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Abstract001

Despite the widespread adoption of text em-002
bedding models, selecting the optimal model003
for a specific target corpus remains challeng-004
ing due to the lack of task-specific labels.005
While task-agnostic evaluation offers a promis-006
ing solution by relying on unlabeled data,007
existing approaches based on kernel estima-008
tors or Gaussian mixtures fail to model high-009
dimensional distributions effectively, resulting010
in unstable rankings. To address this limitation,011
we propose FLARE (Flow-based Label-free012
Assessment of Representation Embeddings),013
which leverages normalizing flows to estimate014
information sufficency in high-dimensional015
spaces. By learning invertible transformations,016
flows enable exact density estimation while017
mitigating the instability inherent in distance-018
based methods. We provide theoretical guaran-019
tees showing that our estimation error depends020
on the data’s intrinsic structure rather than its021
raw dimensionality. Experiments across 11022
datasets demonstrate that FLARE achieves a023
strong Spearman’s 𝜌 (up to 0.90) with super-024
vised benchmarks, remaining robust even for025
high-dimensional embeddings (𝑑 ≥ 3,584).026

1 Introduction027

Recent advances in text embeddings have produced028

powerful semantic representation models such as029

Qwen3 Embedding (Yang et al., 2025) and Gem-030

ini Embedding (Lee et al., 2025). However, as the031

number of available models grows, each with differ-032

ent architectures, training objectives, and pretrain-033

ing corpora, selecting the most suitable model for034

a given corpus has become increasingly challeng-035

ing. The standard approach relies on supervised036

benchmarks like MTEB (Muennighoff et al., 2023),037

ranking models by their performance on annotated038

tasks.039

This approach requires labeled data, which is040

often unavailable in practice. Consider deploying a041

retrieval system over proprietary documents such042

as legal contracts, medical records, or financial re- 043

ports. These collections have no existing labeled 044

query-document pairs, and creating annotations re- 045

quires significant time and domain expertise. Spe- 046

cialized corpora may also differ substantially from 047

public benchmarks in vocabulary, style, and topic 048

distribution (Tang and Yang, 2025). An embedding 049

model that ranks highly on MTEB may perform 050

poorly on domain-specific text, but without labels 051

we cannot measure this gap. Benchmark contami- 052

nation further undermines public leaderboards: as 053

test sets appear in pretraining data, scores become 054

inflated. This raises our central question: how can 055

we evaluate embedding models without labels? 056

Recent work has explored task-agnostic evalua- 057

tion using only unlabeled corpora. One approach 058

analyzes geometric properties of embedding mod- 059

els like uniformity and alignment (Wang and Isola, 060

2020; Rudman et al., 2022). However, these met- 061

rics measure the embedding hypersphere structure 062

rather than semantic content. A random projec- 063

tion can achieve perfect uniformity while preserv- 064

ing no information. A more principled alterna- 065

tive estimates mutual information between embed- 066

dings, quantifying how much information the em- 067

bedding retains. Existing implementations use non- 068

parametric estimators like Kernel Density Estima- 069

tion (KDE) or Gaussian Mixtures (Darrin et al., 070

2024). These methods suffer from the curse of di- 071

mensionality (Beirlant et al., 1997): as embedding 072

dimension grows (modern models often exceed 073

𝑑 = 3,000), reliable density estimation requires ex- 074

ponentially more data. In high-dimensional space, 075

these estimators become unstable and fail to predict 076

downstream performance. 077

In this work, we propose Flow-based Label- 078

free Assessment of Representation Embeddings 079

(FLARE), a framework grounded in information- 080

theoretic sufficiency (Darrin et al., 2024). Specif- 081

ically, we quantify embedding quality by measur- 082

ing the reduction in uncertainty about input data 083
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given the embedding. The key insight is to use084

Normalizing Flows (Durkan et al., 2019), deep085

generative models that learn invertible transforma-086

tions from complex distributions to simple base087

densities. Flows enable exact log-likelihood esti-088

mation via the change-of-variables formula, effec-089

tively mitigating the curse of dimensionality inher-090

ent to distance-based estimators. Our finite-sample091

bounds provide theoretical justification: the esti-092

mation error depends on the intrinsic effective di-093

mension of the data manifold, not the embedding094

dimension. This ensures that FLARE remains re-095

liable as embedding dimensions scale toward the096

high-dimensional space of modern LLM-based em-097

bedding models.098

We validate FLARE on 11 datasets across di-099

verse tasks. Our method achieves strong rank100

correlation with supervised performance (Spear-101

man’s 𝜌 up to 0.90), significantly outperforming102

geometry-based and information theoretical-based103

baselines. Importantly, FLARE remains stable in104

high-dimensional settings (𝑑 ≥ 3,584) where infor-105

mation theoretical-based method fails.106

Our contributions are summarized as follows:107

• We introduce FLARE, a task-agnostic text em-108

bedding evaluation framework using normal-109

izing flows to estimate information sufficiency110

without labeled data.111

• We derive finite-sample generalization bounds112

showing robustness in high dimensions113

through dependence on effective rather than114

high-dimensional space.115

• We demonstrate that FLARE reliably pre-116

dicts downstream performance and outper-117

forms existing baselines, especially for high-118

dimensional LLM-based embeddings.119

2 Related Work120

Embedding Evaluation. Modern text embed-121

ding models, often leveraging Large Lan-122

guage Model (LLM) architectures, provide high-123

dimensional representations that generalize across124

diverse semantic tasks without requiring task-125

specific fine-tuning (Neelakantan et al., 2022;126

Wang et al., 2024). Currently, the Massive Text Em-127

bedding Benchmark (MTEB) (Muennighoff et al.,128

2023) and its specialized variants like FinMTEB129

(Tang and Yang, 2025) serve as the primary evalu-130

ation standards. These benchmarks aggregate per-131

formance across diverse labeled tasks including132

clustering, retrieval, and semantic textual similarity 133

(STS). However, these methods depend heavily on 134

ground-truth annotations. This dependency makes 135

them unsuitable for assessing model utility on pro- 136

prietary, dynamic, or out-of-distribution corpora 137

where labels are absent, highlighting the need for 138

unsupervised metrics that can quantify representa- 139

tion quality directly. To bridge this gap, we propose 140

FLARE, a task-agnostic framework that quantifies 141

embedding quality directly from the data distribu- 142

tion, offering a reliable performance proxy without 143

the need for supervision. 144

Task-Agnostic Approaches. Task-agnostic met- 145

rics offer a long-standing alternative to supervised 146

benchmarks by eliminating labeling costs. Classic 147

indices such as the Silhouette Score (Rousseeuw, 148

1987) evaluate cluster separation, while more re- 149

cent studies emphasize spectral and geometric prop- 150

erties. Examples include Effective Rank (Roy 151

and Vetterli, 2007) for dimensionality estimation 152

along with Uniformity (Wang and Isola, 2020) and 153

IsoScore (Rudman et al., 2022) for spatial distribu- 154

tion analysis. A primary limitation of these metrics 155

is their focus on geometric structure rather than se- 156

mantic content. Such methods often rely on global 157

priors like isotropy, which may not represent the in- 158

trinsic low-dimensional manifold structure charac- 159

teristic of text embeddings. To address this, EMIR 160

(Darrin et al., 2024) introduce the concept of In- 161

formation Sufficiency to quantify how well one 162

embedding model can reconstruct another. How- 163

ever, standard implementations of EMIR utilize 164

Gaussian Mixture Models (GMM), which struggle 165

with high-dimensional data and lack the generaliza- 166

tion guarantees required for modern LLM-based 167

embeddings. 168

Density Estimation. Calculating information- 169

theoretic measures like differential entropy requires 170

an accurate model of the underlying probability 171

density. Traditional non-parametric approaches, 172

notably Kernel Density Estimation (KDE), are fun- 173

damentally limited by the curse of dimensionality 174

(Silverman, 2018; Beirlant et al., 1997). In high- 175

dimensional spaces, these methods become statisti- 176

cally inefficient because the sample size needed 177

to control estimation error grows exponentially 178

with dimensionality. While neural variational es- 179

timators such as MINE (Ishmael Belghazi et al., 180

2018) and CLUB (Cheng et al., 2020) improve 181

scalability, they optimize variational bounds in- 182

stead of exact likelihoods. These bounds often 183
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suffer from a severe bias-variance trade-off, lead-184

