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Abstract

Transformers trained on certain algorithmic
tasks have been found to generalize on out-of-
distribution (OOD) examples. In this work, we
identify several causal mechanisms (“latent algo-
rithms”) that are responsible for OOD generaliza-
tion. Specifically, given an algorithmic task, we
use intermediate computations from a RASP-L.
program that implements the task to probe the
alignment of the model’s learned representations
with the RASP-L program. For several algorithms,
the intermediate computations predicted by the
RASP-L program are linearly decodable from the
model’s activations. Causal intervention analy-
sis reveals that the probe subspaces are crucial
for high task accuracy. Overall, we take a new
perspective on understanding the hidden compu-
tations and OOD generalization of Transformer
language models. !

1. Introduction

Transformers (Vaswani et al., 2017) have become the stan-
dard deep learning model for many domains, including Nat-
ural Language Processing (NLP). Large language models
(LMs) have advanced significantly, and are able to perform
complex tasks such as multi-step reasoning and program
synthesis (OpenAl, 2024; Shao et al., 2024; Hassabis &
Kavukcuoglu, 2025; Anthropic, 2026; Kwa et al., 2026).
Despite these advances, these models continue to strug-
gle with simple tasks (Song et al., 2026), demonstrating
a lack of robustness. Given this “jagged” view of model
capabilities (Dell’ Acqua et al., 2023), it remains unclear
what mechanisms these models have learned to solve spe-
cific tasks — do they implement generalizable algorithms, or
merely a set of heuristics and shortcut solutions?

Algorithmic generalization of Transformers has been stud-
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Figure 1. Overview of tasks. We consider four simple algorithmic
tasks on which Transformers have been found to length-generalize.

ied extensively through the lens of length generaliza-
tion — training on shorter sequences than seen during test
time (Anil et al., 2022; Jelassi et al., 2023; Kazemnejad et al.,
2023; Deletang et al., 2023; Abbe et al., 2024; Zhou et al.,
2024; Chang & Bisk, 2025; Izzo et al., 2025; Huang et al.,
2025). Length-generalization is crucial to understand under
which circumstances Transformers can “reason” because
it eliminates the possibility of training data memorization.
Separately, several works attempt to model Transformer
computations/layers as sequential parallel operations on a
sequence in a programming language called RASP (Weiss
et al., 2021; Lindner et al., 2023; Yang et al., 2024; 2025).
RASP provides core functions which simulate the Trans-
former attention and MLP layers; see Section 2.1.

Recent work introduces the RASP-L conjecture: Transform-
ers are able to length-generalize on an algorithmic task if the
task is “simple” to represent in RASP-L, a restricted variant
of RASP designed specifically for decoder-only Transform-
ers (Zhou et al., 2024). In this work, we investigate the
RASP-L Conjecture by dissecting the learned representa-
tions of decoder Transformers. We show that models trained
on algorithmic tasks that can be represented by short RASP-
L programs exhibit internal structure that corresponds to the
predicted intermediate computations from RASP-L.

1.1. Our contributions

Probing Transformers for RASP-L intermediate compu-
tations Given Transformers trained on algorithmic tasks,
we construct labels for intermediate RASP-L computations,
and train linear probes to classify these labels using model
activations. For several tasks, the linear probes achieve high
accuracy on RASP-L label classification; see Section 4.
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Causal verification of RASP-L representations We seek
to validate that the probes have learned meaningful represen-
tations that are causally relevant to model performance on
algorithmic tasks. To validate probe causality, we perform
ablation experiments on the activation directions identified
by the probes. For several tasks and representations, the
ablations cause model accuracy to drop drastically, con-
firming the causal importance of the intermediate RASP-L
computations identified by the probes; see Section 5.
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Figure 2. Out-of-distribution exact match (EM) accuracy for mod-
els across four algorithmic tasks. Each task has a corresponding
short RASP-L program, and length generalizes successfully. The
dashed vertical line indicates the maximum sequence length seen
during train time. Error bars are per-length Bernoulli standard
errors for the Eval EM.

