Improved Analysis for Bandit Learning in Matching
Markets

Fang Kong Zilong Wang
Southern University of Science and Technology Shanghai Jiao Tong University
kongf@sustech.edu.cn wangzilong@sjtu.edu.cn
Shuai Li*

Shanghai Jiao Tong University
shuaili8@sjtu.edu.cn

Abstract

A rich line of works study the bandit learning problem in two-sided matching
markets, where one side of market participants (players) are uncertain about their
preferences and hope to find a stable matching during iterative matchings with
the other side (arms). The state-of-the-art analysis shows that the player-optimal
stable regret is of order O(K log T/A?) where K is the number of arms, T is the
horizon and A is the players’ minimum preference gap. However, this result may
be far from the lower bound Q(max{N log T'/A? K log T//A}) since the number
K of arms (workers, publisher slots) may be much larger than that N of players
(employers in labor markets, advertisers in online advertising, respectively). In
this paper, we propose a new algorithm and show that the regret can be upper
bounded by O(N?logT /A% + K log T'/A). This result removes the dependence
on K in the main order term and improves the state-of-the-art guarantee in com-
mon cases where N is much smaller than K. Such an advantage is also verified
in experiments. In addition, we provide a refined analysis for the existing central-
ized UCB algorithm and show that, under a-condition, it achieves an improved
O(NlogT/A?% + K logT/A) regret.

1 Introduction

The two-sided matching market problem has been extensively studied in the literature due to its wide
range of applications like labor market, school admission, house allocation, and online advertising
[26, 9, 1]. There are two sides of participants in the market, such as the employers and workers in the
labor market, advertisers and publishers in online advertising. Each participant on the one side has a
preference ranking over the other side. The concept of stability, which characterizes the equilibrium
state of the market where no participant wants to break up the current matching relationship and find
another partner, has attracted great interest from researchers [26]. Achieving stability is critical for
ensuring the long-term viability of the market.

A rich line of works [9, 15, 25] study how to find a stable matching in the market. Most of them
assume the preference ranking of each market participant is known beforehand, which we refer
to as the offline setting. However, in real applications, the knowledge of the preferences may be
uncertain. For example, in the labor market, employers usually do not know the working abilities
of workers before being matched, and advertisers also do not know the exact conversion rate of
placing the advertisement in a publisher slot. This makes the traditional algorithms unavailable to
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find an exact stable matching. With the emergence of online market platforms such as the online
labor market UpWork and TaskRabbit as well as online advertising platforms where employers or
advertisers have many similar tasks, market participants are able to learn their unknown preferences
during iterative matchings with the other side of agents.

Multi-armed bandit (MAB) is a classic framework that characterizes the learning process during it-
erative interactions [3, 19]. It considers the setting with single player on one side and multiple arms
on the other side. At each round, the player selects an arm and receives a reward. The player has
unknown preferences over arms and would learn this knowledge based on the collected rewards. To
accumulate as many rewards as possible, the player faces the dilemma of exploration and exploita-
tion. The former selects arms with less observations while the latter focuses on arms with better
historical performances. How to balance the exploration and exploitation trade-off is the key of
bandit algorithm design. The upper confidence bound (UCB) [3], Thompson sampling (TS) [14, 2],
and explore-then-commit (ETC) [10] are common strategies in MAB to achieve this objective.

Liu et al. [20] introduce the bandit learning problem in matching markets and try to provide theo-
retical guarantees. Two sides of agents in the market can be modeled as players and arms. Without
loss of generality, denote IV and K as the number of players and arms, respectively. It is worth
noting that this work and all of the following works assume N < K to ensure each player has a
chance to be matched. In this problem, the objective is to find a stable matching and minimize the
stable regret for each player, which is defined as the difference between the reward of the stable arm
and that the player receives during the horizon. Since there may be more than one stable matching,
they mainly focus on the players’ most preferred one corresponding to the player-optimal stable
matching and the least preferred one corresponding to the player-pessimal stable matching. Note
that players receive more rewards in the player-optimal stable matching and thus the former objec-
tive is the most desirable. Liu er al. [20] first study a centralized setting where a central platform
would compute allocations for players to avoid conflicts. Both ETC and UCB-type algorithms are
proposed for this setting. The former achieves a player-optimal stable regret guarantee with prior
knowledge of players’ minimum preference gap A and the latter can only ensure to reach the player-
pessimal stable matching. Motivated by real applications where the central platform may not always
exist, a rich line of works then study the decentralized case where no platform coordinates players’
behavior [21, 28, 4, 18, 22]. This line of works again only achieve guarantees for player-pessimal
stable regret [21, 18, 28, 4, 22]. Table 1 compares settings and regrets among these works. Until
recently, Zhang et al. [31] and Kong and Li [16] independently derive algorithms that have polyno-
mial player-optimal stable regret and show the upper bound is O(K log T//A?). However, this result
may be still far from the lower bound Q(max{N log T/A?, K logT/A}) [28] since K is usually
much larger than N such as that the number of workers (publisher slots) is usually much larger than
that of employers in labor markets (advertisers in online advertising, respectively).

In this paper, we try to provide more efficient algorithms and improve the results over existing works.
The detailed contribution can be summarized as follows: (1) We propose an algorithm named adap-
tively explore-then-Gale-Shapley (AETGS) with elimination. State-of-the-art works [31, 16] ex-
plicitly separate the exploration and exploitation processes, which can lead to unnecessary regret,
as exploring certain preference rankings may not contribute to the exploitation process. To avoid
excessive exploration, our AETGS with elimination algorithm integrates the players’ learning pro-
cess into the GS steps. Players adaptively switch between exploration and exploitation and promptly
eliminate sub-optimal arms. (2) We prove that the player-optimal stable regret of AETGS with elim-
ination can be upper bounded by O(N?log T/A%+ K log T'/A). This is the first result that removes
the dependence on K in the main regret order term and improves existing works in common cases
where N is much smaller than K. We also conduct experiments to show the advantages of the al-
gorithm. (3) We refine the analysis of the centralized UCB algorithm in Liu et al. [20] for markets
satisfying the a-condition. By investigating the preference hierarchy structure of the a-condition,
we demonstrate that the stable matching converges sequentially from player 1 to player /N. Through
inductive analysis over players, we establish an O(N log T/A% + K log T/ A) regret upper bound,
which improves the original result for this algorithm in this specific market.

