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Abstract

Causal discovery in the presence of missing data
introduces a chicken-and-egg dilemma. While
the goal is to recover the true causal structure,
robust imputation requires considering the de-
pendencies or, preferably, causal relations among
variables. Merely filling in missing values with
existing imputation methods and subsequently ap-
plying structure learning on the complete data is
empirically shown to be sub-optimal. To address
this problem, we propose a score-based algorithm
for learning causal structures from missing data
based on optimal transport. This optimal transport
viewpoint diverges from existing score-based ap-
proaches that are dominantly based on expectation
maximization. We formulate structure learning
as a density fitting problem, where the goal is to
find the causal model that induces a distribution
of minimum Wasserstein distance with the ob-
served data distribution. Our framework is shown
to recover the true causal graphs more effectively
than competing methods in most simulations and
real-data settings. Empirical evidence also shows
the superior scalability of our approach, along
with the flexibility to incorporate any off-the-shelf
causal discovery methods for complete data.

1. Introduction

Discovering causal relationships among different variables
holds great significance in many scientific disciplines (Sachs
et al., 2005; Richens et al., 2020; Wang et al., 2020; Zhang
et al., 2013). The gold standard approach to this problem
is through randomized controlled experiments, which are
however often infeasible due to various ethical and practical
constraints. There have thus been ongoing efforts towards
causal discovery from observational data (Spirtes et al.,
2000; Chickering, 2002; Heckerman et al., 2006; Zheng
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et al., 2018; Yu et al., 2019; Glymour et al., 2019; Zheng
etal., 2020; Zhao et al., 2024; Bonilla et al., 2024). Whereas
existing structure learning algorithms mostly deal with com-
plete data, practical real-world data are often messy, poten-
tially with multiple missing values. Eliminating samples
affected by ‘missingness’ and solely analyzing the observed
cases is undesirable, since not only would it decrease the
sample size but also introduce bias to the estimations (Tu
et al., 2019; Mohan & Pearl, 2021). Another strategy is
to impute the missing values by, e.g., modeling the joint
data distribution. The key challenge of imputation lies in
effectively modeling this distribution when dealing with
a substantial number of missing values, which may arise
form different missing-data mechanisms (Little & Rubin,
2019). More importantly, as proposed by Mohan & Pearl
(2021), the missing process can also be modeled with causal
graphs and, without considering the underlying causes of
missingness, learning an imputation model from observed
data is prone to bias (Kyono et al., 2021). Thus, dealing
with missing values benefits substantially from having a
causal graph, which is unknown in practice and needed to
be learned from data, potentially in the presence of missing
values. Evidently, this poses a chicken-and-egg problem.

A straightforward approach to dealing with our problem is
to impute the missing values and subsequently apply any
existing causal discovery method. This is however not an
effective strategy. Figure 1 illustrates the quality of imputa-
tion (by Euclidean distance) in relation to causal discovery
performance (by F1 score) across different missing rates
and mechanisms. We study 3 popular imputation methods:
Mean imputation, Optimal Transport (OT) imputation (with
Sinkhorn divergence) (Muzellec et al., 2020), and Multivari-
ate imputation with Bayes Ridge regression and Random
Forest regression (MissForest) (Van Buuren & Oudshoorn,
2000; Pedregosa et al., 2011). It is seen that better impu-
tation does not necessarily lead to better causal discovery,
as shown more obviously at higher missing rates. In other
words, “good” imputation in terms of reconstruction does
not guarantee “good” imputation for causal discovery. It is
possible that the filled-in data distribution encodes a differ-
ent set of independence constraints, resulting in a distribu-
tion compatible with a causal graph that is different from
the true one. The sub-optimality of such a naive approach
has also been reported in prior work (Kyono et al., 2021;
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Gao et al., 2022). This motivates the development of a joint
end-to-end machinery dedicated to structure learning under
missing data.

Depending on the base causal discovery algorithm (designed
for complete data), existing methods can also be categorized
as either constraint-based or score-based. Constraint-based
methods are mainly built up on the PC algorithm, which ex-
ploits (conditional) independence tests (Strobl et al., 2018;
Tu et al., 2019; Gain & Shpitser, 2018). Score-based causal
discovery has recently taken off, owning to advances in ex-
act characterization of acyclicity of the graph (Zheng et al.,
2018; Yu et al., 2019; Bello et al., 2022). Extension of score-
based approach in the context of missing data is nonetheless
less studied'. A notable method in this line of research is
MissDAG (Gao et al., 2022), which proposes an EM-style
algorithm (Dempster et al., 1977) to estimate the graph. In
the E step, MissDAG imputes the missing entries by mod-
eling a posterior distribution over the missing part of the
data. This gives rise to the expected log-likelihood of the
complete data, which MissDAG maximizes to estimate the
model parameters in the M step. MissDAG has shown a
significantly improved performance over constraint-based
methods. However, the framework suffers from two key
drawbacks. First, the time inefficiency issue of vanilla EM
hinders the scalability of MissDAG. Second, a large part
of the work focuses on linear Gaussian models where the
posterior exists in closed forms. In the non-Gaussian and
non-linear cases, MissDAG resorts to rejection sampling,
which introduces extra computational overhead. Further-
more, approximate inference may compromise the estima-
tion accuracy greatly, especially in real-world settings where
the model tends to be misspecified.

