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ABSTRACT

Despite significant progress in post-hoc explanation methods for neural networks,
many remain heuristic and lack provable guarantees. A key approach for obtain-
ing explanations with provable guarantees is by identifying a cardinally-minimal
subset of input features which by itself is provably sufficient to determine the pre-
diction. However, for standard neural networks, this task is often computationally
infeasible, as it demands a worst-case exponential number of verification queries
in the number of input features, each of which is NP-hard. In this work, we show
that for Neural Additive Models (NAMs), a recent and more interpretable neu-
ral network family, we can efficiently generate explanations with such guarantees.
We present a new model-specific algorithm for NAMs that generates provably
cardinally-minimal explanations using only a logarithmic number of verification
queries in the number of input features, after a parallelized preprocessing step with
logarithmic runtime in the required precision is applied to each small univariate
NAM component. Our algorithm not only makes the task of obtaining cardinally-
minimal explanations feasible, but even outperforms existing algorithms designed
to find the relaxed variant of subset-minimal explanations — which may be larger
and less informative but easier to compute — despite our algorithm solving a
much more difficult task. Our experiments demonstrate that, compared to previ-
ous algorithms, our approach provides provably smaller explanations than existing
works and substantially reduces the computation time. Moreover, we show that
our generated provable explanations offer benefits that are unattainable by stan-
dard sampling-based techniques typically used to interpret NAMs.

1 INTRODUCTION

Various methods have been proposed to explain neural network predictions. Classic additive feature
attribution approaches — such as LIME (Ribeiro et al.,[2016), SHAP (Lundberg & Lee, 2017), and
IG (Sundararajan et al.,[2017) — assume near-linear behavior in a local region around the instance.
Other methods, like Anchors (Ribeiro et al., 2018)) and SIS (Carter et al.,|2019), aim to identify a
(nearly) sufficient subset of input features — referred to here as an explanation — that determines
the prediction. While Anchors and SIS rely on probabilistic sampling and lack provable sufficiency
guarantees, recent work has shown that neural network verification tools can serve as a backbone for
generating provably sufficient explanations (Wu et al., 2023 |Bassan & Katz, [2023; [La Malfa et al.,
2021} [Izza et al.l 2024), making them particularly valuable in safety-critical domains (Marques-
Silva & Ignatiev, 2022). In this context, smaller sufficient explanations are typically preferred, as
minimality is considered an additional key interpretability property (Ignatiev et al., 2019} |Carter
et al.,[2019; Darwiche & Hirth, 2020; Ribeiro et al., 2018} [Barcelo et al., 2020Db).

However, while such explanations are highly desirable, generating them for standard neural net-
works is notoriously computationally challenging (Barcelo et al.l [2020b). In particular, obtaining
cardinally-minimal explanations, requires, in the worst case, an exponential number of neural net-
work verification queries (Barcelo et al., 2020b; [Ignatiev et al.l 2019; Bassan & Katz} [2023)), each
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being NP-hard (Katz et al.| 2017} [Séalzer & Lange} 2021)), rendering the task infeasible even for toy
examples ([gnatiev et al.,[2019). Consequently, existing methods focus on subset-minimal explana-
tions (Wu et al., 2023} Bassan & Katz, [2023} |Bassan et al., [2025b), which are typically suboptimal
in size, potentially large, and thus less informative than their cardinally minimal counterparts. More-
over, even these approaches remain limited to relatively small models, as they still require a linear
number of verification queries (Wu et al., [2023}; |Bassan et al., 2025c]).

Our contributions. Since computing cardinally-minimal sufficient explanations is provably in-
tractable for general neural networks, a natural question arises: Can certain neural architectures
with more interpretable structures enable efficient computation of such explanations? Although this
task remains challenging even for simplified models such as binarized neural networks or those with
a single hidden layer (Adolfi et al., [2025; |Barcelo et al., [2020a; Sdlzer & Langel 2021), we show in
this work that it becomes tractable for a different class of neural architectures previously unexplored
in this context: Neural Additive Models (NAMs) (Agarwal et al.|[2021). NAMs are a widely adopted
architecture that has received significant attention in recent years (Agarwal et al., [2021; Radenovic
et al., 2022} Bechler-Speicher et al.| 2024} Kim et al.| 2024} Zhang et al., [2024). By enforcing an
additive structure over input features, NAMs support interpretable, per-feature contributions while
maintaining the expressive capabilities of neural networks.

Our NAM-specific algorithm vs. previous algorithms. Unlike existing algorithms that require a
linear number of verification queries in the number of input features for subset-minimal explanations
— or an exponential number for cardinally-minimal ones — our approach exploits the additive struc-
ture of NAMs to compute provably cardinally minimal explanation subsets using only a logarithmic
number of verification queries. This is realized by introducing a highly parallelized preprocessing
step — each operating independently on a small univariate component of the NAM — enabling a
substantial overall efficiency gain. As a result, our method yields explanations that are both provably
sufficient and cardinally-minimal, far more efficiently than standard algorithms typically applied to
neural networks. Experiments using state-of-the-art verifiers confirm that our algorithm generates
explanations substantially faster and produces notably smaller subsets than prior approaches.

Our provable NAM explanations vs. standard sampling interpretations. NAMs are typically
interpreted by sampling input points and visualizing the behavior of each univariate function (Agar-
wal et al., 2021; [Radenovic et al. [2022)). Thanks to their additive structure, these models allow
per-feature contributions to be examined individually. We show that purely sampling-based meth-
ods can yield misleading interpretations, whereas our provably sufficient explanations avoid this by
design, underscoring their importance in safety-critical domains.

Overall, our work advances explanations with provable guarantees in two ways: (i) it introduces the
first method for certifiable explanations in NAMs, boosting their trustworthiness in safety-critical
settings, and (ii) by efficiently generating provable explanations, NAMs — unlike general neural
networks — open a path toward interpretable architectures where such guarantees can be derived
at scale. A central challenge ahead is to design models that balance high expressivity and accuracy
with efficient provable explanations, and we view our work as a significant first step in that direction.

2 PRELIMINARIES

2.1 NOTATION

We denote scalars with lower-case letters, vectors with bold lower-case letters, and sets in calli-
graphic font. The i-th entry of a vector x is denoted by x;. Forn € N, let [n] := {1,...,n}.

2.2 NEURAL NETWORK VERIFICATION

Neural network verification aims to verify certain input-output relationships of neural networks. For
a neural network f: R™ — R¢, a neural network verifier formally proves that there does not exist an
input x € R™ where both an input specification i, (x), and an unsafe output specification 1oy (f(x))
hold at the same time. Although this problem is NP-hard (Katz et al., 2017} |Salzer & Langel |[2021),
these tools have seen rapid scalability improvements in recent years (Kaulen et al., 2025).



Published as a conference paper at ICLR 2026

2.3 NEURAL ADDITIVE MODELS (NAMS).

A neural additive model (NAM) f for a regression task, where f: R™ — R, is defined as:

k
F) = Bo+ Y filxi), (D

i=1

where each f;: R — R is a univariate neural network, 8y € R is the intercept, and f denotes the
full NAM. For binary classification, we assume that an additional step function is applied: f(x) :=

step(Bo + Zle fi(x;)), where step(z) = 1if z > 0 and step(z) = 0 otherwise. In the multi-class
setting with c classes, the logit for class j € [c] is given by f;(x) := (0 + Zle f;.i(X;), and the
model predicts f(x) := arg max; ¢y f;(X).

In this work, we develop algorithms for all three settings — (i) regression, (ii) binary classification,
and (iii) multi-class classification — but for clarity, we focus the main presentation on the binary
classification case, with extensions for the other settings provided in Appendix [E]

3  PROVABLY SUFFICIENT EXPLANATIONS FOR NEURAL NETWORKS

We begin by reviewing standard algorithms developed for general neural networks that identify
provably minimal sufficient explanations. We note that we focus on post-hoc sufficient explanations
for a specific input x € R", i.e., for the output f(x), and post-hoc indicates that the explanation is
generated after the model has been trained.

Sufficient Explanations. A common method for interpreting the decisions of classifiers involves
identifying subsets of input features S C [n] such that fixing these features to their specific values
guarantees the prediction remains unchanged. Specifically, these techniques guarantee that the clas-
sification result remains consistent across any potential assignment within the complementary set
S = [n]\ S. While in the classic setting features in the complementary set S are allowed to take on
any possible feature values (Ignatiev et al.| 2019} |Darwiche & Hirthl 2020; Bassan & Katzl [2023)),
a more feasible and generalizable version restricts the possible assignments for S to a bounded €,,-
region (Wu et al., 2023; [La Malfa et al.,[2021} [zza et al., 2024). We use (xs;X5) € R™ to denote
an assignment where the features of S are set to the values of the vector x € R™ and the features of
S are set to the values of another vector X € R™ within the ¢,,-region.

Definition 1 (Sufficient Explanation). Given a neural network f, an input x € R”, a perturbation
radius €, € Ry, and a subset S C [n], we say that S is a sufficient explanation concerning the
query {f, x, S, €,) on an £,-norm ball By’ of radius €, € R around x iff it holds that:

Vi€ B (x):  flrsi¥s) = f(x),  with B (x) = {¥ € R" | |x — ||, < e}

We define suff(f, x, S, €,) = L iff S constitutes a sufficient explanation with respect to the query
(f, x, S, €p), and suff(f, x, S, €,) = 0 otherwise.

Def. [T] can be formulated as a neural network verification query (Sec. [2.2). This method has been
proposed by prior studies, which employed these techniques to validate the sufficiency of specific
subsets (Wu et al.,[2023]; | Bassan & Katz,[2023; [La Malfa et al.l 2021} [Izza et al.| [2024).

Minimal Explanations. Evidently, selecting the entire input set as the subset S, that is, setting
S = [n], yields a sufficient explanation. Nonetheless, the prevailing consensus in the literature is
that smaller subsets tend to be more informative or meaningful (Ribeiro et al., 2018} (Carter et al.,
2019; Barcel6 et al., [2020b; Ignatiev et al., |2019). Consequently, there is considerable interest in
identifying subsets that are not only sufficient but also satisfy some notion of minimality. We focus
on two specific minimality criteria: cardinality minimality and subset minimality.

Definition 2 (Minimal Sufficient Explanations). Given a neural network f, an input x € R™, and a
subset S C [n] that is a sufficient explanation concerning (f, x, S, €,) on B" of radius €, then:

1. We say that S is a cardinally-minimal sufficient explanation (Barceld et al.|[2020a}; |Bassan

et all |2024) concerning (f, x, S, €,) iff there does not exist a sufficient explanation S’
concerning (f, x, ', €p) with |S'| < |S]).
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(a) NAM with unperturbed input. |

(b) Subset-minimal explanation of size 2. (c) Cardinally-minimal explanation of size 1.
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Figure 1: Comparison of a subset-minimal explanation and a cardinally-minimal explanation of a
NAM. Both explanations (in yellow) in (b) and (c) are minimal, as perturbing any additional feature
can lead the overall output to become negative.

2. We say that S is a subset-minimal sufficient explanation (Arenas et al.|| 2022 |[gnatiev et al.|
2019) concerning (f, x, S, €,) iff any S' C S is not a sufficient explanation concerning

<f7 X, 8/7 €p>'

Minimal sufficient explanations can also be determined using neural network verifiers. This process
requires executing multiple verification queries to ensure the minimality of the subset. Alg. [T]out-
lines such a procedure (Ignatiev et al.l 2019; |Wu et al.||2023; Bassan & Katz,[2023). The algorithm
begins with an explanation S encompassing the entire feature set [n] and iteratively tries to exclude a
feature ¢ from S, each time checking whether S\ {i} remains sufficient. If S \ {4} is still sufficient,
feature ¢ is removed; otherwise, it is retained in the explanation. This process is repeated until a
subset-minimal sufficient explanation is obtained. Such a subset-minimal explanation of a NAM is
visualized in Fig. [T|along with a cardinally-minimal explanation.

Algorithm 1 Greedy Subset Minimal Explanation Search
Input: Neural network f: R” — R¢, input x € R", perturbation radius €, € R

1. S« [n]

2: for each feature ; € [n] do > suff(f, x, S, €,) holds
if suff(f, x, S\ {i}, ¢,) then
4: S« S\ {i}
5: end if
6
7

: end for
: return S > S is a subset-minimal explanation concerning (f, X, S, €,)

4 PROVABLY CARDINALLY-MINIMAL SUFFICIENT EXPLANATIONS FOR
NAMS

While generating cardinally-minimal sufficient explanations is computationally expensive for gen-
eral neural networks, we present a highly efficient algorithm for NAMs in this section. NAMs are
generally considered very interpretable due to the univariate functions, but sufficient guarantees can
only be obtained through formal verification to avoid misleading conclusions (Fig.[2). Our algorithm
consists of two main stages: (i) As a preprocessing step, we compute an “importance” interval for
each feature ¢ € [n] based on the univariate functions f; to obtain a total ordering. (ii) This allows
us to perform a binary search over the sorted intervals to identify the cardinally-minimal sufficient
explanation.

