An Information-Theoretical Approach To Optimizing
Task Design For Differentiating Probabilistic Neural
Codes

Po-Chen Kuo Edgar Y. Walker
University of Washington University of Washington
pckuo@uw. edu eywalker@Quw.edu
Abstract

Bayesian brain hypothesis has been among the leading theories in modeling percep-
tual decision-making under uncertainty. While many psychophysical studies have
provided evidence in support of the brain performing Bayesian computation, how
uncertainty information is encoded in sensory neural populations has remained
elusive. Specifically, two competing hypotheses propose that early sensory popula-
tions encode either the likelihood function (exemplified by probabilistic population
codes) or the posterior distribution (exemplified by neural sampling codes) over
the stimulus, with the critical distinction being whether stimulus priors would mod-
ulate early sensory neural responses. However, differentiating the two probabilistic
neural codes experimentally remains challenging, as it is unclear what task design
would effectively distinguish the two hypotheses. In this work, we develop an
information-theoretical approach to optimizing task stimulus distribution that would
best differentiate competing probabilistic neural representations. Our method de-
rives an information gap—the expected performance difference between likelihood
and posterior decoders applied to sensory population responses following a specific
probabilistic neural code—by measuring the KL divergence between true posterior
distributions and surrogate posterior distributions utilizing Bayes-optimal estima-
tors for a given task design. On simulated neural populations, we demonstrate that
our information-gap measure accurately predicts decoder performance differences
across a wide array of settings. Crucially, maximizing the information gap yields
stimulus distributions that optimally differentiate likelihood and posterior coding
hypotheses. Our framework enables principled, theory-driven experimental design
for differentiating probabilistic neural codes, advancing our understanding of how
neural populations represent and process sensory uncertainty.

1 Introduction and related work

Perceptual decision-making requires organisms to represent and process sensory information in the
face of noisy and ambiguous sensory inputs, thus correctly accounting for the uncertainty associated
with observations. The Bayesian brain hypothesis—with theoretical roots tracing to Laplace [[1]]
and von Helmholtz [2]—proposes that the brain maintains internal generative models of the world
and performs inference by computing probability distributions over task-relevant latent world states
[3,4]. This framework has proven successful in explaining various aspects of human and animal
perception, from multisensory integration to object recognition and motion perception [} 16} [7].
Extensive behavioral evidence demonstrates that humans and animals perform near optimally in
perceptual tasks that require uncertainty estimation [0, 8} 9]], strongly suggesting that sensory neural
populations encode both task-relevant stimulus features and their associated uncertainty. However,
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Figure 1: Two competing hypotheses on how sensory uncertainty information is encoded in early
sensory neural populations. A) Likelihood coding hypothesis (exemplified by the probabilistic
population code [[15]]) proposes that early sensory populations encode the likelihood function over
the stimulus features, with posterior computation deferred to downstream areas. B) Posterior coding
hypothesis (exemplified by the neural sampling code [[16]) posits that early sensory populations readily
encode the posterior distribution over hidden world state through incorporating prior knowledge
potentially conveyed by feedback connections from higher cortical areas.

the neural implementation of probabilistic computation remains actively debated, and how probability
distributions are encoded in the brain is an area of active research [10} 11} {12, [13]].

An unresolved question concerns the format of probabilistic representations: Do early sensory popu-
lations encode likelihood functions over stimuli, or do they readily represent posterior distributions
that incorporate prior knowledge [[14]? The likelihood coding hypothesis (Fig. [T]A) proposes that
early sensory populations responding to stimuli (e.g., a drifting grating =) with underlying latent
world states (e.g., orientation 6) represent likelihood functions L(6) = p(z|#). The classic form
of probabilistic population code [15}[12] exemplifies this hypothesis, proposing that areas like the
primary visual cortex (V1) represent likelihood functions, accounting for the inherent variability in
neural responses. Previous work shows that likelihood functions decoded from V1 populations are
predictive of animals’ trial-by-trial choices and reflects uncertainty associated with the stimuli [[12].

In contrast, motivated by extensive feedback from higher cortical areas that could convey prior
information, the posterior coding hypothesis (Fig. [IB) posits that sensory populations directly
represent posterior distributions over latent world states p(6|x), suggesting that even early sensory
areas would incorporate knowledge of priors to compute posteriors. The neural sampling code [16] is
the most concrete example where a neural population is posited to represent a posterior distribution
by drawing a “sample” from the distribution and encoding it in its stochastic responses, thereby
suggesting that neural variability naturally reflects the sampling process [[11, (17,18 19} 20].

The critical distinction between the two probabilistic coding hypotheses lies in whether stimulus priors
p(6) would modulate early sensory population responses. While existing approaches have demon-
strated that specific instantiations of each code can capture observed sensory neural response patterns
[12} 18], there is yet to be experimental work aimed to directly distinguish the predictions from each
coding hypothesis. A fundamental challenge lies in identifying experimental designs—specifically,
stimulus prior distributions—that would maximally differentiate the two coding hypotheses [7} [21]].
Since both probabilistic coding hypotheses can often account for similar neural response patterns
under traditional experimental conditions, targeted task designs where their predictions diverge
maximally are crucial for distinguishing between likelihood and posterior coding schemes.