2 Related Work

The problem of bandit learning in matching markets is first introduced by Das and Kamenica [8].
They study the special case where both sides of agents have the same preferences and propose
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Table 1: Comparisons of settings and regret bounds with most related works, * represents the player-
optimal stable regret and bounds without labeling * are for player-pessimal stable regret, # repre-
sents the centralized setting. N and K are the number of players and arms with N < K, T is the
total horizon, A corresponds to some preference gap, € depends on the hyper-parameter of algo-
rithms, and C' is related to the unique stable matching condition which can grow exponentially in
N. The definition of A in different works requires particular care. We use gap;, gap,, gaps, gap,
represent the minimum preference gap between the (player-optimal) stable arm and the next arm af-
ter the stable arm in the preference ranking among all players, the minimum preference gap between
any different arms among all players, the minimum preference gap between the first N + 1 ranked
arms among all players, and the minimum preference gap between arms that are more preferred than
the next of the player-optimal stable arm among all players, respectively. Based on the property that
the player-optimal stable arm of each player must be its first N-ranked (shown in Appendix), there
would be gap,; > gap, > gap; > gap,. So our dependence on A is better than the state-of-the-art
works [31, 16] for general markets.

some empirical methods to solve the problem. Liu et al. [20] first theoretically formulate this
problem and provide an upper bound for the stable regret of players. They propose a centralized
explore-then-commit (ETC) algorithm and upper confidence bound (UCB) algorithm, which obtain
an O (K log T'/A?) player-optimal stable regret and O (N K log T'/ A?) player-pessimal stable re-
gret, respectively. It is worth noting that the former ETC algorithm requires knowledge about A to
ensure the algorithmic operation. Due to the generality, the following works focus on the decentral-
ized setting. Liu et al. [21] and Kong et al. [18] propose the UCB and TS-type algorithm for general
decentralized markets, respectively. Such a setting is much more challenging and both of them only

achieve O (exp(N*)N°K?log®(T)/A?) upper bound for the player-pessimal stable regret.

To improve the stable regret guarantee, a line of research studies some special markets with unique
stable matching in which case the player-optimal stable matching is equivalent to the player-
pessimal one. Sankararaman et al. [28] propose the UCB-D3 algorithm based on the assumption
of serial dictatorship, i.e., all arms share the same preferences, and obtain an O (N KlogT/ AQ)
regret upper bound. To investigate the problem hardness, they also derive a lower bound
Q (max {NlogT/A? KlogT/A}) under this assumption. Basu er al. [4] consider more gen-
eral a-condition setting for unique stable matching. They propose the UCB-D4 algorithm and also
achieve the O (N KlogT/ AQ) regret bound. Later, Maheshwari ef al. [22] study the market satisfy-



ing a-reducible condition and proposes a communication-free algorithm. Their regret bound has an
exponential dependence on the number of market participants. Recently, researchers have developed
algorithms that can achieve player-optimal stable regret guarantees without assuming unique stable
matching. Both Zhang et al. [31] and Kong and Li [16] propose ETC-type algorithms that achieve
0] (K logT/ Az) player-optimal stable regret. Wang and Li [29] studies the matching markets with

serial dictatorship and obtains the O (N logT/A? + KlogT)/ A) regret. Table 1, compares our
proposed algorithm with these related works in terms of their corresponding settings and theoretical
guarantees.

There are also other works considering unknown preferences in matching markets. Wang et al. [30]
study a many-to-one market where an arm can accept multiple players. Jagadeesan et al. [12] con-
sider online matching markets with monetary transfers. Min et al. [23] investigate Markov matching
markets where state transitions occur during the matching process and players’ rewards depend on
the current state. Other studies have focused on non-stationary rewards, such as Muthirayan et
al. [24], Ghosh et al. [11], who propose robust algorithms to mitigate the impact of reward distur-
bances. Additionally, several studies have explored the problem of offline matching market learning.
Dai and Jordan [6, 7] propose approaches that leverage historical data to design optimal matching
or recommend participants on both sides.

3 Setting

This paper considers the problem of bandit learning in two-sided matching markets. Denote N =
{p1,p2,.-.,pn} as the player set and K = {aq,as,...,ax} as the arm set. Let NV and K be the
number of players and arms, respectively. To ensure that each player can be matched with an arm,
we follow previous works and assume N < K [20, 21, 28, 4, 18, 31, 16].

For each player p; € N, its preference towards arm a; can be portrayed by an absolute utility
i € (0,1]. For any pair of arms a; and a;/, p; ; > fi; 5 indicates that player p; prefers arm a;
over a ;. Following previous works for matching markets [9, 20, 21, 28, 4, 18, 31, 16], players are
assumed to have distinct preferences over different arms, i.e., y; ; # p; 4 for any a; # aj. In
practice, players’ preferences which correspond to workers’ abilities and the publisher’s conversion
rates are typically unknown and can be learned through the interactive matching process. On the
other side, each arm a; also has a fixed and distinct preference utility 7; ; over each player p; € N,
and 7;; > m;, means that arm a; prefers player p; over p;;. As in labor markets where workers
usually know their preferences over employers based on the payments and task types, the preferences
of arms are assumed to be known beforehand [20, 21, 18, 28, 4, 31, 16].

At each round ¢t = 1,2,..., each player p; proposes to an arm A;(t). For each arm a;, denote

Aj_l(t) = {pi: Ai(t) = a;} as the set of players who selects arm a; at round ¢. When more

than one player selects a;, it accepts its most-preferred one in A;l(t), i.e. a; will match with
Pi € aTgMAax,, ¢ 41 ;) Tj,i- If a player p; is successfully matched with arm A;(¢), it will receive a
random reward X (t) characterizing its matching experience, which we assume is a 1-subgaussian
random variable with expectation fi; 4,(;). Otherwise, p; is rejected by its proposed arm and only
gets reward X;(¢) = 0. Denote A;(t) as the final matched arm of player p; at round ¢. Then
A;(t) = A;(t) if p; is accepted by the arm A;(¢) and we simply set A;(t) = () if p; is rejected.

Stability is a key property of a matching in two-sided markets [9, 27, 25]. A matching A(t) =
{(i,A;(t)) : i € [N]} is stable if no market participant wants to break up its current matching
relationship and find a new partner. Formally speaking, there is no player-arm pair (p;, a;) such
that p; ; > p; 4,0 and m;; > AT (1) It is worth noting that there may be multiple stable

matchings in the market. Denoted M = {m : m is stable} as the set of all stable matchings. It is
shown that there exists a stable matching m* € M such that all players are matched with their most
preferred stable arm [9], i.e., i m* > fi,m, for any m € M,i € [N]. Given a specified horizon
T, the learning objective is to minimize the player-optimal stable regret for each player p; which is
defined as the difference between the cumulative reward received by being matched with m; and

the cumulative reward received by p,; over T' rounds:
T
R(’,gi (T) = E Z (,Ui,'rnj — X’i (t))] .
t=1




Here, the expectation is taken over by the randomness of the reward generation and the randomness
inherent in the player’s strategy.

For completeness, we introduce the procedure of the offline Gale-Shapley (GS) algorithm, which
would be useful when describing the algorithmic details. The offline GS algorithm is a classic
algorithm to find the player-optimal stable matching when both sides of the market participants
know their exact preference rankings. Following offline GS, each player proposes to the arm one
by one based on its preference ranking. Until no rejection happens, the final matching is exactly
the player-optimal stable matching [9]. Specifically, at the first step, all players propose to their
most preferred arm. Arms would accept their most preferred player among those who propose to it
and reject others. Then players who are rejected at previous steps would then propose to their next
preferred arm. And arms still reject the players who propose to it except for their most preferred
one. Such a process continues until no rejection happens.

