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Abstract

In this paper, we study last-iterate con-
vergence of learning algorithms in bilinear
saddle-point problems, a preferable notion of
convergence that captures the day-to-day be-
havior of learning dynamics. We focus on the
challenging setting where players select ac-
tions from compact convex sets and receive
only bandit feedback. Our main contribu-
tion is the design of an uncoupled learning
algorithm that guarantees last-iterate con-
vergence to the Nash equilibrium with high
probability. We establish a convergence rate
of O(T~'/*) up to polynomial factors in prob-
lem parameters. Crucially, our proposed al-
gorithm is computationally efficient, requir-
ing only an efficient linear optimization or-
acle over the players’ compact action sets.
The algorithm is obtained by combining tech-
niques from experimental design and the clas-
sic Follow-The-Regularized-Leader (FTRL)
framework, with a carefully chosen regular-
izer function tailored to the geometry of the
action set of each learner.

1 INTRODUCTION

Online learning in games is a well-studied area
(Anagnostides et al.| (2022al); |Chen and Peng] (2020);
Daskalakis et al.| (2021)); |[Syrgkanis et al.| (2015])) that
investigates the convergence properties of learning al-
gorithms in game-theoretic settings. This line of re-
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search has been instrumental in developing superhu-
man Al agents for competitive environments such as
Go (Silver et al.l |2017), Poker (Brown and Sand-
holm), [2018) and Diplomacy (Meta Fundamental Al
Research Diplomacy Team (FAIR) et al., [2022)). It is
well known that standard algorithms such as Follow-
the-Regularized-Leader (FTRL) and Mirror Descent
converge to a Nash equilibrium in the average-iterate
sense under self-play. In other words, while individual
strategies may remain far from equilibrium, their av-
erage converges to the Nash equilibrium. The seminal
works of Daskalakis et al.| (2011 and |[Rakhlin and Srid-
haran| (2013) further strengthened this understanding
by establishing near-optimal convergence rates in the
average-iterate sense. However, works by Bailey and
Piliouras| (2018]); [Mertikopoulos et al.| (2018) showed
that many standard algorithms that succeed in the
average-iterate sense fail to converge in the last-iterate
sense, which is often more desirable in practice as it
reflects the day-to-day behavior of the learners.

Motivated by this negative result, a new line of
work has focused on designing uncoupled learning al-
gorithms that achieve last-iterate convergence to a
Nash equilibrium in self-play |Cai et al.| (2022} [2024);
Daskalakis and Panageas| (2018). In particular, opti-
mistic variants of classical algorithms have been shown
to exhibit last-iterate convergence under the gradient
feedback setting [Daskalakis et al| (2017)); Liang and
Stokes| (2019); [Wei et al.| (2020). Moreover, |Wei et al.
(2020) established last-iterate linear convergence for
bilinear games with polytope action sets under gradi-
ent feedback.

Algorithms under bandit feedback-where only the pay-
off of the chosen action is observed, in contrast to
the richer gradient feedback-form a well-studied area
in the multi-armed bandits literature due to their
practical relevance |Auer et al. (2002); Bubeck et al.
(2012)); Neu (2015); |Zimmert and Lattimore| (2022),
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but results on last-iterate convergence remain rela-
tively sparse. Under a variant of the standard bandit
feedback model, |Cai et al.| (2023)) first showed conver-
gence to a Nash equilibrium with high probability at
a rate of 7-1/8 in matrix games, later improved to
T-1/5 in |Cai et al. (2025).

While classical game theory has deep roots in discrete
actions, many modern strategic interactions are inher-
ently continuous. Players often select from a contin-
uum of strategies rather than a finite list, as in applica-
tions such as algorithmic pricing, resource allocation,
routing and multi-agent robotics (Besbes and Zeevi,
2009; Den Boer, |2015; |Krichene et al.| [2015). Related
ideas also appear in the alignment of language mod-
els (Munos et al 2023)). These settings are formally
captured by compact convex action sets, for which
no high-probability last-iterate guarantees under stan-
dard bandit feedback are currently known. The only
established result under the standard bandit feedback
model is due to |Dong et al. (2024), who proposed an
uncoupled learning algorithm whose iterates converge

to a Nash equilibrium only in expectation at a rate of
7=,

This gap motivates our central question:

Given a bilinear function with compact and
convex action sets, does there exist an uncou-
pled learning algorithm whose iterates con-
verge to a Nash equilibrium with high prob-
ability in the self-play setting, under bandit
feedback?

1.1 Problem Setting

In this paper, we answer the above question in the af-
firmative. To this end, we formalize the setting of last-
iterate convergence in bilinear saddle-point problems
under bandit feedback. Let X C R™ and ) C R™ be
compact, convex sets, and let A € R™*"™ be an input
matrix. We assume span(X’) = R™ and span()) = R™.
For simplicity of presentation, throughout this paper
we also assume that (x, Ay) € [—1,1] for all z € X and
ye .

In each round k, the row player selects z; € X and
the column player selects y;, € Y. They then receive
standard bandit feedback in the form of (xj, Ayx) and
—(xk, Ayr), respectively. A variant of this feedback
was studied by |Cai et al.| (2022, 2023]) for probability
simplices, where i, ~ x} and jr ~ y, are sampled,
and the players observe only A;, j, and —A;, ;.. Even
when X and ) are probability simplices, the two feed-
back types are fundamentally different, and the results
are not directly comparable.

We focus on uncoupled learning algorithms, which op-

erate entirely on a player’s own action set and make no
assumptions about the opponent: they do not observe
the opponent’s actions, do not know the opponent’s
action set, and not even the dimension of the action
set. The goal is to design such algorithms for both
players under standard bandit feedback so that the
pair (zg,yr) forms an eg-approximate Nash equilib-
rium (last-iterate convergence) with high probability,
where €, depends polynomially on n and m and satis-
fies limy_, oo €1 = 0.

Recall that a pair (Z, §) is an e-approximate Nash equi-
librium if, for all (z,y) € X x Y,

(r, Ag) —e < (T,Ay) < (2, Ay) +e.

If only (E[zg],Elyx]) can be shown to form an ej-
approximate Nash equilibrium, then the convergence
is said to hold only in expectation, as in [Dong et al.
(2024). Such convergence guarantees are weaker, since
they do not ensure convergence along a single trajec-
tory and may require multiple runs to learn an equi-
librium, which is often undesirable in practice.