All full proofs are provided in Appendix [C]

4.1 STAGE 1 — PARALLEL INTERVAL IMPORTANCE SORTING

This subsection outlines the first stage of our algorithm, which involves determining an ordering of
the feature importance to be used in the subsequent phase. We adopt a notion of “importance” similar
to that of (Barcelo et al., |2020a)), originally used for binary linear threshold models. Specifically,
we say that feature ¢ € [n] is more “important” than feature j # 4 if perturbing feature ¢ causes a
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Figure 2: Sufficient explanations in NAMs: (a) Users must examine the neighborhood of an input
for proper interpretation; e.g, users might wrongly conclude that feature 1 from the FICO HELOC
dataset alone determines a positive output, but small changes in features 15 or 18 can flip the classi-
fication. (b) Outputs of continuous neighborhoods can be misleading if not verified, since sampling
may miss extrema. For example, users might wrongly believe based on sampling that all features but
feature 1 only have positive outputs and thus fixing feature 1 will always lead to a positive output of
the entire NAM; however, the output of feature 2 can become so negative to flip the classification.

larger change in the final prediction f(x) than perturbing feature j. In particular, we measure the
derivation towards the decision boundary to flip the classification. Thanks to the additive structure of
the NAM, this analysis can be conducted independently for each univariate component f;: R — R,
allowing for a direct comparison of their individual importance.

Without loss of generality, let us assume that our binary classifier predicts f(x) = 1, meaning that

Bo + Zle fi(x;) > 0 (the case f(x) = 0 follows symmetrically). In this setting, we perturb the
input to each univariate component f; individually and measure how much the overall prediction
decreases, i.e., towards the decision boundary. Therefore, for each i € [n], we want to find

x; = argmin f;(X;). (2)

X EB (xi)
However, in contrast to the binary linear threshold models studied in (Barcelo et al., [2020b)), ex-
actly determining these minimal values is usually computationally infeasible Katz et al.| (2017).
Fortunately, we do not need to find the exact minimum but only bounds [l/;,u;] C R such that

l; < fi(x¥) < u;, with sufficient precision to establish a total order over the input features. The
procedure is outlined in Alg.[2]

Alg. [2] operates in parallel across each univariate component of the NAM. For each component,
the algorithm begins by issuing an incomplete verification query to obtain an initial lower bound
fi(X;), denoted by I; and u;, evaluated over the domain X; € 5,7 (x;). Subsequently, each thread
independently conducts a binary search using verification queries to iteratively refine [I;, u;], nar-
rowing in on the true lower bound f;(x}). To quantify the deviation of the unperturbed output f;(x;)
from these bounds, we define the relative differences Al; and Awu;. After each iteration within
every parallel thread, the algorithm evaluates whether a full, non-overlapping sorting of all pairs
(Aly, Auy), ..., (Al,, Auy,) is possible. If such an ordering cannot yet be achieved, the bounds get
iteratively refined. Finally, the ordering according to the determined importance is returned.

While the initially computed bounds «;, 3; enclose the entire output domain of each component
i € [n], the binary search narrows the bounds down around the minimum f;(x}) (or maximum for
f(x) = 0); thus, no longer covering the entire domain. As f;(x}) is just a scalar, this total order can
be determined using a complete verifier.

This non-overlapping ordering provides a rigorous measure for the impact of perturbing a single
feature through its corresponding component function f;(x;). This sorting forms the foundation for
the next phase of the algorithm, which identifies a provably cardinally-minimal sufficient subset.
The following proposition formalizes this first step of the argument:

Proposition 1. Given a NAM f, an input x € R" and a perturbation radius €, € R, let Alg. E]
return a total list order over the input features according to their importance. Then, the following
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Algorithm 2 Parallel Interval Importance Sorting
Input: NAM f, input x € R", perturbation radius €, € R
1: for each feature i € [n] in parallel do

2: Extract initial bounds «;, 3; for f;(X;) such that X; € B;? (x;)

3: ll — Oy, Uy < ﬁz

4: while True do

6: if verify( Vx; € By (x:), fi(X;) > m; ) then

7: l; < my

8: else

9: U; <— My

10: end if

11: Al1 — fz(xz) — ll ) Aul — fz(xz) — U;

12: if for all j # 7 it holds that: Au; > Al; or Au; > Al; then
13: break

14: end if

15: end while

16: end for

17: return argsort([(Aly, Auq), ..., (Al,, Au,)]) in ascending order

holds: For any sufficient explanation S that includes feature i, and for any feature j ¢ S such that
i < j in the list ordering, the set S\ {i} U {j} is also a sufficient explanation.

Complexity. The complexity of Alg.[2|is governed by the use of p parallel processors, where each
processor independently carries out a binary search. This binary search iteratively partitions based
on the Au; and Al; bounds and terminates once the bounds of two distinct univariate components
no longer overlap. Given the initial gap between the upper and lower bounds, a; — f;(x;), for
each component f;, and the precision for component f; defined by its minimal separation from the
adjacent features in the sorted ordering — namely, &; := min{|Al; 11 — Auw;|, |Al; — Au;_1|}, with
AZD, AAuD denoting the bounds in the last iteration. We can now prove that the number of neural
network verifier calls is bounded by a (parallelized) logarithmic term, as formalized in the following
proposition. Limitations and optimizations are further discussed in Appendix

Proposition 2. Given p parallelized processors, Alg. |2} performs an overall number of Tp,(n) =
n Bi—ai Bi—ou
O ((g’)log( maxie[n] ( 3 )) —)p_m @) (log( max;c [n] ( 3

fier, each on a univariate component f;(-), where & := min{|Al; 11 — Au;|, |Al; — Au;_1|}.

)) calls to the neural network veri-

The edge case of £, — 0. While Alg. [2| scales logarithmically with respect to the precision gap
between optimal values of the univariate components, this gap could be arbitrarily small in theory.
We address this edge case in Appendix and show that — even when &; approaches zero — the
algorithm is still guaranteed to terminate after a linear number of steps in the size of the model
encoding, given a model with ReLU activations. This remains a substantial improvement over the
exponential worst-case behavior known for general neural networks. Crucially, our empirical results
demonstrate that, in practice, this parameter is never close to zero, enabling an efficient sorting
phase. A detailed ablation of this parameter is provided in Appendix

4.2 STAGE 2 — FEATURE SELECTION BASED ON THE DERIVED FEATURE INTERVALS

In this subsection, we will describe the second part of our algorithm that can obtain a provably
cardinally-minimal sufficient explanation, given the derived interval orderings that were obtained
from Alg. [2| In contrast to binary linear models (Barcel6 et al., |2020b), where the exact maximum
and minimum contribution of each feature is known and one can simply select the top-k features,
NAMs do not offer this convenience. For NAMs, we only have access to bounds on each univari-
ate component, and thus we must explicitly certify that fixing certain features is indeed sufficient.
However, to the total order, we can apply a binary search to obtain the explanation, resulting in a
logarithmic number of verification queries in the number of input features. However, to simplify
the presentation of this algorithm, we will start by presenting a naive greedy approach that runs in a
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linear number of steps similar to the one proposed by (Barcel6 et al.,|2020b)), and then move on to
presenting the binary-search approach. The naive approach is depicted in Alg. 3]

Algorithm 3 Greedy Cardinally-Minimal Linear Explanation Search
Input: NAM f, input x € R", perturbation radius €, € R

1. S« [n]

2: for each feature i € [n], ordered by Alg.2|do > suff(f, x, S, €,) holds
3: if suff(f, x, S\ {i}, ¢,) then

4 S« S\ {i}

5: end if

6: end for

7: return S > S is a cardinally-minimal explanation concerning (f, X, S, €,)

Alg. [3|closely mirrors the operation of Alg.[If It begins by initializing the explanation S to the full
feature set [n], and then iteratively removes features, updating S <— S\ {4}, until reaching a mini-
mal explanation. However, unlike Alg.[T] which is only guaranteed to converge to a subset-minimal
explanation, Alg.[3]converges to the more challenging objective of finding a cardinally-minimal suf-

ficient explanation. This stronger guarantee is enabled by the total ordering (Ali, Aui)?zl computed
by Alg.[2] which ranks the features by their importance. This leads to the following proposition:

Proposition 3. Given a NAM f, an input x € R", and a perturbation radius €, € R, Alg.[3|per-
forms O(n) queries and returns a cardinally-minimal sufficient explanation. This stands in contrast
to Alg. |1} which is only guaranteed to return a subset-minimal sufficient explanation.

Alg. [3] can be significantly enhanced by replacing the linear ordering with a binary search strategy
(Alg. ). Crucially, this step is not possible with the naive, unsorted approach (Alg. [T), as it does
not guarantee convergence to a cardinally-minimal explanation, and may not even yield a subset-
minimal explanation. This is because, in an arbitrary feature ordering, there may be multiple points
at which a non-sufficient subset becomes sufficient, making the binary search unreliable. In contrast,
the preprocessing step in Alg. 2| imposes a structured sorting of features, which allows Alg. {4 to
reliably converge to a cardinally-minimal sufficient explanation using only a logarithmic number of
queries.

Algorithm 4 Greedy Cardinally-Minimal Logarithmic Explanation Search

Input: NAM f, input x € R", perturbation radius €, € R
1: F' <« total order of features (Alg.

220+ 1;u+n

3: while [ # u do

4: m o |

5: if suff(f, x, {F[1],...,F[m]}, €,) then
6: I+ m

7: else

8: u+—m-—1

9: end if

10: end while
11: S« {F[1],...F[m]}
12: return S > S is a cardinally-minimal explanation concerning (f, X, S, €,)

Proposition 4. Given a NAM f, an input x € R", and a perturbation radius €, € R, Alg.
performs O(log(n)) queries and returns a cardinally-minimal sufficient explanation.

Overall complexity results. By combining Alg. 2] with Alg. ] we obtain a cardinally-minimal
explanation for (f, X, €,). This unified algorithm yields a substantial efficiency gain, reducing the
worst-case requirement of an exponential number of verification queries to only a logarithmic num-
ber of (parallelized) queries. The first segment of these queries operate by running verification
queries on univariate components f; of the model, which are far smaller, and hence more efficient
to verify than direct queries to f. The resulting complexity bound is formalized in the following
theorem:
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Table 1: Comparison of average explanation size and computation time.

Breast Cancer CREDIT FICO HELOC
Method Size (1) Time [s] ({) Size (1) Time [s] ({) Size (1) Time [s] ({)
Ours 4.00+4.24 35.60+1.34 3.76+2.62 132.67+36.76 5.59+1.80 317.92+222.07
Lexicographic  16.584+5.44  634.92+77.23 12.42+6.45  473.63£128.38 15.60+7.53 146.16+188.07
Sensitivity 16.27+5.57  636.79+87.44  3.82+1.84  407.93+126.63  9.45+5.90  250.09+148.44

Theorem 1. Running Alg. 2] and Alg. §] obtains a cardinally-minimal sufficient explanation with
Tp(n) = (’)((%)log(maxie[n](ﬂi;m )) ]H—n> (’)(log(maxie[n](ﬂigia"' )) queries to f;(-) compo-

nents, plus O(logn) queries to f(-). In contrast, standard algorithms require O(2"™) verification
queries to f(-) for a cardinally-minimal explanation, or O(n) verification queries to f(-) for only a
subset-minimal explanation.

As discussed earlier, our complexity analysis is parameterized by the separation between the minima
of the univariate components &;, which is typically non-negligible in practice, though some &; may
be small. To address this, we show that running Alg. [2] followed by Alg. [ takes time linear in the
encoding size of the model. We further prove matching query bounds: the task can be solved with at
most a linear number of queries, and any algorithm requires at least a logarithmic number of queries
in the encoding size of f.

Theorem 2. (Informally.) Let f be a NAM, x € R" an input, and €, € R. Computing the size of
a cardinally-minimal sufficient explanation for (f,x, €,) requires, in the worst case, at most O(m)
queries to an NP oracle (Claim[I) and at least O(log(m)) such queries (Lemma [3), where m is
the encoding size of f. Moreover, running Alg followed by Alg || terminates after at most O(m)
queries (Proposition ).

5 EVALUATION

Experimental Setup. We implemented our main algorithmic approach (Alg. 2] followed by Alg.[4)
using a-3-CROWN as the backend verifier, the current state-of-the-art in neural network verifica-
tion (Wang et al.|, 2021} [Zhou et al., 2024} Kotha et al., 2023} [Kaulen et al.,[2025; |Chiu et al.| [2025).
We conducted extensive experiments on four widely used tabular-data benchmarks in the context of
NAMs (Agarwal et al., [2021} Radenovic et al., [2022): (i) Breast Cancer, (ii) CREDIT, (iii) FICO
HELOC, all of which are prominent in safety-critical domains. We adopted the same model architec-
tures as prior work in the NAM literature (Agarwal et al., 2021; Radenovic et al.,|2022). Evaluation
details, additional experiments, and ablation studies are in Appendix [F}

5.1 OUR ALGORITHM VS. PREVIOUS ALGORITHMS

We begin by comparing our results with prior algorithms proposed in the literature for obtaining
provably minimal sufficient explanations. Since our method targets the much stronger notion of
cardinally-minimal sufficient explanations for the first time, any naive baseline — that computes
such explanations by exhaustively enumerating all 2" input subsets, verifies their sufficiency, and
selects the one with the smallest cardinality — would not finish with reasonable timeouts. Thus, we
compare our approach to the more scalable task of finding subset-minimal explanations, a weaker
notion of minimality, using the standard greedy algorithm employed by previous works (Wu et al.,
2023} Bassan et al., [2025bj [[zza et al., 2024} Ignatiev et al., 2019; |[La Malfa et al., 2021)) (Alg. EI)
Because subset-minimal explanations depend on feature orderings, we consider two setups: (i) a
basic lexicographic ordering of features, and (ii) a more sophisticated reverse-sensitivity ordering,
following prior approaches (Wu et al.,[2023;|Bassan et al.,[2025b; [zza et al.,|2024;|Wu et al.| 2024b).

