (Withlbs(”) ). Now,
roBC;wW)= o vecElp(xis )p(xis )Tixi)T vecWwTw)

1=2
+2r vecE[sib(xi; )Tjxi;si))vec wT BM ;

1=

2
which shows thapt(“) is a continuous (indeed, linear) function d*’s(”) for everyt. Thus, the

continuous mapping theorem implies tr%‘f) converges almost surely tg asn!1  for every
t 2 [T]. Hence, it  unif B{";:::; B thenb(m converges almost surely to. Now,
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for any , let us denot&V( ) = argmax,, F( ;W). Recall that by Danskin's theorem Danskin
[1966], we have ( )=r F( ;W()). Then,

o (BO) (k20 FOMw(bmy) ¢ F(w(bo)
2 0 FC W) T RC W)
2 |

|
2 2khm K2+ 2kw(bMy  w( K2

2| 2
2 DM g2y 2 ZL kb2

whereL denotes the Lipschitz parameter Bf is the Lipschitz parameter of F, and is

the strong concavity parameterBf{ ; ): see Lemma 11 and its proof (in Appendix D) for the
explicit , L, and . We used Danskin's theorem and Young's inequality in the rst line,
Lipschitz continuity o F in the second line, an&--Lipschitz continuity of thearg max,, F ( ;W)
function for -strongly concave antd-LipschitzF ( ; ) (see e.g. [Lowy and Razaviyayn, 2021,
Lemma B.2]). Lettingn ' 1 makesk (M k2 | 0almost surely, and hende ( bM)

r ( )k?! 0almost surely. Furthermore, Danskin's theorem and Lipschitz continuity &
implies thatkr ( b(“)) r ( )k?® C almost surely for some absolute const@nt 0 and all

n suf ciently large. Therefore, we mayapply Lebesgue's dominated cqnvergence theorem to get
limy, Ekr (M) r ()K= E limpy ke ( XM) v ( )k? =0. In particular,

there existN suchthan N =) Ekr ( DMy r (k2 z- Combining this with Eq. (43)
and Young's inequality completes the proof. O
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E Experiment Details and Additional Results

E.1 Model description

For all the experiments, the model's output is of the f@nF softmax(W x + b). The model outputs
are treated as conditional probabilitig§y = ijx) = O; which are then used to estimate the ERMI
regularizer. We encode the true class labelnd sensitive attribut® using one-hot encoding. We
de ne () as the cross-entropy measure between the one-hot encoded cla¥s tatukthe predicted
output vectorO.

We use logistic regression as the base classi cation model for all experiments in Fig. 1. The choice

of logistic regression is due to the fact that all of the existing approaches demonstrated in Fig. 1, use

the same classi cation model. The model parameters are estimated using the algorithm described in

Algorithm 1. The trade-off curves for FERMI are generated by sweeping across different values for
2 [0; 10000] The learning rates ; , is constant during the optimization process and is chosen

from the interva[0:0005 0:01]for all datasets. Moreover, the number of iteratidnfor experiments

in Fig. 1 is xed to200Q Since the training and test data for the Adult dataset are separated and

xed, we do not consider con dence intervals for the test accuracy. We generate ten distinct train/test

sets for each one of the German and COMPAS datasets by randomly saB@$fraf data points as

the training data and the red%as the test data. For a given method in Fig. 1, the corresponding

curve is generated by taking the average test accurady training/test datasets. Furthermore,

the con dence intervals are estimated based on the test accuracy's standard deviation @& these

datasets.

To perform the experiments in Sec. 3.3 we use a a linear model with softmax activation. The
model parameters are estimated using the algorithm described in Sec. 3. The data set is cleaned
and processed as described in Kearns et al. [2018]. The trade-off curves for FERMI are generated
by sweeping across different values fom [0; 100]interval, learning rate in [0:0005 0:01], and

number of iteration3 in [50; 200] The data set is cleaned and processed as described in Kearns et al.
[2018].

For the experiments in Sec. 3.4, we create the synthetic color MNIST as described by Li and
Vasconcelos [2019]. We set the values 0. In Fig. 6, we compare the performance of stochastic
solver (Algorithm 1) against the baselines. We use a mini-batch obdi2evhen using the stochastic
solver. The color MNIST data ha&9000training samples, so using the stochastic solver gives a
speedup of arountiOx for each iteration, and an overall speedup of aro#®d We present our
results on two neural network architectures; namely, LeNet-5 Lecun et al. [1998] and a Multi-layer
perceptron (MLP). We set the MLP with two hidden layers (vd@0and100nodes) and an output
layer with ten nodes. A ReLU activation follows each hidden layer, and a softmax activation follows
the output layer.

Some general advice for tuning Larger value for generally translates to better fairness, but one
must be careful to not use a very large value fas it could lead to poor generalization performance
of the model. The optimal values for, , andT largely depend on the data and intended application.
We recommend starting with  10. In Appendix E.4, we can observe the effect of changiran

the model accuracy and fairness for the COMPAS dataset.