ing to loose estimates and optimization instability185

(Poole et al., 2019). Normalizing Flows provide186

a robust alternative by learning a sequence of in-187

vertible transformations that map complex data to188

a simple base distribution (Rezende and Mohamed,189

2015; Dinh et al., 2016). Crucially, they allow190

for exact log-likelihood computation through the191

change-of-variables formula (Papamakarios et al.,192

2021). Our work leverages this property to for-193

mulate embedding evaluation as a precise density194

estimation problem. By integrating flows into the195

information-sufficiency framework (Darrin et al.,196

2024), we ensure that our metrics remain theoret-197

ically grounded and empirically stable even for198

high-dimensional embeddings.199

3 Method200

To evaluate embedding quality without task-201

specific labels, we propose FLARE, which quanti-202

fies representation quality by measuring informa-203

tion sufficiency using normalizing flows.204

3.1 Problem Formulation205

Given an unlabeled corpus X, we consider a set of206

candidate embedding models E = {𝐸1, . . . , 𝐸𝐾 }.207

Each model 𝐸 ∈ E maps an input text 𝑥 ∈ X to a208

high-dimensional representation:209

𝑧 = 𝐸 (𝑥) ∈ R𝑑 . (1)210

To evaluate a specific model 𝐸𝑎, we pair it with211

a reference model 𝐸𝑏 (𝑏 ≠ 𝑎). We denote the212

embedding being evaluated as the source 𝑈, and213

the reference embedding as the target 𝑉 :214

𝑈 = 𝐸𝑎 (𝑥), 𝑉 = 𝐸𝑏 (𝑥). (2)215

Our objective is to derive a task-agnostic score216

for 𝐸𝑎 based solely on these representations such217

that the resulting model ranking aligns with down-218

stream supervised performance.219

3.2 Information-Sufficiency Score220

We build upon the information-sufficiency frame-221

work of (Darrin et al., 2024). The core intuition222

is that a high-quality source embedding 𝑈 should223

act as a sufficient representation of the semantic224

space, enabling the reconstruction of the target rep-225

resentations 𝑉 . We formalize this via Information-226

Sufficiency (𝐼𝑠), which measures the reduction in227

uncertainty of 𝑉 once 𝑈 is observed.228

Let F be a family of marginal densities and K be 229

a family of conditional densities. The directional 230

𝐼𝑠 score from 𝑈 to 𝑉 is defined as the difference 231

between marginal and conditional entropy: 232

Is(𝑈→𝑉) = inf
𝑓 ∈F

E𝑣 [− log 𝑓 (𝑣)]︸                   ︷︷                   ︸
𝐻 (𝑉 )

− E𝑢

[
inf
𝑀∈K

E𝑣 |𝑢 [− log 𝑀 (𝑣 | 𝑢)]
]

︸                                    ︷︷                                    ︸
𝐻 (𝑉 |𝑈)

.

(3) 233

To obtain a single quality score for model 𝐸𝑎, we 234

compute the normalized median of its pairwise 235

scores against all other models in the pool: 236

Isnorm(𝐸𝑎) = median𝑏≠𝑎
Is(𝑈𝑎→𝑈𝑏)

dim(𝑈𝑏)
. (4) 237

Normalization by the target dimension dim(𝑈𝑏) is 238

essential for comparability across reference models 239

with varying output sizes, as raw entropy naturally 240

scales with dimensionality. 241

3.3 Normalizing-Flow Implementation 242

We instantiate the density families in Eq. 3 using 243

normalizing flows (Durkan et al., 2019). Flows en- 244

able exact log-likelihood computation via invertible 245

transformations, providing stable estimation. 246

Two-Stage Training. As shown in Figure 1, we 247

employ a progressive training strategy. We first 248

train a marginal flow 𝑝𝜙 (𝑣) on target embeddings 249

to model distribution. Next, we initialize a condi- 250

tional flow 𝑝𝜃 (𝑣 |𝑢) by copying the marginal back- 251

bone weights. This warm-start strategy ensures 252

the conditional model begins from a well-defined 253

density baseline. 254

Low-Rank Conditioning. Standard conditional 255

flows often use hypernetworks with 𝑂 (𝑑2) com- 256

plexity, which is prohibitive for high-dimensional 257

embeddings. We instead inject the source infor- 258

mation 𝑢 through a parameter-efficient low-rank 259

residual branch. Let hbase be the intermediate fea- 260

tures of the target flow. The conditional feature is 261

computed as: 262

hcond = hbase + 𝐵(𝐴(𝑢)), (5) 263

where 𝐴 ∈ R𝑟×𝑑 projects the 𝑑-dimensional source 264

embedding to a low-rank bottleneck of dimension 265

𝑟 = 64, and 𝐵 maps from the bottleneck to the 266

output space. This mechanism allows the source 𝑢 267
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Figure 1: Overview of our two stage flow based estimation pipeline. Stage 1: Train a marginal flow 𝑝𝜙 (𝑣) on target
embeddings 𝑉 to model their intrinsic distribution. Stage 2: Initialize a conditional flow 𝑝𝜃 (𝑣 |𝑢) by copying the
marginal backbone weights and adding a zero-initialized low-rank conditioning branch. This branch is then trained
to capture the dependency between source embeddings 𝑈 and target embeddings 𝑉 , enabling computation of the
information-sufficiency score via Eq. 3.

to adjust the transformation trajectory of the target268

𝑣 with minimal parameter overhead.269

Zero Initialization. We initialize 𝐵 to zeros and270

𝐴 with random initialization. At the start of train-271

ing, the conditioning term 𝐵(𝐴(𝑢)) is zero, making272

the conditional flow 𝑝𝜃 (𝑣 |𝑢) initially equivalent to273

the pre-trained marginal flow 𝑝𝜙 (𝑣). The depen-274

dence on the source 𝑈 is learned gradually, which275

prevents gradient instability and improves conver-276

gence speed.277

4 Theoretical Justification278

Motivation. In real-world deployment, embed-279

ding models must generalize to vast amounts of280

unseen data that extend far beyond the validation281

set. Purely empirical evaluation on a fixed dataset282

cannot theoretically guarantee reliability on the un-283

derlying population distribution. To address this,284

we establish a theoretical framework relying on two285

pillars: the spectral stability of our flow architec-286

ture and the low-dimensional manifold hypothesis.287

Core Assumptions. Our theory relies on two288

core assumptions (Appendix A.2): a low intrin-289

sic dimension (Assumption 1) to enable scaling to290

high-dimensional embeddings, and layer-wise ap-291

proximate independence (Assumption 2) to ensure 292

stable gradient propagation. The latter, theoreti- 293

cally motivated by (Cohen et al., 2021), is practi- 294

cally realized by our Zero-Initialization strategy, 295

which ensures the network exhibits stable, linear 296

growth rather than exponential instability. 297

Finite-Sample Generalization Bound. Building 298

on this stability, we verify the reliability of FLARE 299

by bounding the gap between the training and vali- 300

dation losses. 301

Theorem 1 (Finite-sample generalization bound). 302

Under Assumptions 1 and 2, for any fixed flow 303

model 𝑝𝜃 and any 𝛿 ∈ (0, 1), with probability at 304

least 1 − 𝛿, the train-validation gap satisfies: 305��𝐿̂val(𝜃) − 𝐿̂train(𝜃)
�� ≤ 2𝐶̃Rad 𝐿 𝜎̄

√
𝑑eff√

𝑚

+ 𝑀val

√︄
log(2/𝛿)

2𝑚val

+ 3𝑀train

√︂
log(2/𝛿)

2𝑚
.

(6) 306

Interpretation. The bound scales with the intrin- 307

sic dimension 𝑑eff rather than the raw embedding 308

dimension 𝑑. Since 𝑑eff ≪ 𝑑 in semantic represen- 309

tations, this property allows for reliable evaluation 310
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on high-dimensional embeddings using only mod-311

