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ABSTRACT

Momentum is a widely adopted and crucial modification to gradient descent when
training modern deep neural networks. In this paper, we target on the regularization
effect of momentum-based methods in regression settings and analyze the popular
diagonal linear networks to precisely characterize the implicit bias of continuous
version of heavy-ball (HB) and Nesterov’s method of accelerated gradients (NAG).
We show that, HB and NAG exhibit different implicit bias compared to GD for
diagonal linear networks, which is different from the one for classic linear regres-
sion problem where momentum-based methods share the same implicit bias with
GD. Specifically, the role of momentum in the implicit bias of GD is twofold.
On one hand, HB and NAG induce extra initialization mitigation effects similar
to SGD that are beneficial for generalization of sparse regression. On the other
hand, besides the initialization of parameters, the implicit regularization effects of
HB and NAG also depend on the initialization of gradients explicitly, which may
not be benign for generalization. As a consequence, whether HB and NAG have
better generalization properties than GD jointly depends on the aforementioned
twofold effects determined by various parameters such as learning rate, momentum
factor, data matrix, and integral of gradients. Particularly, the difference between
the implicit bias of GD and that of HB and NAG disappears for small learning
rate. Our findings highlight the potential beneficial role of momentum and can help
understand its advantages in practice from the perspective of generalization.

1 INTRODUCTION

Extensive deep learning tasks aim to solve the optimization problem
argmin L(5) (1)
B

where L is the loss function. Gradient descent (GD) and its variants underpin such optimization
of parameters for deep learning, thus understanding these simple yet highly effective algorithms is
crucial to unveil the thrilling generalization performance of deep neural networks. Recently, Azulay
et al.| (2021); J1 & Telgarsky| (2019); Lyu & Li| (2020); [Soudry et al.| (2018)); Pesme et al.| (2021)
have made significant efforts in this direction to understand GD-based methods through the lens of
implicit bias, which states that GD and its variants are implicitly biased towards selecting particular
solutions among all global minimum.

In particular, |Soudry et al.|(2018) pioneered the study of implicit bias of GD and showed that GD
selects the max-margin solution for logistic regression on separable dataset. For regression problems,
the simplest setting is the linear regression problem, where GD and its stochastic variant, SGD, are
biased towards the interpolation solution that is closest to the initialization measured by the Euclidean
distance (Al et al., 2020). In order to investigate the implicit bias for deep neural networks, diagonal
linear network, a simplified version of deep learning models, has been proposed. For this model,
Azulay et al.|(2021); [Woodworth et al.| (2020); Yun et al.|(2021)) showed that the solution selected by
GD is equivalent to that of a constrained norm minimization problem interpolating between ¢; and {5
norms up to the magnitude of the initialization scale. Pesme et al.| (202 1)) further characterized that
adding stochastic noise to GD additionally induces a regularization effect equivalent to reducing the
initialization magnitude.
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Besides these fruitful progresses,|Gunasekar et al.|(2018); [Wang et al.| (2022)) studied the implicit
bias of the widely adopted modification to GD, the momentum-based methods for one-layer linear
models and showed that they have the same implicit bias as GD. [Jelasst & Li|(2022), on the other
hand, revealed that momentum-based methods have better generalization performance than GD for
a linear CNN in classification problems. |Ghosh et al.|(2023)) conducted a model-agnostic analysis
of O(n?) approximate continuous version of HB and revealed its generalization advantages over
GF from the perspective of IGR (Barrett & Dherin, |[2022)). Momentum induces different dynamics
compared to vanilla GD: from the perspective of their continuous time approximation modelling,
the approximation for GD is a first-order ODE (gradient flow): df/dt = —VL(3), while, as a
comparison, the approximation for momentum-based methods can be seen as a damped second-order
Hamiltonian dynamic with potential L(/3):
’g  dp
mos +A 7 + VL(B) =0,

which was first inspired in|Polyak| (1964)). Due to the clear discrepancy of their dynamics, it is natural
and intriguing to ask from the theoretical point of view:

(Q): Will adding GD with momentum change its implicit bias for deep neural networks?

For the least squares problem (single layer linear network), Gunasekar et al.| (2018]) argued that
momentum does not change the implicit bias of GD, while it is unclear if this is the case for
deep learning models. However, from empirical point of view, momentum is a crucial and even
inevitable component in the training of modern deep neural networks practically. Thus its theoretical
characterization is significant and necessary, especially considering that momentum-based methods
typically lead to a better generalization performance which suggests that they might enjoy a different
implicit bias compared to GD.

Hence, our goal in this work is to precisely characterize the implicit bias of momentum-based methods
to take the first step towards answering the above fundamental question. To explore the case for deep
neural works, we consider the popular deep linear models: diagonal linear networks. Although the
structures of diagonal linear networks are simple, they already capture many insightful properties of
deep neural networks, including the dependence on the initialization, the over-parameterization of the
parameters and the transition from lazy regime to rich regime (Woodworth et al.,[2020; |Pesme et al.|
2021), an intriguing phenomenon observed in many complex neural networks.

Our contribution. Heavy-Ball algorithms (Polyak} |1964) (HB) and Nesterov’s method of accel-
erated gradients (Nesterov, |1983) (NAG) are the most widely adopted momentum-based methods.
These algorithms are generally implemented with a fixed momentum factor in deep learning libraries
such as PyTorch (Paszke et al.| |2017). To be consistent with such practice, we focus on HB and NAG
with a fixed momentum factor that is independent of learning rate or iteration count. For the purpose
of conducting a tractable theoretical analysis, we rely on the tools of continuous time approximations
of momentum-based methods (with fixed momentum factor), HB and NAG flow, which were recently
interpreted by |[Kovachki & Stuart| (2021)) as modified equations in the numerical analysis literature
and by |Shi et al.| (2018) as high resolution ODE approximation. Our findings are summarized below.

We show that, unlike the case for single layer linear networks where momentum-based methods HB
and NAG share similar implicit bias with GD, they exhibit different implicit bias for diagonal linear
networks compared to GD in two main aspects:

e Compared to GF, HB and NAG flow also converge to solutions that minimize a norm
interpolating between ¢s-norm and ¢;-norm up to initialization scales of parameters, more
importantly, HB and NAG flow induce an extra effect that is equivalent to mitigating the
influence of initialization of the model parameters, which is beneficial for generalization
properties of sparse regression (Theorem[I)). It is worth to mention that SGD could also
yield an initialization mitigation effects (Pesme et al., 2021}, although momentum-based
methods and SGD modify GD differently. In addition, such benefit of HB and NAG flow
depends on hyper-parameters such as initialization and learning rate.

* The solutions of HB and NAG flow also depend on the initialization of parameters and
gradients explicitly and simultaneously, which may not be benign for the generalization
performances for sparse regression, while, in contrast, the solutions of GF only depend on
the initialization of parameters.
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Therefore, HB and NAG are not always better than GD from the perspective of generalization for
sparse regression. Whether HB and NAG have the advantages of generalization over GD is up
to the overall effects of the above two distinct effects determined by various hyper-parameters. In
particular, when mitigation effects of initialization of parameters brought by HB and NAG outperforms
their dependence on the initialization of gradients, HB and NAG will have better generalization
performances than GD, e.g., when the initialization is highly biased (Fig.[2(a)), otherwise, they will
not show such advantages over GD (Fig.[I(a)). And the difference between GD and HB and NAG
highly depends on learning rate and momentum factor, albeit the latter is rather obvious, e.g., the
difference disappears for small learning rate.

Organization. This paper is organized as follows. In Section[2] we summarize notations, setup,
and continuous time approximation modelling details of HB and NAG. Section 3| concentrates on
our main results of the implicit bias of momentum-based methods for diagonal linear networks with
corresponding numerical experiments to support our theoretical findings. We conclude this work in
Sectiond] All the proof details and additional experiments are deferred to Appendix.

