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Abstract

This paper provides several mathematical analyses of the diffusion model in machine learn-
ing. The drift term of the backward sampling process is represented as a conditional expec-
tation involving the data distribution and the forward diffusion. The training process aims
to find such a drift function by minimizing the mean-squared residue related to the condi-
tional expectation. Using small-time approximations of the Green’s function of the forward
diffusion, we show that the analytical mean drift function in DDPM and the score function
in SGM asymptotically blow up in the final stages of the sampling process for singular data
distributions such as those concentrated on lower-dimensional manifolds, and is therefore
difficult to approximate by a network. To overcome this difficulty, we derive a new target
function and associated loss, which remains bounded even for singular data distributions.
We validate the theoretical findings with several numerical examples.

1 Introduction

The field of generative models has emerged as a powerful tool for building probabilistic models and generating
new samples from a given dataset. By accounting for the joint distribution of observable and target variables,
these models offer a flexible and efficient way to analyze complex data. Generative models have been applied
across a wide range of disciplines, including computer vision (Elasri et al.l |2022), speech signal processing
(Wali et al.l 2022)), natural language processing (Igbal & Qureshil 2022), and natural sciences (Strokach &
Kiml [2022)). Recent advances in generative models, including the popular variational autoencoder (VAE)
(Kingma & Welling, 2014)), generative adversarial network (GAN) (Goodfellow et al., 2014), flow-based
model(Papamakarios et all 2021)), and DeepParticle model (Wang et al., [2022), have demonstrated their
ability to solve diverse problems across different domains. These models share a common feature: they use
neural network approximation to map an easy-to-sample distribution to an unknown distribution driven by
data.

In contrast to these direct constructions, another type of generative model links distributions through one-
parameter continuous deformations. This approach has a long history in the mathematical literature and
involves solving the Langevin equation for sufficiently long times, starting from any distribution, to generate
a standard normal distribution. For some distributions pgut., one may find a pair of functions (v, D) such
that the Fokker-Planck equation,

pr=—-V- (’Up) +V- (V(Dp)) (t,l‘) € [07 1] x Rdv (1)

continuously deforms the easy-to-sample distribution py = p(0,-) t0 Pdate = p(1,). Sampling from Xy ~ pg
and solving the SDE in [0, 1],

dXt = 'U(t, Xt)dt —+ 1/ 2D(t, Xt)th, (2)

we can generate pgqt, by realization of Xj. A number of constructive approaches to (v, D) have been
considered in the literature, e.g. |Song & Ermon| (2019); Block et al.| (2020)); [Wang et al.| (2021)). A celebrated
one is the MCMC sampler, which samples from pgeiq = % exp(—V(z)) with V typically arising from a log-
likelihood function (Parisi, [1981)). Then, starting from any reasonable initial distribution, p4u:, is generated
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by solving Eq. with (v, D) = (=VV,I) over long times. Another example is the neural ordinary
differential equation (NeuralODE) (Chen et al) |2018]) which finds a pair (v, D) from data without a closed-
form representation of V. This continuous-time flow-based model connects the base distribution and the
data distribution using an ordinary differential equation.

All the models mentioned above create a transformation between a base distribution and the data distribu-
tion. Once a model of (v, D) is derived either analytically or from data, the stochastic differential equation
(SDE) integrator can be used to numerically solve the SDE from initial to terminal time, thereby interpreting
it as a generative model.

The diffusion model is a novel probabilistic generative model that converts white noise into a desired data
distribution by learning an implicit transformation (Austin et al., [2021)). Inspired by non-equilibrium ther-
modynamics (Sohl-Dickstein et al.,|2015)), Ho et al.| (2020) proposed denoising diffusion probabilistic models
(DDPMs), a class of latent variable models, as an early diffusion model. Later, [Song et al.| (2021)) unified
several earlier models through the lens of stochastic differential equations and proposed score-based genera-
tive models (SGMs). The backward process (generation of new samples) can be interpreted as solving Eq.
(2) with a tweak that reverts the notation of time and the initial distribution after the tweak is assumed to
be a standard normal distribution. Inspired by |[Anderson| (1982), Song et al.[(2021) proposed a specific set of
(v, D) from the related Fokker-Planck equation and derived a loss functional based on the forward process.
(Luol 2022) and (Yang et al., 2022) provide literature reviews from different perspectives.

Despite its success, the sampling process for diffusion models is extremely slow and the computational cost is
high. In DDPMs (Ho et al.| [2020)), for instance, 1000 steps are typically needed to generate samples. Several
works have attempted to accelerate the sampling process (Lu et al., [2022al{b; [Zhang & Chenl, |2022; [Salimans
& Ho, 2022; |Jolicoeur-Martineau et al., 2021} [Zhang et al., 2023). In addition, |Zhang & Chen| (2022]) pointed
out that there were dramatically different performances in terms of discretization error and training error
when they trained the score function of SGM on different datasets. [Karras et al.| (2022) proposed to learn a
denoiser and showed the relationship between the denoiser and the score function. This denoiser is similar
to our proposed function CEM (see below) for empirical distributions. However, the asymptotic behavior of
denoiser, as well as one in CEM, is not trivial for general distributions. It was only observed in numerical
experiments while not rigorously proved in theory. Our current work aims to provide a mathematical analysis
for such observations.

Main Contributions of this work: (1) We rigorously characterize the singularity of the score function
when the target distribution is defined on an embedded manifold. This justifies the singularities observed in
numerical experiments in [Zhang & Chen| (2022), and mentioned in |Chen et al.| (2023cial); [Lee et al.| (2022);
Bortoli| (2022); |Chen et al| (2023b)); [Nachmani et al.| (2021)). (2) We show the proposed parameterization
of score function (CEM) bypass the problem of modeling a singular function and significantly improve the
efficiency of the training process. (3) We configure the CEM, over the training schedule and the weight
normalization, with respect to the asymptotic analysis of the singularities.

Discussion of Related Work Several recent works focus on the theoretical perspective of diffusion mod-
els. (Bortoli et al., 2021)) formulate diffusion models as diffusion Schrédinger bridges, and then provide a
convergence result by assuming the score estimate is bounded in L. (Lee et al., [2022)) prove that SGMs
have a rate of polynomial convergence by assuming the score estimate is bounded in L? and requiring a
strong regularity assumption on the data distribution, i.e., log-Sobolev inequality. (Chen et all 2023c|) and
(Chen et al., [2023a) relax these assumptions to obtain more general convergence results. However, they still
require that the score function can be estimated well (in the sense of L?).

The works mentioned above assume the score function can be estimated well by a neural network. However,
this estimate will usually fail when dealing with singular data distributions, such as the distribution supported
on a lower-dimensional manifold. (Bortoli, [2022) and (Zhang & Chen| 2022)) explore the affect of singular
data distributions, and they realize that the score function blows up as t tends to zero for the singular
data. Observing the blow-up behavior experimentally, the derivation in Bortoli (2022) is based on the
assumed existence of blow-up as ¢ tends to zero. Especially, their theory does not prove such existence.
In contrast, our theory provides mathematically rigorous analyses of asymptotic behavior at the final time,
which includes both sharp upper and lower bound. More precisely, we find that the singular behavior of the
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T
the Brownian motion example). Moreover, we notice a parallel work |Chen et al.| (2023b)) which studies the
score approximation under singular data distribution by requiring a linear assumption. In comparison, our

work does not require such an assumption.

score function is 7, which is a sharper result than [Pidstrigach| (2022) (they prove that |V log(p:)| 2 % for

From the experimental perspective of diffusion models, DDPM and SGM conduct different weighting function
for training the neural network to estimate the score function. (Karras et al.l2022; Salimans & Ho, [2022) and
(Campbell et al., |2022)) propose similar loss functions or training objectives for improving the performance
of diffusion models. Despite these similarities in configurations, we provide a solid theoretical foundation for
these configurations from rigorous mathematical analyses.

2 Background

As a class of probabilistic generative models, diffusion models are used to sample from a d-dimensional target
probability distribution. Given a target distribution pg.t, and a random variable Xy ~ pgqtq, the general
idea of diffusion models is to add noise to Xy step by step such that X7 is an easy-to-sample standard
normal distribution. Subsequently, a reverse diffusion process is used to sample from pg.¢q. The generative
task of diffusion models is done by solving an SDE for the form defined backward in time from 7" to 0.
In general, there is no closed-form expression for the reversion and we usually learn it from available data.