The results in Tab. [1|demonstrate that our proposed algorithm achieves substantial improvements in
both computation time and explanation size over previous algorithms. Beyond reducing explanation
size compared to standard subset-minimal explanation algorithms (which follows by necessity, since
we enforce a stronger notion of minimality), our method also achieves substantial runtime gains,
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Figure 3: Explanation size over time for all datasets.
Table 2: Comparison against a purely sampling-based approach.
CREDIT FICO HELOC
Method Size () Time [s] (1) Sufficiency [%] (1) Size (}) Time [s] (}) Sufficiency [%] (1)
Ours 3.76£2.62  132.67£36.76 100.00 5.59£1.80 317.92+222.07 100.00
Sampling 2.67+3.10 5.10+0.26 31.37 3.04+3.05 6.89+2.57 25.49

despite solving a much harder task. This advantage stems from our NAM-specific algorithm, which
requires only a logarithmic number of parallelized queries — rather than a linear number — executed
over univariate components f;, which are much faster to verify.

5.2 EXPLANATION PROGRESSION IN TIME

To further assess the advantages of our algorithm over prior methods, we analyze the explanation
sizes produced by our approach in comparison to subset-minimal methods and track their evolu-
tion over time. This analysis is illustrated in Fig.[3] The results show that while subset-minimal
approaches converge slowly and often stagnate in local minima. Our method — though it begins
later due to the preprocessing step in Alg. [2} which sorts features with only a logarithmic number
of parallelized queries — quickly outpaces them once sorting is complete. At this point, it requires
significantly fewer queries, relying only on a binary search over the sorted features as in Alg. ]
This second phase is not only substantially faster but also provably attains the cardinally-minimal
explanation, i.e., the global optimum, unlike subset-minimal approaches.

5.3 COMPARISON TO PURELY SAMPLING-BASED METHODS

NAMs are generally viewed as very interpretable as their univariate functions f; for each feature al-
low for simple visualizations (such as in Fig. [2). Most commonly, these visualizations are obtained
through sampling over the respective feature domain to get a good approximation of each univariate
function. However, we show in this experiment that this discretization through sampling and the
resulting interpretations can be misleading. Peaks and other extrema that are missed through sam-
pling can lead to insufficient explanations, which can be fatal in safety-critical domains. An extreme
case is abstractly depicted in Fig.[2b, but we have also observed insufficient explanations in practice.
To demonstrate this, we evaluate 1,000 evenly-spaced samples instead of each verification query.
After the explanations are generated, we test their sufficiency using «, 3-CROWN (Tab. [2): On the
CREDIT and FICO HELOC datasets, more than half of the explanations obtained through sampling
could not be verified. In contrast, all our explanations are sufficient by construction.

6 RELATED WORK

Formal XAI. Our work relates to the field of formal XAI (Marques-Silval [2023), which seeks ex-
planations with provable guarantees. Prior efforts have developed sufficient explanations for models
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such as decision trees (Huang et al.|[2021), linear models (Marques-Silva et al.,|2020; |Subercaseaux
et al., 2025), and tree ensembles ([zza & Marques-Silva, 2021} [Ignatiev et al.| 2022} |Audemard
et al.,[2022b; 2023). Other relevant works are on obtaining minimal sufficient explanations for neu-
ral networks (La Malfa et al.| 2021} |Wu et al.| [2023}; Izza et al.l 2024} Bassan et al., 2023} 2025b),
which rely on neural network verification queries. While such verifiers have become more scalable
in recent years, computing such explanations is still costly, often requiring many (linear or exponen-
tial) verification queries. Our method takes a step toward reducing this cost by focusing on neural
network families with more interpretable structure, and particularly look into NAMs.

Closer to our setting is the work of [Harzli et al.| (2023), which studies cardinally minimal sufficient
explanations for monotonic neural networks, another interpretable model class. There, monotonicity
simplifies certifying sufficiency, while minimality remains challenging. In contrast, for NAMs, certi-
fying sufficiency is substantially harder, but minimality becomes easier due to the additive structure.

Also related to our work is the study of Barcel6 et al.| (2020b), which shows, among many results,
that cardinally minimal sufficient explanations can be computed in polynomial time for linear (Per-
ceptron) models over binary inputs, using ideas such as sorting and selecting features. However,
obtaining the same type of explanation for neural additive models over continuous inputs, which are
far more expressive, introduces new algorithmic challenges: (i) computing and refining bounds for
each univariate component using scalable neural network verification methods (Wang et al.| |[2021),
(ii) parallelizing the certification of univariate components rather than the full network, and (iii) em-
ploying a more efficient selection phase that leverages these outer bounds, sorts the components, and
applies a logarithmic search to obtain a cardinally minimal sufficient explanation more efficiently.

Neural Additive Models (NAMs). NAMs extend Generalized Additive Models (GAMs) (Hastie,
2017; Nelder & Wedderburnl [1972), a classic interpretable family of ML models (Caruana et al.,
2015 Zhong et al., [2023; [Liu et al.| 2022; Bordt & von Luxburg} 2023} [Enouen & Liu, [2025}; (Chen
et al.,|2020), by replacing each univariate component with a neural network, thereby combining in-
terpretability with expressivity. First introduced by (Agarwal et al., 2021), NAMs achieved compet-
itive accuracy on tabular tasks and were applied in healthcare and COVID-19 modeling. Subsequent
works suggested potential refinements of their training and architecture (Radenovic et al.| 2022;
Chang et al., 2021} |Bouchiat et al., 2024; |Xu et al., 2023) and proposed additional variants (Bechler-
Speicher et al., 2024 [Jiao et al.||2024) and applications (Thielmann et al., 2024).

7 LIMITATIONS

Like all methods that obtain provably minimal and sufficient explanations, our approach depends on
invoking neural network verification queries, which do not yet scale to state-of-the-art models. Still,
neural network verification has advanced rapidly in recent years (Kaulen et al., |2025} |Chiu et al.,
2025} |Wu et al, [2024a)), and the scalability of our approach will improve alongside it. Importantly,
our method offers two substantially critical improvements: (i) it reduces the number of queries from
exponential (or linear, in relaxed tasks) to logarithmic, and (ii) it operates on univariate components
fi» where verification is far cheaper since the certified models are small and more interpretable by
design compared to the entire large model f. Together, these make our algorithm far more practical
for NAMs, and we show that it indeed efficiently produces explanations on standard benchmarks
where prior algorithms fail. Our approach also relies on a complete verifier, which often come with
numeric tolerances and timeout restrictions. A more detailed discussion on this can be found in

Appendix [D]
8 CONCLUSION

Provably minimal and sufficient explanations represent a highly desirable goal in explainability,
as they offer certifiable guarantees on both faithfulness and conciseness. For standard neural net-
works, however, this task is computationally prohibitive, requiring an exponential number of verifi-
cation queries. We present a NAM-specific algorithm that reduces the complexity from exponential
to logarithmic parallelized queries, achieving dramatic gains in both speed and explanation size.
Moreover, we show that these explanations reveal insights into NAMs that sampling-based methods
cannot capture. Our work thus makes provable explanations feasible in practice and opens the door
to extending them across other interpretable neural network families.

10
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Appendix

The appendix contains all proofs, optimizations, additional settings, and additional experiments that
were mentioned throughout the paper:

Appendix [A] contains extended background on neural network verification and formal XALI.
Appendix [B| contains formalizations that will be used throughout the proofs.

Appendix |C|contains the proofs of Prop. [T]to

Appendix [D|contains a theoretical discussion and practical optimizations on the importance sorting.
Appendix [E] contains extensions to multi-class classification and regression tasks.
Appendix [F| contains all experimental details and ablation studies.

Appendix |G| contains an LLM usage disclosure.

A  EXTENDED BACKGROUND ON NEURAL NETWORK VERIFICATION AND
FOrRMAL XAI

Neural Network Verification. Neural network verification provides provable guarantees about
the behavior of a neural network over a continuous input region. Classical SMT- and MILP-based
approaches (Katz et al., 2017; [Wu et al., [2024a; |[Katz et al., 2019; [Tjeng et al., 2019; [Ehlers| 2017)
encode ReLU networks and specifications as logical or mixed-integer constraints, yielding exact
guarantees but scaling only to small-to—medium models. Abstract interpretation methods (Singh
et al.,|2019; |Gehr et al.| 2018; [Ferrari et al., [2022}; Miiller et al.| 2022) instead propagate layer-wise
over-approximations, producing fast yet incomplete robustness certificates. A major breakthrough
came with linear-relaxation—based bound propagation, notably CROWN (Zhang et al.}[2018) and its
extensions (Wang et al., [2021}; |Chiu et al., 2025} |Zhou et al., 2024; |Shi et al., 2025), which compute
tight dual linear bounds and function either as scalable incomplete verifiers or as strong relaxations
within exact search procedures. Modern branch-and-bound (BaB) frameworks build on these relax-
ations to achieve complete verification at scale. In particular, a-3-CROWN and related variants now
dominate VNN-COMP (Brix et al.l 2024)), handling models with millions of parameters. Recent
advances include tighter relaxations (e.g., SDP hybrids (Chiu et al.| |2025)), cutting-plane enhance-
ments (Zhou et al.,|2024)), and support for non-ReLU nonlinearities (Shi et al., 2025). Today, verifi-
cation methods can routinely certify robustness for moderately large CNNs and ResNets, although
significant challenges remain for transformers, highly complex architectures, and richer temporal or
relational specifications.

Formal XAI. Our work is part of a line of research known as formal explainable AI (formal
XAI) (Marques-Silva & Ignatievl 2022), which investigates explanations equipped with provable
guarantees (Yu et al., [2023} [Darwiche & Ji, [2022; Darwiche, |2023} |Shih et al.| 2018; |Azzolin et al.,
2025} |Audemard et al.| 2021). Because producing such guaranteed explanations is often computa-
tionally intractable (Barceld et al., 2020a; [Bassan et al., [2026; [Marzouk et al., 2025a3b; [Marzouk
& De La Higueral 2024; |Amir et al.l 2024} Blanc et al.l 2021} [2022), much of the literature has
concentrated on more restricted model classes (Marques-Silva & Ignatiev, [2023), including deci-
sion trees (Bounial [2025; |Arenas et al., 2022 | Bounial 2024} |Bounia & Korichel [2023)), monotonic
models (Marques-Silva et al.||2021; |[Harzli et al.|[2023), and tree ensembles (Audemard et al., 2023
2022a; [Ignatiev et al.| 2022; Bassan et al.| [2025a; Boumazouza et al.,|2021). Related to our works,
are frameworks that have obtained such explanations for neural networks (Malfa et al.| 2021} |Bas-
san et al.| 2023 [Hadad et al., 2026; 'Wu et al., 2023} [Labbatf et al.| 2025 |De Palma et al.| [2025}; [Fel
et al} 2023} Soria et al.| 2025). Due to the high computational complexity of this problem, several
approaches aim to alleviate it through abstractions (Bassan et al., 2025b; | Boumazouza et al., |2026)),
smoothing techniques (Xue et al.,[2023; Jin et al.}[2025; |/Anani et al.|[2025)), or self-explaining frame-
works (Alvarez Melis & Jaakkolal [2018; Bassan et al.l [2025c:d; |You et al.l 2025). Another related
line of work studies explanations with provable guarantees for linear models (Marques-Silva et al.,
20205 [Subercaseaux et al.| [2025)), which form a restricted subclass of additive models, as well as the
theoretical analysis of (Bassan et al.| [2025¢), which investigates the computational complexity of
generating such explanations for these models.
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B FORMALIZATIONS

B.1 COMPUTATIONAL COMPLEXITY CLASSES

We assume readers are familiar with the standard complexity classes polynomial time (PTIME) and
nondeterministic polynomial time (NP, coNP); see |Arora & Barakl (2009) for an introduction. NP
and coNP capture the complexity of decision problems — problems whose output is simply “yes” or
“no”. In contrast, FP is the functional analogue of PTIME, describing the class of function problems
whose outputs may be arbitrary values and can be computed in polynomial time.

We assume that the readers are familiar with the basic complexity classes of polynomial-time
(PTIME), and non-deterministic polynomial-time (NP, coNP) (see an introduction in|Arora & Barak
(2009)). NP and coNP are problems that address decision problems, meaning they determine the
complexity of problems with a yes/no answer. The complexity class FP is the functional variant of
PTIME (meaning it returns a function as an output rather than a yes/no answer), and describes the
class of function problems that can be solved in polynomial time.