RELATED WORKS

The study of implicit bias started from |Soudry et al.|(2018]) where GD has been shown to return the
max-margin classifier for the logistic-regression problem. The analysis for classification problems was
then generalized to linear networks (Ji & Telgarskyl|2019), more general homogeneous networks (Lyu
& Li,[2020; (Chizat & Bach, 2020), and other training strategies (Lyu & Zhu, [2022)) for homogeneous
networks. For regression problems, |Li et al.|(2021)) showed that gradient flow for matrix factorization
implicitly prefers the low-rank solution. |Azulay et al.|(2021);[Yun et al.|(2021) studied the implicit
bias of GD for standard linear networks. For the diagonal linear networks, |Azulay et al.| (2021));
Yun et al.| (2021)); Woodworth et al.| (2020) further revealed the transition from kernel regime (or
lazy regime) (Chizat et al.l 2019) to rich regime by decreasing the initialization scales from oo to 0.
Besides the full-batch version of gradient descent, |[Pesme et al.| (2021) studied the stochastic gradient
flow and showed that the stochastic sampling noise implicitly induces an effect equivalent to reducing
the initialization scale, which leads its solution to be closer to the sparse solution compared to gradient
flow. Pillaud-Vivien et al.| (2020) then analyzed gradient flow with label noise and [Even et al.| (2023),
removing the infinitesimal learning rate approximation, studied the implicit bias of discrete GD
and SGD with moderate learning rate for diagonal linear networks. [Wang et al.| (2022)); (Gunasekar
et al.| (2018) showed that momentum-based methods converge to the same max-margin solution as
GD for single layer model and linear classification problem. Jelassi & Li| (2022) further revealed
that momentum-based methods have better generalization performance than GD for classification
problem. (Ghosh et al.|(2023)) conducted a model-agnostic analysis of O(n?) continuous approximate
version of HB and also showed the generalization advantages of HB.

As stated early, the most famous momentum-based methods perhaps are HB (Polyakl, |[1964) and
NAG (Nesterov, |1983)). Besides the early applications of momentum-based methods in the convex
optimization literature, Rumelhart et al.| (1986)) firstly applied HB to the training of deep learning
models. The recent work (Sutskever et al.| 2013)) then summarized these momentum-based methods
and illustrated their importance in the area of deep learning. [Wibisono et al.[(2017) demonstrated that
SGD, HB and NAG generalize better than adaptive methods such as Adam (Kingma & Bal 2017) and
AdaGrad (Duchi et al., 201 1)) for deep networks by conducting experiments on classification problems.
To characterize the properties of momentum-based methods, continuous time approximations of them
are introduced in several recent works. |Su et al.|(2014) provided a second-order ODE to precisely
describe the NAG with momentum factor depending on the iteration count. [Wilson et al.[ (2016)
derived a limiting equation for both HB and NAG when the momentum factor depends on learning
rate or iteration count. [Shi et al.|(2018)) further developed high-resolution limiting equations for HB
and NAG, and |Wibisono et al.|(2016) designed a general framework from the perspective of Bregman
Lagrangian. When the momentum is fixed and does not depend on learning rate or iteration count,
Kovachki & Stuart| (2021)) developed the continuous time approximation, the modified equation in
the numerical analysis literature, for HB and NAG.

Compared to previous works, we develop the continuous time approximations of HB and NAG
for deep learning models and regression problems, and we focus on the implicit bias of HB and
NAG rather than GD (Woodworth et al., 2020). Therefore, we emphasize that our results are novel
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and require new techniques due to the second-order ODE nature of dynamics of momentum-based
methods, which is different from the first-order ODE of gradient flow.

2 PRELIMINARIES

Notations. Welet{1,..., L} beall integers between 1 and L. The dataset with n samples is denoted
by {(%i, i)}, where z; € R? is the d-dimensional input and y; € R is the scalar output. The data
matrix is represented by X € R™*? where each row is a feature z; and y = (y1,...,9,)7 € R”
is the collection of y;. For a vector a € R?, a; denotes its j-th component and its £,-norm is ||a||,,.
For a vector a(t) depending on time, we use a(t) = da/dt to denote the first time derivative and
a(t) = d*a/dt? for the second time derivative. The element-wise product is denoted by ® such that
(a®b)j; = a;bj. Weleteg = (1,...,1)T € R% For a square matrix W € R?*?, we use diag(W)
to denote the corresponding vector (W1, ..., Waq)T € R%.

Heavy-Ball and Nesterov’s method of accelerated gradients. Heavy-Ball (HB) and Nesterov’s
method of accelerated gradients (NAG) are perhaps the most widely adopted momentum-based
methods. Different from GD, HB and NAG apply a two-step scheme (Sutskever et al., 2013)). In
particular, for Eq. (1)) let k£ be the iteration number, 1 be the momentum factor, 7 be the learning rate,
and p € R? be the momentum of parameter /3, then HB updates /3 as follows:

Pri1 = upk — NV L(Br), Ber1 = Br + Prs1 2

where pg = 0. Similarly, NAG can also be written as a two-step manner

Prt1 = Pk — NV L(Br + ppr)s Br+1 = Br + Prt1 3

with pg = 0. Note that although previous works (Wilson et al., 2016} |Su et al., |2014; [Nesterov, 2014}
Shi et al., 2018)) considered HB and NAG with momentum factor depending on the learning rate 1 or
iteration count k, HB and NAG are generally implemented with constant momentum factor such as
in PyTorch (Paszke et al.|[2017). Therefore a constant momentum factor 4 is assumed in this work as
in|Kovachki & Stuart| (2021) to be consistent with such practice. We emphasize that this choice, the
fixed momentum factor independent of iteration count or learning rate, is not at odds with previous
works. Instead, we are considering a setting aligning with the widely adopted convention of deep
learning tools.

HB and NAG flow: continuous time approximations of HB and NAG. In this work, we analyze
the implicit bias of HB and NAG through their continuous time approximations summarized as
follows, which provide insights to the corresponding discrete algorithms and enable us to take the
great advantages of the convenience of theoretical analysis at the same time.

Proposition 1 (HB and NAG flow: O(n) approximate continuous time approximations of HB and
NAG). For the model f(x; B) with empirical loss function L(3), let i € (0, 1) be the fixed momentum
factor, the O(n) approximate continuous time limiting equations for the discrete HB (Eq. [2))) and
NAG (Eq. (3)) are of the form

. . VL
off + f + 1—(i)20’ )
where 1 is the learning rate and o = ;’833 for HB, and oo = %jﬁﬁfor NAG.

Eq. (4) follows from Theorem 4 of Kovachki & Stuart| (2021} and we present the proof in Appendix
for completeness, where we also discuss the order of approximation. Note that since the learning
rate 7 is small, Proposition [1|indicates that, for the model parameter 3, modifying GD with fixed
momentum is equivalent to perturb the re-scaled gradient flow equation d3/dt = VL(3)/(1 — i) by
a small term proportional to . More importantly, this modification term offers us considerably more
qualitative understanding regarding the dynamics of momentum-based methods, which will become
more significant for large learning rate—a preferable choice in practice.

Over-parameterized regression. We consider the regression problem for the n-sample dataset
{(zi,y:)}_, where n < d and assume the existence of the perfect solution, i.e., there exist in-
terpolation solutions 3* such that 27’ 3* = y; for any i € {1,...,n}. For the parametric model
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f(x; B) = BT x, we use the quadratic loss £; = (f(x;; ) — y;)? and the empirical loss L(8) is

1 n 1 n

L(B) = o D GB) = 5= > (@i B) —wi)>. 5)

i3 n i
Diagonal linear networks. The diagonal linear network (Woodworth et al.,|2020)) is a popular proxy
model for deep neural networks. It corresponds to an equivalent linear predictor f(z; ) = 07,
where = 0(8) is parameterized by the model parameters 5. For the diagonal linear networks
considered in this paper, we study the 2-layer diagonal linear network, which corresponds to the
parameterizatiorﬂ of 6 = u ®u — v ® v in the sense that

f(x;B) = fasu,0) = (uOu—voOw) T, ©)
and the model parameters are 5 = (u,v), where u,v € R?. We slightly abuse the notation of
L(0) = L(B). Our goal in this paper is to characterize the implicit bias of HB and NAG by precisely
capturing the property of the limit point of 0 and its dependence on various parameters such as the

learning rate and the initialization of parameters for diagonal linear networks f(z; ) trained with
HB and NAG.

3 IMPLICIT B1AS OF HB AND NAG FLOW FOR DIAGONAL LINEAR NETS

To clearly reveal the difference between the implicit bias of (S)GD and momentum-based methods,
we start with existing results under the unbiased initialization assumption, and our main result is
summarized in Theorem [1|in Section We then discuss the dynamics of 6 for diagonal linear
networks trained with HB and NAG flow in Section [3.2] which is necessary for the proof of Theorem
[T]and may be of independent interest.

For convenience, given a diagonal linear network Eq. (@), let £ = (&1, .., &%) € R where Vi €
{1,...,d} : & = |u;(0)||v;(0)| measures the scale of the initialization, we first present the definition
of the unbiased initialization assumed frequently in previous works (Azulay et al., |2021; |Woodworth
et al., [2020; Pesme et al., [2021)).

Definition 1 (Unbiased initialization for diagonal linear networks). The initialization for the diagonal
linear network Eq. (6) is unbiased if u(0) = v(0), which implies that 6(0) = 0 and £ = u(0) ® v(0).