2.1 DDPM

As a main class of diffusion models, DDPMs (Ho et al., 2020) learn a distribution py that approximates pgqzq
as follows. We start with the forward process, denoted by Xj and Xy ~ pgatq. We gradually add Gaussian
noise to the data with a schedule of K steps at f51,...,Bk:

K
p(X1.x]Xo0) = [ [ p(Xk|Xk-1) (3)
k=1
and
(X Xi—1) == N(V1 = B Xi—1, Brla)- (4)
k
Denoting ay := 1 — Bk and &y := [] as, we may recast it as:

s=1
X1 = V1= BpXy + V/Bre,
= \/aka + v 1- A€, € N(Ovjd) (5)
A notable property of the forward diffusion process is that
p(Xk|Xo) = N(VarXo, (1 — ax)la), (6)

which implies that the data is converted to a standard Gaussian distribution as &y converges to 0.

For the generative sampling task, we construct a backward process, denoted by J?OT;(, such that Vk, )’(Vk
shares the same marginal distribution as Xj. As a starting point, Xx follows N(0, I;), which is easy to
sample. Then we iteratively find the conditional distribution

po(Xi—1|Xr) 1= N (Xi_1; pto(Xx, k), Do (X, k), (7)
where (g, Xg) can be learned from data evolving according to the forward diffusion process (3)).
Ho et al.| (2020)) proposed 29(5(\;, k) = B4 and

X, D

(Xk - mE@(X\;,k)), (8)

,U/Q(X‘;cak) =

al-
B



Under review as submission to TMLR

—~—

where €p is modeled by a neural network. We then obtain samples from the distribution pg(X k,1|)’(\;€) by
computing
1 = B

X —
VoA e

Xp = (Xk, k) + v/ BeNi, (9)

where Nj, ~ N(0, I).

For the reverse diffusion process, Ho et al.| (2020) proposed finding the best trainable parameters 6 by
optimizing the variational lower bound:

Do (XO:K)
p(X1.x]Xo)"

They also found a simplified loss function, which improves sample quality:

Lsimple(ﬁ) = Ek,Xo,e”€ — 69(\/ apXo+ V1 — Qge, k’)HQ (11)

L:=E,[—log (10)

2.2 Score-based generative model (SGM)

DDPM may be viewed as an SGM inferred from discretizations of stochastic differential equations (SDESs)
(Song et al., [2021)). The general idea of an SGM is to transform a data distribution into a known base
distribution by means of an SDE, while the reverse-time SDE is used to transform the base distribution back
to the data distribution. The forward process can be written as follows:

dX; = h(Xt, t)dt + g(t)th, Xo ~ Pdatas (12)

where W is a Brownian motion and X7 ~ pr approximates the standard normal distribution for large value
of time T. The corresponding reverse-time SDE X, shares the same marginal distribution as the forward
process X; and hence gives a pair of (v, D) in Eq. and Eq. modulo the reversing of the direction of
time. It can be written as

dX, = [h(X,t) — g(t)*V g log pu(X,)] dt + g(t)dWV, (13)

where p; is the solution of the Fokker-Planck equation for the forward SDE (12)), see |Anderson| (1982).
Song et al.| (2021 proposed learning the score function V x log p;(X) by minimizing the score-matching loss
function:

Ei x,x, {)\(t)”Se(Xt’ t) — Vx, logpt(Xt\Xo)HZ}’ (14)

where Sg(X},t) is a time-dependent score-based model, and A(t) is a positive weighting function.

2.3 Training and sampling issues for diffusion models

Diffusion models consist of two processes: a forward process and a reverse-time process. The forward process
is used to transform the target distribution into a normal distribution. The forward process is explicitly given
and does not require training. In contrast, the reverse-time process is used to restore the target distribution
from the normal distribution, with coefficients that are not explicitly known and may be approximated by
training.

Training of DDPM seeks 6 by minimizing Eq. . For SGM, the evaluation of the score function
Vxlogp:(X) is not explicit. [Song et al.| (2021 discuss several approximations including Gaussian tran-
sition kernel p;(X;|X() or using sliced score matching. In the next section, we provide an expression as
the loss function arising from the continuous solution of the Fokker-Planck equation.

In addition to the issue of accessibility of Vx logp:(X), the score function Vx logp:(X) in Eq. may
be complex and exhibit local structures and singularities, in particular near ¢ = 0. This was pointed out by
Dockhorn et al| (2022)); [Song et al.| (2021); |[Zhang & Chen| (2022)), where they proposed experimental ways
to deal with the singularity of the score function V x log p.(X).

In the next section, we will elaborate on accessibility and regularity issues from a more mathematical point
of view.
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3 Generative diffusion model from a mathematical perspective

In this section, we first provide a unified framework for DDPM and SGM based on considering the backward-
generating process as an SDE solver. The training schedule is interpreted as the discretization time step of
the SDE solver. By exploring the analytical solution of the Fokker-Planck equation, we represent the score
function as a natural conditional expectation. The training process then aims to find a network-based model
that approximates the conditional expectation by minimizing the mean-squared prediction error function. In
Section we theoretically show that for the preceding generative models (SGM, DDPM), the conditional
expectation exhibit singularities at ¢ — 0 under general sub-manifold assumption. The theoretical value of
the model turns to infinity as the backward process approaches the terminal of the schedule. To overcome
this difficulty, we finally propose a new model (CEM) that is bounded by the range of pgatq-

Before starting the derivation, we would remark that a few works have proposed similar frameworks as
in Section [2| such as |Gong & Li (2021)); [Song et al.| (2021)); Dockhorn et al. (2022)); Bao et al. (2022));
Bortoli| (2022)) (about unified time). Meanwhile to address the stability, |Karras et al.| (2022 proposing to
use a neural network to learn a denoiser (X, prediction), which is similar to our proposed function CEM
of in case of point cloud distributions. While the advantage of proposing such denoiser is only through
experiment in [Karras et al.| (2022)). (Salimans & Ho, [2022) and (Campbell et all 2022)) also propose similar
loss functions or training objectives for improving the performance of diffusion models. In contrast, this
section aims at presenting the theoretical reasoning that conventional models (e.g. DDPM, SGM) will suffer
from instabilities during training for a large class of dataset (data that has locally low dimensional structures)
regardless of configuration; while CEM or similar models avoid such singularities during training process.
Hence we keep the derivation of the framework for completeness and generality of the theoretical results.

3.1 Unifying the time framework in DDPM and SGM

Inspired by SGM, the forward process of diffusion models may be viewed as a discretization of the following
d—dimensional OU process:

1

Consider a K partition of the time interval [0,T],t0 =0 < t; < t2 < - - < tx =T, where ty —tr_1 = Aty =
—log(1 — Bi) (equivalently Bx =1 — e~2*). Then at time step t,

Aty e T
th+1 =Xye 7+ € 2 dW,
t

~ X V/1= B + VBeNe, Ni ~N(0, 1), (16)

which coincides with the forward diffusion process in the diffusion models literature, e.g., |Ho et al.| (2020));
Song et al.| (2021). Compared to the preceding section, note that oy, = e 2, ay, = e t*.

The advantage of the continuous model is twofold. First, we can represent the distribution of Eq. at

time ¢ by Eq.
X, ~ Xoe % +(1—e )N, where N ~ N(0,1). (17)

Second, we can easily estimate the time necessary to convert the real data distribution to normal distribution.
Empirically, we take the final time 7" > 10 which leads to the fraction of the initial data in X to be less
than exp(—5) = 0.0067.

The backward (sampling) process follows the reverse-time SDE (Anderson, [1982]),
— 1~ — —
dX, = —(§Xt + Vx logp(X¢,t))dt + dWy, (18)

where p; is a forward Kolmogorov equation of Eq. with initial data distribution pgq¢, and Wt is a
standard Brownian motion independent of W;. Then X; and X; share the same marginal distribution.
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A key observation is that p, the law of the OU process, has an analytical solution (Evans, |2010J),

_1 IX — Xoe~ 2|
p(X,t) = 7 /exp ( - 2(1_—(3_t))pdata(X0)dX07 (19)

where Z is a normalizing factor that depends on ¢t and d. The global score function .S may then be interpreted
as a conditional expectation, namely,

_ VXP(X, t)
p(X,1)

1 [ X—Xge t/? [ X=Xoe™ /|
Z 1_(:,;t exp | — 21— 1) pdata(XO)dXOa

— Xope—t/
% fexp < — W)pdata(XO)dXO
1—et

where X; follows the forward process . The conditional expectation in can be interpreted as follows.