E.2 More comparison to Mary et al. [2019]

The algorithm proposed by Mary et al. [2019] backpropagates the batch estimate of ERMI, which is
biased especially for small minibatches. Our work uses a correct and unbiased implementation of
a stochastic ERMI estimator. Furthermokéary et al. [2019] does not establish any convergence
guarantees, and in fact their algorithm does not conve&ge Fig. 7 for the evolution afaining

loss(i.e. value of the objective function) arelst accuracyFor this experiment, we follow the same
setup used in [Mary et al., 2019, Table 1]; the minibatch size for this experim&B8is

E.3 Performance in the presence of outliers & class-imbalance
We also performed an additional experiment on Adult (setup of Fig 1) with a random 10% of sensitive

attributes intraining forced to 0. FERMI offers the most favorable tradeoffsabgan testdata,
however, all methods reach a higher plateau (see Fig 8). The interplay between fairness, robustness,
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Figure 7:Mary et al. [2019] fails to converge to a stationary point whereas our stochastic algorithm easily
converges.

and generalization is an important future direction. With respect to imbalanced sensitive groups, the
experiments in Fig 5 are on a naturally imbalanced dataset, whaxg,s p(s)=minszs p(s) > 100
for 3-18 sensitive attrib, and FERMI offers the favorable tradeoffs.

Figure 8:Comparing FERMI with other methods in the presence of outliers (random 10% of sensitive attributes
in training forced to 0. FERMI still achieves a better trade-off compared to all other baselines.

E.4 Effect of hyperparameter on the accuracy-fairness tradeoffs

We run ERMI algorithm for the binary case to COMPAS dataset to investigate the effect of hyper-
parameter tuning on the accuracy-fairness trade-off of the algorithm. As it can be observed in Fig. 9,
by increasing from 0to 100Q test error (left axis, red curves) is slightly increased. On the other
hand, the fairness violation (right axis, green curves) is decreased as we incted€9Q Moreover,

for both notions of fairness (demographic parity with the solid curves and equality of opportunity
with the dashed curves) the trade-off between test error and fairness follows the similar pattern. To
measure the fairness violation, we use demographic parity violation and equality of opportunity
violation de ned in Section equation 3 for the solid and dashed curves respectively.

E.5 Complete version of Figure 1 (with pre-processing and post-processing baselines)

In Figure 1 we compared FERMI with several state-of-the-art in-processing approaches. In the
next three following gures we compare the in-processing approaches depicted in Figure 1 with
pre-processing and post-processing methods including Hardt et al. [2016], Kamiran et al. [2010],
Feldman et al. [2015].
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Figure 9:Tradeoff of fairness violation vs test error for FERMI algorithm on COMPAS and Adult datasets.
The solid and dashed curves correspond to FERMI algorithm under the demographic parity and equality of
opportunity notions accordingly. The left axis demonstrates the effect of changinghe test error (red curves),

while the right axis shows how the fairness of the model (measured by equality of opportunity or demographic
parity violations) depends on changing

Figure 10:Tradeoff of demographic parity violation vs test error for FERMI algorithm on COMPAS, German,
and Adult datasets.

E.6 Description of datasets

All of the following datasets are publicly available at UCI repository.

German Credit Dataset!! German Credit dataset consists2fffeatures {3 categorical and
numerical) regarding to social, and economic statu$0ff0 customers. The assigned task is to
classify customers as good or bad credit risks. Without imposing fairness, the DP violation of the

Hhttps://archive.ics.uci.edu/ml/datasets/statlog+(german+credit+data)
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Adult Dataset German Dataset
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Figure 11: Tradeoff of equalized odds violation vs test error for FERMI algorithm on COMPAS, German, and
Adult datasets.

trained model is larger than 20%. We choose 80% of customers as the train data and the remaining
20% customers as the test data. The sensitive attributes are gender, and marital-status.

Adult DatasetE| Adult dataset contains the census information of individuals including education,
gender, and capital gain. The assigned classification task is to predict whether a person earns over
50k annually. The train and test sets are two separated files consisting of 32; 000 and 16; 000 samples
respectively. We consider gender and race as the sensitive attributes (For the experiments involving
one sensitive attribute, we have chosen gender). Learning a logistic regression model on the training
dataset (without imposing fairness) shows that only 3 features out of 14 have larger weights than
the gender attribute. Note that removing the sensitive attribute (gender), and retraining the model
does not eliminate the bias of the classifier. the optimal logistic regression classifier in this case is
still highly biased. For the clustering task, we have chosen 5 continuous features (Capital-gain, age,
fnlwgt, capital-loss, hours-per-week), and 10; 000 samples to cluster. The sensitive attribute of each
individual is gender.

Communities and Crime Datasetﬂ The dataset is cleaned and processed as described in [Kearns
et al.[[2018]]. Briefly, each record in this dataset summarizes aggregate socioeconomic information
about both the citizens and police force in a particular U.S. community, and the problem is to predict
whether the community has a high rate of violent crime.

COMPAS DatasetE Correctional Offender Management Profiling for Alternative Sanctions (COM-
PAS) is a famous algorithm which is widely used by judges for the estimation of likelihood of
reoffending crimes. It is observed that the algorithm is highly biased against the black defendants.

Phttps://archive.ics.uci.edu/ml/datasets/adult.
Bhttp://archive.ics.uci.edu/ml/datasets/communities+and+crime
“https://www.kaggle.com/danofer/compass
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https://github.com/JerryYLi/Dataset-REPAIR/
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