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Abstract

We consider collaborative multi-user reinforce-
ment learning, where multiple users have the same
state-action space and transition probabilities but
different rewards. Under the assumption that the
reward matrix of the IV users has a low-rank struc-
ture — a standard and practically successful as-
sumption in the collaborative filtering setting — we
design algorithms with significantly lower sample
complexity compared to the ones that learn the
MDP individually for each user. Our main con-
tribution is an algorithm which explores rewards
collaboratively with /N user-specific MDPs and
can learn rewards efficiently in two key settings:
tabular MDPs and linear MDPs. When N is large
and the rank is constant, the sample complexity
per MDP depends logarithmically over the size of
the state-space, which represents an exponential
reduction (in the state-space size) when compared
to the standard “non-collaborative” algorithms.
Our main technical contribution is a method to
construct policies which obtain data such that low
rank matrix completion is possible (without a gen-
erative model). This goes beyond the regular RL
framework and is closely related to mean field
limits of multi-agent RL.

1. Introduction

Reinforcement learning (RL) has recently seen tremendous
empirical and theoretical success (Mnih et al.l 2015} |[Sutton
et al.| [1992; Jin et al.| 2020b; |Gheshlaghi Azar et al.||2013;
Dann & Brunskill, 2015). Near optimal algorithms have
been proposed to explore and learn a given MDP with sam-
ple access to trajectories. Multi-agent RL, where multiple
agents interact among themselves and the environment to
collect rewards, has gained a lot of interest due to immense
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practical applications. However, even simple instances of
multi-agent RL, like restless bandits, can be provably hard
(Papadimitriou & Tsitsiklis, |1999).

In this work, we consider the problem of learning optimal
policies for multiple MDPs collaboratively so that the total
number of trajectories sampled per MDP is smaller than the
number of trajectories required to learn them individually.
We assume that the various users have the same transition
matrices, but different rewards and the rewards have a low
rank structure. This is closely related to mean-field lim-
its of certain instances of multi-agent RL as described in
Section

Motivation From the point of view of RL, this is an instance
of multi-task reinforcement learning (MTRL), various ver-
sions of which have been considered in the literature (Brun-
skill & Li, 2013 |D’Eramo et al.| [2020; [Teh et al., 2017}
Hessel et al., 2019} |Lazaric, [2012)). Here, an agent learns
different MDPs together with certain common structures.
This shared structure could be a common domain (such as
moving towards different target points, but in the same en-
vironment) or similarity in the task to be performed (such
as picking up and moving different kinds of objects). Our
problem setup falls in the former category.

Recently, collaborative filtering has been studied in the on-
line learning setting (Bresler & Karzand, 2021} |Jain & Pal,
2022;|Ariu et al.}|[2020; |Huleihel et al.,|2021;|Nguyen-Thanh
et al.,[2019), where multiple bandit instances are simultane-
ously explored under low rank assumptions in order to learn
the preferences of multiple users simultaneously. From this
point of view, our work adds temporal dynamics, such as
change in preferences over time, based on past actions. That
is, we consider non-stationary environments via Markov
Decision Processes.

To motivate our setup, we consider the example of recom-
mendation systems in e-commerce or video streaming. In
this context, classical collaborative filtering setup assumes
that the preferences are static and not influenced by the rec-
ommendation system itself. However, this is untrue in the
real world. Buying an item changes the preferences of the
customer. In case the system recommends a TV and the
customer buys a TV, a TV stand might be the most relevant
recommendation. In case they watch a recommended video
about astrophysics, they might want to watch other astro-
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physics videos because the first video piqued their interest
in the topic.

Our work captures such scenarios by formulating this as
an RL problem where the state is affected by the actions
of the recommendation system and the state in turn affects
the rewards (i.e, the user preferences). This idea has gained
traction recently, as shown by the survey paper (Afsar et al.|
2022). However, in the papers which have been discussed
in the survey, the user information is apriori encoded into
the state embedding and the resulting system is treated as
a single agent MDP. In this work, we bring forth the multi-
agent aspect by viewing the RL approach as an enhancement
of the classical collaborative filtering allowing us discover
similarity among users. We believe the theoretical insights
gained in such a setting can lead to Deep RL algorithms
which utilize this multi-agent structure effectively and ex-
plicitly. The assumption of a common transition matrix
can be relaxed in practice by clustering users based on side
information and modeling each cluster to have a common
transition matrix (see (Mate et al., 2022) and references
therein).

Our Contributions We introduce the setting of multi-user
collaborative reinforcement learning in the case of tabular
and linear MDPs. In our study, we isolate and overcome
several technical and conceptual challenges in order achieve
sample efficient learning. The main technical challenge
we encounter is obtaining the right distribution of state-
action pairs from users such that we can successfully run
low-rank matrix estimation algorithms, without access to a
generative model (i.e, we can only deploy policies and query
trajectories corresponding to this policy). This requires
clever algorithm design since some states can be hard to
even reach. In fact, this endeavor goes beyond standard RL
methods and is related to functional reward maximization
and mean field limits of multi-agent RL as explained in
Section[3l To summarize our contributions:

a) Improved Sample Complexity: We provide sample
efficient algorithms for both these scenarios without access
to a generative model. Under the low rank assumption on
the reward matrix, the total sample complexity required
to learn the near-optimal policies for every user scales as
O(N + |S||A|) instead of O(N|S]|.A|) for tabular MDPs
and O(N + d) instead of O(Nd?) for linear MDPs.

b) Collaborative Exploration: In order to learn the rewards
of all the users efficiently under the low-rank assumption,
we need to deploy standard low rank matrix estimation algo-
rithms. These require specific kinds of linear measurements
(See Section [I.T). Without access to a generative model,
the main challenge in this setting is to obtain these linear
measurements by querying trajectories of carefully designed
policies. We design such algorithms in Section 4}

¢) Functional Reward Maximization: In the case of linear
MDPs, matrix completion is more challenging since we
observe measurements of the form el ©*1) where ©* €
RN corresponding to the reward obtained by user 7, with
respect to an embedding . Estimating ©* under low rank
assumptions requires the distribution of ¢ to have certain
isotropy properties (see Section[7). We design a procedure
which can sample-efficiently estimate policies which lead
to these isotropic measurements (Section [6).

d) Matrix Completion With Row-Wise Linear Measure-
ments: For the linear MDP setting, the low rank matrix
estimation problem lies somewhere in between the matrix
completion (Recht, 2011} Jain et al.l 2013) and matrix es-
timation with restricted strong convexity (Negahban et al.|
2009). We give a novel active learning based algorithm
where we estimate ©* row by row without any assumptions
like incoherence. This algorithm maybe of independent
interest. This is described in Section[7l

1.1. Related Works

Related Settings: Multi-task Reinforcement learning has
been studied empirically and theoretically (Brunskill & Li,
2013} Taylor & Stone} [2009; ID’Eramo et al., 2020; Teh
et al.,)2017; Hessel et al., 2019;|Sodhani et al.,[2021). (Modi
et al., [2017) considers learning a sequence of MDPs with
side information, where the parameters of the MDP varies
smoothly with the context. (Shah et al.|[2020) assumes the
optimal Q function Q* (s, a), when represented as a S x A
matrix, has low rank. With a generative model, they obtain
algorithms which makes use of this structure to obtain a
smaller sample complexity whenever the discount factor
is bounded by a constant. (Sam et al.,|2022)) improves the
results in this setting with additional assumptions on the
transition matrices. Our setting is different in that we con-
sider multiple users, and do not assume a generative model.
Our main contribution is to efficiently obtain measurements
conducive to matrix completion. (Hu et al.,2021) considers
a multi-task RL problem with linear function approximation
similar to our setting, but with the assumption of low-rank
Bellman closure, where the application of the Bellman op-
erator retains the low rank structure. They obtain a bound
depending on the quantity N/d instead of (N + d) like in
our work. (Lei & Li,[2019) RL with low rank assumptions
in an experimental context.

Low Rank Matrix Estimation:The low rank assumption
is popular in the collaborative filtering literature and has
been deployed successfully in a variety of tasks (Bell &
Koren, 2007;|Gleich & Lim, 20115 [Hsieh et al.,[2012). Low
rank matrix estimation has been extensively studied in the
statistics and ML community for decades in the context
of supervised learning (Candes & Tao, 2010j; Negahban
& Wainwright, 201 1j |[Fazel, 2002} |Chen et al.,|2019; Jain
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et al.,[2013;12017; [Recht, [2011} |Chen et al., |[2020; |Chi et al.,
2019) in multi-user collaborative filtering settings. The
basic question is to estimate a dy X d2 matrix M given linear
measurements (2] My; )", when the number of samples is
much smaller than d; X ds using the assumption that M has
low rank.

a) Matrix Completion: x; and y; are standard basis vectors.
Typically z; and y; are picked uniformly at random and
recovery guarantees are given whenever the matrix M is
incoherent (Recht, 2011).

b) Matrix Estimation: x; and y; are not restricted to be
standard basis vectors. Typically, they are chosen i.i.d such
that the restricted strong convexity holds (Negahban et al.|
2009).

For the case of tabular MDPs, we use the matrix completion
setting and for the case of linear MDPs, our setting lies some
where in between settings a) and b) as explained above.

1.2. Notation

By || - || we denote the Euclidean norm and by ey, ..., e,
the standard basis vectors of the space R™ for some m € N.
Let S% ! = {z € R? : ||z|| = 1}, By(r) := {x € R?:
|z]] < r}. For any m X n matrix A and a set Q C [n]
by A, we denote the sub-matrix of A where the columns
corresponding to Q€ are deleted. By A(A), we denote the
set of all Borel probability measures over the set .A. In the
sequel,

2. Problem Setting

We consider N users indexed by [N], each of them associ-
ated with an MDP with the same state-space S, action space
A, horizon H and transition matrices P = (P, ..., Py_1).
Here Py (|sp,apn) is a probability measure over S, which
gives the distribution of the state at time h + 1 given the ac-
tion a; € A was taken in state s, € S at time h. Each user
has a different reward denoted by Ry, = (Riy,-- ., RHu)
where Ry, : S x A — [0, 1]. Denote the MDP associated
with the user u by M,, := (S, A, P, R,). For the sake of
simplicity, we will assume that the rewards are determinis-
tic.

Assume that all the MDPs start at a random state 57 with
the same distribution. Consider a policy I := (7q,...,7xH)
where 7, : A(A) x & — RT is a kernel - i.e, m4(+]s)
gives the probability distribution over actions given a
state s at time h. By (S1.y,A1.m) we denote the tra-
jectory (51, Al), (Sg, AQ), ey (SH, AH) e S x A By
(S1:m, A1.1) ~ M(II) we mean the random trajectory un-
der the policy II - where Ay ~ 7, (-|Sh) and Spy1 ~
Py, (+|Sh, Ap). That is, it is the trajectory of the MDP under
the policy II. Define the value function of M, under policy

II as: V(H, MU) = ]E(SI:H7A1:H)NH Zf:l Rhu(Sm Ah)
We will call a policy I, to be € optimal for M, if
V(Il,, M,,) > supy V (I, M,,) — €. Our goal is to find €
optimal policies for every u € [N] under low rank assump-
tions on the rewards R, ;. We assume that we are allowed
to pick any user u and query a trajectory corresponding to
any policy II.

Reward Free Exploration: The objective of reward free
RL is to explore an MDP (without looking at the rewards)
such that we can obtain the optimal policy for every pos-
sible reward. After collecting K trajectories from the
MDP sequentially (denoted by D), the algorithm out-
puts functions IT and V whose input is a reward function
R = (Ru(-,-))_, (bounded between [0, 1]) and the output
is a nearly-optimal policy f[(R) and its estimated value
V(II(R)) for this reward function. Denote the MDP with
this reward function by My. Given e > 0 and § € [0, 1],
we let K™ (e, d) to be such that whenever K > K™ (e, §),
with probability at-least 1 — § we have:

a) supp |V(II, M) — V(II(R))| < € and b) I is an ¢
optimal policy for My for every R.