Starting from X following pgqta, the forward process solving gives the base distribution X;. Given the

. _xge—t/ . L . . .
observation of X; as X, % follows a posterior distribution. Taking the expectation of the posterior

gives the analytical expression of S.

S(th) =—-Vx logp(th) =

=Ex,| X, = X], (20)

Remark 3.1. By standard Markov property, for ¢t < t,

X, — Xt/e—(t—t’)/2
1— ef(tft/)

S(X,t) = Ex,, [ X, = X}. (21)

Training In general, S(z,t) : R? x [0, 7] — R? is a very high dimensional function and hence lacks global
approximation. Leveraging the properties of the conditional expectation for fixed ¢, S(X,t) is the optimizer
of the following mean-squared prediction error functional,

X, — Xpe~t/2

J(S) = Exo x|~ =

- Sg(Xt,t)H2. (22)

By assigning a weight for the t-variable, the training process of |[Song et al.| (2021]) is generalized as seeking
a network-represented function Sy that minimizes,

Exo, NN (0,10) 1

[A(t)”% — Sp(Xoe 2+ VI— e IN, t)ﬂ. (23)

We remark that we use samples of (X, ¢, N) for the evaluation of the integral in Eq. and samples of ¢
do not necessarily follow the same schedule as those of the backward process.

Sampling There is no general closed-form solution for the backward process and so we employ splitting
schemes,

(24)

‘E = th+1 - AtkSQ(th+17tk7+3)
th — eAtk/Qth+1 + \/1 _ e—Atka

where Nj, ~ N(0, I).
Remark 3.2. The training and sampling process exactly coincides with the aforementioned SGM, i.e.,

learning the score function S(z,t) with L?norm. It is also related to DDPM as follows. Taking
eo(x,t) = /1 — e tSy(x,t), the loss functions (23) becomes,

At B ~ 2
/ 1 f(e)*t EXoyNNN(OJd) N — 69(X06 2 +V1-e™'N, t)H dt
t

At
%Z ( ,i) Ex, NoN(0,12)
PR

‘ 2

N — eg(Xovau + V1 — axN, tk)‘ (25)

1
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And the sampling process 7
5(\; :eAtk/Q(thJrl - Atks@(th+1vtk+1)) +v1-— e~ At N’C (26)

1 Aty _— ~
_E(th+1 - ﬁee(‘){tk+1vtk+l)) + VB Nk

B O
=~ — €
Vag T TGy

For the approximation in the last line, we use 1 — a, = By ~ Atg. This scheme coincides with DDPM using
Lgimpie loss function Eq. .

(Xoporotrs1)) + /BN (27)

3.2 Singularity of the score function

In the previous subsection, we showed the conventional training process aimed to approximate the conditional
expectation function S(X,t) = Ex, [MU(U2 |X: = X] or e(X,t) = V1 —e"tS(X,t). However, such

l—e—t
functions potentially exhibit singularities near ¢ = 0, which corresponds to the last few steps of the sampling
process. For example, if X follows a single point distribution, then S(X,t) = % while ¢(X,t) =
%6772. It is then very difficult for general network propagation configurations to express such a blow-up
-

ast — 0.

An n-dimensional sub-manifold is denoted by Q, where Q € R? and n < d. To characterize such asymptotics
for most general datasets, we made the following assumptions over point X in the backward (sampling)
process and data distribution pgqte-

(H1) Uniqueness Assumption Fixing point X, we denote the yx on € as the unique point that minimize
the distant between X and €, i.e. yx = argmin, g |ly — X|| is uniquely defined.

(H2) Subspace Assumption Let B. = {y € Q: |ly— X|| < |lyx — X|[+¢}, which is decreasing set series
as € — 0. We assume there exists 0 < ¢g <« 1, such that for y € B,,, there exists a local coordinate chart,
z = y(z) € Be, C 2, under which pgat, is assumed to have a locally defined smooth density function in form
of.

)

Pdata(y) = p(2)|J(2)]0y(2)eqs (28)

where J is the Jacobian of local coordinate transformation and the size of J is corresponding to the dimension
of low-dimensional variable z, denoted as n. In addition, we assume within y(z) € Be,, p(z) is continuous
and bounded,

0 < po < p(2)|J(2)] < p1 < o0. (29)

Under these assumptions, we state the first key theorem of this work as follows.

Theorem 3.3. (Singularity of the score functions) Let X € RN\Q and data distribution pyasa satisfy (H1)
and (H2). Then, the score function S(X,t) blows up as t — 0, and more precisely, satisfies

S(X,1) = %(1 +o(1)). (30)

Proof. The score function has the following representation

X, — Xoe ™2 9(X,t)
S(X,t):EXO[il_e_t |Xt:X]:71_e—t’ (31)
¥ L IX—ye” 52 p
. _ -3 2(1—e—?)
90X, 1) = By X~ Xoe ™1, = ] = JalX 20 el 0) )

_t
_lIX—ye 22

er 20=e™h) pdata(y)dy



Under review as submission to TMLR

With a fixed ¢ > 0, we decompose g into two parts,

f ( t) CIX—we 32 (1)d f (X - ) _M ()
X —ye 2)e 209 puaa(y y ye~ e 20D puaa(y)dy
g(X, 1) = =2 t t LA SNEE)
IX—ye 22 X —ye 52
Joe 2D paara(y)dy Joe 2D paara(y)dy

By definition of B, for y € Q\B.,

[X —ye 2| Ze?[[X —y| - (1 —e )X 2 e 2([X —yx| +¢) = (1 —e2) [ X[ =: Cpe. (34)
For y € B,

IX —ye 2| <e 2| X =yl + (1 — e 2)|X]| < e 2(|X —yx||+€) + (1 — e 2)|X]| = Di.. (35)

We claim that the second term of converges to zero as t — 0 (with fixed ¢) since

L lx—ye 52 e
fQ\BE(X—ye_f)e 2(=e™h) pdata(y)dy fQ\B ”X” + Hy”)e 2(1—e t)pdata(y)dy (36)
IX-ye 32 - Ix-ye 32
er 20=e™h) pdata(y)dy fQ 2(1-e™) pdata(y)dy
X+ ata(y)d
o111+ lyDpanta () .

t
e 2 2_02
IX—ye™ 2|2-02

fQ e 21-e7H pdata(y)dy

Given the boundedness of the expectation of the data distribution pgu¢e, it remains to show the denominator
converges to infinity as ¢ — 0. In fact, with in mind,

I1X—ye™ 52— oz, I1X—ye™ 52— oz, p? ,—ci.
/ G_Wpdata(y)dy > / e Wpdata(y)dy > / e_mﬁ(z)l‘](z)ldz
Q <! y(z)EB,/
(38)
With ¢ sufficient small, say ¢ < tg such that § > 2(6 z — 1)]| X]|, we set &’ - 2(6%0 — 1) X]| > 0 so that
V0<t<t,
P~ Dho =(cH(e — ) — 201 — e X[ e @UX —yx]| +=+ &) (39)
t &€ t
=<e 5(2 +2(e® — D|X])) - 21 e 2)||X>6 22X —yxll +e+¢) (40)
E t
(e F-DIXN) e E@IX - yx]l 2+ (41)
>e t°5||X - yX|| > 0. (42)
The right-hand side of converges to infinity as t — 0.
Similarly,
_IX—ye 32 _IX—ye 32
fQ\BE e 20-e7H pdata(y fQ\B e 20-e7H pdata(y)dy
7 (43)
_IX—ye 22 _lx—ye B2
Js e 20D paata(y)dy Je, e 2D paata(y)dy
c?
Jons. € 2T aara(y)dy 1
< A o2 < D2 —co2 = O(t) (44)
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So the denominator in the first term of can also be decomposed and approximated by the contribution
in B,

_t
X —ye 22

_Ix—yey? IX—ye 2117
/ e 209 puara(y)dy = (1 + O(t))/ e 207D paaa(y)dy. (45)
Q B.

