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ABSTRACT

We consider infinite-horizon discounted Markov decision processes and study the
convergence rates of the natural policy gradient (NPG) and the Q-NPG methods
with the log-linear policy class. Using the compatible function approximation
framework, both methods with log-linear policies can be written as inexact ver-
sions of the policy mirror descent (PMD) method. We show that both methods
attain linear convergence rates and @(1 /€?) sample complexities using a simple,
non-adaptive geometrically increasing step size, without resorting to entropy or
other strongly convex regularization. Lastly, as a byproduct, we obtain sublinear
convergence rates for both methods with arbitrary constant step size.

1 INTRODUCTION

Policy gradient (PG) methods have emerged as a popular class of algorithms for reinforcement
learning. Unlike classical methods based on (approximate) dynamic programming (e.g., Puterman,
1994; Sutton & Barto, 2018), PG methods update directly the policy and its parametrization along the
gradient direction of the value function (e.g., Williams, 1992; Sutton et al., 2000; Baxter & Bartlett,
2001). An important variant of PG is the natural policy gradient (NPG) method (Kakade, 2001).
NPG uses the Fisher information matrix of the policy distribution as a preconditioner to improve the
policy gradient direction, similar to quasi-Newton methods in classical optimization. Variants of NPG
with policy parametrization through deep neural networks were shown to have impressive empirical
successes (Schulman et al., 2015; Lillicrap et al., 2016; Mnih et al., 2016; Schulman et al., 2017).

Motivated by the success of NPG in practice, there is now a concerted effort to develop convergence
theories for the NPG method. Neu et al. (2017) provide the first interpretation of NPG as a mirror
descent (MD) method (Nemirovski & Yudin, 1983; Beck & Teboulle, 2003). By leveraging different
techniques for analyzing MD, it has been established that NPG converges to the global optimum in
the tabular case (Agarwal et al., 2021; Khodadadian et al., 2021b; Xiao, 2022) and some more general
settings (Shani et al., 2020; Vaswani et al., 2022; Grudzien et al., 2022). In order to get a fast linear
convergence rate for NPG, several recent works consider the regularized NPG methods, such as the
entropy-regularized NPG (Cen et al., 2021) and other convex regularized NPG methods (Lan, 2022;
Zhan et al., 2021). By designing appropriate step sizes, Khodadadian et al. (2021b) and Xiao (2022)
obtain linear convergence of NPG without regularization. However, all these linear convergence
results are limited in the tabular setting with a direct parametrization. It remains unclear whether this
same linear convergence rate can be established in function approximation settings.

In this paper we provide an affirmative answer to this question for the log-linear policy class. Our
approach is based on the framework of compatible function approximation (Sutton et al., 2000;
Kakade, 2001), which was extensively developed by Agarwal et al. (2021). Using this framework,
variants of NPG with log-linear policies can be written as policy mirror descent (PMD) methods with
inexact evaluations of the advantage function or Q-function (giving rise to NPG or Q-NPG respec-
tively). Then by extending a recent analysis of PMD (Xiao, 2022), we obtain a non-asymptotic linear
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convergence of both NPG and Q-NPG with log-linear policies. A distinctive feature of this approach
is the use of a simple, non-adaptive geometrically increasing step size, without resorting to entropy or
other (strongly) convex regularization. The extensions are highly nontrivial and require quite different
techniques. This linear convergence leads to the (’5(1 /€?) sample complexities for both methods. In
particular, our sample complexity analysis also fixes errors of previous work. Lastly, as a byprod-
uct, we obtain sublinear convergence rates for both methods with arbitrary constant step size. See
Appendix A for a thorough review. In particular, Table | provides a complete overview of our results.

2 PRELIMINARIES ON MARKOV DECISION PROCESSES

We consider an MDP denoted as M = {S, A, P,c,v}, where S is a finite state space, A is a
finite action space, P : § x A — &S is a Markovian transition model with P(s’ | s,a) being the
transition probability from state s to s’ under action a, c is a cost function with ¢(s, a) € [0, 1] for all
(s,a) € S x A, and v € [0,1) is a discounted factor. Here we use cost instead of reward to better
align with the minimization convention in the optimization literature.

The agent’s behavior is modeled as a stochastic policy 7 € A(A)IS|, where 7, € A(A) is the
probability distribution over actions A in state s € S. At each time ¢, the agent takes an action
a; € A given the current state s; € S, following the policy 7, i.e., a; ~ m,,. Then the MDP
transitions into the next state s;11 with probability P(s;+1 | s¢,a;) and the agent encounters the
cost ¢; = ¢(s¢,a¢). Thus, a policy induces a distribution over trajectories {s, at, ¢; }¢+>0. In the
infinite-horizon discounted setting, the cost function of 7 with an initial state s is defined as

def ©
‘/;(W) = Eat~W5t75t+1~7’(-\St~,at) [tho ’ytc<5t7at) | So = 5} (D

Given an initial state distribution p € A(S), the goal of the agent is to find a policy 7 that minimizes
def
Vo(m) & B,y V(M) = Y pValm) = (V(m).p).

A more granular characterization of the performance of a policy is the state-action cost function
(Q-function). For any pair (s,a) € S x A, it is defined as

def e
Qs,a(’fr) = Eat~w,5t73t+1~7>(~\s,,,at) [Zt:O ’Vtc(sta at) | S0 = S,ap9 = a]~ (2)

Let Q, € R denote the vector [@Qs.alaca. Then we have Vi(m) = Equr, [@so(m)] =

(75, Qs(m)). The advantage function' is a centered version of the Q-function:

As o) def Qs,a(m) — Vs(m), which satisfies Eqrr, [As q(m)] =0foralls € S.

Visitation probabilities. Given a starting state distribution p € A(S), we define the state visitation
distribution d™ (p) € A(S), induced by a policy , as

dZ(p) & (1= Eapmp[ D A Pr7(se = 5| 50)],

where Pr™ (s; = s | sg) is the probability that s, is equal to s by following the trajectory generated by
m starting from sg. Intuitively, the state visitation distribution measures the probability of being at state
s across the entire trajectory. We define the state-action visitation distribution d™ (p) € A(S x A) as

jm def 7 o0 T
AZ,(p) & AT (P)Toa = (1= Egup[ S AP (s =s.a=als0)]. )
In addition, we extend the definition of d ™ (p) by specifying the initial state-action distribution v, i.e.,
I def o0 T
ds,a(”) = (1 _7) E(so,ao)wu[ztzo 'Yt Pr (St =S5,at =a | 807(10)}. @)

The difference in the last two definitions is that for the former, the initial action aq is sampled directly
from 7, whereas for the latter, it is prescribed by the initial state-action distribution v. We use d
compared to d to better distinguish the cases with v and p. Without specification, we even omit the
argument v or p throughout the paper to simplify the presentation as they are self-evident. From these
definitions, we have for all (s,a) € S x A,

dg > (1 —7)ps, sTfa > (1 =7)psTs.a jga >(1- 7)’/5,&' (5)

! An advantage function should measure how much better is a compared to 7, while here A is positive when
a is worse than 7. We keep calling A advantage function to better align with the convention in the RL literature.
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Policy parametrization. In practice, both the state and action spaces S and .A can be large and
some form of function approximation is needed to reduce the dimensions and make the computation
feasible. In particular, the policy 7 is often parametrized as 7(#) with § € R™, where m is much
smaller than |S| and |.A|. In this paper, we focus on the log-linear policy class. Indeed, we assume that
for each state-action pair (s, a), there is a feature mapping ¢, , € R™ and the policy takes the form

ex (¢;ra9)
71'37a(9) = m ©

This setting is important since it is the simplest instantiation of the widely-used neural policy
parametrization. To simplify notations in the rest , we use the shorthand V,,(#) for V,,(7(#)) and simi-

larly Qs q(0) for Q.o (m(6)), Ag.a(0) for Ag o (m(6)), d° for d=?, d?, for dr?® . and d?, for ary.

Natural Policy Gradient (NPG) Method. Using the notations defined above, the parametrized
policy optimization problem is to minimize the function V,(6) over 6 € R™. The policy gradient is
given by (see, e.g., Williams, 1992; Sutton et al., 2000)

VQVp(a) = ﬁEswde, a~s(0) [Qs,a(g) VQ log ’/Ts,a(g)} . (7)

For parametrizations that are differentiable and satisfy » . , 75 4(0) = 1, including the log-linear
class defined in (6), we can replace Q; ,(6) by As o (6) in the above expression (Agarwal et al., 2021).
The NPG method (Kakade, 2001) takes the form

gD _ gtk _ 77ka (e(k))T VGVp (g(k)), ()

where 7, > 0 1is a scalar step size, F,(#) is the Fisher information matrix

Fp(a) déf Eswde, ar~s(0) [VG 10g ’/Ts,a(o) (VG IOg ’/Ts,a(o))—r] P (9)

and F,(6)" denotes the Moore-Penrose pseudoinverse of F,(6).

3 NPG wITH COMPATIBLE FUNCTION APPROXIMATION

The parametrized value function V,(6) is non-convex in general (see, e.g., Agarwal et al., 2021).
Despite being a non-convex optimization problem, there is still additional structure we can leverage
to ensure convergence. Following Agarwal et al. (2021), we adopt the framework of compatible
function approximation (Sutton et al., 2000; Kakade, 2001), which exploits the MDP structure and
leads to tight convergence rate analysis.

For any w, # € R and state-action distribution , define compatible function approximation error as

La(w,0,¢) & Biayee[(w Vologmsa(8) — Asa(6))’]. (10)

Kakade (2001) showed that the NPG update (8) is equivalent to (up to a constant scaling of 7))
00D = 00 —pw®, w € argming cgm La(w,6®,d®), (11)

where d*) is a shorthand for the state-action visitation distribution ™) (p) defined in (3). A
derivation of (11) is provided in Appendix B (Lemma [) for completeness. In other words, wik)
is the solution to a regression problem that tries to approximate A ,(6*)) using V log 7 ,(0%))
as features. This is where the term "compatible function approximation error" comes from. For the

log-linear policy class defined in (6), we have
def

v0 log 778,0,(9) — (Es,a(9> - ¢s,a - Za’GA ﬂ-s,a’(e)(bs}a’ = ¢s,a - Ea’Nﬂ'S(G) [¢s,a’] 3 (12)
where ¢ ,(6) are called centered features vectors.

In practice, we cannot minimize L 4 exactly; instead, a sample-based regression problem is solved to
obtain an approximate solution w*). This leads to the following inexact NPG update rule:

g+ = glk) _ nkw(k), wk) argmin, L4 (w,e(k)7cf(k)). (13)
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The inexact NPG updates require samples of unbiased estimates of A ,(6), the corresponding
sampling procedure is given in Algorithm 4, and a sample-based regression solver to minimize L 4 is
given in Algorithm 5 in the Appendix.

Alternatively, as proposed by Agarwal et al. (2021), we can define the compatible function approxi-
mation error as

def 2
LQ(w7 97 C) = E(s,a)NC [(U}T(ybs,a - Qs,a(a)) ] (14)

and use it to derive a variant of the inexact NPG update called Q-NPG:
gD = k) _ nkw(k), w®) ~ argmin,, Lo (w,e(k), c?(k)). (15)

For Q-NPG, the sampling procedure for estimating Qs ,(#) is given in Algorithm 3 and a sample-
based regression solver for w(*) is proposed in Algorithm 6 in the Appendix.

The sampling procedure and the regression solver of NPG are less efficient than those of Q-NPG.
Indeed, the sampling procedure for A; ,(6) in Algorithm 4 not only estimates Qs ,(6), but also
requires an additional estimation of V;(#), and thus doubles the amount of samples as compared to
Algorithm 3. Furthermore, the stochastic gradient estimator of L in Algorithm 6 only computes
on a single action of the feature map ¢, ,. Whereas the one of L 4 in Algorithm 5 computes on the
centered feature map ¢, ,(6) defined in (12), which needs to go through the entire action space, thus
is |.A| times more expensive to run. See Appendix C for more details.

Following Agarwal et al. (2021), we consider slightly different variants of NPG and Q-NPG, where
d®) in (13) and (15) is replaced by a more general state-action visitation distribution d (*) =
dr") (v) defined in (4) with v € A(S x A). The advantage of using d (*) is that it allows better
exploration than d (*) as v can be chosen to be independent to the policy W(G(k)). For example, it can

be seen from (5) that the lower bound of d™ is independent to 7, which is not the case for d™. This
property is crucial in the forthcoming convergence analysis.

3.1 FORMULATION AS INEXACT POLICY MIRROR DESCENT

Given an approximate solution w® for minimizing Lg (w,0®),d®), the Q-NPG update rule
g+ = 9(k) — pw®), when plugged in the log-linear parametrization (6), results in a new policy
wla ) = wldexp (= m ol w™) /20, V(sa) €S x A

(k+1) _

where 7(¥) is a shorthand for 7, (6(*)) and Z (*) is a normalization factor to ensure > acATsa
1, for each s € S. We note that the above 7(*+1) can also be obtained by a mirror descent update:

7T§k+1) = arg min {77k <<I’sw(k)7p> + D(p, ng))} , VseS, (16)
PEA(A)

where &, € RIMIX™ is a matrix with rows (¢s,)" € R'™™ for a € A, and D(p,q) denotes

the Kullback-Leibler (KL) divergence between two distributions p,q € A(A), i.e., D(p,q) &ef

> acaPa log(%). A derivation of (16) is provided in Appendix B (Lemma 2) for completeness.

If we replace ®,w*) in (16) by the vector [Qsa(r™)] _, € RMI, then it becomes the policy
mirror descent (PMD) method in the tabular setting studied by, for example, Shani et al. (2020),
Lan (2022) and Xiao (2022). In fact, the update rule (16) can be viewed as an inexact PMD method
where Q) (F(k)) is linearly approximated by ®,w*) through compatible function approximation (14).
Similarly, we can write the inexact NPG update rule as

7+ — arg min {nk <<i>§k)w(’“),p> + D(p, ng))} , VseSs, a7
pEA(A)
where w®) is an inexact solution for minimizing L 4 (w, o(k), Ci(k)) defined in (10), and égk) €

RIAIX™ ig 3 matrix whose rows consist of the centered feature maps (q_ﬁsya(Q(k) )) T, as defined in (12).

Reformulating Q-NPG and NPG into the mirror descent forms (16) and (17), respectively, allows
us to adapt the analysis of PMD method developed in Xiao (2022) to obtain sharp convergence
rates. In particular, we show that with an increasing step size 7, o< v*, both NPG and Q-NPG with
log-linear policy parametrization converge linearly up to an error floor determined by the quality of
the compatible function approximation.
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4  ANALYSIS OF Q-NPG wWITH LOG-LINEAR POLICIES

In this section, we provide the convergence analysis of the following inexact Q-NPG method
gt — k) _ nkw(k), w®) ~ argmin,, Lg (w,ﬁ(’“), J(k)), (18)

where d (® is shorthand for d 7)) (v) and v € A(S x A) is an arbitrary state-action distribution
that does not depend on p. The exact minimizer is denoted as w&k) € argmin,, Lqg (w, o), d (k)).

Following Agarwal et al. (2021), the compatible function approximation error can be decomposed as

Lo (w® 00 d®) = Lo(w® 0® d®) — Lo, 0® d®) 4 Lo (w00 d®).

Statistical error (excess risk) Approximation error

The statistical error measures how accurate is our solution to the regression problem, i.e., how
good w*) is compared with w&k). The approximation error measures the best possible solution for

approximating Q&a(@(k)) using ¢, , as features in the regression problem (modeling error). One way
to proceed with the analysis is to assume that both the statistical error and the approximation error
are bounded for all iterations, which is the approach we take in Section 4.2 and is also the approach
we take later in Section 5 for the analysis of the NPG method.

However, in Section 4.1, we first take an alternative approach proposed by Agarwal et al. (2021),
where the assumption of bounded approximation error is replaced by a bounded transfer error. The
transfer error refers to Lg (wﬁ’“% 9(7“), d *) , where the iteration-dependent visitation distribution d )
is shifted to a fixed one d* (defined in Section 4.1).

These two approaches require different additional assumptions and result in slightly different conver-
gence rates. Here we first state the common assumption on the bounded statistical error.