This setting was introduced in (Jin et al., 2020a). In this
work, we will use the reward free exploration algorithms
in (Zhang et al.| 2020) for tabular MDPs and (Wagenmaker
et al.,[2022) for linear MDPs.

Tabular MDP Setting S and A are finite sets. Denote
the reward Rp.,(s,a) by the N X |S||.A| matrix R}, where
Ry (u, (s,a)) = Rpu(s,a). We have the following low-rank
assumption:

Assumption (Tab) 2.1. The matrix Ry, has rank r for some
r < Lmin(N, (S| A]).

Linear MDP Setting Our definition is slightly different
from the one in (Jin et al.,[2020b): a) we use two different
embeddings for rewards and transitions and b) we impose
an ¢; constraint on the transition embedding and an ¢ con-
straint on the reward embedding (instead of /5 on both).
This is a natural choice since transition embeddings describe
a mixture of probability measures as the law of the next state.
On a technical level, 1 norm is natural when controlling the
statistical error due to policy search described in Section [6]
which is based on the structural result in Lemma[6.1]

We consider embeddings ¢ : SxA — R%, ¢ : Sx A — RY
such that ||¢(s,a)||1 < 1, ||¥(s,a)]|2 < 1. We make the
following assumptions:

1. There exists O, € R ||0hull2 < V/d such that
Rhu(57 a) = <0hua 11[}(57 a’)> and Rh(57 a’) € [07 1]

2. There exist signed measures fiip,-- ., MUdh
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over the space & such that:  Py(:s,a) =
d
E:izlﬁ%h()<¢(s7a)7eﬁ

We will assume that y; are such that

I f in (ds)(s, a)(dals)]s < 1 and
sup, j, [ |uin(ds)| < C,. This is true whenever p;p,
are probability measures. We consider different embed-
dings for transition (¢) and reward (v)) as the transition
embeddings have a natural || - ||; structure since they give
linear combinations of measure which make up P}, (+|s, a).
We denote the N x d matrix whose u-th row is ], to
be ©y,. The low-rank assumption in this setting takes the
following form:

Assumption (Lin) 2.2. . The N X d matrix ©, has rank
r < %min(N, d).

We restrict our attention to policies given by some fixed
policy space Q. As explained below in Section [3| this
is necessitated by the fact that our techniques are re-
quired to go beyond the standard RL setup and might
necessarily require non-deterministic policies. However,
the space of all possible policies can be very large and
intractable. We refer to Section [A] for the construc-
tion of randomized policy class Q such that it contains
all e-optimal policies for every possible linear reward.
With some abuse of notation, we define the total vari-
ation distance between two kernels as: TV(mp,7m},) =
sup,es TV(mn(-|s), 7}, (-|s)). We define a distance over

Q by Do(MM,T®)) = sup,¢ g TV, 7)), where
e = (=9 h e [H)).

3. Connection to Multi-Agent RL

We now connect our results to multi-agent reinforcement
learning in order to demonstrate why the problem of col-
laborative RL as described above can be hard. Low rank
matrix estimation requires random measurements with spe-
cific isotropy properties. For instance, matrix completion
results are derived when we observe entries from uniformly
random indices ((Recht, [2011)). In our context, this trans-
lates to sampling from specific distribution of state and
action (S, Ay) at time h by depolying a policy II over a
uniformly random user u € [N]. Rather than maximizing
a scalar reward, this requires us to sample from a distribu-
tion with certain properties, going beyond the framework of
standard RL. In fact, Section @ we show that this requires
randomized policies even for simple MDPs. In the tabular
MDP case, we sidestep these issues with clever algorithm
design. However, in the linear MDP case, this does not
seem to be feasible. We use the following connection to
mean-field limits of multi-agent RL as sketched below in
order to solve the sampling question.

Suppose we pick users uniformly at random (U, ..., Ur €

[N]) and deploy a policy II for each of them with
corresponding trajectories Sg}i, Agt)H ~ M(II). We
observe ‘linear measurements’ of ©; of the form
(eUt,z/J(S,(f),Agf)),e{,té)hw(S,(f),A;lt))). To achieve ma-
trix estimation, we need to query (S}(f), AS)) such that the
distribution of w(S}(f), AS)) is ‘nearly isotropic’ ( See (@) in
Section . Let I';, (IT) denote the distribution of S,(Ll), A;Ll).
In Theorem|[6.2] we show that the conditions in (@) are satis-
fied whenever J(I'p,(II)) > 0 for J : A(S x .A) — R given
by:

J(TR(I0)) :=
inf E[(w(St”, AY), 2)[Vd — edp(S, ALY, z)?

zeSI-T

Our objective now is to find a policy by solving the follow-
ing optimization problem

arg sup J(I'y (II)) (1
IIeQ

This is similar to the mean field multi-agent control problem
presented in (Cammardella et al.| |2020). To demonstrate
the connection to multi-agent systems, consider n agents
with the same MDP M and embeddings ¢, 1. A trajectory
here corresponds to jointly and independently running MDP
associated with each agent with the same policy. The col-
lective reward of the system is given by J (f n), where I
denotes the empirical distribution of state-actions of the n
agents at time h. Note that, picking a policy II,, to maxi-
mize this reward is a reward maximization problem on the
joint multi-agent system. And, for any fixed policy II, as
n — oo, I'y(IT) — T (II) under reasonable assumptions
on the state space via the law of large numbers. Hence
J(T,(I1)) — J(I' (1)) under continuity (in some appro-
priate distance between probability measures). Therefore
the planning problem in (TJ) is the same as the multi-agent
RL problem described above in the limit n — co.

4. The Algorithm

Our algorithm proceeds in 4 phases. In phase 1, we run
reward free RL, which selects trajectories from uniformly
random users since all the users share the same MDP. Thus,
this does not incur a large per-user sample complexity. This
step allows us to find near-optimal for any reward function
of our choice. At the end of phase 1, the main unknown will
the reward matrix of the users.

Phase 2 is the main technical contribution of work. In phase
2, we use the reward free RL output from phase 1 in order
to design collaborative exploration policies. These policies
obtain the right linear measurements of the low-rank reward
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matrix so that we can successfully apply matrix estimation
algorithms in phase 3. Phase 4 uses the reward estimate
from phase 3 and the reward free RL output from phase 1 in
order to learn the optimal policy for every user.

4.1. Tabular MDP Case:

Phase 1: Reward Free Exploration We run the reward
free RL algorithm in (Zhang et al., 2020) for K"f(<, ) =

872
S||A|H? (|S]+Hog(+
C‘ A (|€2| g(‘s)) ponIog(M) time steps by pick-

ing the MDP corresponding to a ;niformly random user

whenever the reward free RL algorithm queries a trajectory.
Let the output of the reward free RL algorithm be I and V.

Phase 2: Querying the Reward Matrix In this phase we
query a ‘uniform mask’ with the parameter p for the reward
matrix R, using Algorithm (I} For each (s,a) € S x A and
h € [H], maintain a counter T}, (5 ) for (s,a) € S x A
and h € [H], initialized at 0. Given the ‘active sets’ G =
(Gn)herr) € S x Aand h € [H|, we define the reward
JGG) = (J1,...,Jn) by

Jh(svmg) = ]l((s,a) € gh) (2)

We will denote this reward by J (-; G). Initialize active set
g = (gh)he[,ﬂ such that G, = S x A. We initialize the
reward matrix Rh(u, (s,a)) = *, where * denotes unknown
entry. This algorithm terminates when it detects that suf-
ficient number of samples have been collected for matrix
completion.

Phase 3: Reward Matrix Completion We receive G, and

the partially observed matrix R, for each h as the output
~ a0l

of Algorithm By Rg", we denote the sub-matrix where

the columns corresponding to Gy, are deleted. We use the

nuclear norm minimization algorithm given in (Recht, [2011)

o L gt
to recover Rg" from Rgh for every h € [H].

Phase 4: Computing the Optimal Policy Phase 3 outputs
C

the completed sub-matrix Rg", where only the columns
corresponding to \g£| are recovered. We construct the re-

covered matrix Ry, by setting Ri’e = Rg’c and Ri“ = 0.
We compute the optimal policy for each user using the re-
wards from Ry, via the output of the reward free RL, f[,
from Phase 1.

4.2. Linear MDP Case:

Phase 1 : Reward Free RL We run the reward free RL
algorithm for Linear MDPs from (Wagenmaker et al.} [2022)),
with error € and probability of failure %. We use trajectories
from random users whenever a trajectory is queried. Here,

5 os( L 9/2 (16 logd (L
Krf(€7(5/4) _ CdH (de'gl g(é)) 4 cd Hel g (5)

Phase 2: Querying Linear Measurements of the Reward

Algorithm 1 Uniform Mask Sampler for Tabular MDPs
Output:Active sets G = (Gp,)ne[n), Partially complete

matrix R;,
t<0 f’g —V(I(9)
119 « (7 (1))
while P9 > £ do
U + Unif([N]) {Pick a user uniformly at random}
S{ti ALy, Bl ~ Mo, (119) {Query trajectory}
for h € [H] do
if (S, A") € G, and Ry (Us, (S, A1) =
then
Th,,(s;f),A,g‘))
count}
B (U, (S, A0y « R {Fill Missing En-
try}
end if
if T}%(S;Lt)’A;t)) = Np then

Gn < G\ {(S }(f), Agf))} {Remove element from
Active Set}
end if
end for
tet+1
P9 V(I (:9))
119 + 1(7 (3 9))

end while

<—Th

(S0, a0y T 1 {Increment

Matrix We obtain policies whose trajectory data allows low
rank matrix estimation of the reward matrix.

Step 1:
want to query obtain samples (sg), ag)) such that
Zthl gb(s;f), ag))ng (sg), agf)) > k2I. This can be done
by Algorithm ] Given a projector ) to some subspace
of R%, by Qy, ¢ denote the reward [|Q¢(s, a)||? at time h
and 0 otherwise. The termination condition ensures that we
see enough data in all directions ¢, which allows us to find
collaborative exploration policy below.

For each time step h € [H], we

Step 2: Using the observations given in Step 1, we compute
the policy IT/*" which approximately satisfies the property
given in Assumption This procedure is described in
Section[6]

Phase 3: Estimating Low Rank Reward Matrix For this,
we use the active learning procedure given in Section
via row-wise linear measurements along with the policy
[IMSh — [15" which was computed in Phase 2.

Phase 4: Computing the Optimal Policy Once the reward
matrix 6, have been reconstructed for every h in Phase 3,
we use the output of reward free RL in order to compute the
€ optimal policy for each user.
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Algorithm 2 Well Conditioned Matrix Sampler
Input:Total time 7'; Tolerance ~; lower isometry &
Output: oy, S(h+1)t forh e [H—1],t € [T]
forh=1to h=H —1do

Q<+ I TI® + T(Qng)
Gy, < 0 {Grammian initialized to 0}
fort=1:tot=1T do
U, ~ Unif([N]) {Pick a uniformly random user}
S1.m, A ~ My, (ﬁQ) {Obtain Trajectory}
Gt < ¢(Shy An) Syt ¢ Shit
Gon < Gon + oned], {Update Grammian}
if 3y € ST yTGy py < K2 then
Q <+ eigenspace of G j, with eigenvalues < x>
119 é—-II(QbLQ)
end if
end for
end for

5. Main Results
5.1. Tabular MDP:

Incoherence is a standard assumption for low rank matrix
completion. This ensures that the matrix is not too sparse
so that sparse measurements are sufficient to learn it. The
following definition is used in (Recht, |2011).

Definition 5.1. Given a r dimensional sub-space U of R" ,
we define the coherence of U as:

n
p(U) := = sup |[Pye*.

T 1<i<n

A ny X no matrix M with singular value decomposition
UXVT is called (po, f11) coherent if:

a) The coherence of the row and column spaces of M are
at-most 1o b) The absolute value of every entry of UV'T is

bounded above by /11 /7=

Given a policy II, and Q2 C S x A, by P}? (©2) we denote
the probability that at time h we have (Sp,, A) €  under
the policy II.