1.2 Contributions

In this paper, we design the first uncoupled learn-
ing dynamics whose iterates exhibit last-iterate con-
vergence with high probability under standard ban-
dit feedback for bilinear saddle-point problems over
convex sets. Formally, we construct uncoupled learn-
ing dynamics such that the pair (zy,yx) forms an
ex-approximate Nash equilibrium with probability at
least 1 — &, where

ex = poly(n, m,log(k/8)) k=14,
This result also improves upon the k~/¢ convergence
rate of |Dong et al.| (2024)), who established last-iterate
convergence only in expectation. Moreover, if the ac-
tion sets admit efficient linear optimization oracles, our
dynamics can be implemented in polynomial time.

Our approach builds on the average-to-last-iterate
framework recently introduced by |Cal et al.| (2025).
The key challenge in adapting this framework to our
setting is that, unlike [Cai et al.| (2025]), who worked
with probability simplices under a variant of ban-
dit feedback where estimating rewards is relatively
straightforward and the negative entropy regularizer
is a natural choice (well aligned with the (|| |1, || - ||0)
primal-dual pair), we consider arbitrary compact con-
vex sets under standard bandit feedback. This makes
reward estimation significantly more challenging, since
strategies must remain approximate equilibria and we
cannot freely explore suboptimal strategies. We ad-
dress this difficulty through a carefully designed sam-
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pling procedure that leverages experimental design
techniques from linear bandits.

In addition, we construct regularizers tailored to the
geometry of the action sets. This is necessary to en-
sure that the regularizer is compatible with the norms
naturally arising from our estimation guarantees. Fi-
nally, all of these steps must be carried out while pre-
serving computational efficiency whenever the action
sets admit efficient linear optimization oracles, which
is ensured by our algorithm.

1.3 Related Work

Muthukumar et al.| (2020) ruled out last-iterate con-
vergence for certain well-known classes of uncoupled
learning dynamics that would have served as natu-
ral candidates under the bandit feedback setting. The
first results on last-iterate convergence rates for uncou-
pled learning dynamics in two-player zero-sum games
under a variant of standard bandit feedback were pre-
sented by |Cai et al. (2023). They showed that sim-
ple uncoupled dynamics based on mirror descent with
KL-divergence, combined with carefully chosen sub-
sets of action sets and suitable loss estimators, achieve
a last-iterate convergence rate of O(T~1/8) with high
probability and O(T~1/%) in expectation. In the same
work, they also generalized their results to Markov
games. The high-probability rate was later improved
to O(T~1/%) by |Cai et al. (2025), while a concurrent
work by |[Fiegel et al.| (2025) established a lower bound
of Q(T—1/3) for this setting. Recently, |[Chen et al.
proposed smoothed best-response dynam-

ics for two-player zero-sum stochastic games.

In the bilinear setting under standard bandit feed-
back, Dong et al.| (2024) introduced mirror descent
based uncoupled dynamics with appropriate gradient
estimators, achieving an O(T~'/9) last-iterate conver-
gence rate, though only in expectation. In a broader
class of monotone games, [Tatarenko and Kamgarpour|
established asymptotic last-iterate convergence
to Nash equilibrium, albeit without finite-time guar-
antees.

The literature on learning in games is extensive. Here,
we primarily focused on works concerning last-iterate
convergence under bandit feedback in two-player zero-
sum games. For results on average-iterate conver-
gence, we refer the reader to |Anagnostides et al.
2022a)); |Chen and Peng| (2020)); Daskalakis et al.
2011}, 2021)); Rakhlin and Sridharan| (2013); Syrgka-
nis et al.| (2015)) and the references therein. For results
on last-iterate convergence under gradient feedback,
see |Abe et al| (2024); |[Anagnostides et al. (2022Db));
Cai et al.| (2025); Daskalakis and Panageas (2018);
Daskalakis et al.| (2017)); Liang and Stokes| (2019)); [Wei

(2020)) and the references therein. For other con-

ditions such as strict equilibria and strong monotonic-
ity, we refer the reader to [Ba et al| (2025)); |Giannoul
et al.| (2021); Jordan et al| (2025) and the references
therein.

2 ALGORITHM WITH
LAST-ITERATE CONVERGENCE

Recently, (2025)) introduced a framework for

zero-sum games over probability simplices that trans-
forms uncoupled dynamics with average-iterate con-
vergence guarantees into ones with last-iterate conver-
gence guarantees. The framework runs an average-
iterate algorithm over multiple phases, where a phase
t consists of By rounds. In a phase t, if the average-
iterate algorithm outputs Z;, the framework plays
strategies x close to z; := %22:1 Zs for each round
k in that phase. These strategies are then used to
estimate A%, where ¥; denotes the expected strat-
egy of the other player in phase t. This estimate de-
fines a phase utility vector that, when fed back into
the average-iterate algorithm, drives Z; toward equi-
librium. Since the framework plays strategies near Z,
last-iterate convergence is achieved.

We adapt this framework to our setting in order to
achieve last-iterate convergence, with details given in
Algorithm [l The main challenge lies in sampling in
each phase so as to estimate Ay; accurately with re-
spect to a suitable dual norm, and in constructing
a regularizer that is strongly convex with respect to
a corresponding primal norm while maintaining low
Bregman divergence. Our approaches to these chal-
lenges are presented in Sections and which
form the core technical contributions of this paper.
We state our main result in Section 2.3

2.1 Sampling method and estimator

Analogous to the row player’s algorithm, we can de-
scribe an algorithm for the column player, where in
the s-th round of the t-th phase it selects y; ;. Denote
the row player’s true expected utility vector as

07 == Ay,

where @\t = E[yt,s] = %((1 — )\t)gt + )\thN’Dy [Z]) + %?jt
is the column player’s averaged strategy in phase t,
where Dy is the exploration distribution of the column
player.

In this section, we describe how to construct an estima-
tor 07 of the utility vector 67 and establish meaningful
concentration guarantees. An analogous estimator can
be constructed for the column player.