2. Background
2.1. Restricted Access Sequence Processing (RASP)

RASP (Weiss et al., 2021) defines a computational model to
represent transformers. At its core, a RASP program takes in
a sequence of length n, and outputs a transformed sequence
of the same length. Input to a RASP program consists of
tokens and indices. The goal of RASP is to define functions
which are “easy” for transformers to represent. RASP pro-
grams cannot contain branching, control flow, or loops; they
can only perform sequence-to-sequence operations. The
allowed operations include arbitrary sequence-to-sequence
element-wise mappings R” — R”, and a kqv operation
that applies a square boolean matrix to the input sequence
based on two length-n sequences (keys and queries) and a
binary predicate (e.g., equals, which performs an element-
wise equality comparison of the keys and queries).

RASP-L (Zhou et al., 2024) is a restricted version of RASP
designed to represent autoregressive decoder-only trans-
formers. All operations must be performed in a causal
manner, and the last token of the output sequence repre-
sents the next token prediction. RASP-L contains several

restrictions: all variables are bounded integers, and arbi-
trary arithmetic within token positions is prohibited. This
construction allows us to represent discrete labels for inter-
mediate representations in the RASP-L programs. In order
to simulate multiple steps of generation, the algorithms runs
via an “autoregressive” outer-loop, meaning that for each
iteration of the loop, the last token is selected as the out-
put, and concatenated onto the input sequence for the next
iteration (Zhou et al., 2024).

2.2. Linear representation hypothesis

There is increasing empirical and theoretical evidence that
trained neural networks contain high-level features that can
be represented as linear functions of the network’s activa-
tions (Mikolov et al., 2013; Bolukbasi et al., 2016; Conneau
etal., 2018; Vargas & Cotterell, 2020; Li et al., 2021; Elhage
et al., 2022; Tigges et al., 2023; Park et al., 2023; Li et al.,
2023; Nanda et al., 2023; Marks & Tegmark, 2024a; Park
et al., 2024; Boix-Adsera, 2024; Hernandez et al., 2024;
Allen-Zhu & Li, 2025). This is known as the Linear Rep-
resentation Hypothesis (LRH). These features range from
discerning true and false statements (Marks & Tegmark,
2024a) to encoding states about the board in Othello (Nanda
et al., 2023). Due to the pervasive evidence of linearity
in LM features, we hypothesize that Transformer models
trained on algorithmic tasks exhibit linear representations
of intermediate RASP-L computations.

2.3. Language model interpretability

Many resources have been devoted to demystifying the
opaque nature of neural language models. Mechanistic
interpretability is one approach which aims to describe indi-
vidual features and circuits within models that have causal
implications for model output. Elhage et al. (2022) view a
model’s output at each layer as a “residual stream” which
the model can read/write to at each individual layer. Ad-
ditionally, several works have identified specific attention
heads and circuits which correspond to tracking previously
seen repeated tokens (Olsson et al., 2022; Wang et al., 2023).

Probing classifiers have become a popular technique to un-
derstand model structure by training classifiers on model
activations to test some external property. (Alain & Ben-
gio, 2017; Belinkov, 2022; Elazar et al., 2021). These are
typically binary classifiers, where the classifier accuracy
corresponds with the presence of a specific feature (Azaria
& Mitchell, 2023; Marks & Tegmark, 2024b).

Several works examine the connection between Transform-
ers and RASP. Tracr (Lindner et al., 2023) introduces a li-
brary to compile RASP programs directly into Transformer
weights by translating the RASP computation graph. On the
other hand, Friedman et al. (2023) explore the opposite sce-
nario — they design a simplified Transformer which can be
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Figure 3. RASP-L label probe accuracy. For each task, we select several RASP-L intermediate computations, generate discrete labels, and
train linear probes at each layer output. Reported accuracy is at the token level for the completion tokens. We find that the probes achieve
high accuracy for several RASP-L intermediate computations; see Section 4.

automatically converted into a RASP program. Additionally,
Vergara Browne & Soto (2025) attempt to improve trained
model performance by “distilling” RASP representations
directly into the model.