Assumption (Tab) 5.2. Given the reward matrix Rj and
Q;, C S x A, recall the notation for the sub-matrix R,?h of
Ry,. If supy; P(Q8) < ¢ have:

1) Riz“ is (o, p1) incoherent  2) |QEL| < %

The incoherence assumption for R§! makes sense since the
set O cannot be easily reached with any policy with a
probability larger than e. In fact we can arrive at an € optimal
policy for the original reward by just setting the rewards
at Q€ to be 0. These can be thought of as redundant states
which do not matter for our RL model with any reward.

Theorem 5.3. Suppose Assumption
(Tab) [2.1] hold. Let the parameter p =
CmaX(uf,uo)r(NHSIIAD log® |S||A| log(%)

NISIIA]| :
large enough constant C. Assume that |S||A| and N are
large enough such that p < 1/2. Then, with probability
at-least 1 — §, we can find an € optimal policy IL, for every
user u € [N] whenever the total number of trajectories
queried is:

for some

H? log(%
OISIAE (51 108(3)

N C'max(pi, po)r(N + [S||A|) H log? | S| Al log(§ )

€

|SILALH
=)

Remark 5.4. For large N, the number of trajectories queried
~ 2
per user is O(w), which is an exponential im-

provement in the state-space size dependence when com-

pared to the minimax rate of ‘S”e# (Dann & Bruni
skill, [2015) for learning a single MDP. Every phase in
the algorithm has polynomial computational complexity
in N, |S||A| and L. The probability p is chosen such that
p|S||AIN = O(r(|S||A| + N)), which is the number of
free parameters required to describe a rank r matrix.

5.2. Linear MDP

Assumption (Lin) 5.5. There exists a v > 0 such that
for every z € S9!, and every h € [H] there exists
a policy Il ; such that whenever Si.p, A1z ~ Il p,
E(¢(Sh, An),)* >

The assumption above shows that we can obtain information
about all directions. If this does not hold for any -, then
¢(Sh, Ap) does not have any component in some direction
xo with any policy. Thus, we can remove the sub-space
spanned by z and make the embedding space R¢~! at time
h.

Assumption (Lin) 5.6. There exist (,£ > 0 such that for
every h € [H], there exists a policy I1"%¢ € Q such that
whenever S1.77, A1y ~ M(IT"$%), we have:

inf | E [|{z,%(Sh, A0) [V — dla, v(Sh, An)?| 2 ¢

zeSI-1

The assumption above ensures that there exist measure-
ments ¢ (S, Ap) which are conducive to low rank matrix
estimation as considered in Section [l This means that
|(4)(Sh, Ap), )| = Q(1//d) just like an isotropic random
vector, which gives us information about all directions. How-
ever, this condition is much looser than the assumption of
uniform distribution on the sphere.

Assumption (Lin) 5.7. For any 1 > n > 0, there exists an

7 net for Q, denoted by Q,, such that log |Q,| < D log(;)-
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We refer to Section [A] where we justify this assumption.
We first demonstrate that deterministic policies which are
sufficient for reward maximization (as used in (Jin et al.
2020Db))) cannot be used in this context, so a set of stochastic
policies is required. We then construct such policy classes
with D = O(dH log dH loglog(].A|)).

Theorem 5.8. Suppose Assumptions (Lin) b.6]

and hold and suppose ¢ < 3. In Algorithm E} we

CC}LdH\/»db?»D(\/EJrEd) log (C“Ié(ﬁ;m) and

set Kk =
— 0rd o dr
T_C'AY2 logv.

Then, with probability at least 1 — 0, our algorithm finds €
optimal policy for every user u € [N| with the total number
of trajectories being bounded by: Ty + Tpol + Tmat—comps
where:

o dH®(d +log(%)) N d°/2HSlog*(%)
ri 62

b

€

5 2 (C, H(d+D)
C2d° H3(dH + D) log (7)

¢vo
Tp0| = <2,y2 )
d
Tinat—comp = v iiz% )los =
log N
Hlog N log (%)
+ e 3)

Remark 5.9. When N is very large, the per user sample com-
plexity is O(Hr), which is much better than the mini-max
optimal complexity of Q(d? H?) (Wagenmaker et al., 2022).
While Phases 1 and 2 of the algorithm have a computational
complexity which is polynomial in d and %, the optimization
problems posed in Phase 3 and 4 are not necessarily poly-
nomial time. We leave the computational aspects to future
work. The sample complexity O(r(N + d)) corresponds to
the number of free parameters required to describe a rank r
matrix.

6. Obtaining Policies With Given Statistics

In this section, we consider the Linear MDP setting and
describe the sub-routine described in Step 2 of Phase 2 of
the algorithm where we compute a policy I17+" such that the
law of ¢(Sy,, A ) under this policy approximately satisfies
the property given in Assumption[5.6] This is required in
order to use the guarantees for low matrix estimation in
Phase 3, which is described in Section [/l We first state a
structural lemma which characterizes the law of Sy 1, Ap 41
under any policy II.

Lemma 6.1. Consider any policy Il = (my,...,my_1,7H)
to the MDP M. Let S1.i, A1.x ~ M(I). Then for any

bounded, measurable function g : S X A — R, we have:
d
Bg(Shir. Anr) = D i [ 9(s,a)duan(ds)ma(dals)
i=1

Where v; := (E¢(Sh, Ap), €;)

We now want to estimate certain statistics under any
policy using available data, obtained from the out-
put of Algorithm Notice that the output of
Algorithm [2] gives a sequence of random variables
(Pn1, 8(hs1)1)s -+ -5 (0T, S(hanyr) € R X S such that

(3(h+1)z)zT:1\(¢hl)lT:1 ~ HzT:1 (E?:l<¢hl»€i>ﬂhi(')) and

Gon = ZtT:l ént¢},. For any measurable function
g:SxA— REX v e RYsuch that ||v|| < 1 and any
randomized policy IT = (71, ..., 7y ) we define:

1. ﬂ(g,wl) = ]Efg(Sl,a)m(da|Sl)

2. 7—h$1(g;1/7 The1) =
Zi=1<’/, ei) fuih(ds)ﬁh+1(da|5)g(57a) when h <
H-1

3. EY(I) := ||Ti(, m1) — V|1

4. Ey(II) = inful,‘..,lthleBd(l)F(Ha vy, ..
whenever h > 1

'7Vh—17y)

Define i, = qﬁztG;’iu. We estimate these operators
from data as follows:

1. Ti(g,m) = T ZtT:1 [ g(s1¢, a)mi(dals1y)

2. ﬁl;l(gaya 7Th+1) =
>im1 Onew [ 9(S(hinye, @) g (dals )

3. BY(I) := || Ti(¢,m) — v|h

4. EZ(H) = inf,, ., eB.1) F’(H, ViyeooyVho1,V)
whenever h > 1

Where, for h > 1 and vq,...,v,_1 € By(1), we have

defined:
1. F(ILvy, ..., vp—1,vp) = By (1) +
;
2= 1T, vjm1,m5) — vilh
2. F(H,llh...,yh_l,yh) = Eill(n) +

ST (s vjm1, 7)) — villa

Define f(s,a;2) = |[(z, (s, a))|Vd — &d(z,¥(s,a))?.

The output of our method is:
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L.
1t —
arg sup inf Ti(f(;2),m)
I=(m1,..., WH)GQxeSd71
2.
(I1F" ) =
arg sup inf Th(f(2);v,7n)
vEB(1) zeSI—1
I=(m1,...,ta)€EQ

whenever i > 1, subject to E’j’hfl(f[f’h) <no

3. Assign output: 1660 = I1/:h

The idea behind this method is as follows. First, us-
ing the output of algorithm [2| we construct 75, (g, v, 75),
which approximates the functional 7y (g, v, 7, ) uniformly
for every v, m,. This is shown in Lemma in the ap-
pendix. We will show in Theorem [6.2] that obtaining poli-
cies which can be used with the matrix completion rou-
tine reduces to picking a policy 1" = (my,...,7p)
such that whenever Si.p, A;.g ~ M(IIF"), we must
have: inf,cga-1 Ef(Sh, An;z) > (. Now, we use
Lemma [6.1] to conclude that if such a policy exists, then
there exist v1,...,v,—1 such that E¢(S;, A;) = v; and
inf ega—1 Tn(f(;x); vn, mr) > €. Since we only have sam-
ple access, we find such a policy approximately by optimiz-
ing using the estimates 7T instead of the exact functional T~
as described above.

Theorem 6.2. We condition on the event Gy, > w21 for
every h € [H]. Let k,n,n9 be such that for some small
enough constants co,c > 0 and a large enough constant
C>0:

¢ [ ¢
Lon< e anvarean VT M= O Vi

2. k> CCulVIteddn \/log (ng@"‘) + dH log (g)

Recall the policy I1f+h, Suppose the Assumption holds.
Then, with probability at-least 1 — £ we obtain the policy

157 is such that whenever SLH,ALH ~ ./\/l(f[f’h), we
have:

inf Ef(Sh, An;x) >
reSd-1

I

This implies that 1 (Sh, Ah) satisﬁes E|(¢(Sh, An), z)| >
2#\/37 E¢(Sh7 Ah)w d§2

7. Matrix Estimation with Row-wise Linear
Measurements

We now describe the active learning based low rank matrix
estimation procedure. For an unknown rank r matrix ©*
(corresponding to O; in the definition of Linear MDPs) of
dimensions N X d, we are allowed to query samples of
the form (e;, 1, e] ©*1) for any i € [N] of our choice and
Y = (Sh, Ap) where S1.7, Ay.pr ~ M(IIMSR), for some
input policy ITMS" This corresponds to running the MDP
of user 4, with the policy IIM" and observing the reward at
time h, given by (e;, ©} ¥ (S}, Ap,)). We want to estimate
the matrix ©* from these samples with high-probability.

7.1. The Estimator

Given any N X d matrix A, by A{, we denote its ¢-th row.
Given K € N, and a sequence of vectors ¥ = (i, €
Rd)ie[N],ke[K]'

| N K
L(A, WZZ]A“%’@

i=1 k=1

We estimate ©* row-wise using the following iterative pro-
cedure, where recover some rows of ©* into © in each
iteration and obtain the corresponding linear measurements
of ©*. Letting the set of unknown rows at iteration ¢ to be
I,y (with Iy = [N]). We draw a fresh sequence of vectors
T® from some distribution, we then recover some rows
fE C I,_; of ©* and store them in ©.

1. Draw ¥®) = ('l/)gl?)ke[Kt],iefLI, we obtain 0, =
%, (t)
eJO Y, .
2. Consider the loss function

L(® — 6%, v)

> Zl 0, ¥ ix)

i€l _q k=1

— 057
Kt‘[t 1‘ Zk|

3. Find a matrix © with rank < r such that L(© —
0%, ¥) = 0.

4. Tnitialize I; < 0.

5. For every i € I; 1, draw K fresh samples using
B+ () and compute ST (0, B)) - 05,
IF 5 [(04,9%)) — 65,2 > 0 then add i to T, iie.,
I + LU {i}.

6. End routine when I; = (.
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Suppose 1;; are i.i.d random vectors such that there exist
¢,& > 0 such that for any = € RY, ||z|| = 1 we have:

|ir|] < 1 almost surely;

E| (s, )| jg;

“

To give some intuition, the second condition above means
that given any vector z, there is some overlap between the
random vector 1) and z, ensuring that every measurement
gives us some information helping us to complete the matrix.
The third assumption is a standard bound on the covariance
matrix. Then we have the following theorem whose proof is
presented in Section [F}

Theorem 7.1. Assume that sup, ||©F| < Cp and that
the distribution of 1/)5,? satisfies (@). Suppose K;|I;_1| =
Ol ddry oo d log( gy . .