Contributions. In this work, we introduce OTM - an
Optimal Transport framework for learning causal graphs
under Missing data. From the viewpoint of optimal trans-
port (OT, Villani et al., 2009), we fit structure learning into
a general landscape of density fitting problems, to which
OT has proved successful (Arjovsky et al., 2017; Tolstikhin
etal., 2017; Vuong et al., 2023; Vo et al., 2024). The high-
level idea is to minimize the Wasserstein distance between
the model distribution (often in a parametric family) and the
empirical data distribution. There are two key properties
that makes OT an attractive solution to our problem: (1)
the Wasserstein distance is a metric, thus providing a more
geometrically meaningful distance between two distribu-
tions than the standard f—divergences; (2) the Wasserstein
estimator is empirically shown in past studies to be more
robust to misspecifications (Bernton et al., 2019; Vo et al.,
2024) and several practical settings where the maximum
likelihood estimate fails, e.g., when the model is a singular
distribution or the two distributions have little or no overlap-

'A review of other related works is provided in Appendix B.

MCAR

I1X = XIl2

F1 (%)

o o o
10% 30% 50% 10% 30% 50% 10% 30% 50%
Missing rate Missing rate Missing rate
=== Complete data = Mean Imputer OT Imputer (SK) = BayesRidge Imputer MissForest Imputer

Figure 1. Visualization of the quality of imputation vs. causal dis-
covery performance. Better imputation in terms of reconstruction
quality does not always imply more accurate structure learning.

ping support (Bassetti et al., 2006; Canas & Rosasco, 2012;
Peyré et al., 2017; Arjovsky et al., 2017).

Our proposal OTM is a flexible framework in the sense that
(1) OTM can accommodate any existing score-based causal
discovery algorithm for complete data, making it able to
handle missing values, and (2) we make no assumptions
about the model forms nor the missing mechanism. In Sec-
tion 3, we present our theoretical development that renders
a tractable formulation of the OT cost to optimize the model
distribution on the missing data. In the remainder of the
paper, we provide a comprehensive study of the non-linear
scenarios on both synthetic and real datasets. Most of the
experiments demonstrate the best/second-best performances
of OTM on accurately recovering the true causal structures,
along with superior scalability when the graph complexity
increases.

2. Preliminaries

We first introduce the notations and basic concepts in the
paper. We reserve bold capital letters (e.g., G) for notations
related to graphs. We use calligraphic letters (e.g., X") for
spaces and bold upper case (e.g., X) for matrices. We also
use upper case letters (e.g., X) for random variables and
lower case letters (e.g., ) for values. Finally, we use [d] to
denote a set of integers {1,2,--- ,d}.

2.1. Structural Causal Model

A directed graph G = (V,E) consists of a set of nodes
V and an edge set E C V2 of ordered pairs of nodes with
(v,v) ¢ E for any v € V (one without self-loops). For a
pair of nodes 4, j with (7, j) € E, there is an arrow pointing
from ¢ to 57 and we write ¢ — j. Two nodes 7 and j are
adjacent if either (i,j) € E or (j,i) € E. If there is an
arrow from ¢ to j then ¢ is a parent of j and j is a child of 4.
Let PA x, denote the set of variables associated with parents
of node ¢ in G.
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The causal relations among d variables is characterized via
a structural causal model (SCM, Pearl, 2009) over the tuple
(U, X, f) that generally consists of a sets of assignments

X; = f;(PAx,,U;), i€V, 00
where U, is an exogenous variable assumed to be mutually
independent with variables {U7, - - - , Ug}\U;. Given a joint
distribution over the exogenous variables P(Uy,--- ,Uy),
the functions f = | fi]?zl define a joint distribution P(X)
over the endogenous variables X. Each SCM induces a
causal graph G, which we assume in this work to be a
directed acyclic graph (DAG). We also make standard causal
discovery assumptions: (1) the distribution P(X) and the
induced graph G satisfies the Markov property (Pearl, 2009)
and (2) there are no latent confounders of the observed
variables. In this work, we focus on the additive noise
models (ANMs, Peters et al., 2014; Hoyer et al., 2008)
where the graph G may be uniquely identified. In ANMs,
(1) takes the form X; := f;(PAx,)+ U;, i€ V.