Implicit bias of GF. Recently, |Azulay et al. (2021); [Woodworth et al.| (2020) showed that,
for diagonal linear network with parameterization Eq. (6), if the initialization is unbiased (Def-
inition [I) and 0(t) = wu(t) ® u(t) — v(t) © v(t) converges to the interpolation solution, i.e.,
Vi € {1,...,n} : 0T(co)x; = v;, then under gradient flow (GF) §%F(co0) implicitly solves
the constrained optimization problem: 6% (co) = argming Q?F(G), s.t. X6 = y, where

QST (0) = Z?:1 [9j arcsinh (6;/(2€;)) — /4¢3 + 62 + 25]} /4. The form of Q¢ (0) highlights
the transition from kernel regimes to rich regimes of diagonal linear networks under gradient flow up
to different scales of the initialization: the initialization & — oo corresponds to the kernel regime or
lazy regime where QgF(H) o ||0||% and the parameters only move slowly during training, and & — 0
corresponds to the rich regime where Q?F(O) — ||10||1 and the corresponding solutions enjoy better
generalization properties for sparse regression. For completeness, we characterize the implicit bias of
GF without requiring the unbiased initialization (Definition[I)) in the following proposition.

Proposition 2 (Implicit bias of GF for diagonal linear net with biased initialization). For diagonal
linear network Eq. (6) with biased initialization (u(0) # v(0)), if u(t) and v(t) follow the gradient

flow dynamics fort > 0, i.e., w = =V, L and v = —V, L, and if the solution converges to the
interpolation solution, then
0(c0) = argmin Q¢ (0) + 6T REF, s.t. X0 =y (7
0

where REF = (REF, ..., R§F)T e RY, Vj € {1,...,d} : R§¥ = arcsinh (6,(0)/2¢;) /4.
Compared to the unbiased initialization case, besides Q?F, an additional term RSY that depends on

6(0) is required to capture the implicit bias when the initialization is biased.

' A standard diagonal linear network is § = u® v, which is shown in|Woodworth et al.|(2020) to be equivalent
to our parameterization here. We further discuss this in Appendix@
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3.1 IMPLICIT BIAS OF HB AND NAG

Gunasekar et al.| (2018); [Wang et al.| (2022) argued that momentum does not change the implicit bias
of GF for linear regression and classification. For deep neural networks, will modifying GF with
the widely adopted momentum change the implicit bias? If it does, will momentum-based methods
lead to solutions that have better generalization properties? In the following, we characterize the
implicit bias of HB and NAG flow (Proposition [I)) for diagonal linear networks to compare with that
of GF and answer these questions. For completeness, we do not require the unbiased initialization
u(0) = v(0) condition and let exp(a) € R¢ denote the vector (e, ..., e%)7 for a vector a € RY,
Recall that § = (£1,...,&:)T € R? where &; = |u;(0)]|v;(0)| measures the scale of the initialization
of parameters, we now present our main theorem.

Theorem 1 (Implicit bias of HB and NAG flow for diagonal linear networks). For diagonal linear
network Eq. (@), let R = (R1,...,Ra)T € RY, then if u(t) and v(t) follow the O(n) approximate
continuous version of HB and NAG Eq. @) for t > 0 and if the solution 6(c0) = u(0c0) ® u(co) —
v(00) ® v(00) converges to the interpolation solution, then, neglecting all terms of the order O(n?),

0(c0) = arg min Qg (¢) + TR, s.t. X0 =y (8)
0

where
1< _ 0 = _
Qz(o0)(0) = 1 ; {0]- arcsinh <2£_j (Joo)> — 45?(00) + 0]2- + 2@-(00)] ,

050 4aaejL<9<o>> 02(0)

1
Vie{l,...,d}: R; = Zarcsmh

£(00) = £ @ exp (—ag(x0)), ¢(o0) = 8(1 — / VoL (0(s)) © VoL (0(s))ds. (9)

) if we run HB and o = Mfor NAG.

Specifically, o is chosen as S—p0)

2(1 u)

Remark. Theorem is for the HB and NAG flow, which is the order O(#) approximate continuous
version of discrete HB and NAG. The Qg part for HB and NAG flow has a similar formulation

to Q¢" of GF: both of them are the hyperbolic entropy (Ghai et al., 2020). In this sense, the
transition from kernel regime to rich regime by decreasing £ from oo to 0 also exists for HB and
NAG (Appendix C.5). The difference between Qg () and Q¢ lies in that HB and NAG flow induce
an extra initialization mitigation effect: given {, Qg () for HB and NAG flow is equivalent to the

hyperbolic entropy of GF with a smaller initialization scale since £(co) is strictly smaller than ¢ due
to the fact that ¢(c0) is a positive integral and finite (Proposition E]) As aresult, Qg (. 1s closer to an
¢1-norm of @ than QEF . Furthermore, compared to the implicit bias of GF when the initialization is
biased (Proposition @, an additional term in R that depends on the initialization of gradient explicitly
is required to capture the implicit bias of HB and NAG flow. The dependence on the initialization of
gradient is expected since the first step update of momentum methods simply assigns the initialization
of gradient to the momentum, which is crucial for the following updates. Therefore, Theorem [I] takes
the first step towards positively answering our fundamental question (Q) in the sense that momentum
changes the implicit bias of GD for diagonal linear networks.

A natural question following the fact that HB and NAG flow induce different implicit bias compared to
GF is: will this difference lead to better generalization properties for HB and NAG? The implicit bias
of HB and NAG flow is captured by two distinct parts, the hyperbolic entropy Qg and R, where
the effects of momentum on Qg is beneficial for generalization while the effects on R may hinder
the generalization performance and is affected by the biased initialization. Thus the answer highly
depends on various conditions. In the following, we present a detailed analysis with corresponding
numerical experimental results to answer this question for the case of unbiased initialization and
biased initialization, respectively.

3.1.1 COMPARISON OF HB/NAG FLOW AND (S)GF FOR UNBIASED INITIALIZATION

When the initialization is unbiased (Definition [I)), it is worth to mention that the recent work [Pesme
et al.|(2021)) studied the stochastic version of gradient flow, the stochastic gradient flow (SGF), and
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revealed that the existence of sampling noise changes the implicit bias of gradient flow in the sense
that 056F (00) = arg ming QS~GF(9) under the constraint X6 = y, where

d
E((ig) Z lﬂj arcsinh <2£9j ) — 45]2(00) + 6% + 25]‘(00)] (10)

j=1 J(OO)

with §~ (00) being strictly smaller than £. The remarkable point appears when we compare Qg__

with g(cjj): although SGF and momentum-based methods modify GF differently, i.e., SGF adds
stochastic sampling noise while momentum-based methods add momentum to GF, both of them
induce an effect equivalent to reducing the initialization scale! The difference between them lies
in the way how they control such initialization mitigation effect. For SGF this is controlled by the
integral of loss function (Pesme et al., 2021}, while the effect depends on the integral of gradients for
HB and NAG flow since they “accumulate” gradients during training.

To show the difference between (S)GF and momentum-based methods HB and NAG flow, we note

that R ; in Theorem [T|becomes
4a(XTy),
R; = arcsinh <M> ,

(1—p)

which is also determined by the dataset, and RSF in Pr0p0s1t10nl is simply zero. Therefore, as
long as the initialization of gradients X Ty =o(a™tn(1 — p)), ie., R is small compared to Qz (o)
thus only Qg (.. matters for characterizing the implicit bias, HB and NAG flow will exhibit better
generalization properties for sparse regression due to the initialization mitigation effects of HB and
NAG flow that lead Qg () to be closer to the £;-norm of ¢ than Q?F. On the other hand, when R;
is not small compared to Qg , the initialization mitigation effects of HB and NAG flow may not
be significant, thus there may not be generalization benefit for HB and NAG flow.

Numerical Experiments. To verify these claims, we consider the over-parameterized sparse re-
gression. For the dataset {(z;,y;)}", where z; € R? and y; € R, we set n = 40,d = 100 and
x; ~N(0,I). Fori € {1,...,n},y; is generated by y; = x70* where * € R? is the ground truth
solution. We let 5 components of 6* be non-zero. Our models are 2-layer diagonal linear networks
f(z;8) =u©u—vouv. Weuse ||£]]1 to measure the scale of initialization. The initialization of pa-
rameters is unbiased by letting u(0) = v(0) = ce, where cis a constant and ||£||; = ¢2d. We consider
training algorithms GD, SGD, HB, and NAG. And the generalization performance of the solution for
each training algorithm is measured by the distance D(6(c0), 8*) = ||#(c0) — 0*|3. Since R is de-
termined by the dataset, to control its magnitude, we build three new datasets D = {(x;.c, i) }&;
where Vi € {1....,d} : z;c = ex;, yi;,e = cy;. We then train diagonal linear networks using
GD and momentum-based methods HB and NAG on each dataset, respectively, and learning rate
n = 3 x 1072 and momentum factor ;2 = 0.9. As shown in Fig.|l} as we decrease the value of
€ which decreases the magnitude of R, the generalization benefit of HB and NAG becomes more
significant since their initialization mitigation effects are getting more important. Note that Fig. [1]
also reveals the transition to rich regime by decreasing the initialization scales for different training
algorithms.