Assumption 1 (Bounded statistical error, Assumption 6.1.1 in Agarwal et al. (2021)). There exists
€stat > 0 such that for all iterations k > 0 of the Q-NPG method (18), we have

E[LQ(w<k>,9(k>,d(’f>) —LQ(wi’@,e(’f),d(’f))} < estat- (19)

By solving the regression problem with sampling based approaches, we can expect €gqr =
O(1/VT) (Agarwal et al., 2021) or €gay = O(1/T) (see Corollary 1) where T is the number
of iterations used to find the inexact solution w(*).

4.1 ANALYSIS WITH BOUNDED TRANSFER ERROR

Here we introduce some additional notations. For any state distributions p,q € A(S), we define
the distribution mismatch coefficient of p relative to g as ||p/q|| e maxses Ps/qs- Let 7 be an
arbitrary comparator policy, which is not necessarily an optimal policy and does not need to belong to
the log-linear policy class. Fix a state distribution p € A(S). We denote d™ (p) as d* and dr(e™) (p)
as d(k), and define the following distribution mismatch coefficients:

d*
dk)

1
> ——. (20
1—7

def

d*
. <

and ¥y = ——
1)

o0 1-7

G 1 Hd*
S - N
L=~fp

def 1‘

‘ o0 o0

Thus, for all £ > 0, we have ), < 9J,. We assume that ¥, < oo, which is the case, for example, if
ps > 0 forall s € S. This is commonly used in the literature on policy gradient methods (e.g., Zhang
et al., 2020; Wang et al., 2020) and the NPG convergence analysis (e.g., Cayci et al., 2021; Xiao,
2022). We further relax this condition in Appendix H.

Given a state distribution p and a comparator policy 7*, we define a state-action measure d* as

def def

dl, = di-Unifa(a) = d2/]Al, Q1)

and use it to express the transfer error as L¢ (wik), 0k d*).
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Assumption 2 (Bounded transfer error, Assumption 6.1.2 in Agarwal et al. (2021)). There exists
€bias > 0 such that for all iterations k > 0 of the Q-NPG method (18), we have

E[Lo(w,0%),d")] < e 22)

The ep;a5 is often referred to as the transfer error, since it is the error due to replacing the relevant
distribution d(*) by d*. This transfer error bound characterizes how well the Q-values can be linearly
approximated by the feature maps ¢ ,. It can be shown that ey, = 0 when 7(%) is the softmax
tabular policy (Agarwal et al., 2021) or the MDP has a certain low-rank structure (Jiang et al., 2017;

Yang & Wang, 2019; Jin et al., 2020). For rich neural parametrizations, €pi,s can be made small (Wang
et al., 2020).

The next assumption concerns the relative condition number between two covariance matrices of ¢ g
defined under different state-action distributions.

Assumption 3 (Bounded relative condition number, Assumption 6.2 in Agarwal et al. (2021)). Fix a
state distribution p, a state-action distribution v and a comparator policy 7*. Let

def def

EJ* = E(sya)NJ* [st,agb;r,q} s and X, = E(s a)~v [djb a¢ ] ) (23)
where d* is specified in (21). We define the relative condition number between 3 ;. and 3, as
T
) X 7+
Ky Y max 7dw, (24)

weR™ W X, w

and assume that Kk, is finite.

The x,, is referred to as the relative condition number, since the ratio is between two different matrix
induced norm. Assumption 3 benefits from the use of v. In fact, it is shown in Agarwal et al. (2021,
Remark 22 and Lemma 23) that x,, can be reasonably small (e.g., k, < m is always possible) and
independent to the size of the state space by controlling v.

Our analysis also needs the following assumption, which does not appear in Agarwal et al. (2021).

Assumption 4 (Concentrability coefficient for state visitation). There exists a finite C, > 0 such
that for all iterations k > 0 of the Q-NPG method (18), it holds that

dgk) 2

Eswd* d:
The concentrability coefficient is studied in the analysis of approximate dynamic programming
algorithms (Munos, 2003; 2005; Munos & Szepesvari, 2008). It measures how much p can get

amplified in £ steps as compared to the reference distribution d}. Let ppin = minges ps. A sufficient
condition for Assumption 4 to hold is that p,,;, > 0. Indeed,

d(gk) 2 d(k.)

Esgr - <
AGIEE
In reality, 1/C), can be much smaller than the pessimistic bound shown above. This is especially the

case if we choose 7* to be the optimal policy and d*) — d*. We further replace C, by C, defined
in Section 4.2 that is independent to p and thus is more easily satisfied.

<c, (25)

(k)
e

‘ (5)

’ 1
1 - )pmln '

Now we present our first main result.

Theorem 1. Fix a state distribution p, an state-action distribution v and a comparator policy 7*.
We consider the Q-NPG method (18) with the uniform initial policy > and the step sizes satisfying
N9 > 1_77 log | A| and ng41 > %nk. Suppose that Assumptions 1, 2, 3 and 4 all hold. Then we have
forallk > 0,

E [Vp(ﬂ(k))} _ Vp(’]‘('*) < (1 _ é)k 127 + M ( /%estat 4 @)

2For simplicity, we present all our results with the uniform initial pohcy in the main paper. See Theorem 5, 7
and 8 in the Appendix for more general results with any initial policy.
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The main differences between our Theorem | and Theorem 20 of Agarwal et al. (2021), which is
their corresponding result on the inexact Q-NPG method, are summarized as follows.

» The convergence rate of Agarwal et al. (2021, Theorem 20) is O(1/+v/k) up to an error floor
determined by estat and epins. We have linear convergence up to an error floor that also
depends on eyt and epins. However, the magnitude of our error floor is worse (larger) by

a factor of ¥,,,/C,, due to the concentrability and the distribution mismatch coefficients

used in our proof. A very pessimistic bound on this factor is as large as |S|?/(1 — 7).

* In terms of required conditions, both results use Assumptions 1, 2 and 3. Agarwal et al.
(2021, Theorem 20) further assume that the norms of the feature maps ¢, , are uniformly
bounded and w*) has a bounded norm (e.g., obtained by a projected stochastic gradient
descent). Due to different analysis techniques referred next, we avoid such boundedness
assumptions but rely on the concentrability coefficient C,, defined in Assumption 4.

o Agarwal et al. (2021, Theorem 20) uses a diminishing step size 1 < 1/ V'k where k is the
total number of iterations, but we use a geometrically increasing step size 7, o 7* for
all £ > 0. This discrepancy reflects the different analysis techniques adopted. The key
analysis tool in Agarwal et al. (2021) is a NPG Regret Lemma (their Lemma 34) which
relies on the smoothness of the functions log 7 ,(0) (thus the boundedness of ||¢s q||)
and the boundedness of ||w(*)||, and thus the classical O(1/v/k) diminishing step size in
the optimization literature. Our analysis exploits the three-point descent lemma (Chen
& Teboulle, 1993) and the performance difference lemma (Kakade & Langford, 2002),
without reliance on smoothness parameters. As a consequence, we can take advantage of
exponentially growing step sizes and avoid assuming the boundedness of ||¢ o | or [|w® .

The reason of using increasing step size can be interpreted as approximate policy iteration. See
Appendix H the connection with policy iteration for more details.

As a by product, we also obtain a sublinear O(1/k) convergence result while using arbitrary constant
step size.

Theorem 2. Fix a state distribution p, an state-action distribution v and an optimal policy 7*.
We consider the Q-NPG method (18) with the uniform initial policy and any constant step size
ne = n > 0. Suppose that Assumptions 1, 2, 3 and 4 all hold. Then we have for all k > 0,

k—1

1 N Al(9,4/C [

E ZE[VI’J(T((”)] - Vp(ﬂ- ) < (1717)]@ (login‘Al + 219,0> + M( 1:,Y€stat + vV 6bias)~
t=0

4.2 ANALYSIS WITH BOUNDED APPROXIMATION ERROR

In this section, instead of assuming bounded transfer error, we provide a convergence analysis based
on the usual notion of approximation error and a weaker concentrability coefficient.

Assumption 5 (Bounded approximation error). There exists €,pprox > 0 such that for all iterations
k > 0 of the Q-NPG method (18), it holds that

E |Lq(w!,0%,dM)] < capprox. 27)

As mentioned in Agarwal et al. (2021), Assumption 5 is stronger than Assumption 2 (bounded transfer
error). Indeed,
d

14

~ 5) 1

Lo(w®™ o®) gy < =

Q (’LU* ) ) ) = 1= v

Assumption 6 (Concentrability coefficient for state-action visitation). There exists C,, < oo such
that for all iterations of the Q-NPG method (18), we have

®) k) s d*
LQ(’LU* ,0 ,d) < C.Z(k)

Lo(w® 00 d®),

oo

h{a Y
Es.a)d () <C,, (28)
(s,a)~d (®) d s(]il.)
where hgkg represents all of the following quantities:
dgkﬂ)ﬂgf“jl) , dgk“)wg’j} , d:ﬂgka , and dimy, . (29)
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Since we are free to choose v independently to p, we can choose v , > 0 for all (s,a) € S x A for
Assumption 6 to hold. Indeed, with vy, denoting min s q)esx.A4 Vs,a» We have

hk) VNG 1
E =k —_— < < 30
(s,a)~d (k) [(JS(IZ)> :| = (s a)GSxA d(k) - (1 _ W)Vmin’ (30)
where the upper bound can be smaller than that in (26) if py,;y, is smaller than vyy;y,.

Theorem 3. Fix a state distribution p, an state-action distribution v and a comparator policy 7*. We
consider Q-NPG method (18) with uniform initial policy and step sizes satisfying ng > 1777 log | A|

and N1 > %Wk- Suppose that Assumptions 1, 5 and 6 hold. Then we have for all k > 0,

k
B[V, (r®)] = Vo(n") < (1= ) 125 + 251D (Ve + appron) -

Compared to Theorem 1, while the approximation error assumption is stronger than the transfer
error assumption, we do not require the assumption on relative condition number «,, and the error
floor does not depends on «, nor explicitly on |.4|. Besides, we can always choose v so that C,
is finite even if C), is unbounded. However, it is not clear if Theorem 3 is better than Theorem 1.

Remark 1. Note that Theorems I, 2 and 3 benefit from using the visitation distribution d®) instead
of d¥) (i.e., benefit from using v instead of p). In particular, from (5), d® has a lower bound that
is independent to the policy *) or p. This property allows us to define a weak notion of relative
condition number (Assumption 3) that is independent to the iterates, and also allows us to get a finite
upper bound of C,, (Assumption 6 and (30)) that is independent to p.

4.3 SAMPLE COMPLEXITY OF Q-NPG

Here we establish the sample complexity results, i.e., total number of samples of single-step in-
teraction with the environment, of a sample-based Q-NPG method (Algorithm 2 in Appendix C).
Combined with a simple SGD solver, 0-NPG-SGD in Algorithm 6, the following corollary shows
that Algorithm 2 converges globally by further assuming that the feature map is bounded and has
non-singular covariance matrix (31). The explicit constants of the bound can be found in the appendix.
Corollary 1. Consider the setting of Theorem 3. Suppose that the sample-based Q-NPG Algorithm 2
is run for K iterations, with T gradient steps of 0—NPG—-SGD (Algorithm 6) per iteration. Further-
more, suppose that for all (s,a) € S x A, we have ||¢s o|| < B with B > 0, and we choose the
step size o = ﬁ and the initialization wy = 0 for Q—-NPG-SGD. If for all 0 € R™, the covariance
matrix of the feature map followed by the initial state-action distribution v satisfies

2 *)
Esayor [Gsafia) = v = plm, 31)
where I, € R™*™ is the identity matrix and ;1 > 0, then

E[Vp(W(K))] - Vp(ﬂ'*) < (1 - %)K% + O(\/eapprox/(l - 'Y)) + O(\/E/((l - '7)3\/?))

In Q-NPG-SGD, each trajectory has the expected length 1/(1 — ) (see Lemma 4). Consequently,
with K = O(log(1/e)log(1/(1 —))) and T = O(W) Q-NPG requires K «T/(1 —v) =

@(W) samples such that E [V, (75))] -V, (%) < O(e )+O(¥7222). The O(1/€?) sample
complexity matches with the one of value-based algorithms such as Q-learning (Li et al., 2020) .

Compared to Agarwal et al. (2021 Corollary 26) for the sampled based Q-NPG Algorithm 2, their
sample complexity is (’)( )11 6) with K = = )2 sand T = = )8 7. Despite the improvement
on the convergence rate for K, they use the optimization results of Shalev-Shwartz & Ben-David
(2014, Theorem 14.8) to obtain €5,y = (9(1/\/?), while we use the one of Bach & Moulines (2013,
Theorem 1) (see Theorem 12 as well) to establish faster es.y = O(1/T). Besides, they use the
projected SGD method and require that the stochastic gradient is bounded which is incorrectly verified
in their proof °. In contrast, to apply Theorem 12, the boundedness of the stochastic gradient is not
necessary. Alternatively, we require a different condition (31). A proof sketch of our corollary and a
discussion of the condition (31) are provided in Appendix D.5 for more details.

3Indeed, the stochastic gradient of L¢ is unbounded, since the estimate @S,a(e) of Qs,q () is unbounded.
This is because each single sampled trajectory has unbounded length. See Appendix D.5 for more explanations.
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5 ANALYSIS OF NPG WITH LOG-LINEAR POLICIES

We now return to the convergence analysis of the inexact NPG method, specifically,

D = gk ™), w® ~ argmin,, L4 (w, o), J(k)). (32)
Again, let = argmin,, La(w, 0" q (k)) denote the minimizer. Our analysis of NPG is anal-
ogous to that of Q-NPG shown in the previous section. That is, we again exploit the inexact PMD
formulation (17) and use techniques developed in Xiao (2022). The set of assumptions we use
for NPG is analogous to the assumptions used in Section 4.2. In particular, we assume a bounded
approximation error instead of transfer error (c.f., Assumption 2) in minimizing L 4 and do not need
the assumption on relative condition number.

Assumption 7 (Bounded statistical error, Assumption 6.5.1 in Agarwal et al. (2021)). There exists
€stat > 0 such that for all iterations k > 0 of the NPG method (32), we have

E[La(w®,0®,d®) - La(w®, 00, d®)] < egar. (33)

Assumption 8 (Bounded approximation error). There exists €,pprox > 0 such that for all iterations
k > 0 of the NPG method (32), we have

E[La(w®, 0% d")] < eapprox- (34)

Assumption 9 (Concentrability coefficient for state-action visitation). There exists C,, < oo such
that for all iterations k > 0 of the NPG method (32), we have

J(k:-‘rl) 2 Jﬂ-* 2
E(s,a)NJ(k) |:< d:(k) ):| S CV and E(S’a)NJ(k) |:< N(ka):| S Cl/- (35)

Under the above assumptions, we have the following result.

N2

Theorem 4. Fix a state distribution p, a state-action distribution v, and a comparator policy 7. We
consider the NPG method (32) with uniform initial policy and step sizes satisfying ng > 1_77 log | A|

and N1 > %nk. Suppose that Assumptions 7, 8 and 9 hold. Then we have for all k > 0,

k
E[Vﬂ(ﬂ-(k))] - Vp(ﬂ-*) S (1 - 1> 1 E v + @(ﬁp7+ 1) (\/ €stat + vV 6approx) .

U

Now we compare Theorem 4 with Theorem 29 in Agarwal et al. (2021) for the NPG analysis.
The main differences are similar to those for Q-NPG as summarized right after Theorem 1: Their
convergence rate is sublinear while ours is linear; they assume uniformly bounded ¢, , and w®)
while we require bounded concentrability coefficient C,, due to different proof techniques; they use
diminishing step sizes and we use geometrically increasing ones. Moreover, Theorem 4 requires
bounded approximation error, which is a stronger assumption than the bounded transfer error used
by their Theorem 29, but we do not need the assumption on bounded relative condition number. In
particular, such bounded relative condition number must hold for the covariance matrix of g?)s,a (6)
for all k£ > 0 which depends on the iterates #(*). This is in contrast to our Assumption 3, where we
use a single fixed covariance matrix for Q-NPG that is independent to the iterates, as defined in (23).