For convenience, we also define some useful notations that quantify the hardness of the learning
problem in matching markets and are used in the later analysis.

Definition 3.1. For each player p;, denote o; as p;’s preference ranking and let o; ;, as p;’s the
k-th preferred arm in its ranking. With a little abuse of notation, let o;(a;) represent the rank of
arm a; in p;’s preference. For each player p; and arm a; # aj/, let A; j v = |pij — s 57| be the
preference gap of p; between a; and a;r. Define A = min; (o, (m:)) Di,oi 4,04 511 @S the minimum
preference gap between the arm ranked the first (o;(m?) + 1)-th among all players. Further, define
AN = min; pe(n) Di,o; 1,055,1 aS the minimum preference gap between the arm ranked the first
(N + 1)-th among all players.

4 Algorithm for General Markets

In this section, we propose an algorithm called adaptively explore-then-Gale-Shapley (AETGS) with
elimination. For simplicity, we present the centralized version of the algorithm in Algorithm 1 from
view of player p;. The discussion on how to extend it to a decentralized version is deferred to later
subsections.

In general, AETGS with elimination is an adaptive version of the GS algorithm. Since players do
not know their preference rankings, they need to learn this knowledge by exploring arms (Line 4).
To reduce the regret during exploration, players would adaptively eliminate sub-optimal arms (Line
6-8). Until they find their most preferred arm among available arms, they will stop exploration and
focus on this arm (Line 9-11). And once the player finds this arm is occupied by a more preferred
player, it would re-start exploration to find the next preferred arm (Line 12-19).

Specifically, each player p; still maintains /i, ;(¢) and T; ;(t) to represent the empirical mean and
the number of observations on each arm a; at the end of round ¢. To determine whether an arm is
more preferred than another, it maintains a confidence interval for each arm a; with upper bound
UCBi,j (t) = ,ai,j (t) + 6 lOg T/Ti’j (t) and lower bound LCBZ‘J‘ (t) = ﬂi,j —4/6 IOg T/TZ‘J (t)
When T; ; = 0, they will be initialized as +oo and —oo, respectively. And once the confidence
intervals of the two arms are disjoint, it can regard the arm with a higher empirical mean to be more
preferred (Line 1). To be consistent with the offline GS, each player maintains D; to represent the
set of arms that have rejected p; during previous steps. In the beginning, it is initialized as an empty
set. And we use 4; to represent the available arms with the potential to be the stable arm of p;,
which is initialized as K \ D;. For convenience, denote E; as the exploration status of player p;.
E; = True means that p; still needs to explore arms in .4; to determine its most preferred arm. And
E; = False means that p; already finds its most preferred arm and now focuses on this arm (Line 2).

To reduce the regret suffered during exploration, players would update A; and eliminate sub-optimal
arms in real-time (Line 6-8). Here to avoid collision during round-robin exploration, we would
maintain A; such that it contains no less than NV arms if p; still has not determined its most preferred
one. Thus the union of the available arm set over all players with E; = True contains more than
N arms and the round-robin exploration over A; for each such player p; can be carried out without
collisions. For completeness, we defer how to arrange players’ explorations in later discussions.
And once there exists an arm in .4; that can be regarded to be optimal, p; will set the exploration
status E; to be False and update the exploration arm set .A; to only contain this optimal arm. For
convenience, denote A; as this arm (Line 9-11).



Algorithm 1 adaptively explore-then-Gale-Shapley with elimination (from the view of player p;)
Input: N, K,T.

1: Initialize: fi; ;(0) = 0,7; ;(0) = 0, UCB,; ;(0) = 00,LCB; ;(0) = —o0, ¥j € [K];

2: Initialize: D; = @,Al IC E;, = True

3: forroundt =1,2,--- ,7T do

4:  Select A;(t) € Az in a round-robin manner;

5:  Update fi; ;(t),T; ;(t) as Algorithm 2; compute UCB,; ;(t), LCB,; ;(t) for any j € [K];
6: if ‘AZ| > N and 3] S ./42 S.t. UCBi’j (t) < maX; e A,; LCBi’j/(t) then
7.
8

A = AN\ {jh
: endif
9: if3j € A; s.t. LCB, ;(t) > UCB; j(t) for any j' € A; and j' # j then
10: A; = {j},E; = False, A; = j;

11:  endif

12:  for other player p;» with E;; = False, 4;; € A; do
13: ifma, s >ma,  then

14: Di = Di U {Ai/}, Al = }C\Dl,

15: if E; = False and A; € D, then

16: E; = True;

17: end if

18: end if

19:  end for

20: end for

The update of the available arm set should not only depend on p;’s own observations but also on
the other market participants. Specifically, if a player p;; determines A; as its most preferred arm,
then the final stable player of A;; would be the same as or more preferred than p,/. So if A; prefers
py than p;, then A;; would not be the stable arm of p; and there is no need for p; to explore A;
anymore. In this case, p; deletes arm A; from its available set and update A; (Line 12-19). It is
worth noting that this operation may incorporate the eliminated arms again in 4;. This is reasonable
as the previously eliminated arm may be more preferred than the current arms in A; after the deletion
operation. And if the deleted arm is p;’s current most preferred arm, it will mark E; as True and
restart exploration to find the next most preferred one (Line 15-17).

4.1 Theoretical Results.

Theorem 4.1. Following Algorithm 1, the player-optimal stable regret for each player p; satisfies
Reg;(T) < O (N?log T/A* + Klog T/A) .

Due to the space limit, the proof of Theorem 4.1 is deferred to Appendix A. The following are
discussions on the detailed implementation as well as the novelty of the result.

Arrangement of the round-robin exploration process.  Recall that the number of available
arms of each player is always larger than N based on Line 6 and we assume players can explore
their available arms in a round-robin manner without conflict. We now propose an arrangement by
letting players explore the available arms in units of N to guarantee this property. Specifically, in
every 2N rounds, each player selects the N available arms with the fewest observations (randomly
breaks ties) and explores them in a round-robin way. It can be shown by contradiction that there
exists an assignment such that each player can successfully match with their respective N arms
once during these 2NV rounds (Lemma B.2 in Appendix), which only doubles the original regret
without influencing the regret order. This guarantees that after every 2V rounds, the observation
count difference among all available arms is at most 1. Players would perform arm elimination and
optimal arm identification (Line 6 and 9) in the end of each 2N rounds. Therefore, compared to
the timely eliminating/deleting of arms, this approach ensures that each player will select each arm
at most one additional time during each exploration cycle before the player finds the optimal one.
Since each player may restart exploration (Line 12-13) up to N2 times (each of N players can focus
on N arms), this scenario leads to an additional O(N?K) constant regret and does not influence the
final regret order.