The complexity class OptP of functions computable by taking the maximum (or minimum) of the
output values over all accepting paths of an NP machine. Alternatively, a function F': ¥* — Z
is in OptP if there exists a polynomial p(-) and a polynomial-time computable function G: ¥* x

{0,1}7(™) — 7 which we call the value function such that for every input X € ¥*:

F(X) = Ye{g,lﬁ)zfuxn GX,Y), @)

where Y is a witness of polynomial length, the function G can be computed in deterministic poly-
nomial time, and the integer output G(X,Y) is polynomially bounded in n = |X|. We say that a
problem is in OptP[z(n)] if the solution F'(X) is bounded by z(n).

The class FPN?[z(n)] consists of all function problems computable in polynomial time using
at most z(n) queries to an NP oracle. The seminal work of (Krentel, [1986) established that
OptP[z(n)] € FPNP[z(n)], and moreover that every function in FP""[z(n)] can be computed by
solving an appropriate OptP[z(n)] optimization problem followed by a polynomial-time postpro-
cessing step, provided that z(n) satisfies the “smoothness” condition defined in (Krentel, [1986).

In functional or optimization problems, a common convention is to work with metric reduc-
tions (Krentel, [1986). Formally, given some f,g : ¥* — N, a metric reduction from f to g is a
pair of polynomial-time computable functions 77 : ¥* x N — N such that for all x € ¥* we have

f(x) = Ta(x, g(T1(x))).
B.2 UNIVARIATE NEURAL NETWORK FORMALIZATION

In this subsection, we will formalize the univariate neural network components f;: R — R under
our analysis. Let there be a univariate neural network component f with x layers, and an input
x € R™. The output of y := f;(x) € R is obtained as follows:

h' :=x, h* := L (h*1), y=h" ke¢clx],
where we use Ly : R™~1 — R"™ to denote the operation of layer k and is defined as
Li(h*~1) := o(Wh*~! 4+ bF),

with the weight matrix denoted as W, € Q™+*"k-1_bias vector b¥ € Q"*, and activation function
o: R™ — R™, and number of neurons n; € N. Following standard conventions, we assume
that all weights and biases are rational numbers encoded in binary (as they correspond to trained
parameters stored with fixed machine precision), and can be written in the form % for some p,q € N.
We additionally assume that o is the standard ReLU activation ReLU(x) := max(0, x) function. A
NAM is a regression or classification model whose core computation takes the form f;(x1) + - - +
fn(Xn) + Bo, where each f; is a univariate neural network and By € Q. We define the size of a
univariate component f; as the total bit-length of all its weights and biases, and the size of the full
model f as the sum of the sizes of all univariate components f; together with the bit-length of the
global bias term .
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Although we present the formulation in the standard feedforward setting, this entails no loss of
generality: any model with arbitrary connections can be converted into an equivalent feedforward
network by inserting intermediate layers and adding zero-weight connections so that the computa-
tional graph becomes acyclic without changing its function. Moreover, ReL.U networks can trivially
express basic algebraic operations such as addition, scalar multiplication, and the rectifier max(0, x),
and can therefore represent any composition of these operations. Consequently, restricting attention
to feedforward ReLU architectures is fully general for our purposes.

C PROOFS

C.1 PROOF OF PrRoPOSITION(T]

Proposition 1. Given a NAM f, an input x € R™ and a perturbation radius €, € Ry, let Alg. [Z]
return a total list order over the input features according to their importance. Then, the following
holds: for any sufficient explanation S that includes feature i, and for any feature j & S such that
i < j in the list ordering, the set S\ {i} U {j} is also a sufficient explanation.

Proof. We recall that we have assumed in Alg. [2| that f(x) yields a positive prediction, i.e., it is
classified as 1. Accordingly, the final list of bounds [(Aly, Auy), (Aly, Aus), . .., (Al,, Auy)] is
derived by taking the minimum possible value of each f;(X;) and computing lower and upper bounds
for f;(x;) — fi(X;). The proof we present applies symmetrically to the case where the prediction is
negative: in that case, we instead take the maximum value of f;(X;) and bound f;(X;) — fi(x;). We
defer a detailed discussion of that case to later. Since we are assuming f(x) > 0, the condition that
S is a sufficient explanation with respect to (f, X, €,) means that:

Vx € Br(x). f(xs~~5)20 =
min  f(xs;Xg) > 0 “4)
XEB,P (x)

The value of f(xs;X3) is obtained by fixing the features in S to x and perturbing the complementary
features S to values from Xx. Owing to this construction, and to the additive form of the NAM f,
which can be expressed as f(x) 1= >_,c,,) fi(X¢), we can establish the following statements:

Z Alt < ft Xt mln Z ft Xt < Z Aut

teS x€B," (%) ;o3 teS
ZAIt < Z(ft(xt) min  fy (X)) + Z (fe(x¢) = fi(xe)) < ZAut <~
- - XEB,P (x) -
teS teS tes teS )
ZAlt < Z fx th(xt Z min f(x¢) < ZAW
teS tes teS XEB,” (x) teS
ZAlt < (f(x) = min  f(xs;Xg)) < ZAUt
teS XeBy” (x) teS

Given our earlier assumption in Equation 4 we know that ), s Auy > 0. Now define & :=
SU{j}\ {i}. By applying the same line of reasoning as before, we obtain:

Z Al < (f(x) = min f(xs;Xg)) Z Ay —

€p
teS’ XeBy” (x) teS’

ZAAlt + Alj — Al; < (f(x) — min  f(xs;Xg/)) < Zﬁut + AAuj — Au,.
tes xeB,” (x) tes

(6)

Since we assume that i < j in the ordering of [(Aly, Auy), (Aly, Auy), . .., (Al,, Au,)] and that
the bounds are non-intersecting, it follows that Al; — Al; > 0 and Au; — Au; > 0. Consequently,
we obtain that (f(x) —ming. B S (xs7;Xs/)) is bounded both above and below by smaller values

than (f(x) — ming_ e P (x) f(xs7 X5)). This in turn implies that:
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(f(x) = min f(xs;Xg)) = (f(x) = min f(xs;Xg)) <0 <

XEB,P (x) XEB,P (x) 7
min f(xs;Xg) — min f(xs;Xg) <O0.
XEB,P (x) XEB,P (x)

MOI‘GOVGI’ since ming

B (%) f(xs;Xg) is non-negative by Equation it follows that:

min  f(xs/;Xg) > min  f(xs;Xg) >0 =
XEB,P (x) XEB,P (x) (8)

VX € B (x). f(xsi;%g) > 0.

which establishes that S” constitutes a sufficient explanation for (f, X, €,), thereby concluding this
part of the proof.

We now turn to the symmetric case, where f(x) < 0. In this setting, Alg. is applied symmetrically
by taking the maximum admissible value of each f;(X;) and deriving corresponding upper and lower
bounds for f;(X;) — fi(x;). [(Aly, Auy), (Als, Aug), . .., (Al,, Auy,)] is now sorted in descending
importance values, instead of ascending. Given the assumption that f(x) < 0, the requirement that
S constitutes a sufficient explanation with respect to (f, X, €,) can be expressed as:

Vx € B (x). f(xs'f(-) <0 <=
max f(xs;Xg) < 0. ©))
XEB,P (x)

Analogous to the earlier case, leveraging the additive structure of the NAM f, which can be written
as f(x) := > ycpy fe(xe), together with the definitions of f(xs;Xg) and of the bounds Al; and Au;,
we can derive the following chain of statements:

ZAlt < max  fi(X;) — fi(x¢)) < ZAAUt —

tes tes EBFP( x) tes
ZAlt < Z max ft Xt) ft Xt + Z(ft(xt) — ft(xt)) S ZAAUt i
tesS tES p’ (%) tesS teS (10)
ZAlt<Z~max ft Xt +th Xt th Xt <ZAUt <
= tes X< B0’ tes tes
ZAlt < ( max f(xs;X5)— ) < ZAut
p XEBP (x)
teS teS

Since we know that ), s Au; > 0, and by defining S’ := S U {5} \ {i} as before, we can now
derive that:

> AL <( max f(xsiXg) — f(x) <Y Auy =

XeBy" (x) tes’

S AL+ AL — Al < (max f(xs3Xg) — f(X) <Y Aug + Au; — Auy.
tes XEB," (x) teS

(1)

As before, since we assume i < j in the ordering of [(Aly, Auy), (Aly, Aug), ..., (Al,, Auy,)),
and given that the bounds are non-intersecting, together with our assumption that this list is sorted
by decreasing values, it follows that Ali — Al j = 0and AAui — Auj > 0. Consequently, we obtain
a different outcome: namely, maxg. ger ) (f(xs;Xg) — f(x)) is bounded above and below by

strictly larger values than maxg per () (f(xs;Xg5) — f(x)). This in turn implies that:
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(max f(xsiis)— F(9) — ( max f(xsifs) — f(x) <0 =
XEB,P (x) XEB,P (x) (12)
max f(xs;Xg)— max f(xs;Xg) <0.
%EB,P (x) XEB,P (x)

Moreover, since Equation H ensures that maxg per ) f(Xs;X3) is negative, we obtain:

max f(xs;Xg) < max f(xs;X5) <0 =
%€ BLP (x) XEB,” (x) (13)

VX € B;P (X) f(XS/;iS/) < 0.

This establishes that S’ is a sufficient explanation for {f, x, €,). With this, the negative case for f(x)
is resolved, and together with the positive case, the proof is complete.

O

C.2 PROOF OF PROPOSITION 2]

Proposition 2. Given p parallelized processors, Alg. 2} performs an overall number of T,(n) =
o <(%)1Og( maxX;en] ( /Big_iai )) p—_jn O (IOg( mMax;e(n] ( B'if_iai
fi(-) component, where &; := min{|Ali+1 — AAuz|, |AAZZ — AAui,1|},

)) calls to the verifier, each on a

Proof. The algorithm terminates once no two univariate functions f; and f; have overlapping
bounds. Because the procedure relies on binary search, each phase divides the current interval
into two. Initially, the gap between the upper and lower bounds for a feature i is exactly a; — f;(x;).
The precision achieved for feature 7 is limited by the smaller of the two distances: either the distance
to the bound of the feature directly above it in the ordering (¢ + 1) or the one directly below it (z —1).
Accordingly, we denote the overall precision for feature ¢ by &; as:

gi = min{|Ali+1 - AAU1|, |All - AAui_l\}. (14)

Overall, given the binary-search procedure, where the interval is split at each iteration, we define the
number of splits k; performed for a single feature ¢ as:

Bi — oy
2k

k; < 0(10g(ﬂi ;az))

Consequently, the feature on which the maximum number of splits is carried out, denoted by kax,
is:

<& =
(15)

Bi — o
bomae < O (ma (log(*-)) ). (16)

Each feature ¢ € [n] is therefore bounded by at most k.. verification queries. Consequently, the
total workload is upper bounded by n - k4., and when distributed across p threads, this yields the
following parallelized complexity result 7}, (n):

T,(n) < 0((%) Jomaz) < 0((%) log (gg%(ﬂi ;O‘)) (17)

This completes the proof.
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Ty(n) < O((2) hnar) < O( () max (log (gel%;]c(ﬁ" e 0€)) (18)

C.3 PROOF OF PROPOSITION[3]

Proposition 3. Given a NAM f, an input x € R", and a perturbation radius €, € R, Alg.[3|per-
forms O(n) queries and returns a cardinally-minimal sufficient explanation. This stands in contrast
to Alg.[I} which is only guaranteed to return a subset minimal sufficient explanation.

Proof. We begin by noting that the algorithm proceeds iteratively, making |n| calls to the query
suff(f, x, S \ {i}, €p). Each such query can be encoded using a neural network verifier, which
implies that the algorithm requires O(n) invocations in total. We now turn to proving that Alg.
indeed produces a cardinally-minimal sufficient explanation with respect to (f, X, €,). First, let us
prove that Alg. 3] provides a valid sufficient explanation. This result is straightforward since the last
condition that is checked is that: suff(f, x, S\ {4}, €,), and after this condition is met S is updated
to be S\ {i} and is returned. Hence, by definition, the sufficiency of the returned subset is satisfied.

We will now demonstrate that the generated set S is a cardinally-minimal sufficient explanation with
respect to (f, X, €,). Let 1 < ¢ < n represent the last feature that was attempted to be removed from
Sin Alg.[3| Then, for S’ := S\ {¢}, it follows that: suff(f, x, S’, €,) does not hold true, implying
that S’ is not a sufficient explanation for (f,x, €,). We begin by proving a first lemma that will help
us proving our proposition:

Lemma 1. Given a NAM f, let Alg. return the sorted, non-intersecting list of pairs:
[(Aly, Auy), (Aly, Aus), ..., (Aly, Auy,)]. Then, the following holds: if S that denotes the top
|S| features ordered by [(Aly, Auy), (Aly, Auy), ..., (Al,, Auy,)] is not a sufficient explanation
concerning (f,x, €,), then any subset S’ C [n] of size |S| is also not a sufficient explanation con-
cerning (f,x,€,).

Proof.  We begin by noting that S C [n] is not a sufficient explanation with respect to
(f,X,€p). Assume, for contradiction, that there exists some S’ # S of the same cardinality
as S that is a sufficient explanation with respect to (f,x,¢,). Since both S and &’ have equal
size, we can map each feature in S’ with one in S according to their position in the ordering

[(AAllv AAUl)? (AAl27 AAUQ)7 LR (AAln; AAun)]

By definition, S consists of the top |S| features in this ordering. Consequently, under the mapping,
each feature in S’ is mapped to a feature of strictly higher or equal rank in S. Now consider a
sequence of replacements: at each step, replace a feature of S’ with its corresponding equivalent
or higher-ranked feature from S. Prop.[T]ensures that each such replacement preserves sufficiency,
since a “lower-ranked” feature is being swapped for a “higher-ranked” one. Iterating this process
eventually transforms S’ into S, while preserving sufficiency throughout. Thus, S must itself be a
sufficient explanation with respect to (f, X, €,,) — contradicting the initial assumption that it is not.
This completes the proof.