In addition, the inequalities in (35) only involve half of the state-action visitation distributions listed
in (29), i.e., the first and the fourth terms. Thus, C,, in (35) can share the same upper bound in (30)
independent to the use of the algorithm Q-NPG or NPG. Consequently, our concentrability coefficient
C,, in (35) is weaker than Assumption 2 in Cayci et al. (2021) which studies the linear convergence
of NPG with entropy regularization for the log-linear policy class. The reason is that the bound on
C,, in (30) does not depend on the policies throughout the iterations thanks to the use of d®) instead
of d*) (see Remark 1 as well). See Appendix H for a thorough discussion on the concentrability
coefficient C,,.

As a by product, we also obtain a sublinear rate for NPG while using an unconstrained constant step
size in Theorem 9 in Appendix F. By further assuming that the feature map is bounded and the Fisher
information matrix (9) is non-singular, we also provide a O(1/€?) sample complexity result of NPG
as for Q-NPG and fix the errors occurred in the NPG sample complexity proofs of Agarwal et al.
(2021) and Liu et al. (2020) in Appendix G.
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Here we provide the related work discussion, the missing proofs from the main paper and some
additional noteworthy observations made in the main paper.

A RELATED WORK

We provide an extended discussion for the context of our work, including a discussion comparing the
technical novelty of the paper to the analysis of NPG with softmax tabular policies in Xiao (2022)
and a comparison of the convergence theories of NPG in the literature. Furthermore, we discuss
future work, such as extending our analysis to other RL settings.

A.1 TECHNICAL CONTRIBUTION AND NOVELTY COMPARED TO XIAO (2022)

Our technical novelty compared to Xiao (2022) is summarized as follows.

* Qur linear convergence results (i.e., Theorem 1, 3 and 4) are not direct applications of
Theorem 10 in Xiao (2022). Indeed, Xiao (2022) establishes the connection between NPG
and a specific form of policy mirror descent (PMD) with the use of the weighted Bregman
divergence for the tabular setting, while we show that this connection can also be established
for the function approximation setting via the compatible function approximation framework
(10). We also modify the PMD framework of Xiao (2022) with the linear approximation
of the advantage function in (17), inspired from the compatible function approximation
framework. Thus, the approaches of deriving the PMD form update are different. Without
this work of using the compatible function approximation framework to bridge NPG and
PMD, it was not clear at all that the analysis of Xiao (2022) could be extended in the
log-linear policy setting. So our work is the first step of showing that the proof techniques
used in Xiao (2022) can be extended in function approximation regime. In fact, the extension
is highly nontrivial and requires significant innovation (see details below). As for future
work, one can extend our work to other function approximation setting through a similar
compatible function approximation framework. See Appendix A.3 for more details about
the future work.
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* Besides, our linear convergence results only consider the inexact NPG update. Compared
to Theorem 14 in Xiao (2022), which is their corresponding result on the inexact PMD
method, we improve their analysis by making much weaker assumptions on the accuracy of
the estimation Q (7). Xiao (2022) requires an L, supremum norm bound on the estimation

error of @, i.e., ||Q(7) — Q(7)]|co < €stat, Whereas our convergence guarantee depends on
the expected L4 error of the estimate, i.e., Assumption | and 7. For instance, Assumption

| from equation (62) can be written as E {(gb;r,aw(k) - qﬁlawik))ﬂ < €stat, Which can be

interpreted as E [(@(ﬂ') — Q(ﬂ'))Q} < €stat under the linear approximation setting. The

techniques for handling L., and L, errors are very different. Not only our assumption is
weaker, it also benefits from the sample complexity analysis that we explain next.

* Consequently, when considering the sample complexity results we derived for sample-based
(Q)-NPG in Corollary 1 and 3, the difference between our work and Theorem 16 in Xiao
(2022), which corresponds to their sample complexity results, is even more significant.
Corollary 1 with Algorithm Q-NPG—-SGD (Algorithm 6) satisfies Assumption | with a
number of samples that depends only on the feature dimension m of ¢ and does not depend
on the cardinality of state space |S| or action space |.A|. In contrast, the assumption

1Q(7) — Q(7)|| s < €stat With the Lo, norm in Xiao (2022, Theorem 16) causes the sample
complexity to depend on |S||.Al.

Furthermore, Xiao (2022) uses a Monte-Carlo approach with multiple independent rollouts
per iteration, while our sample-based (Q)-NPG uses one single rollout (Algorithm 3 and 4)
combined with regression solvers; Xiao (2022) derives a high probability sample complexity
result, while we derive the convergence of the optimality gap E [V},(75))] — V,(7*) which

can guarantee that the variance of Vp(ﬂ'(K )) converges to zero. Thus, our sample-based
algorithms had not been considered in Xiao (2022) and our proofs of Corollary | and 3
require a different approach.

In particular, our sample complexity analysis regarding to the policy evaluation is novel.
Although our sample-based algorithms had been considered previously in Agarwal et al.
(2021) and Liu et al. (2020), none of their analysis on the sample complexity was correct.
Indeed, Agarwal et al. (2021) required the boundedness of the stochastic gradient estimator,
which might not hold as we extensively discussed in Appendix D.5. We fixed this by

showing that [E [@M(é’)ﬂ is bounded. See Appendix D.5 for all the subtleties, including

a proof sketch of Corollary 1. Liu et al. (2020) also incorrectly used an inequality where
the random variables are correlated. See the detailed explanation (Footnote 7) in Appendix
G.1. We fixed this error with a careful conditional expectation argument. Please refer to
Appendix G.1 for all the details, including a proof sketch of Corollary 3. These dimensions
are where an important part of the technical work was done. Therefore, outside of the tabular
setting, and considering NPG methods that make use of a regression solver, our complexity
analysis is currently the only analysis that is entirely correct that we are aware of.

* Finally we not only extend the work of Xiao (2022) to NPG for log-linear policy, but also
consider the Q-NPG method and establish its linear convergence analysis. This is a method
that is unique to log-linear policy and again had not been considered in Xiao (2022).

A.2 FINITE-TIME ANALYSIS OF THE NATURAL POLICY GRADIENT

NPG for the softmax tabular policies. For the softmax tabular policies, Shani et al. (2020) show
that the unregularized NPG has a O(1/ V'k) convergence rate and the regularized NPG has a faster
O(1/k) convergence rate by using a decaying step size. Agarwal et al. (2021) improve the convergence
rate of the unregularized NPG to O(1/k) with constant step sizes. Further, Khodadadian et al. (2021a)
also achieves O(1/k) convergence rate for the off-policy natural actor-critic (NAC), and a slower
sublinear result is established by Khodadadian et al. (2022a) for the two-time-scale NAC.

By using the entropy regularization, Cen et al. (2021) achieve a linear convergence rate for NPG. A
similar linear convergence result has been obtained by rewriting the NPG update under the PMD
framework with the Kullback—Leibler (KL) divergence (Lan, 2022) or with a more general convex
regularizer (Zhan et al., 2021). Such approach is also applied in the averaged MDP setting to achieve
linear convergence for NPG (Li et al., 2022a). However, adding regularization might induce bias
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for the solution. Thus, Lan (2022) considers exponentially diminishing regularization to guarantee
unbiased solution. Furthermore, by considering both the KL divergence and the diminishing entropy
regularization, Li et al. (2022b) establish the linear convergence rate not only for the optimality
gap but also for the policy. That is, the policy will converge to the fixed high entropy optimal
policy. Consequently, Li et al. (2022b) show a local super-linear convergence of both the policy and
optimality gap, as discussed in Xiao (2022, Section 4.3).

Recently, Bhandari & Russo (2021), Khodadadian et al. (2021b; 2022b) and Xiao (2022) show that
regularization is unnecessary for obtaining linear convergence, and it suffices to use appropriate step
sizes for NPG. In particular, Bhandari & Russo (2021) propose to use an exact line search for the
step size (Theorem 1 (a)) or to choose an adaptive step size (Theorem 1 (c)). Similar adaptive step
size is proposed by Khodadadian et al. (2021b; 2022b). Notice that such adaptive step size requires
complete knowledge about the environmental model. Instead, a sufficiently large step size might be
enough. In this paper, we extend the results of Xiao (2022) from the tabular setting to the log-linear
policies, using non-adaptive geometrically increasing step size and obtaining a linear convergence
rate for NPG without regularization.

NPG with function approximation. In the function approximation regime, there have been many
works investigating the convergence rate of the NPG or NAC algorithms from different perspec-
tives. Wang et al. (2020) establish the O(1/v/k) convergence rate for two-layer neural NAC with a
projection step. The sublinear convergence results are also established by Zanette et al. (2021) and Hu
et al. (2022) for the linear MDP (Jin et al., 2020). Agarwal et al. (2021) obtain the same O(1/ \/E)
convergence rate for both projected NPG with smooth policies and projected Q-NPG with log-linear
policies. This was later improved to O(1/k) by Liu et al. (2020) by replacing the projection step with
a strong regularity condition on the Fisher information matrix, and it was also improved to O(1/k)
by Xu et al. (2020) with NAC under Markovian sampling. The same O(1/k) convergence rate is
established for log-linear policies by Chen et al. (2022) when considering the off-policy NAC.

With entropy regularization and a projection step, Cayci et al. (2021) obtain a linear convergence
for log-linear policies. Same entropy regularization and a projection step are applied by Cayci
et al. (2022) for the neural NAC to improve the O(1/ \/E) convergence rate of Wang et al. (2020)
to O(1/k). In contrast, we show that by using a simple geometrically increasing step size, fast
linear convergence can be achieved for log-linear policies without any additional regularization nor a
projection step. We notice that Chen & Theja Maguluri (2022, Theorem 3.4)* also uses increasing
step size and achieves linear convergence for log-linear policies without regularization. The main
differences between our result and Theorem 3.4 in Chen & Theja Maguluri (2022) are fourfold. First,
they rely on the contraction property of the generalized Bellman operator, while we consider the
PMD analysis approach. So the proof techniques are completely different. Second, their parameter
update results in the off-policy multi-step temporal difference learning, whereas we require to solve a
linear regression problem to minimize the function approximation error. Third, their step size still
depends on the iterates which is thus an adaptive step size and is proportional to the total number
of iterations K, while ours is independent to the iterates nor to K. Finally, their assumption on the

modeling error requires an L., supremum norm, i.e., || Qs (H(k)) — <I>w£k) lloo < €bias for all states s
of the state space, our convergence guarantee depends on the expected error (e.g., Assumption 2, 5
or 8) which is a much weaker assumption. After our submission, we are aware of the concurrent
work of Alfano & Rebeschini (2022). They only analyze the Q-NPG method and achieve similar
linear convergence results as our Theorem 1. In particular, their result in Theorem 4.7 has a better
concentrability coefficient compared to our Theorem 1. However, their Assumption 4.6 assumes
that the relative condition number upper bounds a time-varying ratio which depends on the iterates,
while our Assumption 3 is independent to the iterates, as defined in (24). Furthermore, they only
consider the case when the initial state distribution is the same as the target state distribution, while
our analysis generalizes with any target state distribution, which is extensively discussed on the
distribution mismatch coefficients in Appendix H. See Table | a complete overview of NPG in the
function approximation regime.

“This result appears after conference proceedings and is available on https://arxiv.org/pdf/2208.
03247 .pdf.
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Table 1: Overview of different convergence results for NPG methods in the function approximation
regime. The darker cells contain our new results. The light cells contain previously known results for
NPG or Q-NPG with log-linear policies that we have a direct comparison to our new results. White
cells contain existing results that do not have the same setting as ours, so that we could not make a

direct comparison among them.

Setting Rate [ Reg. CS. LS. [ Pros/cons compared to our work
Linear convergence
Regulaiégf;?c?g(ilwggzl?z)g-llnear Linear v v Better concentrability coefficients C,,
Weaker assumptions on the approximation
Off-policy NAC with log-linear . error with Lo norm instead of L., norm;
. - Linear v R . . .
(Chen & Theja Maguluri, 2022) They use adaptive increasing stepsize, while
we use non-adaptive increasing stepsize
Q-NPG with log-linear Linear v Their relative condition number depends
(Alfano & Rebeschini, 2022) on ¢, while ours is independent to ¢
Q-NPG/NPG with log-linear Linear v
(this work)
Sublinear convergence
PMD for linear MDP O(L) v
(Zanette et al., 2021; Hu et al., 2022) vk
Two-layer neural NAC 1
(Wang et al., 2020) o() 4
Two-layer neural NAC 1
(Cayci et al., 2022) o k) v v
NPG with smooth policies 1
(Agarwal et al., 2021) O(ﬁ) v
NAC under Markovian sampling
with smooth policies o(3) v
(Xu et al., 2020)
NPG with smooth and
Fisher-non-degenerate policies o) v
k
(Liu et al., 2020)
?:ill)r(jv?l“: i?g_zl(l)r;ia)r O(ﬁ) v They have better error floor than ours
) Weaker assumptions on the approximation
Off-policy NAC with log-linear o( 1 ) v error with Lo norm instead of L, norm;
(Chen et al., 2022) k They use adaptive increasing stepsize, while
we use non-adaptive increasing stepsize
Q-NPG/NPG with log-linear 1
(this work) O k ) v

* Reg.: regularization; C.S.: constant stepsize; L.S.: increasing stepsize.

Fast linear convergence of other policy gradient methods. Different to the PMD analysis ap-
proach, by leveraging a gradient dominance property (Polyak, 1963; Lojasiewicz, 1963), fast linear
convergence results have also been established for the PG methods under different settings, such as the
linear quadratic control problems (Fazel et al., 2018) and the exact PG method with softmax tabular
policy and entropy regularization (Mei et al., 2020; Yuan et al., 2022). Such gradient domination
property is widely explored by Bhandari & Russo (2019) to identify more general structural MDP
settings. Linear convergence of PG can also be obtained through exact line search (Bhandari & Russo,
2021, Theorem 1 (a)) or by exploiting non-uniform smoothness (Mei et al., 2021).

Alternatively, by considering a general strongly-concave utility function of the state-action occupancy
measure and by exploiting the hidden convexity of the problem, Zhang et al. (2020) also achieve
the linear convergence of a variational PG method. When the object is relaxed to a general concave
utility function, Zhang et al. (2021) still achieve the linear convergence by leveraging the hidden
convexity of the problem and by adding variance reduction to the PG method.
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A.3 FUTURE WORK

The main focus of this paper was the theoretical analysis of NPG method. The results we have
obtained open up several experimental questions related to parameter settings for NPG and Q-NPG.
We leave such questions as an important future work to further support our theoretical findings.

An interesting application from our work is to investigate the sample complexity of natural actor-
critic with our PMD analysis. Indeed, our paper obtains w*) by a regression solver. One can also
use temporal difference (TD) learning (e.g., Cayci et al. (2021); Chen & Theja Maguluri (2022);
Telgarsky (2022)) with Markovian sampling to achieve similar O(1/¢?) sample complexity result.
The performance analysis of TD learning will be expressed for ¢4, Which directly imply the total
sample complexity results through our theorems.

One natural question is whether we can extend our analysis to the general policy classes. Here we
provide one possible way. It can be extended by using a similar compatible function approximation
framework. Concretely, consider the parameterized policy

exp(fs,a(0))
Za’eA eXp(fS,a/ (9)) ’

where f, ,(6) is parameterized by § € R™ and is differential. As Agarwal et al. (2021) mentioned,
the gradient can be written as

vé‘ 10g 7Ts,a(@) - gs,a(e) where gs,a(g) - VGfs,a(g) - ]anm(e) [vﬁfs,a’(o)} .

The NPG update is equivalent to the following compatible function approximation framework

Ts,a(0) =

2
g1 — g(k) _ nkwik), w&k) € arg %DE(S,a)~J<k> [(As,a(e(k)) — ngs,a(e(k))) ] .

As Alfano & Rebeschini (2022, Remark 4.8) mentioned, if we assume that for all (s,a) € S x A,
function f(6) satisfies

Fara(0FFD) = £, (6P) = ne () T g, (6%F),

which is the case for the log-linear policies, then one can easily verify that the NPG update resulted
in a new policy is also equivalent to the policy mirror descent update

(k+1) _ ; { (k) () <k>}
T argperril&) 77k<Gs w ,p>—|—D(p,7T5 ), VseS,

where G{¥) € RIAIX™ is a matrix with rows (gs.o(0*%)))T € RY*™ for a € A. Consequently, one
can extend our work naturally in this general setting to derive linear convergence analysis for NPG.

