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Abstract

The effectiveness of stochastic gradient descent (SGD) is significantly influenced
by stochastic gradient noise (SGN). Following the central limit theorem, stochastic
gradient noise (SGN) was initially described as Gaussian, but recently, Simsekli
et al. demonstrated that Sa.S Lévy better characterizes the stochastic gradient
noise. Here, we revisit the noise model of SGD and provide robust, comprehensive
empirical evidence that SGN is heavy-tailed and is better represented by the Sa.S
distribution. Furthermore, we argue that different deep neural network (DNN)
parameters preserve distinct SGN properties throughout training. We develop a
novel framework based on Lévy-driven stochastic differential equation (SDE),
where one-dimensional Lévy processes describe each DNN parameter. This leads
to a more accurate characterization of the dynamics of SGD around local minima.

1 Introduction

The tremendous success of deep learning [3, 16, 23] can be partly attributed to implicit properties of
the optimization tools, in particular, the popular SGD [37, 4] scheme. Despite its simplicity, i.e., being
a noisy first-order optimization method, SGD empirically outperforms gradient descent (GD) and
second-order methods. By evading sharp basins and settling in wide minima, the stochastic gradient
noise of SGD can improve the generalization of the model [52, 41]. The DNN architecture and data
distribution impact the formation and amplitude of SGD noise, which results from stochasticity in the
mini-batch sampling operation. Therefore, understanding the properties of SGD is of high priority.

Analyzing the behavior of SGD optimization for non-convex cost functions is ongoing research
[6, 49, 9, 34, 14, 24, 42, 52, 47]. Studies mainly examine the distribution and nature of the noise,
with its ability to escape local minima and generalize better [17, 13, 44, 12, 49, 21].

SGD is based on an iterative update rule, where the k-th step of the iterative update is formulated as:
Wi = Wg—1 — % > VU (wy—1) = wp—y = M VU (we—1) + 1mCrs (1)
LEQ,

where w denotes the weights (parameters) of the DNN, VU (w) is the gradient of the objective
function, B is the batch size, ), C {1,.., D}, is the randomly selected mini-batch. Thus || = B,
D is the number of data points in the dataset, (; is the SGD noise, which is formulated as (;, =
VU (wi) = 5 Ypeq, VU (wy), ie., the difference between the gradient produced by GD and
SGD, finally n depicts the learning rate, and 7, indicates the learning rate at step k.

By modeling SGD using a continuous-time SDE, we can examine the evolution of the dynamic
system in the continuous time domain [51, 30, 46, 6, 17, 38].
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Model Data Gauss SasS SaS Wins
Clip-base [B=32] Laion400M  0.0038 4= 3.83¢=7¢  0.0028 £ 2.76¢ 6 96.60%
Clip-base [B=64]  Laion400M  0.0034 4 3.00e=%¢  0.0029 & 2.44¢=76 96.80%
Clip-base [B=256] Laion400M  0.0040 + 2.64e=9¢  0.0036 & 2.08¢~° 96.88%
Clip-large [B=32] Laion400M 0.0033 & 3.03¢=%%  0.0028 £ 2.41¢=6 96.67%

EfficientNet-b2 ImageNet 0.0180 £ 0.0049 0.00092 + 0.0001 99.74%
EfficientNet-b3 ImageNet  0.02410 £ 0.0058  0.00096 + 0.0001 99.63%
EfficientNet-b4 ImageNet  0.03439 +0.0089  0.00213 % 0.0006 99.68%
Flex Vit ImageNet  0.03399 +0.0156  0.00211 4 0.0003 99.62%
Vit base ImageNet 0.06495 £ 0.0264  0.00656 + 0.00126 99.74%
Vit small ImageNet 0.02870 £ 0.0131 0.0030 £ 0.0009 99.56%

Table 1: Evaluating the fitting error of the empirical distribution of the SGN. We evaluate several
architectures and datasets. 10,000 parameters were sampled from each network. Sa.S Wins- indicates
the portion of parameters better fitted by S«a.S distribution.

Many previous works [51, 28, 45, 52] use an SDE and argue that the noise is Gaussian, i.e.,
ur ~ N (0, AM(wy)), where \(wy,) is the noise covariance matrix and formulated as follows [51] :

11

D
AMwy) = 51D > VU (i) VU (wi)" — VU (wi) VU (wy,) "
d=1

Recently, [51] showed the importance of modeling the SGN as an anisotropic noise. Although SGN
is mostly considered to be Gaussian [39, 36, 48, 29, 51, 33], recently [40], demonstrated that the
SGN obeys Sa$ Lévy distribution due to its heavy-tailed nature.

In this study, we show empirically that the SGN of DNN parameters distributes differently. We
further demonstrate that SGN has heavy-tail properties, making Sa.S distribution more accurately
characterize it visually and numerically using multiple datasets. Based on the empirical evidence, we
propose a novel dynamical system in RY consisting of N one-dimensional Sa.S processes, a more
accurate and closer to a real-world scenario. Finally, we use our framework to approximate the mean
escape time and the likelihood of escaping the local minima via a particular parameter.

2 Related Work

Modeling SGD using differential equations is a deep-rooted method. Li et al. [26] used an SDE to
approximate SGD and focused on momentum and adaptive parameter tuning schemes to study the
dynamical properties of stochastic optimization. Mandt and Blei [27] employed a similar procedure
to derive an SDE approximation for the SGD to study the influence of the value of the learning
rate. Li et al. [25] showed that an SDE could approximate SGD in a first-order weak approximation.
The early works in the field have approximated SGD by Langevin dynamic with isotropic diffusion
coefficients [39, 36, 48]. Later, more accurate modeling suggested [29, 51, 33] using an anisotropic
noise covariance matrix. Lately, it has been argued [40] that SGN is better characterized by Sa.S
noise, presenting experimental and theoretical justifications. This model was allegedly refuted by
[46], claiming that the experiments performed by [40] are inaccurate since the noise calculation
was done across parameters and not across mini-batches. Lévy driven SDEs Euler approximation
literature is sparser than for the Brownian motion SDEs; however, it is still intensely investigated; for
more details about the convergence of Euler approximation for Lévy discretization, see [32, 35, 5].