—zez—log f + 6’7(252 . With probability at-least
1 — 6, the algorithm terminates after log N iterations and
the output 6 satisfies 6 = o~ Therefore, with probability
at-least 1 — 9, the sample complexity for estimation of ©*
is:

log N log <@>

r(N + dlog N) log L 1 C o

“ee g

8. Discussion

In this work, we designed methods to perform collaborative
exploration of a number of MDPs with near optimal sample
complexity. In particular, we encountered and solved the
important problem of exploring such that the data can be
used down-stream to learn the optimal policy for every one
of the MDPs. We also established connections to mean-field
limits of multi-agent reinforcement learning problems. In
future work, we hope to use the observations in the current
work in order to design collaborative RL algorithms based
on practically deployed RL algorithms like PPO, DQN and
TD3.
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A. More Discussion Regarding Policy Space
A.1. Necessity of Randomized Policies

We will first show that randomized policies might be necessary in such contexts with a simple example and show that
obtaining states which satisfy conditions like @) goes beyond simple reward maximization. Suppose H = 1, S = {1}
and A = {1,...,d}. We consider the embedding ¥ (s,a) = e,. Suppose we want to obtain a policy = such that
whenever S1, A1 ~ m, Amin (E¥(S1, A1)1(S1, A1)T) is maximized (where Ay, denotes the minimum eigenvalue). This is
maximized when 7(da|s) is chosen to be the uniform distribution over A and the corresponding value is 1/d. Note that
whenever 7 is a deterministic policy we will have A,,;, = 0 whenever d > 1. This is in contrast to reward maximization
problems where, under general conditions, a deterministic optimal policy exists (See Theorem 1.7 in (Agarwal et al.,[2019)).

If fact, we can also show that the policy which minimizes ||Et(S1, A1) — 5 25:1 €| must also necessarily be random.

In the case of linear MDPs, we can find such a deterministic optimal policy II = (my,...,7y) as mp(s) =
arg sup, (¥(s,a),up) + (¢(s,a),v;) (Jin et al., 2020b). This reduces the problem to estimating the parameters u}, vy
even when the state-action space is an infinite set. However, when such policies are not guaranteed to exist, as in case of
functional maximization required in Section|[/} the set of all policies can be intractably large. This is the justification for
picking a nice enough policy space denoted by Q.

A.2. Constructing Policy Spaces

We consider any linear MDP satisfying the definition given in Section [2]and suppose A is finite. We consider the set of
all probability distributions 7y, (als; u,v) o exp((¢(s,a), u) + (¢¥(s,a),v)). We consider Q, = {mx(als,u,v) : u,v €
Ba(R)}, We let our policy space be Q = {II = (my,...,7y) : 7 € Qp}.

Lemma A.1. Consider the probability distribution over a finite set [|.Al|] give by pg(a) o exp(Sz,) for every a € [|A]]
some x, € RT and 8 € RT. For any € > 0 and random variable A ~ pg, we must have:

P(xa < supz, — €) < |A|exp(—0Se)
And
Exzg > (supz, —€)(1 — | Al exp(—PBe))

Lemma A.2. Let Q} (s, a) be the optimal action-value function for the MDP. Then the policy Il = (w1, ..., m,) given by
m(als) o exp(BQ; (s, a)) is eH + H?|A| exp(—B€) sub-optimal for any € > 0

Proof. Consider the optimal value function deﬁned by V;*(s) = sup, Q;(s,a). Let Qi (s,a) denote the optimal action
value function under the policy IT and let V(s) = [ Q. (s, a)7n(da|s) denote the value at state s with the policy II. Clearly,
we have: Qg (s,a) = Q% (s,a) = R(s,a). Qh(s a) > Q5(s,a) — n uniformly. Then we have

s) > /QZ(S,G)W}L(CZCLLS) -
> (Slip Qr(s,a) — €)(1 — | Al exp(—Be)) —
> sup @ (s,a) — e — H|Alexp(—Be) —n =V} (s) — e — H| Al exp(—fBe) — 7 ®)

In the second step, we have invoked Lemma In the last step, we have used the fact that Q; € [0, H] uniformly. Now,
by the Bellman iteration, we have:

QZ—I(Sva) Rp— 1(57a)+ES’~Ph (s, a)Vh( )
> Rp—1(s,a) +Egp, 1(|Sa)Vh( s') — e — H| Al exp(—Be) —
= Qn-1(s,a) — e — H| Al exp(—fe) — 7 (6)
) >

Therefore, by induction, we conclude that V; (s) > Vi*(s) — eH — H?| Al exp(—pe)

12
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Therefore, by the definition of the value function, we conclude the claim. O

Now, by a simple extension of Proposition 2.3 in (Jin et al.,|2020b), we conclude that the optimal @}, function for any linear
MDP can be written as:

Qhu(s,a) = (Y(s, a),up) + (4(s, a), vp,) -

Where [uj|l2 < Vd and |[v}||c < HC,,. Observe that choosing € = 5% and 8 = QW will ensure that the

randomized policy II in the statement of Lemmais 7 optimal. Therefore, we can take R = 2dH CMW in the
definition of Q;, above and conclude that this includes every n optimal policy for every MDP with embedding functions ¢, 1.

We will now bound the covering number. Recall the definition of the distance Dg(Il1,Il2) = supj,¢ g TV(7r,(,/1)7 W;Q)).
Therefore it is sufficient to obtain an 7 cover for Q, (denoted by Qy, ,;) and then construct Q,, = {II = (my,...,7g) : 7 €
Qnyh € [H]} = [[;Ls Q-

Lemma A.3. 7(|s;u,v) be as defined in the beginning of this Subsection.

TV(r(:|s;u,v), 7(-[s;0',0") < 5 (exp(2flu — u'fl2 + 2[jv = v[lo) = 1)

N |~

Proof. Denote 7(a|s;u,v) by w(a) and w(a|s;u’,v") by 7’ (a). Consider the corresponding partition functions denoted by

Z =3 eaexp((¥(s,a),u) + (¢(s,a),v)) and Z" := 3 exp((¢(s,a),u’) + (¢(s,a),v")). We conclude that using
Holder’s inequality for (u — «’, ) and (v — v’, @) that:

Z/
exp(—[lu —lls = [lv = v"loo) < — < exp(flu = v'll2 + [[o = v'lloc)

™ (a)

a) <exp(2flu —u'll2 +2[lv — V'] ) 0

exp(=2f|u — |2 = 2[lv — v[|oo) <

™

—~

TV(m, ') =1 |r(a) — ' (a))|
acA
= % Z W(a)h - 7;((;))’
acA
1
< 5 (exp2llu =l +2[v = v'll) = 1) ®)

O

Using the lemma above, we conclude that th = {mn(|s;u,v) 1 u,v € Bd,n/4(R)} whenever ) < 1. Here Bd,n/4(R) an
71/4 net over By (R) with respect to the norm || - ||2. From the results in (Vershynin},2018), we can therefore take:

Qhn| < 1Buyja(R)? < exp(Cdlog(S2)) )

Since we had Qn = Hthp we conclude that:

log(1Qy) < cdH (1og 22 + loglog(2H]|.Al /7))

B. Analysis - Tabular MDPs

We will call the reward free RL procedure in Phase 1 to be successful if it outputs the e optimal policy. This has probability
atleast 1 — 2.
2

13



Multi-User Reinforcement Learning with Low Rank Rewards

B.1. Analysis of Algorithm I]

Lemma B.1. Suppose p < %, conditioned on the success of Phase 1, with probability at-least 1 — exp(—cNp|S||A|H),

Algorithmterminates after querying w trajectories. (Gn)ne[m), the active sets at the termination of the algorithm.
They satisfy:
H

)
sup »  PJ(Gn) < ge (10)
T h=1

For any a X b matrix R, let 152 be its partially observed version (that is, there exists a set of indices I C [a] X [b] such that
R;; = R;; if (i,j) € I and R;; = * otherwise). We call a random set of indices J to have the distribution Unif(m, [a], [b])
if J is drawn uniformly at random such that |J| = m.

Lemma B.2 (Modification: Mod1). Suppose we run, independently, a modification of algorithm[I\where on the “Query tra-
Jjectory” step the trajectories are sampled from a fixed MDP M (but rewards are from the reward function corresponding to

Uy). Consider all the random variables that determine the trajectory of this algorithm: (V, II, (Sﬁq, Agﬂq, Rggq)t, (Ut)t).
Then the joint distribution of this collection of random variables is unchanged under the modification.

Proof. The proof follows from an induction argument on the time index ¢. We describe the key steps here. For the ease
of notation, let 7, = ((SY}{, Agt:)H, Rﬁ{), Ut) Let X7 = (V, ﬁ, (72)th)~ Let X7 and 7; denote the corresponding

quantities under the modification. It is enough to show that finite dimensional marginals have the same joint distribution
under the modification. In particular, we will show:

L To 27,

2. Suppose X1 4 X 7. Then the Markov kernel k1.1 x, is almost surely (under the common distribution of X7, X7)

d ~
equal to k:FTHIXT. Thus X711 = X111

The first statement is straightforward since, in the zeroth step, the distribution of 119 not affected by the modification, and
thus due to identical MDP transitions across users, the distribution of 7 is preserved under modification. A similar argument
proves the second statement. Roughly, given a realization of X the distribution of 77,1 is same as the distribution of
7~'T+1 given the same realization of )N(T, due to the exact same reason presented for the first statement. A fully formal proof
requires setting up appropriate proability spaces, so we omit it here. Furthermore, since the random variables considered are
all discrete, one can argue via PMFs as well. O

Lemma B.3. Suppose p < % conditioned on the success of Phase 1 and termination of Algorithm forevery h € [H|, the
. . e
Algorithmretums partially filled reward matrices Ry,. Consider the sub-matrix RZ". Let I, C [N] x Q,E be the sub-set of

. c
observed indices for Ry. Let J,|Gp, ~ Unif(%7 [N], Q,E) There exists a coupling between Jy, and Iy, such that

P (Jn C I4]Gn) = 1~ |S|IA| exp(—cNp)

Proof. Let us fix G, and construct a coupling between [, and J},.

Consider any fixed, arbitrary permutations o, over [N], for g € G%. By o/(I},), we denote {(c4(),9) : (i,9) € In}.

Claim B.4. Conditioned on Gy, o(I}) has the same distribution as I,.

Proof. Let {0 q):(n]—[N]](5,a) € S x A} be a set of arbitrary permutations on [N]. From lemmait is enough to
prove the statement for the random variables under the modification described in that lemma (call this Mod1). Now consider
a further modification (call it Mod2) where in every iteration ¢, we sample Uy ~ Unif([N]), for each horizon h we set

U,(Lt) = a(S?,A;t))(Ut), and then update the entries of Rh(U,(f)7 (S,(,/t)7 AS))) (instead of Ry, (Uy, (S,(f), AS)))). Next, we

couple these two modifications by using same (V, f[) and the same set of U ’s for both the modifications. Further, we couple
the MDP used in these modifications to be the same, single MDP.

14
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Now an induction argument shows that the sequence of active sets G obtained in these modifications are also identical for

every time ¢; only the rows of R;, where entries are filled change according to the set of permutations chosen.Thus, under

the described coupling, Mod1 and Mod2 produce identical trajectories (i.e., (Sﬁ{, Agt:}{)), the columns of reward matrices

are just permutations of each other described by the chosen set of permutations, and algorithm [I|terminate at the same time
in both these cases. However, the same induction argument also shows that for each ¢ and h, conditioned on Gy, trajectories

(which is same in Mod1 and Mod2) until at beginning of iteration ¢, we have (U, (S,(f), AS))) 4 (U,St), (Sff), Agf)))

Therefore if I, h,fh C [N] x QE denotes the subset of observed indices at termination (outside the active set), then
I, =o(l) = {(0(s,0)(9), (s,a)) : (4, (s,a) € I,)} and, conditioned on Gy, L2,
O

Claim B.5. At termination, conditioned on Gj,, random sets I} = {(i,g) : (¢,g) € Ij,} are jointly independent.