Perhaps one can consider the exponential tilting, a generalization of Softmax to more general
probability distributions. Another interesting venue of investigation is to consider the generalized
linear model instead of linear function approximation for the ) function and the advantage function.

One interesting open question is that is there a way to increase stepsize when the discount factor
is unknown. So far the PMD proof techniques used in Lan (2022); Xiao (2022) and ours require
that the discount factor is known. Perhaps the work of Li et al. (2022a) can help to find a way to
increase stepsize when the discount factor is unknown. Indeed, Li et al. (2022a) consider the averaged
MDP setting. So there is no discount factor. They achieve linear convergence for NPG by increasing
the stepsize with some regularization parameters. It will be interesting to investigate if the way of
increasing stepsize in Li et al. (2022a) can be applied in our setting.

B STANDARD REINFORCEMENT LEARNING RESULTS

In this section, we prove the standard reinforcement learning results used in our main paper, including
the NPG updates written through the compatible function approximation (11) and the NPG updates
formalized as policy mirror descent ((16) and (17)). Then, we prove the performance difference
lemma (Kakade & Langford, 2002), which is the first key ingredient for our PMD analysis. The
three-point descent lemma (Lemma 1 1) is the second key ingredient for our PMD analysis.
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Lemma 1 (NPG updates via compatible function approximation, Theorem 1 in Kakade (2001)).
Consider the NPG updates (8)

g+ _ p(k) _nka(g(k))Tvevp(g(k)),

and the updates using the compatible function approximation (11)

(k)

g+ = gk) _

where w&k) € argmin, cgm La (w7 o) ci(k)). If the parametrized policy is differentiable for all

0 € R™, then the two updates are equivalent up to a constant scaling (1 — ) of N

Proof. Indeed, using the policy gradient (7) and the fact that ) |, , V7 4(0) = 0 forall s € S, as

7(0) is differentiable on # and ), 4 75.o = 1, we have the policy gradient theorem (Sutton et al.,

2000)
1

jEswde, a~gs(0) [As7a(9) Vo 1Og 7Ts7a(9)} : (36)

VVy(0) =

Furthermore, consider the optima wik). By the first-order optimality condition, we have

Vo La(w,0® d*)) =0
=  Eigamw [((wi’“>)Tv9 log ﬂgka) — As’a(Q(k))) Vg log wgkg} =0

T
<~ E(S7G)N5(k) |:V9 logﬂ'gﬁz (V@ 1og7r£ﬁ2) ] w’((k) — E(s,a)wc?(’ﬁ |:As7a(9(k))V9 logﬂglg}

L B 0W)w®) = (1 7)VeV,(0%).

Thus, we have
k
wi = (1= F,(0)'V,V,(0")
which yields the update (8) up to a constant scaling (1 — 7) of 7. O

Lemma 2 (NPG updates as policy mirror descent). The closed form solution to (16) is given by

exp (—nk<1>sw(k))

(k+1) _ (k)
T =7y’ © (37)
Y aca 7" exp (=nropd qw®))
exp (—nkigk)w(k))
g - _ _ (38)
Sacami e (< (60a(00)) " w)
_ ; (k) (0) (k)
argpemAl(rjA){nk <<1>s w ,p>+D(p,7rs )}, Vs €S, (39)

where © is the element-wise product between vectors, and Cf)gk) € RIAIXm jg defined in (17), i.e.

S oNT def 5
(3)" % 6.a0%) 2 6y E

(k) [(bs,a’] .

a’~Tg

Such policy update coincides the inexact NPG updates (32) of the log-linear policy, lfﬁ(kﬂ) =9k —
mew® with wk) ~ argmin,, L 4 (w, o), d(k)); and coincides the inexact Q-NPG updates (18) of
the log-linear policy, if %+ = ) — ppw® with w*) ~ argmin,, Lo(w, 6k) k),

Proof. For shorthand, let g = @Sw(k). Thus, (16) fits the format of Lemma 10 in Appendix I where
q= ng). Consequently, the closed form solution is given by (99), that is
(k) —Nkg (k) 7nk<I>sw(k>

ng+1) o Ts @ ©e - s @ ©e

T Seeartle o ¥ allem ol
-0 exp (—mp®s (00 )w®)
s — = ’
S acamidexp (=i (60.a(00)) " w®)

(40)
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where the last equality is obtained as

"y k
d)s,a(o( )) = Qbs,a - Ea/Nﬂgk) [¢s,a’] = d)s,a — Cs,
with ¢s € R some constant independent to a.

Similarly, by applying Lemma 10 with g = @gk)w(’f), the closed form solution to (39) is (40).

As for the closed form updates of the policy for NPG (32) and Q-NPG (18) with the parameter
updates #F+1) = 9F) — ,00(F) it is straightforward to verify that it coincides (37) and (38) given
the specific structure of the log-linear policy (6), which concludes the proof. O

Lemma 3 (Performance difference lemma (Kakade & Langford, 2002)). For any policy 7,7 €
A(A)S and p € A(S),
1
L—n
1

ﬁﬂasr‘vd’r [<Q5 (ﬂ-/); Ts — 77{9)] B (42)

Vp(m) = V(') = E (s 0y [Asa(')] (41)

where Q4 (7) is the shorthand for [Qs.o(7)]aca € R4l for any policy .

Proof.  From Lemma 2 in Agarwal et al. (2021), we have

1 1

Vp(ﬂ) - Vp(ﬂl) = m]}z(s,a)wg”‘ [AS,a(W,)] = j]ESNd” [<AS(7T/)77TS>]7

1

where A () is the shorthand for [A; ,(7)]sea € R for any policy 7. To show (42), it suffices to
show
(Ay('), 7s) = (Qq(n"),ms — ), foralls € Sand m, 7" € A(A)S.
Let 1,, denote a vector in R™ with coordinates equal to 1 element-wisely. Indeed, using the definition
of the advantage function
As,a(ﬂ') = Qs,a(ﬂ) - Vs(ﬂ')v

we have
(As(x'),ms) (Qs(n") = Vi(n') - L1y, 7o)
= (Qs(n"),ms) — <V5(7r/) : 1\A|77Ts>
= (Qs(n),ms) = Vi(n)
2 (@) m -,
from which we conclude the proof. O

C ALGORITHMS

C.1 NPG AND Q-NPG ALGORITHM

Algorithm | combined with the sampling procedure (Algorithm 4) and the averaged SGD procedure,
called NPG—-SGD (Algorithm 5), provide the sample-based NPG methods.

Similarly, Algorithm 2 combined with the sampling procedure (Algorithm 3) and the averaged SGD
procedure, called Q—NPG-SGD (Algorithm 6), provide the sample-based Q-NPG methods.

C.2 SAMPLING PROCEDURES

In practice, we cannot compute the true minimizer wik) of the regression problem in either (32)
or (18), since computing the expectation L4 or L requires averaging over all state-action pairs
(s,a) ~ d*) and averaging over all trajectories (so, ag, co, 1, - - - ) to compute the values of QE’Q

and Ai’“,} So instead, we provide a sampler which is able to obtain unbiased estimates of Q , () (or
As.o(0)) with (s, a) ~ d?(v) for any 7(6).
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Algorithm 1: Natural policy gradient

Input: Initial state-action distribution v, policy 7(%), discounted factor v € [0, 1), step size
1o > 0 for NPG update, step size o > 0 for NPG-SGD update, number of iterations 7" for

NPG-SGD
for k=0t K —1do

L Compute w*) of (32) by NPG-SGD, i.e., Algorithm 5 with inputs (7', v, 7%, ~, @)

Update §F+1) = 9(k) — ,.20(%) and
Output: 7%

Algorithm 2: Q-Natural policy gradient

Input: Initial state-action distribution v, policy 7(%), discounted factor v € [0, 1), step size
1o > 0 for Q-NPG update, step size o > 0 for Q—NPG—-SGD update, number of iterations

T for Q—NPG-SGD
fork=0to K — 1do

L Compute w*) of (18) by 0-NPG-SGD, i.e., Algorithm 6 with inputs (7', v, (%), ~, @)

Update §F+1) = 9(k) — p,20(%) and 1,
Olltpllt: To(K)

Algorithm 3: Sampler for: (s, a) ~ d?(v) and unbiased estimate @M(G) of Qs.q(0)

Input: Initial state-action distribution v, policy m(6), discounted factor v € [0,1)
1 Initialize (sq, ag) ~ v, the time step h, ¢t = 0, the variable X = 1

while X = 1 do

With probability ~:
Sample sp1 ~ P(- | sp,an)
Sample ap 41 ~ 7, (0)
h+h+1

Otherwise with probability (1 — v):
| X=0

X=1

Set the estimate Qs), q,, (0) = c(sh, an)

t=nh

while X = 1do

With probability ~:
Sample s;11 ~ P(- | s¢,a¢)
Sample a;41 ~ 75, (6)
Qsh,ah (9) — Qsmﬂrh (0) + C(St-‘rla at-‘rl)
t—1t+1

Otherwise with probability (1 — v):
| x=0

Output: (s, ap) and Q\Sh,,ah,(e)

> Accept (Sp,an)

>Start to estimate @S,“ah(e)

> Accept Qs .a,(0)
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To solve (18), we sample (s,a) ~ d 1(%) and Q by a standard rollout, formalized in Algorithm 3.
This sampling procedure is commonly used, for example in Agarwal et al. (2021, Algorithm 1).

It is straightforward to verify that (s, ay,) and @Sh,ah (0) obtained in Algorithm 3 are unbiased for
any 7(6). The expected length of the trajectory is - We provide its proof here for completeness.

Lemma 4. Consider the output (sp, ay) and C/Q\Sh,ah (0) of Algorithm 3. It follows that

1
Elh+1]=1—,
Pr(sp, = s,ap =a) = sz,a(l’)a

E |:@\sh,ah (9) | Sh Clh:| = Qs;“ah (6)
Proof. The expected length (h + 1) of sampling (s, a) is
E[h+1] =Y Pr(h=k)(k+1) = 27 k+1)

The probability of the state-action pair (s, a) being sampled by Algorithm 3 is

Pr(sp = s,ap = a)

= Z Vso.ao ZPr(h =k) Pr”(e)(sh =s,ap =a|h=k,sg,ap)

(s0,a0)ESXA k=0
S @ 5
= Y Vsao (L= N AP (s = s,a = a s0,a0) = d, (v).
(s0,a0)ESXA k=0

Now we verify that @sh,ah (9) obtained from Algorithm 3 is an unbiased estimate of Qs,, 4, (6).
Indeed, from Algorithm 3, we have

H
Qs ,an (0 Z c(Stth, asyn), 43)
t=0

where (H + 1) is the length of the horizon executed between lines 13 and 19 in Algorithm 3 for

calculating @s,uah (0). To simplify notation, we consider the estimate of @M forany (s,a) e Sx A
following the same procedure starting from line 10 in Algorithm 3. Taking expectation, we have

H

E[@ual0) | 5,0] =

c(seyap) | 8o = 8,a0 = a}

H
E c(se,at) | so=s,a0=a,H =k

t=0

k
(1 —y)Y*E lz c(st,ar) | so =s,a9 = a}
t=0

t=0

t”18

£l
I

0

M

k=0
E ZC(St,at)Z’}/k | so =s,a0 = a‘|
t=0 k=t
= ©)
=E Z“ch(st,at) |so:s,a0:a] Qs,a(0).
t=0
The desired result is obtained by setting s = s;, and a = ay,. O

Similar to Algorithm 3, to solve (32), we sample (s, a) ~ d *) by the same procedure and estimate
As(ffl) with a slight modification, namely Algorithm 4 (also see Agarwal et al., 2021, Algorithm 3).
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Algorithm 4: Sampler for: (s,a) ~ d?(v) and unbiased estimate g&a(ﬂ) of A, ,(6)

Input: Initial state-action distribution v, policy 7 (#), discounted factor vy € [0, 1)
1 Initialize (sg, ag) ~ v, the time step h, t = 0, the variable X =1

while X = 1do

With probability ~:
Sample Sh41 ™~ P( | Sh, ah)
Sample ap 41 ~ 7, (0)
h+—h+1

Otherwise with probability (1 — ~):
| X=0
X=1
Set the estimate @s,hah (0) = c(sn,an)
t=nh
while X = 1 do
With probability ~:
Sample St41 ™~ 73( ‘ St, at)
Sample a;11 ~ 75, (0)
Qsh;ah (9) «— Q3h7ah (0) + C(5t+17 a’t+1)
t—1t+1
Otherwise with probability (1 — v):
| X=0

X =1

Set the estimate Vj, (0) = 0
t=nh

while X = 1do

Sample a; ~ 7, (0)
Vi, (0) <= V5, (0) + c(st, ar)
With probability ~:
Sample s;41 ~ P(- | 5¢,a1)
t—t+1
Otherwise with probability (1 — v):
| X=0

Output: (s;,ay) and As, 4, () = Qs .a, (0) —

?.

Sh

(©)

> Accept (Sp,an)

> Start to estimate @sh,ah,(e)

> Accept @sh,ah (9)

> Start to estimate ‘75,1(9)

> Accept ‘7Sh(9)
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Notice that the sampling procedure for estimating Q)5 ,(6) in Algorithm 3 is simpler than that for
estimating A, ,(6) in Algorithm 4, since Algorithm 4 requires an additional estimation of V,(#) and
thus doubles the number of samples to estimate A, ,(#). As in Lemma 4, we verify in the following
lemma that the output (s, az,) is sampled from the distribution d? and A (0) in Algorithm 4 is
an unbiased estimator of A, ,, (6) for all policy 7(6).

Sh,Qh

Lemma 5. Consider the output (sp, ap) and A\Shﬂlh (0) of Algorithm 4. It follows that

E A\Sh’ah(e) | sh7ah} :ASh,,ah,(Q)‘

Proof. Since the procedure of sampling (s, ap) in Algorithm 4 is identical to the one in Algorithm 3,
from Lemma 4, the first two results are verified. It remains to show that A, 4, (¢) is unbiased.

The estimation of /Lh,ah(e) is decomposed into the estimations of @sh)ah (6) and V, (6). The

procedure of estimating @S ..a, (0) 18 also identical to the one in Algorithm 3. Thus, from Lemma 4,
we have

E Qoo (0) | snsan] = Qs (9):
By following the similar arguments of Lemma 4, one can verify that

E Ve (6) | sn.an] = Vi, (6).

Combine the above two equalities and obtain that

~

EAoran(®) | snyan] =E Qo (6) = V2 (0) | 5nyn] = Quya(0) = Vi (0) = Asy 0, (0):

O

C.3 SGD PROCEDURES FOR SOLVING THE REGRESSION PROBLEMS OF NPG AND Q-NPG

Once we obtain the sampled (s, a) and gsva(ﬁ(k)) from Algorithm 4, we can apply the averaged
SGD algorithm as in Bach & Moulines (2013) to solve the regression problem (32) of NPG for every
iteration k.

Here we suppress the superscript (k). For any parameter § € R™, recall the compatible function
approximation L 4 in (32)

La(w,0, dNe) = E(s,a)~d~9 [(”LUTQZ_SSV(L(Q) - Asﬂ(a))ﬂ ’

With the output (s,a) ~ d? and A\S,a(ﬁ) from Algorithm 4 (here we suppress the subscript /), we
compute the stochastic gradient estimator of the function L 4 in (32) by

ﬁwLA(uh 67 d@) déf 2 (wTQES,a(H) - A\S,a(a)) (ZES,G(G)' (44)

Next, we show that (44) is an unbiased gradient estimator of the loss function L 4.

Lemma 6. Consider the output (s, a) and A\S,a(ﬂ) of Algorithm 4 and the stochastic gradient (44).
It follows that

E [ﬁwLA(w,e,J") = VoLa(w,0,d?%,

where the expectation is with respect to the randomness in the sequence of the sampled
S0, G0, - ,St, ar from Algorithm 4.
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Proof. The total expectation of the stochastic gradient is given by
Es,a, Xs,a(Q) [2 (wT(l_ss,a(e) - As,a(e)) d_)s,a(e)}
= Efeio, g0 |2 (07 050(0) = A0a(6)) 60.a(0) | 5,0] ,45)

where the second line is obtained by (s, a) ~ d? from Lemma 5.