Last-Iterate Convergence in Bilinear Saddle-Point Problems under Bandit Feedback

Algorithm 1 Last-iterate algorithm for the row player
under bandit feedback
Input: Probability error term ¢ € (0, %], step size
n > 0, batch size B; + log(8t?/d) - t3, mixing
parameter \; < t~2, exploration distribution
Dy over X. N
Initialization: round counter k < 1; 6§ < 0;
x1  Epop[z].
for phaset =1,2,... do
Compute running average: T; <— % 22:1 Ty
for s=1,2,...,B; do
With probability 1/2, set x5 ¢ Z4.
With probability 1/2, sample z; s ~ Dy and
set Tt,s — (]. — )\t)i't + )\tzt,s~
Play strategy xj = x5, observe reward ry g,
and update k < k + 1.
Construct estimate @% of the mean reward vector
07 using (w5,74,5) as described in Section
Estimate phase utility: @% < -6 — (t—1)-67_,.
Update via OFTRL with regularizer ¢(z) from
Section

t
~ o~ o~ _ l
Tyy1 ¢+ arg max { <x, ;_1 Up + ut> ; (b(x)} )

We now begin the construction. Recall that in each
round s of phase ¢, the row player plays z; ; € X and
receives the reward

Tt,s = <xt,sv Ayt,s>~

We can decompose this reward as

Tt,s = <$t,sa A@\t> + <xt,sa A<yt,s - @\t»
This yields a linear model, where the second term
(wt 5, A(yt,s — Ut)) is zero-mean 4\?-subgaussian noise
in each phase ¢ (which we show in Appendix |A]).
For simplicity of exposition, assume that in each phase
t, half of the B; rounds use z; s = Z, where we denote

these indices by {s1,52,...,55,/2}. In the remaining

B;/2 rounds, we set
Tps (1= X\)Z + Mz s, zt,s ~ D,

and denote the corresponding indices by
{s1,85,...,5p, o} We address all the other possible

cases in Appendix

We now construct pairs (s;, s;) such that

Tys) = (1= A)xes, + Atz s -

Now consider the transformed reward

—~ Tt,sé - (1 - At)rt,si
Tt7s; = )\t

= <Zt,s;a 9t> + ﬁt,sb

where 7, ¢ is zero-mean 8-subgaussian noise.
i

Thus, from the pairs (2t,5/5Tt,s ), we obtain an unbi-
ased estimator of 67:

B./2 1,2

T ~
E 2,8} %t,s" E T't,s!%t,s/ -
i=1 i=1

~
07 =

Finally, if the vectors z; o, are sampled from an explo-
ration distribution Dy that is uniform over a subset
S:={x1,...,2,} C X satisfying

sup 'V g < 2n2,
reX

| I
V.= Eszxl >0,
i=1
then we obtain meaningful concentration guarantees,
which are used in our analysis. We formalize this in the
following lemma, with the proof provided in Appendix
A2

Lemma 2.1 (Estimator concentration bound). The

estimator 0 constructed in each phase t satisfies the
following:

Pr<sup|<x,§f—ég>| < 48 7;) > 1—6/(42).
reX

Remark: In the previous work of [Cai et al. (2025),
where the action sets are probability simplices, after
choosing xj, the algorithm is allowed to sample ij ~ x
and observe the corresponding reward, which simpli-
fies the estimation process. In our setting, on the other
hand, we only observe the reward of the actual strategy
(4.5, Ays s). Thus, estimating ¢ requires the transfor-
mation described in this section, and is made possible
by the specific sampling scheme used in each phase.

2.2 Choice of regularizer and the
corresponding primal-dual norms

Recall that our algorithm updates the players’ strate-
gies using the OFTRL framework. The efficiency of
OFTRL critically depends on the choice of the regu-
larizer function ¢(z). An ideal regularizer should be
strongly convex and have a small diameter over the
action set X. To achieve this, we tailor the regularizer
to the geometry of X.

We begin by defining a pair of primal-dual norms
in Section [2:2.1] intrinsically tied to the action set
through its symmetrization K := conv(X U (—=X)).
We then construct an ellipsoid £ = {z : 2" Hz < 1},
which serves as a tight approximation of K up to poly-
nomial factors in the dimension. The regularizer is
chosen to be half the squared norm induced by this
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ellipsoid, namely ¢(z) := %.%‘THLE. As we show in Sec-

tion this choice yields a regularizer that is 1-
strongly convex with respect to the primal norm and
whose Bregman divergence scales polynomially with
the dimension.

2.2.1 Primal-dual norm pair

In this section, we formally establish that the norms
tailored to the action set X' constitute a valid primal-
dual pair. Analogous norms can be defined for the
action set ).

Let |z|lex = maxgexl|(z,2)] and |z]|x :=
max|y|. y<1{y,2). Recall that X spans R?. There-
fore, one can establish the following properties, proof
of which is provided in the Appendix [B]| for complete-
ness.

Lemma 2.2 (Chandrasekaran et al|(2012)). The fol-
lowing properties hold for || - |x and || - ||«,x:

o || -llx and || - ||«,x are both norms.

o || - ||«x is the dual norm of || - || x

o {y: lyllx < 1} = conv(X U—X)

Remark: This choice of primal-dual norms is mainly
motivated by the following reasoning. For any choice
of primal norm || - ||, one must ensure that ||0; — ]|
remains small in order to obtain meaningful conver-
gence guarantees when performing the OFTRL analy-
sis. Since Lemma establishes convergence guaran-
tees for maxgex |(z,60; — 6;)|, defining the dual norm
as ||z]|« := max,cx |[{x, 2)| is a natural choice.

2.2.2 Suitable Regularizer

In this section, we formally state the regularizer ¢(x)
for the row player. Analogously, a corresponding regu-
larizer 1 (y) can be constructed for the column player.
The objective is to design a regularizer, based on an
ellipsoid approximating the action set X, that is well-
suited for the OFTRL framework by being 1-strongly
convex with respect to the primal norm and having
polynomially bounded Bregman divergence.

Let K := conv(X U —-X) and o := /d(d+1). One

can compute an ellipsoid

E={zx: xTH:vgl}, H -0,
such that
E C K C aF,
where aF = {ax : © € E} (see Theorem 4.6.3 in

Grotschel et al.| (2012).

Now we define our regularizer as
1, T
¢(x) = 52 Huz,

and the Bregman divergence with respect to the regu-
larizer ¢ is defined as:

Dy(u,v) = d(u) = ¢(v) = (Vo(v), u = v).

We now establish the properties of the regularizer ¢(-).
We begin by proving the strong convexity of ¢(-) in the
following lemma.

Lemma 2.3 (Strong-convexity). The reqularizer ¢(x)
is 1-strongly convexr with respect to the primal norm
[RRES

Proof. Let the polar of a set C C R? be defined as
C° := {z € R? : max,ec(r,z) < 1}. Observe that
A C Bimplies B° C A° and (AA)° = (1/A)A°. Hence,
we have (1/a)E° C K° C E°.