3 Framework

We consider a DNN with L layers and a total of NV weights (parameters), the domain G is the local
environment of a minimum, G C R¥ is a bounded and relatively compact subspace, please see Sec. D
for more rigours and detailed definition of G. Our framework considers an [V-dimensional dynamic
system, representing the update rule of SGD as a Lévy-driven stochastic differential equation. In
contrast to previous works [50, 40], our framework does not assume that SGN distributes the same
for every parameter [ in the DNN. Thus, the SGN of each parameter is characterized by a different a.
The governing SDE that depicts the SGDs dynamic inside the domain G at time ¢ is as follows:

t N o oo
W, =w— / VU(wP)dp+ Y s, a(1T N ()7 L, (2)
0 =1



where W is the process that depicts the evolution of DNN weights at time ¢. L} € R is a mean-zero
SaS Lévy processes with a stable parameter ;. \;(t) € RY is the I-th row of the noise covariance
matrix, 1 € RY is a vector of ones, and its purpose is to sum the I-th row of the noise covariance
matrix. r; € RY is a unit vector and we demand |(r;, ;)| # 1, for i # j, we will use r; as a one-hot

vector. s; represents the learning rate scheduler, and w are the initial weights, € = 77%1 , and 7 is the
learning rate. Let us remind that alpha is the stability parameter of the Sa.S distribution and in this
work « € (0.5, 2). The SDE construction is detailed in Sec. E.

Remark L. can be decomposed into a small jump part £/, and an independent part with large jumps
Pl ie. Ly = &L + 4!, more information on SauS process appears in A.3.

Let og = inf{t > 0 : W; ¢ G} depict the first exit time from G. 7} denotes the time of the k-th
largest jump of parameter [, which is driven by the process ! , where we define 7y = 0. The interval
between large jumps is denoted as: S,lc = T,i — T,Ll and is exponentially distributed with mean
Bi(t)~L, while 7} is gamma distributed Gamma(k, 3;(t)); where B3(t) is the intensity of the jump
and will be defined in Sec 3.2. We define the arrival time of the k-th jump of all parameters combined

as 77, for k > 1 we can write 7, = i le-, following that S}, = 7% — 7/_;. Jump heights are

notated as: Ji =1, — ¢ . We will define cv, as the average « over the entire DNN; this will help
us describe the global properties of our network.

Let us define a measure of horizontal distance from the domain boundary using d;” and d; ; we
present a rigorous formulation of our assumptions in Sec. D. We define two additional processes to
better understand the dynamics inside the basin (between the large jumps).

The deterministic process denoted as Y; is affected by the drift alone, without any perturbations.
This process starts within the domain and does not escape it as time proceeds. The drift forces this
process towards the stable point W* as ¢t — oo, i.e., the local minimum of the basin; furthermore, the
process converges to the stable point exponentially fast and is defined for ¢t > 0, and w € G by:

¢
Yi(w)=w— / VU(Y;)ds. 3)
0

The following Lemma shows how fast Y; converges to the local minima from any starting point w
inside the domain.

Lemma 3.1. Yw € G, U = U(w) — U(W?™), the process Y; converges to a minimizer W*
exponentially fast: ||Y; — W*|* < %6’2’”. The complete proof appears in Appendix B.6.

The small jumps process Z; is composed of the deterministic process Y; and a stochastic process
with infinite small jumps denoted as &; (see more details in A.3). Z; describes the system’s dynamic
in the intervals between the large jumps; hence we add an index k that represents the index of the
jump, for instance, Z; j represent the time ¢ between the jump £ and k£ + 1. Due to strong Markov

property, fé_H — &Lt > 0is also a Lévy process with the same law as ¢'. Hence, for ¢ > 0 and

k>0: {i’k = §i+m71 - lm,l- The full small jumps process for Vt € [0, Si] is defined as:
t N aj-1 .
Zip=w— / VU(Zs)ds + Y s, e(1T A (1) 21 mig] . (4)
0 =1

In the following proposition, we estimate the deviation in the [-th parameter between the SDE solution
driven by the process of the small jumps Zi &> and the deterministic trajectory.

Proposition 3.2. Let T, > 0 exponentially distributed with parameter 8; and p € (0,1), Yw € G,
and 0, = —p(1 — o) +2 — 20, s.t. 6, € (0, 252L), the following holds:

Pl sup |ZL, — Y| >ce® | < Cy e (5)
te[0,T.] ’

a;—1
Where Cp, > 0 and ¢ > 0 are constants, let us remind the reader that: & = s, ™' €. Precisely,
proposition 3.2 describes the distance between the deterministic process Y; ;, and the process of small
jumps Z; ;. at time ¢ that occurs in the interval after the jump k and before jump k + 1. It indicates




that between large jumps, the processes are close to each other with high probability. The complete
proof appears in Appendix B.3.

Let us present additional notations: H() and VU are the Hessian and the gradient of the objective
function. To denote different mini-batches, we use subscript d. That is, H4() and VUy4(W*) are the
Hessian and gradient of the d mini-batch. To represent different parameters, as before we will use
subscript [, for example, Vug , is the gradient of the [-th parameter after a forward pass over mini-
batch d. Furthermore, h; ; represents the -th row and j-th column of H (W*), which is the Hessian
after a forward pass over the entire dataset D, i.e., the Hessian when performing standard gradient
descent. Next, we turn our attention to another property of the process of the small jumps Ztl’ - This
will help us understand the noise covariance matrix. Using stochastic asymptotic expansion, we can
approximate Zéy ;; using the deterministic process and a first-order approximation of Zé‘ k-

Lemma 3.3. For a general scheduler s; , p € (0,1), Vw!,w’ € G, starting point after a big jump
at time T;; + p where p — 0, and Ay;(t) = guwie"ist pl; (2t + hiu(l e~hut)), fort € [0, S5) the
following fulfills:

E[Z} 2] ) = whwlemMthadt 4 Ay (2) + Ajj(t) + O(e?). (6)

a;—1
— . ap
,» € = 54

eri—ap) _q

o ;. w’,w! are the weight value of parameters j and !

Where i = 2t [
respectively at time ¢. Lemma 3.3 depicts the dynamics between two parameters in the intervals
between the large jumps; this helps us to express the covariance matrix of the noise accurately; the

complete derivation of this result appears in Appendix B.4.