erate sample sizes, effectively mitigating the curse312

of dimensionality. Furthermore, the error depends313

linearly on the depth 𝐿 and the spectral stability 𝜎̄.314

By minimizing this term via our Zero-Initialization315

strategy, we explicitly control the model’s com-316

plexity to prevent overfitting. These factors jointly317

justify why FLARE remains robust, whereas tra-318

ditional kernel-based estimators often degrade in319

high-dimensional spaces.320

5 Experiments321

We design our experiments to evaluate the empiri-322

cal utility of the Flow-based estimator across three323

primary dimensions: (Q1) its reliability in pre-324

dicting model rankings across diverse downstream325

tasks; (Q2) its comparative performance against326

kernel-based baselines in high-dimensional embed-327

ding spaces; and (Q3) the alignment between em-328

pirical observations and our theoretical generaliza-329

tion guarantees.330

5.1 Embedders and Datasets331

Embedding Models. To ensure a comprehensive332

evaluation, we select eight representative embed-333

ding models spanning various architectures and334

dimensionalities. We focus specifically on high-335

dimensional space, including BGE-Multilingual-336

Gemma2 (𝑑 = 3,584) (Chen et al., 2024a), gte-337

Qwen2-7B-instruct (𝑑 = 3,584) (Li et al., 2023),338

and four Mistral-7B-based models (𝑑 = 4,096):339

Zeta-Alpha-E5-Mistral 1, Grit7B (Muennighoff340

et al., 2024), SFR-Embedding-Mistral (Rui Meng,341

2024), and Linq-Embed-Mistral (Junseong Kim,342

2024). For lower-dimensional benchmarks, we343

include stella-base-en-v2 2 (𝑑 = 768) and all-344

MiniLM-L6-v2 (Reimers and Gurevych, 2019)345

(𝑑 = 384).346

Dataset Selection and Task Categorization. To347

simulate realistic enterprise scenarios where mod-348

els are evaluated on novel, internal corpora, we349

consciously deviate from standard benchmarks like350

MTEB. Since public benchmarks frequently per-351

meate pre-training corpora, leading to data leakage352

and inflated scores, we instead employ a strict tem-353

poral selection strategy. We choose 11 datasets354

from Hugging Face released after the training cut-355

1https://huggingface.co/zeta-alpha-ai/
Zeta-Alpha-E5-Mistral

2https://huggingface.co/infgrad/
stella-base-en-v2

off dates of all candidate models, thereby ensur- 356

ing zero data contamination and mimicking the 357

challenge of genuinely unseen distributions. Cru- 358

cially, while FLARE operates in a fully unsuper- 359

vised manner, we specifically select datasets con- 360

taining ground-truth labels solely to serve as an 361

oracle for validating the accuracy of our predicted 362

rankings. Detailed dataset statistics are provided 363

in Appendix B. These datasets cover four core task 364

categories: 365

• Classification: Apt-eval (Saha and 366

Feizi, 2025) (safety/robustness), GT- 367

FintechLab (Shah et al., 2025) (finance), and 368

BhashaBench-Finance (Devane et al., 2025) 369

(multilingual finance). 370

• Retrieval: AIR-Bench-Finance (Chen 371

et al., 2024b), LIMIT (Weller et al., 2025) 372

(instruction-following), and ArXiv-Abstracts 373

2025 3 (scientific literature). 374

• Semantic Textual Similarity (STS): Aug- 375

mented STS-B 4, LivNLP-STS (Zhang et al., 376

2025), and Philosophical-STS 5. 377

• Clustering: Clustered-FunPang Medical6, 378

and Reasoning-Clustering 7. 379

Evaluation Protocol. We assess the reliability of 380

our unsupervised Information Sufficiency (IS) met- 381

ric by measuring its alignment with ground-truth 382

supervised rankings. Ground-truth performance is 383

established using standard MTEB metrics (Muen- 384

nighoff et al., 2023): accuracy for classification, 385

nDCG@10 for retrieval, Spearman correlation for 386

STS, and V-measure for clustering. We quantify 387

ranking alignment using Spearman’s rank correla- 388

tion (𝜌) and Pearson correlation (𝑟) between the 389

predicted IS scores and the supervised metrics. 390

Baselines. We benchmark FLARE against exist- 391

ing unsupervised metrics, explicitly categorized 392

into two types of unsupervised evaluation meth- 393

ods: geometric-based and information-theoretic 394

3https://huggingface.co/datasets/almanach/
arxiv_abstracts_2025

4https://huggingface.co/datasets/maiammar/
Augmented_stsb_multi_mt

5https://huggingface.co/datasets/
johnnyboycurtis/Philosophical-STS-Text-Pairs

6https://huggingface.co/datasets/mukulb/
clustered_FUNPANG_dataset_with_groups

7https://huggingface.co/datasets/Ibisbill/
Clustering_deduplicated_reasoning
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based. For the geometric-based methods, we con-395

sidered (1) Uniformity (Wang and Isola, 2020)396

and (2) IsoScore (Rudman et al., 2022); and (3)397

Silhouette Score (Rousseeuw, 1987). For the398

information-theoretic based methods, we consid-399

ered (4) EMIR (Darrin et al., 2024). Our work400

aligns with the information-theoretic based eval-401

uation (specifically the framework established by402

EMIR), as we share the fundamental objective of403

quantifying representation quality via information404

retention. However, we diverge by employing nor-405

malizing flows to robustly estimate densities in406

high-dimensional spaces where the GMMs used in407

EMIR may fail.408

5.2 Main Results409

Table 1 summarizes the ranking correlations across410

eleven representative datasets, revealing three key411

findings. Details experiment results are shown in412

Appendix B413

Flow-Based Estimation Succeeds Where Ker-414

nel Methods Fail. FLARE achieves an average415

Spearman correlation of 𝜌 = 0.69, substantially416

outperforming all unsupervised baselines. Most417

strikingly, the kernel-based EMIR which shares418

our information-sufficiency framework but relies419

on Gaussian Mixture Model (GMM) density es-420

timation—yields a negative average correlation421

(𝜌 = −0.12), indicating systematic ranking in-422

versions. This failure is not incidental: in high-423

dimensional spaces (𝑑 ≥ 3,584), the curse of di-424

mensionality causes kernel densities to become van-425

ishingly sparse, making distance-based estimates426

unreliable. Our flow-based approach circumvents427

this issue by learning an explicit parametric density428

model that adapts to the intrinsic manifold struc-429

ture, maintaining positive correlations across all430

task categories.431

Geometric Baselines Exhibit Inconsistent Per-432

formance. Table 1 reveals that existing unsuper-433

vised metrics struggle to maintain consistent cor-434

relations across task types. Uniformity achieves435

near-zero average correlation (𝜌 = 0.05), suggest-436

ing that embedding space uniformity alone is not437

predictive of downstream quality. IsoScore exhibits438

negative correlations across nearly all categories439

(Avg 𝜌 = −0.27), as it penalizes anisotropy under440

the assumption that uniformity maximizes infor-441

mation capacity. However, high-quality semantic442

spaces are inherently anisotropic—meaningful con-443

cepts naturally form dense, non-uniform clusters444

on the manifold rather than populating the hyper- 445

sphere uniformly. Silhouette shows task-specific 446

success only on STS (𝜌 = 0.56) but fails elsewhere, 447

indicating that geometric cohesion does not gener- 448

alize as a universal quality indicator. As visualized 449

in Figure 2, these rigid geometric assumptions lead 450

to extreme variance and frequent ranking inver- 451

sions. Consequently, we propose that measuring 452

Information Sufficiency via mutual information of- 453

fers a more reliable basis for evaluation than ge- 454

ometric properties alone. By aligning with this 455

information-theoretic objective, FLARE adapts to 456

the intrinsic data density without enforcing con- 457

flicting geometric shapes, maintaining robust align- 458

ment with ground truth.

Flow-IS (Ours) EMIR Uniformity IsoScore Silhouette
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Figure 2: Stability Analysis. Distribution of Spearman
correlations across all datasets. While geometric base-
lines (grey) and kernel-based EMIR (blue) exhibit high
variance and negative correlations, our FLARE (red)
maintains consistent positive alignment with ground
truth, demonstrating superior robustness.

459

Consistent Performance Across Task Diversity. 460

Unlike baselines that excel only on specific task 461

types but fail to generalize, FLARE demonstrates 462

robust generalization: 𝜌 = 0.83 on Clustering, 463

𝜌 = 0.72 on Retrieval, 𝜌 = 0.70 on STS, and 464

𝜌 = 0.56 on Classification. This cross-task stabil- 465

ity indicates that our information-sufficiency metric 466

captures a fundamental quality of embeddings: the 467

ability to preserve semantic information that trans- 468

fers across diverse downstream objectives. The 469

per-task breakdown in Table 6 (Appendix B) re- 470

veals no negative correlations for our method, a 471

property not shared by any baseline. Notably, we 472

observed stronger results on STS, Retrieval, and 473

Clustering tasks compared to classification. We at- 474

tribute this to the nature of these tasks: they directly 475

leverage embedding geometry through similarity 476

measures without training additional models. In 477

contrast, classification involves training a separate 478

predictor that may exploit task-specific features be- 479

yond the overall distributional structure captured 480
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Spearman’s 𝜌 Pearson’s 𝑟

Task Uni. Iso. Sil. EMIR Ours Uni. Iso. Sil. EMIR Ours

Class. 0.18 -0.40 -0.06 -0.06 0.56 0.35 -0.58 -0.08 -0.20 0.31
STS 0.01 -0.33 0.56 -0.06 0.70 0.70 -0.14 0.53 -0.08 0.70
Retr. 0.08 -0.45 -0.03 -0.22 0.72 0.43 -0.37 0.39 -0.18 0.64
Clust. -0.14 0.29 -0.24 -0.16 0.83 -0.43 0.05 -0.25 -0.10 0.69

Avg 0.05 -0.27 0.08 -0.12 0.69 0.33 -0.29 0.18 -0.14 0.58

Table 1: Task-aggregated Comparison with Unsupervised Baselines.