In this work, we present an information-theoretic framework for designing experiments that optimally
differentiate likelihood and posterior coding hypotheses. Our approach quantifies the expected
difference in decodable information—which we term the information gap—when applying neural
network-based decoders to extract likelihood or posterior information from sensory neural populations
following either coding scheme. Specifically, we (1) derive analytical expressions for the information
gap under both coding hypotheses, evaluted as the Kullback—Leibler (KL) divergence between the
true posterior and a surrogate posterior utilizing Bayes-optimal estimators; (2) validate theoretical
predictions through simulations with deep neural network decoders applied to synthetic populations;
and (3) demonstrate how maximizing the information gap yields stimulus distributions that optimally
differentiate the two probabilistic coding hypotheses.
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Figure 2: A decoding approach to differentiating probabilistic neural codes. A) An experimental
paradigm consists of two contexts ¢ with context-specific prior distributions p©(6). B) Schematic for
how information gap, the difference in likelihood (blue) and posterior (orange) decoder performances,
can indicate whether the underlying neural population encodes the likelihood function (left) or the
posterior distributions (right). C) Example task parameters that would be varied to maximize the
information gap. D) Schematic for deep neural network-based decoders for decoding the likelihood
function (top) or the posterior distribution (bottom).
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Our framework provides a principled metric for optimizing experimental designs, establishing
the theoretical upper bound on distinguishability between the two coding hypotheses for a given
experimental design. By maximizing this metric, we identify stimulus distributions that yield
maximally differential decoder performance—enabling rigorous, empirically testable predictions that
directly adjudicate between competing theories of probabilistic neural computation.

2 Information gap

We propose to determine whether early sensory populations encode likelihood functions or posterior
distributions by examining how varying stimulus priors affects population responses. Classic orienta-
tion discrimination tasks under different contexts naturally involve altered stimulus prior distributions,
making them ideal for testing this distinction [0, [12]]. Our experimental paradigm manipulates priors
across two different contexts and examines whether population responses vary according to these
changes in stimulus statistics (Fig. [2JA)—a design that would leave likelihood encoding population
responses invariant across contexts while systematically affecting posterior encoding populations.

Our approach leverages a decoding framework to distinguish the probabilistic information content
encoded in neural populations. As schematized in Fig. B, the core insight is that decoder performance
degrades when attempting to extract mismatched probabilistic content: if a neural population encodes
likelihood functions, a decoder trained to extract likelihood information should outperform one
extracting posterior information, and vice versa for posterior-coding populations. This differential
performance between likelihood and posterior decoders thus serves as a diagnostic tool for identifying
the underlying probabilistic code. Building on recent advances in neural decoding [[12], we employ
deep learning-based decoders that can effectively extract the encoded information while incorporating
the structural assumptions of each probabilistic coding scheme (Fig. 2D).

However, it is unclear what stimulus prior distributions would lead to maximal differentiabiltiy
between the two probabilistic coding hypotheses (Fig. 2IC). While intuition suggests using maximally
different context priors, this would limit stimulus overlap across contexts, hence preventing observa-
tion of how different priors modulate responses to identical stimuli. This tradeoff—requiring sufficient
prior differences to generate distinguishable responses under posterior coding while maintaining
adequate overlap for meaningful comparisons—cannot be resolved through intuition alone. We there-
fore develop an information-theoretic framework that quantifies the expected decoder performance
difference to systematically optimize experimental designs.



Experimental paradigm Consider a generative model of sensory observations § — x, where x
represents noisy sensory observations (e.g. drifting gratings) generated according to the conditional
distribution p(x|@) given the hidden world state 6 (e.g. orientation). We consider an experimental task
as introduced in Fig. with two contexts ¢ = { A, B}, each with associated context frequencies
p(c) and context-specific priors p(f|c) = p®(9).

Given neural population response vectors r, our goal is to quantify the difference in decoder accuracies
between a likelihood decoder g1, () and a posterior decoder gp(r), trained to extract likelihood
functions and posterior distributions, respectively. We adopt an information theoretical approach
to derive the expected difference in decoder performance—an information-theoretical quantity we
termed information gap—for both probabilistic coding hypotheses under the theoretical assumption
of perfect decoding of the sensory information. Although any empirical decoder would underestimate
the true sensory information content, we posit that the theoretical limits would serve as important
reference points in evaluating the task design. Below we derive the information gap under each of the
two probabilistic coding hypotheses.

Information gap for likelihood-coding hypothesis For discretized sensory observations € {x;},
given a task design specified by (p(c),p°(#)) Ve € {A, B} and a generative model p(z;|6), the
information gap Al (expected difference between likelihood and posterior decoder accuracies) for a
likelihood-coding population r1, ~ p(x|6) can be expressed as (see Appendix for full derivation):
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where p©(0|x;) is the true posterior given observation x;, which is the output of the likelihood decoder,
and gp ; (#) denotes the surrogate posterior produced by the posterior decoder using Bayes-optimal
estimators. The surrogate posterior g, ;(0) is given by:

__ [ple=A)p(0) + p(c = B)p®(0)] - p(xi]0)

2o {lp(c = A)pA(0") + p(c = B)pP(0")] - p(xil6")}
Since likelihood-coding populations 7, contain no prior information, a posterior decoder trained on
such population responses cannot perfectly reconstruct the posterior. Instead, the posterior decoder

output converges to a Bayes-optimal estimator of context-dependent posteriors determined by the
context distributions p(c) and p°(0).