O

From Lemma |1} since the features in S’ \ {¢} are the features with the highest |S'| = |S| — 1
orderings, it holds that any subset 8" C [n] of size |S’| is not a sufficient explanation. To conclude
the remaining parts of our proof, we now will make use of another lemma:

Lemma 2. Let there be some f, x, and €. Then, if S C [n] is not a sufficient explanation concerning
(f,x,€p), then any 8’ C S is not a sufficient explanation w.r.t {f,x, €p).

Proof. If S C [n] is not a sufficient explanation with respect to (f, X, ¢,), then:

Jz € Bir(x). f(xs;zg) # f(x). (19)

Assume, towards contradiction, that there exists some S’ C S which is a sufficient explanation. In
other words:

ke B (x). f(xsiks) = f(x). (20)
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However, consider a vector z’ obtained by fixing the features in S’ to x, the features in S \ S’ also to
x, and setting all remaining coordinates according to z. By the earlier implication from Equation 20}
we must then have that: f(xs/;2s,) # f(x) and this contradicts the assumption that S” is sufficient
(Equation T9).

O

We now proceed with the remaining part of proving our proposition. Since we know that there is
no explanation of size |S’| = |S| — 1 concerning (f, X, €,) from the previous part of the proof, we
now can use the result in Lemma to conclude that none of the subsets of these subsets of size |S’|
is not a sufficient explanation too, which implies that there does not exist any explanation of size
lower or equal to |S’| — 1 which is a sufficient explanation of (f, X, €,), which proves that S is a
cardinally-minimal sufficient explanation, hence concluding the proof.

O

C.4 PROOF OF PROPOSITION 4]

Proposition 4. Given a NAM f, an input x € R", and a perturbation radius €, € R, Alg.
performs O(log(n)) queries and returns a cardinally-minimal sufficient explanation.

Proof. We will show that, given the ordering of features [(Aly, Auy), (Ala, Aug), . .., (Aly, Auy,)]
there exists exactly one index ¢ € [n] such that S = [i + 1] is a sufficient explanation while &’ = [i]
is not. Moreover, this statement holds for any ordering. Our proof follows as a consequence of a
lemma closely related to Lemma[2] which we restate and establish below:

Lemma 3. Let there be some f, x, and €,. Then, if S € [n] is a sufficient explanation concerning
(f,x,€p), then any S’ for which S C S’ is also a sufficient explanation w.r.t {f,x, €,).

Proof. This follows directly from Lemma Since S is known to be a sufficient explanation,
assume for contradiction that there exists some S’ C [n] with S C S’ such that S’ is not a sufficient
explanation. By Lemma[2} this would imply that no subset S” C S’ could be a sufficient explanation
— contradicting the fact that S C & is sufficient.

O

To conclude the proof of the proposition, consider iterating over the features sequentially according
to their ordering. We begin with the empty set () and test whether it is a sufficient explanation with
respect to (f, X, €p,). If it is not, we proceed by adding features one at a time: first {1}, then {1, 2},
then {1, 2, 3}, and so forth. Eventually, we encounter some feature ¢ € [n] such that [¢] is sufficient
with respect to (f, X, €,). By Lemma any S satisfying [i] C S is also sufficient. Hence, the unique
transition from insufficiency to sufficiency occurs between [i — 1] and [¢], and there can be no later
index j > 4 for which [j] reverts to being non-sufficient before becoming sufficient again.

Since we have already established this claim, it follows that the binary search in Alg.[d} which halts
upon identifying the first feature ¢ where [i] is sufficient but [¢ — 1] is not, will return the same
subset as the iterative “naive” Alg. [3] which incrementally traverses features in a greedy manner
and outputs [i]. Moreover, Prop. hows that Alg. |3| always converges to a cardinally-minimal
explanation. Consequently, Alg. ] must also converge to this same cardinally-minimal explanation,
but with only O(log(n)) sufficiency checks rather than O(n). This completes the proof.

O

C.5 COMPUTATIONAL COMPLEXITY RESULTS ON FINDING CARDINALLY-MINIMAL
SUFFICIENT EXPLANATIONS IN NAMS

In this subsection, we study the nature of the computational complexity of obtaining cardinally min-
imal sufficient explanations for NAMs. For clarity of presentation, we begin by formally defining
and naming the computational problem under consideration.

Minimum Sufficient Explanation for NAMs (MSE-NAM).
Input. ANAM f: R" — {0,1}, an input x € R", and an € € Q perturbation around x.
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Output. The smallest & € N for which S C [n] is a sufficient explanation concerning (f, X, €), such
that |S| = k.

The proof is divided into a membership component and a hardness component. We begin by proving
membership.

Claim 1. The MSE-NAM problem is in FPN?[O(N)), where N represents the model size encoding.

Proof. We establish membership in FPNP[O(V)] by demonstrating that the problem can be solved
via an OptP[O(NNV)] computation followed by a polynomial-time post-processing step, which to-
gether place the problem in FPNP[O(V)] (Krentel, |1986). We begin with the first part of the proof:

Lemma 4. Consider a ReLU neural network f: R™ — R™, an input x € R"™, and a radius € € Q.
Define the e-ball around x as B.(x) := {z € R": x; — e < z; < x; + €} forall i € [n]. Then, the
problem of computing max.c p, ) (f(2)1 + - - + f(z)n) lies in OptP[O(N)].

Proof. We prove this lemma by expressing our problem as a special case of the neural network
reachability problem introduced by [Salzer & Lange| (2021). In their formulation, a broad class of
input specifications 1, and output specifications ¥, is supported. For our purposes, we restrict to
a particularly simple instance of their framework: each input feature x; is constrained by rational
lower and upper bounds [;, u; € QQ within v;,, and each output feature y, is constrained by the same
type of bounds within 1,. That is, we only consider specifications of the form [; < x; < wu; and
l; <y, < u,;, which are directly supported in the formulation of |Sélzer & Lange|(2021). We now
proceed to formally define the neural network reachability problem.

Neural Network Reachability (NNReach) (Salzer & Lange, 2021)).

Input. A neural network model f: R® — R? with ReLU activations, an input specification
Yin(X1, - - ., Xp,) and an output specification You(yy, - - -, ¥q)-

Output. Yes if there is an x € R™ such that i, (X) and ¥ou(f(X)) are true.

Silzer & Lange (2021) showed that the NNReach problem lies in NP. Since input assignments
cannot be guessed directly as witnesses in a continuous domain, their approach instead guesses the
activation pattern (active/inactive) of every neuron. Once this activation-status is fixed, the network
becomes a purely linear system, and the reachability question reduces to a linear program (LP)
over all input variables Xy, ..., Xy, output variables y;, ...,y , and additional auxiliary variables
corresponding to neuron operations. This LP can then be solved in polynomial time, establishing
NP membership.

We now will describe the NNReach problem in our specific context. We now have a model f: R" —
R™ (meaning the output vector y is of size n). We take the input specification v;, to be set to
be x; — e < x; < X; + € for each x; and taking no output specification over y. We know via
the result of (Salzer & Lange, [2021) that this problem is in NP. We now can define the mapping
function G(X,Y") (within our definition of the complexity class OptP in Appendix [B) such that
Y € {0,1}PUXD is the witness assignment used by (Silzer & Lange, 2021) to show membership in
NP for the NNReach problem (the activation status of each ReLU), {0, 1}?{IXD) denotes the set of
all 0-1 assignments to active/in-active neurons within the linear program, and the function G defines
the same linear program as in (Salzer & Lange], 2021) while solving the task of maximizing the value
of y; +y5 + ...y, (the sum of all output values). The result for a single witness will give us this
maximal value in the e-ball region around x, for one specific linear region in the domain determined
by the witness guess of activation statues Y. However, by taking

F(X)= max G(X,Y), (21)

Y6{071}p(\x\)

F(X) will give us the maximum value out of all of the aforementioned maximal values in the e-
ball region around x that are determined by guessing activation statues of neurons. This, together,
implies that the F'(X) = max,ep_(x)(f(2)1 + f(2)2 + ... + f(z)), which shows that this problem
is in OptP. Now, since this optimal is a solution to some linear program defined over the paramters
of the model — we know that it is finite and bounded by the precision of the program’s parameters.
Suppose each weight and bias in every univariate model f; is encoded as a rational number % with

J
¢;,p; € N, given in binary. Let p’ and ¢’ denote the maximum numerator and denominator of
weights/biases appearing anywhere in the overall model f, and define d := max(|p’|, |¢’|). A naive
upper bound on the magnitude of the optimal LP solution is O(d™), where m is the number of
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weights and biases in f, which in turn can be encoded using O(m - log(d)) bits, and is particularly
linear in V. This shows that this problem is particularly in OptP[O(N)].

O

After establishing that the optimization step lies in OptP[O(N)], we now complete the member-
ship proof for FPNP[O(N)] for our original problem by describing the required polynomial post-
processing. The first observation is that the result proven for any ReL.U-activated neural network
f:R* - R" (Lemma also applies to networks of the form 8, + f1(x1) + ... + fu(xn), ie.,
the inherent structure of NAM models where each f; is itself a univariate ReLU network. This fol-
lows because such a sum is again a neural network under the same formalization. In this structure,
maximizing or minimizing the full expression 3, + f1(x1) + ... + fn(X,) reduces to maximizing
or minimizing each univariate component f;(x;) independently. After carrying out this procedure
to maximize each univariate component, this yields a total ordering over the features — equiva-
lently, all bounds in Alg. [2] “collapse” to discrete singular points — allowing us to apply either
Alg.[Blor Alg. ] to compute a cardinally-minimal sufficient explanation (as proven in Prop. [3) and
return its size k. Since the entire procedure consists of an OptP[O(N)] computation followed by a
polynomial-time post-processing step, the overall problem belongs to FPNP[O(N)]. This concludes
the membership proof.

O
Lemma 5. The MSE-NAM problem is OptP|O(log(N))]-Hard under metric reductions.

Proof. To prove hardness, our main reduction will be from the Maximum satisfiability (MaxSAT)
problem, which is known to be OptP[O(log(N))]-complete (Krentel, |[1986). Before introducing this
problem formally, we first recall the relevant background notion of CNF-Satisfiability (SAT):

Consider a set of Boolean variables X1, ..., X,, € {0,1}. Letm € N denote the number of clauses.
For each 1 < ¢ < m, we define the clause C; as follows:
C,‘ = Xi,l V Xi,2 V... X’i,km (22)

where each literal 4, j is an element of X; ; € {Xy,...,X,,-X;,...,-X,} and k; € N denotes
the number of literals appearing in clause C;. The full CNF formula ¢ is then given by:

¢:=Ci1ANCoAN...\NCp,. (23)

For instance, take the following CNF formula ¢:

¢ = (Xl,l V...V Xl,kl) A\ (X271 V... \/X27k2) VAN (Xm,kl V... \/Xchm) = 24)
(X7 V-XaVX3VX5)A(Xo) A (X3 V—Xy).
We say that a clause C}, or the entire formula ¢, is satisfiable if there exists a Boolean assignment
a € {0,1}™ to the variables {X;,...,X,} that makes it evaluate to true. For instance, in the
example above, assigning X5 = 1, X, = 1, and X4 = 0 satisfies all three clauses C, Cs, and Cj,
and therefore satisfies ¢ as well. This leads us to the classical definition of the SAT problem:

CNF Satisfiability (SAT).
Input. A Boolean formula ¢ in CNF.
Output. Yes, if ¢ is satisfiable, and No, otherwise.

In our setting, we also rely on the optimization versions of these problems, specifically the MaxSAT
problem (Li & Manyal, 2009)), which asks for an assignment that maximizes the number of satisfied
clauses, or equivalently:

Maximum SAT (MaxSAT).
Input. A Boolean formula ¢ in CNF.
Output. The maximum number of simultaneously satisfied clauses, i.e.,

m
max e, is sati . 25
ac{01}n ; {C; is satisfiable by o} (25)

Before presenting the proof, we first formalize several auxiliary problems that will be needed. We
begin by recalling the Neural Network Reachability (NNReach) problem of [Sélzer & Lange|(2021),
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which we previously used for establishing membership. That work shows that NNReach is NP-
Hard. Moreover, it proves that hardness persists even for networks with a single output and under
very simple input specifications, namely, when each input feature x; is constrained only by the
bounds 0 < x; < 1 (Theorem 3 in their paper). Importantly, all reductions in (Sélzer & Langel
2021) proceed by first showing hardness over a binary input domain {0,1}", and subsequently
extending the construction to the continuous domain [0,1]™. As a result, NP-hardness holds in
both settings. Building on this, we frame the restricted version of the neural network reachability
problem considered in their work as Restricted Neural Network Reachability (R-NNReach), which
was established to be NP-Hard in |Sdlzer & Lange{(2021).