Task Type Bound Ratio Rademacher %

Classification 11.0× 92.4%
STS 21.1× 94.5%
Retrieval 21.2× 95.5%
Clustering 18.4× 98.5%

Average 17.9× 95.2%

Table 2: Theoretical validation. Bound Ratio
(Δtheo/Δemp) and Rademacher complexity contribution,
grouped by task type.

by our unsupervised metric.481

Ranking Stability under Subsampling. To as-482

sess the sensitivity of FLARE to sample size,483

we evaluate the stability of 𝐼𝑠 scores by sub-484

sampling the evaluation sets at ratios 𝛼 ∈485

{0.05, 0.1, . . . , 1.0}. FLARE maintains a remark-486

ably strong correlation with ground-truth rankings487

even when the sample size is reduced to 20% of the488

original corpus. This stability indicates that the nor-489

malizing flow successfully captures the global man-490

ifold structure from a limited set of observations,491

effectively bypassing the high sample complexity492

required by traditional estimators. From a practi-493

cal perspective, this result suggests that FLARE494

enables reliable model selection on small-scale spe-495

cialized datasets without the need for extensive data496

collection. Comprehensive results and per-dataset497

stability curves are provided in Appendix C.498

5.3 Generalization Bound Analysis499

To empirically validate the guarantee provided by500

Theorem 1, we compare the derived theoretical501

bound against the observed empirical generaliza-502

tion gap. This validation is crucial for addressing503

the practical challenges of enterprise deployment,504

ensuring that the evaluation method generalizes505

reliably as new data continuously arrives. 506

Setup. Since the Information Sufficiency estima- 507

tor decomposes into marginal and conditional com- 508

ponents, its total estimation error is bounded by 509

the sum of their respective generalization gaps. We 510

therefore compute the empirical gap as the sum of 511

the absolute differences between training and vali- 512

dation Negative Log-Likelihoods (NLL) for both 513

flows, and compare this empirical quantity against 514

the theoretical bound derived from our model ar- 515

chitecture and sample complexity. 516

Analysis. As reported in Table 2, the theoretical 517

bound Δtheo upper-bounds the empirical gap Δemp 518

by a margin ranging from 11.0× to 21.2× across 519

task types (average ratio 17.9×). This confirms that 520

our conservative linear bound remains informative, 521

providing meaningful generalization guarantees 522

without being vacuously loose. The Rademacher 523

complexity term accounts for 92.4% to 98.5% of 524

the total bound (average 95.2%), which aligns with 525

its dependence on the effective intrinsic dimension 526

𝑑eff . As expected, higher-dimensional embedding 527

spaces incur larger complexity penalties. Notably, 528

classification tasks exhibit tighter bounds (11.0×) 529

compared to retrieval and STS tasks (∼ 21×), a 530

discrepancy that reflects the richer representational 531

capacity required for fine-grained semantic match- 532

ing in the latter. Practically, these findings certify 533

that FLARE provides a trustworthy and theoreti- 534

cally grounded signal on unseen data. 535

5.4 Ablation Study 536

Shuffle ablation. We partially shuffle the cor- 537

respondence between source embeddings 𝑈 and 538

target embeddings 𝑉 at a ratio 𝑝 ∈ [0, 1] while 539

keeping the remaining pairs unchanged. As visu- 540
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Figure 3: Partial shuffle ablation by task type. Increasing the shuffle proportion 𝑝 causes correlation to degrade
from positive (𝑝 = 0) to negative (𝑝 = 1), confirming that the metric relies on correct alignment.

alized in Figure 3 and detailed in Appendix D.1,541

the Spearman correlation with downstream perfor-542

mance degrades significantly as 𝑝 increases, tran-543

sitioning from positive to negative around 𝑝 = 0.2544

to 0.4. The degradation pattern varies across task545

types: Retrieval and Clustering exhibit a gradual de-546

cline, whereas Classification and STS show sharper547

transitions at lower shuffle ratios. At full shuffle548

(𝑝 = 1.0), all categories converge to negative cor-549

relations (averaging 𝜌 ≈ −0.4). This confirms that550

our metric relies heavily on the correct alignment551

between source and target embeddings rather552

than marginal statistics, and the varying sensitivity553

across tasks may reflect differences in the underly-554

ing embedding structure.555

Conditional-only ablation. We investigate the556

contribution of the marginal term by comparing557

the full metric against a conditional-only variant,558

defined as 𝐼cond(𝑢, 𝑣) = log 𝑝𝜙 (𝑣 | 𝑢). While559

this variant may be competitive when the target560

marginal distribution varies little, it lacks consistent561

reliability across diverse tasks. As quantified in Ta-562

ble 8 and visualized in Figure 5 (see Appendix D.2),563

removing the marginal term E[log 𝑝(𝑌 )] reduces564

the average Spearman correlation substantially565

from 0.69 to 0.21. This empirical evidence con-566

firms that both components are essential: the con-567

ditional term captures the cross-model mapping,568

while the marginal term accounts for the intrinsic569

structure of the target space. Consequently, we re-570

tain the full score as the default to ensure robust571

alignment with downstream performance.572

Aggregation strategy. We adopt the median573

rather than the mean to compute the final score,574

as the median is more robust to outliers and less575

sensitive to skewed distributions of model perfor-576

mances. When many models exhibit similar behav-577

ior, the mean can be biased by minor perturbations, 578

whereas the median remains stable by focusing on 579

the central tendency of the ranked distribution. We 580

further investigate whether trimmed aggregation 581

mitigates this bias. The results are summarized in 582

Table 9. Across all task types, the median consis- 583

tently achieves the highest or near-highest corre- 584

lation with ground-truth rankings, while the mean 585

shows greater variance and occasional degradation. 586

Based on these findings, we adopt the median as 587

the default aggregation method for its robustness 588

and simplicity. 589

6 Conclusion 590

In this work, we addressed the critical challenge 591

of evaluating representation quality in scenarios 592

where downstream labels are inaccessible. To this 593

end, we proposed FLARE, a principled frame- 594

work bridging information theory with deep gener- 595

ative modeling. By leveraging normalizing flows 596

to model complex embedding densities, FLARE 597

precisely quantifies information sufficiency to 598

rank models effectively without supervision. Be- 599

yond empirical results, we established the theo- 600

retical foundations of our approach by deriving 601

finite-sample generalization guarantees based on 602

Rademacher complexity. These bounds validate the 603

estimator’s robustness in high-dimensional spaces, 604

explicitly linking performance to the low intrinsic 605

dimension of semantic manifolds. Extensive ex- 606

periments across 11 datasets confirm that FLARE 607

consistently correlates with ground-truth perfor- 608

mance and maintains stability across diverse tasks. 609

Ultimately, FLARE offers a scalable and mathe- 610

matically grounded solution for automated model 611

selection, significantly reducing the community’s 612

reliance on expensive annotated benchmarks. 613
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Limitations614

Despite its promising results, FLARE has limita-615

tions. First, as a learning-based evaluation method,616

FLARE incurs higher computational costs than617

training-free statistical measures. While we miti-618

gate inference latency by adopting discrete normal-619

izing flows instead of continuous-time approaches620

like flow matching, the requirement to train a gen-621

erative model remains a bottleneck for resource-622

constrained scenarios.623

Second, we observe a performance discrep-624

ancy across task types. While FLARE excels on625

geometry-centric tasks like STS and Retrieval, its626

correlation is lower for Classification (𝜌 = 0.56).627

This suggests that global information sufficiency628

captures the overall semantic manifold but may629

miss fine-grained, class-specific features required630

for linear separability.631

Third, our theoretical analysis relies on simplify-632

ing assumptions. Specifically, regarding Assump-633

tion 2, parameter coupling during end-to-end back-634

propagation inevitably introduces inter-layer cor-635

relations, making the approximate independence636

assumption an idealization that is computationally637

intractable to verify in high dimensions.638
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where 𝑝𝑍 is a fixed base density and 𝐽𝑇𝜃 (𝑣) is the826

Jacobian of the flow transformation. We use the827

negative log-likelihood loss ℓ𝜃 (𝑣) = − log 𝑝𝜃 (𝑣).828

The empirical training risk is829

𝐿̂train(𝜃) =
1
𝑚

𝑚∑︁
𝑖=1

ℓ𝜃
(
𝑣train
𝑖

)
. (9)830

The population risk is831

𝐿 (𝜃) = E𝑣∼D
[
ℓ𝜃 (𝑣)

]
. (10)832

Given a validation set833

𝑆val = {𝑣val
1 , . . . , 𝑣val

𝑚val
} ∼ D𝑚val , (11)834

the empirical validation risk is835

𝐿̂val(𝜃) =
1

𝑚val

𝑚val∑︁
𝑗=1

ℓ𝜃
(
𝑣val
𝑗

)
. (12)836

We aim to bound the generalization gap between837

the validation risk (observable proxy for perfor-838

mance) and the training risk (optimization objec-839

tive):840

Δ(𝜃) =
��𝐿̂val(𝜃) − 𝐿̂train(𝜃)