Then when ¢ — 0, we have in local coordinates ,

_t
IX—ye 22

fBE (X - yeié)e 2(1=e™H pdata(y)dy

: (46)
_IxX-—yeT 22
Js. e 207D paata(y)dy
L lxo@etEp
Jymes. (X —y)em2)e =m0 ()| J (2)|d=
— - (47)
_IX—u@e 22
fymen. e T p()](2)ldz
_t
_lxX—y(xe 2?2
2(1—e—t H
e en O T 1)l )
Xy 22
Jyyep. € 2T p(2)|I(2)]dz
Taking into account, and realizing that y(z)e_% is well approximated by yx on B, for ¢ small,
foen v ST 0 1
; y(z)e 20-e"Y  py(z z)|dz
‘ y(z)€B. — —yx (49)
X 22
Jyen, e Hem ()] (2)|dz
yien I0(2) —xlle” 25T
z) — e 2=eTH  dz
<p1 y(z)€B. Yy Yx t (50)
o X —y(z)e” 22
P Jyep. ¢ P00 dz
f _IX—ux)e 32 p
ge  20—e"H gz
<p1 y(z)€B. . (51)
o X —y()e” 22
o fyyep € 0 dz
-2 @
Substituting back to then we have
lim g(X, 1) = X —yx + O(e). (53)
Since choice of € > 0 is arbitrary, from we have,
. X —yx)
O

Remark 3.4. The above derivation may be generalized as an application of the Laplace method, which
we now briefly present. The manifold € is covered by charts mapping subsets to domains of Euclidean
space. Consider one such chart parameterized by variables y = y(z) with z € U C R™ and Jacobian of the
transformation equals 1 to simplify. We assume that the closest point yx = yx(zx) for zx € U.
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The Laplace method (see, e.g., Erdélyi (1956])) states that an integral of the form

/Ue 9@ n(z)dz (55)

is approximated by,

h(ZQ) 1

) e t0(20) 0
(rt)? 0 e 1 o) (56

where zq is the unique point minimizing 6(z) and |H6(zp)| is the determinant of the positive definite Hessian
of 0 at zg.

We start with,

. _IX—uye 32
Jy(X —y(2)e~$)e” 20 p(2)dz

X —y(z)e 2H2

(I—et) [pe 20=<D  p(2)dz

S(X,t) = (57)

By noticing 1 — e™¢ ~ ¢ when ¢ - 0 and applying the Laplace method . to the nominator and denom-

inator with 0(z) = || X — y(2)e~2|2/2 and h(z) = (X — y(2)e~2)p(z) and h(z) = p(z) correspondingly, we
immediately arrive at,

S(X,1) = 22X (1 4 o(1)). (58)
Remark 3.5. The uniqueness assumptions of Theorem [3.3] hold almost surely during the backward process.
This is due to during the backward process, the target function (e.g. S and €) is evaluated on an approximated
distribution of the forward process, which is globally supported over R? and hence almost surely outside of
Q. As for the subspace assumption, It is a widely shared belief that data distribution in, e.g., human genes,
climate patterns, and images, are supported on low dimensional structures (Tenenbaum et al., [2000; [Roweis
& Saull |2000; Belkin & Niyogil [2003). We would like to further remark that the dimension n in the subspace
assumption is only locally defined and our result holds as long as n < d.

In contrast to the above result, there are situations where the target functions (e and S) remain bounded as
t approaches zero for specific distributions pgazq-

Theorem 3.6. (Regularity of the score function) Assuming the data distribution Xy has the following form
of probability density function,

p = po* i1, (59)
where pg s some positive PDF and py is PDF of normal distribution with variance o > 0. Then fizing X,

X — Eit/ZXO

Vi logp(X,t) = By, | S 51 = X], (60)

where X, follows distribution whose PDF is py. The score function —V x logp(X,t) remains bounded when
the support of po is compact.

2 t

Proof. Let N1 and Ny be independent standard normal distribution with variance ¢ and 1 — e™" corre-
spondingly. Denoting X, as a random variable with distribution po and Xy is also a random variable with
distribution p. Notice that p = pg * 1, where p; is PDF of N1 Therefore, we know that X = Xo + Ny.
Moreover, the solution of forward process is X; = Xge™ 3 + V1 —e~tN, where N is a standard normal
random variable. Subsequently, the equation X; = (Xo + Nye™ 2) + N5 is hold in distribution sense. Using
this relation, we can derive

10



Under review as submission to TMLR

Ele™"?Xo| X, = X]
=Ele t?(Xo + Ny)|e /2(Xo + N1) + Ny = X]
=E[e71?X,|e V2(Xo + N1) + Ny = X] 4 E[E[e V2N1|e V2N, + Ny = X — /2 X, X]
o2e H(X — e’t/zX'o)
o?e t+1—et

=Ele "?Xole ¥ (Xo + N1) + Ny = X] + E| le™/2(Xo + Ny) + Ny = X]

o2t X 4 (1 —et)e2X))

=F 2 Xy + N1) 4+ Ny = X]. 1
[ S B le™"*(Xo + N1) + N2 ] (61)
So
Xy — Xoge '/?
—Vxlogp(X,t) = EXO[%"X} = X]
X, —e t2X,

=By gy e =X, (62)

which remain bounded when the support of py is compact. O

Theorem provides a possible explanation for why samples of the DDPM and SGM seem to be randomly
perturbed away from the possible local support of the data distribution manifold. As discussed in Theorem
[3-3] the theoretical value of the target function becomes unbounded as ¢ approaches 0, which is not expressible
by most network configurations. And the loss function that relies on the target function becomes unbounded
too. The model turns out to learn a bounded function instead of a singular function, which corresponds to
learning a polluted data distribution p instead of py (pPgata). A sample from p = pg * uy can be viewed as
adding independent Gaussian noise to a sample from the original distribution pgutq-

Summarizing the above, forcing the network, upper bounded by %, to learn the model S or e from data

supported on a low-dimensional geometry, turns out to add i.i.d. Gaussian noise in each dimension with
variance o2 to the original data.

3.3 A new model based on conditional expectation

To avoid such pollution, we propose the conditional expectation model (CEM) to respect the singularities.
Note that,

X e t/?
= B[ XolX, = X]. (63)

S(X,t) =

Denoting Ex,[Xo|X: = X] as f(X,t), we know for fixed ¢ that f(-,¢) minimizes the following functional,
J(f) = Ex, (1 X0 — f(Xe. O)])*. (64)

This justifies defining a new loss function for training fy as
2
Exo e [MO[ Xo = fo(Xe,0)]], (65)

where A(t) > 0 is a time-dependent weighing function that remains free for the user to choose.

Remark 3.7. A good choice of A is to align the training process for each t. While the analytical value is
inaccessible without knowledge of data distribution, in practice, we employ A(t) = (e! —1)~!. This is inspired
by an analysis of Lgimpie in DDPM discussed as follows. In DDPM, the optimal

X — Xoe /2
60(X7t)=E[%|Xt=X]- (66)

11
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Fixing ¢, the penalty function is lower bounded, i.e.,

X; — Xpe Y2, X, — Xoe t/?
Ex, (eg(Xt,t) — —F——=—) > Ex,Var|————1X4], 67
(60X t) = S B Var S 2 ) (67)
where the equality holds when holds. Note that
X — Xge~t/? e
VGT[ﬁLXt] = mva’r(XdXt). (68)

The uniform weight in Lgjmpe implies lower bound in the right-hand side of Eq. is assumed to be
independent of t. With the same assumption, we have

Ex,Var(Xo|X;) o< (e — 1), (69)
which in turn gives A(¢) = (ef — 1)1

Sampling process After training for fy, the closed form solution of the backward process remains
unknown. Thus, we still need to use numerical SDE solvers to construct a generative model of pgqu¢,. Using
(63)), we consider the following replacement in the sampling scheme ,

X e t/?

1—et 1—et

SG(Xat): fG(X7t)' (70)

Even after re-directing the network to model a bounded function f, the drift term in the backward process,
—%X — Vxlogp(X,t), may still be of order C’)(%) near ¢t = 0; see . The training schedule should be
adapted accordingly. A natural choice is to match the drift scale with a single time step. At the time ¢, for
k > 1, we consider the scale of changes due to the drift,

1
(tk — tk_l)f = Yk- (71)
ty

Minimizing v, for all k¥ > 1, we arrive at the following exponential schedule,

e =t1(1— )" (72)

where y =1 — (%)Kll.