E %LA(MWZ")] @

From Lemma 5, we have
Eso,a0,~~ ,St,0t [A\sﬂ(e) | S0 = S,00 = a:| = As,a(g)' (46)
Combining the above two equalities yield
E|VoLa(w,0,d)] B g0 2 (0 60a(0) ~E [4,4(0) | 5,0] ) 600(0)]

(46) < <

= Eqaymdo [2 (0" bs,a(0) — As.0(0)) bs,a(0)]

— vaA(’LU797d~9),
as desired. O

Since (44) is unbiased shown in Lemma 6, we can use it for the averaged SGD algorithm to minimize
L 4, called NPG-SGD in Algorithm 5 (also see Agarwal et al., 2021, Algorithm 4).

Algorithm 5: NPG-SGD

Input: Number of iterations 7', step size o > 0, initialization wy € R™, initial state-action
measure v, policy 7(6), discounted factor v € [0, 1)
fort =0toT — 1do

Call Algorithm 4 with the inputs (v, 7(6),~) to sample (s, a) ~ d? and E&Q(G)
Update wi 1 = wy — aVy,La(w, 6, 079) by using (44)

T
Output: wou, = & > ,_, Wy

Similar to Algorithm 5, once we obtain the sampled (s, a) and @S,Q(H) from Algorithm 3, we can
apply the averaged SGD algorithm to solve (18) of Q-NPG.

Recall the compatible function approximation Lg in (18)
~ 2
Lo(w,0,d%) =E, .o [(w%s,a — Qs.a(0)) } :

With the output (s,a) ~ d? and @m(ﬁ) from Algorithm 3, we compute the stochastic gradient
estimator of the function L in (18) by

6wLQ(“’7 0, de) ] 2 (wT(bs,a - QS,aw)) ®s,as 47)

and use it for the averaged SGD algorithm to minimize L, called Q—-NPG-SGD in Algorithm 6 (also
see Agarwal et al., 2021, Algorithm 2). Compared to (44), the cost of computing (47) is |.A| times
cheaper than that of computing (47). Indeed, to compute (47), we only need one single action for
¢s,q» While to compute (44), one needs to go through all the actions to compute ¢ ,(¢). Thus, the
computational cost of Q-NPG-SGD is |.A| times cheaper than that of NPG-SGD.

The estimator @wLQ(m 0,d %) is also unbiased following the similar argument of the proof of
Lemma 6. We formalize this in the following and omit the proof.

Lemma 7. Consider the output (s, a) and @w(ﬁ) of Algorithm 3 and the stochastic gradient (47).
It follows that

E |VuLo(w,0,d%)| = VyLo(w,0,d%),

where the expectation is with respect to the randomness in the sequence of the sampled
S0, G0, - ,St, ar from Algorithm 3.
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Algorithm 6: Q-NPG-SGD

Input: Number of iterations 7', step size o > 0, initialization wy € R™, initial state-action
measure v, policy 7(6), discounted factor v € [0, 1)
fort =0toT — 1do

Call Algorithm 3 with the inputs (v, 7(6),~) to sample (s, a) ~ d? and @37{1(9)
Update wy 1 = w; — oV, Lo (w, 6, d?) by using (47)

T
Output: wou, = + > ,_, Wy

D PROOF OF SECTION 4

Throughout this section and the next, we use the shorthand Vp(k) for V, (0( )) and similarly, ( ) for
Qs.a(0%)) and Agkg for A, ,(6F)). We also use the shorthand Qg ) for the vector [ (k )} p € R‘“‘”
ac

and Agk) for the vector {Agkg} y e R,
ac

We also introduce a weighted KL divergence given by

D; def E,. . {D(w ﬂ_(k))}

If we choose the uniform initial policy, i.e., Wg?a) =1/| Al for all (s,a) € S x A (or () = 0), then
Dy < log | Al (48)
for all p € A(S) and for any 7* € A(A)S.

We first provide the one step analysis of the Q-NPG update, which will be helpful for proving
Theorem | and 3 and the sublinear convergence result of Theorem 2 further in Appendix D.3.

D.1 THE ONE STEP Q-NPG LEMMA

The following one step analysis of Q-NPG is based on the mirror descent approach of Xiao (2022).
Lemma 8 (One step Q-NPG lemma). Fix a state distribution p; an initial state-action distribution
v, an arbitrary comparator policy 7. Let wM e argmin,, Lo (w, 0%, d*)) denote the exact

minimizer. Consider the w*) and (%) given in (18) and (16) respectively. We have that

(1 =) (VD = V) 4 (1= 4) (VO = v, ()

(3 e, () ) 3T A (o, - 1)

s€SacA s€SacA
@ @
£ a7, (wl —w®) £ 303 ) () - Iwi’“))
seSacA seSacA
€ @
b Y del, (b - w4 Y dn (6T, - Q)
(s,a)eSxA (s,a)eSxA
@ ®
+ Y dmel, (w —w®) e S @, () - ol wl)
(s,a)ESXA (s,a)eSxA
© @
1 1
< 777sz - TTkDZH' (49)

27



Published as a conference paper at ICLR 2023

Proof. In the context of the PMD method (16), we apply the three-point descent lemma (Lemma 11)
with C = A(A), f is the linear function 7, (®,w®),-) and h : A(A) — R is the negative entropy
with h(p) = > ,c 4 Palog pa. Thus, h is of Legendre type with rint domh N C = rint A(A) # 0
and Dy (-, -) is the KL divergence D(-, ). From Lemma 11, we obtain that for any p € A(A), we
have

i (@), 74D 4 D4, 709) <y (@00, p) + D(p, 7)) — Dip, mD),

Rearranging terms and dividing both sides by 7, we get

1 1 1
<<I>sw(k),7rgk+l) —p> + —D(ﬂgkﬂ),ﬂgk)) < —D(p, wgk)) — —D(p, ﬂ'gkﬂ)). (50)
Nk Nk Nk

Letting p = w(ﬁ’” yields

<q> W) £+ 7r(k)> < Lot 20y Lpam ckiny <o (51
Mk Mk

(k)

Letting p = 7% and subtract and add 75"’ within the inner product term in (50) yields

<<I>sw(k),ﬂ'£k+1) - w§k>> + <<I>Sw(k),7rgk) - 7r:> < iD(ﬂ”f rk)y — iD(71':,7r5§k+1)).

CR)

Tk Nk

(7r£k471) (k)

Note that we dropped the nonnegative term nikD ,ms ) on the left hand side to the inequality.

Taking expectation with respect to the distribution d*, we have

1 1
Eyge [<c1> w® gk+D) _ wg’@ﬂ + Eyg [<¢>Sw(k>,ng’f) - 77;*>} < - Df——Di,,. (52
Nk

For the first expectation in (52), we have
E,. g Kq) w® plk+D) _ §k>>}

=S (g, ) — 1)

sES
d*
- e (e )
cs ds
> Oy Y dEY <¢ w® kD) _ gk>>
seS
> 0,5 dD (), 7D — ()
seS
= 9, ngk+1) <ng), plktD) 7T§k)> +, ngk+1) <q)sw(k) — Q) lh+) _ 7Tgk)>
seS seS
= 9,(1-7) (V;k“) - Vﬁ) +9, Y dlHD <¢)Sw<k> — Q) k) _ wgk‘)> O (53)

seS

where the last equality is due to the performance difference lemma (42) in Lemma 3 and the two
inequalities above are obtained by the negative sign of <<I>Sw(k), wgk“) — wgk)> shown in (51) and
by using the following inequality

ds o ©0)

W < O < ?9,;-
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The second term of (53) can be decomposed into four terms. That is,

ngk-i-l) <¢Sw(k) — QW) (kD) _ 7Tgk)>

s€S
= 3 A (6] - Q) + 30 3 di Ve (@) - ¢;aw<k>)
s€ES acA s€SacA
_ Z Z A+ (k+1)¢6 . ( (k) _ wik)) 4 Z Z A0+ s (¢T _ ngﬁ)
s€SacA s€SacA
+3°3 atabg! ( w(k)) +3°3 ak ) (@ ( ) _ Zang)
s€ES acA sESacA
=0+0+0+®, (54)

where (D), @), 3) and @) are defined in (49).

For the second expectation in (52), by applying again the performance difference lemma (42), we
have
Egmg [<<I)Sw(k), k) — 7r;k>}

= Esug [<ng)»7rgk) - W:ﬂ + Egoa- K(I)sw(k) - QP 7k — W:ﬂ
L 1) (V;H - vp(w*)) Y Eyog besw(k) — QW k) _ w;ﬂ . (55)

Similarly, we decompose the second term of (55) into four terms. That is,

Esar K(I)Sw(k) — QW 7k _ 7r§>}

SN ) (olw® = Q) + 3N dimt, (@) 6l w™)

s€ES acA sES acA
= Y el (w9 — )+ Y @ (o]0 - )
(s,a)eSxA (s,a)eSx.A
> dimesl (0 ™) 3 dim, (1) - ol i)
(s,a)ESxA (s,a)eSx.A
=@+®+0+@, (56)

where @, ©), © and (@) are defined in (49).

Plugging (53) with the decomposition (54) and (55) with the decomposition (56) into (52) concludes
the proof. O

Consequently, the convergence analysis of Q-NPG (Theorem 1, 3 and Theorem 2 further in Ap-
pendix D.3) will be obtained by upper bounding the absolute values of DO,2,3,®,a b,c,d
in (49) with different set of assumptions (assumptions in Theorem | or assumptions in Theorem 3)
and with different step size scheme (geometrically increasing step size for Theorem | and 3 or
constant step size for Theorem 2).

D.2 PROOF OF THEOREM 1

Here we provide the general Q-NPG convergence analysis with any initial policy, which is in contrast
to Theorem | with the uniform initial policy.

Theorem 5. Fix a state distribution p, an state-action distribution v and a comparator policy 7*.
We consider the Q-NPG method (18) with the step sizes satisfying ng > I_TWDS and Ng4+1 > %Wk-
Suppose that Assumptions 1, 2, 3 and 4 all hold. Then we have for all k > 0,

E [V,,(ﬂﬂc))} — V(") < (1— ;p)k 137 + r(l p_‘ﬁH) (,/1 estat+\/m>
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Remark. A deviation from the setting of Theorem | is that here we require the step sizes satisfying
o > 1_T"YDS instead of 19 > 1_77 log |.A|. This is because when using uniform initial policy in

Theorem 1, from (48), we know that ng > 1777 log | A| is a sufficient condition for 1y > I*T”D;;.
Consequently, to prove Theorem 1, it suffices to prove the more general Theorem 5.

Proof. From (49) in Lemma 8, we will upper bound |(D| and |3)| by the statistical error assump-
tion (19) and upper bound |(2)| and |@)] by using the transfer error assumption (22).

Indeed, to upper bound |(D)], by Cauchy-SchwartZ’s inequality, we have

@ = 3> at Ik o], (wh - W)

s€eSacA
dd )" (nl) 2
< Z ( 2Jm<f @ ) . Z d* -UnifA(a)( 4a (w(’“) —wik)>>
(s,a)eSxA Al (s,a)eSXA
2 2
(k+1) (k+1)
@) ) (ds ) (WS’“ ) Hw(k) _w(k)‘ 2
alcEea & - Unif 4(a) * sy
d(k‘f‘l) 2
< B [ S | A w® - w

) (57)

d*

(25) 2
SO RO

where the second inequality is obtained by Cauchy-Schwartz’s inequality, and the third inequality is
obtained by the following inequality

> () < X et -1

acA acA
Then, by using Assumption 3 with the definition of x,, (57) is upper bounded by

@4
DI < /CplAlky

Xy
5 2
%) M (k) _ w£k) H ; (59)
L=y RFIO)

where we use the shorthand
def
E‘i(k') = E(s,a)fvd(’“) [¢sﬁa¢za] : (60)

Besides, by the first-order optimality conditions for the optima w( ) e argmin,, Lo (w, o), d (k)),
we have

(w— )TV, Lo, o®) 4%y >, for all w € R™. ©61)
Therefore, for all w € R™,
Lo(w,0®),d®™) — Lo(w, 00, d®)

2
E (s amd® {(dﬂ,aw — ol awl? + 67,0 - Q1)) ] Lo(w(™,0®,d®)
k k k
= E(s a)N(i(’C) {((b;raw - (b;r,awi ))2} + 2(’(1) - wg( ))TE(S@)NJ(’V) [( Iaw£ ) Q(k))(bs a,:|

O+ w0l TV Lol 00, 4%)

- o
d(k)
H || ©)

> -l
d(k)
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Define
R A ONOR O RTRONORFTON

Esta
Note that from (19), we have

E[elih] < e (63)
Plugging (62) into (59), we have
C,|Alk,
@ < —;"7 '7 e (64)

Similar to (57), we get the same upper bound for |3)| by just replacing 7r( 1 into ﬂgkg That is,

C. 1Al
OESYE o 'feéfit (65)

To upper bound |2)| and |@)|, we introduce the following term
s = Lo(l?,0®,d").

Note that from (22), we have
E [elb)] < evias: (66)

By Cauchy-Schwartz’s inequality, we have

@ < 33 dEIRED o]l

seES acA
2 2
(a0) () (1)
< . *
- Z dz - Unif 4(a) Z d; - Unifa(a )( - )
(s,a)eSx.A : (s,a)eSxA
2 2
(dgkﬂ)) (”gﬁ;r 1)) ()
= T * €pias
(59) A ®
< Es~a- dx* |A|Eb1as < CP|A‘€b1as (©67)

Similar to (67), we get the same upper bound for [@)] by just replacing 7r( 1 into s, a) That is,

@ < \/ColAletin, (68)

Next, we will upper bound the absolute values of @, (), © and (d) of (49) separately by using again
the statistical error (19) and by using the transfer error assumption (22).

Indeed, to upper bound |@|, by Cauchy-Schwartz’s inequality, we have

@ < 3 . (w(k) _ w£k)>‘

(s,a)ESxA
2
(d2)” (nth)
= N du<f<)> > di-Unita(a) (61, (w9 - ul))
(s,a)ESx.A (5,0)ESx A

@ 3 (@ (=52)° st — wt

dz - Unif 4(a)

(s,a)eSxA

(58)
2 -t

d.*
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From the definition of x,,, we further obtain

24
@ < \/|Anwa<k>—w

©) |Alk, 2
- X1k

©@ || Ak,
< \/| 5 ) (69)

Similar to (69), we get the same upper bound for |©)| by just replacing wg’ii into 7 . That s,

Alr,
|©|§\/| v éfat (70)

To upper bound |®)|, by Cauchy-Schwartz’s inequality, we have

® < > @] (elael - o)

(s,a)eSx.A

(d2)” (k) . 2
2 dul(lfA(>> > dsUnita(a) (6Ll - Q1)

(s,a)eSxA 5 (s,a)ESxA

IN

% . €bias
= ds UmfA(a)

(58) /
S |"4| 6blas (7 1)

Similar to (71), we get the same upper bound for |(d)| by just replacing wé’ii into 7 . That is,

@ < /|48 (72)

|®)], (70) of |©| and (72) of ()] into (49) yields

Dy Din
A= (L =7)m

L 2V, + 1) (\/ 'i” P \/eblas), (73)

Vp (041 — Ok) + 0 <

17

where 6k V(k) V,(7*). Dividing both sides by ¥, and rearranging terms, we get

D 1 D
e B <8 (v bl
FH (1 - ’Y)nkﬂp ﬁp g (1- )nk(ﬁp - 1)

2 A(\ﬁ"ﬂg)(\//ﬁ, égﬁr\/(k))

1— v bias

32



Published as a conference paper at ICLR 2023

If the step sizes satisfy ng41 (9, — 1) > 9, which is implied by 7541 > 7/~ and (20), then

Diia
77k+1(19 -1)

=
: (1 ﬁl) (5’“ T 1))

1
2vIA ‘( Cﬁﬂ) RO AT
+ 1— ,yestat + €bias

1—7

< 1—191)“1 <50+(1— )ﬁﬁ —1>>

é(ﬁ)’“”m“+ W ).