2.2. DAG Learning and Acyclicity Characterization

The task of structure learning is to discover the DAG G
underlying a given joint distribution P(X). In this work,
we follow a score-based approach where one defines a score
or loss function £( f; X') that measures the “goodness of fit”
of a candidate SCM to a data matrix X . The goal is to learn
a DAG that minimizes £(f; X ), which can be any such as
least squares, logistic loss or log-likelihood. The problem
is generally NP-hard due to the combinatorial nature of the
space of DAGs (Chickering, 1996; Chickering et al., 2004).
Thanks to the existing proposals of smooth non-convex
characterization of acyclicity (Zheng et al., 2018; Yu et al.,
2019; Bello et al., 2022), score-based structure learning has
successfully been cast as a continuous optimization problem
that admits the use of gradient-based optimizers.

Here the graphical structure is represented by a weighted
adjacency matrix W € R%*? where i — j if and only
if W,;; # 0. In the linear case, we can use W =
[w1], -+, [wq4] to define a SCM where (1) takes the form
X, = WZTX +U;. In the non-linear case, Zheng et al. (2018)
propose to consider each f; in the Sobolev space of square-
integrable functions, denoted by H'(R?) C L%(R?), whose
derivatives are also square integrable. Let ; f; denote the
partial derivative of f; w.r.t X;. The dependency structure
implied by the SCM f = [f;]%_; can be encoded in a matrix
W = W(f) € R™? with entries [W(f)];; :== [|0: ]2,
where || - ||2 is the L? norm. Such construction is motivated
from the property that f; is independent of X; if and only
if ||0; f;ll2 = 0 (Rosasco et al., 2013). In practice, f is ap-
proximated with a flexible family of parameterized function
such as deep neural networks.

Learning the discrete graph G is now equivalent to opti-

mizing for W in the continuous space of d x d real matri-
ces. This allows for encoding the acyclicity constraint in
‘W during optimization via a regularizer R(W) such that
R(W) = 0 if and only W € DAGs. We briefly review
popular acyclicity characterizations in the following.

* NOTEARS (Zheng et al., 2018): R(W) =
trace [exp(W o W)] — d.

* Polynomial (Yu et al, 2019): R(W) =
trace [(I+ oW o W)?] — d for o > 0.

* DAGMA (Bello et al, 2022): R(W) =

—logdet(sI — W o W) + dlog s for s > 0.

where o denotes the Hadamard product and I denotes the
identity matrix.

2.3. Optimal Transport
Leta = 7, a;d,; be a discrete measure with weights

a and particles z1,--- ,2™ € X where a € A", a (n —
1)—dimensional probability simplex. Let 5 = Z?=1 bjdy,
be another discrete measure defined similarly. The Kan-
torovich (Kantorovich, 2006) formulation of the OT distance
between two discrete distributions « and S is

We(a,p) == inf (C,P), 2
(@ f) =, nf (C.P) e
where (-,-) denotes the Frobenius dot-product;

C € R}*" is the cost matrix of the trans-
port; P e RI*™ is the transport matrix/plan;
U(a,b) = {PeRP":Pl,=a,Pl,=0>b} is

the transport polytope of a and b; 1,, is the n—dimensional
column of vector of ones. For arbitrary measures, Eq. (2)
can be generalized as

Wc (aa 6) = ]E(X,Y)NF [C(X7 Y)] ) (3)

inf

TnP(X~a,Y ~f)
where the infimum is taken over the set of all joint distri-
butions P(X ~ a,Y ~ () with marginals « and 5 respec-
tively. ¢ : X x ) — R is any measurable cost function. If
c(z,y) = DP(z,y) is a distance for p < 1, WW,,, the p-root
of W,, is called the p-Wasserstein distance. Finally, for
a measurable map 7" : X +— ), T#a denotes the push-
forward measure of « that, for any measurable set B C )/,
satisfies T#a(B) = a(T~'(B)). For discrete measures,
the push-forward operation is T#a = 2;21 07 (z;)-

2.4. Data with Missing Values

We consider a dataset of n data samples with d features
stored in matrix X = [X*,--- ,X”]T € R™*4, An indi-
cator matrix M € {0, 1}"*? is used to encode the missing
data so that M7 = 1 indicates that the i feature of sample

j is missing and M; = 0 otherwise. The missing values
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are initially assigned with Nan (Not a number). We fol-
low Python/Numpy style matrix indexing X [M] = Nan to
denote the missing data.

The missing mechanism falls into one of the three common
categories (Little & Rubin, 2019): missing completely at
random (MCAR) where the cause of missingness is purely
random and independent of the data; missing at random
(MAR) where the probability of being missing depends
only on observed values; missing not at random (MNAR)
where the cause of missingness is unobserved. Dealing with
MAR or MNAR is more challenging, as missing values may
introduce significant biases into the analysis results (Mohan
& Pearl, 2021; Kyono et al., 2021; Jarrett et al., 2022).