Remark 3.8. Though the scale of drift indicated in Eq. 1} ie., (’)(#), only applies when ¢ is near 0.

For t > 0, we still use exponential schedule to reduce the time of network evaluation.

4 Experiments

The experiments consist of five parts. First, we employ DDPM, SGM, and the proposed CEM to learn to
generate a one-dimensional supported distribution in R2. By comparing the learned models with the corre-
sponding analytic values, we show the new model outperforms DDPM and SGM by avoiding approximating
singularities. Second, we also verify that if we replace the network with its corresponding analytic expression,
the sampling process gives the exact distribution. Third, we investigate the performance of the new model
depending on some parameters that are decided empirically. Fourth, we apply CEM to a high-dimensional
example, i.e., the MNIST dataset, and compare the performance with DDPM. Lastly, we conduct ablation
studies for the sampling schedule and the weighting function.

In all subsequent experiments, unless otherwise specified, we setup the diffusion model with 7" = 10 as
the ‘final’ time and K = 200 uniform/non-uniform time grid points (exponential schedule (72))) for train-
ing/sampling. For model training, we use 10° samples with a batch size of 104, and we choose Adam as the
optimizer, where the learning rate is 0.001. The network configuration will be specified in each example.

12
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4.1 Comparison between SGM, DDPM and proposed CEM

In the following, we compare the SGM, DDPM, and CEM on several two-dimensional target distributions.

Line normal distribution in 2d space As the first example, we consider a distribution supported on
a line in two-dimensional space. Precisely, the data distribution is generated by X = (X1, X3), where
X; ~N(0,1), X5 =0. In Appendix we derive the explicit formulas:

S(Xat) = (Xla %)a
e(X,t) = (V1 —etXy, \/1)(_2‘7), (73)
f(X,t) = (X1e72,0).

4 4 4 44
2 2 2 2
X 0 c— o—l‘llllllll'.’ 0{ IS | O E——
-2 1 -2 - -2 -2 1
-4 ~4 -4 1 ~4
-5 0 5 -5 0 5 -5 0 5 -5 0 5
X1 X1 X1 X1

Figure 1: 1d line normal distribution in 2d space. From left to right: CEM, SGM, DDPM, and the ground
truth. The network configuration is as follows: 2 hidden layers, each layer with 16 nodes, and Tanh as the
activation function.

In Figure[l} we compare the distributions generated after training the CEM, SGM and DDPM. Our method
CEM displays less pollution errors compared to DDPM and SGM. To verify that the errors originate from the
poor approximation of the goal functions, we compare in Figure [2| the estimated score function Sy(X,t) with
the ground truth S(X,t) at a fixed point X,y = (1,—0.1), i.e., e(S(Xevast); So(Xevast)) = |S(Xeva,t) —
So(Xeva,t)||. We similarly define e(e(Xeya,t), €9(Xeva,t)) and e(f(Xeva,t), fo(Xeva,t)). Notice that Xe,q
is outside of the support of the distribution R x {0} and that by , the target score functions S and €
exhibit singularities in the second coordinate. Correspondingly, in the left of Figure 2] we observe that the
approximations of f, .S, and € are roughly correct for the first coordinate. This also verifies that the training
of SGM and DDPM is indeed modeling the conditional expectation suggested in Eq. . On the right
picture of Figure[2] we observe that, due to the existence of singularities, the approximations of S and € are
incorrect and the error grows rapidly in the final steps of the sampling procedure.

Figure [3| displays the L?-error between the analytic formulas in and the estimated functions f, S and
€ obtained during the last 100 sampling steps in the backward process. The L? norm is defined as follows.
With Sg(X,t) the estimated score function, the L2-error at a fixed time ¢ > 0 is defined by

ep(S, S4) = / 1S(X. 1) — Sp(X, 1)|*p(X, 1)dX, (74)

where p(X,t) is distribution of the forward process (L5)). In practice, we solve the forward process to
obtain the empirical distribution at time ¢ as an approximation of distribution p. We similarly evaluate

ep(ev 69) and ep(fv f@)

Since € = /1 —e~tS is of order O(%), we remark that with same configuration of network, ¢ in DDPM

is better approximated than S in SGM (see Figure [2] and Figure [3)). This results in less pollution in the
sampling process, as shown in Figure [I}

13
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Figure 2: Error at a fixed point X.,, = (1,—0.1). Red, proposed CEM: e(f, fp); Green, SGM: e(S, Sy);

Blue, DDPM: e(e, €g). (Left) first component of estimated function. (Right) second component of estimated
function.
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Figure 3: L2-error with distribution p. Red, proposed CEM: e, (f, f); Green, SGM: e,(S, Sy); Blue, DDPM:

ep(e, €g). (Left) the first component of the model function. (Right) the second component of the model
function.

Curve distribution We now consider distributions with more complex geometries, and in particular a
data distribution generated by X = (Ucos(U), Usin(U)) where U ~ Unif[1,13]. In Figure[4 we compare the
distributions generated by the CEM, SGM, and DDPM. The singularities near ¢ = 0 exhibited in Theorem
[3-3]imply that errors only accumulate during the final few stages of the sampling process. The approximated

stochastic dynamics primarily lead X; to a local neighborhood of the support of pguia, where most of the
error is concentrated.

4.2 Replacing the network by analytical expressions
In a limited number of favorable settings, the diffusion coefficients (v, D) that appear in the backward

sampling process may be computed explicitly leading to an equally explicit expression for the conditional
expectation (20). This bypasses the need to model (v, D) by a neural network.

14
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Figure 4: Curve distribution. From left to right: the proposed CEM, SGM, DDPM, and the ground truth.
The network configuration is as follows: 3 hidden layers, each layer with 64 nodes, and Tanh as the activation
function.

Table 1: Sampling five-point distribution in 2d space with analytic expression. Frequency of each point.

POINTS 1 2 3 4 3

FREQ. 0.2086 0.1924 0.2092 0.1977 0.1921

As an illustrative example, we generate 5 points (randomly) Xi.5 and set the target data distribution
Ddata = 25’:1 0x,. We then obtain the following analytical expression derived in Appendix

5 i [X-xPe 5|2
D X(g ) exp ( - W)

5 X —x{Pe 32
i=1XP 2(1—c )

Figure [5] displays the backward process for 10000 samples generated by solving the backward SDE at the
times ¢t = 10,5.8718,3.2356,0.7518,0.0216,0. Not surprisingly, the initial points sampled from a normal
distribution are entirely “absorbed" into the target five-point distribution at the final sampling step ¢t = 0.
Table counts the empirical frequencies (probability) of absorption by the five target points, which are very
close to their theoretical value 0.2.

E[Xo|X, = X] = (75)

The interpretation is then twofold. (1) With an exact model of the target function in the training process and
an exact solution of the SDE in the sampling process, the resulting new samples accurately reproduce
the original training data. This validates that the training process of diffusion model under the framework
discussed in Section [3.1]is in fact a least square minimization which achieves optimal at conditional expecta-
tion equation (2) When explicit expressions such as are not available, this ideal accurate sampling
of the training data can rarely be achieved in practice due to the imperfections in the neural network ap-
proximation. Only a simplified distribution is learned in practice, which enables the generalization abilities.
See Figure [6] and the next section for the reconstructions obtained in the context of a distribution with four
atoms for different neural nets trained to approximate E[X|X; = X].

4.3 Dependence on the model configuration

Expressive power of network In the next example, we consider a point cloud distribution with four
pomts Ddata 1,—3) (%) + 61,1y (%) + 1,1y () +I(1,3) (). Thc analytical solution for f is similar to that
in . In Flgure@7 we show the distribution generated from ( after training for the CEM with different
network configurations: a deep neural network (2 hidden layers 16 nodes each layer) and a shallow neural
network (1 hidden layer, 4 nodes each layer). This comparison illustrates that when the approximation power
of the neural network is insufficient, then optimizing only leads to a poorly approximated f and hence
an incorrect resulting sampling.

15
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Figure 5: Generating Five-point distribution in 2d space by the analytic expression of the drift, scattering
plot of sampling process for ¢ = 10, 5.8718, 3.2356, 0.7518, 0.0216, 0.