Proof. Again we work with the modification Mod1 described in lemma For each (s, a) consider the collection of Uy’s
that are used populate the column (s, a) of matrix R}, in algorithm Call this collection U 4). O

Remark B.6. Since the columns of [, have exactly Np entries, permutation invariance proved in the above claim implies
that

For any set J C [N] x G, define the count function (qu)gegﬁ such that N = |{i € [N]: (i, g) € J}|.

We are now ready to give the coupling: given G, draw uniformly random, independent permutations o, for g € QE. Draw
(Ny),ccc independent of o, and to have the joint law of (N/")__c. Define:
gegy, Y g9 /g€gy

Jn = {(04(i),g) i < Ny, g € GE}

In = {(o4(i),9) : i < Np,g € G-}

Claim B.7. The marginal distributions of jh and I, n, are respectively the distributions of J;, and I},.

Proof. First we will prove a general statement about J ~ Unif(r, [N],[M]). Let X € {0,1}""*™ with X, ,, = 1iff
(i,m) € J. Let (N )me[ar) be the count functions corresponding to J i.e., N = >, Xim. Let Yy, = (X1 m, -, Xnym)-
We will argue that conditional on {N,, : m € [M]}, the random vectors Y,, are jointly independent. Indeed, pick any
x € {0, 1}¥*M and (nq,--- ,n,,). Let y,, be the m’th column of x. Then

1

P[sz,ﬁm{Nm:nm}] = <H1 [Z%‘,m :nm]> 1 in,m =r W

i,m T

The above can also be written as

P [N { Yo = Yo} e A Nom = 1 }] = (H 1 lem = an 1 lz Ny = r] (MlN)

r

Let 1 denote the all 1 vector in RY. Note that y,,, = (T1m, @ N,m)T. Marginalizing the above, we see that
1 1
PNy {Nm = nm}] = HW 1 an:r W

Thus the conditional distribution can be expressed as

e [17 g =nm]> 13, o = 7]

m () ()

T

P |:mm{)/;7L = ym} Mm {NnL = nm}:| = (

15
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Since the (conditional) joint PMF factors, it is an easy calculation to show the conditional independence i.e.,

P [mm{Ym = ym}’ O { Ny = nm}] = 1;[@ [Ym = ym' O AN = nn }

Furthermore, for any ny, - - - n,, such that Zm N, = r, marginalization shows

1 []-Tym = nm]
()

Let N_,,, = (N1, -+ , Npp—1, Nm+1, - -+, Nas), and similarly for nn_,,,. Then

P[Ym = ym‘ Nm {Nm = nm}] =

P D/m = ymaN—m = n—m|Nm = nm]
=PV = yYm| N {Nm = 0 HP[N_iy = | N = 1]
0, Yo m F T

= T =n
%P [me =n_m|Np = nm] , otherwise

nm

The above factorization directly implies that Y;,,, conditioned on N,,, is uniformly distributed on its support {y : 1Ty = N,,}
and is independent of N_,,. Thus

P [mm{Ym = ym}' N { N = nm}]

B H 1 [lTym = nm]

G

Observation: The above calculations give another way to generate Y': first generate Ny, - - - , Njs from the right distribution,
and then conditioned on V,,, generate each Y, uniformly such that 1Y, = N,,.

c
Next we apply the above calculations and observation to J = Jy|Gp, ~ Unif (%, [N], QE). For a uniformly random
permutation o on [IV], the set {o(¢) : 1 < ¢ < k} is uniformly distributed on all k-sized subsets of [N]. In the statement of
the claim the permutations are chosen independently for each g € QE. Thus from the above observation, we have .J, L7 h
conditioned on Gy,.

The claim about I, follows directly from permutation invariance proved by claim

Claim B.8. P(N, > Np|G)) < exp(—coNp) for every g € Q,E

Proof. Throughout this proof, we will condition on the terminal active set G,. We will show this using the results on
concentration with negative regression property as established in Proposition 29 in (Dubhashi & Ranjan, [1996). N, =

Zij\; 1((i,g) € Jn). Now we will show that the collection X;, := 1((i,g) € J) fori € [N],g € gg satisfy the negative
regression property. By the definition of negative regression, we can conclude that the sub-collection (X, );cn) also

satisfies this property for every g € QE.

Consider the partial order over binary vectors X > Y iff X; > Y] for every [. The negative regression property is satisfied iff
for every K1, K3 C [N] x Q,E such that K7 N Ky = ), and a real valued function f(X,, : m € K1) which is non-decreasing
with respect to the partial order, we must have:

gty 11 € Ky) :=E [f(Xm :m € K1)|X; =1;,Vl € K5

16
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be such that g is a non-increasing function in ¢; with respect to the partial order. Note that in the case of uniform distribution
as in Jy, the distribution (X, )mex, is the uniform, permutation invariant distribution with constant sum almost surely. The

c
sum being % — e K, ti- Therefore, whenever t; > t; for every | € K, we have the following stochastic dominance:

[

X; = t;Vl S K2:| = [(Xm)meKl

X, =4Vl e K2:|

Therefore, this coupling leads us to conclude that:

gt 1€ K2) :=E [f(Xyn, : m € K1)|X; = ;Vl € K>
> E[f(Xm :m € K1)|X; =}Vl € K]
=g(t]: 1 € Ky) (In

The second step follows from stochastic dominance. This implies that the function g is non-increasing which establishes
the negative regression property. Now, we consult Proposition 29 in (Dubhashi & Ranjan, |1996) to show that we can take
Chernoff bounds on Ny =}, y] Xig as though X, were i.i.d Ber(p). Therefore, from an application of Bernstein’s
inequality (Boucheron et al.,[2013)), we conclude the statement of the claim. O

Now, J}, C Iy, if and only if N, < Np for every g € QE. Therefore, from the claim above, we have P(.J, C Ih\g,ﬁ) >
1 —|S|| Al exp (—coNp). O

We are now ready to prove Theorem[5.3]

Proof of Theorem[5.3] In order to establish the result, we need to show that with p as set in the statement, the algorithm
returns € optimal policies II,, for every user u € [N] with probability at-least 1 — 4.

The total sample complexity is the number of trajectories queried in Phase 1 plus the number of trajectories queried in Phase
ISILALH (18| +log(5) )

2. Phase 1 queries K™ (&, g) trajectories, which is C = polylog(W) by the results of (Zhang et al.,
2020). By Lemma we conclude that the sample complexity of phase 2 is w and with the value of p given in

the statement of the theorem, this succeeds with probability at-least 1 — % when conditioned on the success of Phase 1.

We will show that conditioned on the success of Phase 2, with probability at-least 1 — 9 the nuclear norm min-
imization algorithm of (Recht, |2011) successfully obtains Rg’s. Indeed by Theorem 1 in (Recht, 2011), we see
that whenever co-ordinates of R,glE corresponding to random indices drawn from Unif(m, [V], Q,E) are observed with
m = Cy max(u?, uo)r(N + \g£|) log? |Q,E| log (%), the algorithm succeeds at recovering Ri}e with probability at-least
1-— 8%. The number of co-ordinates we observe is

Np|SA]
2

Np|GE| > > 2C) max(u2, po)r(N + |GE|) log? |G| log ()

In the last step, we have used Assumption [5.2|to conclude that |Q,E| > &;A‘. For the constant C' in the definition of p large
enough, we must have:
. p|GF|
-2

Note that the results of (Recht, |2011) requires at-least m observations to be chosen uniformly at random co-ordinates, but
we do not obtain observations which are uniformly at uniformly random co-ordinates. Here, we will use the results of
Lemma Let .Jj, be a fictitious subset of co-ordinates distributed as Unif (m, [N], G) when conditioned on G If the
observed co-ordinates are Jj,, then we can successfully estimate the reward matrix [?;, with proability at-least 1 — 8% in this
case. Now, suppose that the actually observed co-ordinates are 5, which is a strict super-set of J,. Then we check that
the matrix completion algorithm, which is based on constrained nuclear-norm minimization, still succeeds with observed
co-ordinates corresponding to I;, whenever it succeeds with the observed co-ordinates correspond to Jy,.

17
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We now refer to the coupling in Lemma L which shows that we can couple J}, to the real distribution I;, such that J;, C I,
with probability at-least 1 — 8—H When the constant C' i 1n the definition of p is large enough, we conclude by invoking
Lemmathat Jp, C I, with probablhty at-least 1 — g% . Applying union bound for i € [H], we conclude that Phase 3

succeeds with probability at-least 1 — when condmoned on the success of Phases 1 and 2.

Therefore, from the arguments above, we conclude that Phases 1,2 and 3 succeed witobability at-least 1 — ¢ and give us

c
the reward matrices Rih where the sets satisfy the following equation from Lemma

- oe
sgrp;Ph (Gn) <3 (12)
It now remains to show that we obtain e optimal policies for each user after Phase 4. Note that whenever Phase 1 succeeds,
we can compute €/4 optimal policies for every possible reward function bounded in [0, 1]. Since we do not know the rewards
over the set G,, we set it to zero as described in the algorithm to obtain R;,. It remains to show that planning with R, and
using it with the reward free RL algorithm gives us an e optimal policy. Suppose II}, is the optimal policy for user v and
suppose I1,, be the optimal policy for user u under rewards Ry, (u, (s, a)). Note that combined with the guarantees for the
reward free RL, in order to complete the proof of the theorem, it is sufficient to show that the policy IT,, is 3¢/4 optimal with
respect to the actual rewards Ry, (u, (s, a)). Let St. 5, A% ~ M(IT%) and Sy.57, A1 ~ M(IL,).

h=1 h=1

H
_ 5e
<EY Ru(u, (S AR + 5

u 5e
<EY_ Ru(u, (Sh7z4h)+§

u He
<EY Ry(u (Sh,Ah)+§

>
Il
—

13)

In the first step we have used the fact that the rewards are uniformly bounded in [0, 1]. In the second step, we have used
the definition of Ry, (u, (s,a)) == Ru(u, (s,a))1((s,a) € QE) In the third step, we have used the guarantee in (I2). In
the fourth step, we have used the fact that Pi maximizes the reward Rj,. In the fifth step, we have used the fact that
Ry (u, (s,a)) > Ry(u, (s,a)) uniformly. From the discussion above, this concludes the proof of the theorem. O

C. Analysis - Linear MDPs

Lemma C.1. Suppose Assumption holds. Let k > 1 and T > C ,Yd’””e)Q log ,Yd_”e With probability at-least 1 —

H exp(—c(y — €)T), the output ofAlgorithm@returns Oen, such that Zt:I Gendy, = K21 for every h € [H|

) . CdH5 (d+log(%))
Proof of Theorem[5.8] By Theorem 1 in (Wagenmaker et all [2022), we take K'(e,0/4) = 5725 +

Cd*/?H% log* (§)
€

. Phase 1 succeeds with probability 1 — g.

Note that this is the quantity 7, in the statement of the theorem. We now condition on the success of Phase 1. The number
of trajectories queried by Algorithm [2]which is given by HT' = T,,c1. By Lemma|[C.T} we conclude that for the given values
of T and k, this algorithm successfully outputs ¢p,; such that Gy 5, = 21 for every h € [H], with probability at-least 1 — %.
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Now, condition on the success of Algorithm[2] By theorem[6.2] we conclude that with these conclude that with proabability
at-least 1 — g, with the values of the given parameters, for every h € [H], the procedure in Step 2 of Phase 2 outputs a policy

I/ such that whenever Sy.5, A1, ~ M(II7*"), the conditions in (@) is satisfied for the random vector (S, A, ) with ¢
replaced by (/2. We then use the active learning based matrix completion procedure given in Section where the vectors
;1 are sample using the policy I1/+" on the given user. By theorem we conclude that conditioned on the success of
all the steps above, with probability 1 — g, we can exactly estimate each of the matrices ©}, for h € [H| with Tihat—comp
number of samples.