��. (13)841

Note that bounding this gap involves controlling842

the deviation of both empirical risks from the pop-843

ulation risk 𝐿 (𝜃).844

We first consider a marginal flow for a fixed em-845

bedder, then apply the same argument to a condi-846

tional flow. The Information Sufficiency (𝐼𝑠) score847

is defined as848

𝐼𝑆 = 𝐿marg(𝑉) − 𝐿cond(𝑉 | 𝑈), (14)849

and the empirical 𝐼̂𝑆 score replaces the population850

risks with their validation counterparts. Establish-851

ing a finite-sample bound on the generalization852

gaps of the marginal and conditional flows directly853

yields a bound for the estimation error of the 𝐼𝑠854

score.855

A.2 Core assumptions856

Assumption 1 (Low intrinsic dimension). The em-857

bedding distribution is supported on a compact sub-858

set M ⊂ R𝑑 with intrinsic dimension 𝑑eff ≪ 𝑑 and859

bounded diameter. This type of low-dimensional860

structure for learned representations is consistent861

with empirical measurements of intrinsic dimen-862

sionality in deep features (Ansuini et al., 2019).863

Assumption 2 (Approximate layer independence). 864

The flow 𝑇𝜃 is a composition of 𝐿 invertible blocks 865

with perturbation rank at most 𝑟. Assuming a 866

regime of near-identity mappings (e.g., via residual 867

connections or zero-initialization), the Jacobians of 868

different blocks are approximately independent in 869

their dominant singular directions. Consequently, 870

the overall Lipschitz behaviour of the composition 871

grows linearly in depth rather than exhibiting ex- 872

ponential growth. This assumption is consistent 873

with analyses of signal propagation and dynamical 874

isometry in deep architectures (Cohen et al., 2021). 875

Remark: Validity via Zero-Initialization. 876

While assuming approximate independence be- 877

tween layer Jacobians is non-trivial for generic 878

deep networks, our Zero-Initialization strategy 879

(Section 3.3) provides a rigorous structural jus- 880

tification. Specifically: (1) Identity Start: By 881

initializing the conditioner’s projection matrix 𝐵 882

to zero, the conditional flow starts as an identity 883

transformation relative to the backbone (𝑇𝜃 = 𝑇𝜙), 884

ensuring that initial layer-wise Jacobians satisfy 885

𝐽𝑙 = 𝐼. (2) Linear Accumulation: During progres- 886

sive training, the deviation Δ𝑙 from identity (where 887

𝐽𝑙 = 𝐼 +Δ𝑙) is explicitly constrained via 𝐿2 regular- 888

ization. In this small-perturbation regime, the norm 889

of the composed Jacobian follows a first-order 890

approximation ∥∏𝐿
𝑙=1(𝐼 + Δ𝑙)∥ ≈ ∥𝐼 + ∑𝐿

𝑙=1 Δ𝑙 ∥, 891

which implies that the Lipschitz constant grows lin- 892

early with depth 𝐿 rather than exponentially. This 893

design effectively aligns the flow’s architectural 894

behavior with the stability postulated in Assump- 895

tion 2. 896

A.3 Rademacher complexity on a manifold 897

Let F be a class of real-valued functions on M. 898

Given a sample 𝑆 = {𝑣1, . . . , 𝑣𝑚} ⊂ M, the empir- 899

ical Rademacher complexity of F is 900

R𝑚(F ) = E𝜎

[
sup
𝑓 ∈F

1
𝑚

𝑚∑︁
𝑖=1

𝜎𝑖 𝑓 (𝑣𝑖)
]
, (15) 901

where 𝜎𝑖 are i.i.d. Rademacher variables. 902

Lemma 1 (Rademacher complexity on a manifold). 903

Let F be the class of linear functions 𝑓 (𝑣) = 904

⟨𝑤, 𝑣⟩ restricted to M, where ∥𝑤∥ ≤ 𝐿 𝑓 . Un- 905

der Assumption 1, there exists a constant 𝐶Rad > 0 906

such that 907

R𝑚(F ) ≤
𝐶Rad 𝐿 𝑓 𝐷

√
𝑑eff√

𝑚
. (16) 908
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Proof. The manifold M admits a covering number909

bound of the form910

N(M, 𝜀) ≤ 𝐶0

(
𝐷

𝜀

)𝑑eff

for all 𝜀 > 0. (17)911

Here, N(M, 𝜀) represents the covering number912

of the manifold, and 𝐶0 is a geometry-dependent913

constant.914

For the class of linear functions F with bounded915

norm ∥𝑤∥ ≤ 𝐿 𝑓 , the covering number of the func-916

tion space is controlled by the covering number of917

the domain M via a duality argument. Specifically,918

distinguishing two linear functions on M is equiv-919

alent to covering the domain at a finer scale 𝜀/𝐿 𝑓 .920

Consequently, we have:921

N(F , 𝜀) ≤ N
(
M, 𝜀

𝐿 𝑓

)
(18)922

≤ 𝐶0

(
𝐷𝐿 𝑓

𝜀

)𝑑eff

. (19)923

Taking logarithms yields924

logN(F , 𝜀) ≤ log𝐶0 + 𝑑eff log
(𝐷𝐿 𝑓

𝜀

)
. (20)925

Let 𝐹 = 𝐿 𝑓𝐷 be the uniform bound on | 𝑓 (𝑣) |.926

Dudley’s entropy integral gives927

R𝑚(F ) ≤ 12
√
𝑚

∫ 𝐹

0

√︁
logN(F , 𝜀) 𝑑𝜀. (21)928

Substituting the covering number bound and sim-929

plifying (absorbing log𝐶0 into the constant factor930

for asymptotic behavior), we obtain:931

R𝑚(F ) ≤
12𝐿 𝑓√

𝑚

∫ 𝐷

0

√︂
𝑑eff log

(𝐷
𝑡

)
𝑑𝑡, (22)932

where we utilized the substitution 𝑡 = 𝜀/𝐿 𝑓 . Let933

𝐼 =
∫ 𝐷

0

√︁
log(𝐷/𝑡) 𝑑𝑡. Using the change of vari-934

ables 𝑢 = log(𝐷/𝑡), we have 𝑡 = 𝐷𝑒−𝑢, which935

yields 𝐼 = 𝐷
∫ ∞

0 𝑢1/2𝑒−𝑢𝑑𝑢 = 𝐷 · Γ(3/2) = 𝐷
√
𝜋

2 .936

Substituting this back yields:937

R𝑚(F ) ≤
12𝐿 𝑓

√
𝑑eff√

𝑚

(
𝐷
√
𝜋

2

)
=

6
√
𝜋 𝐿 𝑓 𝐷

√
𝑑eff√

𝑚
.

(23)938

By setting 𝐶Rad = 6
√
𝜋, we recover the bound in939

(16). □940

A.4 Architectural stability of the flow 941

We now turn to the flow 𝑇𝜃 . Let 𝐽ℓ (𝑣) be the Ja- 942

cobian of the ℓ-th invertible block at input 𝑣, and 943

let 𝐽tot(𝑣) denote the input–output Jacobian of 𝑇𝜃 . 944

The Lipschitz constant is defined as 945

Lip(𝑇𝜃 ) = sup
𝑣



𝐽tot(𝑣)




2. (24) 946

Lemma 2 (Architectural stability via Zero-Ini- 947

tialization). Consider the flow 𝑇𝜃 composed of 𝐿 948

blocks. Under the Zero-Initialization strategy, the 949

Jacobian of the ℓ-th block takes the form 𝐽ℓ = 𝐼+Δℓ . 950

Let 𝜎̄ = 1
𝐿

∑𝐿
ℓ=1 E[∥Δℓ ∥2] be the mean spectral 951

norm of the perturbations. Consistent with the 952

conservative estimation used in our implementa- 953

tion, the expected Lipschitz constant of the flow is 954

bounded by: 955

E
[
Lip(𝑇𝜃 )

]
≤ 1 + 𝐿 · 𝜎̄. (25) 956

Proof. The total Jacobian 𝐽tot is the product of 957

layer-wise Jacobians: 958

𝐽tot =

𝐿∏
ℓ=1

𝐽ℓ =

𝐿∏
ℓ=1

(𝐼 + Δℓ). (26) 959

We aim to bound the Lipschitz constant Lip(𝑇𝜃 ) = 960

∥𝐽tot∥2. Recall that 𝐽tot =
∏𝐿
ℓ=1(𝐼 + Δℓ). Perform- 961

ing a first-order expansion of this product yields: 962

𝐽tot ≈ 𝐼 +
𝐿∑︁
ℓ=1

Δℓ . (27) 963

Applying the triangle inequality separates the iden- 964

tity transformation from the perturbations: 965

∥𝐽tot∥2 ≈





𝐼 + 𝐿∑︁

ℓ=1
Δℓ







2

≤ ∥𝐼 ∥2 +
𝐿∑︁
ℓ=1

∥Δℓ ∥2. (28) 966

Noting that ∥𝐼 ∥2 = 1, we take the expectation: 967

E[∥𝐽tot∥2] ≤ 1 +
𝐿∑︁
ℓ=1

E[∥Δℓ ∥2] (29) 968

= 1 + 𝐿 ·
(

1
𝐿

𝐿∑︁
ℓ=1

E[∥Δℓ ∥2]
)
. (30) 969

Substituting the definition of the mean spectral 970

norm 𝜎̄, we directly obtain: 971

E[Lip(𝑇𝜃 )] ≤ 1 + 𝐿 · 𝜎̄. (31) 972

This confirms that under the small-perturbation 973

regime enforced by zero-initialization, the Lips- 974

chitz constant grows linearly with depth 𝐿, aligning 975

with the conservative bound used in our implemen- 976

tation. □ 977
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A.5 Finite-sample generalization bound978