We now prove that £° = {y : y"' H 'y < 1}. Recall

that £ = {z : ||lz||g < 1}, where ||z||g := VzT Hz.
By definition,
E° = {y : sup (y,x) < 1}.

ll|l <1

Consider z € E. Observe that (y,z) =
(H='/?y, HY?z) and |HY?z||3 = " Hxz < 1. By
Cauchy—Schwarz, we have

(y,x) < I H 2yl | HPelle < | HY 22,

with equality at x = ﬁ Note that this choice
T 77—
of z belongs to E as z' Hx = % = 1. Hence,

we have

sup (y,x) = |[H Pyl = vyTH 1y.

llzlla <1

Therefore, E° = {y
[yll-2 < 1}

Using analogous calculations, we can also show that
for any 2z € RY, maxyepo (y,2) = V2T Hz.

VyTH ly < 1} = {y

Since K° C E°, we deduce the following:

max  (y,2)

yimaxzex |(z,y)|<1

(y, 2)

E{E
= max
ymaxge  (2,y) <1

= max(y, 2)

<
< max(y, 2)

— VzTHz = ||zln
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For any u,v € R,

Dy(u,v) = 2u—v)THuw—1v) = blu—vf3.

Since, ||z||z > ||| for all z € R, we have

D¢(U,U) > %Hu - U”Qv

so ¢ is 1-strongly convex with respect to || - ||.

O

Next, we show in the following proposition that the
Bregman divergence is bounded by a polynomial in
the dimension.

Proposition 2.4 (Bregman divergence).
z,y € X, we have Dy(z,y) < 2d(d+1).

For any

Proof. For any z,y € X C aF, we have ||z — y||lg <
|zl + ||yl < 2a. Therefore,
2

Dy(z,y) = zllo —yllf < 2d(d +1).

2.3 Main result

We now state below our main result, which is obtained
by leveraging the properties of our estimator and reg-
ularizer, with technical details provided in the next
section.

Theorem 2.5. Consider a two-player zero-sum game
with action sets X C R™ and Y C R™, where both X
and Y are conver and compact. Let (xg,yr) denote
the iterates generated by the two players running Al-
gorithm with step size n = % i each round k. Then,
with probability at least 1 — §, for every k > 1, the it-
erate (Tk,yr) is an ex-approxzimate Nash equilibrium,

where

ex = poly(n, m,log(k/8)) k~1/4.

3 TECHNICAL DETAILS FOR OUR
MAIN RESULT

The update step in each phase of Algorithm [1]is an in-
stance of OFTRL, a standard and widely used frame-
work for online convex optimization. In each phase
t, OFTRL outputs &; for the row player (and analo-
gously g; for the column player). These outputs are
then used to determine the actual strategies x; and
Yy chosen in each round of phase t. Let uf := Ay,
denote the phase-t utility vector of the row player,
and u! := —AT#, denote the phase-t utility vector

of the column player. Recall that zr = + 23:1 Tt

and yr = % Zle 7. We have the following guarantee
on the duality gap of (Zr, gr):

Ai
Ileea.;‘((l', yT>

T T
1 . 1 T.
T
<$ - iftaAyt>
=1
T

1
—max S (=ATd,y - §
* Tglea));(t=1< T4,y — i)

T T
. 1 x ! ~ Yy ! ~
=7 <;ng§ (uf, &’ — &) +g}g§;<ut,y — 7)

t=1

— min{Zr, A
yey< r y>

1
= — max
TmeXt

If the duality gap above is upper bounded by Ar,
then (Zr,yr) is an O(Br)-approximate Nash equilib-
rium. Since the iterates in phase T take the form
((1 — )\T)-fT + A2, (1 — )\T)?jT + )\sz) with z, € X
and z, € Y, the iterates in phase T are O(Br + Ar)-
approximate Nash equilibria.

Hence, our focus is on upper bounding the term
maxg cx Z?:1<uf, a’ — Z;). To this end, we make use
of the RVU property, which characterizes the perfor-
mance of OFTRL. We state this property in the fol-
lowing lemma and include its proof in Appendix [C] for
completeness.

Lemma 3.1 (RVU Property [Syrgkanis et al.| (2015)).
Let X C R? be compact convex. Let R : X — R
be o-strongly convex w.r.t. a norm || - || with dual || -
l«. Fiz a step size n > 0 and initialize To = &1 =
argmingcx R(z). Assume ug = 0.

For utilities u; € R?, define the OFTRL decisions
Tp41 € argmax{< ZW + ut> - fR( )}

Then for every x € X,
”Znut*ut 112

a _ Dg(w,@1)

Z Ug, T *l"t =

t=1 n t=1
o T

_ _ A 2
4 z:: |ZZ?t l‘t_1|| .

While the RVU property is sufficient to bound
maX, ey Zthl (u¥, 2’ —Z;) when the actual phase-wise
utilities are available, this is not the case in our algo-
rithm. Instead, we use the estimates uf in the row
player’s OFTRL updates, since we operate under the
bandit feedback setting.
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To address this challenge, we rely on the following key
observation concerning the actual phase-wise utilities:

t t—1
up = A=) A=) Al
£=1 £=1
=tAy: — (t — 1) Ay,

where 7, = 1 22:1 Js. Also note that the estimate uy
has the corresponding form ¢ - 67 — (¢t — 1) - 07_;. This
allows us to upper bound (uf,z — Z;) as

(@, v — i) — (@ —E[@y],x — &) + 0(1).