D(6(=),8") D(B(w),6") D(6(=),6")
0.14
—s— GD A

el il el
(@) (b) ©

Figure 1: D(6(oc0), 6*) for diagonal linear networks with unbiased initialization trained with different
algorithms and e (smaller & for smaller VL(6(0))). (a). € = 0.6. (b). £ = 0.4. (c). € = 0.2.

3.1.2 COMPARISON OF HB/NAG FLOW AND GF FOR BIASED INITIALIZATION

If the initialization is biased, i.e., u(0 I@O ), both the implicit bias of GF and that of HB and
NAG flow additionally depends on 6(0 (RG for GF in Propos1t10nland R in Theoremlfor HB
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and NAG flow) besides the hyperbolic entropy. Compared to RS, R also includes the explicit
dependence on the initialization of gradient that is proportional to «VL(#(0)). Therefore, recall that
« is the order of 7, if VL(0(0)) = o(a™'n(1 — ) and «VL(6(0)) is small compared to 6(0), then
REF is close to R, leading to the fact that the difference between the implicit bias of GF and that of
HB and NAG flow are mainly due to the initialization mitigation effects of HB and NAG. As a result,
we can observe the generalization advantages of HB and NAG over GF (Fig. 2(a)). However, when
the initialization is only slightly biased, i.e., u(0) # v(0) and u(0) is close to v(0), the dependence
on VL(6(0)) of the solutions of HB and NAG is important and the generalization benefit of HB and
NAG for sparse regression may disappear.

Numerical Experiments. We use the same dataset {(z;, y;)}%; as in Section@ For the hyper-
parameters, we set 7 = 10! and the momentum factor ;1 = 0.9. To characterize the influence of
the extent of the biased part of the initialization, we let u(0) = pcey and v(0) = ¢~ 'ce,; where
¢ € (0,1] is a constant measuring the extent of the unbiased part of the initialization. In this way,
for any o, we have &; = |u;(0)||v;(0)| = ¢, i.e., the same initialization scale. In order to verify the
above theoretical claims, we conduct two sets of experiments: (i). We fix the value of ¢ and train our
diagonal linear network with different training algorithms for different scales of initialization ||]|;.
As shown in Fig. as a result of the initialization mitigation effects, HB, NAG, and SGD exhibit
better generalization performance than GD for sparse regression. (ii). We fix ||£||1 and train diagonal
linear networks with different biased initialization (different values of ¢). As shown in Fig. 2(b)] as
we increasing ¢, the initialization becomes less biased and the extra dependence on the initialization
of gradient of HB and NAG outperforms their initialization mitigation effects, and, as a result, the
generalization benefits of momentum-based methods disappear.

D(6(=),8") D(6(=),87)

107 1072 002 003 004 005 006 007 008 009 010
L4158 ¢

(a) (b)
Figure 2: D(6(c0), 6*) for diagonal linear networks with biased initialization trained with different
algorithms and (a). different initialization scales with ¢ = 0.03; (b). different extents of the biased
part of the initialization (smaller ¢ implies that the initialization is more biased) and ||£||; = 0.0046.

3.2 DYNAMICS FOR 6 OF DIAGONAL LINEAR NETWORKS UNDER HB AND NAG FLOW

For diagonal linear networks Eq. (6), dynamics for 6 under HB and NAG flow is crucial to the proof
of Theorem [T} and may be of independent interest. Interestingly, different from diagonal linear
networks under gradient flow where 6 follows a mirror flow or stochastic gradient flow where 6
follows a stochastic mirror flow with time-varying potential, due to the second-order ODE nature of
HB and NAG flow as formulated in Eq. (ElI), 0 does not directly follow a mirror flow. Instead, HB and
NAG flow are special—it is 6 + a6 that follows a mirror flow form with time-varying potential, as
shown below.

Proposition 3 (Dynamics of 6 for diagonal nets trained with HB and NAG flow). For diagonal
linear networks Eq. (6) trained with HB and NAG flow (Eq. (@) and initialized as u(0) = v(0) and
u(0) ® u(0) = € € RY, let O, := 0 + af € R? and its j-th component be Oc:j, then 0, follows a
mirror flow form with time-varying potential (R is defined in Theorem|[I):

. d _ - Oy, L(6
Vg E{l,...,d}: %v [Qgﬁj(ea,t)‘Fea;jRj] = - i]_(ﬂ)’ an
where B
_ _ O, - — B
Qe (0a,t) = i {Ha;j arcsinh <2§T(]t)> — /A& (t) + Oaj + 2£j(t)} ,
J
_ 8 t
&(t) = &e 9, (1) = W/o 9o, L (6(s)) Do, L (0(s)) ds, (12)
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and « is chosen as in Proposition([l]

Remark. Compared to the mirror flow form of diagonal linear networks under gradient flow
dVQgF (9)/dt = —V L(9), there are three main differences in Eq. (TT): (i). It is a second-order

ODE since Eq. (TT)), by noting that df,, /dt = 6 4+ a0, can be written as

. _ . OVQei(04,t) 0. L(0
OV Qe (O + Qe 0,11y + g nt) DO
while the dynamics of GF is a first-order ODE; (ii). It is 0., not 0, appears in the mirror flow
potential for diagonal linear networks under HB and NAG flow, and an extra term depending on the
initialization of gradients is included; (iii). The hyperbolic entropy part of the mirror flow potential
Q¢,j (04, t) under HB and NAG flow is a time-varying one, and the time-varying part mainly mitigates

the influence of the initialization £ (§;(¢) < & for any ¢ > 0).

3.3 EFFECTS OF HYPER-PARAMETERS FOR IMPLICIT BIAS OF HB AND NAG

As a result of the fact that momentum-based methods (HB and NAG) add a perturbation proportional
to the learning rate to time re-scaled gradient flow (as stated in Proposition|[T), the difference between
their implicit bias depends on learning rate: the limit 7 — 0 leads to £(c0) — & and, as a consequence,
Q £(c0) QGF. Therefore, for small learning rate, the implicit bias of momentum-based methods
and that of éD are almost the same. This observation coincides with the experience of Rumelhart
et al.|(1986); Kovachki & Stuart| (2021));(Ghosh et al.|(2023)) that setting momentum factor as O returns
the same solution as reducing the learning rate when momentum factor is non-zero. The discrepancy
between the implicit bias of momentum-based methods and that of GD becomes significant for
moderate learning rate and momentum factor.

To verify this, we make the initialization biased and ||¢||; = 0.1240, and run: (i). GD with p = 1072;
(ii). HB and NAG with ;¢ = 0.9 and different »; (iii). HB and NAG with = 102 and different
1. We present the generalization performance D(6(t), 0*) during training for each algorithm with
its corresponding training parameters in Fig. 3(a)]and Fig.[3(b)] Furthermore, we also report the
dependence of D(6(o0),0*) on 7 in Fig. and the effects of x in Fig.[3(d)} These results clearly
reveal that both decreasing the learning rate and the momentum factor make the difference between
the implicit bias of momentum-based methods and that of GD not significant. Experimental details
can be found in Appendix

D). 6°) D(B(1),6°) D(B(=).6") D(B(=),8°)

e G 036 M=
B ---- HB(0.9) 034 S

NAG(0.9) 032 me_ 020 R
- HB(0.8) 030 ®osa oy

NAG(0.8) = N
---- HB(0.7) o028

NAG(0.7)

— GD(0.01)
---- HB(0.01)
NAG(0.01)  \
--=- HB(0.005)
NAG(0.005) 33z
---- HB(0.001) T
NAG(0.001)

o] T 6P A

2] = NAG 012 —* NAG

(a) (b) (© (@)

Figure 3: Diagonal nets trained with different algorithms and hyper-parameters: (a). D(6(t),0*)
for different ) (numbers in the brackets) and p = 0.9. (b). D(6(t), 8*) for different  (numbers in
the brackets) and n = 0.01. (¢). D(6(o0),0*) for different n and 1 = 0.9. (d). D(0(c0),0*) for
different y and = 0.01.