@)

Information gap for posterior-coding hypothesis For discretized sensory observations x € {z;},
given a task demgn specified by (p(c),p°(0)) Ve € {A, B} and a generative model p(z;|¢), the
information gap Al (expected dlfference between likelihood and posterior decoder accuracies) for
a posterior-coding populatlon rp ~ p(f|z) is evaluated as (see Appendix E A.1|for full derivation):
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where p°(6|x;) is the true posterior given observation x;, which is the output of the posterior decoder,
and qzyi(Q) denotes a surrogate posterior which is the posterior distribution associated with the
output of likelihood decoders utilizing Bayes-optimal estimators. The sum includes only pairs
(x;, xy) that satisfy the condition expressed below in Eq. 4|as these pairs represent scenarios where
identical population responses rp (encoding the same posterior distribution across the two contexts
c € {A, B}, ie, réyj ~ rg’k) must map to different likelihood functions (p(z;|6) and p(xy|6)
respectively), preventing the likelihood decoder from achieving perfect decoding.

Yo, pA(0)z;) = pP(0lxr) & Vo, p2(8) - p(z;]0) o< pP(8) - p(x4]0) 4)



With this, the surrogate posteriors for the pair (x;, z) qzyi(é) is given by:
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where E;‘ 1 (0) denotes the output of the likelihood decoder on the posterior-coding population, ap-
proaching the Bayes-optimal estimator of the likelihood functions. Z* [¢%1.(0)] and Z e [€%).(0)] are
normalization constants dependent on 7, (0), defined as:

=D OG0, ZP[6,0)] = p"(6)
2 2

The Bayes-optimal likelihood function estimator E;k(ﬁ) can be found by solving the following
implicit equation using fixed-point iteration (see Appendix [A.T|for detail):
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where p7 and p denote the frequencies of each context given observing neural population responses
coming from r¢!; or ;. Let us first define:

SjA =p Zp )p(z;]0), SP = Zp p(z]0)

Then the context frequencies p;-“ and pkB are evaluated as:
P = ple = Alr = rgvrgy) = 3 /(S74S0), pfi = ple = Blr = rp;vrgy) = SP /(S5 +S77)

In summary, our information-theoretic framework provides analytical expressions for the informa-
tion gap—the expected difference in decoder performances measured as cross-entropy—for both
likelihood-coding hypothesis (Eq. [T)) and posterior-coding hypothesis (Eq. [3). The key insight en-
abling the above analytic derivation stems from identifying the Bayes-optimal estimators for decoding
mismatched probabilistic information content, for instance, when decoding the posterior distribu-
tion from a likelihood-coding population (Eq. |2)) or when decoding the likelihood function from a
posterior-coding population (Eq. [5). We next validate the decoders and the expected information
gap by training and applying the decoders on two synthetic neural populations following different
information coding hypotheses (likelihood vs posterior-coding) and compare the empirical difference
in the the decoder performances to that predicted by our information gap measure as derived above.
We will then demonstrate how maximizing information gap enables targeted experimental design that
optimally differentiate the two probabilistic coding hypotheses.

3 Simulation experiments

To validate that the information gap accurately predicts decoder performance differences for both prob-
abilistic coding hypotheses, we conducted comprehensive simulation experiments. We constructed
synthetic likelihood-coding and posterior-coding neural populations and trained both likelihood
and posterior decoders on these populations (Fig. [2). These simulations serve two complementary
purposes: validating our theoretical framework and providing practical insights into the scaling
properties and convergence behavior of the information gap measure.

Task design: Gaussian context priors We consider Gaussian context priors motivated by known
neurophysiological experiments [11,[12]]. In this task, subjects perform an orientation discrimination
task with two contexts ¢ € { A, B}, with the context for each session sampled randomly from the two
with equal probability. Within each session, the trial-to-trial hidden world state 6 (i.e. the orientation)
is drawn from context-specific Gaussian prior distributions p¢(6) = N (u¢, (¢¢)?), where u¢ and
(¢)?) are the task-specific parameters. In the simulation, we adopt an identical variance for the two
Gaussian priors 04 = 08 = ¢, but in principle this could be varied when considering task designs.
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Figure 3: Information gap accurately predicts the decoder performance difference on simulated
likelihood-coding and posterior-coding populations. A) (top) On simulated neural populations
encoding the likelihood function (left, blue) or the posterior distributions (right, orange) presented
with high contrast stimuli, the difference between the likelihood and posterior decoder performances
converges to the theoretical value of information gap as the total number of trials used for decoder
training increases (shaded areas denote the s.t.d. across 5 random seeds); (bottom) Across multiple
task design parameters, theoretical values of information gap (x-axis) accurately predicts the decoder
performance difference on the simulated neural populations (y-axis), for both the likelihood-coding
populations (left) and the posterior-coding populations (right). (Each color marks one set of task
parameters that are used for both types of simulated populations; Error bars denote the s.t.d. across 5
random seeds.) B) Same for medium contrast stimuli and C) for low contrast stimuli.

We simulate a noisy sensory observation x by drawing from the conditional distribution defined
by the given generative model p(z|f). Note that this stochastic process can be seen as implicitly
capturing both intrinsic neuronal noise and extrinsic stimulus features. This generative model can be
experimentally manipulated through stimulus parameters such as contrast—lower contrast increases
observation variance, reflecting greater sensory uncertainty. The generative model p(z|6) is modeled
as Gaussian distributions to reflect Gaussian orientation tuning curves in early V1 and to capture the
effect of different contrast levels by systematically varying standard deviations.