We point out that for many practical distributions with bounded support, even though the proposed CEM
target function f is bounded uniformly in ¢, it may itself be extremely complicated. In practical applications
of diffusion models, the new f in CEM may have different structures compared to € in DDPM and S in SGM
and this may require a design of the network that differs from the well-established U-Net in
. Moreover, if the design of the network preserves the possible low dimensional structure of
continuous data distribution, instead of the discrete samples, solving the backward process associated with
the network modeled drift may generalize the distribution of the discrete sample to the continuous one. We
leave this as future work.

Training schedule #; Yet another parameter to be determined in the training schedule proposed in Eq.
(72) is t;. In Figure [7, we consider a 20 points distribution in R? and generate samples from Eq. (24)
with analytical expression for various values of ¢;. As a splitting scheme, introduces numerical errors
proportional to the time step. Since the final time step is ¢1, we can see in Figure [7] that smaller ¢; results
in lesser errors in the generated distribution. In practice, we do not recommend ¢; to be taken as too small
as this introduces numerical instabilities when computing the final drift in .

Aligning the training process by designing A In order to further improve the effectiveness of training,
it is also important to control the variance of the loss function at different times by judicious choices of
A(t). In section we propose to define A(t) = 1 and the previous experiments have verified its validity.
Recalling the loss function in CEM , we ensure that

M)~ Exg x,[1Xo — f(X0, 1) (76)
For a given explicit expression of f, we can numerically estimate the right-hand side at different times by

sampling the forward process X;. The estimation is denoted as Ayye(t), as it reflects the potential small ¢
asymptotic regime of the variance in the right-hand side of (76).
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Figure 6: Four-point distribution. From left to right: Deep neural network, shallow neural network, and
the ground truth. The Deep network configuration: 2 hidden layers, each layer with 16 nodes. The shallow
network configuration: 1 hidden layer, each layer with 4 nodes. Tanh as the activation function of both.
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Figure 7: Generated samples with the analytic expression of drift for various t;

In Figure 8] we revisit the case of Section
h3

in Section |3.

1
Atrue (t)

It can be seen on Figure E

with a five-point target distribution pg.:a. The proposed A
is (e! —1)~!. We consider ﬁ = C(e* — 1) with a free constant C' to fit the computed
guess

that (e! —1)~! captures the correct scale despite the minor perturbations

introduced by the sampling. This result is another confirmation that our proposed method CEM may greatly
improve training stability in some cases.
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Figure 8: Fitting A=!. True: Ex, x, || Xo — f(X4,t)||? by Monte Carlo; guess: C (e’ — 1) for the best constant
C.

4.4 Application to MNIST

In this subsection, we present the performance when applying our CEM to generate high dimensional dis-
tribution (MNIST, . Comparing with previous examples, we replace the densely connected net by Unet
Ronneberger et al.| (2015) to model € (66)) of DDPM and f of CEM separately. We apply Adam optimizer
with a learning rate of 0.00002 and train each model with a batch size of 64 for 30 epochs. Both the forward
process and the sampling process consist of 1000 steps, with a final time 7" = 10. Figure b and Figure
show that the generation of CEM and DDPM correspondingly. Limited by computing resources, this pre-
liminary numerical result validates the potential sample generation capability of CEM for high dimensional
distributions and shows the advantage of CEM over the original DDPM.
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BNAAEDNAnan 2] doliloel 7]
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L 17]s7]o]/1éls16]7]2] 7lclofsls]+falc]e]2] NGB AEANER
(a) Snapshots of MNIST (b) CEM (c) DDPM

Figure 9: Performance of CEM and DDPM on MNIST

4.5 Ablation Studies

Impact of sampling schedule Theorem shows general existence of the singularities during the sam-
pling process. An arbitrary sampling schedule may lead to numerical instabilities during solving reverse time
SDEs. To this end, we take 20 time steps from 7" = 10 for the sampling process and compare the linear
schedule, quadratic schedule and the proposed exponential schedule in Figure As expected, we can
see that the exponential schedule significantly improves the sampling performance of CEM as a result of
respecting the growth of scale of the drift. As an intermediate between linear and exponential, the quadratic
schedule yields similar results to the exponential schedule, but with slightly inferior performance.
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Figure 10: Comparison of different sampling schedules. From left to right: linear schedule, quadratic
schedule, exponential schedule and ground truth. The network configuration is as follows: 3 hidden layers,
each layer with 64 nodes, and Tanh as the activation function.

Impact of weighting function A The weighting function A in is also a major impact factor for the
performance and should be carefully designed for the training in order to normalize the training objective.
We choose three different weighting functions A(t) = 1, ﬁ, et;—l and compare their sampling performance
in Figure We can see that the proposed weighting function A(t) = ﬁ achieves a better sampling result
than the other two functions.

5 5 5 5
0 0 0 0
< 7
-5 -5 1 -5 -5
-10 ~10 10 10
10 0 0 -10 0 0 -10 0 o -10 0 10
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Figure 11: Comparison of different weighting functions. From left to right: constant weighting function,
ﬁ, et_l—l and ground truth. The network configuration is as follows: 3 hidden layers, each layer with 64
nodes, and Tanh as the activation function.

19



Under review as submission to TMLR

References

Brian DO Anderson. Reverse-time diffusion equation models. Stochastic Processes and their Applications,
12(3):313-326, 1982.

Jacob Austin, Daniel D. Johnson, Jonathan Ho, Daniel Tarlow, and Rianne van den Berg. Struc-
tured denoising diffusion models in discrete state-spaces. In A. Beygelzimer, Y. Dauphin, P. Liang,
and J. Wortman Vaughan (eds.), Advances in Neural Information Processing Systems, 2021. URL
https://openreview.net/forum?id=h7-XixPCAL.

Fan Bao, Chongxuan Li, Jun Zhu, and Bo Zhang. Analytic-DPM: an analytic estimate of the optimal reverse
variance in diffusion probabilistic models. In International Conference on Learning Representations, 2022.
URL https://openreview.net/forum?id=0xiJLKH-ufZ,

Mikhail Belkin and Partha Niyogi. Laplacian eigenmaps for dimensionality reduction and data representation.
Neural computation, 15(6):1373-1396, 2003.

Adam Block, Youssef Mroueh, and Alexander Rakhlin. Generative modeling with denoising auto-encoders
and langevin sampling. arXiv preprint arXiv:2002.00107, 2020.

Valentin De Bortoli. Convergence of denoising diffusion models under the manifold hypothesis. Transac-
tions on Machine Learning Research, 2022. ISSN 2835-8856. URL https://openreview.net/forum?id=
MhK5aXo3gB.

Valentin De Bortoli, James Thornton, Jeremy Heng, and Arnaud Doucet. Diffusion schrédinger bridge
with applications to score-based generative modeling. In A. Beygelzimer, Y. Dauphin, P. Liang, and
J. Wortman Vaughan (eds.), Advances in Neural Information Processing Systems, 2021. URL https:
//openreview.net/forum?id=9BnCwiXBOty.

Andrew Campbell, Joe Benton, Valentin De Bortoli, Tom Rainforth, George Deligiannidis, and Arnaud
Doucet. A continuous time framework for discrete denoising models. In Alice H. Oh, Alekh Agarwal,
Danielle Belgrave, and Kyunghyun Cho (eds.), Advances in Neural Information Processing Systems, 2022.
URL https://openreview.net/forum?id=DmT862YAieY.

Hongrui Chen, Holden Lee, and Jianfeng Lu. Improved analysis of score-based generative modeling: User-
friendly bounds under minimal smoothness assumptions, 2023a. URL https://arxiv.org/abs/2211.
01916.

Minshuo Chen, Kaixuan Huang, Tuo Zhao, and Mengdi Wang. Score approximation, estimation and distri-
bution recovery of diffusion models on low-dimensional data, 2023b.

Ricky T. Q. Chen, Yulia Rubanova, Jesse Bettencourt, and David Duvenaud. Neural ordinary differential
equations. In Proceedings of the 32nd International Conference on Neural Information Processing Systems,
NIPS’18, pp. 6572-6583, Red Hook, NY, USA, 2018. Curran Associates Inc.