1—7

Op41 +

Finally, by choosing 19 > 17TVD6 and using the fact that
©0) 1
(-0 -1 -7 (2= -1) =7,
-7
we obtain
Dy
(1 =),

- (1 _ 1)’“ 2
- I, 1-—
2 A k—1—t
| <1\/7+ ) Z (1 - 191) <\/ s g:zrc + \/ bldb) :
-7 t=0 P

Taking the total expectation with respect to the randomness in the sequence of the iterates
w© ... w®D we have

E [Vo(r®)] = V,(r")

O < O +

< (1Y 2
= 9,) 1—~
2 |A] (/C +L 1 k—1—t
it ﬁ)z( o) ([ ] e ]Vi)
— -7
k
. (1_1)2
¥,) 1—7

1) k-1 k—1—
2 |A|(\/Cp+a9p) < ) t( (t) N /Ee )
stat blas
-7 i—0 Uy
(63)4(66) ( 1 )k 2
< (1--) ——
9y 1—x
2 |A|< /Cp+19i) k-1 L\ 1 —
- - 7y€sa+ €bias
S (0g) (e )
1\* 2 2¢/[A] (9,1/C, + 1) Ko
< 1—— sta ias | »
- ( ﬁp> =y " Ly (Vl—’yett+'€b>

where the second inequality is obtained by Jensen’s inequality. This concludes the proof. [
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D.3 PROOF OF THEOREM 2

Similar to Theorem 5, to prove Theorem 2, it suffices to prove the following sublinear convergence
of Q-NPG with any initial policy.

Theorem 6. Fix a state distribution p, an state-action distribution v and an optimal policy 7*.
We consider the Q-NPG method (18) with any constant step size i, = 1 > 0. Suppose that
Assumptions 1, 2, 3 and 4 all hold. Then we have for all k > 0,

"EE:E:[ ) } L%(W*)fzfifgﬁﬁ% (12)+_2§ )

A/ ([ )

Remark. A deviation from the setting of Theorem 1 is that here we require 7* to be an optimal
policy °. Compared to Theorem 20 in Agarwal et al. (2021), our convergence rate is also sublinear,

but with an improved convergence rate of O(1/k), as opposed to O(1/+/k). Moreover, they use a
diminishing step size of order O(1/+/k) while our constant step size is unconstrained.

Proof. By (73) and using a constant step size 7, we have
Dy Dy 2/ A] (9,/C, +1 Ky
Up (Op41 = O) + 05 < e e 9y, + 1) \/ — stat + \/ €hias | -

(I=yn A= 1—x

Taking the total expectation with respect to the randomness in the sequence of the iterates
w®, ... w®=1) summing up from 0 to k — 1 and rearranging terms, we have

E [0 +ZE (6] 7_7)4—19 p00 + k- \ﬁ( /Gt 1) (,/1 Wesmwm)

-7

where we use the following inequalities

(63)
B [Veil] < \E[d0] < vem,
(66)
B[Vl < R[] € vam

Finally, dropping the positive term [ [§x] on the left hand side as 7* is the optimal policy and dividing
both side by k yields

t * D* 219/3
kZE[ 0] =Volr) < T T

WG ([T ),

D.4 PROOF OF THEOREM 3

Similar to Theorem 5, to prove Theorem 3, it suffices to prove the following Q-NPG result with any
initial policy.

Theorem 7. Fix a state distribution p, an state-action distribution v and a comparator policy 7.
We consider the Q-NPG method (18) with the step sizes satisfying ng > PTWDS and Ng+1 > %nk.
Suppose that Assumptions 1, 5 and 6 hold. Then we have for all k > 0,

k
N 1 2 2vC, (U, +1
E [Vp(’ﬂ'(k}))} - Vp(’/T ) S (1 - 19) 1— ~ + 1_ ( v ) (\/ Estat T+ \/Gapprox)
P
SIn our analysis, we need to drop the positive term E[V,(6®))] — V,(7*) to obtain a lower bound, thus
require 7 to be an optimal policy.
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Proof. Similar to the proof of Theorem 1, by Lemma 8, we upper bound the absolute values of (),
2,3, ®, @, ®, ©, @ introduced in (49), separately, with the set of assumptions in Theorem 3.

and |©| by the
statistical error assumption (19) as in the proof of Theorem |. However, we will upper bound |2)],
|@)|, |®) and |(@)] by using the approximation error assumption (27) instead of the transfer error
assumption (22).

To upper bound |(D)], by Cauchy-Schwartz’s inequality, we get

@ < DO alktgkey a(ww,wg))’
seS acA
2
Z (d<k+1))~ (Wﬁ,aﬂ)) . Z c?s(ﬁ)( - (’w(k)—w(k)))Q

(k)
(s,a)eSxA $,a (s,a)eSxA

(k1) (k+1)\ ?
(60) ds ' Tsa H (k)H
= E - (k) —
(s,a)~d < ® ) v ST

(28)

< c,
(62) .

< Y Cy Egtéit'

Similar to |(D)], by using Assumption 6 and Cauchy-Schwartz’s inequality, and by simply replacing
7+ into 7(k) or 7* and replacing d*+1) into d*, we obtain the same upper bound of |3)|, |@| and

|©), that is
BL@llel < Vb

(B o ) G0

approx

IN

2

]
k)

Next, we define

By Assumption 5, we know that

k
E |:€z(1p)prox:| S €approx-

we have
@ < Y
s€SacA
(M( > 2
<= O I G
\ (s,a)eSxA 5,a (s,a)ESXA

d(k+1) gka—&-l)
= E( )Nd(k) ( eg];))[)rox
s,a d(k)

s,a
(28)
<y Cyeg}i)pmx.

’s inequality, and by simply replacing

7+ into 7(F) or 7* and replacing d*+1) into d*, we obtain the same upper bound for |@)|, |®)

and |(@), that is
@B < y/Celhor
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Consequently, plugging all these upper bounds into (49) leads to the following recurrent inequality
D; D; 2VC, (W, +1) (k) (k)
9, (01 — O) + O < kTRl vap Ve el | -
POkt =00 0 S e T e 1—7 e Ve

By using the same increasing step size as in Theorem 5 and following the same arguments in the
proof of Theorem 5 after (73), we obtain the final performance bound with the linear convergence
rate

(\/ €stat 1 vV 6aupprox) .

E [V )] - Vo) < (1- ;p)k 2y GOt

D.5 PROOF OF COROLLARY |

In this section, we aim to prove Corollary | presented in Section 4.3.

Corollary 2 (Corollary 1). Consider the setting of Theorem 3. Suppose that the sample-based
O-NPG Algorithm 2 is run for K iterations, with T' gradient steps of O—-NPG~-SGD (Algorithm 6) per
iteration. Furthermore, suppose that for all (s,a) € S X A, we have ||¢s,q|| < B with B > 0, and
we choose the step size o = ﬁ and the initialization wyg = 0 for O-NPG-SGD. If for all § € R™,
the covariance matrix of the feature map followed by the initial state-action distribution v satisfies

(23)
IE(s,a)wu [¢s,a¢la] = X, = ulp,
where I, € R"™*™ is the identity matrix and ;1 > 0, then

B[V, (x5 = V, (%) < (1- i)K 2 N 2(9, + 1)\/Chéapprox

9,7 1—v 1—7
4/C, (0, +1) ( B? - B -
T (u(ﬁJrlH(l 7)\/27)

In order to better understand our proof, we first identify an issue appeared in the sample complexity
analysis of Q-NPG in Agarwal et al. (2021, Corollay 26). Agarwal et al. (2021) adopts the optimiza-
tion results of Shalev-Shwartz & Ben-David (2014, Theorem 14.8) where the stochastic gradient

@LQ(w, 0,d %) in (47) needs to be bounded °. However, although they consider a projection step for

the iterate w, and assume that the feature map ¢; , is bounded, @LQ (w, 6, d 0) is still not guaranteed
to be bounded. Indeed, recall the stochastic gradient of the function L in (47)

ﬁwLQ(w797CZG) = 2 (w—r¢s,a - Q\s,a(e)) (bs,a-

They incorrectly use the argument that w,¢s, and @S,Q(H) are bounded to imply that
H@wLQ(w, 0, JQ)H is bounded. In fact, @37(1(9) can be unbounded even though E [@sﬂ(ﬂ)} =

Qs,q(0) € [O, ﬁ} is bounded. To see this, we can rewrite @Sya(ﬂ) from (43) as

H

Qea(0) =Y (s, ar),

t=0

with (sg, ap) = (s,a) ~ d? and H is the length of the sampled trajectory for estimating Q ,(6) in
Algorithm 3. From Algorithm 3 and from the proof of Lemma 4, we know that the probability of
H =k + 1is that

Pr(H=Fk+1) = (1 -y~

So, with exponentially decreasing low probability, H can be unbounded. Consequently, |@5,a(9)|
upper bounded by H is not guaranteed to be bounded.

SWe are aware that Agarwal et al. (2021, Corollary 6.10) also use Bach & Moulines (2013, Theorem 1) in an
early version https://arxiv.org/pdf/1908.00261v2.pdf to obtain estar = O(1/T"). With further
regularity (31), Agarwal et al. (2021) mentioned that st = O(1/T') can also be achieved through Hsu et al.
(2012, Theorem 16).
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Proof sketch. Instead, we adopt the optimization results of Bach & Moulines (2013, Theorem 1)
(see also Theorem 12), which does not require the boundedness of the stochastic gradient. However, in
our following proof, we can verify that E [@M (0)2} is bounded even though @M(G) is unbounded.
As to verify the condition (vi) in Theorem 12 in our proof, i.e., the covariance of the stochastic
gradient at the optimum is upper bounded by the covariance of the feature map up to a finite constant,
we use a conditional expectation argument to separate the correlated random variables (s, a) ~ d?
and Qs o (0) appeared in the stochastic gradient.

Non-singularity of the covariance matrix >J,. As for the condition (31), it is shown in Cayci et al.
(2021, Proposition 3) that with v chosen as uniform distribution over S x A and ¢s , ~ N (0,1,,)
sampled as Gaussian random features, (31) is guaranteed with high probability. More generally, with
m < |S||Al, it is easy to find m linearly independent ¢, , among all |S||.A| features such that the
covariance matrix X, has full rank.

Proof. From Theorem 3, it remains to upper bound the statistical error |/est.t produced from the
Q-NPG-SGD procedure (Algorithm 6) for each iteration k. We suppress the superscript (k). Let wout
be the output of 7" steps Q—NPG—-SGD with the constant step size ﬁ and the initialization wg = 0,

and let w, € argmin,, Lg(w, 0, d 0) be the exact minimizer. To upper bound ey, from (19), we
aim to apply the standard analysis for the averaged SGD, i.e., Theorem 12. Now we verify all the
assumptions in order for Q—NPG-SGD.

First, (i) is verified by considering the Euclidean space H = R™.

The observations ((bs,a7 @S,G(Q)qbs,a) € R™ x R™ are independent and identically distributed,
sampled from Algorithm 3. Thus, (ii) is verified with z,, = ¢5 , € R™ and z,, = @S,a(ﬁ)gbs,a e R™,

As the feature map ||¢s 4| < B, we have E {Hd)s,a Hz] finite. From (31), we know that the covariance

~ 2
E [qﬁaagbla] is invertible. To verify (iii), it remains to verify that E U)Qs@(ﬁ)qﬁsﬂ } is finite.

Indeed, by using ||¢s,q| < B, we have
E {H@m(e)ass,a

1 < BE[Q..(00].

~ 2 ~
Thus, it remains to show E [(QS,Q(G)) } finite for (iii). From (43), we rewrite Q5 4(0) as

H

Qua(0) = clsi,ar),

t=0
with (s, ao) = (s,a) ~ d? and H is the length of the trajectory for estimating Q, . (6). Thus, (iii)
is verified as the variance of @S,a(ﬂ) is upper bounded by
N 2 i 0o k 2
E [(sta(e)) } =E oo | > Pr(H = kE (Z c(st,at)> | H =k, s0=s,a0=a
k=0
r 2

t=0
[eS) k
:]E(&a)NJg (1—’}/)2’}/,6]E ( C(St,dt)) | H = k’,So =S,a0 = a
k=0 t=0

S ]E(s,a)~£29 (1 - ’Y) Z’yk(k + 1)2
k=0

2
< W7 (74)

where the first inequality is obtained as |c(s¢, a;)| € [0, 1] for all (s¢, a¢) € S x A.

Next, we introduce the residual
@n 1

(Qua0) =] 60) 000 = 3

def

= VwLo(w,,0,d%). (75)
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From Lemma 7, we know that
E[ViLo(w..6,d%)] = VuLo(w,,0,d").
So, we have that
E[¢] = %vaQ(w*,e,JG) =0,
where the last equality is obtained as w, is the exact minimizer of the loss function Lg. Thus, (iv) is

verified with that f is %LQ, &n is € and 0 is w in our context.
From Q-NPG-SGD update 47, we have (v) verified with step size /2 in our context.

Finally, for (vi), from the boundedness of the feature map ||¢s o|| < B, we take R = B such that
E {Hq&s,a 2 ¢s,a¢la] < B?E [¢s,q0, ,)- It remains to find o > 0 such that

E[6€T] < 0% [6,001,]

We rewrite the covariance of & as

E [gg'l'] (2) E |:(@s,a(9) — w:¢s,a)2 ¢s,a¢;a:|

~ 2
= E(s7a)~d~9 [(QS,G(G) - quss,a) ¢s,a¢la | S,a:|
?|

~ 2
= E(Sya)wd’e |: (Qs,a(e) - w;r(bs,a) | s,a] ¢s,a¢za:| .

Thus, it suffices to find o > 0 such that

~ 2 ~ 2 )
E |:(Qs,a(0) - wjgﬁs,a) | .S,a:| =E |:(Q€a(9)) | S, a:| - QQs,a(e)wI¢s,a + (w;r(ybs,a) < o?
(76)
for all (s,a) € S x A to verify (vi). Besides, we know that
B|(Qual®) 150 < 2
s,a S, a S 71 _\9-

(1—79)?
We also know that [Qy,q(0)] < 125 and [|¢s,q[| < B. Now we need to bound |[w, . Again, since

w, is the exact minimizer, we have V,, L (wy, 6, d?) = 0. That is

]E(s,a)w(i" [(wjd)s,a - Qs,a(o)) ¢s,a] = 07

which implies

i
Wy = (E(S7a)/\/d~9 [qbs,a(b;r,a}) ]E(&a),\d@ [Qs,a(9)¢s,a]

(©) 1 ¥

< m (E(s,a)rw/ [st,a(b:,a]) ]E(S’a)wje [Qs,a(g)gés,a] .
By the boundness of the feature map ||¢, .|| < B and the Q-function |Q; ,(8)| < ﬁ, and the
condition (3 1), we have the minimizer w, bounded by

ol 'S =2
Wyl < ——.
T ()2

N 2
By using the upper bounds of E (Q&a(tﬁ))) | s, a] Qs (0)], |lws]| and || @5 q
of (76) can be upper bounded by

|, the left hand side

N - 2 2 2B? B*
E l:(Qs,a(e) - W, d)s,a) | S,Cl:| < (1 . ’7)2 + ;Uf(]- _ ’7)3 + /1'2(1 _ ,-Y)4

- (1—17)2 <<u(1B—27) +1>2+1>
<oy (mf—zv)“) |
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Thus, in order to satisfy (76), we choose

Now all the conditions (i) - (vi) in Theorem 12 are verified. With step size a =
wo = 0 and T steps of Q—NPG-SGD updates (47), we have

7%= the initialization

- - 4
E |Lo(wour, 0,d°) | = Lo(w,,0,d°) < 7 (ov/m + B w.||)’

2
4 (/2 B? B?
<= = ( + 1) +— ]
T\1—~ \p(1-7) (1 =)
Consequently, Assumption 1 is verified by

2 B
€stat_(17 )ﬁ(u(l— )<\/7+1>+\/7>

The proof is completed by replacing the above upper bound of ,/€g¢,¢ in the results of Theorem 3. [

E PROOF OF SECTION 5

E.1 THE ONE STEP NPG LEMMA

To prove Theorem 4 and the sublinear convergence result of Theorem 9 further in Appendix F, we
start from providing the one step analysis of the NPG update.