3. Methodology
3.1. Problem Setup

We consider a causal DAG G(V, E) on d random variables
X induced by an underlying SCM over the tuple (U, X, f).
Let 0 denote the parameters of our model, including the
weighted adjacency matrix W parameterizing the causal
graph and the parameters of the functions approximating
f = [fi]% . We denote these functions as fj.

We focus on the finite-sample setting with missing data.
Given a dataset D = (X, M), let O C [d] denote the set
of entries/variables in each observation X7. Let X =

[XZJ M/ =0,i¢ [d]} denote the observed part of X7.

Similarly, we have X = [Xf c M7 =0,icd],je [n]}
denote the entire observed part of the data.

Let pp(Xo) = n~ 30,9 x; denote the (incomplete)
empirical distribution over X¢. In the classic density-fitting
problem where the data is complete, the task is to find
0 that minimizes some distance/divergence between the
model distribution and the empirical distribution over the ob-
served data. This problem setup however does not translate
smoothly to our setting of missing data since the definition
of a model distribution over X, denoted as 119(Xo), is not
straightforward. Now we explain how to address this issue.

With a slight abuse of notation, we use X to denote the
true (unknown) data matrix. Given a complete data ma-
trix X, we define h,, as a mechanism to produce miss-
ing data, or equivalently to extract the observed part, i.e.,

o (X) = {Xg' MI=0,ield,je [n]} — X, and
h., operates row-wisely according to M. Given a sub-
part of data Xé, we construct a mechanism h. to com-

plete the data such that h.(X2) = X7 € R For hy,
and h. defined above, we can define the model distribu-
tion over X via its reconstruction from the model, that is

po(Xo) :=n"1 2721 5hm{f9 [he(X)]}

3.2. Proposed Method

We propose to learn the graph G using the OT cost as the
score function. The goal is to find # that minimizes the OT
distance between pp(Xo) and pg(Xo):

0= argmin W, [up(Xo), ne(Xo)] “
0:foc H' (R9)

subject to W(f) € DAGs,
where the OT distance is given as
We [up(Xo), pe(Xo)]
S e X o (he(XE))]} P

Jik

= min
PEU(1717171)

Note that P € R’}*" is a coupling matrix and the minimum
is taken over all possible couplings in the Birkhoff polytope
U(1,,/n,1,/n). The challenge now is how to define the
cost ¢(+, -) between two particles at locations (7, k), two ar-
bitrary sub-vectors of possibly different dimensions. Notice
that if the data matrix is complete i.e., each particle is a
complete d—dimensional vector, the cost function can be
naturally defined on the continuous space.

Definition 3.1. (Cost function for incomplete samples) The
transport cost between a particle j from pp(Xo) and a
particle k from pp(Xo) is given by

e X8, [ o (he(X5))] }
= 1c{he (X3) So [he(XE)]} Vikeml,  ©)

where [, is some loss metric between two complete vectors
in RY

By Definition 3.1, we propose to define the cost ¢(-, -) be-
tween two incomplete data points via a distance between
their pseudo-completions from h.. As an initializer, k. can
be any off-the-shelf imputer or a measurable function with
learnable parameters to be optimized via an objective. The
construction of an imputer &, to create pseudo-complete val-
ues is a natural strategy to deal with missing data in this line
of research. Muzellec et al. (2020) and Zhao et al. (2023) in
particular propose a strategy for learning the imputations by
minimizing the OT distance between two pseudo-complete
batch of data points. In these works, the imputations for the
missing entries are themselves parameters and h. can be
chosen to be such a mechanism.

Let pg(X) :=n~' 377 0, (x5 denote the model distri-
bution over the true data.

Lemma 3.2. For h., h,, defined as above, if h. is optimal in
the_sense that h recovers the original data i.e., ho(X}) =
X7,¥j € [n], we have

W, [,UD(XO)7 ,U/@(XO)] = ch [hc#ﬂD(XO)> MQ(X)] .
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where he#up(Xo) =n~! Z?Zl Oy, (x2)» Which also rep-
o

c

resents empirical distribution over the true data.

Proof. See Appendix A.

Lemma 3.2 follows directly from Definition 3.1, which trans-
lates the problem of minimizing the OT distance between
two distributions over the incomplete data into minimizing
the OT distance between two distributions over the complete
data produced by h.. Furthermore, if i, optimally recovers
the true data, the minimizer of the OP in (4) coincides with
the solution 6 “best” fits the true empirical data distribution.