Moreover, one can show that

IE[@;] - Efai_]llwx < lluf —uf_yfloa +0(3).
These observations allow us to apply the RVU prop-
erty to the sequence of estimates a7, yielding the fol-

lowing lemma. All missing proofs, including that of
the lemma, are deferred to Appendix

Lemma 3.2 (RVU with estimation error). Let A} :=
07 — 0F. Then for any x € X and any n > 0, we have
the following for the row player:

T

Z(uf,aﬁ — Ty)

t=1

Dy(x,x
< DT 4 ot

T T
+36n ) [EAFIZ 2 +4n Y [lue —uea|? x
t=1 t=1
T

3 - -
Z & — Ze-1l% + O(n +1og T) .
t=1

fﬁ

Analogously, we can provide a similar guarantee for
the column player, with AY defined accordingly. We
are now ready to upper bound the duality gap of
(Zr,yr) using Lemma[3.2} First, we establish the fol-
lowing:

T T
z A v~
max > (uf, @' = &) +maxd (uly' = Gi)
t=1 t=1
Dy(x, T
< DD o7 g

T T
+36n ) [[EAF[ 2 +4n Y lluf —uii|2 x

t=1 t=1

3 T
- Z & — e [l%
16m P

le(:’-/v@l)
n

+ + 2||TAY|

*Y

T T
+36n > EAY[Zy +4n ) lluf —ul )13y
t=1

t=1

T
3 - 2
- — — Yt 0 logT
167 ; 9t — G135 + O(n + log T)
We group terms on the right side. We begin with:

T
Term T =40 (luf —uf |2 x + lluf —uf_,]12)
t=1
_3
16m =

T
(I1Ze = Ze-1llF + 15 — Ge-1ll3)

Now observe that

|ui —ui [« x = sup [(z, A(Js — Je—1)|
reX
< sup |A [l y 15 — Ge—1lly
TeX
<17 = Fe-1lly,

where the first inequality follows from the fact that
[(z,y)| < |l=||lly|l+« for any primal-dual norm pair
and the second inequality follows from the fact that
[{(z,Ay)| < 1 for all x € X and y € Y. Similarly we
can show that |[uf —uf ||,y < [|Z — Zi—1lx. As
7 =1/6, we have Term I < 0.

Let Term IT = 2| TA% ||, x + 360 Y, [tAF2 » +

T
2| TAT |y + 360 30, LAY -

Due to Lemma we get that [|A7]l.x < 48 %;

with probability at least 1 — %. Analogously, we can
show that [|AY||.y < 48/ with probability at least

1-— %. Hence due to union bound, if n = 1/6, we get
the following with probability at least 1 — 9:

[n3 [m3 r t2(n® +m?)

< O((n*+m?*)logT)

Define Term IIT = D“’(i’jl) + Dw(g’gl) +O(n+1ogT).

Due to Proposition we have Dy(z,%1) < O(n?).
Similarly, we can show that Dy (y,71) < O(m?).
Hence, Term 111 < O(n? + m? +logT) if n = 1/6.
Hence, we have the following;:

T
max
v
< Term I + Term II + Term III

<O((n* +m?)logT)

T
(uf @ = @)+ max D (uy' = i)
t=1
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n3+m3) log T

Hence (Zr,yr) is an O (( N )—approximate

Nash equilibrium. Hence, the pair of strate-

gies played in a round in the phase T is
3 3

0] (% + )\T)-approximate Nash equilibrium

which is also O (M)—approximate Nash
equilibrium. Now consider a round k and let it be
part of phase Ty. Note that Ty < k. As in each

phase t we have B, = log(8t?/d) - t3 rounds, we
therefore have log(8k?/d) - T} > k. Hence, we have

1/4
T, > (m) . Hence, the iterate (zy,yx) is an

ex-approximate Nash equilibrium, where ¢ is upper
bounded as follows:

er < O((n® +m?®) log(k) log**(8k%/8)k /%)

4 COMPUTATIONAL EFFICIENCY
OF OUR ALGORITHM

In this section, we show that our proposed algorithm
is computationally efficient, provided the action sets
admit an efficient linear optimization oracle. We es-
tablish this by showing that its key building blocks can
be implemented in polynomial time.

First, recall that our exploration distribution Dy is
uniform over a subset S := {x1,...,z,} C X such
that

supz ' Vi < 2n
zeX

[
V= - ;xlxi = 0.
Hazan and Karnin| (2016) showed that such a subset
can be computed in polynomial time, provided A ad-
mits an efficient linear optimization oracle. Hence, our
sampling process is efficient.

Next, recall that we construct an ellipsoid E such that
E C K C y/n(n+1)E, where K = conv(X U —X).
Theorem 4.6.3 of |Grotschel et al| (2012) shows that
such an ellipsoid can be computed in polynomial time,
provided there is an efficient linear optimization oracle
for K. For any z € R™, we have

max(z, z) = max { max(z, z), max(—z, z) }.
TeK reX reX

Hence, K admits an efficient linear optimization oracle

whenever X does.

Finally, our OFTRL update step is a convex opti-
mization problem over an action set that admits ef-
ficient linear optimization. Such an OFTRL update
can be implemented in polynomial time, provided
we can compute the regularizer and its gradient ef-
ficiently—which we can in the case of our regularizer
(see Chapter 2 of |Grotschel et al.| (2012).

These are the three main components of our algorithm.
Therefore, the algorithm can be implemented in poly-
nomial time, provided the action sets admit an efficient
linear optimization oracle.

5 CONCLUSION

In this paper, we presented the first uncoupled learn-
ing dynamics whose iterates exhibit last-iterate con-
vergence with high probability under bandit feedback
for bilinear saddle-point problems over convex sets.
We established a convergence rate of O(T~/*) and
showed that our dynamics can be implemented effi-
ciently, provided the action sets admit efficient linear
optimization oracles. This work raises several interest-
ing open questions.

First, what is the tight lower bound on the last-iterate
convergence rate for bilinear saddle-point problems un-
der bandit feedback, and can we design uncoupled
learning dynamics that achieve this rate? Next, does
there exist a simpler dynamics that applies optimistic
FTRL in each round and attains last-iterate conver-
gence under bandit feedback, rather than relying on
phased updates and the involved sampling procedure
used in our algorithm? Finally, can these results be
generalized to convex-concave functions and monotone
games, and can last-iterate convergence be achieved in
these broader settings under bandit feedback?
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Supplementary Material

In this appendix, we provide the missing details from the main body. In Appendix [A] we present the formal
guarantees for our estimators along with their proofs. In Appendix [B] we provide the missing proofs for our
primal-dual norms. In Appendix [C] we give the proof of the RVU property of OFTRL for completeness. In
Appendix [D] we establish the RVU property under estimation error.

A Estimation

Lemma A.1. Fizx € X and A € (0,1). Let D be a distribution over Y. Define the random variable § as follows:
with probability 1/2, set § = g for some fized y € Y; with probability 1/2, sample z ~ D and set § = (1—A\)g+ Az.
If y = E[g], then (x, A(§ — 7)) is zero-mean and 4\*-subgaussian.