For synthetic neural population responses, we implemented neurons to follow Gaussian tuning curves
with Poisson variability [[12]. After sensory observations = were sampled from the generative model
p(x]0) for given stimuli 0, they are encoded through Gaussian tuning curves to yield mean firing rate
per neuron. Likelihood-coding populations 71, respond solely based on the observations z, while
posterior-coding populations rp have firing rates additionally modulated by the context-specific
prior p©(0), thus effectively encoding the posterior p®(0|x) x p(x|0) - p°(0). In both cases, spike
counts were then generated from the mean rates using Poisson distribution. As described in Fig. 2D,
deep neural networks are trained with cross-entropy loss to serve as flexible, powerful decoders of
probabilistic distributions from simulated neural population responses [[12]].

Scaling and convergence We first examine the scaling and convergence properties of the theoretical
prediction of information gap. The top row of Fig. |3|demonstrates convergence of the empirical
difference in decoder performances on simulated neural populations across stimulus contrast levels.
As training data (number of trials) increases, decoder performance differences for both simulated
populations—likelihood-coding (blue) and posterior-coding (orange)—rapidly converge to the theo-
retical values of information gap (dashed lines) computed via Eq. [T|and [3] This convergence of the
simulated decoder performance difference to our derived information gap prediction suggests that the
information gap successfully captures the asymptotic decoder performance difference.

Validation across parameter space Next, we assess the validity of the theoretical prediction of
information gap across a wide range of task parameters and generative models. To this end, we
systematically vary the generative model by varying the level of sensory “contrast” and for each
contrast level we simulated populations under at least ten different sets of task parameters. The
bottom row of Fig. 3|systematically validate theoretical predictions across diverse task parameters.
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Figure 4: Information gap landscapes inform practical task designs that optimally differentiate
probabilistic representations in neural populations. A) Information gap as a function of task
parameters (d: separation between context priors, and o: context prior standard deviations) for both
the likelihood coding hypothesis (top) and the posterior coding hypothesis (bottom) when presented
with high contrast stimuli. The red asterisks identify strategic task designs that achieve the tradeoff
where posterior-coding information gap approaches its maximum while likelihood-coding maintains
sufficient discriminative signal. B) Same for medium contrast stimuli and C) for low contrast stimuli.

Plotting empirical decoder performance differences against theoretical values of information gap for
each task design parameter reveals remarkable agreement for both probabilistic coding schemes.

A notable finding is that information gaps for likelihood-coding populations exceed those for posterior-
coding populations by approximately an order of magnitude. Our theoretical framework provides an
intuitive explanation: in likelihood coding, every stimulus contributes to the information gap calcula-
tion, whereas in posterior coding, only observation pairs satisfying Eq. @] contribute. This asymmetry
suggests that distinguishing probabilistic decoders in posterior-coding populations presents greater
experimental challenges, requiring careful task design to achieve sufficient statistical power.

Overall, these simulation results establish that our information-theoretic framework accurately
predicts decoder performance differences for neural populations following either probabilistic coding
hypothesis, providing a quantitative foundation for designing targeted, theory-driven experiments to
differentiate the fundamental theories of probabilistic neural representations.

4 Task optimization for differentiating probabilistic neural codes

Given the high degree of agreement between the empirical and predicted information gap measures
as computed in Eq. [Tland 3] we now leverage this framework to optimize experimental designs that
maximally differentiate the two probabilistic coding hypotheses. We systematically explore the task
parameter space to identify experimental conditions that would yield maximum discriminative power.

Information gap landscape We evaluated information gap across the two-dimensional task pa-
rameter space defined by: (1) the distance between the means of the two Gaussian context priors
d = |u? — 1B, and (2) the shared standard deviation for both Gaussian context priors o = o4 = o5,
The landscapes of information gap across three different levels of stimulus contrasts are presented
in Fig. [ with the top row showing the results for populations following the likelihood-coding
hypothesis and the bottom row for those following the posterior-coding hypothesis.

Key patterns emerge from the information landscape analysis. First, we observe that the information
gap landscape depends on the stimulus contrast level, suggesting that experimental design should
be tailored to specific stimulus features such as the contrast level. In addition, decreasing stimulus
contrast expands the parameter region yielding substantial information gaps for both probabilistic



coding hypotheses. This agrees with the intuition that prior information becomes increasingly
influential when the sensory observation alone provides insufficient information for reliable inference.

Strategic task design Crucially, for a given contrast level, the information gap landscapes strongly
depends on the underlying population coding hypotheses, revealing an inherent trade-off to con-
sider when optimizing experimental design: task parameters that maximize the discriminability for
likelihood-coding populations diverge from those optimal for posterior-coding populations. This
divergence necessitates strategic selection of experimental parameters that balance discriminative
power across both hypotheses.

The marked asymmetry in information gap magnitudes—with posterior-coding values typically
an order of magnitude smaller than those of likelihood-coding populations—suggests prioritizing
parameters that maximize posterior-coding discriminability while maintaining adequate likelihood-
coding sensitivity. The red asterisks in Figure ] identify such strategic “sweet spots” where posterior-
coding information gap approaches its maximum while that under likelihood-coding hypothesis
maintains sufficient discriminative signal.