3. Experimental methodology

The models that we use for training are decoder Transform-
ers with learned positional embeddings. For each task, we
train with a maximum sequence length of 30 tokens, and
evaluate the OOD exact match (EM) accuracy of the en-
tire sequence on longer lengths (up to 256 for count). In
order to train the model at all positions, we add a random
offset to the position IDs for each training sample following
prior work (Zhou et al., 2024; Chang & Bisk, 2025). We
use the AdamW optimizer (Loshchilov & Hutter, 2019), co-
sine annealing learning rate scheduler with linear warmup,
and a randomly sampled unique dataset for each task; see
Appendix A for details on each task.

3.1. Tasks and selected intermediate computations

We construct the short RASP-L programs corresponding to
each task. We briefly discuss the core components of each
program for each task below, for a more thorough treatment
we refer the reader to Appendix C and the full RASP-L
specification (Zhou et al., 2024).

Unique copy This task is solved by a one line program, us-
ing the induct primitive. Induct consists of two core op-
erations: selecting the next index to copy by shifting the se-
quence to the right, and then selecting the value of the index
to copy; see Appendix C, Listing 2 for the full program. For
example, in the sequence from Figure 1, running induct
on the input [BOS]1]4]3[EOS]BOS] would produce
-1{-1|-1|-1|1|, where the final position now stores the next

value to be copied. The next value is continually concate-
nated to the sequence via the autoregressive outer-loop, and
the final sequence becomes [BOS|[1[4[3[EOS[BOS|1]4|
3|EOS|BOS | with corresponding induct RASP-L labels
-1]-1]-1]-1]-1]1]4]3]EOS].

Sort The sorting task is also implemented by one line pro-
gram, using the kgv operation; see Appendix C, Listing 3.
Specifically, this is done by first constructing the square
boolean matrix, where the keys and queries are the input
sequence, and the predicate is greater_than. Then, the
boolean mask is applied to the sequence with the max ag-
gregation, which essentially finds the smallest next value
in the sequence (because the next smallest value will have
the greatest number of True values in the boolean attention
matrix).

Count Counting requires several lines of RASP-L library
code, and is detailed in Appendix C, Listing 4. At a
high level, the program first determines the position of the
start/end number in the input sequence by using the position
of the first BOS token. Then, the program checks for po-
sitions where the BOS token appears (to check if we need
to emit the start number), and where the last number ap-
pears (to check if we are at the end and need to emit EOS).
At every other position, the program adds one to current
sequence, and emits the next « + 1 number.

Deduplicate The deduplication task also requires several
lines of RASP-L code; see Appendix C, Listing 5. The
program starts by indexing the first occurrence of each token
in the sequence. Next, it assigns each first occurrence a rank
(e.g., first unique token is rank 1, second is rank 2, etc.).
Every token then uses the rank of its first occurrence to find
the token with the next rank, which is then emitted as the
next token in the sequence based on the running rank.
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Table 1. Completion exact-match (EM) accuracy before and after probe-guided erasure at the layer with the strongest ablation effect for
each RASP-L intermediate. The baseline is computed over all possible test lengths; see Figure 2 for specific model OOD performance.
For each task, we find that ablating the direction in activation space identified by the probes results in a decrease in the model’s
performance, which is more significant than a random baseline. Random-erasure error bars report SEM over 10 randomly selected
subspaces. Appendix B shows detailed results for all sequence lengths.

Task RASP-L intermediate Layer Baseline EM  Subspace Erasure EM | Random Erasure EM
Copy unique  induct 0 0.265 0.004 0.198 + 0.004
Sort sort 0.968 0.000 0.824 £0.017
Count count_start_num 0 0.936 0.888 0.814 +£0.012
count_end-num 2 0.936 0.705 0.847 £0.010
count_is_end 3 0.936 0.916 0.936 £ 0.000
Dedup dedup_rank 3 0.889 0.821 0.891 £ 0.001
dedup_target_rank 0 0.889 0.751 0.883 + 0.001

4. Probing for RASP-L computations

After we generate discrete labels for the intermediate RASP-
L computations for each task, we train probing classifiers
on the outputs of each layer. Specifically, given samples
drawn from the validation dataset  ~ D, let hi‘) (x) € RY
denote the model’s activation vector at layer ¢ for the ¢-th
token, and let () € {1,...,C} be the corresponding
intermediate RASP-L class label. We train linear probes
p§‘> : R4 — RICl via cross-entropy loss to predict the
RASP-L class label at position .