We now derive a finite-sample bound that matches979

the decomposition used in the main report. For980

clarity, we distinguish the training and validation981

samples982

𝑆train = {𝑣train
1 , . . . , 𝑣train

𝑚 }, 𝑆val = {𝑣val
1 , . . . , 𝑣val

𝑚val
},

(32)983

and define the corresponding empirical risks984

𝐿̂train(𝜃) =
1
𝑚

𝑚∑︁
𝑖=1

ℓ𝜃
(
𝑣train
𝑖

)
. (33)985

𝐿̂val(𝜃) =
1

𝑚val

𝑚val∑︁
𝑗=1

ℓ𝜃
(
𝑣val
𝑗

)
. (34)986

The loss class is987

L =
{
ℓ𝜃 (·) = − log 𝑝𝜃 (·) : 𝜃 ∈ Θ

}
. (35)988

By Assumption 2 and Lemma 2, the loss functions989

are Lipschitz with respect to 𝑣. Using the architec-990

tural bound derived in Lemma 2 (which establishes991

linear growth with depth 𝐿), the Rademacher com-992

plexity of L admits the bound:993

R𝑚(L) ≤ 𝐶̃Rad 𝐿 𝜎̄
√
𝑑eff√

𝑚
, (36)994

where 𝐶̃Rad collects the constants from Lemma 1995

and the affine identity term. Note that this scales996

linearly with 𝐿, consistent with our implementa-997

tion.998

We now control the difference between training999

and validation risks. Introduce the population risk1000

𝐿 (𝜃) = E𝑣∼D
[
ℓ𝜃 (𝑣)

]
. (37)1001

By the triangle inequality,1002 ��𝐿̂val(𝜃) − 𝐿̂train(𝜃)
�� ≤ ��𝐿 (𝜃) − 𝐿̂train(𝜃)

��
+

��𝐿̂val(𝜃) − 𝐿 (𝜃)
��. (38)1003

The two terms on the right-hand side are treated1004

separately.1005

Training to population. A standard Rademacher1006

complexity bound (see for example (Bartlett and1007

Mendelson, 2002)) states that if |ℓ𝜃 (𝑣) | ≤ 𝑀train1008

for all 𝜃 ∈ Θ and all 𝑣 in the support of the training1009

distribution, then for any 𝛿 ∈ (0, 1), with probabil-1010

ity at least 1 − 𝛿 over the draw of 𝑆train one has1011 ��𝐿 (𝜃) − 𝐿̂train(𝜃)
�� ≤ 2R𝑚(L)

+ 3𝑀train

√︂
log(2/𝛿)

2𝑚
.

(39)1012

Combining (39) with (36) gives 1013��𝐿 (𝜃) − 𝐿̂train(𝜃)
�� ≤ 2𝐶̃Rad 𝐿 𝜎̄

√
𝑑eff√

𝑚

+ 3𝑀train

√︂
log(2/𝛿)

2𝑚
.

(40) 1014

Validation to population. For the validation set, 1015

the model parameter 𝜃 is fixed, so we only need a 1016

concentration bound for bounded random variables. 1017

Let 𝑋 𝑗 = ℓ𝜃 (𝑣val
𝑗
) with 𝑋 𝑗 ∈ [𝑎, 𝑏] and define 1018

𝑀val = 𝑏 − 𝑎. Hoeffding’s inequality (Hoeffding, 1019

1994) yields 1020

P
(���𝐿̂val(𝜃)−𝐿 (𝜃)

��� ≥ 𝑡

)
≤ 2 exp

(
−2𝑚val𝑡

2

𝑀2
val

)
. (41) 1021

Setting the right-hand side to 𝛿 and solving for 𝑡 1022

gives that, with probability at least 1 − 𝛿, 1023

��𝐿̂val(𝜃) − 𝐿 (𝜃)
�� ≤ 𝑀val

√︄
log(2/𝛿)

2𝑚val
. (42) 1024

Final bound. Combining (38), (40) and (42), and 1025

applying a union bound, we obtain the following 1026

result. 1027

Theorem 1 (Finite-sample generalization bound). 1028

Under Assumptions 1 and 2, for any fixed flow 1029

model 𝑝𝜃 and any 𝛿 ∈ (0, 1), with probability 1030

at least 1 − 𝛿 over the draws of the training set 1031

of size 𝑚 and the validation set of size 𝑚val, the 1032

train–validation gap satisfies 1033��𝐿̂val(𝜃) − 𝐿̂train(𝜃)
�� ≤ 2𝐶̃Rad 𝐿 𝜎̄

√
𝑑eff√

𝑚

+ 𝑀val

√︄
log(2/𝛿)

2𝑚val

+ 3𝑀train

√︂
log(2/𝛿)

2𝑚
.

(43) 1034

A.6 Extension to the IS score 1035

Let 𝐿marg and 𝐿cond denote the population loss of 1036

the marginal and conditional flows, and let 𝐿̂marg 1037

and 𝐿̂cond be the corresponding validation losses. 1038

The population 𝐼𝑠 score is 1039

𝐼𝑆 = 𝐿marg(𝑉) − 𝐿cond(𝑉 |𝑈), (44) 1040

and the empirical 𝐼𝑠 score is 1041

𝐼̂𝑆 = 𝐿̂marg(𝑉) − 𝐿̂cond(𝑉 |𝑈). (45) 1042
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The difference is1043

𝐼𝑆− 𝐼̂𝑆 = (𝐿marg − 𝐿̂marg) − (𝐿cond − 𝐿̂cond). (46)1044

By the triangle inequality,1045

|𝐼𝑆− 𝐼̂𝑆 | ≤ |𝐿marg − 𝐿̂marg | + |𝐿cond − 𝐿̂cond |. (47)1046

Applying Theorem 1 separately to the marginal1047

and conditional flows yields a finite-sample upper1048

bound for the generalization error of the 𝐼𝑠 estima-1049

tor as the sum of the two individual generalization1050

gaps.1051

B Experiment Detail1052

In this section, we will provide the necessary ex-1053

perimental details to reproduce these experiments.1054

B.1 Evaluated Model and Datasets Details1055

In Table 3, we provide the metadata of the evaluated1056

models and their score on the 11 datasets. We1057

provide the statistics of the datasets used to evaluate1058

𝐼𝑠 in table 4.1059

Model Dim. 𝐼𝑆

Zeta_Alpha_E5_Mistral 4096 0.20
Linq_Embed_Mistral 4096 0.20
SFR_Embedding_Mistral 4096 0.19
bge_multilingual_gemma2 3584 0.19
GritLM_7B 4096 0.18
gte_Qwen2_7B_instruct 3584 0.17
all_MiniLM_L6_v2 768 0.13
stella_base_en_v2 384 0.13

Table 3: Information sufficiency of the evaluated models
by FLARE .