4 CONCLUSION

In this paper, we have targeted on the unexplored regularization effect of momentum-based methods
and we have shown that, unlike the single layer linear network, momentum-based methods HB and
NAG flow exhibit different implicit bias compared to GD for diagonal linear networks. In particular,
we reveal that HB and NAG flow induce an extra initialization mitigation effect similar to SGD that
is beneficial for generalization of sparse regression and controlled by the integral of the gradients,
learning rate, data matrix, and the momentum factor. In addition, the implicit bias of HB and NAG
flow also depends on the initialization of both parameters and gradients explicitly, which may also
hinder the generalization, while GD and SGD only depend on the initialization of parameters. It is
interesting for future works to explore whether these effects brought by momentum are general across
different architectures to further reveal the mysterious properties of momentum-based methods.
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APPENDIX

In Appendix [A] we provide additional numerical experiments to support our theoretical results. In
Appendix [B] we present the detailed modelling techniques of momentum-based methods HB and
NAG. Appendix [C| presents the proofs for Section 3]

DETAILED COMPARISON TO RELATED WORKS

Comparison toGunasekar et al.| (2018); (Wang et al (2022). Gunasekar et al. (2018) revealed
that there is no difference between the implicit bias of momentum-based methods and that of GD for
linear regression problem. In addition, Wang et al.|(2022)) studied the linear classification problem
and showed that momentum-based methods converge to the same max-margin solution as GD for
single-layer linear networks, i.e., they share the same implicit bias. These works confirmed that
momentum-based methods does not enjoy possible better generalization performance than GD for
single-layer models. Compared to these works, our results reveal that momentum-based methods
will have different implicit bias when compared to GD for diagonal linear networks, a deep learning
models, indicating the importance of the over-parameterization on the implicit bias of momentum-
based methods.

Comparison to|Jelassi & Li (2022)). [Jelassi & Li (2022)) studied classification problem and also

showed that momentum-based methods improve generalization of a linear CNN model partly due
to the historical gradients. The setting of our work is different from that of Jelassi & Li| (2022):
our work focuses on regression problems and diagonal linear networks. In addition, there are also
differences between the conclusion of our work and that of Jelassi & Li| (2022)), in the sense that we
conclude that momentum-based methods does not always lead to solutions with better generalization
performance than GD, which depends on whether the initialization mitigation effect of momentum-
based methods (interestingly this effect can also be regarded as coming from the historical gradients
as Jelasst & Li[(2022))) outperforms their extra dependence on initialization of gradients. Therefore,
the momentum-based method is not always a better choice than GD.

Comparison to [Ghosh et al.| (2023). The analysis in [Ghosh et al| (2023)) is general and model-

agnostic, in the sense that it did not consider other sources that affect the implicit bias such as model
architectures (at least incompletely by only utilizing the calculation of gradients) and initialization,
while our work focuses on precisely characterizing the implicit bias of momentum-based methods
and its explicit dependence on the architecture and the initialization of both parameters and gradients,
which can not be captured solely by the analysis in|Ghosh et al.[ (2023)).

A  ADDITIONAL EXPERIMENTS AND MISSING EXPERIMENTAL DETAILS

A.1 ADDITIONAL NUMERICAL EXPERIMENTS FOR BIASED INITIALIZATION.

To further characterize the influence of the extent of the biased part of the initialization, we run similar
experiments with same hyper-parameters as in Fig. [2(b)|except for the scale of the initialization ||||;.
The results are presented in Fig.[d] It can be seen that, for different ||£||;, the generalization benefits
of HB and NAG are significant when ¢ is small, i.e., the initialization is highly biased.

For other biased initialization, we consider u(0) = ce, for some constant ¢ € R and v(0) = ceg + p
for a random gaussian vector p € R?. We use the same dataset as in Fig. As shown in Fig. the
generalization performance of HB and NAG solutions become better as we decrease the scale of the
initialization, indicating the transition from kernel regime to rich regime. Furthermore, as a result of
the initialization mitigation effects, Fig. |§| shows that HB, NAG, and SGD exhibit better generalization
performance than GD, which further verifies the benefit of momentum on the generalization when
the initialization is biased.

12
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Figure 4: D(0(c0), 0*) for diagonal linear networks trained with different algorithms and different
values of . (a). [|€]|1 = 0.0022. (b). ||£]|s = 0.01.

A.2 NON-LINEAR NETWORKS

To explore whether the generalization benefit of momentum-based methods exists for non-linear
networks, we conduct experiments for non-linear networks in this section to compare GD with HB
and NAG.

Experiment details for non-linear networks. We train a four-layer non-linear network f(z; W)
with the architecture of 100 x 100 Linear-ReLU-100 x 100 Linear-ReLU-100 x 100
Linear-ReLU-100 x 1 Linear. The learning rate is fixed as = 102 and the momentum
factor is fixed as g = 0.9 for HB and NAG. To measure the initialization scales, we vectorize all
layer matrices and calculate the sum of ¢3-norm, i.e., we calculate Zizl |[Wk||% where Wy, is the
weight matrix of the k-th layer. Since non-linear networks are not equivalent to a linear predictor 7'z
as diagonal linear networks, we sample a newly test data with {(Z;.est, Yi-test) }i2 using the ground
truth solution #* and the training data distribution and let the test error

140

T

(f(zi;test; W) - yi;test)2

i=1

measure the generalization performance.

13
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Figure 5: D(6(oc0), 0*) for diagonal linear networks with biased initialization trained with different
algorithms and different values of ||£]|;.

We show the benefits of momentum for non-linear networks in the same data of Section 3.1.1lin
Fig. |§|, which reveals that the benefit of momentum also exists in the non-linear networks, and the test
errors are getting lower for smaller initialization scales similar to the diagonal linear networks.

Test error, non-linear networks

5x10°
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HB (0.0203)
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GD (0.1027)
HB (0.1027)
NAG (0.1027)

N

GD (0.3247)
HB (0.3247)

102
iterations

10° 10!

Figure 6: D(60(c0),6*) for non-linear networks trained with different algorithms and different
initialization scales (numbers in the bracket)

A.3 EXPERIMENTAL DETAILS FOR FIG.[3]

The dataset is the same as that in Section 3.1.1] To make the initialization biased, we consider
u(0) = cey for some constant ¢ € R and v(0) = cey + p for a random gaussian vector p € R,
where we fix p for the training of different algorithms with different hyper-parameters.

B DETAILS OF THE CONTINUOUS MODELLING

In Section[B.T|we study HB and present the results for NAG in Section[B.2]

Order of convergence of HB and NAG flow. According to [Kovachki & Stuart| (2027)), Eq. @)
is order O(n) continuous approximate version of the discrete HB and NAG in the sense that, for
k=0,1,2,... let B be the sequence given by Eq. (2) or Eq. (3) and let 8, = 8(kn) in Proposition

14
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then for any 7" > 0, there exists a constant C' = C(T") > 0 such that

sup |Br — Br| < O
0<kn<T

B.1 CONTINUOUS TIME APPROXIMATION OF HB

Recall that the discrete update rule for (3 is

Pr+1 = ppr — VL(By),
Br+1 = Br + MPk41,
which, noting that npy = 8 — Bx—1, can be further written as a single-step update

Br+1 = B + 1Bk — Be—1) — nVL(B). (13)
We let time ¢t = k7 and the continuous version of 3j, be 5(t). Note that 3(t + 1) ~ Si1 and that
. 2 .
Bt +m) = B+ nB(t) + LA) + O6P),
by replacing all 8) and Sy with 3(t) and 5(¢ + 1), respectively, Eq. (I3) becomes
Blt+mn) = B(t) = u(B(t) — B(t —n)) —nVL(B)

— o) + 280 = (w30 - T80) — 4 L(5), (14
which gives us the continuous time approximation of HB:
af(t) + B(t) + VIL_(//? =0.
with o = ggi’g

B.2 CONTINUOUS TIME APPROXIMATIONS OF NAG

The discrete update rule for 5 trained with NAG is

Prt1 = ppe — NV L(Br + ppr),
Br+1 = Bk + Pr+1,
which can also be written as a single-step update

Br41 = B + 1(Br — Br—1) — nVL(B)|s=ps.

where we let

pr = B + Upk.
Following similar approach as in the case for HB, this discrete update rule implies that
. "’}2 . . 7’]2 .
(o) + ) = (n0) = A0) ) = 1Ly (15)
14 1) - .
MR 30y 4 (1= 1Bl = ~ VLB -t (16)

Since the gradient is evaluated at 5 = p(t) rather than 3(t), to further simplify this equation, we note
that

p(t) = B(t) + u(B(t) = B(t —n))
= B(t) + nuB(t) + O(n®),
therefore 7V L(f3)|3—,(+) can be expanded around j3(t):

NV L(B) s=p(ty = 1VL(B) | g=p(t) + m*1uV>L(B)|s=p(t) + O(7).