For brevity, let us denote £ as the parameters of
h. and alternatively define an empirical distribution
pe(X) = n7'37 0%, over the set of samples

{XW‘ - hc(Xé)}n

learning € by minimizing W, [ug(f ); (X )} where

. Lemma 3.2 motivates an OP for
j=1

1e(X) is again the model distribution over the true data.
On one hand, we cannot compute this OT distance directly
because X is unknown. On the other hand, Eq. (5) suggests

that one can minimize W;, {ug(f); f#ug(f)} since fit-

ting 6 to X is the same as fitting 6 to true data X if h. is
optimal. However, this is rarely the case in practice because
(1) from §1, we learn that the existing imputation methods
are sub-optimal for learning the true causal model; (2) if
h. is learnable, that h, is arbitrarily initialized provides no
useful information about the true data or model distribution
for 6 to be updated effectively over training.

We now present our theoretical contributions that open the
door to solving the prevailing problem via a more sensible
optimization objective.

Theorem 3.3. Given any complete data distribution ji¢ (:f ),
let ¢ : R™™ s R"¥4 be q stochastic map such that

qﬁ#ug(f) = up(X) and hy, [(j)(;(/)} = Xo. For a fixed
value of 0,

Wi, [HE(X)We(X)}
= m;n B e (%)Y ~o(X) [lc (Xafe(Y)ﬂ . (6)
where l. is a loss metric between two continuous vectors.

Proof. See Appendix A.

The push-forward operation ¢p# e (X) = pg(X) dictates
the existence of a function ¢ that transports the data distri-

bution pe (X)) to the model distribution such that the OT
distance W, |:/,L§(:—)Z ); (X )} is tractable for any initial-

izer h.. The second condition h,, [Qﬁ(j(v)} = Xop is to

restrict ¢ to the class of functions that preserves the ob-
served part of the data. To explain Theorem 3.3, let us recall

the data generative mechanism according to an SCM, where
a realization from g (X)) is produced by first obtaining val-
ues for the root nodes and then generating the data for the
remaining nodes via ancestral sampling. Furthermore, if a
sample X7 is indeed generated by the model, we should
be able to reconstruct X7 via the mechanisms fy. At a
certain 6, the optimal ¢ ensures the available data is actually
generated from the SCM induced by 6. If ¢ is at optimality,
optimizing (6) is equivalent to finding 6 that can reconstruct
the observed part of the data with minimal cost.

We first explain how to optimize for ¢ and elaborate on the
intuition behind its construction in the next section. For
fixed 0, the push-forward constraint ensures every sample
Y ~ ¢(X7) to be generated according to the current SCM
or more concretely, from the value of the root node in the
current causal graph. Note that from one root data value,
the model can generate many different samples sharing the
same joint distribution. Optimizing mapping ¢ forces Y to
have the same distribution with fy(Y") at the current 6.

Let ug(Y) :=E¢ {(ﬁ(Y\XV )] be the marginal distribution
induced by ¢. By the above logic, we relax the constraint
into minimizing some divergence between p, and f# g
where f#p,(Y) :=n"! > i=1 0 5(vs) for Y7 ~ pg(Y).
We can then make our OP unconstrained by adding this
penalty to (6).

Considering ¢ to be learnable parameters of h., our final
optimization objective is given by

L(&0;0) = g}e{g Eg e (), vy ~o(X) [lc (/X f(’(Y))]

+ A D(pg; fH#1g) + 71 ROW) + 72 [W]|1, ©)

where A, 71,72 > 0 are trade-off hyper-parameters; R(W)
is any acyclicity regularizer of choice and ||[W/||; is to en-
courage sparsity; D is an arbitrary divergence measure
which can be optimized with maximum mean discrepancy
(MMD), the Wasserstein distance or adversarial training.

How OTM works. We now explain the intuition behind
the objective in (7). Theoretically, the key role of ¢ is to
render a tractable formulation for our desired OT distance
in (6) when it is difficult to obtain samples from py(X).
To understand how ¢ supports optimization, we can view
¢ as a “correction” network that rectifies the random impu-
tations made by h.. Lemma 3.2 implies that the closer h.
is to optimality, the better the imputed data approximates
the true data, which in turn helps the learning of the graph.
Conversely, the fact that § optimally yields a distribution,
from which the true data is actually generated, would also
support the optimization of h.. To facilitate this desired
dynamic between ¢ and 6, ¢ pushes h. closer to optimality
by concretely forcing the imputed data to obey the depen-
dencies given by the current SCM. This would result from



Optimal Transport for Structure Learning Under Missing Data

X = X[l> Wa(X, X)
8 300
6 200
4
100
2
0
SHD F1 (%)
80
80
60 60
40 40
20
20
0
0 500 1000 1500 2000 0 500 1000 1500 2000
t x 102 (step) t x 102 (step)

Figure 2. Visualization of the optimization process of OTM. X
is the ground-true complete data. X = fp [¢(Xo0)] is estimated
complete data from the model. Top: As training progresses, the
model generates imputations that are closer to the original data
both by Euclidean distance (value-wise) and Wasserstein distance
(distribution-wise). Bottom: The quality of the estimated graph
improves accordingly over training.