3.1 Noise covariance matrix

The covariance of the noise matrix holds a vital role in modeling the training process; in this
subsection, we aim to achieve an expression of the noise covariance matrix based on the stochastic
processes we presented in the previous subsection. We can achieve the following approximation
using stochastic Taylor expansion near the basin W*.

oe - D = B
Proposition 3.4. Let us define i;; = % Zd:l Vug Vg himp; = % szl ho,1,mhbb p. s

himpi = himhpj and himpj = himp; — himp,j. then for any t € [O’SI:)’ the sum of
the l-th row of the covariance matrix:

N
1IN (W) = Z Z it p g (W wPe™ BmmThor)t LA (1) 4 A, (1) + O(E2),
j=1 j,nL,p:l

)

where A,,,(t) and Ap,,(t) are defined in lemma 3.3. We note that hy , , j and hy p, p ; represent
the interaction of two terms in the Hessian matrix when performing GD and SGD respectively, and
hi,m,p,; 1s the difference between them. The proof of the proposition appears in Appendix B.5. Note
that the influence of the batch size B on the noise mainly appears in Eq. 7. Suggesting that larger
values of B will smooth and decrease the absolute values in the covariance matrix, as expected.

3.2  Jump Intensity

Let us denote 5;(t) as the jump intensity of the compound Poisson process ¥;. ;(t) simultaneously
responsible for scaling the jump frequency and size. Jumps are distributed according to the law
Bi(t)~'vy, and the jump intensity is formulated as:

2 ap— %]
Bi(t) = vu, (R) = / w(dy) = —sf@ Vet ®)

R/[~0,0] %
oy 1
where the integration boundary is O £ ¢~?s, o , which is time-dependent, due to the learning
rate scheduler, which decreases the size and frequency of the large jumps, thus the jump intensity is
not stationary. Hence, changing the learning rate during training enables us to increase and decrease
the frequency and amplitude of the jumps. The entire DNN jump intensity as 8g(t) = 21111 Bi(t).




The probability of escaping the local minima in the first jump, in a single parameter perspective,

L %
_ @ty
= o ,

ml(t)@ls?171

is expressed by: P(sye(17\ (1)) J! ¢ [dy . d]]) = "5 5 where my(t)
and ®; = (—d; )~ + (d; )~

4 Theorems

Our work assumes that the training process can exit from the domain only at times that coincide with
large jumps; please see Sec. A.6 for the mathematical evidence. Using the information described
above, we analyze the escaping time for the exponential and multi-step schedulers; expanding our

framework for more LRdecay schemes is straightforward. Let us define a constant that will be used

for the remainder of the paper: 4; , £ (1 —m, 3, '®,)(1 — 3;85"), for the next theorem we denote:

Crup = 2+(WEB(($S)I(J$(_Q1’;Q”)) , where () ,,,, depends on «y, 7, and on the difference o — a,,.

The following theorem describes the approximated mean escape time for the exponential scheduler:

Theorem 4.1. Given C;, , and A, ,, let s, be an exponential scheduler s, = 71 the mean
transition time from the domain G:
N

_ Bi(imy®;)' e
Elool < ;A””l Bs(l+ (7 - Do — 1)) (Cop):

Where T is the gamma function, 1 = 2! ;fl " and B, =
See Appendix B.1 for the full proof.

2eP . . . . . .
o Is the time independent jump intensity.

It can be observed from Thm. 4.1 that as v decreases, i.e., faster learning rate decay, the mean
transition time increases. Interestingly, when oy — 2 (nearly Gaussian) and v — 0, the mean escape
time goes to infinity, which means the training process is trapped inside the basin.

Corollary 4.2. Using Thm. 4.1, if the cooling rate is negligible, i.e v — 1, the mean transition time:

N

1

Elog) < Y A} R . )
[ g] lz:% I ,BSIT)\lﬁal(l_p)(I)l

Col. 4.2 clearly shows that the mean escape time is not affected by the basin height but the basin
width which is represented by ®;. Further, since local minima in DNNs are mostly asymmetric, in 1d
perspective, we can note that the distant edge (max(—d; , dj)) of the domain G does not affect on

the mean escape time. Furthermore, one can note that the escape time dependency on the learning
rate is polynomial.

The framework presented in this work enables us to understand in which direction r; the training
process is more probable to exit the basin G, i.e., which parameter is more liable to help the process
escape; this is a crucial feature for understanding the training process. The following theorems will
be presented for the exponential scheduler but can be expanded for any scheduler.

1—14+p(Ray—a, —ay))+2
(=D (u—1)+1 ’
ford € (0,00), the probability of the training process to exit the basin through the l-th parameter is
as follows:

Theorem 4.3. Let s; be an exponential scheduler s, = t7~1, C; £ =1)(a

N m. P, 2(m, —-C
P(W, € QF(8) <) A7, )™ ﬂs((vﬁl<1)l(ii) IESTRACR

Let us focus on the term that describes the i-th parameter: P(W, € Q7 (9)) < Z+(d;7) ™ SN, G

where C; encapsulate all the terms that do not depend on 7. When considering SGN as Lévy noise,
we can see that the training process needs only polynomial time to escape a basin. The following
result helps us to assess the escaping ratio of two parameters.

Corollary 4.4. The ratio of probabilities for exiting the local minima from two different DNN
parameters is:

P(W, €0 (2)) _ 17N (erma) = (dF)—o

P(Wy € QF(6)) = 1TAY (df)=o

(1)
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Figure 1: The mean escape time of SGD on Breastw (left), Cardio (middle), and Satellite (right)
datasets. The plots show the fitting based on two methods: ours and [46] using a batch size of 32.
The dots represent the mean escape time. A dot is an average of over 100 random seeds and several
learning rates. Our theory better explains the empirical results for all three datasets examined.

Let us remind the reader that (d;") is a function of the horizontal distance from the domain’s edge.
Therefore, the first conclusion is that the higher (dl+) is, the lower the probability of exiting from the
{-th direction. However, the dominant term is 77("‘1 Y )(1_P), combining both factors, parameters with
lower « will have more chance of being in the escape path. It can also be seen from the definition of
B, that parameters with lower « jump earlier and contribute more significant jump intensities. We
can conclude by writing:

P(W, € 9/ (5) o,
PW, (@) " (12)

where A ; = — .