15
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Meanwhile, by differentiating both sides of Eq. (T6) w.r.t ¢, we have

w B(t)+ (1 — wB(t) = =V2L(B)| s=p(t)
= uV2L(B)|a=py = —n* (1 — w)B(2)

where we multiply 5? to both sides of the last equality and omit the terms of the order O(n3). In this
way, Eq. (T6) becomes

M By + (1 - wA(e) = ~VL(B) + it — )
= aB+B+VL(6) =0
I—p
with
g 2l
2(1—p)

B.3 GENERALIZATION TO O(n?) APPROXIMATE CONTINUOUS VERSION OF HB

Based on the results of |Ghosh et al.|(2023)), our results presented in this paper could be generalized to
the O(n?) case following exactly the same approach as in the current work, by replacing the current
O(n) approximate second-order ODE (Proposition with the O(n?) approximate version of HB in
Ghosh et al.|(2023)).

C PROOFS FOR SECTION[3]

In the following, we first discuss the proof sketch for Theorem[I} Then we prove Proposition [3]in
Appendix to show the # dynamics and its relation to mirror flow and present the convergence
result of the corresponding time-varying potential in Appendix[C.2] Finally, we prove Theorem|I]in
Appendix The analysis of the effects of the initialization scale on the implicit bias is presented
in Append%] The proof of Proposition[2]is deferred to Appendix [C.6]

Proof sketch for Theorem[I} Since our main result is Theorem|[T] we first present the proof sketch.
The proof mainly consists of three steps. The first step is to derive the dynamics for = uGQu—v©v
of diagonal linear networks for HB and NAG. The second step is to construct the connection of
the 6 dynamics with “accelerated” mirror flow (Wilson et al. |2016) with time-varying potential
(Proposition [3). Since this time-varying potential converges along training, the third step is simply to
apply the optimality condition and derive the implicit bias result.

For diagonal linear networks, the parameterization of 6 is u ® u — v ® v and the model parameters
are 8 = (u,v). According to Proposition the continuous dynamics of u and v are thus

aﬁ+a+WO,ai}+i)+W0, a7
where n(l4s) or HB
‘= {’278_7‘:'2”2) for NAG
2(1—p)

and 7 is the learning rate. Note that since « is the order of 7, we will omit all terms of the order
O(n?). For convenience, we first present several useful properties for the dynamics of HB and NAG
for diagonal linear networks Eq. (@) for Vj € {1,...,d}:

1. Property 1: v;0,, L + u;0,,L = 0.

Proof. This is because

9 n 9 n
8ujL = guj ZT@IEi;j, anL = 7E’Uj Zrixi;j bt vjé’ujL =+ Ujaij = O (18)

=1 =1
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where
1 n
LN s = 06, 1(0 19
- ;r zi5 = 0, L(0) (19)
and r; = 8T x; — y; is the residual. O
2. Property 2: a(v;i; + vju;) = O(n?).

Proof. This can be obtained from

B, L By, L

at; = aT= . +00?), av; = —ag = m +O(n?) (20)
since « is the order of 7, thus, according to Property 1,
a(’l)jﬂj + bjuj) = —a(vj&“L + Ujaij) + 0(7]2) = 0(772). 20
O
3. Property 3: (u; + au;)(v; + av;) = ujv; + O(n?).
Proof. This can be obtained from
(Uj + Oﬂlj)(’vj + Oé’l')j) = ujv; + QUjv; + QUju; + OéQﬂj@j = u;v; + 0(7]2),
where we use Property 2 in the last equality. O
4. Property 4: du;v;/dt = 201;0; + O(n?).
Proof. To show this, we directly calculate
d . .
@Ujvj = Uj?)j —+ ’Uju]'
_ . 8u]L + . 81;]..[/
= | —ii; T v; at; T Uj
= —Oz(’l:'Lin + U]’UJ + vluJ + UJU]) + Z(Xﬂj@j
d . . . ..
= [atjv; + avju;] + 20150;
= 2ai;0; + O(n%), (22)

where the second line is due to the dynamics of w and v in Eq. (T7), and the last equaility is
due to Property 2. O

C.1 PROOF OF PROPOSITION[3]

For convenience, we first recall that, under the conditions of Proposition 3} f,,.; follows a mirror flow

form
0o, L(0)
- m

)

) d =
Viefl..db: o (VQe,j(0a,t) + 6;R;] =

where

Qe.j(0a,t) = i {9@ arcsinh (22(;)) — \J4E2(t) + Oy + 2§j(t)} ,
c —ap;(t ) _ 8 !
&) =6, 6,(0) = T /O 90, (6(s)) 9, L (8(s)) ds.

Below we prove this result.

Proof. The proof consists of two steps: the first step is to derive the dynamics of 6 and the second
step is to derive the mirror flow form of the dynamics.

17
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The dynamics of §.  We start with the first step. Recall that the parameterization of §; = u? —v?, we

conclude that 6, follows a second-order ODE different from that of u and v (Eq. (T7)) by inspecting
the exact expression of 6;

Gj = QUjUj - 2”UjUj

) ( ) aujL> ) ( 0L )
= u]‘ —auj — — Uj —O[’Uj —
1—p 1—p

= —2a[ujiij + i, — vjv; — 050;] + 200,105 — 200,05 —

2 (UjaujL - Ujaij)
IR

2 [(u] + Oz’dj)aujL — (Uj + a@j)anL]
I—p
where the second equality is because Eq. and we use Eq. (20) in the last line. Note that if we let
Gj =2 [(Uj + Oél'Lj)@ujL — (Uj + Oé’[)j)avj L] R
then the dynamics of §; follows a second-order ODE
. G,

af; +0; + 5 —]u =0, (23)
note that although this is similar to the dynamics of v and v, they are not the same. To proceed, we
need to express GG; with 6, which can be done by observing that

Gj = Afu;(uj + aivy) + vj(vj + ;)] O, L = 4H 05, L
where use Eq. (I9) in the first equality. Expressing H; with 6; will give us the desired results, which
can be done as follows.
. 12
H3 = [u(uj + o) + v (v; + ;)]

= (u; + atg)* + v} (v; + 00;)? + 205, (u; + at;) (v; + ad;)

= —Oléj —

_ 4 4 3. 3. 2,2 ol 2,22
= uj +vj + 20uji; + 200505 + 2u5v5 + 20505 (05 + vit;) + o uji;

+ a2vJ2-i)]2- + 2a2ujvjﬂji)j
_ 4, 4 2,2 3, 3. 2
= uj +v; + 2ujv; + 2aujiu; + 200505 + O(n°) (24)
where we use Eq. and « is the order of 7 in the last equality. On the other hand, we observe that
the quantity (6; + a;)? is

(9j + O[éj)z = [sz — sz- + O[(Q’LL]"[J,J' — 2’Uj’l.)j)]2
= uf(uj + 2ai1j)* + ’U?(Uj + 200;)? — 2u;vj(u; + 2ai;) (v; + 2a0;)

= u? + v;»l + 4au:;uj + 4av§’i}j - QU?’U? +O(n?) (25)
where we use Eq. (21)) in the last equality. Combining Eq. (24) and Eq. (23], we have
H]2 — (0 +ab;)* = 4u?vj2- - (2au§?uj + 2041)5—’1'1]-), (26)
——
L) &

which establishes the relation between G; and 6. In the following, our goal is to find the relation
between & and < and ¢ to complete the dynamics of §. Now let ¢ € R? and &; = |u;(0)||v,(0)] at
the initializatio then for the term &, according to Property 4 (Eq. (22))),

dujv; .
% = 21,7, @7
2a
= 70 L0 L+ 00
2
Sa -
R (Z ) Houn
i=1
B« 2
= gt L0, L) + Op) 29

*Note that & measures the scale of the initialization and & becomes ©(0) ® v(0) for unbiased initialization
u(0) = v(0). Here we consider the more general biased initialization case.
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where we use Eq. (ZI)) in the second equality and Eq. (I9) in the third equality. Dividing u;v; on
both sides and integrating the above equation give us that

In(u;v;) = In(u;(0)v;(0)) — (1%);)2/0 0p, L(0(5))09, L(0(s))ds (29)

89]. L(O(s))aej L(6(s))ds

_ _8a t
= u;(£)o;() =15 (0)v; (0)e T Jo (30)
For ease of notation, we denote
8 t
oi(t) = 72/ 09, L(0(5))0s, L(0(s))ds > 0, 3D
(1—=p)? Jy
then & becomes
& = 42 ()03 (1) = 4g2e72095 () < 4¢3, (32)
For the <> term, we note that
0;0; = 2(u? — v3) (uyis; — vyi;)
=2 [ug’uj — u?vji}j — U?ujﬂj + v;’i)j]
=2 [u?u] + ’U?i)j] — QUjUj(u]‘ilj + Ujl'Lj),
which, considering Property 2, further gives us
abf; = 20 [u?ﬂj + U?i)j] +O0?).
Comparing with the form of <}, we have
O = abif; + O(n?). (33)