Sitan Chen, Sinho Chewi, Jerry Li, Yuanzhi Li, Adil Salim, and Anru Zhang. Sampling is as easy as learning
the score: theory for diffusion models with minimal data assumptions. In The Eleventh International Con-
ference on Learning Representations, 2023c. URL https://openreview.net/forum?id=zyLVMgsZOU_|

Tim Dockhorn, Arash Vahdat, and Karsten Kreis. Score-based generative modeling with critically-
damped langevin diffusion. In International Conference on Learning Representations, 2022. URL
https://openreview.net/forum?id=CzceR82CYc.

Mohamed Elasri, Omar Elharrouss, Somaya Al-Maadeed, and Hamid Tairi. Image generation: A review.
Neural Process. Lett., 54(5):4609-4646, oct 2022. ISSN 1370-4621. doi: 10.1007/s11063-022-10777-x. URL
https://doi.org/10.1007/s11063-022-10777-x.

Arthur Erdélyi. Asymptotic expansions. Number 3 in Dover Books on Mathematics. Courier Corporation,
1956.

20


https://openreview.net/forum?id=h7-XixPCAL
https://openreview.net/forum?id=0xiJLKH-ufZ
https://openreview.net/forum?id=MhK5aXo3gB
https://openreview.net/forum?id=MhK5aXo3gB
https://openreview.net/forum?id=9BnCwiXB0ty
https://openreview.net/forum?id=9BnCwiXB0ty
https://openreview.net/forum?id=DmT862YAieY
https://arxiv.org/abs/2211.01916
https://arxiv.org/abs/2211.01916
https://openreview.net/forum?id=zyLVMgsZ0U_
https://openreview.net/forum?id=CzceR82CYc
https://doi.org/10.1007/s11063-022-10777-x

Under review as submission to TMLR

Lawrence C Evans. Partial differential equations, volume 19. American Mathematical Soc., 2010.

Wenbo Gong and Yingzhen Li. Interpreting diffusion score matching using normalizing flow. In ICML
Workshop on Invertible Neural Networks, Normalizing Flows, and Ezxplicit Likelihood Models, 2021. URL
https://openreview.net/forum?id=;jxsm0XCDv9l.

Tan Goodfellow, Jean Pouget-Abadie, Mehdi Mirza, Bing Xu, David Warde-Farley, Sherjil Ozair, Aaron
Courville, and Yoshua Bengio. Generative adversarial nets. In Z. Ghahramani, M. Welling, C. Cortes,
N. Lawrence, and K.Q. Weinberger (eds.), Advances in Neural Information Processing Systems, vol-
ume 27. Curran Associates, Inc., 2014. URL https://proceedings.neurips.cc/paper/2014/file/
5ca3e9b122f61£8£06494c97blafccf3-Paper. pdf.

Jonathan Ho, Ajay Jain, and Pieter Abbeel. Denoising diffusion probabilistic models. In H. Larochelle,
M. Ranzato, R. Hadsell, M.F. Balcan, and H. Lin (eds.), Advances in Neural Information Processing
Systems, volume 33, pp. 6840-6851. Curran Associates, Inc., 2020. URL https://proceedings.neurips.
cc/paper/2020/file/4c5bcfec8584af0d967f1ab10179cadb-Paper. pdfl

Touseef Igbal and Shaima Qureshi. The survey: Text generation models in deep learning. Journal of
King Saud University - Computer and Information Sciences, 34(6, Part A):2515-2528, 2022. ISSN
1319-1578. doi: https://doi.org/10.1016/j.jksuci.2020.04.001. URL https://www.sciencedirect.com/
science/article/pii/S1319157820303360.

Alexia Jolicoeur-Martineau, Ke Li, Rémi Piché-Taillefer, Tal Kachman, and Ioannis Mitliagkas. Gotta go
fast with score-based generative models. In The Symbiosis of Deep Learning and Differential Equations,
2021. URL https://openreview.net/forum?id=gEoVDSASC2h!

Tero Karras, Miika Aittala, Timo Aila, and Samuli Laine. Elucidating the design space of diffusion-
based generative models. In S. Koyejo, S. Mohamed, A. Agarwal, D. Belgrave, K. Cho, and
A. Oh (eds.), Advances in Neural Information Processing Systems, volume 35, pp. 26565-26577. Cur-
ran Associates, Inc., 2022. URL https://proceedings.neurips.cc/paper_files/paper/2022/file/
a98846e9d9cc01cfb87eb694d946cebb—Paper-Conference.pdfl

Diederik P. Kingma and Max Welling. Auto-encoding variational bayes. In Yoshua Bengio and Yann LeCun
(eds.), 2nd International Conference on Learning Representations, ICLR 2014, Banff, AB, Canada, April
14-16, 2014, Conference Track Proceedings, 2014. URL http://arxiv.org/abs/1312.6114.

Holden Lee, Jianfeng Lu, and Yixin Tan. Convergence of score-based generative modeling for general data
distributions. In NeurIPS 2022 Workshop on Score-Based Methods, 2022. URL https://openreview.
net/forum?id=Sg19A8mu8sv.

Cheng Lu, Yuhao Zhou, Fan Bao, Jianfei Chen, Chongxuan Li, and Jun Zhu. DPM-solver: A fast ODE solver
for diffusion probabilistic model sampling in around 10 steps. In Alice H. Oh, Alekh Agarwal, Danielle
Belgrave, and Kyunghyun Cho (eds.), Advances in Neural Information Processing Systems, 2022a. URL
https://openreview.net/forum?id=2ulaGwlP_V.

Cheng Lu, Yuhao Zhou, Fan Bao, Jianfei Chen, Chongxuan Li, and Jun Zhu. Dpm-solver++: Fast solver
for guided sampling of diffusion probabilistic models, 2022b. URL https://arxiv.org/abs/2211.01095.

Calvin Luo. Understanding diffusion models: A unified perspective, 2022. URL https://arxiv.org/abs/
2208.11970.

Eliya Nachmani, Robin San Roman, and Lior Wolf. Non gaussian denoising diffusion models, 2021.

George Papamakarios, Eric Nalisnick, Danilo Jimenez Rezende, Shakir Mohamed, and Balaji Lakshmi-
narayanan. Normalizing flows for probabilistic modeling and inference. Journal of Machine Learning
Research, 22(57):1-64, 2021. URL http://jmlr.org/papers/v22/19-1028 .html.

Giorgio Parisi. Correlation functions and computer simulations. Nuclear Physics B, 180(3):378-384, 1981.

21


https://openreview.net/forum?id=jxsmOXCDv9l
https://proceedings.neurips.cc/paper/2014/file/5ca3e9b122f61f8f06494c97b1afccf3-Paper.pdf
https://proceedings.neurips.cc/paper/2014/file/5ca3e9b122f61f8f06494c97b1afccf3-Paper.pdf
https://proceedings.neurips.cc/paper/2020/file/4c5bcfec8584af0d967f1ab10179ca4b-Paper.pdf
https://proceedings.neurips.cc/paper/2020/file/4c5bcfec8584af0d967f1ab10179ca4b-Paper.pdf
https://www.sciencedirect.com/science/article/pii/S1319157820303360
https://www.sciencedirect.com/science/article/pii/S1319157820303360
https://openreview.net/forum?id=gEoVDSASC2h
https://proceedings.neurips.cc/paper_files/paper/2022/file/a98846e9d9cc01cfb87eb694d946ce6b-Paper-Conference.pdf
https://proceedings.neurips.cc/paper_files/paper/2022/file/a98846e9d9cc01cfb87eb694d946ce6b-Paper-Conference.pdf
http://arxiv.org/abs/1312.6114
https://openreview.net/forum?id=Sg19A8mu8sv
https://openreview.net/forum?id=Sg19A8mu8sv
https://openreview.net/forum?id=2uAaGwlP_V
https://arxiv.org/abs/2211.01095
https://arxiv.org/abs/2208.11970
https://arxiv.org/abs/2208.11970
http://jmlr.org/papers/v22/19-1028.html

Under review as submission to TMLR

Jakiw Pidstrigach. Score-based generative models detect manifolds. In Alice H. Oh, Alekh Agarwal, Danielle
Belgrave, and Kyunghyun Cho (eds.), Advances in Neural Information Processing Systems, 2022. URL
https://openreview.net/forum?id=AiNrnIrDfD9.

Olaf Ronneberger, Philipp Fischer, and Thomas Brox. U-net: Convolutional networks for biomedical image
segmentation. In International Conference on Medical image computing and computer-assisted interven-
tion, pp. 234-241. Springer, 2015.