Extension to the decentralized setting. For simplicity, we present the algorithm in a centralized
manner. It can also be extended to the decentralized version where no central platform coordinates
players’ selections. Specifically, we divide the total horizon into several phases and the length of
each grows exponentially, i.e., the lengths of phases are 2,4, 8, - - -. At the end round of each phase,
players would decide whether to eliminate sub-optimal arms as Line 6-8, whether to determine one
arm as the most preferred one and update the exploration status as Line 9-11. After the end of
each phase, players would communicate their current exploration status, update their deletion set
and available arm set, re-update the exploration status as Line 12-19, and then communicate their
updated available arm set to determine the round-robin exploration process in the next phase. If
there exists a player whose exploration status becomes True from False during communication, the
phase length would re-start from 2 and grows exponentially since new arms may be required for
exploration. If the final exploration status of all players is False and their optimal arms are different,
the next phase would continues until the end of the interaction. The detailed implementation of
communication is deferred to the next paragraph. Based on the communication, players with E; =
True can have a pre-agreed protocol to explore arms in their available arm set in a round-robin
manner without collision as discussed in the last paragraph. Within each phase, they just round-
robin explore arms and collect observations but do not make any decision on arms’ optimality. If L
observations on a sub-optimal arm are enough to decide its sub-optimality in the centralized version,
then this arm would be eliminated at the end of the corresponding phase with the selected time to
be at most 2L due to the exponentially increasing phase length. So the regret in this decentralized
version is at most two times as that suffered in the centralized version.

This paragraph describes the implementation of the communication procedure. Recall that players
need to communicate their exploration status and available arm set (calculated by subtracting the
deletion and eliminating set from ) at the end of each phase. For the phase length, recall that it
grows exponentially until a player’s exploration status becomes True from False and a player up-
dates E; from False as True only when its most preferred arm is occupied by a higher-priority player
(Line 15). As shown by Lemma A.3, each player may occupy N arms, so such event happens at most
N? times. And when all players find their unique optimal arm which requires O(N?log T//A?)
times, the phase would continue until the end of the interaction. Above all, the total number of
phases is of order O (N?log (N?1logT/A?)). For the detailed communication procedure, as phase
1 in Kong and Li [16], players can first estimate their unique indices and we assume the matching
results are public as [16, 18, 21]. During the communication block of each phase, players sequen-
tially transmit their data based on their indices, received by others through matching outcomes.
Specifically, in the corresponding round, player p; selects the focused arm if E; = False and noth-
ing otherwise, incurring an O (N 3log (N 2log T/ A2)) cost for status communication in all phases.
For deletion (eliminating) sets, p; first selects the arm with index k to indicate it will transmit &
arms and then sequentially selects these £ arms. The communication cost on the arm set size is
O (N®log (N?1log T/A?)). Recall that players delete arms only when a higher-priority player fo-
cuses on this arm, so IV players focus on at most NV arms before reaching stability and each player
deletes up to IV arms. Also, each player can eliminate up to ' — N arms during each exploration and
would re-start exploration for at most N2 times. Thus the communication cost on the deletion (elim-
inating) arms is O(N3K) and the total communication cost is O (N?log (N?log T/A?) + N3K),
which is not the main order of the regret.

Key idea of removing the dependence on K. Balancing the exploration-exploitation trade-off
is the key to achieving low regret. Previous efforts were devoted to addressing pessimal stable
regret [20, 21, 18] and uniqueness assumptions [28, 4] using classic UCB and TS strategies. Until
recently, Zhang et al. [31] and Kong and Li [16] show that ETC-type strategies better fit this problem.
Specifically, players first uniformly explore arms to learn the complete preference ranking of the top
N arms, and then use the GS procedure for exploitation to find the player-optimal stable matching.
However, such a method may over-explore and cause unnecessary regret. The reason is that to
learn the first N-ranked arms, each sub-optimal arm a; must be selected O(log T’/ A?m N j) times
to be distinguished from the N-ranked arm. And each time selecting this arm, the player pays
Aj m: j regret. The mismatch between the paid regret and the difference to be figured out results in

O(K log T/A%) regret.

In contrast to the existing approach, we present a more adaptive perspective that integrates the learn-
ing process into each GS step. To avoid additional regret, players do not need to estimate their
complete preference. Instead, they would start exploitation once the optimal available arm is identi-



fied. And if this arm is occupied by a higher-priority player, this player would restart exploration to
find the next preferred one. To avoid the additional cost while exploring the optimal arm, we design
a more efficient way to let players promptly eliminate K — N sub-optimal arms and only maintain
the remaining /N arms to guarantee no collision. For the eliminated arm a;, the reward difference to
be figured out is at least A; .+ ;, which matches the regret when selecting this arm. So the regret

caused by these eliminated arms is O (K log T'//A), avoiding dependence on K in the main order.

Recall Kong and Li [17] propose an adaptively-explore-then-deferred-acceptance (AETDA) algo-
rithm for more general many-to-one markets with responsiveness. Compared with their realization
in the one-to-one setting, our algorithm shares the same idea of balancing exploration and exploita-
tion but further introduces the elimination operation to avoid unnecessary selections. Compared
with their O(N2K log T'//A?) result in the reduced one-to-one setting, our Theorem 4.1 removes
the dependence on K in the main order.

Discussion on the definition of gaps.  Recall that our A is defined as the minimum preference
difference among arms that ranked in the first (o;(m}) + 1)-th positions (gap,), while the lower
bound in Sankararaman et al. [28] for markets with serial dictatorship depends on A that is defined as
the minimum preference difference between the arm ranked o;(m}) and the arm ranked o; (m}) + 1
(gap; in Table 1, respectively). It is an open problem whether the lower bound should depend on
our gap, in general markets. Here we would like to discuss that the knowledge of gap, is important
to learn the true stable matching. Consider a market with 4 players and 5 arms. The preference
rankings of players are p; : a1 > as > ag > a4 > as;p2 Qg > a3z > a1 > A4 > A5;P3
as > a1 > ag > a4 > as;p4 - a1 > as > agz > agq > as and the preference rankings of arms
are a; @ p2 > p3 > P4 > P1302 1 P3 > Pa > P1 > P23a3 1 ps > P > P2 > P3iagq i pr >
P2 > p3 > pgijas : p1 > pa > p3 > pg. In this market, the player-optimal stable matching
is {(p1,a4), (p2,a1), (ps3, az), (ps, az)}. However, if player p; has collected enough observations
to identify gap; but not collected enough observations to identify gap, and wrongly estimate the
first o;(m}) ranked arms, i.e., p; wrongly estimate the preference ranking as p; : a1 > az >
a4 > az > as. Then the computed player-optimal stable matching under this preference ranking
is {(p1, a4), (p2,a3), (p3,a1), (s, az)}, which is not stable in the original market as player p; and
arm ag form a blocking pair. This example shows that player p; must identify the gap among the
first o;(m) ranked arms to find a stable matching in the market, which further illustrates the crucial
role of gap, in learning the true stable matching. We leave the lower bound in general markets as
an important future direction.