Combined with the expressions of &, H; can be completely expressed by ¢ since Eq. (26) now
becomes

sz = (93 + Oééj)Q + 46?6_2a¢j(t) — aejéj

— Hy = /(0 +af;)? + 462200, —af,d;. (34)
Thus the form of § dynamics Eq. 23) is now
lej(aéﬁéj):—fe-’i, (35)
where 1/H; can be expanded to the order of 7:
1 1
H; \/(ej + ab;)? + 45]26—2a¢j<t)\/1 - (eﬁaej)ziii}ef?wﬂw

1 1 ab;0
= - 14 21 '72—1—(9(172))
O+ ab;)? + 4220050 ( 262 + 4¢3
1 e’
; T 9 (p2 2\2
0, + af;)? + 42e—2005(t) 2 (67 +4¢7)2
J J 6‘7

Deriving the mirror flow form. Now we present the second part of the proof. Given 1/H; and its
relation with 6, in the following, we are now ready to derive the mirror flow form of 6;. Note that the

L.H.S of Eq. includes a time derivative of 6 + af, thus we need to find a mirror flow potential as
a function of 6 + «f, rather than 6. For this purpose, if we define

Qe (0 + b, t) = qe j (0 + b, t) + h;(t)(0; + ab;) (36)
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such that g¢ ; and h;(t) satisfy that
1

Vqe (0 + ab, t) = . : (37)
40 + af;)? + Ag2e=206,(0)
8VQg7j (9 + 04(9, t) + dhj(t) _ g 29]'9]'9]'2 - (38)
ot dt 8 (62 +4€2)3

then we will have

d . d . d

aVQg,j (9 =+ 059, t) = qug,j(G + 049, t) + %h] (t)

Ve (0 + ab,t) N dh;(t)
ot dt ’

which is exactly the L.H.S of Eq. (35). And we will have the desired mirror flow form of Proposition
k]

= V2 (0 + ab, t)(af + 0) +

d : 06, L

Therefore, it is now left for us to find ¢¢ ; and h;(t) that satisfy Eq. and Eq. (38).
« Find ¢¢ ; (0 + ab, ). Since g j(6 + ab, ) satisfies Eq. (7)), let &;(t) = £je=*% 1), we
integrate both sides of Eq. to obtain that
d(9; + ab;)
4\/(9j +af;)? +4E2(t)

In (1/(6 + ;)2 + 482(t) + (6; + o))
N 1

Ve ; (0 + ab, t) = /

+C. (39)

To determine the constant C, we require that
VQe,;(6(0) + ab(0),0) =0, (40)

which gives us Vg ;(0(0) + aB(0),0) + h;(0) = 0. Let A; = 0;(0) + ab;(0) and note
that £;(0) = &;, we can determine the constant C' as

In (1/(65(0) + ad;(0))2 + 4€3(0) + (6;(0) + af;(0)))

C=— 7 — h;(0)
In {2@ <, [1+ 55+ 2@)}
- ] ~1;(0)
= B D s, - hy(0) @)
where
1n(,/1+f§+§5;> A
D¢, n; = 1 = 1 arcsinh <2€JJ> .

Therefore, Ve ; (6 + af, ) should satisfy that
Ve j(0 4 ab,t)

In (1/(6; + af;)2 +4€3() + (6; + ady) ) — In (2¢,)
- 4

— D¢, a, — hy(0).  (42)
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The form of g¢ ; can be obtained by solving the above equation. For convenience, we replace
all 0; + afl; with a variable z in the above equation and solve

a2 4463 (t) +

1
Vq&j(x’t) = 4 In 2 ; - ijeAj - hj(o)
J

2 )
1 x? +4€3(t) + o In(e—®;(®)
= ;n ( ’ L ) b A, — hy(0)

25] e*’ld)j (t) 4

_1 _x z \  agi(t) o
= 4ln< 45]2-(t) +1+ 2§j(t)> 1 D¢, a, — h;(0)

1 . x ag;(t)
=- h|— — 2 D¢ A — hi(0). 43
7 2resin (2fj(t)> 1 3P ;(0) 43)
Integrating both sides of the above equation directly gives us that g¢ ;(, ) has the form of
de,j (1‘, t)
1 (t
= 1 /arcsinh <2§j(t)) dx — a¢j4( o - Déj,AJw — h; (0)z
2&;(t) x ) x x ag;(t)x
= - h{——|—,/1 — Ci| — — D¢ Az —hi(0
1 M gm) Ty e T T T Pear ok
2€;(t) x ) ( T ) x?
= arcsinh [ —=—— | —4/1+ —= +1
4 2¢() 285(t) 4g;(t)?
azg;(t)
— 4j Dﬁj,ij — hj (O)JE, (44)

where we set C; = 1.

* Find (). The form of h;(t) can be obtained by solving Eq. (38). According to the form
of Vg, in Eq. (#2) and the definition of ¢;(¢) in Eq. (3I)), we need to first calculate 9, Vg ;:

9 Vae ; (0 + ab,t)
1 4;(t) &
110+ aby)2 +482(1) (\/(ej +ad;)? + A1) + (0 + ady)) !
a;é; do;(t)
) \2 4 422 ) \2 4 422 . ) dt
V05 + aby)? +482() (/6 + ab))? +4€2 (1) + (65 + b))
¢2 8 (95, L)’
\/92 +42 (\Jo2 + a2 + ;) 107
Putting the above equation back to Eq. (38) immediately gives us that

L0,6,0, €2 8 (99, L)
hy(t) = L 5-ds + C
() /0 8(67 +4¢3) Tt \/92+4£2 (\/92+4€2+9) (1—p)? s+ e

+0(n?). (45)

4§2

(I —n /\/92 ) + 462 [\/92 ) +4€2 + 6;(s)

+0;(s)| ds+ Cy + O(n2)

(40)

9, L 2\ _ 2 20, L 2
=g (77)——404\/9j+4€j17u+0(n) (47)
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according to Eq. (33) in the second equality and C = h;(0) is a constant.

We are now ready to find Q¢ ; by combining the form of g¢ ; (6 + af,t) in Eq. @) and the form of
h;(t) in Eq. @6), which gives us

| co 265 | 0;+ab; [0+ ab; (0, +af;)?
Qe (0+ab,t) = 4 [ 0 arcsinh < 0 ) 1+ 4E(1)2 + 1]

albid;(t) . . )
= (054 a0)hy(t) = (0; + ab;)De, a; — (0 + ab;)h;(0),
where, interestingly,

_ M + (6 + af;)h;(t) — (8; + ab;)h;(0)

452

N ( ) /(89 L)*ds + (1—pn /\/92 )+ ag {\/92 +4§2+9()+9j(8)] ds

452
+0;(s) — /0%(s) +4€2 | ds
1* /\/92 _’_452 [\/92 +4€2+9() J J J
(43)
As aresult, let 8, = 6 + af and recall that
1 6;(0) + 049 (0)
Dgh A; 4 arcsinh < 2, 49)

where, let §; = u(0) — v3(0),
0;(0) + ab;(0) = 3 (0) — 7 (0) + 2a(u; (0)i1;(0) — v;(0)0;(0))
= (0) = F0) + T [13(0) +03(0)] 00, L(O(0))
4ady, L(0(0))
:5j+elT./5§+4§; (50)
we have the final form of Q¢ ;:

Qe j(0a,t) = % [éa;j arcsinh ( Z} 7(])) —\J4E3(t) + 02 + 2@@)}

100, L(9 0) [ i

2£j

1.-
- Zﬁa;j arcsinh

The simplest case is when §; = 0, i.e., the unbiased initialization with «(0) = v(0) such that §(0) = 0
and VoL(0(0)) = LXT(X6(0) — y) = fXTTy, then Q¢ ; (0, t) has the form of

1 N = — _ _ 4a(X T s
1 [Huj arcsinh ( 2, g ) — 45?(75) + Qi;j + 2 (t) + 04,5 arcsinh <o¢(y)])] . (52)

(t) n(l—p)
Simply redefining
Qe.j(0ast) = 1 [9(” arcsinh ( Oass > — 482 (t) + 02 + 25_]-(15)} ,
4 2(t) ! 7
T, .
R; = arcsinh <m> ,

we finish the proof of Proposition [3}

d

| o Oy, L(6
Vj e {17. .. ,d} : @V [Qg’j(eaﬂf) +9a;jRj] = —L()

1—p
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C.2 CONVERGENCE RESULTS FOR 6 DYNAMICS OF HB AND NAG

Since Qg (#) in Theorem [I|involves an integral from ¢ = 0 to oo, it is necessary to show the
convergence of this integral to guarantee the implicit bias result. For this purpose, we establish the
convergence result of ¢(oo) in Theoreml 1| whose j-th component for ¢ < oo is ¢;(t) in Proposition
Recall that Q¢ ; is defined in Eq. (I2)), we have the following proposition.