Lemma 9 (One step NPG lemma). Fix a state distribution p; an initial state-action distribution v; an
arbitrary comparator policy 7*. At the k-th iteration, let w( ) e argmin,, L 4 (w, o) d(k)) denote

the exact minimizer. Consider the w*) and 7*) NPG iterates given in (32) and (17) respectively.
Note

i 2 La@®, 00, d®) — 1w, 0, d®), (77)
8o £ Law?, 00,40, (78)
5, L VP v, (x7).

If Assumptions 7, § and 9 hold for all k > 0, then we have that

D; Dy, 19 +1)
Vp (Or+1 — Ok) + 0k < b kil + (\/ el + + fa];)prox> - (79)

A=y (=)

Proof. From the three-point descent lemma (Lemma 11) and (17), we obtain that for any p € A(A),
we have

Mk <§>gk)w(k)77rgk+1)> + D(rkHD 7Ry < gy <§)gk)w(k)7p> + D(p, 7)) — D(p, wF+D).
Rearranging terms and dividing both sides by 7, we get

- 1 1 1
<(I>gk)w(k)7 ) —p> 4+ — D%+ 20y < = D(p, a®)) = = D(p, xlk+D),
Mk Mk M

Letting p = wﬁk) and knowing that

<<i>g’“>w<’f>,7r§’f>> —0  forallk >0,

which is due to (12), we have
(8000, 241} < = Lt x00) - Lpo 2y <o (50
Nk Nk
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Letting p = 7} yields
<<i)(k)’w(k),7r(k+1) o 7_(*> < iD('/T*,ﬂ'(k)) _ iD(ﬂ'*,ﬂ'(kJ'_l)),
° ’ LT U
Note that we dropped the nonnegative term W%D(ngﬂ), ng)) on the left hand side to the inequality.

Taking expectation with respect to the distribution d*, we have

_ _ 1 1
Eqog- K(pgk)w(k),ﬂgm)ﬂ g K@gmw(m,ﬂgﬂ < Di=Di 8D

For the first expectation in (81), we have

e {88080,

= Y <@gc>w<k>7 ng+1>>
sES

d* =

— E s kA1) [ HE) (k) p(k+1)
k+1) s s » s

= dg +1) < >

(20)4(80) B
> Oht1 Z 0+ <(I)gk)w(k)’ W£k+1)>
sES

9, Z di+D) <(i)gk)w(k)7 7Tgk+1)>
seS

(20)4(80)
>

e [(BE) U]

= DB anan [Aglfi} + 9B (q aymd 0 [(¢(’“))Tw(k) - Ag’fg}

s,a

= 0= ) (VD < V0) 4 0, i [0 - %) 82

s,a

where the last line is obtained by the performance difference lemma (4 1), and we use the shorthand
(;5212 as Q?)S,a(e(k))'

The second term of (82) can be lower bounded. To do it, we first decompose it into two terms. That
is,

E(oaymdtin |(68)Tw® — AR =E(, o) qesn [(nglfg)T(w(k) - w£k))}
@
+ E(5,0)~a i {(éf_’gﬁ)ng) - Agkg} . (83)
@

We will upper bound the absolute values of the above two terms |(D| and |2)| separately. More
precisely, similar to the proof of Theorem 3, we will upper bound the first term |(D| by the statistical
error assumption (33) and upper bound the second term |(2)| by using the approximation error
assumption (34).

To upper bound (D, we first define the following covariance matrix of the centered feature map

k) def (k) [ T
S B i 2R (GE)T] (84)
Here we use the superscript (k) for *) 1o distinguish the covariance matrix of the feature map

dm
Y 7 defined in (60) in the proof of Theorem 1, as the centered feature map é §’i3 depends on the
iterates 0(%).

40



Published as a conference paper at ICLR 2023

By Cauchy-Schwartz’s inequality, we have

@ < X al @) w® —w)

(s,a)eSx.A
(at) 2
ot 7(8) (k) (k)
< DD DI (COMEESTE)
(s,a)eSxA 8,0 (s,a)eSxA
—(ht1) \ 2 )
(84) _ s,a K _ (k)
= E(s,a)wd(k) <d.€(12) ) Hu}() Wy Hzfik()k).
By further using the concentrability assumption 9, we have
(35) 2
@ <y jo fu -],
O]
< \/ c, (LA(w<k>,9<k>, d®) — La(w™, 90, ~<’<>>) (85)

Do, (86)

where (85) uses that wik) is a minimizer of L 4 and wik) is feasible (see the same arguments of (62)

in the proof of Theorem 1).

For the second term |2)| in (83), by Cauchy-Schwartz’s inequality, we have

@ <> Ak @) el — a®)
(s,a)ESxA
(J(k+1)>2 2
< s B s (e a)
(s,a)eSx.A ds,a (s,a)eSx.A

J K+ 2 " i
= B amio ||~z | | Falus 00 (k)

(35)+(78)
< VO o (87)

Plugging (86) and (87) into (82) yields

Erva (8000 104)] 2 0,1 = 9) (V) = V) = 0,0/ (Vi 4 v/ e )

(88)

Now for the second expectation in (8 1), by using the performance difference lemma (4 1) in Lemma 3,
we have

v [(8F0P, 7)) = ~E(, oo [AR)] + Epamae [A%) - 38 Tw®]
= (1= ) (V9 = V(1) + Eggapeae- [AE) — (B8 Tw®] .
(39)
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The second term of (89) can be lower bounded. We first decompose it into two terms. That is,

Eoapar |A%) = (080 Tw® | = E(, o arr [A%) - (00 Tl
&
By |68 T@ =) 00)
®

Now we will upper bound the absolute values of the above two terms |@| and |(b)| separately.

For the first one |@|, by Cauchy-Schwartz’s inequality, we have

@ < »oodr,

A8 Gl

(s,a)eSxA 7
(dz2)° 36 (G0N T ) 4}
< (i %) Z ds,a <( s,a) Wy 7As,a)
(s,a)eSxA 5@ (s,a)ESXA
- . 2
_ E d‘g:a L (k) H(k) d
- (s,a)~d (k) CZS(IZL) ( )

(35)4(78)
< O o 1)

For the second term |(®)| in (90), by Cauchy-Schwartz’s inequality, we have

® < > dm|EE) T - w®)
(s,a)eSxA
(dz:)” k) (k) (o))
<[ T G s et -

(s,a)eSxA

D
, ar, 2
(84) ~ s,a k) _ (k)
= B aymd® (d(i&) Hw( ) Hz(’“)
s,a d

<o ]

- Z(k)

(85)

< \/ A(w® 90 G0 = L4 (w®, ok d(k)))

Do, (92)

Thus, we lower bound (90) by

—E, oy [<§)gk)w(k)m:>] (91);(‘)2) (1—-7) (Vp(k) - Vp(w*)) -/, <@+ wgg’;,gmx) .

93)

Substituting (88) and (93) into (81), dividing both side by 1 — ~ and rearranging terms, we get

D; Dy VC, (9,4 1) k k
9, (Bost — 60) + 6 < b Tkt Vv (\/eiiﬂ/ﬁé)m :
p( k+1 k) k> (1—7)77k (1_,7)% 1—~ tat pPp
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E.2 PROOF OF THEOREM 4

To prove Theorem 4, we prove the following general result with any initial policy by knowing that
Dg < log|.A| when using the uniform initial policy in (48).

Theorem 8. Fix a state distribution p, a state-action distribution v, and a comparator policy 7*. We
consider the NPG method (32) with the step sizes satisfying ng > 17TA’D§ and Ng+1 > %Wk- Suppose
that Assumptions 7, 8 and 9 hold. Then we have for all k > 0,

B[] v < (1- 1) 12+ YR (e ).

Proof. From (79) in Lemma 9, by using the same increasing step size as in Theorem 5, i.e. g >
I_TVDS and 141 > 1K/, and following the same arguments in the proof of Theorem 5 after (73),
we obtain the final performance bound with the linear convergence rate

E [V,,(N))} —V,(r*) < (1 - ﬂlp)k 137 + ‘Fl(l_? +1 (V/€stat + /€approx) -

F SUBLINEAR CONVERGENCE OF NPG WITH CONSTANT STEP SIZE

In this section, we provide the sublinear convergence of NPG with arbitrary constant step size.

Theorem 9. Fix a state distribution p, an state-action distribution v and an optimal policy 7*. We
consider the NPG method (32) with any constant step size ny, = 1 > 0. Suppose that Assumptions 7,
8 and 9 hold. Then we have for all k > 0,

w \

Compared to Theorem 2, again here we require 7* to be an optimal policy for the same reason as
indicated in Footnote 5. Furthermore our sublinear convergence guarantees for both Q-NPG and
NPG are the same. Compared to Theorem 29 in Agarwal et al. (2021), the main differences are also
similar to those for Q-NPG as summarized right after Theorem 2: our convergence rate improves

from O(1/v'k) to O(1/k); they use a diminishing step size of order O(1/+/k) while we can take
any constant step size we want.

Despite the difference of using d*) instead of d %) for the compatible function approximation
La(w® 9% d*)) notice that same sublinear convergence rate O(1/k) is established by Liu et al.
(2020) for NPG with constant step size, while their step size is bounded by the inverse of a smoothness
constant and they further require that the feature map is bounded and the Fisher information matrix (9)
is strictly lower bounded for all parameters § € R™ (see this condition later in (94)). With such
additional conditions, we are able to provide a O(W) sample complexity result of NPG in

Appendix G.

Proof. From (79) in Lemma 9 with the constant step size, we have

Dy Dy, VO, (9, +1 /(& /
Up (Ok41 — Ok) + 0k < - (1 _k+1) + 1(_p7+ ) ( nga)ut + 6%@%) :

(1=
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Taking the total expectation with respect to the randomness in the sequence of the iterates
w® oo D) yields
E[D;] _E[Di]

U (E [6k41] — E[0k]) + E [6] < 1-vn 1=

LD (G ] o]y ]
E[D;] E[Di,]

(T=v)n  (A=n

YLD (o] + e [

(33)2(34) E[D;] E[D;,,]

I=yn (@ =7)n

+@ (Vestat + /approx) -

IN

By summing up from O to k¥ — 1, we get

k—1
D VO, (9, +1
E [6]6] + § E [515] S (1 _(?7)7] + 19;)50 + k- 1( ) (\/ €stat + vV 6approx)
t=0

Finally, dropping the positive term E [d;] on the left hand side as 7* is the optimal policy and dividing
both side by k yields

1« " D} 29, ﬁ(ﬁ +1)
A Z [ :| Vp(ﬂ' ) < (1 — ’(;)7’]/{ + (1 — 'y)k + 1_ (\/ Estat 1 \/empprox)

O

G SAMPLE COMPLEXITY OF NPG

Combined with a regression solver, NPG-SGD in Algorithm 5, which uses a slight modification
of O—-NPG-SGD for the unbiased gradient estimates of L4, we consider a sampled-based NPG
Algorithm | proposed in Appendix C and show its sample complexity result in the following
corollary.

Corollary 3. Consider the setting of Theorem §. Suppose that the sample-based NPG Algorithm [ is
run for K iterations, with T' gradient steps of NPG—SGD (Algorithm 5) per iteration. Furthermore,
suppose that for all (s,a) € S x A, we have ||¢s.q|| < B with B > 0, and we choose the step size
o= 8# and the initialization wy = 0 for NPG-SGD. If for all § € R™, the covariance matrix of the
centered feature map induced by the policy 7(0) and the initial state-action distribution v satisfies

E (o ayndo [05,a(0)($50(0) ] > pLn, (94)

where 1,, € R™*"™ ig the identity matrix and p > 0, then
K
1 2 (Vp + 1) /Cléapprox
E (K) _ *) < 1— — 14 pp
1,5 =) < ﬁp) T B
4/C, (¥, +1) [(2B?
+ # < (./ + 1) +2 )
(1 —7)>VT

Now we compare our Corollary 3 with Corollary 33 in Agarwal et al. (2021), which is their corre-
sponding sample complexity results for NPG. The main differences between Corollary 3 and Corollary
33 in Agarwal et al. (2021) are similar to those for Q-NPG as summarized right after Corollary 1:
Their sample complexity is O(W) while ours is O(W); they consider a projection
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step for the iterates and incorrectly bound the stochastic gradient due to a similar error indicated in
Footnote 3 (and see Appendix G.1 for more details), while we assume Fisher-non-degeneracy (94).

Compared to Corollary 1, the sample complexities for both Q-NPG and NPG are the same. The
assumption (94) on the Fisher information matrix is much stronger than (31), as (31) is independent to
the iterates. However, despite the difference of using v instead of p, the Fisher-non-degeneracy (94) is
commonly used in the optimization literature (Byrd et al., 2016; Gower et al., 2016; Wang et al., 2017)
and in the RL literature (Liu et al., 2020; Ding et al., 2022; Yuan et al., 2022). It characterizes that
the Fisher information matrix behaves well as a preconditioner in the NPG update (8). Indeed, (94)
is directly assumed to be positive definite in the pioneering NPG work (Kakade, 2001) and in the
follow-up works on natural actor-critic algorithms (Peters & Schaal, 2008; Bhatnagar et al., 2009). It
is satisfied by a wide families of policies, including the Gaussian policy (Duan et al., 2016; Papini
et al., 2018; Huang et al., 2020) and certain neural policy with log-linear policy as a special case. We
refer to Liu et al. (2020, Section B.2) and Ding et al. (2022, Section 8) for more discussions on the
Fisher-non-degenerate setting.

To prove Corollary 3, our approach is inspired from the proof of the sample complexity analysis
of Liu et al. (2020, Theorem 4.9). That is, we require the Fisher-non-degeneracy (94) and apply
Theorem 12 to the minimization of function L 4 (w, #,d?) without relying on the boundedness of
the stochastic gradient. A proof sketch is provided in Appendix G.1. Compared to their result, they
obtain worse O (W) sample complexity for NPG due to a slower O(1/k) convergence rate.

G.1 PROOF OF COROLLARY 3

There is a similar remark for the proof of Corollary 3 to the one right before the proof of Corollary |
in Appendix D.5. We notice that there is the same error occurred for the proof of NPG sample
complexity analysis in Agarwal et al. (2021). Recall the stochastic gradient of L 4 in (44)

~

VoLa(w,0,d%) =2 (qu’ss,a(a) — As,a(e)) s.a(0).

It turns out that V,, L 4(w, 6, d?) is unbounded, since the estimate 287(1(0) of A; 4(0) can be un-
bounded due to the unbounded length of the trajectory sampled in the sampling procedure, Algo-

rithm 4. Thus, Agarwal et al. (2021) incorrectly verify VL A(w, 0, d %) bounded by claiming that
As,a(0) is bounded by 2.

Proof sketch. Despite the difference of using either d? or d? in the loss function L 4, we use the
same assumptions of Liu et al. (2020), i.e., the Fisher-non-degeneracy (94) and the boundedness of
the feature map, and verify all the conditions of Theorem 12 without relying on the boundedness of

the stochastic gradient. In particular, similar to the proof of Corollary 1, we verify that E [A\S,G(O)Q]
is bounded even though A\sya(ﬁ) is unbounded. To verify the condition (vi) in Theorem 12 in our
proof, we use the same conditional expectation argument as in the proof of Corollary 1 to separate the
correlated random variables E&a(@) and ¢ o (#) with (s, a) ~ d? appeared in the stochastic gradient.
Thanks to this argument, we fix a flaw in the previous proof of Liu et al. (2020, Proposition G.1) .