Upon the success of Phases 1, 2, 3 (which occurs with probability at-least 1 — § by union bound), we conclude that Phase 4
gives the e optimal policy for each user u € [N] because of the guarantees of reward free RL.

O

D. Deferred Proofs
D.1. Proof of Lemma [B.1]

Proof. We suppose that the reward free RL in Phase 1 succeeds and returns the ¢ optimal policy for every choice of rewards
bounded in [0, 1]. The algorithm terminates whenever the active sets are such that

V(TJ(9)) < (14)

€
2
Note that by the definition of 7 (; G), the maximum value for the MDP with reward 7 (; G) is sup Zthl PY(Gy,). Since
V' is the output of the reward free RL algorithm, we conclude that we have:

H
V(T(:9)) _S%PZP}?(Q}L” < (15)

€
8
h=1

We conclude via and that holds, which establishes the second part of the theorem. We now consider the

termination time.

Suppose G ®) is the sequence of active sets before termination at step ¢ (i.e, it satisfies V(J ;G (t))) > £). Recall 11, the
output of the reward free RL algorithm. It follows from the guarantees for reward free RL that:

H H
19 €
3R (G7) —sup > PG < 5

h=1 h=1

Combining this with Equation (T3) and the fact that V(7 (; ")) > 5. we conclude:

P (16)

We consider the potential function with ¢(0) = 0 and () = > ;¢ 1 2 (s a)esx A T,Etgs a)» Where T,Etgs o is the counter
Th, (s,a) inside Algorithm|T]at the beginning of the step ¢.

Whenever G(*) is such that V(7 (;G®")) > 5, we define Ny := o(t + 1) — ¢(t) (i.e, before termination). Just for

the sake of theoretical arguments, we define the fictious random variables N; = Ber(§) i.i.d after termination. Let
Fi= (G, 8 ALl Ry U s <)
Claim D.1. The following relations hold:
L E[NF] > €
E[Ne|Fe]H
2. E[N?|F] < ENeZd

3. |N¢| < H almost surely.

19



Multi-User Reinforcement Learning with Low Rank Rewards

Proof. The inequalities are clear when G() is such that V(7 (; G®))) < 5. Now consider the case V(T(GGW)) > 5. By
definition, conditioned on this event, we have almost surely:

H
=1 € G0)1RY (U, (81, A)) = #)

That is, we increment the 7}, (, o) only when we encounter an element of the active set such that the entry for this user has
not been observed before. Observe that for any arbitrary (s,a) € S x A

{u: R (s,.0) =+}|

N 7)

P (A (U, (s.0) = #| 72, (50, 49) = (s.)) =

This is true since the law of S,(f), A;lt) is independent of U; (since all users share the same MDP), when conditioned on ;.
Now, the algorithm only fills the column corresponding to (s, a) until the number of entries is smaller than Np < % We

conclude that: N
{u:RD(h,(s,a)) = #}| > N — Np >

tO

This allows us to conclude P (]A{Ef)(Ut, (s,a)) = *|]-'t, (S,(f), Ag)) = (s, a)) > 1 and hence:
H
EN, = Y E1((S)), AY) € G 1R (U, (S, AY)) = %)
h=1
H
1 t t t
>3 ;M«S&Aé’) €3G,
1 I () €
_ 11 t
=32 B @) =g (18)

In the last step we have used (T6). The bound |N;| < H almost surely follows from definition. Now note that E [N7|F;] <
HE [N¢|F).

O
Claim D.2. For any 7 € N and some ¢y > 0 small enough, we have:
= €T
P Ny < — | < —cp<
(tz; ;< 16) < exp(—co %)
2 2
Proof. For 22 > X > 0, consider M; = %ﬁ‘{ﬂ] A (E [N¢|F¢] — N¢). Now consider:
3
T—1 T—1
Eexp(z Mt) =E [E [exp(Mr—1)|}—T—1] exp (Z Mt>‘|
t=0 t=0
T—2 )\Z]E[Nf,l\]'}fq
=E [exp()\IE [NT—l‘-F‘r—l] - )\Nt)|f7—1] exp Z Mt exXp *#
t=0 3
2 2 72 2 2
< Eexp (W) exp ZMt exp (W)
= =0 =75
T—2
= Eexp(z M) (19)
t=0
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In the first step we have used the fact that ZZ:_OZ M is F-_1 measurable and the towering property of conditional expectation.
In the third step, we have used the exponential moment bound given in Exercise 2.8.5 in (Vershynin, 2018)), as applied to
N, —E [N-_1|F-_1] along with the fact that N; € [0, H] almost surely. From (T9), we conclude that Eexp(}_,_, M;) <1
and thus applying the Chernoff bound, we conclude that for any 5 > 0

t=0 3

p (i _% +(E[NF] - N,) > 5) < exp(—AB)

Now, using item 2 from Claim [D.T] we conclude that

T—1 T—1
P (Z Ne<—B+55AYE [MIE]) < exp(—AB)
t=0

t=0

Now, using item 1 from Claim we note that Z:;Ol E [N¢|F;] > < almost surely. Setting A = 7 and 8 = cger for
some small enough constant €, we conclude:

7—1
€T
P (Z Ny < 16) <exp(—co %)
t=0

O

Let 7%™ denote the termination time for the algorithm. This is true since ¢(t) is increasing in ¢, ¢(t) < NpH|S||A|, and
strict inequality holds when ¢ < 7%™. For every 7 < 7™ we have (1) = Z:_ol N, < NpH|S||A|. Therefore, we have
the following relationship between the events:

{Tterm > 7—} g{ ZN.,. < NP|SHA|H}

=1
Setting 7 = w, we have:
P(r*™ > 1) <P (Z N, < NpS||AH> < exp(—cNp|S||A|)
=1
O
D.2. Proof of Lemma[C.1]

Proof. By Remark 4.3 in (Wagenmaker et al.} 2022), we show that non-linear rewards can be handled by the reward free RL
algorithm in Phase 1 as long all the reward are uniformly bounded in [0, 1]. Let By, be the matrix I 4+ A, in Algorithm
at step ¢ for horizon h. Similarly, let the corresponding projection  be Q;,. Recall that @), is the projection onto an
eigenspace of Byy,. Now, suppose Sy.57, A1 ~ My, (ﬁQ‘«’L) as in the algorithm. Let ¢, := ¢(Sh, Ap). Now, if Q¢ # 0,
then:

o, Biy b > 61, Qun By Qundin
I
.
> o0, Qin m@th Oth,

_ 1Qmu?

20
e (20)

In the first step, we have used the fact that Q;, is the projector to the eigenspace of Bt_hl. In the second step, we have
used the fact that over the eigenspace corresponding to (Q¢;,, the eigenvalues of B;hl are at-least H% We now invoke
Assumption [5.5]in order to show that, along with the guarantees of reward free RL in phase 1, we conclude that:
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E [[|Qendenl*|Qen # 0, Bun] > v —¢ 1)
Now, note by the fact that Q;y, is a projector and that ||¢sy|| < 1, we have:

E [[|Qindenl*|Qen # 0, Bin] < E [|Qenden|?|Qun # 0, Bu] (22)

Recall the Paley-Zygmund inequality which states that for any positive random variable Z, we must have: P(Z > EZ) >

EZ)?
%(EZ; . Therefore,

P [fthhB[;f ben >

} >P {ch(ﬁthHQ > —

ﬁ ch # 0, Bth:|

> P 1Qual? > 3B [1Qudul|Qu # 0. Bl

Qin # 0, Bth}

> EE “|ch¢th”2|ch # O,Bth] 1

" A E[|Qundenl*|Qun # 0, Bin] =1
Y — €

>

- 4

E [[|Qen¢enl?|Qen # 0, Bin]

(23)
In the first step, we have used (20). In the second step, we have used (Z1)). In the third step, we have used the Paley-Zygmund
inequality and the moment bound in (22).

Define the stopping time 7 = inf{¢t < T : Q¢, = 0} and 7 = oo if the set in the RHS is empty. Let 2 fort € {0} UN
be a sequence of i.i.d random variables with the law Ber(25<). We consider the sequence of random variables

2(1+n2)
= 1
E¢ = ¢}, By, e fort < Tand 2, = = fort > 7

Now, we apply the matrix determinant lemma which states that det(B + uuT) = det(B)(1 + uTB~'u). We note that
Bt1yn = B + qbthqbgh. Therefore, whenever ¢ < 7, we must have:

det(B(tJrl)h) = det(Bth)(l + Et) (24)
Since ||¢¢r|| < 1 almost surely, we must have

d
Tr(Bun) = Y _(ei, Bines) <d +1

i=1

It is easy to show that for any PSD matrix, A, if Tr(4) < «, then det(A4) < (%)< (since trace is the sum of the eigenvalues
and the determinant is the product). Combining the equations above, we conclude that whenever ¢ < 7, we must have:

t+1+d
<++) >H1+~t

s=0

Therefore, the event

T
{r>Tyc{(HFH) > [[a+20} (25)
s=0

Claim D.3.

T (’Y*;)T

v —e€
P 145, 14+ —— >1- —coT (v —

0+202 (1 505m) |21 ewtaT0-0)

Let/$>1andT>C’ d” log we have:

ve’
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T
P lH(lJr_t) > (Tt ] >1—exp(—cT(y—¢))

s=0

Proof. Let Ny be the number of variables (Z;){_, such that 2, > 3=5. Then, it is clear that HZ:O(l +2) > (14 L)

Therefore,
T (y=o)T
- y—¢ 5 (v—oT
P H}(1+ut)2<1+2(1+n2)) ZJP’<NT28 )
> 1—exp(—cT(y—¢) (26)

Here Bin refers to the law of a binomial random variable. The first step follows from the fact that HST:o(l +E) >
(14 3 a +;2) )N almost surely. The second step follows from (23), which shows that conditioned on Qy7,, By, the random
variable 1(Z; > 2(1 e )) stochastically dominates Ber (1
inequality for binomial random variables. O

<). The last step follows from an application of Bernstein’s

Now, using (25)) along with Claim [D.3] we conclude:

P(r>T)<P < (L)t > H (1+Z, > < exp(—coT(y —¢))

s=0

D.3. Proof of Lemma

Proof. By the definition of Linear MDP, we must have Sp,11|Sh, Ap ~ Z 1{D(Sh, An), €i)pin () and Apy1|Shy1 ~
7h+1(:|Sn). Therefore, for any bounded, measurable function g : S x A — R, we must have:

Eg(Shi1, Any1) = E [ [9(Sht1, Ans1)|Sh, An] ]

_EZ @(Sh, Ap), )/,ui(h,l)(ds)wh+1(da|s)g(s,a)

d
Z%h/lhh (ds)mp41(dals)g(s,a) (27)

D.4. Proof of Lemma [E.]]

Proof. It is  clear  from  the assumption that  E[[ g(s(hi1) @)mas1(dalse)|(dne)i<r] =
Z?:1<¢hta ei) [ pin(ds)mh1(dals)g(s, a).
Note that

T
Zaht,u¢ht Z(bht ¢hV¢ht
t=1

t=1
T
= Z¢ht¢ht ¢hV = Z(bht(bht ¢hV
t=1
= GGy =v (28)
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Therefore,

E [rf(g;w )| (é1) te[T] = Z Zatu¢taez /Mi(h71)(d5)77h(da|5)9(57a)

i=1 t=1

IS

=3 (e / i1y (ds)mn (dals)g(s, a) = T (g v, ) (29)

i=1

Note that, conditioned on (¢¢)sci7]> @nt,v [ 9(S(h+41)ts @)Thi1(dals(,41y,) are independent random variables bounded
above by oy, B. Therefore, applying the Azuma-Hoeffding inequality, we conclude:

P <|7-(9, v,mn) — T(g; v, Wh)‘ > B‘(¢t>te[T]) < 2exp (‘ﬁ)

Now, observe that Y=, o2, , = >, ¥TG ;v < 7 whenever G 5, = #°I This concludes the proof. O

D.5. Proof of Lemma

Proof. Notice that:

| BV (TT) — B (IT) | <| BV (TT) — BV (IV) |+ BV (IT) — BV (IT))|

<|EY () — EV* (V)| + [lv1 — vi |
<HE/¢ S1,a 7r1(da|51 /¢ S1,a 7'('1 da|51 Hl + ||l/1 - VlHl
< sup [¢(s, a)[L TV(m1, m)) + (11 = Vil < TV(m, 7)) + [l — vl (30)

(s,a)

In the first, second and third steps we have used the triangle inequality. In the last step, we have used the fact that for any
bounded function, and any probability measures p, v, we have | [ f(z)u — [ f(@)v(dz)| < sup, |f(z)[TV(v, p).