the effect of the second term in (7). Without this distribu-
tion matching term, intuitively, optimizing 6 alone on the
first term (for the element-wise reconstruction) would be
meaningless since the output imputation from h,. is often
non-informative. Our empirical evidence suggests that such
a dynamic takes place in our OTM framework where ¢ and
6 supports one another to converge to a solution closest to
the ground-truth. To further understand how OTM works,
we visualize the training behavior in Figure 2. By mini-
mizing the OT cost in (6), OTM seeks to find an SCM that
generates data that are “most similar” to the original data
both in terms of reconstruction (Euclidean distance) and
distribution (Wasserstein distance). The figure shows that
the causal structure resulting from such an SCM indeed ap-
proaches the ground-true one. The objective (7) facilitates a
joint optimization procedure over both ¢ and 6, which can
be solved with gradient-based methods. It is worth noting
that our formulation so far has not assumed any particular
form for the functions f.

Implementation details. The objective (7) applies to any
DAG characterizations. The integration can simply be done
by replacing the regularizer R(W) in Eq. (7) with the
appropriate formulation of choice. This means that our
algorithm can accommodate any existing score-based causal
discovery algorithms with complete data. In the non-linear
experiments, we choose DAGMA (Bello et al., 2022) as our
base causal discovery framework, which supports efficient
optimization with Adam optimizers (Kingma & Ba, 2014).

Given the optimal ¢, our OP reduces to score-based causal
discovery on the complete data, where the loss [. coin-

cides with the score function. We choose [. to be the
MSE-based loss following the default implementation of
DAGMA. As for the divergence measure, one could choose
D to be Jensen—Shannon divergence and estimate it with
adversarial training (Goodfellow et al., 2020). However, it is
well known that GAN is fairly unstable, which also makes
our framework more complex by introducing an additional
discriminator. Another consideration is maximum mean
discrepancy (MMD), which can be estimated empirically
with finite samples and whose sample complexity does not
depend on the intrinsic dimensionality of the support (Sripe-
rumbudur et al., 2012). See Eq. (11) in the Appendix for
the formulation of MMD with RBF kernel.

For the purpose of computational convenience, we ap-
proximate Xo ~ [Xg' if M/ = 0else 0,i € [d],j € [n]

Xo € R™*9 by filling out zeros at the missing entries.
Since both functions h. and ¢ play the role of an missing
value imputer, using amortized optimization (Amos et al.,
2023), we can combine them into a “super” imputer (de-
noted as ®) and model it with a sufficiently expressive deep
neural network that acts globally on the entire dataset. We
therefore construct the function @ : R™*? s R"*4 a5
®(Xo) = NN(Xp) o M + X, where NN(-) is a neural
network that returns a distribution over complete data values
given X . Following the definition of ¢, here only the miss-
ing entries in the data matrix are filled while the values at the
observed entries are retained. We note that OTM can be ap-
plied to various data types, thus the design of NN(-) is fairly
flexible. As our experiments mostly deal with continuous
variables, we amortize NN(+) with a Gaussian distribution
with learnable mean and diagonal covariance matrix. The
training procedure of OTM is summarized in Algorithm 1.

Identifiability. One key challenge of learning probabilis-
tic models under missing data is its identifiability. It is worth
noting again that our paper considers non-linear ANMs
where the causal graph is uniquely identifiable from ob-
served distribution. It is a well-known result that in the
M(C)AR cases, the missing mechanism is ignorable and
the parameters can be consistently estimated based only on
the observed data under large sample assumption (Rubin,
1976; Mohan et al., 2013; Bhattacharya et al., 2020; Nabi
et al., 2020). We here provide another perspective on OTM
in connection with this result.

Let X\ denote that missing part of the missing part of
the data. Given the identified parameters 0, the complete
distribution is recoverable by 115(X) = 15(Xo, Xm) =
py(Xwm| Xo, M = 0)u(Xo, M = 0). The joint recov-
erability of both the parameters and the complete data
distribution is characterized into our optimization routine
via the divergence term in Eq. (7). The imputation
network ¢ is essentially optimized such that py(X) :=
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EXO,MZO [¢(Xo, XM‘X(), M = 0)] = ‘[LQ(X) at fixed
model parameters 6. Given sufficient observed data and
network capacity, f14(X) can well approximate 19(X) at
optimality. Accordingly, as 6 converges to the ground-true
solution 6%, 14 (X)) is expected to fully recover the com-
plete data distribution.