Restricted Neural Network Reachability (R-NNReach).

Input. A neural network f: {0,1}" — R, an input specification ¢y, (X1, ...,X,) set to: ¥y, =
/\?=1 x; > 0 A x; < 1 and an output specification 1o (), set to: Yoy :=y = r for some r € Q.
Output. Yes if there is an x € R™ such that )i, (X) and ¥ou(f(X)) are true.

We will also introduce an additional variant of this problem that will support our maximization-
related proofs:

Maximum Restricted Neural Network Reachability (MR-NNReach).

Input. A neural network f: {0,1}" — R, an input specification ¥, (X1, ...,X,) set to: ¢, :=
/\?lei > 0/\X7; < 1.

Output. The maximal value of f(x) for which v, (x) is true.

We will break down the rest of the proof into four central parts:

1. Lemma [6] demonstrates how the NNReach problem, specifically its restricted variant, R-
NNReach, which was originally obtained via a reduction from CNF-SAT (Sélzer & Langel
2021; |[Katz et al., [2017)), can be extended to support a reduction from the Maximum SAT
problem. In particular, the lemma establishes that MaxSAT admits a polynomial-time re-
duction to MR-NNReach.

2. Lemma(7]demonstrates that by incorporating an additional technical gadget, similar to the
construction in (Salzer & Lange, |2021) but requiring a non-trivial technical adaptation, we
can extend the hardness result to the continuous domain. In particular, this shows that the
reduction continues to hold when considering a function f: [0,1]" — R.

3. Lemma [§]shows that a ReLU network can implement a binary decomposition procedure,
and that this construction can be layered on top of our model. This, in turn, demonstrates
that the reduction from MaxSAT to MR-NNReach continues to hold even for f; that is a
univariate network of the form f;: {0,1,...,2" —1} — R. Lemmal9then further extends
this reduction to the fully continuous setting, i.e., to functions of the form f;: R — R.

4. Lemma [I0] provides a reduction from MaxSAT to MSE-NAM by constructing a NAM
containing m? univariate copies of the formula ¢ that are constructed via Lemma@] (where
m is the number of clauses in the original CNF). This construction allows us to recover the
exact MaxSAT optimum, thereby establishing that the problem is OptP[O(log N)]-hard.

Lemma 6. The MaxSAT problem can be reduced in polynomial time to MR-NNReach.

Proof. We begin by revisiting the NP-hardness proof from (Silzer & Lange, 2021)), which provides
a technical correction to the original argument in (Katz et al} [2017). This correction addresses
subtleties that arise when extending the reduction from the Boolean domain to the continuous setting
— a point we will return to later. For the moment, ignoring this distinction, the two reductions are
effectively identical. We present this construction first. The core idea is to reduce a CNF formula ¢
with m clauses to a ReLU-activated neural network f: {0,1}" — R, which can be formalized as
follows:

x

i

y:=m—Y max(0,1 - fi(xi)) (26)
=1

7=0
where f;(x;,) = X, if X, appears positively in C;, and f;(x; %) = 1 — X, if it appears

negatively. The corresponding neural network can then be constructed in a direct manner, since
both linear transformations and max(0, -) operations are readily expressible using ReLU units. This
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reduction was explicitly established in both (Katz et al. 2017) and (Salzer & Langel 2021). As
shown therein, it follows immediately that for any Boolean assignment « € {0, 1}" to ¢, we have:

=

max(0,1— Y fi(xij)) =0 <= Ciis satisfied by a. (27)
7=0

From this point, it is straightforward to show that imposing an output constraint of ¥y := y = m
holds if and only if every clause in ¢ is satisfied. From here, it is straightforward to prove that when
setting an output constraint ¥y, of y = m, it holds that the formula is satisfied if and only if all
clauses in ¢ are satisfied. Moreover, observe that in this construction the output value y already
encodes the number of satisfied clauses. Consequently, the same reduction immediately yields a
polynomial-time reduction from MaxSAT to the MR-NNReach problem.

O

Lemma 7. The MaxSAT problem can be reduced in polynomial time to MR-NNReach when defined
over a neural network of the form f: [0,1]" — R.

Proof. We now shift the reduction from the binary input domain {0, 1}" to the continuous region
[0,1]™. To do so, we employ a technique analogous to the Bool* gadgets introduced in (Silzer &
Langel [2021). We begin by briefly recalling the role of Bool* gadgets in the standard CNF-SAT
reduction, specifically, how they allow one to migrate a hardness proof from a discrete Boolean
domain to a continuous one. We then describe how this construction can be adapted to our setting.

In the standard reduction from SAT to the R-NN-Reach problem, the authors of (Silzer & Lange,
2021) propose the following construction.

n

1 1 o
Y= ;(max((), 5 x;) + max(0, x; — 5)) - ;max(o,l -

ki
> Silxi) +(m=3) @)
j=0

n

The term +m — 5 is omitted in their presentation, but including it here does not affect the correctness
of the reduction and will later help streamline our exposition. As demonstrated in (Sélzer & Langel
2021), the expression z; = max(0, 3 — x;) + max(0,x; — 3) evaluates to:

1 . 1
i ex ifx; < 3,
zZ;, = 1 . 29)
X; — 5 Otherwise

Thus, we have that max(0,  — X;) + max(0,x; — 3) = 0 if and only if x; € {0,1}. This gadget
therefore forces each binary feature to take a value of either O or 1. In practice, (Sdlzer & Lange,
2021)) implement this in their reduction by imposing an output constraint 1, requiring y = m. This

is because the expression:
m k;
— Z maX(O, 1-— Z fi(xij))a
i=1 §=0
which we refer to as the “maximal-clauses optimization term”, is always non-positive. Conse-
quently, in order to enforce y = m, it must hold that the following term:

n

1 1
Z(maX(O, 3~ x;) + max(0, x; — 5))7
i=1
which we refer to as the “binary-value regularizer term”, always evaluates to exactly 5. As ex-

plained earlier, this occurs if and only if every x; takes a strictly binary value in {0, 1}.

We now aim to apply an analogous transition, from binary inputs to continuous domains, in order to
reduce MaxSAT to our problem. In the MaxSAT case, note that there are no output constraints; the
objective is simply to maximize the number of satisfied clauses. Intuitively, we want to maximize
the maximal-clause optimizer term while simultaneously enforcing that the binary-value regularizer
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term remains exactly %, which, as before, holds if and only if all variables x; take values strictly in
{0,1}.

However, when using the construction of (Silzer & Langel [2021)) described in Equation [30} jointly
maximizing all components may, in some cases, prioritize increasing the maximal-clause optimizer
term at the expense of the binary regularizer. This can cause the input variables to drift away from
strictly binary values. To prevent this, we need to amplify the “weight” of the binary regularizer so
that maximizing it is always strictly preferable. One way to achieve this is by maximizing a term of
the following form:

n m k;
Y= O.;(max((), % —x;)+max(0,x; — %)) - ; max(0, 1 —jz:;) fi(x5)) 4+ (m— %) (30)

We can now set C' := |¢| + 1, noting that the term below can still be implemented by a neural
network simply by adjusting the appropriate weight. With this choice of C, we obtain the following
property for y:

Claim 2. The maximal value of y when x is taken from [0, 1]" is equal to the maximal value of y
when x is taken from {0,1}".

Proof. Assume, for the sake of contradiction, that the maximum attainable value of y is achieved
at some input x for which at least one coordinate satisfies x; € (0,1). Suppose in particular that
X; > % Then, by Equation we have:

1 1 1
max (0, 5~ x;) + max(0,x; — 5) =X (3D

We now show that raising the value of x; to exactly 1 strictly increases the value of y. Suppose
the current value is x; = 1 — e. Increasing it to 1 increases the binary value regularizer term by
e-C = €-(|¢|+1). Importantly, regardless of how this change affects the maximal clause optimizer
term, even if it leads to a decrease in y, that decrease cannot exceed (|¢| + 1) - €, since this term
contains strictly fewer than |¢| + 1 summands. Consequently, the net effect is that y increases,
implying that the current value of y was not maximal.

Now suppose that x; < % In this case, Equationimplies that:

1 11
max (0, 5" x;) + max(0,x; — E) =5 X (32)

We now show that decreasing the value of x; to exactly O increases the value of y. Let the current
value be x; := €. Reducing it to 0 increases the binary value regularizer term by €-C' = e-(|¢|+1). As
argued earlier, although this change may affect the maximal clause optimizer term — and may even
decrease y — the decrease is bounded above by (|¢| + 1) - €, since this term contains strictly fewer
than |¢| + 1 components. Consequently, the net value of y must increase, contradicting maximality.

O

Lemma 8. Let there be some input region: D,, := [0,2" — 1] N Z. It is possible to construct in
polynomial time a ReLU neural network f: D, — {0,1}" with polynomial size such that f(x) =
bin(x), where bin(x) is the binary decomposition vector of x.

Proof. We begin by mapping a single discrete value = € {0,1,...,2™ — 1} to its corresponding
binary representation using a polynomial-size ReLU network. This step performs the classic binary
decomposition procedure, which is outlined in Algorithm 5}

We construct the neural network to directly implement the mathematical operations of the algorithm.
Starting from the input integer = provided to f, the network proceeds through n iterations, where
each iteration consists of three sequential layers. At iteration ¢, the values rt qi, and b* encode
the corresponding intermediate values maintained by the algorithm. The value b’ at each iteration is
passed through a residual connection to the ¢-th component o; of the output layer vector o. Formally,
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Algorithm 5 Binary Decomposition

Input: integer x, number of bits n with 0 < z < 2"
1. r<=x

2: foreach?=0ton —1do
3 qr/2nie

4 if ¢ > 1 then

6: r—r— 2n—1—i

7 else

9: end if

10: end for each
11: return (bg,...,b,_1)

ReLU ReLU ReLU ReLU ReLU ReLU ReLU ReLU ReLU
==~~~ - —

Figure 4: The computation of the binary decomposition defined in Equation[33] with input x and the
output vector 0o, . . . , 0,,—1 representing the binary decomposition.

the construction is defined as follows:

%

q" = max(0, ﬁ -1,

b = max(0,2" - ¢) — max(0, (2" - ¢*) — 1), (33)
Pl =t 217 max(0, 0Y),
0; = bia

where 0 = z is the input provided to f. We illustrate this construction in Fig. |4l Although this
construction is not optimized, it still has polynomial size and can be implemented using ReLU
activations. In particular, all required operations — exact ReLU constraints, addition, multiplication,
and subtraction — can be realized through standard neuron and weight configurations.

By induction, the neural network precisely simulates the algorithm. At iteration ¢ = 0, the model
computes 2"—31 = gner. Ifx > 2"~1 then ¢’ receives a positive value in the range [%, 1] (the lower
bound follows from the assumption that z is a discrete value in {0, 1,...,2" 1 }). If x < 2”1, then
q' is set to 0. When ¢* = 0, the corresponding bit b’ is also set to 0 and mapped directly to the
output 0og. When ¢’ is positive — necessarily within [2%, 1] due to discreteness — b is set to 1. The
value of 7! is then updated exactly as prescribed by the algorithm, and the same process continues
recursively for each iteration. All steps mirror the standard binary decomposition algorithm, and
their correctness follows immediately from that correspondence. The only modification concerns
the computation of b%, which remains valid as long as the ¢* values stay above 2% This condition
always holds because the input is assumed to be discrete in the range {0, ...,2" 1}, ensuring that
all values b’ and r* remain discrete throughout the computation. Consequently, the final outputs

0y, - . ., 0,1 correctly represent the binary decomposition of z.
O

Claim 3. Iz is possible to construct in polynomial time a ReLU neural network f: [0, 1] — R™ with
polynomial size such that {0,1}™ C f([0,1]) C [0, 1]™, where we denote f([0,1]) := {f(z) | z €
[0,1]).
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Proof. We construct the neural network f as follows. First, we apply a linear transformation to
the input layer = that multiplies it by 2” — 1. This scales the input so that, in the first hidden
layer, we obtain a single neuron y whose range is precisely [0, 2™ — 1]. Next, we feed this neuron
y into the construction from Lemma [§] That lemma establishes that every discrete value in the
domain {0,1,...,2"™ — 1} is mapped to its corresponding n-bit binary representation. Since these
binary representations cover the entire space {0, 1}", the image of our network f, when restricted
to inputs where y € {0,1,...,2" — 1}, already contains all binary vectors. Moreover, because
the actual domain of y is the full interval [0, 2™ — 1] — which strictly contains all discrete values
{0,1,...,2™ — 1} — it follows that {0, 1}" remains within the image of the overall model f.

For the second part of the proof, namely, establishing that f([0,1]) C [0,1]", we observe that in
the construction of Lemma 8 each output neuron o; is fed the value of b = max(0,2" - ¢*) —
max(0, (2" - ¢*) — 1). By construction, this expression always evaluates to a value in the interval
[0, 1] for any real-valued ¢‘. Consequently, every output coordinate lies in [0, 1], completing the
proof.

O

Lemma 9. The MaxSAT problem can be reduced in polynomial time to MR-NNReach when defined
over a neural network of the form f: R — R.