Proof. Similar to the proof of Corollary 1, we suppress the subscript k. First, the centered feature
map is bounded by ||¢S7a(0) || < 2B. In order to apply Theorem 12, it remains to upper bound

"In a previous version of the proof in Section G, Liu et al. (2020, Proposition G.1) use the inequality
E[(Asa(6) = 0] $5.a(6))°3s,a(6)(65.0(0) ] < El(Asa(8) — w) ¢s,a(0))]E[Bs.a(6)(Ps.a(6)) "],

which is incorrect since As ,(0) and ¢ 4 (6) are correlated random variables. To fix it, we use the following
conditional expectation computation argument

E[(Asa(0) = w0/ 65,0(6))*3s.a(8) (#5.0(0)) '] = E[E[(As.a(0) — w) $:.a(0))* | 5, 0] G.0(0)(S5,0(6)) "],

~ _ 2
and bound the term E {(As,a(ﬁ) - wj@,a(e)) | s, a} in (95).
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E[||As.0(8)¢s.q(0)]|?] and [[w, || with w, € argmin,, L a(w,8,d?), and find & > 0 such that

b {(/Ts,a(e) —ul6.a®) | s,a} ~E {(ﬁs,a(e))g | s,a} ©95)

— 24, 4 (O)w] Bs.a(0) + (0] bsa(6))* < 0* (96
holds for all (s,a) € S x Aand § € R™.

Similar to the proof of Corollary I, the closed form solution of w, can be written as

_ _ T
Wy = (E(s,a)wcje [¢§7a(9)¢)6,a(9)T}) E(S’Q)Nje [Qs,a(9)¢s,a(9)] :

From (94), we have
) < —22
Wyl < ——.
u(1 =)

~ 2 ~
Now we need to upper bound E [(AS?G(H)) | s,a] from (95). Indeed, by using A;,(0) =

~

Qs,a(0) — V,(6), we have
E [(ZS,Q(G))Q | s,a] < 9 [(QS,@(G))2 | S,a} +2E {(‘7&@(9))2 | m]
< ﬁ ©7)

~ 2
where the last line is obtained, as E [(VSG(Q)) | s, a] shares the same upper bound (74) of

N 2
E {(Qs’a(e)) | s,a} by using the similar argument.
_ ~ _ 2
From (97) and ¢; (0) < 2B, we verify E [HAS7,1(9)¢S7Q(9) H } bounded as well.

)

~ 2
By using the upper bounds of E [(Asya(ﬁ)) | s, a] s |lws
the left hand side of (95) is upper bounded by

A57a(0)| S = and ||<Z_59,a(‘9)|| S 23,

1—y

IN

} s 1682 N 16B*
(1=9)2  p(l—=7)2  p?(1—9)?

()
9 2
< (1)
=22 (2 41),

Now all the conditions (i) - (vi) in Theorem 12 are verified. The reminder of the proof follows that of
Corollary 1. O

E [(ﬁs,aw) ~w60al®)) | 5.0

Thus, we choose

H DISCUSSION ON THE DISTRIBUTION MISMATCH COEFFICIENTS, THE
CONCENTRABILITY COEFFICIENTS AND THE INCREASING STEP SIZE

We have already mentioned in the comparison with Agarwal et al. (2021) right after Theorem | that,
although we have linear convergence rates, the magnitude of our error floor is worse (larger) by a
factor of ¥,,,/C,, (¥,1/C,, for Theorem 3 and 4), due to the concentrability C', and the distribution
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mismatch coefficients ¥, used in our proof. Such difference comes from different nature of the proof
techniques. Here the distribution mismatch coefficients 9, and the concentrability coefficients C),
and C, are potentially large in our convergence theories. We give extensive discussions on them,
respectively. We also provide further noteworthy observations about the connection between the use
of the increasing step size and the policy iteration.

Distribution mismatch coefficients ¥,. Our distribution mismatch coefficient ¥, in (20) is the

same as the one in Xiao (2022). It contains both an upper bound and a lower bound. The linear

convergence rate in our theories is 1 — ﬁi > 0. Thus, the smaller ¥, is, the faster the resulting linear
P

convergence rate. The best linear convergence rate is achieved when ¥, achieves its lower bound.
Here our analysis is general that it includes all the distribution mismatch coefficient 1, induced by
any target state distribution p. Our results generalizes and sometimes also improves with respect to
prior results.

A very pessimistic and trivial upper bound on 9, is
< 1
F= (]- - 7)pmin .

However, if the target state distribution p € A(S) does not have full support, i.e., p; = 0 for some
s € S, then ¥, might be infinite from this upper bound. Xiao (2022) just assumes that 1, is finite. We
further propose a solution to this particular issue. Indeed, if p does not have full support, consider 7*
as an optimal policy. We can always convert the convergence guarantees for some state distribution
P € A(S) with full support, i.e., p}, > 0 for all s € S as follows:

A B ACHED P (Vs(ﬂ(k)) - Vs(ﬂ*)) => %pg (Vs(”(k)) - VSW))
ses '8

s€S
> o (V™) - Vi) = ‘

X seS8

p

= ,
p

P *

: (Vo ) = V(7))
Then we only need convergence guarantees of V,, (7(*)) — V,(7*) for arbitrary p’ obtained from all
our convergence analysis above. In this case, the linear convergence rate depends on

dﬂ-* !
p(/,O ) < o0

oo

ﬁp/:‘

Equation (20) provides the lower bound ﬁ for ¥,,. Such lower bound can be achieved when the

target state distribution p satisfies that p = d” (p) where 7* is an optimal policy. The advantage
of this case is that, not only it implies the best linear convergence rate, more importantly, the fast
linear convergence rate is known to be . So we know the convergence rate explicitly without any
estimation, even though the optimal policy or the policy iterates are unknown before training. Hence,
we know when to stop running the algorithm. Lan (2022) only considers the case when p = d™ (p)
and we are able to recover the same linear convergence rate vy in their result.

Furthermore, the convergence performance Vp(ﬂ'(k)) — V,(7*) depends on the target state distribution
p. If the optimal policy 7* is independent to the target state distribution p which is usually the case
in RL problems, then we are always allowed to fix p = d™ (p) for the analysis without knowing p
and 7* and derive this best linear convergence performance with rate -, because we use the initial
state-action distribution v in training which is independent to p.

Finally, from (20), if d*) converges to d*, then 1), converges to 1. This might imply superlinear
convergence results as Section 4.3 in Xiao (2022). In this case, the notion of the distribution mismatch
coefficients 9, no longer exists for the superlinear convergence analysis. In other words, it is no
longer concerned.

Concentrability coefficients C,,. The issue of having (potentially large) concentrability coefficients
is unavoidable in all the fast linear convergence analysis of the inexact NPG that we are aware of,
including even the tabular setting (e.g., Lan (2022) and Xiao (2022)) and the log-linear policy setting
(Cayci et al. (2021), Chen & Theja Maguluri (2022) and ours).
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First, in the fast linear convergence analysis of inexact NPG, the concentrability coefficients appear
from the errors, including the statistical error and the approximation error. Thus, one way to avoid
having the concentrability coefficients appear is to consider the exact NPG in the tabular setting
(See Theorem 10 in Xiao (2022)). Because the tabular setting makes no approximation error and
the exact NPG makes no statistical error. We consider the inexact NPG with the log-linear policy.
Consequently, we have the concentrability coefficients multiplied by both the statistical error €gg,t
and the approximation error (€pias in Assumption 2 or €,ppr0x i Assumption 5 and 8).

To remove the concentrability coefficients, one has to make strong assumptions on the errors with
the Lo supremum norm. In the tabular setting, Lan (2022) and Xiao (2022) assume that ||Q(7) —
Q(7)]|co < €stat- The cons of such strong assumption requires high sample complexity and is already
explained in Appendix A.l. In the log-linear policy setting, Chen & Theja Maguluri (2022) assume

that [|Q,(6*)) — dw) [loo < €bias for the approximation error, which is a very strong assumption
in the function approximation regime. Due to the supremum norm, €p;,5 is unlikely to be small,
especially for large action spaces. Under this strong assumption, Lan (2022), Xiao (2022) and Chen
& Theja Maguluri (2022) are able to eliminate the concentrability coefficients. To avoid assuming
such strong assumptions, Cayci et al. (2021) and our paper consider the expected Ly errors in the
log-linear policy setting, which are much weaker assumptions, especially much more reasonable for
the approximation error ep;,s compared to the one in Chen & Theja Maguluri (2022). The tradeoff is
that, the concentrability coefficients can not be eliminated in this case both in Cayci et al. (2021) and
our results.

Furthermore, as mentioned right after Theorem 4, under the expected error assumptions (Assumption
7 and 8), our concentrability coefficient C), is better presented than the one in Assumption 2 in Cayci
et al. (2021) in the sense that it is independent to the policies throughout the iterations thanks to
the use of d ®) instead of d®) (which is mentioned in Remark 1 as well) and is controllable to be
finite by v, while the one in Cayci et al. (2021) depends on the iterates, thus is unknown and is not
guaranteed to be finite.

Finally, like the distribution mismatch coefficient, the upper bound of C,, in (30) is very pessimistic.
By the definition of C,, in (28), one can expect that C,, is closed to 1, when 7(*) and 7(*+1) converge
to m* with * the optimal policy.

So our concentrability coefficient C,, is the “best” one among all concentrability coefficients in the
sense that, it takes the weakest assumptions on errors compared to Lan (2022), Xiao (2022) and Chen
& Theja Maguluri (2022), it does not impose any restrictions on the MDP dynamics compared to
Cayci et al. (2021) and it can be controlled to be finite by v when other concentrability coefficients
are infinite (Scherrer, 2014).

It is still an open question whether we can obtain fast linear convergence results of the inexact NPG in
the log-linear policy setting, with small error floor and a much improved concentrability coefficient,
e.g., as the same magnitude as the one in Agarwal et al. (2021).

Increasing step size and the connection with policy iteration. As for the use of the increasing
step size, intuitively, the reason is that both NPG in (17) and Q-NPG in (16) behave more and more
like policy iteration. For instance, when 1, — oo and we replace the linear approximation ® ()
by Q4 (6*)), (16) becomes

kD)

= arg min {<QS(9(k)),p>}, Vs € S,

PEA(A)

which is exactly the classical Policy Iteration method (e.g., Puterman, 1994; Bertsekas, 2012). We
refer to Xiao (2022, Section 4.4) for more discussion on the connection with policy iteration.

I STANDARD OPTIMIZATION RESULTS

In this section, we present the standard optimization results from Beck (2017); Xiao (2022); Bach &
Moulines (2013) used in our proofs.

First, we present the closed form update of mirror descent with KL divergence on the simplex. We
provide its proof for the completeness.
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Lemma 10 (Mirror descent on the simplex, Example 9.10 in Beck (2017)). Let g € R™ which will
often be a gradient and let n > 0. For p, q in the unit n-simplex A", the mirror descent step with
respect to the KL divergence

i D
Jmin 1(g,p) + D(p, ) (98)

is given by
. q @ 6*779
p Z?:l qie—ﬁgi ’
where © is the element-wise product between vectors.

99)

Proof. The Lagrangian of (98) is given by

L(p, i, \) =1{g,p) + D(p,q) + p(1 = > _pi) = Y _ Aipi,

i=1 i=1

where ¢ € R and A € R™ with non-negative coordinates are the Lagrangian multipliers. Thus the
Karush—Kuhn—Tucker conditions are given by

1,p=1,

Ai=0orp;, =0, foralli=1,--- n,

where the division p/q is element-wise. Isolating p in the top equation gives
p=q0O e(=D1nt+A—ng _ et g eI,
Using the second constraint 1,/ p = 1 gives that
- 1
1=ttt e = et =

; Z Dlimy gt

Consequently, by plugging the above term into p, we have that

q @ e)‘f'r]g
Z?:l qieAz*ngz

It remains to determine A. If ¢; = 0 then p; = 0 and thus \; > 0. Conversely, if ¢; > 0 then p; > 0
and thus \; = 0. In either of these cases, we have that the solution is given by (99). ]

Now we present the three-point descent lemma on proximal optimization with Bregman divergences,
which is another key ingredient for our PMD analysis. Following Xiao (2022, Lemma 6), we adopt a
slight variation of Lemma 3.2 in Chen & Teboulle (1993). First, we need some technical conditions.

Definition 10 (Legendre function, Section 26 in Rockafellar (1970)). We say a function h is of
Legendre type or a Legendre function if the following properties are satisfied:

(i) h is strictly convex in the relative interior of dom h, denoted as rint dom h.

(ii) h is essentially smooth, i.e., h is differentiable in rint dom h and, for any boundary point xy
of rintdom h, lim ||Vh(x)|| — oo where x € rint dom h.
r—xp

Definition 11 (Bregman divergence (Bregman, 1967; Censor & Zenios, 1997)). Let h : domh — R
be a Legendre function and assume that rint dom h is nonempty. The Bregman divergence Dy, (-, ") :
dom h x rint dom h — [0, 00) generated by h is a distance-like function defined as

Di(p,') 2 h(p) — h(p') — (VA(W),p - 1) (100)

Under the above conditions, we have the following result. We also provide its proof for self-
containment. (Xiao (2022) does not provide a formal proof.)
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Lemma 11 (Three-point decent lemma, Lemma 6 in Xiao (2022)). Suppose that C C R™ is a closed
convex set, f : C — R is a proper, closed ® convex function, Dy,(-,-) is the Bregman divergence
generated by a function h of Lengendre type and rint dom h N C # (). For any x € rint dom h, let

+ 3 D
TENE, dmmhnct/ () F Prl )}

Then T € rint dom h N C and for any u € domh N C,
f(@™) + Dy(xt,z) < f(u) + Dp(u,z) — Dp(u, 2™).

Proof. First, we prove that for any a, b € rint dom h and ¢ € dom h, the following identity holds:

Dy(c,a) + Dy(a,b) — Dp(c,b) = (Vh(b) — Vh(a),c — a) . (101)
Indeed, using the definition of Dy, in (100), we have
(Vh(a),c—a) = h(c) — h(a) — Dy(c, a), (102)
<Vh(b)7a - b> = h(a) - h(b) - Dh(a7 b)7 (103)
(Vh(b),c — b) = h(c) — h(b) — Dp(c,b). (104)

Subtracting (102) and (103) from (104) yields (101).

Next, since h is of Legendre type, we have T € rint dom h N C. Otherwise, z™ is a boundary point
of dom h. From the definition of Legendre function, |[Vh(zT)|| = oo which is not possible, as 2™ is
also the minimum point of f(u) + Dy (u, x). By the first-order optimality condition, we have

<’u — 1’+,g+ + Vth(y7$)|y:m+> z 0’

where g7 € O f(x™T) is the subdifferential of f at 2. From the definition of Dy, the above inequality
is equivalent to

(u—a*, Vh(z") = Vh(z)) > (z" —u,g"). (105)
Besides, plugging ¢ = u,a = 2+ and b = x into (101), we obtain

(u—a*, Vh(z*) = Vh(z)) = Du(u,z) — Du(u, %) — Du(a*,2) > (ot —u,g*).

Rearranging terms and adding f(u) on both sides, we have
Dy (u, ) — Dyp(u,x™) + f(u) > f(u) + (zF —u,g%) + Dp(a™, 2)
> f(@™) + Dp(zt, 2),

which concludes the proof. The last inequality is obtained by the convexity of f and g™ € df(x™).
O

Finally, we use the following linear regression analysis for the proof of our sample complexity results,
i.e., Corollary | and 3.

Theorem 12 (Theorem 1 in Bach & Moulines (2013)). Consider the following assumptions:

(i) H is a m-dimensional Euclidean space.

(ii) The observations (x,, z,) € H x H are independent and identically distributed.

(iii) E [||xn||2} and E [||zn||2] are finite. The covariance E [z,x) | is assumed invertible.

(iv) The global minimum of f(0) = LE [(0, x) =20, zn>} is attained at a certain 0, € H.

Let &, = zp, — (0., Tp) ,, denote the residual. We have E [€,,] = 0.

8A convex function f is proper if dom f is nonempty and for all 2 € dom f, f(x) > —oco. A convex
function is closed, if it is lower semi-continuous.
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(v) Consider the stochastic gradient recursion defined as
en = en—l - 77(<9n—17xn> Tn — Zn)7
started from 0y € H and also consider the averaged iterates 0,,x = ﬁ ZZ:O 0.
(vi) There exists R > 0 and o > 0 such that E [{n@ﬂ <o’E [znxﬂ and E {HInHQ :Enxz} <
R’E [mnx,—[]

When n = we have

1
IR

B [f(6ous) — F(0)] < = (ov/im + Rl — 0.])° (106)
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