Now consider:
T5(bsvj—1,m5) = villh = IT3(8, vy, 7)) — v |
<|lvj —vj HI‘FHT b, vj_1,m;) = T; ;
< ||V] - jH1+||T d)a Vj— 1?7T]) 7;

—_— o~

Vi1, ||1+||T ¢, V51, 75) — '(¢’V§fl’7r;‘)||1 GD

Now, observe that:

d
1756 102075) = T30 < D2 05 =l [ oo,y e

1

d
Z (i1 —Vi_ped| = lvjm1 — Vil (32)

Where we recall sup; 5, . || [ (s, a)pin(ds)m(dals)|l1 < 1 as given in the definition of Linear MDP. Using the Hahn-Jordan
decomposition of a signed measure, we conclude:

H7;(¢a Vj/'—lvﬂj) - 7}(¢7V;'—177rj)||1

< i |<u;»1,ez->H [ 6.1y (d) ) )

d
<D CulW_1,en)| TV (my,75) < Collf_y |1 TV (7)) (33)

i=1

1
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Combining (3T), (32) and (33) we conclude:

1 T5(h, vj—1,75) = vjlls = IT5(8, vy, 7)) — V4|
< vy = Vil + Cullvi_y h TV (7)) + lvj—1 = vyt (34)

Combining (30) and (34), we conclude the first inequality in the statement of the lemma.

With a reasoning very similar to that in (30), we have:
By (1) = B ()| < TV(m,m) + [l = vl (35)
Using similar reasoning as in (34):

T (b, vj—1,75) —vills = 15 (0, vy ) — vl |

T T
<lv; —vjlli + <Z|(Vj—1 - V§—1)TG;§_1¢(J‘—1)t|> <Z| TGS b t|> TV(mj,m;)  (36)
t=1

t=1

Now note that for any v € R, we have:

IN

T
Z|VTG;7§‘71¢(j*1)t’

t=1

wzwcgmwf
t

T
—1 -1
T Z VTG¢7j,1¢(j71)t¢gj—1)t ¢.j—1Y
t=1

=4/ Z/TG¢J v

</ Zlvll2 (37)

Here, in the first step we have used the fact that whenever = € R¥, we must have ||z|; < VK ||z||2. In the third step,
we have used the fact that Zthl qb(j,l)tqﬁ(Tj_l) . = Gy j—1 by definition. In the last step, we have used the fact that

Gy.j—1 = k*I. Plugging this into (36), we conclude:
1756, v5-1,75) = villa = IT5(6, 51, m5) = vl

< lvj = Vil + 2z lvies = Vil + S a2 TV (7, 7)) (38)
Using this and the definition of F” we conclude the second inequality in the statement of the lemma. (@3)) and [@8) follow
from a similar reasoning. O
D.6. Proof of Lemma

Proof. First consider the case h = 1. Let g(s, a) := ¢(s, a). In this case, sup, ¢, (1) |EV1(I) — EYY ()| < || To(g; m1) —

To(g; 1) 1. By (B0) and (33), we conclude that 7 — To(¢; m1) and m; — To(¢; 1) are 1-Lipschitz with respect to TV/()
and || - [|1.

sup [1T0(g; 1) — Tolg; m) |1 < sup 170(g;m1) — To(gs m1) |1 + 21
I=my,..., THEQ H:7r17~~~;7rH€©n

We apply Lemmaco-ordinate wise to the co-ordinates of ¢ and union bound over @n~ We have:

P ( sup [ Tolgim) — Tolgsm)ln > 20+ cw) < dIO,) exp(— ) (39)

I=mq,..., 71y €Q
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Now, consider & > 1. Consider any 7 net over By(1), denoted by B, with respect to the norm || - ||;. We can take
|Ba,n| < exp(Cdlog(d/n)) (Vershynin, 2018). Invoking Lemma we conclude:

sup sup |EVM(ID)— EYM(ID)| < sup  |F(ILvi,...,v) — F(ILvy,...,0))|

MeQueBa(1) Vi,..,vp €B4(1)
IeQ
< sup |F(H,I/1,...,Vh)—F(H,Vl,...,l/h)|+2<1+Cﬂ+ g;) nh (40)
’/17---7’/}LAEBA(1,7]
IeQy,

Now, by the triangle inequality, we have:

|[F(M,v1,...,vp) — F(I vy, ..o vp)|
h—1

< ||76(¢77T1) - 7A6(¢? ﬂ-l)”l + Z ||TJ(¢7 Vjvﬂ-j'i'l) - ,f}(¢7yjaﬂ-j+1)”1 (41)

j=1

Therefore, by invoking Lemma [E-T] along with union bound over every component in the sum in (1)) and over the net
in (@0) we conclude that:

P sup |F(M,v1,...,v5) — F(I, vy, ...,v)| > Bdh

A A 2. .2
< 2dh|Qy||Bay|" exp(—255) (42)

Combining (0) and (@2), we conclude the second item in the statement of the lemma.

The concentration of X; and X} follow in a similar fashion, but here we consider an 7 net even over x and use the
Lipschitzness results given in Lemmaand the fact that x — f(¢;x) is 1 Lipschitz.

O

E. Proof of Theorem

Lemma E.1. Suppose h € [H — 1], and g : S x A — R be such that |g(s, a)| < B for every (s, a). For any policy m, and
any v such that ||v||2 < 1, we must have:

P (ﬁ(g;v, ) — Tn(g; v, )| > B|(Snt)ieir), Gon = HZI) < 2exp (*%)

Lemma E.2. Let Il = (my,...,mp), II' = (7,...,7) be policies in Q. Conditioned on the event Gy, = k21, the
following hold:

|F(H,1/1,...,Vh_1,uh)—F(H’,Vi,...,u;b_l,u;L)\
h

< |-GV, w)vslh + 2llv; — Vil | + TV, ) + 2)vs — vilh 43)
j=2

|F(H,y1, ey Vh—1,Vp) — F(H',y{, s Vh_ 1, V)]

h

h
<\ | D0 TV a)llvsllz + vy = vll2 | +TV(m, ) + Y llvy = vl (44)
j=2

j=1
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Suppose v € S~1

Ta(f(52), vy mn) = T (f (52), 0" )
< 2C,(Vd+&d) (Jv = /|l + TV (an, m,) + e = @/ [l2ll]l) (45)

To(f () vimn) = Ta(f(52),0/ )|
<2/ L(Vd+&d) (lv = v'll2 + TV (an, m,) + e — 2’ |l2ll2) (46)

Lemma E.3. Condition on the event Gy 5, = kI for every h € [H]. Fix some n > 0 and let Qn denote any n-net over Q.
With probability at-least 1 — § /4, the following hold simultaneously:

. d
sup sup |EY (IT) — EY (IT)| < C—4 /log (”"@" ) o
v IIeQ K

2. Forh > 1:

sup sup B(0) — BL(10) < 2L fog (480 4 pdtog (4) +¢ (/5 )

MeQureBq(1)
3. X1 = SUPH_(n,, ry)co| Mresir Ti(f(52),m) — infyesa-r Ti(f(52),m))|

X, < W\/Iog(%) + dlog (%) + Cn(Vd + &d)

4. Xp=sup  ep) | infeesa Ta(f(52)iv,m) — infesams Th(f(52)iv,mh))|
I=(71,...,mg)€Q

An= C(\/a: = \/log (‘QZ%'H) +dlog (%) + Cn(Vd + &d) (CH + \F)

LemmaEd4. II = (mq,...,my). Foranyn > 0, and h € [H], suppose E},(II) < n. Then, we have:

[E¢(Sh, An) —vlli <n.

Proof. Let S1.5,A1.z ~ M(II). By Lemma we conclude that: E¢(S1, A1) = T1(¢, 7). Therefore we conclude the
lemma for the case h = 1. Now let h > 1.

Now, note that for j > 1, we have: E¢(S;, A;) = T;(¢,Eé(S;-1,A4;-1),7;). There exists a sequence v, . .., v,—1 such

that
h

EY (D) + > 1 T5(6,vi-1,m5) — vl < o
=2

Letting E7* (II) =: m, || 7;(é, vj—1,7j) — v;]l1 =: n;, we have from the case h = 1: [|[E¢(S1, A1) — 111 < m1.

IE(Sj, Aj) — vills = IT;(#, Ep(Sj—1, Aj—1),75) — vjlla
< ||T(¢7E¢( -1, Aj—1), 7)) = T (b, vim1, Tl + (1T (b, vim1,m5) — vl
< |lvj—1 —E¢(Sj-1,4;-1)llr +nj (47)

We have used (32) in the last step. Continuing recursively, we conclude the result O
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Proof of Theorem[6.2] We condition on the event described in Lemma[E.3] We suppose that «, 7 and 1) are related as in
the statement of the theorem. We will apply these values whenever we invoke the concentration bounds obtained from
Lemmain all the inequalities below. First consider h = 1. Let II/+! = (wlfq’l7 - ,w{;H). By item 3 in Lemma we

have (with X; as defined in the lemma):

inf Ti(fGax),ml")>sup inf Ti(fGa),m)— X1 >(—X; >3
ze8Sd—1 MeQ z€Sd-1

Similarly, we have: .
inf Ti(fGa),wfh) > inf Ti(fGa)lt) - §

zeSI-1 ze8Sd-1

Combining the two displays above, we conclude the theorem for 2 = 1. Now consider i > 1. We will first show that
the constraint E””L_l(l'[) < 1y is feasible for some II € Q and some v. Note that, for any policy II there exists a
Vi,...,vp—1 € R?such that E¢(S;, A;) = v; whenever S1.p7, A1.;r ~ M(II). For the choice v = v,_1, we must have
EVh=1(IT) = 0. Now, by item 1 and 2 of Lemma we conclude that /1 < no. Therefore this optimization is
feasible.

Consider the solutions to the optimization problem given by 7 and I1/-". Note again from LemmathaAt Erh=1(115h) <
E?P=Y(115P) 4 5y < 219. Now, applying Lemma , we conclude that whenever S.j7, A1y ~ M(I15:7)

IEd(Sh—1,An—1) — 2||1 < 2mo

By a similar reasoning as the case h = 1, we conclude:

; . g <
m€1§1§71 ﬁl(f(7x)a V77Th ) Z 34

Now, applying @3), we conclude:

x

Jnf Ef(Sy, Apiz) = inf Ta(f(2),EG(Sho1, Aur) ")

> it Tu(fGe) o) = sup [T(FGa),Be(Sur, Ana)m ") = Tu(fG o), o my ")

z zeSI-1T

3

> % 90,(Va+€d) (0~ Bo(Si1, An)ll) > (48)

In the last step, we have used the lipschitzness bound for 75, given in Lemma[E.2} We will show that the conditions given
in (@) are satisfied for ¢(Sy, Ap,) with parameters (/2 instead of (.