Proof. In this proof, we show that the reduction from MaxSAT to MR-NNReach established for
neural networks of the form f: [0,1]" — R (Lemma[7) remains valid even when the target model
has the form f: R — R. Since the MR-NNReach problem includes input constraints v;, requiring
each input variable x; to satisfy 0 < x; < 1, it suffices to consider models with domain [0, 1]. Using
Claim[3] we construct a neural network f: [0, 1] — R" whose image satisfies {0, 1}" C f([0,1]) C
[0,1]™. Next, we apply the construction from Lemma|7|to obtain a model f’ : [0, 1] — R whose
maximum value over [0, 1]™ corresponds exactly to the optimal value of the MaxSAT instance.
Importantly, that reduction explicitly enforces that any maximizer of f’(x) must satisfy x € {0,1}",
even though the domain is [0, 1]™. We now define g := f’ o f, and for clarity denote the components
by g¢ := fand gy := f’, so that g = g o gy. The constraints introduced in Lemmastill apply
to the inner component gy, ensuring that its maximal value is attained only on Boolean inputs.
Moreover, Claim[3|guarantees that the range of g7 includes all Boolean vectors {0, 1}™ and excludes
any point outside [0, 1]”. Therefore, the maximal value attainable by g when composed with g¢
is exactly the same as the maximal value attainable by f’ over [0, 1]™. Consequently, the overall
reduction continues to hold for neural networks of the form f: R — R, completing the proof.

O

Lemma 10. There exists a metric reduction from MaxSAT to MSE-NAM.

Proof. Given the CNF formula ¢, we first apply Lemma[9]to reduce it to a univariate neural network
fi: R = R. We pick an arbitrary value x; € [0, 1]. Let us assume for simplicity that f;(x;) = r. We
can “normalize” this value by appending an additional final layer with weight 1 and bias —r, yielding
a modified model f’ for which f/(x;) = 0 (though, for ease of notation, we continue to write f).
Note that under this transformation, the optimal value of f is also shifted by r. Furthermore, we note
that by appending an additional layer with weight —1, we can “mirror” the univariate component,
yielding — f;. We then construct a NAM f consisting of m? univariate components — f;. We now
form a vector x € {0, 1}’”2 by repeating the x; value m? times. We set € = [0, 1] and define the
intercept of the NAM as 3y := m?2. This completes the construction of the corresponding MSE-
NAM instance. We now observe that it holds that:

2

—Zfi(xi)+ﬁo=0+m2>0 (34)

i=1

In other words, this means that f(x) receives the positive label, i.e., f(x) = 1. Let us assume that
some explanation S is a sufficient explanation of size k. For S to indeed qualify as sufficient, it must
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satisfy the following:

=3 filxi) Z max fz (2)+B0>0 = =) max fi(z:)+h >0 <
= €01
2 2 (35)
—|S i(zi >0 — (2) < — = ———
S| - zlrg%}i]f(ZHm zg%ﬁ]f(Z) Sk
This implies that a sufficient explanation of size k exists if and only if:
(m? — k) - max fi(z;) <m? (36)
2;€[0,1]
This also implies that a sufficient explanation of size k&’ does not exist if and only if:
2
2 ’ 2 2 ’ m
m°—k)- max fi(z;) >m* < m°" -k > ——M—— 37
( ) z:€[0, 1]f( ) maxy, ejo,1) fi(Z:)

We additionally note that maxy, €[0,1] fi(x;) < m—r < m, since at most m clauses can be satisfied.

Therefore, it follows that:
1

—_— >
maXgz, e[o,1] fi (Zz)

1
— (38)
m

Moreover, by applying Equation [37|to any subset that is not a sufficient explanation of size k', we

obtain that:

m2

maXsz, e[o,1] fi(zi)

m? —k > = mi-k>m = m*—kK>m+1 (39)

Putting everything together, we have established that there is no sufficient explanation of size k' if
and only if m? — k' > m + 1. Now, assume that an explanation S of size k is cardinally-minimal.
This implies that S satisfies Equation 36} and moreover, every explanation of size k — 1 fails to be
sufficient. Hence, Equatlonholds when we set k' := k — 1, yielding m? — (k — 1) > m + 1
which is equivalent to m? — k& > m. We therefore obtain the following conclusion:

m? m?

< ? X3 g 40
ey g S AR LC I (“0)

Moreover, the following relation follows directly from simple algebraic manipulation:
m? B m? 2 m?*—k+1—(m*—k) m? @1

m2—k m2—(k—1) (m2—k)-(m2—k+1) (m2—k)-(m2—k+1)
Hence, we obtain that:
m? m? m?

i(Zi) < 42
oy S SRALC e Sy g § Rl pee gy pee “2)

Since we know that m? — k > m, it immediately follows that m? — k 4+ 1 > m. Altogether, we

obtain:
m? m?2

w2 (k1) Ly < e T “9

Overall, under our construction we obtain that max,, ¢[o,1] fi(2;) is always confined to an interval
whose width is strictly less than 1. From Lemma |9}, we already know that max,, c[o,1) fi(Z;) equals

the MaxSAT value of ¢ minus r (the amount subtracted during the normalization step). Since the
MaxSAT optimum is an integer, it follows directly that max,, ¢(o,1) fi(2:) + 7 is an integer as well.

. 9 2 2 . . .
Moreover, the interval [m2 :’E =D +7, preg> I’(L oy +7r—+ 1] must contain exactly one integer because it

contains max,, c[o,1] fi(z;) and its length is strictly less than 1. Consequently, given the encoding of
¢ into the NAM instance and into the MSE-NAM problem, we can construct a simple polynomial-
time function that, from the value of %k, computes the unique integer in this interval — recovering
the optimal number of satisfiable clauses of ¢.

O
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D ON THEORY AND PRACTICE OF IMPORTANCE SORTING

D.1 THE THEORETICAL WORST CASE BEHAVIOR OF THE PARAMETER fl

We recall the previous Proposition [2] where we have shown that our algorithm performs a total
number of steps equal to:

Bi —
ki

Bi _Oli)).

<& <= ki < O(log( 3

(44)

A natural question is what happens when &; approaches 0, or when the interval 3; — a; becomes very
large. In the following, we show that in such cases, our algorithm is still guaranteed to terminate
after a linear number of queries in the size of the representation of the model given that each weight
w; ; and bias b; ; in every univariate model is encoded as a rational number f;—j with g; ;,p;; € N,

given in binary.
Proposition 5. Let f be a NAM with ReLU activations. Then, the process of running Alg.2} followed

by Alg. Blor Alg. H|terminates after at most a linear number of queries to a neural network verifier,
with respect to the size of the model f’s encoding.

Proof. We show this proposition in three stages: (i) Firstly, we demonstrate that for each ¢ € [n], the
bit-length of the minimal value of the ¢’th univariate function, namely min_.cp, (x;) ( fi(zi)) where
B.(x;) is the e-ball around x;, is finite and is bounded by the encoding size of f;. (ii) Secondly,
we show that the bit lengths of the verification bound parameters «;, 5; are also bounded by the
encoding size of f;. (iii) Finally, we use this claim to show that Alg. [2| terminates after at most a
linear number of queries to a neural network verifier with respect to the model size encoding, from
which it is straightforward to establish that running this algorithm, followed by either Alg. [3| or
Alg. [ also must terminate after at most a linear number of queries. We start off with the first part
of the claim:

Lemma 11. Consider a univariate ReLU neural network component f;: R — R, an input x; € Q,
and a radius € € Q. Define the e-ball around x; as B.(x;) := {z; € R: x; — e < z; < x; + €} for
alli € [n]. Then, ming e p_(x)(fi(2:)) is finite, with a bit length that is bounded by the encoding size

of fi.

Proof. We prove this claim for some general univariate model f;. However for ease of presentation,
we will define a copy “g” of f;, i.e., g: R — R such that g := f; to avoid repetitive usage of
the subscript i . We will particularly prove that min,oc 5_(,)(g(2°)) is finite with bit length that is
bounded by the encoding size of g. We use the 0 subscript in 2" to denote the fact that it’s the “0”
input layer in the ReLU model (i.e., the input layer).

As our NAM has ReLU activations, the minimal value, i.e., the value for which min,oc 5_(4)(9(2°))
is obtained, is the solution to some linear program whose constraints are directly determined by the
model’s weights and biases. This observation is a standard cornerstone of neural-network verifica-
tion. For completness, we provide a more explicit formalization here. As shown by (Silzer & Lange,
2021)), once the activation pattern (active/inactive state) of every ReLLU constraint is “guessed”, the
verification query reduces to a linear program with the model parameters defining its constraints.
The minimal value min,oc g_(;)(g(2°)) is therefore the minimal value of an LP problem induced by
a “guess” of the activation patterns.

More particularly, given that we “guess” all activations ¢ , € {0, 1} for each ReLU constraint that
is the j’th variable of layer k, then one can define the following LP: minimizing g(z°), subject to
the input specifications: x — e < 20 < x4+ ¢, the linear specifications that are specified by
h* = WkzF=1 + b*, for all k € k where x € N denotes the number of layers in g, and the ReLU
specifications that are given by setting zé? =hy;and hy; > 0if o = 1, or z"; =0and hy; <0
if o = 0, where z¥ denotes the output variables in layer k. The output g(z°) that is minimized
within the linear program is simply the value of the variable z" (the value of the last output layer).

It is well known that any solution of a linear program admits finite precision (Vera, [1998; Dadush
et al., 2020), where a naive upper bound on the percision of the solution is O(n - L) where n are
the number of variables and L is the maximum bit-length of any input coefficient. Hence, similarly,
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in the LP that we have described, if m,; denotes the overall number of weights and biases in f; and
let d denote the maximal bit length of any parameter in the model (i.e., weights/biases), meaning 2¢
itself denotes the magnitude of this encoding, then the maximal value in turn can be encoded using
O(m; - d) bits, which is linear in the encoding size of f;.

It follows immediately that the optimal value of this linear program — namely, the minimum attained
within a fixed linear region — is finite and bounded by the numeric precision of the program’s
parameters. Furthermore, since minoe g, (»)(g(z")) is realized as the minimum over one of these
linear regions determined by at least one activation pattern «; , the same bound on bit-length applies
to min oe g, () (9(2")) as well. O

By LemmalTT] it follows that &; (as defined in equation[2), which represents the smallest gap between
two minimal univariate values over a continuous domain, also admits finite precision. In particular,
its bit-length is bounded by max;e (1, .. n} (mi : log(d)). We can now proceed to the remaining part
of the proof:

Lemma 12. Given that the weights, the biases, and the input interval of an univariate model f;
have maximal bit length of at most d;, the output interval’s bounds «; and 3; are finite and their bit
length is bounded by m; - d;, where m; is the number of parameters in f;.

Proof. The parameters 3; and «; can be obtained using a wide range of bound-propagation tech-
niques developed in neural network verification. Even under a “naive” approach such as Interval
Bound Propagation (IBP) (Zhang et al.|[2020; |Gowal et al., |2018) — which propagates bounds layer
by layer by computing an outer approximation at each step and exploiting the monotonicity of ReLU
activations — the resulting bounds still have a (very loose) worst-case linear bit-length in the model
size.

Formally, for each k € [k], where k is the number of layers of the univariate model, the values of

the propagated interval in the k’th layer, denoted o*, ¥, can be computed from the interval of the

(k — 1)’th layer, o*~1, B¥~1 using the weights and biases of the k’th layer via interval arithmetic:
ok = min (ReLU(sz + bk)), gr = max (ReLU(sz + bk))7

ak—1<<pk—1 ak-1<z<gh—1

where o = z; — e and B° = x; + €. Since ReLU(x) = max(0,z), the activation does not

increase the bit-length. A multiplication can increase the bit-length by at most d;, and an addition
can increase it by at most 1. Thus, calculating W*z + b* in layer k — which consists of element-
wise multiplications of a*~1, 3¥~1 with numbers of maximal bit-length d;, followed by summation
and adding the bias — increases the bit-length by at most d; (from multiplications) and by at most
m; in total (from additions across all layers). As a result, the bit-length of a®, B* can be at most
d; + 0} larger than that of o* =1, 3=, where ¢}, is the number of parameters in the k’th layer.

Let L denote the number of layers in f;. We can then bound the bit-length of the output interval
values:
ke(k] ke[x]

Overall, the propagated input bounds have bit-length at most O(m; - d;). O

Now, using Lemma [TT]and Lemma[I2] we can conclude the proof for Prop. [} Particularly, in every
iteration of the loop in Alg. 2] Line 5 halves the bounds of the verification problem and thereby
decrease by 1 the bit length of the approximated minimal values. Line 12 then checks, for every
pair of univariate networks f;, f; (¢, € [n]), whether either the lower bound of f; is greater than or
equal to the upper bound of f;, or vice versa. By Lemma 1} the minimal values of f; and f; have
bit length bounds of m; - d, m; - d bits, respectively. Moreover, from Lemma the bit lengths of
«;, B; are bounded from above by m; - (d + 1).

Consequently, the terms 3; — «; and &; can both be represented using at most O (m - d) bits. thus, a
binary search over this quantity will require no more than O (m - d) steps. Specifically, after a linear
number of steps in m - d, the condition in Line 12 must be satisfied: for every pair of i,j € [n],
either the lower bound of f; will match the upper bound of f;, or the lower bound of f; will match
the upper bound of f; — including the case where the true minimal values are equal.
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Put differently, we execute n parallel threads, and after at most a linear number of iterations in
the encoding size of the largest univariate function (itself linear in the total function size), Prop. 3]
ensures termination. Furthermore, since Alg.[3]and Alg. ] respectively run in linear or logarithmic
time in n (which is likewise linear in the model encoding size), it follows that the overall procedure
terminates after at most a linear number of queries in the model encoding size.