In the case of MNAR, the missing data mechanism however
cannot be ignored during learning. MNAR data remains
largely non-recoverable. Existing works utilize the missing-
ness graph to establish graphical conditions for recovering
the joint distribution (Bhattacharya et al., 2020; Nabi et al.,
2020; Ma & Zhang, 2021). The knowledge of the missing-
ness structure is thus necessary, which is however practically
hard to obtain, especially in our setting where the causal
structure is also unknown. We thus find it crucial to develop
a principled approach that operates effectively in the absence
of knowledge about the underlying missingness mechanism.
We will later provide extensive empirical evidence to justify
the consistent effectiveness of OTM in MNAR cases.

Algorithm 1 OTM Algorithm

Input: Incomplete data matrix X = [X*!,--- , X"] Te
Rnxd; missing mask M, regularization coefficients
A,v1,7v2 > 0; loss function [.; characteristic positive-
definite kernel x and M —matrix domain s > 0.
Output: Weighted adjacency matrix W € 6.
Initialize the parameters ¢, ®.
while (D, 0) not converged do
Set Xo = | X7 if M} = 0else 0, € [d], j € [n]];
Sample X from ® (Xo);

Evaluate Y = fp(X);
Update &, 6 by descending

L(D,0) = % > 1(X7,Y7) + AMMD(X., Y, k)
j=1

+ 71 [—logdet (sI — W o W) +dlogs] + 72 [W]]i.

end while

4. Experiments

We evaluate OTM? on both synthetic and real-world datasets.
The detailed implementations of all methods are presented
in Appendix C. We focus on the non-linear setting in the
main text since it is more challenging. Additional results on
the linear models are reported in Appendix D.

Baselines. We consider imputation methods as baselines,
including Mean imputation, Multivariate imputation: Bayes

The code is
isVy08/0OTM.

released at https://github.com/

Ridge regression and Random Forest regression (MissFor-
est) (Van Buuren & Oudshoorn, 2000; Pedregosa et al.,
2011), and OT imputation (Batch Sinkhorn and Round-
Robin Sinkhorn) (Muzellec et al., 2020) to fill in the missing
data and then apply DAGMA (Bello et al., 2022) for struc-
ture learning. We further compare OTM with MissDAG
(Gao et al., 2022) as the key competing method, which has
already been shown to outperform many constraint-based
baselines. We do not report results for VISL (Morales-
Alvarez et al., 2022) as their code is not available to our
knowledge.

Thresholding & Metrics. Following the standard causal
discovery practice (Zheng et al., 2018; Ng et al., 2020), a
final threshold of 0.3 is applied post-training to ensure the
DAG output: it iteratively removes the edge with the min-
imum magnitude until the final graph is a DAG. All quan-
titative results are averaged over 5 random initializations.
For comparing the estimated DAG with the ground-truth
one, we report the commonly used metrics: F1-score and
Structural Hamming Distance (SHD) with SHD referring
to the smallest number of edge additions, deletions, and
reversals required to transform the recovered DAG into the
true one. Lower SHD is preferred (].) while higher F1 is pre-
ferred (7). Note that SHD is a standard metric used across
causal discovery literature, but it can be biased. Because
SHD quantifies the number of errors in absolute value, given
a sparse graph, a method could achieve low SHD by pre-
dicting few edges, which obviously would compromise the
accuracy score. Therefore, one need to examine both met-
rics to assess the causal discovery performance thoroughly.

4.1. Simulations

We simulate synthetic datasets generating a ground-true
DAG from one of the two graph models, Erdos-Rényi (ER)
or Scale-Free (SF). Each function f; is constructed from a
multi-layer perceptron (MLP) and a multiple index model
(MIM) with random coefficients. We consider a general
scenario of non-equal variances, sampling 1000 observa-
tions according to all missing mechanisms: MCAR, MAR
and MNAR at 10%, 30%, 50% missing rates. In the main
text, we report the results in MCAR cases with the standard
setting of 50 nodes and 100 directed edges, using Gaussian
noise. More results on MAR, MNAR cases as well as ex-
periments with different graph degrees, noise distributions
and acyclicity constraints are reported in Appendix D.

Results. The effectiveness of OTM across various settings
is demonstrated in Figures 3, 6 and 8. OTM achieves con-
sistently low SHD scores with the highest/second-highest
F1-scores. Sub-optimality is again observed in the simu-
lations when a causal discovery method is applied on top
of existing imputation baselines. Throughout our simu-
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Figure 3. Nonlinear ANMs (MCAR). SK refers to batch Sinkhorn imputation and RR refers to round-robin Sinkhorn imputation.

SHD | and F1 1.
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Figure 4. Real-world datasets (MCAR). SK refers to batch Sinkhorn imputation and RR refers to round-robin Sinkhorn imputation.

SHD | and F1 1.

lations, MissForest imputer produces the best imputation
quality and works best among the imputers. However, the
method later exhibits inconsistencies in its efficacy over the
other imputation baselines in real-world settings. This again
demonstrates that naively applying causal discovery on the
post-imputed data tends to yield unreliable results.