S Experiments

In this section, we compare our Algorithm 1 (abbreviated as AETGS-E) with baselines ETGS [16],
ML-ETC [31] and Phased ETC [4] which also enjoy guarantees for player-optimal stable regret in
general decentralized one-to-one markets. To better illustrate the advantages of our algorithm, es-
pecially when N is much smaller than K, we set N = 3 and K = 10. The preference rankings
for both players and arms are generated as random permutations. The preference gap between any
adjacent ranked arms is set as 0.1. The feedback X; ;(t) for player p; on arm a; at time ¢ is drawn
independently from the Gaussian distribution with mean f; ; and variance 1. We report the maxi-
mum cumulative player-optimal stable regret among all players and the cumulative player-optimal
instability in Figure 1 (a) and (b), respectively. Here the cumulative player-optimal unstability is
defined as the number of matchings that are not the player-optimal stable one. All algorithms run
for T' = 100k rounds and all results are averaged over 50 independent runs. The error bars represent
standard errors, which are computed as standard deviations divided by V/50.

As shown in the figure, our AETGS-E algorithm, which only conducts necessary explorations over
unknown preferences and promptly eliminates sub-optimal arms, achieves the least cumulative re-
gret and cumulative player-optimal unstability among all baselines. The ML-ETC and ETGS algo-
rithms need to sufficiently explore K arms to estimate the full preference ranking, requiring more
exploration time to find the player-optimal stable matching. The PhasedETC algorithm has not yet
converged within the displayed rounds due to the cold start problem.
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Figure 1: Experimental comparisons of our AETGS-E with ETGS, ML-ETC and Phased ETC in
one-to-one decentralized markets with N = 3 players and K = 10 arms.

6 Centralized UCB Algorithm for Markets with a-condition

In this section, we provide a new analysis for the centralized UCB algorithm in markets satisfying
a-condition. The algorithm is first introduced by Liu ef al. [20]. For completeness, we present the
full algorithm in Algorithm 2. At each round, players submit their UCB rankings to the centralized
platform (Line 3). The platform runs the GS algorithm (based on players’ submitted rankings) and
returns the partner to each player (Line 4).

Algorithm 2 centralized UCB
Input: N, K.
1: Initialize: f1; ;(0) = 0,T; ;(0) = 0,UCB, (1) = o0, Vi € [N],j € [K].
2: forroundt =1,2,...,7T do
3:  Receive rankings & =  {di}icn] according to the decreasing order of

{UCB, ()} e[k, Vi € [N];

4:  A;(t) «Gale-Shapley (5, ) for each player p;;
5:  Observe X;(t), and update fi; ;(t), T; ;(t), UCB; ;(t + 1) for each p;, a;;
6: end for

In the following, we introduce the c-condition. Conditions guaranteeing the unique stable matching
have been widely studied in the offline setting [5, 13] and also the online setting to improve the
learning efficiency [28, 4, 22]. Among these conditions, the a-condition is shown to be the weakest
sufficient one [13] and incorporate the conditions studied in existing works [28, 4, 22].

Let 8 denote a pair of permutations of [N] and [K]. Then [N]z = {Q(ﬂ), e Q%g)} and [K]g =
{q(ﬁ ) g e } denote permutations of the ordered sets [N] and [K], respectively. The j-th player
in [N]s is the Qj )_th player in [N], and the k-th arm in [K]g is the ql(f)—th arm in [K]. Then we
can define the a-condition below.

Definition 6.1. The a-condition is satisfied if there is a stable matching (j*,i*), a left-order of
players and arms s.t. Vi € [N];,Vj > 4,5 € [K]; © pij+ > p;; where jI is the partner of
player p; in stable matching (j*,1i*), and a (possibly different) right-order of players and arms s.t.
Vj<i<N,qg €K, Q; €[N ] FTa,.Qiy, > mq;,Q;- Here similarly, 77 is the partner of arm ag,

in stable matching (j*,1i*).

Without loss of generality, we consider the identity of players and arms is just the left order, i.e.,
[N] = [N]; and [K] = [K];. Thus we only deal with player order Qg’h) = (; and arm order
(T) = gq;, for i € [N],j € [K] in the rest of the paper. Under a-condition, it is easy to inductively

Verlfy that for any ¢ € [N], the player p; is matched with arm a;, and the player pg, is matched with
the arm a,, in the unique stable matching [4].



6.1 Theoretical Results

We analyze the regret for the centralized UCB algorithm under a-condition.

Theorem 6.2. When preferences of participants satisfy a-condition, following Algorithm 2, the
stable regret for each player p; satisfies

Reg;(T) < O (NlogT/A% + KlogT/A) .

The centralized UCB algorithm is proposed by Liu et al. [20] and shown to have O(N K log T'/ A?%)
player-pessimal stable regret for general markets. We provide a new analysis for markets satisfying
a-condition which removes the dependence of K in the regret. Due to the space limit, we discuss
the key idea of the proof below and defer the detailed proof to Appendix C.

We investigate the preference structure of a-condition to obtain the improved analysis. For player
D, its regret is due to selecting sub-optimal arm aj with p; , < p; ;. Arm aj will be selected
by p; when its UCB value is higher than p;’s stable matched arm a;, which time is bounded by
O(logT/ A?z «)» and one A; ; ;. on the denominator can be eliminated when multiplying A; ;  to
compute regret. This contributes O (K logT'/A) regret since there are at most K — 1 sub-optimal
arms. It is worth noting that arm a;, will also be selected by p; if p; is rejected by a; in the GS
algorithm. Recall that under a-condition, there is a right order Q;» = i € [N],. for player p;, such
that Vi > 4', Q;» € [N], : mq, @, > T4, ,Q,,» Which means arm a4, = a; can only prefer players
PQ1>PQss """ »PQ,_, than player pg,, = p;. Thus p; is rejected by a; only when these players
select a;, and a; is sub-optimal for those players. To bound the regret of p; when being rejected, we
just need to bound the exploration times of these players pg,, pg,, - ,Pq, _, on arm a;. However,
the exploration time of a single player pg, with 1 < ¢ < ¢’ — 1 on a; can not be trivially bounded
by O(log T'//A%) since pg, may have to select arm a; after rejected by its stable arm a,, in offline
GS, where a,, might be selected by pg,,--- ,pg, ,. This leads to a recursion form. We control this
term using the fact that when a player is rejected by its stable matched arm in the GS, it can date
back to a higher right-order player wrongly over-estimate its preference for a sub-optimal arm. This
key observation and the definition of A make it possible to derive the final O (N log 7'/ A%;) bound.