B.2 Downstream Task Evaluation1060

We deliberately select datasets that are either newly1061

released or underexplored to minimize the risk of1062

data leakage during embedding model pretraining.1063

As no established performance benchmarks for em-1064

bedding models exist on these datasets, we evaluate1065

downstream task performance ourselves following1066

the MTEB evaluation (Muennighoff et al., 2023)1067

protocol: F1 Macro for classification, Spearman1068

for STS, nDCG@10 for retrieval, and V-measure1069

for clustering.1070

Table 5 reports the average downstream task per-1071

formance of the eight evaluated embedding mod-1072

els, aggregated by task type. Overall, 7B-scale1073

instruction-tuned models (GritLM, SFR, Linq, 1074

Zeta-Alpha) consistently outperform smaller mod- 1075

els across all task categories. GritLM-7B achieves 1076

the best classification performance (0.61), while 1077

SFR-Embedding-Mistral leads on STS (0.67). The 1078

two smaller models, stella-base-en-v2 and all- 1079

MiniLM-L6-v2, show competitive performance on 1080

classification but lag significantly on retrieval and 1081

STS tasks. 1082

Notably, retrieval scores exhibit the largest vari- 1083

ance, partly due to the inclusion of challenging 1084

benchmarks such as LIMIT, which is specifically 1085

designed to probe the upper limits of embedding 1086

model capabilities and thus yields lower absolute 1087

scores across all models. 1088

B.3 Comprehensive Results 1089

The primary goal of our method is to rank candi- 1090

date embedding models so that practitioners can 1091

select the best one for a given downstream task 1092

without access to labeled data. The correlation 1093

coefficients reported in Table 6 validate that the 1094

rankings produced by FLARE align with ground- 1095

truth task performance. 1096

We compare FLARE against four unsupervised 1097

baselines: Uniformity, IsoScore, Silhouette Score, 1098

and EMIR. Across 11 datasets spanning classifica- 1099

tion, STS, retrieval, and clustering tasks, FLARE 1100

achieves the highest average Spearman correlation 1101

(𝜌 = 0.69), substantially outperforming all base- 1102

lines. FLARE is the only method that maintains 1103

consistently positive correlations across all datasets, 1104

demonstrating robust ranking capability regardless 1105

of task type. 1106

EMIR achieves an average Spearman correla- 1107

tion of only −0.12, indicating that its rankings fre- 1108

quently contradict ground-truth performance. We 1109

believe this might be due to the fact that the nuclear 1110

method performs poorly in high-dimensional situ- 1111

ations. On individual datasets, EMIR shows high 1112

variance: while achieving moderate positive corre- 1113

lations on some tasks (e.g., 𝜌 = 0.33 on LivNLP- 1114

STS), it produces strongly negative correlations on 1115

others (e.g., 𝜌 = −0.52 on FunPang, 𝜌 = −0.43 on 1116

arXiv’25). This instability limits its practical utility 1117

for model selection. 1118

IsoScore exhibits consistently poor performance 1119

with an average of 𝜌 = −0.27. These results con- 1120

firm that FLARE provides the most reliable unsu- 1121

pervised signal for embedding model selection. 1122
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Dataset Task Train Val Total

apt-eval Classification 13,185 1,465 14,650
gtfintechlab Classification 12,250 2,625 14,875
BhashaBench-Finance Classification 12,105 1,346 13,451

Augmented-stsb STS 33,635 3,738 37,373
C-STS-Reannotated STS 12,758 1,418 14,176
Philosophical-STS STS 58,560 6,507 65,067

AIR-Bench Retrieval 23,639 2,627 26,266
LIMIT Retrieval 45,000 5,000 50,000
arXiv-abstracts Retrieval 2,610 290 2,900

clustered-FUNPANG Clustering 28,716 3,191 31,907
deduplicated-reasoning Clustering 50,772 5,642 56,414

Table 4: Statistics of the datasets used in our experiments.

Model Classification STS Retrieval Clustering

bge_multilingual_gemma2 0.58 0.63 0.46 0.30
Zeta_Alpha_E5_Mistral 0.57 0.65 0.53 0.31
GritLM_7B 0.61 0.64 0.50 0.32
SFR_Embedding_Mistral 0.57 0.67 0.53 0.26
Linq_Embed_Mistral 0.60 0.66 0.52 0.32
gte_Qwen2_7B_instruct 0.57 0.64 0.50 0.28
stella_base_en_v2 0.49 0.45 0.05 0.28
all_MiniLM_L6_v2 0.50 0.51 0.47 0.21

Table 5: Summary of the evaluated embedders and their performance on downstream datasets.

C Ranking Stability under Subsampling1123

We evaluate whether the proposed FLARE yields1124

stable model rankings when the evaluation set1125

is randomly subsampled. For each dataset, we1126

subsample the evaluation set at ratios 𝛼 ∈1127

{5%, 10%, 20%, 40%, 60%, 80%, 100%} without1128

replacement, and repeat this process 20 times. For1129

each 𝛼, we recompute scores using the same pre-1130

trained marginal and conditional flows and obtain1131

a ranking of embedding models. We then com-1132

pute the Spearman rank correlation 𝜌(𝛼) between1133

the ranking induced by the subsampled evaluation1134

set and the reference ranking computed on the full1135

evaluation set (𝛼 = 1.0), and report the deviation1136

Δ𝜌 (𝛼) = |𝜌(𝛼) − 𝜌(1.0) | . (48)1137

We focus on Spearman correlation because our1138

goal is to assess the stability of model ranking for1139

model selection, rather than the linear agreement of1140

raw scores. Rank-based measures directly quantify1141

whether the relative ordering of models is preserved1142

under subsampling, which is the main quantity of 1143

interest in this analysis. 1144

Figure 4 shows the ranking deviation Δ𝜌 (𝛼) = 1145

|𝜌𝛼 − 𝜌full | as a function of the subsampling ra- 1146

tio 𝛼 across all 11 datasets, grouped by task type. 1147

Overall, 𝐼𝑠 rankings remain highly stable under 1148

subsampling: for 8 out of 11 datasets, Δ𝜌 < 0.05 1149

even when using only 20% of the validation data. 1150

Among task types, clustering exhibits the high- 1151

est stability, with all three datasets maintaining 1152

Δ𝜌 < 0.025 across all subsampling ratios. Classifi- 1153

cation and retrieval tasks also demonstrate strong 1154

robustness, with most datasets showing only minor 1155

deviations (Δ𝜌 < 0.045) even at very low 𝛼. 1156

In contrast, STS datasets display larger variance 1157

at small sample sizes—Aug-stsb shows the high- 1158

est deviation (Δ𝜌 ≈ 0.12) at 𝛼 = 0.05, consis- 1159

tent with correlation-based evaluation being more 1160

sample-sensitive. However, these deviations dimin- 1161

ish rapidly: once 𝛼 ≥ 0.2, all STS datasets achieve 1162

Δ𝜌 < 0.07. 1163

These results demonstrate that 𝐼𝑠 selection is 1164
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Spearman’s 𝜌 Pearson’s 𝑟

Dataset Task Uni. Iso. Sil. EMIR Ours Uni. Iso. Sil. EMIR Ours

apt-eval Class. 0.36 -0.24 -0.21 0.07 0.43 0.50 -0.70 -0.42 -0.01 0.20
gtfintechlab Class. -0.12 -0.50 0.00 -0.38 0.43 0.11 -0.42 -0.18 -0.46 0.14
BhashaBench Class. 0.29 -0.45 0.02 0.12 0.81 0.44 -0.62 0.35 -0.12 0.59

Aug.-stsb STS 0.14 0.05 0.24 -0.12 0.83 0.51 0.25 0.06 -0.11 0.68
LivNLP-STS STS -0.18 -0.27 0.81 0.33 0.83 0.77 -0.41 0.83 0.39 0.94
Philo-STS STS 0.07 -0.76 0.62 -0.38 0.43 0.82 -0.26 0.70 -0.51 0.49

AIR-Bench Retr. -0.14 -0.79 0.05 -0.24 0.71 0.70 -0.27 0.45 0.07 0.69
arXiv ’25 Retr. 0.55 0.14 -0.71 -0.43 0.64 0.72 -0.27 0.10 -0.33 0.62
LIMIT Retr. -0.17 -0.71 0.57 0.02 0.81 -0.14 -0.57 0.62 -0.28 0.62

FunPang Clust. -0.14 0.50 -0.48 -0.52 0.90 -0.52 0.82 -0.75 -0.57 0.83
Reasoning Clust. -0.14 0.07 0.00 0.21 0.76 -0.33 -0.73 0.26 0.37 0.55

Average 0.05 -0.27 0.08 -0.12 0.69 0.33 -0.29 0.18 -0.14 0.58

Table 6: Comparisons with unsupervised baselines. FLARE achieves the highest consistency and average correlation.