Sam T Roweis and Lawrence K Saul. Nonlinear dimensionality reduction by locally linear embedding.
science, 290(5500):2323-2326, 2000.

Tim Salimans and Jonathan Ho. Progressive distillation for fast sampling of diffusion models. In International
Conference on Learning Representations, 2022. URL https://openreview.net/forum?id=TIdIXIpzhol.

Jascha Sohl-Dickstein, Eric Weiss, Niru Maheswaranathan, and Surya Ganguli. Deep unsupervised learn-
ing using nonequilibrium thermodynamics. In Francis Bach and David Blei (eds.), Proceedings of the
32nd International Conference on Machine Learning, volume 37 of Proceedings of Machine Learning Re-
search, pp. 2256-2265, Lille, France, 07-09 Jul 2015. PMLR. URL https://proceedings.mlr.press/
v37/sohl-dicksteinlb5.html.

Yang Song and Stefano Ermon. Generative modeling by estimating gradients of the data distribution.
Advances in Neural Information Processing Systems, 32, 2019.

Yang Song, Jascha Sohl-Dickstein, Diederik P Kingma, Abhishek Kumar, Stefano Ermon, and Ben Poole.
Score-based generative modeling through stochastic differential equations. In International Conference on
Learning Representations, 2021. URL https://openreview.net/forum?id=PxTIG12RRHS.

Alexey Strokach and Philip M. Kim. Deep generative modeling for protein design. Current Opinion in
Structural Biology, 72:226-236, 2022. ISSN 0959-440X. doi: https://doi.org/10.1016/j.sbi.2021.11.008.
URL https://www.sciencedirect.com/science/article/pii/S0959440X21001573.

Joshua B Tenenbaum, Vin de Silva, and John C Langford. A global geometric framework for nonlinear
dimensionality reduction. science, 290(5500):2319-2323, 2000.

Aamir Wali, Zareen Alamgir, Saira Karim, Ather Fawaz, Mubariz Barkat Ali, Muhammad Adan, and
Malik Mujtaba. Generative adversarial networks for speech processing: A review. Computer Speech
& Language, 72:101308, 2022. ISSN 0885-2308. doi: https://doi.org/10.1016/j.cs1.2021.101308. URL
https://www.sciencedirect.com/science/article/pii/S0885230821001066.

Gefei Wang, Yuling Jiao, Qian Xu, Yang Wang, and Can Yang. Deep generative learning via schrodinger
bridge. In International Conference on Machine Learning, pp. 10794-10804. PMLR, 2021.

Zhongjian Wang, Jack Xin, and Zhiwen Zhang. Deepparticle: Learning invariant measure by a deep neural
network minimizing wasserstein distance on data generated from an interacting particle method. Journal
of Computational Physics, 464:111309, 2022. ISSN 0021-9991. doi: https://doi.org/10.1016/j.jcp.2022.
111309. URL https://www.sciencedirect.com/science/article/pii/S0021999122003710.

Ling Yang, Zhilong Zhang, Yang Song, Shenda Hong, Runsheng Xu, Yue Zhao, Yingxia Shao, Wentao Zhang,
Bin Cui, and Ming-Hsuan Yang. Diffusion models: A comprehensive survey of methods and applications,
2022. URL https://arxiv.org/abs/2209.00796.

Qinsheng Zhang and Yongxin Chen. Fast sampling of diffusion models with exponential integrator, 2022.
URL https://arxiv.org/abs/2204.13902.

Qinsheng Zhang, Molei Tao, and Yongxin Chen. gDDIM: Generalized denoising diffusion implicit models. In
The Eleventh International Conference on Learning Representations, 2023. URL https://openreview.
net/forum?id=1hKE9qjvz-|

22


https://openreview.net/forum?id=AiNrnIrDfD9
https://openreview.net/forum?id=TIdIXIpzhoI
https://proceedings.mlr.press/v37/sohl-dickstein15.html
https://proceedings.mlr.press/v37/sohl-dickstein15.html
https://openreview.net/forum?id=PxTIG12RRHS
https://www.sciencedirect.com/science/article/pii/S0959440X21001573
https://www.sciencedirect.com/science/article/pii/S0885230821001066
https://www.sciencedirect.com/science/article/pii/S0021999122003710
https://arxiv.org/abs/2209.00796
https://arxiv.org/abs/2204.13902
https://openreview.net/forum?id=1hKE9qjvz-
https://openreview.net/forum?id=1hKE9qjvz-

Under review as submission to TMLR

A Appendix
A.1 Normal distribution

Consider a one-dimensional case. If Xy is a normal distribution N (u,

0?), the marginal density Eq.
becomes

1 ||X—X0€7%||2> | Xo — pf|?
B U _ R = mlTy g,
Z zm/eXp( 201 — 1) exp 202 )Xo

1 —L(t,X,Xo)
= e~ R0l d Xy, 7
ZN\ 2o / 0 (77)
Here the function L(t, X, Xy) is denoted by:

p(t, X) =

IX — Xoe™2 |12 || Xo — pl|?
Lt X, Xo) i= di—et) T 25
o?|| X — Xoe 2|2 + [ Xo — pl*(1 — e
- 202(1 —e 1)
_A®)|IXoll* = B(t, X)Xo + o?[| X[ + p*(1 —e7")
N 202(1 — et)
X2+ 21— et AllXo - Hl? - &
N 202(1 — e~t) 202(1 — et)
_ X2+ ptd—eTt) B? Al Xo — % 1? (78)
202(1 —e™t) 8Ac2(1—e7t)  20%2(1—e?t)’

where the function A(t ) =oc%et+1—ct

and B(t, X) = 2Xo2e~ 2 +2u(1 — e~ *). Therefore, we can rewrite
the marginal density (77)) as

1 B X e AlXo - &I
t,X)= — - 2A° VX
P X) = oy eXp(8Aa2(1 ) 202(1 — e—1) )/ <P ( 202(1 —e*t)) 0
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1 B? a?|| X% + p?(1 — e
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Subsequently, we have
| B PUXI + 4201 = e
1 t, X)=1 — . 80
ng( ) ) Og(\/m) + 8A0_2(1 _ e,t) 20_2(1 _ e,t) ( )
Substituting A(t) = o2e™* + 1 — e~ and B(t, X) = 2X0%e"2 + 2u(1 — e~ ) into yields
BVxB X
1 t, X -
Vi logp(t, X) = 4Ac%2(1—et) 1—et
 dote !X +4poei(1—et) X
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Thus, the function Vx logp(t, X) is not singular at ¢ = 0. This agrees with Vx logp(t,X) = —X when
pu=0and o =1.
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A.2 Distribution supported on a low dimensional manifold

If Xo is a normal distribution N'(0,1) and Yy is a do-distribution, the marginal density in becomes

1 X — Xpe~3)2 + (Y — Yoe 2)2
p(t,X,Y)=§//exp—( 0e )T (Y 2 Y0eTE)T v Yo)dXodYe

2(1 —et)
N %/ / exp -5 X“Zf_l“ff Y00 ) Xo)o(Yo)dXodYs

_ —5)2 2 x2
:41F /expf(X Xoe2)" 4V e” 7 dX,
72 2(1—€_t)

1 (Xo—Xe )24 X2 4 Y2 X2t
= — exp — dXo
7\ 27 2(1—e?)
V1—et X2et— X2 -Y?
= 7 eXp = . (82)
Therefore,
1—et X2t — X2 -Y?
1 t,X,Y)=1 83
ogp(t, X, Y) = log(—————) = (83)
and
Vxlogp(t, X,Y) = - X, (84)
Y
Vylogp(t, X,Y) = — (85)

1—et’
A.3 Point cloud distribution

We now derive the analytic expression for E[Xy|X; = X] when X is drawn from a point cloud. Suppose
that the number of points is K (denoted by {Xéz)}iKzl), then

_Xge—t/2)2 i Xox® =% 2
7 | Xoexp ( - %)Pdam(%)d?{ov SE L XY exp ( - %)
E[XO|X25 = X] = 1 X —Xoe—t/2 |2 = K x5 12 ) (86)
Z J exp ( - W)pdata(XO)dXO > i1 €Xp ( — %)

where Z is a normalizing factor that depends on ¢ and the dimension of Xj.
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