Practical task implementation The information landscapes provide concrete guidance for experi-
mental design. For high-contrast stimuli, optimal discrimination occurs with small prior separations
(d &~ 15-20) and smaller standard deviation s(o =~ 5-10). As contrast decreases, the optimal region
shifts toward larger prior separations and wider standard deviations.

Importantly, our framework enables researchers to systematically optimize experimental designs
for differentiating between specific neural coding theories by quantifying expected information
gaps across parameter spaces. This optimization directly identifies experimental parameters that
maximize statistical power within practical constraints, transforming parameter selection from an
exploratory process into a theory-driven procedure that substantially increases the probability of
obtaining decisive empirical results. The resulting information gap landscapes serve as navigational
maps, revealing parameter combinations that most effectively distinguish whether early sensory
populations encode likelihood functions or posterior distributions.

5 Discussion and conclusions

We presented an information-theoretic framework that enables targeted experimental design to resolve
a fundamental question: whether early sensory neural populations encode likelihood functions or
posterior distributions. We derive analytical expressions for the information gap—the expected
decoder performance difference when extracting mismatched probabilistic content. This measure
quantifies how effective an experimental design can distinguish between competing probabilistic cod-
ing hypotheses, providing precise predictions validated through extensive simulations. Most critically,
maximizing this information gap yields principled experimental designs that optimally discriminate
between probabilistic neural codes, enabling decisive experiments to resolve this theoretical debate.

By providing the first principled methodology for experimentally distinguishing how neural popula-
tions represent uncertainty, this work would help addresses fundamental questions about Bayesian
computation in the brain. More broadly, this approach bridges computational theory and experimental
neuroscience. Our framework provides a general blueprint for testing competing neural coding theo-
ries through information-theoretic optimization. By quantifying whether experiments can distinguish
between hypotheses before data collection, this work demonstrates how theoretical frameworks can
directly accelerate empirical discovery in neuroscience.

Scope and limitations Our framework provides a foundation that can be extended in several
directions. First, while we focus on discretized stimuli with Gaussian priors for analytical tractability,
the mathematical framework naturally extends to continuous spaces and arbitrary distributions through
numerical methods. Second, although our analysis considers pure likelihood or posterior coding,
the decoding approach can be used to and characterize hybrid schemes, providing a tool to explore
the full spectrum of probabilistic representations. Third, our simulations employ Poisson variability
models that capture essential response statistics; incorporating more complex features such as noise
correlations and response nonlinearities would further strengthen predictions for biological neural
populations with richer details. These extensions represent opportunities to refine the framework as
experimental techniques and computational resources continue to advance.
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A Technical Appendices and Supplementary Material

A.1 Information gap derivation

Consider a generative model of sensory observations  — x, where x is the noisy sensory observation
(e.g. a drifting grating stimulus) generated according to p(z|6), the likelihood function determined
by the generative model, given the hidden state of the environment 6§ (e.g. true orientation of the
drifting grating stimulus). Consider an experimental setup where there are two possible contexts:
¢ = {A, B} with their associated context priors p(6|c) = p©(6).

Given a sensory observation = and a context ¢, the context-dependent posterior distribution of §
(denoted as p°(0|z) = p(f|x, ¢)) is given by the Baye’s rule:
pe(0,x)

pe(x)
__ p(x]0) - p°(0)
e pe(@lf) - pe(07)
_ _ plxl0)-p°(0)
X p(al0) - pe(0)
o< p(|6) - p©(0)

pe(0lz) =

Since the generative process § — =z is independent of ¢,

For a given neural population response vector r, consider two possible probabilistic neural coding
hypotheses:

1. Likelihood coding: the neural population responses 7 is hypothesized to encode the
likelihood function of the stimulus p(z|6).

2. Posterior coding: the neural population response 7p is hypothesized to encode the posterior
distribution of the hidden state given the stimulus p(0|x).

We consider whether it is possible to differentiate the probabilistic information content encoded in
given neural population responses through a decoding approach. The intuition behind the decoding
approach is that if the neural population is encoding the likelihood function, then a decoder decoding
the likelihood function should lead to a better performance then a decoder decoding the posterior
distribution; vice versa if the neural population is encoding the posterior distribution. In other words,
decoder performance degrades when trying to decode mismatched probabilistic content, such that
the difference in decoder performance when decoding the likelihood function versus decoding the
posterior distribution can be used to differentiate whether a given neural population is encoding the
likelihood function (likelihood-coding) or the posterior distribution (posterior-coding).

Consider applying a decoder function g which is optimized to decode some probabilistic information
content from the neural population responses:

g(r) — p(-) where g is a decoder function

To establish the expected difference between decoder performances, we consider the limit of perfect
decoding where the decoder is expressive enough (e.g. a multi-layer perceptron, MLP), and the data
is abundant.

Adopting an information-theoretical approach, given an experimental design, our goal is to derive the
expected difference between decoder performances when decoding the likelihood function and when
decoding the posterior distribution from given neural population responses, a quantity that we termed
the information gap between the two decoders. We will separately derive the information gap for
likelihood-coding and posterior-coding populations, respectively.