Proof. By linearity of expectation, (x, A(§ —y)) has mean zero. Note that § is always of the form (1 — \)y+ Az’
where 2’ € V. Next, observe that § = (1 — A)y + Az € Y, where Z = 37 + 1E..p[z] € V. Since (z, Ay) € [-1,1]
for all x € X and y € ), it follows that

<$, A(?j - :U)) € [_2)‘a 2)‘]

The result then follows from the fact that a bounded zero-mean random variable taking values in an interval of
length 4\ is 4\?-subgaussian. O

Lemma A.2 (Chernoff Bound). Let X1, Xs,..., X, be i.i.d samples from a Bernoulli distribution with mean p.
Then we have the following for any 0 < § < 1:

nps?
2

1 n _Mi 1 n B
P ;;Xiz(lw)u <e 5 and P E-;Xig(l—é)p <e

A.1 Estimates using exploration distribution

Let X C R™ be convex, compact, and span(X) = R™. Consider a subset S := {x1,...,2,} C X such that

1 n
sup 'V g < 2%27 V = —szx;r > 0.
z€X ni3

Such a subset can be computed in polynomial time, provided X has an efficient linear optimization oracle (see
Hazan and Karnin (2016)). Now collect N samples by repeating each z; exactly r := N/n times (assume n
divides N). The observations follow

Yt = <$t79>+77t, til,...,N,

where § € R" is fixed and {7, }+c|n] are independent, mean-zero, o?-subgaussian (MGF sense).

Define the matrix

N n
1 1
T T
V = NE TiT, = EE TiT;
t=1 i=1

and the ordinary least squares estimator
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N
é\ = V_l <]ifzxtyt> .
t=1

As yy = (x4,0) + 1, we get the following:

N
~ 1
-0 =v1 —thm>.
(v2
Let Z == V/2(0—0) = LN v-1/20,.
For any z € R™ and any =z € R",
(@, 2)| = [(V722, VI22)| < VT2 V22l = VaTV-le V122,

Taking z = 0 — 6 and supremum over x € X yields

sup|<x,§—0>| < (sug\/xTV—lx) 1Z]l2-
xTe

zeX

By the design choice,

supz V7 lz < 2 = sup|(z,0—0) < V2n||Z].
zeEX reX

Due to the results in Chapter 20 of [Lattimore and Szepesvari| (2020), we have the following with probability at

least 1 — §:
1Z]l2 < 20’\/1%[(7111&6—&-11&(15) < 40\/@’

Hence, we have

- 5+ n2ln(l
Pr| sup [{(z,0 — )| < 60 n? £ n*In{1/9) > 1-—0. (1)
TEX N

A.2 Sampling method and estimator

Recall that in the row player’s algorithm, during the s-th round of phase ¢, it selects x¢ ;. Analogous to the row
player’s algorithm, we can describe an algorithm for the column player, where in the s-th round of the ¢-th phase
it selects v s. Denote the row player’s true expected utility vector as

e_t = Agta
where 3, := E[y, 5] is the column player’s averaged strategy in phase ¢.

Recall that Dy is an uniform distribution over a subset {x1,z9,...,2,}. Let us fix a sequence of vectors
Tp1,%82,- -, Te,8, such that [{s: 2y = T }| > By/4 and for all i € [n], |[{s: x¢s = (1= )Ty + Mexs }| > Bi/(4n).
Conditioned on this sequence, we now construct an estimator 67 of #F with desirable concentration guarantees.

In each round s of phase ¢, the row player plays z; s € X and receives the reward
Tt,s = <mt,s>Ayt,s>-
We can decompose this reward as

Ts = (@r,s, AYr) + (Te,6, A(Yt,s — Ut)) = (@15, §t> + Nt,s5
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where the second term 7, s := (15, A(Yr,s — i) is a zero-mean 4)\f—subgaussian noise in each phase ¢t due to
Lemma Note that the noises 7; s are independent and we can correctly apply Lemma as the sequence
{mt,s}se[Bt] is fixed.

Let {s1,52,...,5B,/2} be the first B;/4 indices such that x; , = z;. Similarly, let {s7,s5,..., s%t“} be the set of
indices consisting of the first B;/(4n) indices such that z; s = (1 — \)Z; + A\ex; for all 4 € [n].

We construct pairs (s;, s;) such that
Ty = (1= Ne)Tes;, + Mzt s,

where z; 5, € {1, 22,...,2,}. Now consider the transformed reward
~ o Tes (L= Ae)res, ~
Tt,s) = A = <Zt,s,’ia 9t> + Nt,s%»

where 7, ¢ is zero-mean 8-subgaussian noise.
i

Thus, from the pairs (z; 4,7} s,), we obtain an unbiased estimator of 67:
i R

-1
B:/4 Bi/4 n -1 Bi/4
nx E : T § :/\ T 4 2 :/\
et = Zt,s R o Tt,s"Zt,s" = T;T; Tt,s" %t,s’
' i°t,s] 4 i i 4 B, < i i
i=1 =1 =1 =1

Due to Eq. , conditioning on the sequence {z}c[p,] We have the following :

Pr(sup|<:c,e7f—éf>| < 18/

reX

{xt,s}qut]) > 1 6/(8). 2)

Now consider a sequence of vectors ¢ 1,%¢,2,...,%: B, generated by our algorithm and define random variables
Nio:=|{s:zs =2} and for all i € [n], Ny; := |{s : x¢s = (1 — A\)Z + Mz }|. Observe that E[N, o] = B;/2
and E[Ny ;] = B/(2n) for all i € [n]. Consider ¢ € [n] U{0}. Due to Chernoff bound, for any phase ¢ such that
By > 32n21n(8t2/§) we have the following

Pr(N;; < E[N;,;]/2)) < exp(—EU;T “])
< exp(~0") (as E[N,,] > B,/ (2n))
< exp(—2n1n(8t%/5)) (as By > 32n%In(8t2/4))

< §/(16nt?),

where we get the last step follows from the fact that x1In(1/y) > In(z/y) for all z > 2 and 0 < y < 1/2.

Now due to union bound, for any phase ¢ such that B; > 32n2In(8t?/§) we have following

Pr(N;o > Bi/4 and N;; > B;/(4n) Vi € [n]) > 1 — §/(8t?) (3)

Hence, due to Eq. and Eq. , we have the following

Pr<sup|<x,9féf>| < 18 ) > 1 5/(4), ()
TxEX

Note that if B; < 32n?1In(8t%/6), then we set @\f = 0 and the above inequality holds trivially.