S Experiments

This section presents the core experimental results supporting our analysis; additional experiments
can be found in the Appendix. All the experiments were conducted using SGD without momentum
and weight decay.

Stochastic gradient noise distribution We empirically show that SGN is better characterized using
the Sa.S Lévy distribution. Our evaluation follows [46], calculating the noise of each parameter sepa-
rately using multiple mini-batches; as opposed to [40] that calculated the noise of multiple parameters
on one mini-batch and averages over all parameters and batches to characterize the distribution of
SGN. In [46], the authors estimate SGN on a DNN with randomly initialized weights; we, on the
other hand, estimate the properties of SGN based on a pre-trained DNN. We use several datasets and
architectures to empirically evaluate the properties of the SGN. Our quantitative results presented
in Table 1 depict the fitting error of the empirical distribution of SGN with three distributions: (1)
Gaussian [46], (2) Sa.S with constant «v [40], and (3) Sa.S with multiple «v; values (ours). Our results
show strong evidence that SGN is best explained by S«.S distribution. In the Appendix, we provide
additional experiments demonstrating that distinct parameters hold different noise distributions.

Mean escape time To corroborate Theorem 4.1, we train a three-layer network with Relu activation
on "BreastW," "Satellite," and "Cardio" datasets [10]. We first train the model using SGD and a
batch size of 256 until reaching a local minimum (see discussion Appendix A.4). After reaching the
critical point, we decrease the mini-batch size to 32, and try to escape the critical minimum, Fig 1
shows the escape time using different learning rates. The number of iterations measures the escape
time, averaged over 100 seeds. We fit empirical results to two theories, ours and [46], with the same
amount of free parameters. The results in Fig 1 show the mean escape time using a batch size of 32;
we observe that our theory better explains the empirical results on all three datasets.

6 Conclusions and Limirations

This work corroborates that the Sa.S better characterized SGN qualitatively and quantitatively.
Furthermore, we show that distinct parameters are better characterized by different distribution
parameters, cv;. Based on the mentioned experiments, we constructed a framework in R™V consisting
of N one-dimensional Lévy processes with a;-stable components. This framework enables us to
characterize better the nature of DNN training with SGD, such as the escaping properties from
different local minima, a learning rate scheduler, and other parameters’ effects in the DNN.

The presented framework is valid once the training process is near a local minimum; our work does
not address the dynamics and noise characteristics of SGD at an early training stage. Furthermore,
the evolution of « in time is still unclear and demands future research.
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Appendix

A Additional details and results

Here we provide additional information required to reproduce our results and for the completeness of
our exposition.

A.1 Notations

Symbol Description

t Train iteration

Sas Symmetric « stable

U Potential/ loss function

W, The process that depicts DNN weights time evolution.

Y, The deterministic process.

Zy The small jumps process

L Mean-zero SaS Lévy processes in 1d- represent the SGN of the /-th
parameter

Wy Large jump part of L

& Small jump part of L

n Learning rate

B Batch size

Q Batch sample (|| = B)

D Number of samples in training datasets

St LR scheduler at time t

o Cooling rate

@ Stability parameter of Sa.S dist.

A Noise covariance matrix

7} The time of the k-th large jump of parameter [

St The difference between the (k — 1)-th large jump and k-th large jump
of parameter [

157} The jump intensity of the compound Poisson process &;

J Large jumps height

A.2 Technical details

We trained several CNNs on the CINIC dataset [7] and the BERT base model on CoLLA [43] dataset.
All models are trained until reaching convergence. Using the pre-trained weights, we sample 100
random parameters; for each parameter, we estimate the noise by computing the gradients of all of
the mini-batches in the dataset without updating the weights. Then, we fitted the empiric stochastic
gradient noise to multiple distributions; Sum of square error (SSE) is used to evaluate the quality
of our fit. We trained four ResNet variants Resnet18/34/50, those models were trained using SGD
optimizer, learning rate of 0.01, and a batch size of 128 (A.4). We used a multistep learning rate
scheduler on epochs 200 and 400 to accelerate the convergence. We examine the SGD noise of BERT
model, which was fine-tuned on CoL A [43] dataset using Adam optimizer with a learning rate of
2e-05 and batch size of 32 for 20 epochs. This is the standard Bert fine-tuning procedure. The results
are shown in Tab. F.1. Visual examples for the heavy-tailed nature of SGN can be seen in Fig. 5, and
additional results are presented in Sec. F.3. These results corroborates our claim of the heavy-tailed
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nature of SGN, even for different DNN architectures (CNN and Transformer based models) and input
domains (text and images).

A.3 SasS background

A Lévy process is random with independent and stationary increments, continuous in probability, and
possesses right-continuous paths with left limits. Except for special cases, its probability density does
not generally have a closed-form formula. Hence the process is characterized by the Lévy—Hincin
formula. In this paper, the noise is assumed to be best fitted by symmetric « stable Lévy distribution,
also known as Lévy flights (LF), and mainly parameterized using a stability parameter «, hence the
characteristic function:

Bl —enp{—t [ [ - 1~ duyl{ly] < ]S, (13)
R/{0} ly|! T

where I{ B} denotes the indicator function of a set with the corresponding generating triplet (0, v/, 0)
and the Lévy measure v;(dy) = |y| =17,y # 0, oy € (0,2).In this work we assume o; € (0.5, 2).
Unlike Brownian motion which almost surely holds continuous path, Lévy motion might obtain large
discontinuous jumps. Using Lévy- Itd-decomposition of L! can be decomposed into a small jump
part £, and an independent part with large jumps 1, i.e., L; = & + .
The process & has an infinite Lévy measure with support:{y|0 < [ly|| < ¢, "}.¥p € (0,1), and
makes infinitely many jumps on any time interval. The absolute value of £/ jumps is bounded by ¢ 7.
1! is a compound Poisson process with finite Lévy measure, and is responsible on the big jumps,
more details about ¢{ in Sec. 3.2

A.4 Selecting minimum point

In order to find local minimum, we measure the loss of the entire data, i.e. loss when running GD; if
the loss does not change more then e for more then 100 iterations, we exit the training process and
select the checkpoint as a minimum point. Since we do not know the domain boundary of the current
minimum, we measure the number of iterations until the training process passes a predefined loss
delta (A L) from the current local minimum.