7 Conclusion

In this paper, we investigate the problem of whether a tighter bound can be derived for the bandit
learning problem in two-sided matching markets. For the general one-to-one matching markets,
we try to improve the learning efficiency of the existing algorithms. By integrating the offline GS
procedure into the online learning process and carefully designing the elimination strategy, we show
that the player-optimal stable regret can be upper bounded by O(N?log T/A? + K log T'/A). This
result removes the dependence on K in the main order term of existing works and improves the state-
of-the-art result [31, 16] in common cases where the number of players is much smaller than that of
arms. An experiment is conducted to verify its advantage over other baselines in such markets. We
also present a novel analysis for the centralized UCB algorithm in markets satisfying c-condition
and derive an improved O(N log T/A%; + K log T//A) regret upper bound.

One significant future direction is to investigate the optimality of algorithms. Although the depen-
dence on IV, K, T in Theorem 6.2 matches the lower bound, the definition of A differs. It remains
unclear how the upper bound changes with the same A. Furthermore, since the lower bound pro-
vided by [28] applies only to special markets, and the learning problem in general markets is more
challenging due to the complex preference structure, determining whether an algorithm can perform
better in general markets is still an open problem.
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A Proof of Theorem 4.1

Define F = {31 <t<T,i€[N),je[K]: ;) — pj;l > 6Tl‘3g(tT)} as the failure event that

the estimated reward is far from the expected reward at some time and some player-arm pair. The
regret can be upper bounded as follows.

[ T

Regi(t) =K (,Ufi,m;‘ - Xz(t))]

17 I

(“ivmf - Xl(t)) |—l]: +P (f) T ,uiﬂnz‘

[T T
<E Y Y 1{Ai(t) = a;} - Dignr i "F| +E D 1{Ai(t) =0} iy |'F
_t:l aj t=1
TP (F) - T pim;
<96N?1log T /A% + 96K log T/A + 192N?log T/A? + 2N K (1)

=0 (N?1logT/A* + Klog T/A) .

where Eq. (1) holds based on Lemma A.1, A.2, and A.4.
Lemma A.1.

T
E YD 0{Ai(t) = a;} - Ainr j |TF | < 96N log T/A? + 96K log T/A.

t=1 aj

Proof. Recall that player p; would update the available set .4; when other players p;s sets E;; =
Falseand 74, + > ma,, ; as Line 14. Denote ¢, as the round index when this operation happens for
the s-th time. Without loss of generality, let ¢y = 1.

Recall that at a high level, each time another player p;s sets E;s as False, it means that p;, learns
its most preferred arm in current available set. Combined with F and Lemma A.6, the determined
arm of players during each exploration would be truly their most preferred one. Thus the AETGS
algorithm is an online version of GS and the s’-th time player p;s sets E;/ as False is equivalent to
that p;; proposes its s’-th most preferred arm in the offline GS. According to Lemma A.3, at most
N — 1 arms are proposed by all players before reaching stability. Thus for player p;, the operation
in Line 14 would happen for at most N — 1 times.

Recall that for each s, during time ¢, to t51, player p; would explore all available arms in a round-
robin manner, eliminate sub-optimal arms until N arms are in the set, and focuses on the best one
among these [V when it is identified. For convenience, denote R as the set of the remaining N arms
that p; explored in A; in a round-robin manner until condition Line 9 is satisfied, D, as the set of
arms that p; eliminated due to condition Line 6, and js as the arm that p; focuses from the time it
sets E; as False to time 51 — 1. Then it holds that

[
]E ZZH{AZ(t) = (L]’} . Ai,m;‘,j |j]‘—

t=1 a;
-N71t5+1*1 B

<EID Y D A =a} Apr i [ NF
s=0 t=ts ajy
[Nv-1 ts41—1 B B

<E Yo 2 HAM =a} - Aumzy+ D HAW®) = a5} A
s=0 t=tg ajERg a; €D,

+1{A;(t) = aj, } - Dimz 5.) |7F]
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ajERS

) = aj} ' Ai,m:,j + Z ]I{Az(t)

a; €D

- aj} : Ai,m;‘,j

t=ts

2)

where Eq. (2) is due to that, based on Lemma A.6 and the offline GS algorithm, the arm j, before
GS stops would be better than m, thus the regret caused by selecting these arms is less than 0.

For the first term in Eq. (2), we have

N—-1tsy1—1 -
E|> > u{A(t) =a;} - Ajnry IVF 3)
_s:O t=ts a;ER; |
[N—1 =1 .
=E > > HA®) =aj} - Ain; 5 |'F
_s:O a;ERs t=ts |
(N-1
log T
<E zgi Ay [F @
s=0 a;ER, 1,Js,Js+1
96N2 logT
ST A 5)

where Eq. (4) is due to Lemma A.5, Eq. (5) holds since R, contains no more than /N arms according

to the elimination condition (Line 6).

We now analyze the second term in Eq. (2). For any arm a; and s € {0,...,N
T; j,s as the value of T; ; at the end of the round ¢,4; — 1.
it must hold that T; ;

to ensure arm a; is eliminated from A; at step s based on Lemma A.5. On the
, based on Lemma A.5, it holds that T} ; ; —
when a; is eliminated. For any arm a;, denote s;;

if T; ;-1 < 9610gT/A2
96log T/AF ;.
other hand, if T j ;1 > 96log T/A?, |
96log T/A?, ; — 96log T/AZ,
maxo<s<N—1 {s T 5,5 < 9610gT/A2

—1,5°

on a; is less than that threshold. Then the second term in Eq. (2) satisfies

[N—1tsp1—1
E S 1{Ait) =a;} - Digr | F
_s:O t=ts a;€ED,
[ top1—1
=E Z HA(t) = aj} - Ay |TF
_aJGIC s:aj €Dy t=ts
=E (Tijs = Tijis—1) - Dimz 5 [TF
_aJGIC s:a; €D
=E Yo (T —Tije-0)+ > (Tijs—Tije)
|a; €K \s:a;€Ds,5<s;1 s:aj;€Dg,5>551
S]E E:jvsj,l + Z (Ti,j,s - Ti7jx371) A%mfﬂ ‘j]:
a; el sia;€D,5>551
96log T
= 2 Z <96 log T/A} Je.g — 961og T/A?,jéfl,j)
a; €K EVEFERY) s:a;€Ds,8>55,1
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96 log T
<Y A Dimr S 96K log T/A,
ajEIC 7’77‘”:7]

where the second last line is due to the definition of s; ; and the above analysis.
Above all,

T
E ZZ L{A;(t) = a;} - Aimej ["F| <Eq. (2) < 96N?log T/A* + 96K log T/A.

t=1 aj

Lemma A.2.
T

B> 1{A(t) =0} - i

t=1

F| <192N%log T/A2.

Proof. Based on the AETGS algorithm, when E; = True, the central platform would assign arms
in A; to player p; in a round-robin manner. Since the number of arms |U;. g, =True 4; | to be explored
is larger than the number ), 1{E; = True} of players with E; = True based on the elimination
condition in Line 6, we can assume that there is no collision in the exploration phase as discussed in
Section 4. So the regret caused by collision only occurs during time with E; = False.

Denote ¢, and t, as the round index when p; sets E; as False for the s-th time and as True for the
s + 1-th time, respectively. Recall that when E; = False, p; will always select arm A;. Here we use
Js to represent the arm that is selected by p; from time ¢, to .