Proposition 4 (Convergence of ¢(co )). Under the same setting of Theorem|l|and assuming that
0(o00) is an interpolation solution, i.e., X0(co) = y, then the integral $(c0) converges and its j-th
component ¢;(00) satisfies that

6 [diag (X" X)]
n(l— p)
where C' = n(ffu) [(Z? 1 255) ( 07(0) +4£7 — 26]) + 30 €y arcsmh( 6;(0 ))} is a con-

stant, €;,; = (Zzzl’k# 0, (0)xip — yi) x5, and C' = 0 for unbiased initialization 6(0) = 0.

$j(o0) =

Qf,j (ej(oo)’ 0) +C,

Typically, solving the integral needs the entire training trajectory of 8, which is hard and equivalent
to being aware of the limiting point of 6. From this aspect, Proposition ] is interesting due to the fact
that ¢(co) has a rather simple explicit form depending on the data matrix X7 X and Q(6(c0), 0).
Furthermore, since the value of ¢;(c0) controls the initialization mitigation effects of HB and NAG
according to Theorem[I] as an immediate consequence of Proposition [} such effects depend on
learning rate 7 (through the dependence on «), the data matrix X7 X, initialization ¢ (through the
dependence on Q¢ ;), and the momentum factor p.

Proof. Recall that ¢;(t) is defined as

8 t
60 = m / 00, L(0(5))0%, L(6(5))ds

and, according to the dynamics of 6 Eq. (39),

. Op, L
af; = —4a, /6 —0-45]2-1(177# +0(n?),

then we get that ¢;(t) satisfies

ag;(t) / (s) _d6(s) ds

m i
Do Zk 1Ok (8)Tik — yi) @iy do;(s)
1— / 0% (s) + 4¢7 ]

=1 x%;j) /t 9]‘(5) do
1o J02(s) + 4e2
V)
4 noot Zk:Lk;é Ok (S)Tigk — yi ) Taj
o Z/O ( J )

03 (s) + 43

do;(s), (53)

L]

where we replace ady, L with a9'< in the first equality. For the two integral terms, we note that

/ \/ﬁgz
=/03(t) +4 + C (54)
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and, let €5 (1) = (Zz=1,k5£j Ok (t) ik — yz) Ty

& = ¢;.;(t) arcsinh (9j (t)> + Cs. (55)
2¢;

As a result, we obtain the form of ¢;(¢):

¢;(t) = — [ Zz,] (1/ +4§2*2€j) +2n:e,j arcsinh<9§é(f)>

=1 J

+ ',

where C" is a constant to make ¢;(0) = 0:

' = [ Zﬂf i (\/ +4§2 — 253) + ZGU 0) arcsinh (0 S))] . (56)

Note that when the initialization is unbiased, then we simply have C’ = 0. Since we assume 0
converges to the interpolation solution, i.e.,

07 (00)z; = i, Vi € {1,...n},
which implies that

Zﬁk(oo)xi;k —y;=0,Vie{l,...n} = —0j(c0)z;,; = Z Or(t) ik — v

k=1,k#j
= €;;j(00) = —0;(c0)a7,, (57)
we obtain the form of ¢;(00):
da(3oi, iy)? o 0i(o0)
, _ i=1 % ) h(22=2) 2 462 4 92¢. !
ag;(00) =) 6;(oc0) arcsin 2, 07 (00) + & +25|+C
160&(271_1 xi.j)Q ,
O
C.3 PROOF OF THEOREM/[I]
In this section, we prove Theoremm
Proof. If we define
Qe(s)(fast) Z Qe,j(0at), (59)
then its gradient w.r.t A, is
- ~ ~ T
VQg(t)(ea, t) = (VQ&J(QON t),..., VQea(Oas t)) ,
which implies that
p ) LT7Q¢1(0a,t)
7V Qe (0o t) = L
47Q¢,a(0a, t)
B VL(6)
=1, (60)

where we apply Proposition [3|in the second equality. Integrating both sides of the above equation
from 0 to oo gives us

n

VQ¢(o0) (B (00), 00) — VQg(0)(0a(0),0) = = > h /OOO ri(s)ds = > wiAi. (61)
=1

i=1
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On the other hand, as ¢ — oo, since we assume 6(co) converges to the interpolation solution, we
have, according to Eq. (33)),

af(00) xx aVL(B(c0)) =0 = B, (c0) = f(c0).

Considering that VQgg) (6« (0),0) = 0 when we derive the form of Q¢ ; (Eq. (#0)), Eq. (61) implies
that

Note that the KKT condition for the optimization problem in Theoremmis

V Qe (o0 (O E:zM =0, (63)

which is exactly Eq. (62)). Thus we finish the proof. O

C4 EQUH%LENCEBETWEENEQ.@mANDSTANDARDIMAGONALIJNEARNETWORKS

A standard diagonal linear network is

flayuv) = (wo )Tz

If w and v of this model follows the HB and NAG flow (Proposition [I)) under the square loss, we
note that there is no difference between the forms of their dynamics, since the model f(xz;u,v) is
completely symmetrical regarding « and v, i.e., changing the places of u and v would induce exactly
the same model and make no difference. More specifically, the dynamics of u © u is

1d

® o)) ® Vul i
——U U U U =—-u 4
2 dt 1—pu

d
ue (XTr)ov - {adtu(Du—oa'L@u

_17/1
2

=— u@(XTT)(Dv—i—oz[
L—p

d
- X7y
ﬁuQ( ) Ov+

4 XTryove (XTr)ow
(1—p)?

(64)

and the dynamics of v ® v can be obtained by simply replacing all u with v in Eq. (64). Thus if
u(0) ® u(0) = v(0) ® v(0), i.e., |u(0)] = |v(0)|, then we can immediately conclude that |u(t )| =
|v(t)| for any t > 0. Thus we can equivalently parameterize this model with f(z;u) = (u © u)Tz
further add the weight v such that f(2;u,v) = (u ® u — v ® v)Tz can output negative values.

C.5 ANALYSIS ON THE EFFECTS OF THE INITIALIZATION

For simplicity, we consider the unbiased initialization, and the case for biased initialization is similar.
Since the solutions of HB and NAG are composed of two parts, Qz(oo) = Z;l:l Q¢ (04, 00) where
(note that 6, (c0) = #(cc) according to the proof of Theorem

Qe (0ast) = i [9 «;j arcsinh ( Z_j (J)> — \/4532-@) + éi;j + 2@(1&)}

and R = (Rj,...,Rq)T € R? where

1 Aa( X T
vje{lv--wd}IR]’:zarcsinh (H>’

we need to analyze both parts to show the transition from the rich regime to kernel regime, which is
different from the case for GD where one only needs to consider the hyperbolic entropy part.
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Small initialization £ — 0. We first discuss Q¢ ;. When £ — 0, we have that

—\J4E5 (1) + 025 + 26;(t) = —[0ay]
and

—=— — sign(fy,;)00 = 0,,; arcsinh ( et ) — sign(0y.5)0a;;00 = |0a;5]00,
2¢(t) ’ ’ 2¢;(t) S ’

thus Qg(o) — Z;l:l 16;(00)|oo = ||@(cc)|l100. On the other hand, the 7R part is finite thus
negligible compared to Qg (.. As a result, we conclude that £ — 0 corresponds to the rich regime.

Large initialization £ — oo. For Q¢ ;, we note that as & — oo, similar to the case for GD,

—\JAE2(t) + 0% +2;(t) = 0

_ 0. i 62,
f;j arcsinh ( L ) —
2¢5(t) 285

and

thus we obtain that, as £ — oo
Qe i (0at) < 05 = Qgloo) ¢ [10(c0)3- (65)

On the other hand, 7R is simply a inner produce between 6 and R. Thus Q + 67 R is captured by a
kernel and £ — oo corresponds to the kernel regime.

C.6 PROOF OF PROPOSITION[2]

Proof. Since momentum-based methods is a second-order ODE by adding a perturbation proportional
to 1 to the re-scaled GF ODE
Vu.L . VoL

1—pu’ TS w

Proposition 2] can be proved by following similar steps as the proof of Theorem|[I]in Appendix [C.3]
In particular, let all terms of the order of 7 be zero (thus we ignore the perturbation brought by
momentum) and let ;¢ = 0 (thus we make the re-scaled GF a standard GF) in the proof of Theorem|[T]
we can directly conclude that

0=

(o) = arggmin Q) st. X0 =y (66)
where
Q(0) = QT (0) + 6T RET,
RO = (RYY, ... . RF)T eRY, Vjie{1,....d} : R§" = iarcsinh (%g) . (67)
O
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