A.5 Assumption on the Potential near critical points

We assume that the potential U (W;) is p-strongly convex and can be approximated by a second order
Taylor approximation near critical points that will be noted as W *:

UW) =UW?*) + VU(W*) (W — W*) + %(W —WHTHWH(W —W*)  (14)

This does not mean that U (W) fulfills any of the assumptions above in general.

A.6 Exiting the potential using large jumps

We assume that the process is able to exit only when large jump occurs, this assumption is based on
a few realizations; first, the deterministic process Y; initialized in any point w € Gs, will converge
to the local minima of the domain by the positive invariance of the process, see assumptions in
Appendix D. Second, Y; converges to the minimum much faster than the average temporal gap
between the large jumps; third, using lemma 3.1, we conclude that the small jumps are less likely
to help the process escape from the local minimum. Next, we will show evidence for the second
realization mentioned above, the relaxation time Tll% is the time for the deterministic process Y,

starting from any arbitrary w € G, to reach an EZC -neighbourhood of the attractor. For some Cy > 0,
the relaxation time is

—& d+
1 dy 1 dy B
Tl = max / / < C4|ing)|. 15)
" { v U@ L T f =l (

1

Now, let us calculate the expectation of S} = 7, — 7;/_1, i.e. the interval between the large jumps:
ay

E[Si] = Elm —mia] = 87 = 5@ (16)
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Since € € (0,1), usually even € < 1, it is easy to notice that E[S%] > Tx; thus we can approximate
that the process W, is near the neighborhood of the basin, right before the large jumps. This means
that it is highly improbable that two large jumps will occur before the training process returns to a
neighborhood of the local minima.

B Proofs

B.1 Proof of Theorem 4.1

The first equality is true under the assumption that the process can exit the basin only when large
jumps occur.

gl =Y ElRl{og =7}] (17)

k=1

Mz [Nk

N N
Em T siec@™N(0) o JI{r{ =77} € G, sie(A"N (1) 21 JI{rs =75} € G
=0

see(W TN ()™ L7, = 77} ¢ G}

I
o

M T T
i Mz ] =

E[nI{Ji €6, J; €6, Jp ¢ G} < ZE (1-I{J; ¢ GH"'I{J; ¢ G}

Elri(1 - I{J; ¢ N 'I{JL ¢ G3L{r = 7]

I
-

o —1

IN

Eod
I —

1{s, = ATN (1) T, ¢ GYI{r, = 77)]

{7, = 7 } incorporates the probability that the k-th jump occurred by the I-th parameter, and the
chance that within a total of k£ jumps the parameter /, will respect the w-th jump:

o Bult) (k=1 (B B\
M, =i} = 55((2) <w - 1) (ﬂs((t))) (1 - 55((2)) {19
Bult) (k1) ( But) ) (1 10 )’“‘”
Bs(t) (w =1k —w)! \ Bs(t) Bs(t)
We will estimate the average probability of the DNN to escape the basin i.e. the general expression:
1- M‘h]’“_w, by using «,, as the average « value of the network.

Bu(t)
oo N _1)| Bl(t) w—1 5l(t) k—w
lezng:l w—l)( —w)! (ﬁs(t)> (1—55(”) Bu(t)t (19)
—5L(f)t (Bl( ) )w ! o s?l 1ml(t) w—171 _ M k— wsgl lml(t)
(w —1) [1 a0 Q1 0 ®,] B0 O dt
N
Z i Byt =L (1),
1=0

Pﬂ: f}lﬂg

( -1 (w =1k —w)! \ Bs(?) Bu(t)

g
Il

N
t
z :/ 5l t t —Bi( t)t Ozl 1 (t)@l
=0
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Ly . R O e

k ay—1
Z w(l = H{st TN ¢ GHYTH(—s, T TN ()0 ¢ GhF

Bi(t)
Bs(t)

k—w

I



s 'm, (1) s\ BB i ma(t)ut — Bi(0)0)
e U e b 2 (1) Bt
v 8 my f
* (1 Fmte) (- 245
N
£ e
= Jo Ps
gl(%(s, g (0@ 6-(01)
53~y (1) Bilt) - (1 e, ) (- 60|
1-— o, ) (1- dt
Bu(t) Bs(t)
[ A
:Z/ eyt s (0,
—5Jo DPs
_ SEE G mz(t)@z:ﬁ,(tm
sy hmy (1) IO [Stﬁiw bt G~ L
1 ®,) (1
Bu(t) Bs(t)
t
_Z/ Bult) - D0, () B,
—~Jo Bs(t)
(0) () e
v S
[ my ﬂl 61 1+p( ) o=l
< Z (1 ——® > (1 — > al plog—ay my®re” Sy mlq}ltdt
1=0 - IBV BS 0 BS
N . _
-y (1 - m”<I>V) (1 - 51) /OO Bt @1 p(e—an)) ot O D gy
1—o L ﬂu 55’ i
:i\’: —<1—<I> ) (1_61) - B ®y
2|\ 75, Bs)] B+ (- pla—1))
{(ml@l - (2+ (lez(al I)1 (+P(ozi) ay))ﬂ it
Y= L)plar —
N
- Bim @,
=) Al mu®) " Conr T (Cy
IZ; lV/BS(1+< )p(az—l))( 1®0)” ( lJ)
s 7, 5 2+(-D(a-1+p(a—a,))
Where Alu = |:< ~ (Dl,> (1 — *)i| Clup - 1+(ﬂ/_11)p(al_11)
Bu(t )

calculation assumed that the time dependency
i.e. v — 1, the mean transition time:

N
ogl <Y A,
=0

Bs(t)

1
Bs(lT/\z)‘% a(l=p) P,

B.2 Proof of Theorem 4.3

oo k—1
PW, € f(8) =Y [ PJ; € 9P} € )
k=1 j=1
oo k—1
=>_[[P; € 9)P(J; > d})
k=1 j=1
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>
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(t)t)
Bui(t)

a;—1
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Bi(t)
[fé((t,))( to‘l 1ml(t)q>lt B0
—1 - - - ‘ :
ﬁl(t))] [%+% %#ﬂ dt
Bs(t)