Further, recall that in the AETGS algorithm, each time an arm is added into D; (Line 13), the
eliminated arms may be contained into 4; again. And only when other players focus on their
currently most preferred arm, such operation of adding arms to D happens. Based on Lemma A.3,
such an operation happens for at most IV times. For any player p;/, denote ¢;/ ,. as the round index

when p; adds arms to Dy (Line 13) for r-th time. Then {t/ .}, €[N] further divide {[ﬁs, fs]}s €N]

into at most 2N slices. We use ¢ S,Ps to represent the start round and end round index of the s-th
slice, where s € [2N]. Based on Lemma A.5, p;; and p; would select the same arm for at most
961og T'/A? times within each slice.

Then the regret satisfies

T

E Y 1{A40) =0} i 'F| <E YN 1{Ai(t) =0} - pismr

t=1 s=1t=t,

F

2Nt/

<E ZZ Z L{Ai(t) = Air ()} - piyms

i/ i s=1t=t',

2N
<D0 961og T/A - i e

i’ #i s=1
< 192N?log T/A?.

F

O

Lemma A.3. In the offline GS algorithm, at most N — 1 arms have been proposed by players before
the algorithm stops.
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Proof. Based on the offline GS algorithm, once an arm is proposed, it has a temporary player. By
contradiction, once N arms have been proposed, it means that N players are occupied. In this case,
each player has a partner and the algorithm stops. O

Lemma A 4.
P(F) <2NK/T.

Proof.
. . N 6logT
P(.F) =P (31 <t<T,i€e [N],j S [K] : |/1,i’j(t) _/vLi,j‘ > T(t))
]
da 6logT
< Z Z Z P i) = pigl > 7
T;,5(t)
t=1i€[N] j€[K] ’
T t
6logT
<y > <U<>—s,|uu<> gl > [ )
t=1ie[N]je[K] s=1
T
< Z t-2exp(—3InT)
t=1ie[N] je[K]
<2NK/T,
where the second last inequality is due to Lemma B.1. O

Lemma A.5. For any player p;, let T; = 96log T'/A2. For any two arms j, j' with yi; j > p; j» and
oi(aj) € [1,0:(m))], if T;(¢) := min{T; ;(¢t),T; ;- (t)} > T;, we have UCB; ;/(t) < LCB; ;(¢)
conditioned on —'.7-'

Proof. By contradiction, suppose UCB; j/(t) > LCB; ;(¢). According to "F and the definition of
LCB and UCB, we have

6logT
Ti(t)

6logT
Ti(t)

Hij — 2 S LCBZ'J‘ (t) S UCBiyj/(t) S Hi,j + 2
We can then conclude A; ;i = pij — pijr < 4 GTI?&?, which implies that T;(t) < 25,6 <

igdl
26021 This contradicts the fact that T;(t) > T;. O

Lemma A.6. Conditioned on "F, at any time t, UCB; ;(t) < LCB; j (t) implies p; j < pi; ;.
Proof. According to the definition of LCB and UCB, we have

6 log T 6 log T
LCB; ;(t) = fu,(t < g < gt = UCB; 4(
T;.5( T; 4(
where two inequalities comes from "F. Thus if UCB; ;(¢) < LCB,; ;/(¢), there would be
pi; < UCB; ;(t) < LCBiJ’( ) < iy

The lemma can thus be proved. O

B Technical Lemmas

Lemma B.1. (Corollary 5.5 in Lattimore and Szepesvdri [19]) Assume that X1, Xo, ..., X, are
independent, o-subgaussian random variables centered around p. Then for any € > 0,

1 & ne? 1 & ne?
P - E X; > < -, P| - E X, <pu— < —— .
<n i=1 =nt E) =P ( 202) (n i=1 : 5) P ( 202)
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Lemma B.2. (Arrangement of players’ round-robin exploration) Suppose there are N players who
need to explore their respective N arms. There exists an assignment such that during 2N rounds,
each player can match with each of its arm for once.

Proof. Without loss of generality, let’s assume that players assign their respective N arms in 2N
rounds one by one, based on the players’ and arms’ indices, aiming to ensure that no arm is assigned
to more than one player at the same round. By contradiction, suppose when player p; assigns its j-th
arm, there is no available round to make this assignment due to conflicting constraints. Given that
player p; is currently assigning the j-th arm, it implies that there are 2N — 7+ 1 rounds where no arm
is assigned to player p;. Since none of these rounds satisfy the conflict constraint, it means that the
previous ¢ — 1 players assigned arm j in these 2N — j + 1 rounds. This creates a contradiction since
the first i — 1 players can only occupy ¢ — 1 rounds when selecting arm j, where t —1 < 2N —j +1
withi < N,j < N. O

C Proof of Theorem 6.2

In this section, we analyze the regret of the centralized-UCB algorithm under a-condition. Recall

that F = {Ell <t<T,i€[N],je[K]:|,;{t)— il > ?(’fg(g} is the failure event that the
7

estimated reward is far from the expected reward at some time and some player-arm pair.

For any player p; with ¢ € [N], we know that its stable arm is a; under a-condition. Thus its regret
can be decomposed as

Regi(T)<E | > Aiixy W{A(t)=kF}| +T-P(F).

kg e <pii t=

The first term is the number of selections for sub-optimal arms. The second term is the regret caused
by the bad events.

For the arm ay, such that it is sub-optimal for player p;, i.e., u; 1 < p;, it will be selected because
the preference for arm ay, of player p; is estimated higher than its stable matched arm a;, or player
p; is rejected by arm ay, in the GS algorithm. Note that under a-condition, there is a right order
Qi = i € [N], for player p;, such that Vi’ < i < N,Q;» € [N]:my, 0., > 7q,.Q,.» Which
means arm a,,, = a; can only prefer players pg,,pg,, - ,Pq, _, than player pg, = p;. Denote
The right-order mapping for a-condition for player p; is I7() so that Q;,.(;) = i with @; defined in
Definition 6.1, and Ir(i) < N. For player p;, denote G, ; := {V1 < ¢/ < Ir(i) — 1, Aq,, (t) # i}
as the event all players preferred by arm a; do not select p; at time ¢. Then the number of selections
for sub-optimal arm a;, can be decomposed as

E|> 1{Ait) =k, 7]-“}]

t=1

+E

Il
M=

]l{lez(t) = ka gt,i7 —I‘F}

> 1{Ai(t) =k, G, V}]

t t=1

1

T T
<E |3 1{Ai(t) = k,UCB; 1(t) > UCB, (1), F} | +E | > 1{A;(t) = k, G, F }]
Lt=1 t=1
24log T d
< AQg +E Z]l{z‘_li(t) Zk‘,jgm,—'}-}l )
1,1,k t—=1

The last inequality is from Lemma C.1.