robust to evaluation subsampling, with 20–40%1165

of validation data typically sufficient for reliable1166

model ranking across diverse task types.1167

D Ablation Study1168

In this section, we conduct a set of ablation studies1169

to better understand the factors that contribute to1170

the effectiveness of our method. Unless otherwise1171

specified, all experiments are conducted using the1172

same evaluation protocol and datasets as in the1173

main experiments.1174

Appendix D.1. Experimental setup.1175

For all ablation experiments, we use the same pre-1176

trained models and evaluation datasets as in the1177

main experiments. Unless otherwise stated, we1178

recompute the evaluation scores under modified1179

settings while keeping all other components un-1180

changed. Performance is measured using Spear-1181

man correlation between the predicted ranking and1182

the ground-truth ranking.1183

D.1 Shuffle ablation.1184

To examine whether the proposed metric truly re-1185

lies on the correspondence between paired repre-1186

sentations, we conduct a shuffle-based ablation1187

with varying shuffle ratios. Specifically, for a given1188

ratio 𝑝 ∈ {0, 0.1, 0.2, 0.4, 0.6, 0.8, 1.0}, we ran-1189

domly select a 𝑝 fraction of the evaluation samples1190

and permute the correspondence between 𝑈 and 1191

𝑉 within this subset, while keeping the remaining 1192

(1 − 𝑝) portion unchanged. This procedure pre- 1193

serves the marginal distributions of both 𝑈 and 𝑉 1194

but progressively destroys their pairwise alignment 1195

as 𝑝 increases. 1196

For each shuffle ratio, we recompute the pro- 1197

posed score and evaluate the resulting ranking 1198

against the ground-truth downstream performance. 1199

As shown in Table 7, the Spearman correlation 1200

generally degrades as 𝑝 increases across datasets. 1201

At 𝑝 = 0, all datasets exhibit positive correlations 1202

(avg. 𝜌 = 0.69); at 𝑝 = 1.0, correlations become 1203

predominantly negative (avg. 𝜌 ≈ −0.40). The 1204

transition point varies by task type: Classification 1205

and STS datasets tend to flip sign at lower shuffle 1206

ratios (𝑝 ≈ 0.1), while Retrieval and Clustering 1207

datasets maintain positive correlations longer (up 1208

to 𝑝 ≈ 0.2–0.4). This behavior confirms that the 1209

proposed metric critically depends on correct 𝑈-𝑉 1210

alignment rather than marginal statistics alone. 1211

D.2 Full 𝐼𝑠 vs Conditional-Only. 1212

To investigate the contribution of the marginal term 1213

in the 𝐼𝑠, we conduct an ablation study comparing 1214

the full 𝐼𝑠 formulation against a conditional-only 1215

variant that omits the marginal likelihood compo- 1216

nent. 1217
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Figure 4: Ranking stability under evaluation subsampling. We report the deviation Δ𝜌 (𝛼) = |𝜌(𝛼) − 𝜌(1.0) |,
where 𝜌(𝛼) is the Spearman rank correlation between the model ranking induced by IS scores computed on a
subsampled evaluation set (ratio 𝛼) and the ranking computed on the full evaluation set (𝛼 = 1.0). Smaller values
indicate more stable rankings.

Dataset Task 𝑝 = 0 𝑝 = 0.1 𝑝 = 0.2 𝑝 = 0.4 𝑝 = 0.6 𝑝 = 0.8 𝑝 = 1.0

apt-eval Cls 0.43 −0.36 0.48 −0.48 −0.43 −0.48 −0.48
gtfintech Cls 0.43 −0.19 −0.24 −0.62 −0.69 −0.74 −0.64
BhashaBench Cls 0.81 −0.74 −0.62 −0.50 −0.50 −0.43 −0.26

Aug-STS STS 0.83 −0.83 −0.81 −0.81 −0.93 −0.57 −0.71
LivNLP-STS STS 0.83 −0.07 −0.10 −0.55 −0.52 −0.52 −0.43
Philo-STS STS 0.43 −0.57 −0.48 −0.45 −0.40 −0.36 −0.24

AIR-Bench Ret 0.71 0.76 0.24 0.69 −0.02 0.02 −0.55
arXiv ’25 Ret 0.64 0.71 0.36 0.64 0.43 0.50 0.48
LIMIT Ret 0.81 0.31 0.29 −0.81 −0.67 −0.36 −0.48

FunPang Clust 0.90 0.93 0.67 −0.83 −0.90 −0.90 −0.90
Reasoning Clust 0.76 0.26 −0.43 −0.07 −0.02 −0.21 −0.24

Table 7: Per-dataset Spearman correlation (𝜌) under partial shuffle ablation. The column 𝑝 = 0 corresponds to
the full method without shuffling. As shuffle proportion 𝑝 increases, correlation with downstream performance
generally degrades.
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Results. Table 8 and Figure 5 present the com-1218

parison between Full 𝐼𝑠 and Cond Only across all1219

11 datasets. The full 𝐼𝑠 formulation achieves an1220

average Spearman correlation of 𝜌 = 0.69, sub-1221

stantially outperforming the Cond Only variant1222

(𝜌 = 0.21). Notably, Full 𝐼𝑠 outperforms Cond1223

Only on 8 out of 11 datasets. The advantage is1224

particularly pronounced on retrieval and clustering1225

tasks: on LIMIT, Full 𝐼𝑠 achieves 𝜌 = 0.81 com-1226

pared to −0.21 for Cond Only; on FunPang, the gap1227

is 0.90 vs. −0.36. These results indicate that the1228

condition-only alone captures partial information1229

about embedding quality. It measures how well1230

the source embedding predicts the target, but fails1231

to account for the intrinsic structure of the target1232

embedding space.1233

Interestingly, on a few datasets (apt-eval, arXiv1234

’25, gtfintechlab), Cond Only slightly outperforms1235

Full 𝐼𝑠. However, its performance is highly incon-1236

sistent, with five datasets showing negative corre-1237

lations. In contrast, Full 𝐼𝑠 maintains positive cor-1238

relations across all datasets, demonstrating greater1239

robustness.1240

These findings confirm that both terms in the1241

𝐼𝑠 formulation are necessary: the marginal term1242

captures target-side embedding quality, while the1243

conditional term measures cross-model informa-1244

tion transfer. Their combination yields a more reli-1245

able and consistent signal for unsupervised model1246

selection.1247

Dataset Full IS Cond Only

apt-eval 0.43 0.64
LIMIT 0.81 −0.21
Aug.-stsb 0.83 0.67
LivNLP-STS 0.83 0.12
FunPang 0.90 −0.36
Philo-STS 0.43 −0.12
AIR-Bench 0.71 −0.07
arXiv ’25 0.64 0.71
BhashaBench 0.81 0.64
gtfintechlab 0.43 0.50
Reasoning 0.76 −0.21

Average 0.69 0.21

Table 8: Ablation comparing Full 𝐼𝑠 with Cond Only.
Full 𝐼𝑠 achieves substantially higher correlation with
ground truth rankings (avg. 𝜌 = 0.69 vs. 0.21), confirm-
ing the importance of the marginal term.

D.3 Aggregation strategy. 1248

We investigate the impact of different aggregation 1249

strategies for combining IS scores into a single 1250

model score. We compare three methods: (1) arith- 1251

metic mean, (2) median, and (3) 10% trimmed 1252

mean (Trim10), which discards the top and bottom 1253

10% of values before averaging. 1254

As shown in Table 9, median aggregation con- 1255

sistently outperforms alternatives, achieving the 1256

highest Spearman correlation on 9 of 11 datasets 1257

(average 𝜌 = 0.69 vs. 0.52 for mean, a relative 1258

improvement of 32.7%). For Pearson correlation, 1259

median also leads with an average of 𝑟 = 0.56 1260

compared to 0.54 for mean and 0.53 for trimmed 1261

mean. 1262

The advantage of median aggregation is particu- 1263

larly pronounced on STS tasks, where it achieves 1264

𝜌 = 0.83 on both Aug.-stsb and LivNLP-STS, com- 1265

pared to 𝜌 ≤ 0.45 for mean. This robustness stems 1266

from the median’s insensitivity to outlier model 1267

pairs that may exhibit anomalously high or low IS 1268

scores due to training instabilities or distribution 1269

mismatches between certain embedding spaces. 1270

Exceptions include Philo-STS and arXiv ’25, 1271

where mean or trimmed mean aggregation outper- 1272

forms the median. For Philo-STS, mean aggre- 1273

gation (𝜌 = 0.62) surpasses median (𝜌 = 0.43), 1274

likely due to the smaller dataset size reducing the 1275

prevalence of outlier scores. Similarly, on arXiv 1276

’25, trimmed mean achieves the highest correlation 1277

(𝜌 = 0.84), suggesting that while some outliers 1278

exist, the distribution tails might contain valuable 1279

signal for this specific retrieval task. Despite these 1280

cases, median aggregation remains the most robust 1281

strategy overall. 1282

Based on these findings, we adopt median ag- 1283

gregation as the default strategy throughout our 1284

experiments. 1285
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Figure 5: Ablation: Comparison of correlation of Full 𝐼𝑠 vs. conditional-only component.

Spearman 𝜌 Pearson 𝑟

Dataset Task Mean Median Trim10 Mean Median Trim10

apt-eval Class. 0.29 0.43 0.29 0.26 0.20 0.16
gtfintechlab Class. 0.38 0.43 0.17 0.36 0.14 -0.05
BhashaBench Class. 0.53 0.81 0.36 0.69 0.59 0.45

Aug.-stsb STS 0.40 0.83 0.69 0.54 0.68 0.63
LivNLP-STS STS 0.45 0.83 0.52 0.55 0.94 0.53
Philo-STS STS 0.62 0.43 0.52 0.66 0.49 0.63

AIR-Bench Retr. 0.43 0.71 0.48 0.52 0.70 0.80
arXiv ’25 Retr. 0.70 0.64 0.84 0.25 0.46 0.56
LIMIT Retr. 0.62 0.81 0.81 0.61 0.62 0.65

FunPang Clust. 0.81 0.90 0.88 0.95 0.83 0.93
Reasoning Clust. 0.52 0.76 0.60 0.56 0.55 0.57

Average 0.52 0.69 0.56 0.54 0.56 0.53

Table 9: Aggregation ablation comparing mean, median, and trimmed mean (10%). The median aggregation (Ours)
achieves the highest consistency (𝜌 = 0.69).
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