A.1.1 Likelihood coding

For a likelihood coding population, the neural population responses 7, encode the likelihood function
of the sensory stimulus, and are not modulated and hence independent of the context prior.

rL ~ f(p(x|@)), where f is some neural encoding function.
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Note The decoders are optimized under cross-entropy loss:

H(p,q) = —Epllogq] = H(p) + Dkr(p |l q)
when ¢* = p < H(p, ¢*) is minimized.

Applying a perfect likelihood decoder g;, Applying a likelihood decoder g7, to a likelihood-coding
population 7, we want
gr(rL) — p(x(0)

Let us consider
Vai,cirp; =1L ~ f(p(z]0))

Since r; is context-independent, let us denote the likelihood decoder output g L(rﬁi) =gr(rL,).
With the likelihood decoder output and the corresponding context prior, the context-dependent
decoded posterior distribution qiyi(é) is given by:

(6]

a1, ;(0) =07 ;- gr(rL:) - p°(0), where 77 ; is a normalization constant.

The cross-entropy loss for data samples associated with z;, ¢, H (p(0|z:), 7 ;(#)), is minimized
when:
qzi(0) = p°(6]z:)
., : p(xi0) - p°(0)
=ns .- ;) () = ———=
nL,z gL(TL ) p ( ) p(Iy)
= gr(rL:) = af ;- p(x;|0), where af ; is a constant

That is, after training, the likelihood decoder output g (. ;) will converge to g7 (rL;) o p(x;|6)
given enough samples.

Marginalizing over all z;, ¢, the expected cross-entropy loss for a perfect likelihood decoder can be
computed as:

Epio[H (0 (0]7:), 474(0))] = Ep(a, o) [H (p°(0]2:)) + Drr(p(0]z:) || ¢77:(6))]
= Ep(a:, c)[ (p°(0]z;))]
= Z H(p®(0|z;)) - p(zi, €)

Ti,C

—ZH (0]z;)) {Zp x;|0)p° }

Zi,C

—ZZp p°(6],)) [mee 0)|
*Z{ A(6]x,)) [prl\ﬂ ]
H(p” (0]z:)) [mee 0]}

where the second equality holds because Dxr(p°(0|z:) || q7*;(f)) = 0 for a perfect likelihood
decoder. That is, the expected cross-entropy loss for a perfect likelihood decoder should approach the
expected posterior entropy as determined by the context distribution.

Applying the best possible posterior decoder gp Applying a posterior decoder gp to a likelihood-
coding population 7, we want:

gp(rL) — p°(0]z)
However, since there is no context information encoded in the population responses, the posterior
decoder cannot achieve the same performance as the likelihood decoder as there are scenarios where
the same inputs () are trained to map to different outputs (p°(6|x)) depending on the inaccessible
ground-truth context information.
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Let us consider:
Vag,c:rp ;=1L ~ [(p(x]0))

First consider the frequency of a context given observing data samples associated with z;:

p(Ca l’i)
p(z;)
__ p(e) - plilc)
2o () - plzilc’)
__p(e) - 3. p°(0) - plxi]0)
> p(e) 22 p¢ (0) - p(xi|0)

plelr = ;) =

Let us denote

S Zp $1|9
SB Zp Yp(x:]6)

Hence we can define the observation-dependent context frequency for a given x;:

pit = ple = Al = z;) = /(52 + 57)
pi =ple=Blz=w;) = S7 /(] + 5F)

Now, let us denote the posterior decoder output gp(rL ;) = gp;(6), as the posterior decoder output
can be interpreted directly as the posterior distribution over the hidden state §. Since the posterior
decoder output is agnostic to the specific context prior, under cross-entropy loss, ¢p,;(6) is trained to
minimize:

min {Ep(cm) [H(pc(9|$i)7 QP,i(G))] }

qp,i(0)
= muin {0 B O1)am.(0) + pPH P Ol ar,(0) )
— mi _ ApAQlz;) + pBpB(0)z;)] -1 (0
qf)%){ >~ ot Ole) + pPpP (012)] -Tog ara(6) }

0

Since p(6|x;) and p®(f|z;) are probability distributions over 6, and p* + pP = 1, hence
ppA(0)|z;) + pBpP (6]|x;) is also a probability distribution over 6. Therefore the above minimization
happens when:

054(0) = pi'p™ (0]2:) + pPp” (6]:)
_ 88 p(0)p(xil0) SE pPO)p(xil)
SA+ S, pAO)p(wild) — SA+SP Y, pE(0)p(x:]0)
_ [ple = A)p*(8) + p(c = B)p®(0)] - p(x:6)

SA + SP
[p(c = A)p™(8) + p(c = B)p”(0)] - p(x:i6)
~ Yo dlple = A)pA0) + ple = B)pB(0)] - plwil0")}

That is, after training, the best possible posterior decoder output for data samples associated with z;
is as if the decoder was using a surrogate prior p;(f) = p(c = A)p*(0) + p(c = B)p® (), which
is the Bayes-optimal estimator of the prior distributions across contexts, and in this case equals the
marginalized prior distribution over 6 across contexts.
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Marginalizing over all z;, c, the expected cross-entropy loss for the best possible posterior decoder
can be computed as:

Epi.o)[H(0(0]7:), 4p,i(0))] = Ep(e, o) [H (p°(0l7:)) + Dxr(p(0]:) [ ¢p;(0))]
= ]Ep(qu,C) [H(pc(9|x1))} + Ep(xi,C) [DKL(pc(e‘xi) || Q;’,i(e))}
= CE loss for the perfect likelihood decoder

+ Ep(a, ) [ Dxe(p°(012:) || gp,4(0))] ©)

Information gap for a likelihood-coding population Ai"®  From equation@ let us define A,
information gap for a likelihood-coding population between a perfect likelihood decoder g7 and the
best possible posterior decoder g, as the difference in the expected cross-entropy loss of the two
decoders:

AP =By, [Dxe(p°(012:) || ap4(6))]

)

- ZDKL (0]z:) | qu( ) - p(zs,¢)
—ZDKL (O1:) 1| ai(0)) - pe) - | S pail0)p° ()]

0

fzzp ) Die (6(6012:) 1| 0, (0)) | - plailo)pt(9)]
0
—Z{DKL (012 11 g (0)) - ple = A)[ 3~ plai|0)p™ (0)|+
0
D (p” (0125) || ap(9)) - p(c = B)| Y plail0)p”(0)] }
0

A.1.2 Posterior coding

For a posterior coding population, the neural population responses rp encode the posterior distribution
over 0 given x under a context ¢, and are therefore modulated by and dependent on the context prior.

rp ~ f(p°(6]x)), where f is some neural encoding function.

Applying a perfect posterior decoder gp Applying a posterior decoder gp to a posterior-coding
population rp, we want

gr(re) — p°(0]x)

Let us consider

Vi, crpy ~ f(p(0]ri))

Denote the output of a posterior decoder as gp(r5;) = ¢ ;(0), which is context-dependent
as rj, is context-dependent. The cross-entropy loss for data samples associated with z;,c,
H(p®(0z:), g% ;(0)), is minimized when:

q4pi(0) = p°(0]x:)

That is, after training, the posterior decoder output gp(rj ;) will converge to ¢ () = p°(0|z;)
given enough samples. Marginalizing over all x;, ¢, the expected cross-entropy loss for a perfect
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posterior decoder can be computed as:
Ep(aso) [H(P(012:), 453(0))] = Epa, o [H (p(0]2:)) + Dxr(p®(0]:) | 47.4(0))]
= Ep(a,.o[H(p"(0]7:))]
= Z H(p°(0|x;)) - p(xi, c)

= S HG Olw) - ple) - [ S plaido)p(6)]
z4,c 0

=22 poH 9mw2@www
fZ{ 0|xl {Zp x7|9 }
P10 vie= B S otalon 0]

where the second equality holds because Dk (p°(6|x;) || ¢%;(0)) = 0 for a perfect posterior
decoder. That is, the expected cross-entropy loss for a perfect posterior decoder on a posterior-
coding population should approach the expected posterior entropy as determined by the context
distribution. Note this is the same as the expected cross-entropy loss for a perfect likelihood decoder
on a likelihood-coding population as derived previously.

Applying the best possible likelihood decoder g;, Applying a likelihood decoder gy, to a posterior-
coding population rp, we want

gr(rp) — p(x|0)

Let us consider some pair (z;, z)) such that

A(0|x;) = pB(0|zx), VO (can be measured in terms of KL divergence)

(
0) plal) o 1700) -l ¥
iy ~ F0A0)2,)
i~ 1P (0h)

(a2

That is, we consider the condition r#; = 7, where the input (r#'; or rf,) to the likelihood

decoder is approximately the same but the target output is different depending on the context
(p(x;]6) or p(xx|@)). Under the limit of perfect decoding, x = {(x;, )} are the scenarios which
will cause the likelihood decoder to not be perfect even with large data samples and expressive
parametrization. The intuition is that with expressive enough decoder and large enough data samples,
the only scenarios where the best possible likelihood decoder g7 is still not perfect are those where
the same inputs (population responses encoding posterior distributions) need to be decoded into
different outputs (likelihood function) depending on the context.

Let us first consider the frequency of a context given observing data samples associated with rf,‘f ; or

B .
Tk

ple=Ar=rg;v 7'1?,1«)
p(r = r}g“,j vV Tgk)

ple=A)- 3 p" (O)p(x;10)
ple=A)- 32 pA(0)p(x;10) +p(c = B) - 32 p” (0)p(w|0)

plc=Alr = réj Y r]?,k) =

Similarly, we have:

plc=B) -3y p"”(0)p(z4]6)
plc=A) -3 pO0)p(x;|0) +plc = B) - >4 P (0)p(xx|0)

p(c = Blr :réj \/rgk) =
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Denote

Zp )p(x;16)
SP Zp )p(xk]0)

Define the observation-dependent context frequency for observing data samples coming from rf,‘f ; or

TPBik:
A o A
ij.—p(C—A\r—rPJ\/rPk) SA/(SA + SP)
phe = ple=Blr = rg; Vo) = SP /(S + SP)

Now let us denote the context-independent likelihood decoder output as gL(rﬁj) = gL(rlffk) =

¢;1(0). The context-dependent posterior distribution given the corresponding context prior is given
by:

o) P (0)0k(0)  _ p™(8)0k(6)
29, AOVGk(0)  Z] 1 (0)]
£ 0) = OGO pP0)(0)
Lk Zef B(0)e(0)  ZB[6,(0)]

where Z jA [¢;%(0)] and ZP[¢;1(0)] are normalization constants dependent on ¢ (6), defined as:

ZMGR(0)] = > p™(0)4x(0)
0

=Y pP(0)t;(0)
6

Under cross-entropy loss, we want £;;(6) (and its associated posteriors qf’ ;(0) and qﬁ x(0)) to
minimize:

min {p H(p*(0];), a2 0)) + pf H(p" Olax), af 1(0)) }

L5k (0)
o p* (0)p(z,]9) P (0)¢k(0)
;;:1(2){—2 & S PO 0) % 2]
5 PP(O)p(x]6) PP (0)¢x(0)
A S ol 28] ) @
Define
Ay AA p(O)p(x,10) ple=A)p”(0)p(x;]0)
,u_j (9) T pjp (9|$]) _p_] Z pA( /) (x]w/) - SJA +S’€B
Bpy._ BB pPO)p(xrl) plc= B)p”(0)p(xx|0)
py (0) = pp” (Oxk) = Pk Ze B (0 p(zi]0)) - SJA‘FSI?
Note
.Tj 0
Z“a )S%‘:TSSB) p(z;] ):ij
|0
>t gfsg pilh) _ o
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The cross-entropy loss in Eq. [7]becomes:
L(x(0)) = = [1'(6) - (10gp™(8) +log £;.(9) — 10 Z[(;4(6)] ) +
)

uE (0) - (10gp” (0) +log £;1.(8) — log ZF [(;4(6)))

= {3 [ 011085 0) + uf: (9) 108 7 (0)|
0
+ 37 [ (0) + uE (9)) -Tog £31(0)]
0

—[Zejuf(ﬂ log Z}'[ [Zu ] 1ogz,§[£jk(e)]}

0

Note L(of) = L({), Yo > 0. Therefore £* that minimizes L is determined up to a multiplicative
constant. The above minimization happens at the critical point £7; (¢) where ae?iL(e) =0, V6.
jk

Before proceeding to find the minimum, let us first find

9
52 1 0)] = %k {Zp (@)} =)

8[](2<9)Z]€B[£] ( 5@1@ {Zp 0, Jk l } (0)

To find the minimum, let us take the derivative with respect to éjk(G) and set it to zero:

o OL((9))
00;1,(0)

_ _{u;‘(e) + 1B (6) [Zg 15 (6)} OZ[0(0)] [Zg ukB(f))] az,{?[ejk(e)]}

£ix(0) O ZAGRO)]  0R()  ZPIk()]  04(0)
“34@) + 1 (0) pf B
ez’ e’

Therefore minimization happens when (determined up to a multiplicative constant):

W)= — <9>+uk g
ZJA g* (0) k] B(G)
_ <e|:cj>+pkp (Olz2) "
ZAZ* () ZBe* B(Q)

Since both Z7! [¢%,] and Z[¢%,] depend on £3,.(0), Eq. 8| gives an implicit expression for £%; (6).

The equation can be solved using fixed-point iteration starting with some initial guess for E‘S? (9) > 0.
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For instance:

Initialize £} () o 1
fort =0,1,2,...:
compute ZA @ [é(t)] Z E(t) (0)p™(6)

=
Apt(0];) + pPpP (0] x)

update E( o (9) = p2 A pB B
g O )

Stop when €§Q (0) converges (up to a multiplicative constant).

That is, after training, the best possible likelihood decoder output for data samples associated with
réj and r}?, & 1s as if the decoder was dividing a surrogate posterior utilizing the Bayes-optimal
estimator of the context-dependent likelihood functions across context, in this case equals a weighted
sum of ground-truth posteriors p;“p"‘ (0]z;)+pPpB(0|x)) by a weighted sum of ground-truth context

A B
priors ZA[e* AP A(0) + ng[ké;k]pB(G).

The posterior of the best likelihood decoder output g7 given the corresponding context prior for ré j
and rf? i 1S:

. 0 (0)p™ (0)
Be gy _ Lr@p7(0)

Hence, the cross-entropy loss for the best possible likelihood decoder can be computed as:

Ep (i) [H(P(0124), 47:(0))] = Epa o) [H (p°(0]2:)) + Drr(p°(0l:) ] 43 (0))]
= Ep(as,0) [H (P (0120))] + Ep(ay o) [Dicr (p°(0]23) 1] 477:(0))]
= CE loss for the perfect posterior decoder

+ Ep(ase) [ Dxe(p°(0123) |] 45:(0))] ©)

Information gap for a posterior-coding population Aili‘f° From equation E], let us define A,
information gap for a posterior-coding population between a perfect posterior decoder and the best
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possible likelihood decoder, as the difference in the expected cross-entropy loss of the two decoders:
AP = Ep(e,,0) [Dxu (p°(0]24) 1] 457:(0))]
= ZDKL (Olz:) |l 477:(0)) - plai, ©),
since only x; € {(x;,x))} terms are nonzero, denote x = {(z;,xx)}

= Z D (°(6]2:) || 4574(60)) - p(ass )

=ZD O 11,00 06) [ ot 0)

:mz:czp ) Diw (0 (013) || 457, [Zp 200

_ Z C{DKL@A(W 145(6)) - ple = 4) [gpwlﬂp“‘("ﬂ
o + Dyw (0 (0)1) || a3.(6)) [ZP wl0p” )]}
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