For the second term in the RHS of the last inequality, E {Zf:l ]l{/L-(t) =k, Gei, \F }} , We can
sum over all sub-optimal arms and it turns out to be

T
> OS 1{Ai(t) = k.G, F}

k t=1

E
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where the third inequity is from the Lemma C.2. The fourth inequality is from the definition of A .

Above all, the stable regret of player ¢ can be bounded by

T
Regy(T)<E | > Ajixd 1{A(t) =k F}| +T P(F)

Kopg o <phi t=

24log T 572 log T
< Y AT Ak ) - 1) B +2NK
kg e <pii Aiv’%k AN

24K log T 572 log T
<08 () - 1) T8 4 oNK
A AZ,

KlogT NlogT
<
<o (FR )

where the second inequality is based on Lemma A.4.

Lemma C.1. Conditioned on F, under the traditional single-player UCB algorithm with single
player p;, the expected number of times at which the UCB index of arm a: exceeds that of the better

arm aj, is at most 241og(T) /A ; ., by round T.

Proof. Conditioned on F, for any ¢, j, t we have,

6log(T) . 6log(T)
B Bt =2 Sl C(t—1 o i =) Sl 6
M5 T, (t— 1) < fi i ( ) < g+ T, (t—1) (6a)
Recall that the UCB index is:
. 6log(T)
UCB; :(t) = ;. (t —1 —_— 6b
() = fui )+ Tii(t—1) (6b)

The event that arm a;- is successfully selected for player p; rather than the better arm a; at time ¢
implies that

UCB, ;. (t) > UCB, (t). (6¢)

Hence,
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6log(T) (6a) 6log(T)

i 2y B G (1) 4y L
M AT E-D+ Tij(t—1)
(6e) 6log(T)
> [ i —=1)+ | 7~
6log(T 6 log(T
> i — e(l) s(7)
T;,(t = 1) T;;(t—1)
= Hij,
which leads to
241og(T)
Ti’j/(t - ].) < ? 5
,3,5"

where A; ; j is the reward difference between the y; ;- and p; ;.

O
Lemma C.2. For any player p; with right order Qy..;), the following inequality holds:
[1r(i)-1 T
E 1{A4q, (t) =i, F}

| =1 t=1

-lr(z)—l Ir(z) T

<E > 1{4q,, () = qu G, F}

L uw'=1 u’'=u'+1t=1

24logT
N2
w=1 u'’=u'+1 AQuuquuquu

Proof. For player p; with right order Q;,.(;), from a-condition we have that its stable matched arm
a; may prefer pg,,pqQ,, - PQ,.,_, than player pg, . . For any i’ < lr(i), we know that the
number of times player pq., selects arm a; is decomposed as by

T
E Zﬂ{%i,(w:zﬁf}]
t=1
T T
=E |3 1{Aq, (t) =i, Guy, "F}| +E |3 1{Aq, (t) =i, G, T}
t=1 t=1

The event "G, ; implies that there exists another player pq_,, with i < 4’ that selects the stable arm
of pg,,. This leads to a recursion form. But it is easy to verify that every event 'G; ;; happens only
when there exists two players PqQ,,»Pq,, Withu' < u” <Ir(i'), such that player pg , explores the
stable matched arm a4, of pg .. i.€., pg,, selects ay ,, conditioned on Gt . And thus it holds that

lr(z

E| > ZH{AQ =i, F}

i'=1 t=1

lr(z -1 Ir(3) T

<E| D> > > 1A= Gru, F)

uw'=1 uw'’'=u'+1t=1
r(i)

~

Ir(i)—1
<
uw'=1 u'’"=u'+1 Qu 13yt Gy

24 log T
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: Our abstract and introduction clearly describe the scope and outline our main
contributions.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these
goals are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: Section 7 discusses the limitation of this paper.
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means
that the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations” section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The au-
thors should reflect on how these assumptions might be violated in practice and what
the implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the ap-
proach. For example, a facial recognition algorithm may perform poorly when image
resolution is low or images are taken in low lighting. Or a speech-to-text system might
not be used reliably to provide closed captions for online lectures because it fails to
handle technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms

and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to ad-

dress problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs
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Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: We provide techniques clearly in the paper, and their detailed proofs are in
Appendix.

Guidelines:

* The answer NA means that the paper does not include theoretical results.

¢ All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theo-
rems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a
short proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be comple-
mented by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main
experimental results of the paper to the extent that it affects the main claims and/or conclu-
sions of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: Section 5 provides the settings and results of our experiments carefully.
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps
taken to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture
fully might suffice, or if the contribution is a specific model and empirical evaluation,
it may be necessary to either make it possible for others to replicate the model with
the same dataset, or provide access to the model. In general. releasing code and data
is often one good way to accomplish this, but reproducibility can also be provided via
detailed instructions for how to replicate the results, access to a hosted model (e.g., in
the case of a large language model), releasing of a model checkpoint, or other means
that are appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all sub-
missions to provide some reasonable avenue for reproducibility, which may depend
on the nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear
how to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to re-
produce the model (e.g., with an open-source dataset or instructions for how to
construct the dataset).
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(d) We recognize that reproducibility may be tricky in some cases, in which case au-
thors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: The codes are uploaded in supplementary material.

Guidelines:

The answer NA means that paper does not include experiments requiring code.

Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

While we encourage the release of code and data, we understand that this might not
be possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.
The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: Section 5 provides the settings and results of our experiments carefully.

Guidelines:

The answer NA means that the paper does not include experiments.

The experimental setting should be presented in the core of the paper to a level of
detail that is necessary to appreciate the results and make sense of them.

The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropri-
ate information about the statistical significance of the experiments?

Answer: [Yes]
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Justification: We provide the error bar in the results of experiments in Section 5.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer “Yes” if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

¢ Itis OK to report 1-sigma error bars, but one should state it. The authors should prefer-
ably report a 2-sigma error bar than state that they have a 96% ClI, if the hypothesis of
Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer:

Justification: We do not provide specific information on the computer resources used, as
most experiments on multi-armed bandits are lightweight.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments
that didn’t make it into the paper).

9. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: The research conducted in the paper complies with NeurIPS Code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.
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The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

10. Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: There is no societal impact of the work performed.

Guidelines:

The answer NA means that there is no societal impact of the work performed.

If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact spe-
cific groups), privacy considerations, and security considerations.

The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

If there are negative societal impacts, the authors could also discuss possible mitiga-
tion strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: The paper poses no such risks.

Guidelines:

The answer NA means that the paper poses no such risks.

Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by re-
quiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety filters.

Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

We recognize that providing effective safeguards is challenging, and many papers do

not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
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13.

14.

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: The paper does not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the pack-
age should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the li-
cense of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can
either create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the pa-
per include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should
be included in the main paper.
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* According to the NeurIPS Code of Ethics, workers involved in data collection, cura-
tion, or other labor should be paid at least the minimum wage in the country of the
data collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equiva-
lent) may be required for any human subjects research. If you obtained IRB approval,
you should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity
(if applicable), such as the institution conducting the review.
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