For each task, we find that the intermediate probes achieve
high accuracy; see Figure 3. Specifically, for the copying
and sorting task, the probes corresponding to labels for the
primitives (induct and sort) achieve high accuracy. For
the counting task, we probe for several primitives includ-
ing start_num (determining position of the starting num-
ber), end_num (determining position of the ending number),
and count_is_end (checking if the emitted sequence has
reached the end). Finally for the deduplication task, we
probe for dedup_rank (computing the rank of each first
occurrence), and dedup-target_rank (looking up the
next token to emit based on rank).

5. Causal intervention analysis

Given the high probe accuracy, we investigate the causal
impact of each RASP-L component for each task by project-
ing out the feature space captured by the probe. Specifically,
given each layer output 1{” () € R? , let V' € R™*? be
the orthonormal basis of the feature subspace identified by
the linear probe, where 7 is the rank of the subspace.

To test whether the identified subspace is necessary for task
performance, we ablate the probed feature direction

Pee =T — VTV

During the forward pass, we apply a causal intervention
at the probed layer ¢ by replacing the original activation

with its ablated counterpart: ng) (x) = Pmsehif) (x). If
the model’s OOD EM accuracy drops significantly upon
this ablation, it gives evidence that the removed subspace
is causally necessary for algorithmic generalization (Elazar
et al., 2021; Geiger et al., 2020). We find that for all tasks,
ablating many of the RASP-L intermediate representations
results in a drop in final exact match accuracy; see Table 1.

Interestingly, different RASP-L representations in differ-
ent tasks have widely varying effects on the EM accu-
racy. For unique copying and sorting, the ablations almost
fully delete the model’s ability to perform the task. On
the other hand, for counting, the count _end_num compo-
nent is far more causally relevant than count_is_end
or count_start_num. Intuitively, this is because the
count_is_end and count_start_num computations
are only sparsely used to determine if we have reached
the end position or are at the start position, while
count_end_num is important at each iteration, as it keeps
track of the current bound of the loop, which affects all
following autoregressive generations. Similarly, for the
deduplication task, dedup_rank builds the index of first
occurrences, while dedup_target_rank computes the
rank of the next unique token to emit.

6. Discussion

Our work investigates the generalization abilities of Trans-
formers by studying their internal representations of algo-
rithmic tasks, and understanding the internal alignment to
RASP-L programs. Internal alignment is measured via lin-
ear probes, where the labels are the outputs of intermediate
components of the RASP-L programs. We find that for
several tasks, there is strong alignment between the pre-
dicted intermediate computations via RASP-L, and the ac-
tual learned representations in the model. We verify this
through causal ablation experiments, which show that the
task accuracy drops significantly when projecting out the
RASP-L representation direction.
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Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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A. Additional experimental details

All models are decoder-only Transformers utilizing absolute positional embeddings (APE). We train each model for a single
epoch using the AdamW optimizer. The learning rate follows a cosine annealing schedule with a 5% linear warmup. We
apply a 10% holdout for testing across all datasets. During training, sequences are restricted to a maximum length of 30
tokens. To evaluate out-of-distribution (OOD) length generalization, we test on sequence lengths up to 120 tokens for the
copy unique, sort, and dedup tasks, and up to 210 tokens for the count task. The core architectural constraints, dataset sizes,
and remaining optimization hyperparameters are detailed in Table 2. All experiments are performed on a single NVIDIA
RTX 4500 Blackwell with 32GiB of memory.

Hyperparameter Copy Unique Sort Count Dedup
Layers 6 6 6 6
Heads 8 8 8 8
Embedding dimension (d) 256 768 768 768
Maximum sequence length 128 128 256 128
Vocabulary size (V) 100 100 220 100
Dataset size 10,000,000 10,000,000 1,000,000 5,000,000
Batch size 1024 1024 256 1024
Initial learning rate 1074 1073 1073 1073
Final learning rate 1076 1076 1075 1076
Weight decay 0.1 0.1 0.1 0.1

Table 2. Task-specific dataset sizes, model architecture, and optimization hyperparameters.