B o mid; + 51
BS>] Bi (@)™ Bs

-1
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Notating:

— (i — 1+ p2a —ay — i) + 2)
(v = Dplar —1) +1 :

= (y=D)(a;—14pRov—a, —a;))+2 A, L {

When v — 1:

Bs((v = Dplau —1) +1)

0 (1-£)

(’Y Dp(ay—1)+1 = ( -
2= ¢
A% B (mu®1) I -
Z "B 53((7—1)P(041—1)+1) () 22)
ZA 1mz z : 7? ' 23)
A ) e
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B.3 Proof of Proposition 3.2

Vk € N, let S, > 0, w € G, Cg < 1, the following event can be defined:

Ei,k = { sup |€€f,k| < CE} . (24)
t€(0,5%]
There exist €, s.t V€ < &, the following is true:
{ sup | Z{ (w) = Y/}, (w)] >C€9} ={ sup [eX{ ;. (w) + Rj . (w)| >c€0} (25)
t€[0,Sk] t€[0,Sk]

— 1 C_ 7 C
g{ sup |eX; . (w)] = Qee} U{IR] ()] = 5}

te[0,5%]

_i C i € i i c c
S s feglul > 5o b U{{IR () = S Bl U {{IRE ()] = S} B
2Cy 2 2 ’

t€[0,Sk]

i C : C .
C{ sup |é€l | > —& Ul sup [é€l, | > ————="5 b Ul sup |él,|>Cr
{te[o,sk] | b 2Cy te[0,Sk] t’k‘ 20zVCr t€[0,5k] t’k‘

, c
Cq sup [&& ;> &
{te[O,Sk] ’ 20y

Using Kolmogorov’s inequality, for Cy > 0:

i 1 C
P ( sup (2] (w) = V()] = c@e> <P ( sup (2614 > 5 49) 26)
t€[0,5%] t€[0,Sk]
402 , 8C2 gr-a) _q 8C2 [e—P(1—an)+2-20
< 2%Z mroei 12 _ Y7z 220 7 < 2z T
— e Bl 4] 2 © [ 11— ] -2 1-—o

_ é@é_p(l_al)+2_29T

Final step:
. . o .
P( swp [Ziw) - Vi) = | = [P ( sup (Ziptw) - Vi) 2 e ) e dr
telo, ] ’ 0 te[0,7] ’

27

o0
_ Gyer—an+2- 2«9/ Flop(l-a)+2-20 5. ~fir g
0

(- g I'(2—p(1 —ay) +2—20 (e B
= Cye p(1—ay)+2—-20 ( ﬂf—(p(l—azl))+2—29 )2096 p(1—ay)+2-20

B.4 Proof of Lemma 3.3

In this subsection we will show the full derivation of the approximation of Z!, using stochastic
a—1

asymptotic expansion, the representation of Z; in powers of € = s, © ¢:
te =Y T EX{ + Rl - (28)
Where R}; & 18 the error term, we will not discuss this term, for more details see [18]. X/ i K is the first

approximation of ZZ & in powers of € and Y;’ i 1s the deterministic process. As we show in 4, the
relaxation time is much smaller than the interval between the large jumps, hence it’s effect on Z; is
negligible, thus we will assume: Z;  ~ eXt . X i, satisfying the following stochastic differential
equation:

t
P= / H(Y,(w))iZi pdp + €6, (29)
0
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The solution to this equation:

t
;k = / e~ Ly H(Yu(w))iidudgz,k ) (30)
0
Using integration by parts:
t t
Z,k = g;’k _/ g;ka(yp(w))ii)e— /s H(Yu(w))u)dudp 31)
0
! LH(Y, d
E[X ] =" uét—/ PEEH (Y (w)) e~ J» HO (D gy (32)
0

t
= Mlst - / /‘lsphmf I P
0

t
= et — / pephue " dp
0

(hup+ 1)\ _pe—
= pgt = [pghul(—=—5—)e "1
il
(hut +1) I
= gt = [pehul(===5—) + (75 )e hae0)]
il il

! | (hut 4+ 1) L e

= t+ — 1
He £ hy He
1

! —hut

— b2+ — — z
pel huy  hy )
* using Fubini.
Where p1 = pui(t) is the first moment of £ , :
e r
Cdy 1 g P grl—o) _q
l A l l—ag1€
t) = =2t — = 2t|——— ! =2t | ——— 33
i) 2wl ] =2 [ Sy o | (3)

We will keep the previous assumptions [19, 18] on the geometry of the potential, that near the

. 2 .
basin:U (w) = hy %~ + o(w?). Hence we can estimate the expected value of a product of the two
processes:

]E[Zti,k-th,k] = E[Y/Y{ + ngtng,k + Ethij,k- + ngng,kXZ,k] (34)
~° R Y]+ &Y BIX] ]+ &Y BIX] ]
=YY + &Y/ BIX] ] + &Y BIX] )

L o 1 1 . 1 1
= VY] + &Y, (2t + — — —e M) + &Y p (2t + — — —e M)

hjj  hyj hii hii
e—pr(l—a;) _ 1 1
~ wywje” Mithidt 4 gy, e~ hiitot [6 ’ } (2t + — — —e ity
1 —a hij Ry
ep(l—ai) _q 1 1
Gwje o | ST (2t — — e hut
e [ 1—oy (2t + hii  hig ¢ )
*Neglecting terms with order &2
B.5 Proof of Proposition 3.4
SGD’s covariance:
1[1& T T
L=5 |5 ;VU(Wt)NU W)l = VUW)vUW)T| . (35)
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We can approximate the loss landscape near the basin using Taylor expansion:

UW) =UW*)+VUW*)(W —W*) + %(Wt —WHITV2UWH (W, —W*) . (36)
Examining SGD’s gradient on the b-th data point, using the approximation in 36:
VU(Wy)i & VU(W*) + V2UL(W*) (W — W*) . (37)
The exact gradient (of GD) is:
VU(W,) = V2UW*) (W, = W*) . (38)

As a result of empirical evidence in [31] on the minimum of the covariance curve of SGD, we will
drop the first order from the approximation of VU, (W)VU4(W)T. Hence Eq. 35 can be written as:

D
1
W) =% |5 > VULW*)VU(W)T + Hy(W*)WW, Hy(W*) — H(W*)WtWtTH(W*)]
B (39)
D 1 N N D
Z H,(W* )WtWtTHd Z Z Z ha,i Wk, phd.p,
d=1 k:l p=1d=1
Where U~}ij = W;Wy
1 N N 1 D 1 D
Aij (t) = 3 Z Z(E Z haikhdp; — hi,khp,j)wk,p + D Z Vud,,-Vude] (40)
k=1p=1 d=1 d=1
1 N N 1 D
== Z Z(B Z haixhdpj — highp i)Wk p + ﬂd,i,j‘|
k=1p=1 d=1

(e = % ZdDzl Vug Vg ;, the gradient of all samples in the dataset. Let us denote: Bi,k,p,j =
D
B 2ad=t haikhap; — hikhp i+

uz] +Zzhz k,p]Wt Wi p‘| (41)

k=1p=1

N N
ﬂij+§ § Bikep,i Zt i Zi,p

k=1p=1

1 N N
- Eﬂij T Z Z ik Bl Zek 2t p)

k=1p=1

i (1)

1

Aij(t) = BD

-7 Ui+

N N :

ZZ’% g (Wiwpe ™ Pthen)t 4 e h’“’“t/tp(Qt'i‘ hi(l — e lert))
k:l p=1 op

1
+ Ewpe " g (2t + (1 = e M) + O(e) (42)
kk

B.6 Proof of Lemma 3.1

We will denote W* as the optimal point in the basin, using the differential form, it is known that:

dy,
e -VU(Y;) . (43)
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Let us denote:((t) = U(Y;) — U(W*), directly from that notation:
d¢(t) = (VU (Y1), dYs) = = [IVU(YV)[* (44)
Since U (Y;) is pu—strongly convex near the basin W*:
1
U —UW") < oo IVU )| (45)

—2p¢(t) = d¢(t)
Using Gronwall’s lemma [11]::

UYy) —UW?) < (U(w) -

-

(W*))ef2ut . (46)
Directly from strong convex propriety U (Y;) — U(W*) > & ||V, — W* |*, we can achieve:

2AU(W) = UMW) o _ 2(0) oy

1Y, = w* < @7)
[ [
C Extras
Lemma C.1. VT € [S;, Sj11], Vj € Noand Vw € [d;,d;] there exist a finite Cz s.t:
sup | X{ (w)| < Clsup ] . (48)
T T
Using stochastic asymptotic expansion:
t rt
[ X{(w)] < sup [&,|(1+ sup / H(Yy(w))ise o HlDudugy | (49)
te[0,T] te[0,7] JO
For some § > 0, the inequality :m} < supy,, <5 H(Y,(w)) < infjy <5 H(Y,(w)) < mb.
Let us denote:
T
o = max/ H Y, (0))ige ¢ HOw g, 50)
weg 0
For arbitrary T < t:
t t
/ H(Yy(w))se I HOuDudu gy — (51)
0

/ H(Y,(w))ie Ly H(Yu(w))“dudp +/ H(Y,(w))ie I H(Yu(w))”dudp
0 n

The estimate for the first term:

T T )
/ H(Y,(w))ie” N H(Yu(w))ududp — Ik H(Yu(w))ndu/ H(Y,(w))se” S H(Yu(w))ududp
0

0
(52)
< e—mi(t—’f)cl < Cl
The second sum:
t . t i
/ H(Yp(w))iiefjp H(Y“(“’))“d“dpg/ mbe” ™ =P gy < m—f . (53)
T T mq

And: Cly = Cy + ™%,
1
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D Framework properties and notations

Let us first make few assumptions on the geometry of G and notations:

1. Near the basin W*, VU : G — R<.
2. U is p—strongly convex .

3. The boundary of our domain is denoted as 0G, which is a C' manifold, so that the vector
field of the outer normals on the boundary exists. This means that VU “points into G”,
hence: 1

(VU(w),n(w)) < —= (54
for any w € 0G

4. Zero is an attractor of the domain (i.e. VU (0) = 0, and for every starting value w € G,the
deterministic solution vanishes asymptotically:

limy oo Yi(w) = 0 . (55)
5. Let us define the inner part of G as Gs = {y € G : dict(w,9G) > §} ,

where C' > 1.
Let us define 69 > 0 as the point which if ||w|| < 0o then w € G and ¥é € (0,6). The following is
valid:

« From the exponential stability of 0, |Y;|| < Ce~ ¢! ||w].

For ||w| < éo, and g., , = w +try, gl, _ = w — tr;, we shall define the distance to the
boundary as: .
df (w) £ inf{t>0:g,,  (t) € G} . (56)

We will define -tubes as Q7 (6) = {w € R : ||(w, r;)r| < 6, (w,r;) > 0} NG and
Q7 (6) 2 {w € R : ||[(w, ri)ri|| < 6, (w,r;) <0} NGe.

2

Gs with the dynamic process Y; and the initial point w € Gg is a Positively invariant set [1] .

E Constructing the SDE

Let us first define our SGD iterative update rule:
wy, = wi—1 — VU (wg) + ke - (57)

¢ € RN wy € RN VU(wy,) € RN, Let us remind that \* € RN*N approximates the noise
covariance matrix :

1
Ak =

Q
= 2 |5 3 VU@ VU )]~ VU () VU )| (58)
=1

B -

The SGN is assumed to be modeled by a Levy-stable random variable, C,i ~ SaS (1T)\f), note
that 1T)\f is a scalar, and it represents the sum of interactions of parameter’s | with the rest of the
parameters in the DNN. Let us start with the following SDE:

t t N o —1 11
Wt:/ VU(Wp)dp—i—/ S e (T n) ) (Wa)rdLy (59)
0 0 =1

We aim to use the Euler-Maruyama method and Levy process properties to achieve Eq. 57. Let us
define the time discretization constant as ny, > 0, we split (0,t) to M splits: 0 =19 < 11 < ... <
T < .. < Tp—1 = t,where T, — T,_1 = 1 thus for ; € (0,t) using Euler-Maruyama method:

N
Wr, =W, — VU (wr, 1) (k= The1)+ 315 (TA)20) 20 (W )L, —LL, ) . (60)
=1
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Model Data Gauss SaS Const o SaS
ResNet18 CINICIO 0.138 £0.040 0.156 £0.072 0.066 & 0.026
ResNet34 CINICI0 0.157 £0.077 0.233+£0.115 0.114 +0.073
ResNet50 CINICI0 0.141 £0.072 0.147 £0.088 0.096 + 0.061

Bert [B = §] Cola 0.214 £0.064 0.197 £0.087 0.071 +0.032
Bert [B = 32] Cola 0.032 £0.027 0.036 £0.019 0.017 +0.013

Table 2: The fitting error between SGN and Sa.S/Gaussian distribution. Averaged over 10, 000
randomly sampled parameters. Top three tows, three different CNNs trained on the CINIC10 data
with a batch size of 400. Bottom two rows, BERT [8] base model trained on the Cola dataset with
different batch sizes B. Sum of Squares Error (SSE) is used to evaluate the fitting error of each
distribution. "Gauss" represents the Gaussian distribution. Our results demonstrate that Sa.S better

depicts SGR%O del

Data Gauss SaS SaS Wins
EfficientNet-b2 ImageNet 0.01083 £0.0032  0.00101 % 0.0002 99.58%
EfficientNet-b3 ImageNet 0.01385+0.0034  0.00130 £ 0.0004 99.46%
EfficientNet-b4 ImageNet 0.02062 £ 0.0059 0.001936 &+ 0.0006  99.56%
Flex Vit ImageNet 0.02497 £0.0102  0.00391 + 0.0018 99.13%
Vit base ImageNet 0.04576 £0.0191  0.00419 + 0.0009 99.59%
Vit small ImageNet  0.0208 +0.0095  0.00210 + 0.0004 99.30%

Table 3: Subset of ImageNet with 200k images. The batch size is 64, and 10,000 parameters were
sampled.
Using Levy stationary increments property: The difference L, — L, for m > n distributes L, —
Ly, ~ SaS((m — n)=), further for clarity we will mark w,, as wy.
N a1 11
wi = w1 + VU (we) + Y 0 o0 (A7A) 1) (Wi)riS}
=1

(61)

Where St ~ SaS(r

]‘%l ). Using SauS characteristic function and the fact Ly is a real value process:
a a
Sk = Gt (1) ™

_ 1
a1 )" @, let us use this identity:

N —1 1 1 1 1 1
W = Wit + VU () + 3 (LTA) ™) (Wirhar (170 )~

(62)
1=1
N
wy = w1 — VU (wi) + Y meridh (63)
1=1
Since we defined (for simplicity) r; as one hot vector we can deduce:
wy, = wi—1 — N VU (wk) + 1 (64)

For the convergence of the Euler-Maruyama discritization please see [20, 35, 2].

F Experimental Section

F.1 Additional results

F.2 LRdecay plot

In figure 2 we present the results of the learning rate decay experiment described in the main text.

Specifically, our result suggests that reducing the noise magnitude plays an important role in the
dynamics of learning rate decay.

F.3 Empirical evidence of the heavy tail nature of SGN

In figure 3 and 4 we present histograms demonstrating the heavy tail nature of SGN.

F.4 Additional escape time experiments
F.5 «; Variability

Figure 7 shows how different SGNs attribute different parameters in the same DNN.
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Figure 2: The stochastic gradient noise of a single parameter in ResNet110 [15]. (a) Before applying
learning rate decay, at epoch 279. (b) After applying learning rate decay, at epoch 281. (c) Without
learning rate decay, at epoch 280. (d) The training loss with and without learning rate decay applied
at epoch 280.

F.6 «; as a function of the layer in the DNN

Fig. 8 The caption explores the heavy-tail level of the SGN for each layer. The left figure depicts
ResNet18 [15] on CINICI0 [7] and CIFARIO [22], revealing that layers closer to the prediction
layer exhibit a higher SGN, suggesting their propensity to escape local minima. The right figure
shows Mobilenet on CIFAR100, with multiple layers displaying high o; values. These layers employ
a distinct activation function, HardSigmoid, which involves clipping and contributes to the heavier
tails observed.

F.7 Escape axis plot
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Figure 3: The stochastic gradient noise of a ResNet50 trained on CIFAR100 for four randomly
sampled parameters, please zoom in in order to see the long tail behavior.
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Figure 4: The stochastic gradient noise of a ResNetl8 trained on CIFAR100 for four randomly
sampled parameters, please zoom in in order to see the long tail behavior.
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Figure 5: Histograms of the stochastic gradient noise for a single parameter in ResNet34 for: (left)
layer number 1, (right) layer number 2. The plots qualitatively show that SGN is far from Normal
distribution and presents heavy tail nature.
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Figure 6: The mean escape time of SGD on Breastw (left), Cardio (middle), and Satellite (right)
datasets. The plots show the fitting base on two methods: ours and [46], on the upper row shows
escaping with batch size 32, while the bottom row with batch size 8. Each dot represents the mean
escape time for a sweep of learning rates. The dot is an average of over 100 random seeds for each
learning rate. One can observe that the empiric results are better explained by our theory for a batch
size of 32 in all three datasets examined. On the contrary, using batch size 8, our theory overshoot
when predicting escape time for the Satellite dataset, which is competitive on Cardio and better on

the BreastW dataset.
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that distinct weights in a DNN lead to different noise distributions during training.
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Noise index a for different layers
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Figure 8: All plots shows the heavy-tail level of the SGN per layer, where low index are layers closer
to the input. The left image shows ResNet18 on both CINIC10 and CIFAR10 datasets; a clear pattern
is that layers closer to the prediction layer hold heavier SGN, which suggests that those layers are
more probable to escape local minima. The right image shows Mobilenet trained on CIFAR100;
unlike ResNet18, there are a few layers with high «;, interestingly those layers contain a unique

activation function HardSigmoid, which performs clipping, thus could explain the larger value of a.
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Figure 9: Four different values of a; and three values of A are selected, and the y-axis shows the
probability of escaping from x;, which is the axis with lower «. For example, the top-left most dot
(blue) shows that when oy = 0.55 and as = 1.05 the probability of the process to escape from axis
T 18 ~ 82%
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