O

We note that since this bound is linear in the model encoding size, it represents a substantial im-
provement over the exponential worst-case complexity observed in general neural networks (Barceld
et al.,2020b).

Relation to verifier and machine precision. In practice, it is highly unlikely to reach this worst-
case bound on precision (see Appendix[F.5|for empirical evidence). Hypotheticallly, even the verifier
or machine precision will dominate this parameter. Moreover, our experiments show that the values
of &; in trained NAMs are in fact rarely exactly on the decision boundary. Consequently, in our em-
pirical evaluations, the effective precision parameter governing the runtime is ;. As demonstrated
in our experiments — where we efficiently compute cardinally minimal explanations for commonly
used NAMs — and in the ablation study of this parameter in Appendix [F.5] this yields a substantial
improvement in overall runtime.

D.2 PRACTICAL OPTIMIZATIONS FOR IMPORTANCE SORTING

While analyzing the behavior of Alg.[2]in practice, we noticed that the algorithm makes unnecessar-
ily many verifier calls in certain edge cases. We briefly mention these here, along with our (sound)
optimizations based on heuristics. As in Sec. we consider the case where f(x) = 1, which
requires us to find bounds [I;, u;] for the exact minimum value f;(x}) for each feature i € [n]. The
case f(x) = 1 follows symmetrically. The two edge cases we consider deal with cases where the
exact minimum value is (close to) either of the bounds:

Lower bound close to exact minimum. Please note that as we iteratively refine the bounds using
neural network verification calls, the verifier sometimes gives a counterexample x’ along with the
verification result. We can use min(f;(x}), m) as our new upper bound for the minimum w; (Alg.
line 9). We observed that, in practice, this speeds up the sorting process, particularly as the verifier
often returns a counterexample x’ that is close to or even the exact minimum. This works well in
practice for the case [0, u;] on NAMs with ReLU activations, as x; just has to hit the same piece-wise
linear region containing x;, which gets mapped to 0 through f;.

Upper bound close to exact minimum. It also sometimes occurs that the upper bound u; is already
(close to) the exact upper bound. Thus, instead of iteratively running verification queries until /;
converges to u;, it helps to directly test if u; — ¢ can still be reached for some small § € R;. A
good heuristic to switch to this test is if the verifier concludes that f(x}) € [m;, u;] but is unable to
return a counterexample demonstrating this (as the verifier has to hit u; more or less exactly given
it’s close proximity to f(x})).

These two optimizations often reduce the number of verifier calls described in Prop. [2]to very few
verifier calls. In practice, we have seen that often only 3 verifier calls per feature are required to
determine the total ordering.

E EXTENSIONS TO ADDITIONAL SETTINGS

E.1 EXTENSION TO MULTI-CLASS CLASSIFICATION

For multi-class classification, let us assume the winner class t = f(x) = argmax;c f;(x)
(Sec.[2.3). Then, we can distinguish between two cases: (i) winner-vs.-all explanations, and (ii)
all pair-wise winner-vs.-one explanations, where each case can be reduced to a binary classification

task, where the new binary network in (i) is given by f(x) = f,(x) — max;- f;(x), and for (ii) by
fi(x) = fe(x) — f;(x), j € [n], with the class 1 corresponding to the original winner class ¢. Then,
we can apply Alg. [2|and Alg. 4|to generate the respective explanations.
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E.2 EXTENSION TO REGRESSION

Let us assume we want to find the subset S that is sufficient to determine that the prediction will
always be larger than some deviation § € R to the original output (the same result for finding the
same guarantee for a prediction which is smaller will be symmetricly opposite). The first part of
the algorithm will be identical to the case of binary classification with a positive outcome (the other
use-case will align with a negative outcome).

Algorithm 6 Regression: Parallel Interval Importance Sorting
Input: NAM f, input x € R", perturbation radius €, € R

1: for each feature ¢ € [n] in parallel do
2: Extract initial bounds «;, 3; for f;(X;) such that X; € B,” (x;)

3: lz — Oy, Uy < BZ

4: while True do

5: m; <— H%

6: if Verify( vX; € B;p (Xi), fz (iz) > m; ) then

7: l; < m;

8: else

9: U; <— My

10: end if

11: Alq — fz(xz) — lz ) AUZ < fi(xi) — U;

12: if for all 7 # j it holds that: Au; > Al; or Au; > Al; then
13: Break

14: end if

15: end while

16: end for

17: return arg sort([(Aly, Auq), ..., (Al,, Auy,)]) in ascending order

Now we move on to the second part of the algorithm for the regression case:

Algorithm 7 Regression: Greedy Cardinally-Minimal Linear Explanation Search
Input: NAM f, input x € R", perturbation radius €, € R, output deviation § € R

I: S« [n]

2: for each feature i € [n], ordered by Alg.[6|do > suff(f, x, S, 0, €,) holds
3: if suff(f, x, S\ {i}, 9, ¢,) then

4 S S\ {i}

5: end if

6: end for

7: return S > S is a cardinally-minimal explanation concerning (f, X, 6, €p)

which is the same algorithm we used for binary classification (Alg. [3), but where now the evaluation
of suff evaluates to checking whether fixing the feature subset S ensures that the output remains
larger than the original input by less than . Given this result, this can be extended to our logarithmic
version (Alg.[d) as well:

F EXPERIMENTAL DETAILS AND ABLATION STUDIES

F.1 DATASET AND EXPERIMENTAL DETAILS

Datasets. We evaluate our approach on four widely used benchmark datasets (Agarwal et al., 2021}
Radenovic et al.| [2022). covering both classification and regression tasks. The Breast-Cancer dataset
contains 569 samples with 30 numeric features per sample. to classify tumors as malignant or
benign. The CREDIT dataset includes 1,000 samples with 20 attributes each, for assessing loan
repayment probability. The FICO HELOC dataset comprises 10,459 samples with 23 financial
and demographic features, for predicting creditworthiness. These datasets collectively allow us
to evaluate the performance and robustness of our method across different problem types, input
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Algorithm 8 Regression: Greedy Cardinally-Minimal Logarithmic Explanation Search
Input: NAM f, input x € R", perturbation radius €, € R, output deviation § € R
I: F < total order of features (Alg. [6)

2:0l+1;u<+n

3: while [ # u do

4: m <+ [

5: if suff(f, x, {F[1],...,F[m]}, 9, €,) then
6: < m

7 else

8: u+—m-—1

9: end if

10: end while
11: S« {F[1],... F[m]|}
12: return S > S is a cardinally-minimal explanation concerning (f, X, 6, €p)

Table 3: Varying perturbation radius € on all datasets.

Breast Cancer CREDIT FICO HELOC
€ Size (1) Time [s] () Size (1) Time [s] ({) Size (1) Time [s] (J)

0.01 4.00£4.24  35.60£1.34 — — — —

0.1 4.45+3.98 115.08£73.48 1.79£1.07  76.76£88.21 2.77£1.62 131.31£141.90
0.2 6.2943.50 143.81£121.27 2.80+£2.07 97.164+34.45 3.88+£1.58 136.82+77.97
0.5 9.76+2.75 146.01£64.76  3.76£2.62 132.67+36.76 5.59£1.80 317.92+222.07

dimensions, and domain characteristics. Models. We trained 3 binary classification NAMSs on the
first three datasets, and a regression NAM on the last model. We follow the standard architectures in
(Agarwal et al.,[2021;Radenovic et al.,[2022), and train for each feature a network with hidden layers
of size (64, 64, 32). The accuracy of the models for Breast Cancer, CREDIT, and FICO HELOC are
97.37%, 94.92%, and 69.02%, respectively.

Evaluation. All presented results are averaged over 50 samples with a time out of 600s, perturba-
tions are w.r.t to the {,.-norm on the normalized input and a perturbation radius € = 0.5 is used if
not stated otherwise. We filtered trivial samples where, e.g., all features are returned as an expla-
nation. For the Breast Cancer dataset, we use ¢ = 0.01 for an interesting comparison to the local
strategies. Our experiments are running on a Ubuntu 24.04 machine with 64GB RAM and 13th Gen
Intel(R) Core(TM) 17-1365U. The CREDIT experiments are run on a Ubuntu 24.04 machine with
a Intel(R) Xeon(R) Platinum 8380 CPU @ 2.30GHz and two NVIDIA A100-PCIE with 40GB. If
not otherwise specified, all experiments were limited to 32 CPU threads. In figures, we show the
median along with a shaded region depicting the 25/75% quantiles.

F.2 ABLATING THE PERTURBATION RADIUS

In formal XAI, the generated explanations heavily depend on the chosen perturbation radius e. In
Tab. 3] we show how the size and generation time of the explanation change with varying . Gener-
ally, the explanation size and the generation time increase with €, which is expected as previously ob-
tained minimal explanations indeed become insufficient and the verification queries become harder
to solve as € is increased. Please note that for ¢ = 0.01, insufficiently many samples for proper
averages were found where the explanation is non-trivial on CREDIT and FICO.

F.3 NUMBER OF PROCESSED FEATURES OVER TIME

In this experiment, we demonstrate how our approach — after the initial sorting phase — pro-
cesses the features much quicker to obtain a cardinally-minimal explanation, as it only requires a
logarithmic number of verification queries to do so. This even outperforms approaches that obtain
subset-minimal approaches, including the time needed to sort the features (Fig. [5).

37



Published as a conference paper at ICLR 2026

(a) Breast Cancer (b) CREDIT (c¢) FICO HELOC
§ 1 T T T 1 T T T 1 I T T
g 0.8 4 08f 4 08} f )
g 06 1 06] 1 06| :
=
o 04 o 04 -1 04} N
[
8 0.2 - 41 02 41 0.2} -
Q% o L= ! ! o ! ! ! 0 ! ! !
** 0 200 400 600 800 0 200 400 600 800 0 200 400 600 800
Time [s] Time [s] Time [s]
’ —— Ours —— Naive Sensitivity
Figure 5: Number of processed features over time.
CREDIT
T

o 30 —p=1 1

B —p=2

= p= 8

o — |

= 20 =32

g

S 10 .

&5

0 | | | | |
0 50 100 150 200 250 300
Time [s]

Figure 6: A comparison of explanation generation with different number of processors p.

F.4 UNDERSTANDING THE PARALLELIZATION: ABLATING THE NUMBER OF PROCESSORS

A key factor influencing the runtime of our approach — particularly the sorting of univariate com-
ponent importances in Alg. [2|is the number of processors allocated for parallelizing the logarithmic
binary search. To assess this effect, we conducted an ablation study with varying processor counts.

Fig. [6] illustrates the impact of parallelization on both explanation size and computation time. In
particular, the time to sort the features according to their importance (Alg. [2) can be reduced as
the number of processors p increases, as the bound refinement can be parallelized. In contrast, the
subsequent explanation generation (Alg. ) is barely impacted by the number of processors p. Im-
portantly, even with only a single processor (i.e., no parallelization), our algorithm still computes
cardinal-minimal explanations — a harder task than subset-minimal ones — thus improving expla-
nation size and computation time by design (compare to Fig. [3).

F.5 ABLATION STUDY ON NEAR IDENTICAL FEATURES

Our approach relies on an efficient importance sorting of the features (Sec. .1). This subsection
provides further insights into the required precision to effectively sort them (Prop. [2).

We first show the frequency of each required precision in our datasets in Fig.[/} The impact of these
precisions on the sorting time is visualized in Fig. [§| These results show that the required precision is
not arbitrarily small (smallest around 10~8), and the sorting time is also influenced by other factors,
such as the verifier, in practice. This implies that, in practice, sorting based on the parameter &; is
highly effective, which aligns with, and helps explain, the strong empirical performance we observe
when computing cardinally minimal explanations for NAMs.

To isolate the effect, we created an ablation study using a synthetic neural network with near identical
feature networks f;, i € [2], where only the bias in the last layer of f5 is shifted slightly. Thus, a
large bias shift corresponds to no overlap between the computed bounds, and a small bias shift
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results in nearly identical bounds. We use the same network architecture as the ones trained on the
real data sets, and do not apply any optimizations discussed in Appendix[D.2]in this study. We record
the sorting time for different bias values starting from 1 (no overlap even for initial bounds) down
to 107 (almost entirely overlapping) in Tab. 4l We observe that the sorting time only increases
linearly with the order of magnitude of the bias shift (corresponding to ;) due to the binary search,
confirming our result in Prop. 2}
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Figure 8: Impact of the required precision on the sorting time.

G DISCLOSURE: USE OF LARGE LANGUAGE MODELS (LLMS)

A large language model (LLM) was engaged solely as a writing aid to polish language and enhance
expression. It played no role in generating research ideas, designing the study, conducting the

analysis, or interpreting results. These aspects were performed entirely by the authors.

Table 4: Influence of near identical features on the sorting time on synthetic example.

Bias Shift  Sorting Time [s]
1 0.08

0.1 7.58

0.01 12.71

0.001 16.24
0.0001 20.95
0.00001 28.37
0.000001 31.54
0.0000001 36.57
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