B. Additional probe erasure results

We provide the full causal ablation results for each task; see Figure 4 for the copy task, Figure 5 for the counting task,
Figure 6 for the deduplicate task, and Figure 7 for the sorting task.
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Figure 4. Unique copying test accuracy at varying lengths after causal ablation.

C. RASP-L listings

We detail the RASP-L programs for each of the studied tasks. For a full reference of the RASP-L library, we refer the reader
to Zhou et al. (2024).
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Figure 5. Counting test accuracy at varying lengths after causal ablation.
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Figure 6. Deduplication test accuracy at varying lengths after causal ablation.
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Figure 7. Sorting test accuracy at varying lengths after causal ablation.

def sample_ar (x,

func, max_len=-1):

mmn

simulate autoregressive decoding until EOS is reached

prompt = np.concatenate (([BOS_TOKEN_ID_EX], x,

seq = prompt.copy ()
cur_len = len(seq)

while seq[-1] != EOS_TOKEN_ID_EX:
next_tok = func(seq) [-1]
seqg = np.concatenate((seq, [next_tok]))

cur_len += 1

if max_len > 0 and cur_len >= max_len:
break

return seqg

[EOS_TOKEN_ID_EX], [BOS_TOKEN_ID_EX]))

Listing 1. The autoregressive sampling method. Given a sequence x, a RASP-L function func, and a number of sampling steps, the
method applies func to & and concatenates the final predicted token for the given sampling steps.
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)

def induct_kqgv(k, g, v, offset, default=0, null_val=-999):
# (library function) shift all values in k to the right by one by applying kqv where k
is shifted by 1, and the predicate is equals
shifted = shift_right(k, offset, default=null_val)

# finds index of next first occurrence of non-special/null token (via another kqv
operation)
indices_to_copy = firsts(shifted, g, default=null_val)

# select from the sequence where the indices match the indices_to_copy values (i.e., the
last positions where we found non-special tokens)
copied_values = index_select (v, indices_to_copy, default=default)

# the entire sequence 1s returned, and then the ‘sample_ar' method is used to extract
the next token via the value at the last position
return copied_values

Listing 2. RASP-L core functions used for the unique copy task.

)

def next_tok_sort (x):

# At each autoregressive position, treat the current token as the query and select
previous tokens whose value is greater. Take the minimum selected value as the next
token.

return kgv(x, x, x, gt, reduction="min", default=EOS_TOKEN_ID_EX)

Listing 3. RASP-L program for the sorting task.

def count (x) :
# Read start/end numbers via FIRST BOS
first_bos = firsts(x, full (x, BOS_TOKEN_ID_EX))
start_nums = index_select (x, first_bos + 1)
end_nums = index_select (x, first_bos + 2)

# Detect BOS positions
is_bos = seq map(x, full(x, BOS_TOKEN_ID_EX), equals)
is_end = (“is_bos) & seqg_map(x, end_nums, equals)

next_tok = where (
is_bos,
start_nums,
where (
is_end,
full (x, EOS_TOKEN_ID_EX),
x + 1,
)y
)

return next_tok

Listing 4. RASP-L program for the counting task.
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def dedup (x) :
# Mark first occurrences by checking whether the first match is the current index.

my_first_occ = firsts(x, x)
is_first = seq map(my_first_occ, indices(x), equals)
# Cumulative count of first occurrences = dedup rank

dedup_rank = cumsum(is_first)

# Mask rank to first-occurrence positions
first_dedup_rank = where(is_first, dedup_rank, full(x, NULL_VAL))

# Find current token’s first occurrence and look up its dedup rank
my_rank = index_select (dedup_rank, my_first_occ)

# Target = next dedup rank
target_rank = my_rank + 1

# Retrieve the token at the target rank (EOS if we’ve exhausted all unique tokens)
next_tok = kqgv(first_dedup_rank, target_rank, x, equals, default=EOS_TOKEN_ID_EX)

return next_tok

Listing 5. RASP-L program for the deduplication task.
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