B Proofs for primal-dual norms

First, we prove that ||z||. x is a norm.
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(i) Positive definiteness. If z = 0, then ||z|l..x = 0. If ||z|l.x = 0, then |(z,z)] = 0 for all x € X. As
span(X) = RY, we have (v,z) = 0 for all v € R%. This implies that ||z||2 = 0, so z = 0.

(ii) Absolute homogeneity. For any scalar «,

sl e = mass (2, 22)] = |o mas (2, 2)] = [a ]

(iii) Triangle inequality. For any z,w,
Iz + wl . = max (o, = + w)
reX
<
< max (|(z, 2)| + [(z, w)])
< |zl 2 + [lwlls, 2

Thus || - ||+, is a norm.

Next we prove that ||z||x is a norm.

(i) Positive definiteness. If z =0, then [[z]| = 0. If z # 0, then [[z]| > (57—, 2) =15 < o,

R

(ii) Absolute homogeneity. For any scalar a,

az||x = max az
ozl = max_(v.02)
= max_|(y,az)| (as [[yll«x = | = yll.x)
llyll«, 2 <1

= la max_{[{y,z)]

iyl x <1

=lal max |(y,z)]

[y, 2 <1
= || 1max 2 = lalllz
| ||Iy\|*,X§1<y’ ) = le]lz]|x
(iii) Triangle inequality. For any z,w,
lztwlx = max |{y,z+w)
llyll«, 2 <1

< max Iy, 2)| + [{y, w)])

<=l

x + [wlx

Thus || - || is a norm.

Now we show that |z||x and |/z||«x are primal-dual norm pairs. It suffices to show maxgcx [(z,2)] =
max||y|<1(y, 2) for any z. Let K := conv(X U —X).

Define B := {y : ||y|]|lx < 1}. We begin by showing B = K.
(i) K C B. Consider y € K. Then due to Carathéodory’s theorem, there exists a subset {z1,22,..., 2} C X
such that y = Zle Ais;x; where \; > 0, Zle Ai =1, 8, € {—1,41}. Now we have the following:

lyllx = max (zy)

ll2[, x <1

= max Z Aisi(z, x;)

ll2], x <1

— s .
Mﬁi’;; 2l

< max ANi-1=1
o Hz‘l*,z\’flz

i
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Hence y € B. Since y was chosen arbitrarily, we have K C B.

(ii) B C K. Consider y ¢ K. As K is compact convex, there exists a vector z such that

{y,2) > max{z,2),

due to the hyperplane separation theorem.

Set t := maxyek (z, z) = maxgex [(z, z)|. The last equality follows as K = conv(X U —X). Note that ¢ > 0, and
for u:= z/t,

1
o = max| (@) = 7 max|(@,)] = 1

Now we have the following:

— > —
lyllx Hwﬂrji}(§1<x’y> > (u,y) ;

Thus y ¢ B. Therefore B C K.
Hence, for any z, we have,

ma. ,Z) = max(y, z) = ma max |(x, 2
(max {y,2) = max(y, 2) = max(y, z) = max|(z, 2)|.

C Optimistic FTRL Algorithm and RVU Property

For completeness, we adapt Proposition 7 of |Syrgkanis et al.| (2015) to general convex set.

Lemma C.1 (RVU Property Syrgkanis et al.| (2015))). Let X C R? be compact conver. Let R: X — R be o-
strongly convex w.r.t. a norm ||-|| with dual ||-||.. Fiz a step size n > 0 and initialize Ty = T1 = argmingex R(z).
Assume ug = 0.

For utilities u; € R?, define the OF TRL decisions
1
Tyy1 € argmax Z’U,g +us ) ——R(z) ;.
n

Then for every x € X,

T
D a:x
S (s, @ — &) < 220 T ”Znut—ut 12

t=1
o .
1 Z |2 — $t71||2~
n t=1

Proof. We start by restating the updates we make with utility sequence {u}, k € [t — 1], and the regularizer R.

Lemma 1 in lecture notes [Luo| gives

Dpr(z, %)) d 1 &
Z Uy T — Ft) _%4_2 up — w1, &y — @) — — ¥ (Dr (&, &) + D (¥4, 1))
=1 =1 =1

d

where Z} is a hypothetical ”vanilla” FTRL player that doesn’t use the optimistic guess u;_1.

Similar to how Theorem 1 is shown in [Luo, we bound the middle term with help of Lemma 4 in Lecture 2 notes
of the same lecture note series.

t—1 t
o=l < 2| (St ) - (3] <
k=1 k=1

<N
= |lug—1 — ugll,
g

*
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And via Cauchy-Schwartz step

(upmy —ug, @ — Tpy ) < Jlug1 — well, - || @ — @4 ||
s = wells - (s =l )
g

e —

IA

Summing over ¢ and putting everything together

T . T
Z <Ut—1 — U, Ty — 552-5-1 < P Z e — Ut—1||i

t=1

Now we bound the Bregman terms similar to how it is done in the lecture notes. We first drop the non-negative
terms at the boundaries and shift the index to get a lower bound:

M=

T
Z Dpg (&4, %) + Dr (Z,1,%1)) > Y (Dg (@, %) + Dg (T}, T1-1))
t=1

t=2
Tm1n 2w . 2 :
> 3 Z (||xt — T||” 4+ |12 — Te—1]| ) (R is o-strongly convex)
t=2
T
o ~ ~ ~ ~ 2
> 70 (lE =T+ 7 = 2al)” (@40 > (a+b)*/2)
t=2

(@ — &) + (&, — :ﬁt,l)||2 (Triangle Inequality)

WV
w19
(]~

~
U
[\

(R

Il
=19
M’ﬂ

W
||
V)

Thus we have a upper bound on the negative term of Bregman divergence:

B T T
Z Dpg (2,%) + Dr ($t+17$t < - ZH@—@—H\Z
t=1 —2

Putting everything together and using the fact that #; = 7.

a D (z, ] 77 da
Z Ug, T — Tt) 1 Z”Ut_ut 1|| Z||3~3t_3~3t—1“2
t=1 4n t=2

D RVU with Estimation Error

Lemma D.1 (RVU with estimation error). Let AY := 5; — 7. Then for any v € X and any n > 0, we have
the following for the row player:

M=

<Uf,(£ - i't>

o
Il

1

D¢(Jj’ 'il)
n

< IRINA
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T T
+36n ) [EAFIZ 2 +4n Y [lus —uea|? x

t=1 t=1

T
3 - -
~ oy Z & — &[5 + O(n +1ogT).
t=1

Proof. For the simplicity of presentation, let us || - || to denote the primal norm || -||x and || -||« to denote the dual
norm || - ||+, x. Recall that uf = Ag, is the true utility of each phase t. Let af := t6F — (t — 1) 67_; denote the
pseudo-utility for phase t. Note that @ = E[uf]. Let D; be a distribution over X’ such that with probability 1/2
we choose Ty and with remaining probability we uniformly sample an element from {yi,ys,...,yn} and choose
it. Recall that y; = Ely s]. Let z; := E,..p,[2]. Observe that g = (1 — A\)yr + Ar2;. Recall that g, = %Zzzl Up.
Now observe that @y can be further simplied as follows:

af =07 — (t—1)07_,
=t - Ay —(t—1)- Ay

t—1
= (1= M) AG + M1 = M) DA+ - MAZ — (t—1) - N 1A% (5)
s=1

Now, we have the following due to triangle inequality:

t—1
a7 — @iyl < lod =il + Adlluf b+ Ao llaf_g e+ Qemr = A) - Y fad e+t - A AZ L

s=1

t—2
(8= 1) Al AZa e+ Aemz = Aet) - Dl + (= 1) - At [ AZa
s=1

+(t=2) - Aol AZ o
< lug —wiq |l +O(1/1),

where the last inequality follows from the fact that A, = % and |(z, Ay)| < 1forallz € X, y € V.
Next, we have the following due to Eq. and the fact that |(z,y)| < ||z] - [|y]|«:

t—1
(uf o — &) < (uf,m = &) + Aelluf [« - o = 2o + Vet = Xe) D [l |l - o — &)
s=1
b MllAZ - [l = Tl + (8= 1) - A1 | AZe—a [ls - |z — @4
t—1
< (af, w = &) + 20 e+ 2001 = X)) D [l
s=1
+ 2t Ml| Azl 4+ 2( — 1) - A || AZe—a || (as [|o — &¢|| < [zl + (|2 < 2)

< (up,x — &) + O(1/1),
where the last inequality follows from the fact that A, = % and |(z, Ay)| < 1 forallz € X, y € V.
Recall that A¥ = 6, — 6,. Now we define &, := uy —aj =uy —E[uy]. Then

8 =107 — (t — 1)07_y — 07 + (t — 1), = tAT — (t — 1)AY_,

Pseudo regret can be written in terms of regret against the estimated utilities and the error term &;.
T T T
Z <af,$ - i‘t> = Z <ﬂf,l‘ — £t> - Z <5t,$ - i‘t>

t=1 t=1 t=1
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We apply Lemma with ¢ := 1 to the sequence the algorithm actually sees: uf. The lemma above gives a
bound on Zthl@tﬁ x — Ty):

T - T
Dp(x
S @f,x— ) < 20T L IS g g g2 zuxt—xt 2.
t=1 77 g t=1

Substituting this back, we get our main inequality:

T

~ T T T
_ - Dp(z, 21 o~ - o R
LR e HC Sl [ 55 DAL P R Y L 1 €1
t=1 t=1 t=1

t=1

Term II Term I

Bounding Term I We rewrite Term I using summation by parts.

T T
Term I = (61, & —x) = Y (A} — (t = 1)A}_, & — 1)
t=1 t=1
T-1
= (TAG, &r — )+ > (A}, & — F141)
t=1
T-1
<2 TAR||lEr — 2ll + Y [EAT [ E — Feaa|
t=1

Since z,%; € X, the term |Zr — x| < 2sup.cy [|2]| < 2. We get the last inequality due to the fact that
sup. ey [|2[| < 1. Combining the bound above with negative movement term from (L), and using a separate 7.
portion for this bound, we get for this sum part:

T-1 T

~ ~ 2
S 871 e = el = 15 D 1 — el

t=1 t=2

Using Young’s inequality, ab < g—z + #, with a = |[tAT||«, b = ||Zt — Te41||, and ¢ = &,

2|2 a2
AT (o/8n) [1E = Zega |

tAY - 2
2(c/8n) 2 || 2+ Hwt Fop|

AT, 17 — Zega || <

Summing this from ¢ =1 to 7" — 1, the movement terms cancel the — & Zthz ||#; — &1 term, leaving on
second-order error terms. Thus the contribution from Term I is bounded by:

Term I — Z 17 — F4 1|2 < 2| TAL], + 2 Z [tAZ||2

Bounding Term IT We use the inequality (a + b)? < 2a? + 2b? and the triangle inequality.

I —ag |12 = (@§ —af ) + (6 — G112
< 2l|af — @y |13 + 2010 — Gelf2
< dflug —uf |2+ 40813 + 416112 + O(1/¢)

T T

2 2 2
D USE A N6l <2 11812
t=1 t=1
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T T
|2 T
<A EATIE+4D (- DA |2
t=1 t=1
T
x (2
<8 |ItAT:
t=1

T T T
Torm 1= 03 77 — Bl < 7 <Z4||ut — iy |2+ 32 ) 1A |i) +o(2)

t=1 t=1

Combining the bounds.

) DR(.’B,i‘l) g r 9
Zut,x—xt S7—|—TermH—|—TermI—ZZ\\jt—jt,ln
4l
t=1 =1
D -
:M—i—’fermﬂ—i— (TermI—ZHwt—xt 1l >
n

% s 2_ (0 _ 0 _ 2
o - ol - (£ 1677)2””% e

Dg(z,71) 36n 4n -
R\4L, L1 T T T x
S — +2|TAZ. SEEHZII +— Z [EATZ + Z luf — g |12

T
O~ 2 30 - a2 (n)
_ 2 _ 22 g oL
477“%” 167 ;:2 T — To—1l]” + p
Since o /4n > 30/16m, we can weaken the bound on the ||Z1]|? term to get a single, compact sum:

o 3o L 30 L
—— 2P = == lE —@al? < == ) IF — Fa
4n 16m t:ZQ 16m t:Zl

This gives the final result:

T
DR(JJ 1) 3677 .

S(uf,x - &) < TR 4o TAY| letA 12
t=1 g

4 n

x x 2
i | - - O(— 1 T)
+ =3 g =i I - ant 7112 +0 (2 + log
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