I (Sh, Ar)|l2 < 1 almost surely follows from the definition of ¢p. Now, Ef (S}, Ap, x) > % for every € S?~! implies
E|(z, 1 (Sh, Apn))| > QCW' Using the definition of f(S},, Ap,x) (see Section@ and the fact that Ef (S, Ap,x) > % as

established above, we conclude that for every z € S d—1 we also have:

AEE (e, 0(Sh, An)? < V|2, (51, A1) —
< VAE| (2, 9(Sh, An))| < VAVE(w, §(Sn, An)? (49)
In the second step, we have used Jensen’s inequality. From this, we conclude E(z, (S, Ap))? < % for every z € S%!
and thence E(Sy,, Ap)(Sh, Ap)T < % O
F. Proof of Theorem [7.1]

Let the unknown row set in the iteration ¢ in the matrix estimation procedure of Section be denoted by I; ;. For

the analysis, we will use the convention that I; = () if the procedure terminates before the ¢-th iteration. Suppose K is
= T log( leg N .
such that for every ¢ < log N, we have: K;|I,_1| > C % log % +C %. We will then show that the event

{II] < 5|L—1Vt < log N} N {6; = ©,Vi € I_E)gN} has probability at-least 1 — §. To show this, it is sufficient to
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consider the step t = 1 with [y = [N], K; = K, ¥(1) = ¥ and show that with probability 1 — ﬁ, I < % and

6, = O foreveryi € T f The result then follows from a union bound. We will therefore establish the following structural
lemma and prove the Theorem[7.1] The rest of the section is then dedicated to proving Lemma [FI}

dr
Lemma F.1. Suppose the distribution of 1, satisfies (@). Let K > C(;j{%v ) log C%' Let Y(0) denote the set of all matrices

A with rank at most 2r such that L(A, V) = 0. Let Iz(A) = {i € [N] : A; # 0}. With probability 1 — exp(—c(?¢?NK)
we must have:

YO)N{A:|Iz(A) > X} =0

Proof of Theorem[7.1} Let © be the rank < r matrix found satisfying L(6 — ©*, ¥()) = 0. By Lemma [E.1} we have
that |1z(© — ©*)| < 4 with probability at-least 1 — 9 _ (by setting K = K as in the statement of Theorem . By

log N
_ _ 2
Lemma the probability that there exists an ¢ € [N] such that ©; # OF, and Zszl (©i, Vi) — 05| = 0is at most
1] - exp(—c¢2€2K) < § - N ¢ for some large constant c. From this we conclude that ©; = O for every i € I°. O

Lemma F.2. Fix any o. Suppose the distribution of (Vir)ic[N),ke[k] satisfies {@). Then, there exists a small enough
constant c such that:

2 K¢te|6i-ef|”
< |32d < 1] - exp(—cC*?K).

K
P (3@' s.t. Z ‘<éi; Vi) — O
k=1

Proof. Consider the Paley-Zygmund inequality, which states that for any positive random variable Z,

EZ)?

P(Z > EZ) > (

( - 2 ) - 4]Ez2

Suppose ¢ € I and denote I'; := 0, — ©f. By the properties of t;;,, we have that E|(T';, ;)| > g|\%\| and E|(T';, ;)| <
I

&2d -

Applying the Paley-Zygmund inequality to the random variable |(T';, 1;x )|, we conclude the result in (33):

C|F¢II>>C2€2
2vd )~ 4

P <|<¢ik,ri>| >

242 A
Letpo := S Let N(I';, W) == 3,0, 1 (\(%mﬂ” > TE/@) Clearly, Yp, ‘<®ia¢ik> — 07,
Therefore, we have:

8

K ~ 2
P (Z ‘(@ﬂ/}ik) —05] < K<4§22|dr”2> <P (N(Fi’ v, < L%Q)
k=1

<P (Bin(K,po) < KQPO)
< exp(—cpoK) (51)

Here Bin(K, py) denotes the binomial random variable. In the second step we have used the fact that N(T';, ¥;) is a sum
of K independent Bernoulli random variables with probability of being 1 for each of them being at-least pg = #. In
the last step, we have used Sanov’s theorem for large deviations. In the last step we have used Bernstein’s inequality for
concentration of sums of Bernoulli random variables (see (Boucheron et al.,[2013))). The statement of the result then follows
from a union bound argument over i € I. O

29



Multi-User Reinforcement Learning with Low Rank Rewards

F.1. Proof of Lemma[E1l

Suppose I # (), I C [N] be any fixed subset. By M(N,d, I, 2r), we denote the set of all N X d matrices A with rank
at-most 2r such that ||A;|| > O foralli € I. By B(N,d, I, 2r) we denote the set of all N x d matrices with rank at-most 2r
such that ||T;|| = 1 whenever ¢ € I.

Lemma F.3. Suppose infrepn,a,1,2r) L(I', V) > 0. Then, L(A, W) > 0 for every A € M(N,d, I,2r)

Proof. Forevery A € M(N,d,I,2r), we construct I' such that:

A’L -
r, — {IAH whenever ¢ € I (52)

0 otherwise

Now, by hypothesis, L(T", ¥) > 0. This implies, there exists an ¢ € I and k € K such that |(¢;, ;)| > 0. This implies
[{(¥ir, A;)] > 0 and thence we conclude that L(A, ¥) > 0. O

Lemma F4. Suppose I is such that ||T';|| = 1 for every i € I. Suppose the distribution of (Vir)ic[n],ke[k] Satisfy @).
Then, there exists a small enough constant c such that:

462
P (L0, ) < B ) < HPK? exp(—e¢3€?|1]K)

Proof. Consider the Paley-Zygmund inequality, which states that for any positive random variable Z,

(EZ)?
]P(ZZ ETZ) 2 AEZ2

Suppose i € I. By the properties of 1);, we have that E|(T';, ;)| > % and E|[(T;, vir) |2 < 52‘%1

Applying the Paley-Zygmund inequality to the random variable |(T';, 1;x )|, we conclude the result in (33):

2¢2
P <|<wik»ri>| > 2\%) > % (53)

Let po i= C& Let NI, 0) == 3, ., K 1 (|<¢ik,ri>| > ﬁ) Clearly, L(T, W) > &= N(T, ¥) almost surely.

Therefore, we have:

l1]¢te? 1| K¢2e?
P (L(F,\I!) < m) <P (N(r, T) < T)
< P (Bin(|1]K, po) < 522 )
< exp(—cpol 1K) (54)

Here Bin(|I| K, po) denotes the binomial random variable. In the second step we have used the fact that N (T, ¥) is a sum

of |I| K independent Bernoulli random variables with probability of being 1 for each of them being at-least py = #. In
the last step, we have used Sanov’s theorem for large deviations. In the last step we have used Bernstein’s inequality for
concentration of sums of Bernoulli random variables (see (Boucheron et al., [2013)) O

Lemma E.5. Suppose the distribution of (Vix)ic(n),ke(k) satisfy @). Let [I| > %. There exist positive constants cg, ¢, C

such that whenever K N > Crézj\gd) log ng’ we have:

42
’ <F€B<fi§lffl rany M) < c0<d€> < exp(—c(*¢*NK)
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Proof. 1t is sufficient to prove this result for I € By(N, d, I,2r) C B(N,d, I, 2r), which is the set of all matrices such that
[Ti]| = 1 for every i € I and 0 otherwise. Define ||T'[|1 2.1 = = Zf\il IT;]|. Suppose I' € By(N,d, I,2r) is such that
Il —T||1,2,7 < 7. Then,

| NN
LT, ) = VK 2;@2 (s, i) |2
P —
L NN ) )
> NEK ZZ Dy i) |® — 210 — Ty bise) || (T, i) | (55)
=1 k=1
= LI, 0) = T = T127 > LT, ¥) — 29 (56)

In the third step, we have used the fact that [[1);x|| < 1 and the Cauchy-Schwarz inequality to imply (D — Ty, dhar)| <

|T'; — Ti||. Therefore, given any 7 net of By(N, d, I, 2r), denoted by By ,,, we must have:

inf  L(I,¥) > inf LI, 0)-2 .
FGBo(IJ{/I,d,I,Qr) ( ) - FGI%O’T, ( ) Ui ( )

We will now parametrize By (N, d, I, 2r) as follows:
Claim F.6. Every I € By(N,d, I,2r) can be written as

2r g .
L upvgifi el
Iy = { ke (58)
0 otherwise
Where v1, . . ., Ua, are orthonormal vectors in R? and u; = (uig)3", € R*" are such that ||u;|| = 1.

Proof. By the singular value decomposition, we have: I' = WXV'T for orthogonal matrices W, V' and the singular value
matrix . Therefore, I';; = Zi;l w0k Vk; Denoting w;y, := w;ioy, we note that I'; = Zill U, Vi, Where vy, is the k-th
column of V.

Now, it remains to show that |u;|| = 1. By ortho-normality of v, . .., v2, and the definition of ', we have: 1 = ||I;||? =
27 2 2
Dy [win]® = Jluill O

Therefore, we construct an n-net for Bo(N, d, I,2r) as follows: consider any 7)/2-net over the sphere S?" !, denoted by
S u (2r) with respect to the Euclidean norm. Similarly, consider any r-net over the sphere S¢~1, denoted by S n_ (d).
2v2r
We draw (u;)ie1, (Vk)rej2r) from the set [T, ; Sy (2r) [Ircp2r S_n_(d) and take By, to be the set of all I'(u, v) of the
2 2v2r
form given in Claim[F.6]

Claim E7. By, is an n net for By(N, d, I, 2r) with respect to the norm || - |12 1.

1Bo.| < exp (2dr log(£42% + 1) + 2[1|r log(% + 1))

Proof of Claim|[F7} LetT' € By(N,d,I,2r). Let (u;), (v) be such that: Claim m I = Zirzl u;; V. By construction,
there exists I € Bo,n such that:

2r
= thik@k
with [Ju; — ;|| < 2 and |Jv, — Ui < zf forevery i € I and k € [2r].
In order to show that || — T'||; 2., < 7, it is sufficient to show that ||T; — T;|| <  for every i € [I].
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2r 2r
|IT; — Tyl =|| Z(ﬂik — Uik )vg + Zuik(vk — o) ||
k=1 k=1
2r 2r
<|| Z(ﬁik — wg ) ok ||+ Z’Uik(vk — o) ||
k=1 k=1

2r 2r
= Z(uzk_uzk +quzk‘ (v — D) H < +||Zuzk 'Uk_vk)H
k=1 k=1 k=1
2r 2r
< a2k | Y ok — a2 <m (59)
k=1 k=1

Therefore Bo,n is an ) net with respect to || - ||1,2,;. By Corollary 4.2.13 in (Vershynin, 2018), we can pick: ’5’ n_(d) <

2v2r
(@ +1)%and |Sy (2r)] < (% +1)2" and conclude the bound on the cardinality of By ,,.
2
0
By Lemma[F.4]and a union bound,
¢t 3 202
P f LI,V <|B — 11K
(FeuEliM (1,0) < Song | < [Bolexp(—cCE7|I|K)
< exp (Zdr log(£42% 1 1) + 2| log(% +1) - c(2§2|I|K) (60)
Therefore, whenever taking |I| > o andn = o5 > for some constant ¢1 small enough, and combining (60) with (56), we
o
conclude that whenever K > (2;2 N log & G for a large enough constant C, we have:
P inf LT, ) < ¢S5 ) < —cC?2NK
(FEBO(IJ{TI,d,I,Qr) ( ) <o ) < exp(=c¢’ )
O

Now, consider |I| > . The number of such sets [ is at-most exp(cl N) for some constant ¢; > 0. Therefore, applying
Lemma along Wlth the union bound over all I such that |I| > o we have:

Corollary F.8. Under the conditions of Lemmal[F3] we have:

C452
inf inf LT, ¥) > co=——
[CN TeB(N.d,1,2r) d

111>

with probability at-least 1 — exp(—c(?¢?NK)

We are now ready to prove Lemma[F1]

Proof of Lemma[F1] Combining Lemma [F3] and Corollary [F8] we conclude that with probability at-least 1 —

exp(—cC?¢?NK),
y(m)ﬂ( U M(N,d,[,2r))=(2)

IC[N]

11235
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Note that if A € V(W) such that [Iz(A)| > & implies A € M(N, d, I,2r) for some |I| > <. This allows us to conclude

the statement of the lemma. O
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