On the other hand, MissDAG does not perform well in our
non-linear settings although it has good performance on lin-
ear settings (See Figures 13). The key challenge arises from
the intractability of the posterior distribution and non-trivial

computation of likelihood expectation. MissDAG resorts to
an approximate posterior, which requires rejection sampling
to fill in the missing values in the E steps. Our empirical
evidence reveals that MissDAG still performs adequately in
the simulated settings with possibly minor misspecifications.
However, as we transition to real-world cases, the challenges
become more pronounced, highlighting the limitations of
the sampling process in practical scenarios.
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4.2. Real-world datasets

We evaluate OTM on 3 well-known biological datasets with
ground-true causal relations. The first one is the Neuropathic
Pain dataset (Tu et al., 2019), containing diagnosis records
of neuropathic pain patients. There are 1000 samples and
222 binary variables, indicating existence of the symptoms.
The second causal graph named Sachs (Sachs et al., 2005)
models a network of cellular signals, consisting of 11 con-
tinuous variables and 7466 samples. Dream4 (Greenfield
et al., 2010; Marbach et al., 2010) is the last dataset which
simulates gene expression measurements from five transcrip-
tional regulator sub-networks of E. coli and S. cerevisiae.
The provided data contains 5 subsets, each has 100 continu-
ous variables and 100 samples.

SHD
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Figure 5. Scalability of methods in nonlinear ANMs (MCAR) at
10% missing rate. SK refers to batch Sinkhorn imputation and
RR refers to round-robin Sinkhorn imputation. SHD | and F1 1.
The training time of the imputation baselines includes the time for
learning imputations.

Results. It is worth noting that the performance of all
methods is comparatively lower compared with that in the
simulated settings. This is because in real-world scenarios,
the model is prone to misspecification and the possible exis-
tence of latent confounders. However, it is observed from
Figures 4, 9 and 10 that OTM stands out from the baselines
with superior accuracy. Meanwhile, MissDAG fails to detect
the true edge directions in several settings on Neuropathic
pain and Dream4 datasets. In these experiments, we find
that its underlying causal discovery method, NOTEARS,
does not converge in every EM iteration on the samples
obtained from approximate posterior.

An additional limitation of MissDAG pertains to the scalabil-
ity of the method. As illustrated in Figure 5, our approach

exhibits faster run-time compared to MissDAG. This en-
hanced efficiency can be attributed to two key differences
between OTM and MissDAG. First, OTM runs on DAGMA,
the superior scalability of which over NOTEARS has been
established in Bello et al. (2022). Second, the iterative na-
ture of EM and the incorporation of rejection sampling in
the E step contribute to the overall computational burden
of MissDAG. Figure 5 demonstrates when the number of
nodes increases, the performance of MissDAG degrades
significantly and the training of MissDAG becomes more
computational expensive. Such a sub-optimal behavior also
translates to the real-world settings, where MissDAG specif-
ically fails on Neuropathic Pain and Dream4 datasets of
high dimensionality.

5. Limitations and Future Works

We have proposed OTM, a framework based on optimal
transport for DAG learning under missing data. OTM is
shown to be more robust and scalable approach while being
flexible to accommodate many existing score-based causal
discovery algorithms. Our training routine is strongly moti-
vated by the principles for identifying the model parameters
and complete data distribution under M(C)AR data in pre-
vious literature. However, since our optimization objective
with the DAG constraint is highly non-convex, it is thus
difficult to provide theoretical convergence results, which
remains a challenge for optimization-based causal discovery
algorithms in non-linear ANMs (Wei et al., 2020; Ng et al.,
2022a; Gao et al., 2022). Furthermore, due to its prevalence
in real-world settings, identifiability of the causal graph
under MNAR data is a significant research problem that de-
serves further efforts. Given the effectiveness of our current
approach, we believe leveraging extra graphical conditions
about MNAR data would help improve the performance.
Other future directions include more challenging settings
wherein OTM is currently inapplicable, such as cyclic causal
graphs or graphs with latent confounders.
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A. Proofs

To make the proof self-contained, we here recap the problem setup in the main text.

Let X be the true (unknown) data matrix and X denote the observed part of the data that is available. Given a complete
matrix X, we define h,,, as a mechanism for producing the missing data, or equivalently extracting the observed parti.e.,
hm(X) = Xo and h,,, operates row-wise according to a given missing mask M. Given an observational instance X}, we

construct a mechanism £, to complete the data such that hc(X'(j)) = X/ e R4

For h,,, and h. defined above, we can define the model distribution over X via its reconstruction from the model, that

is g (Xo) :==n"1 30, 4, {fo[ne(x3)]}- Furthermore, let pg (X) :=n""3"_ §f,(xs) denote the model distribution
m (X3

over the true data.

Definition 3.1. (Cost function for incomplete samples) The transport cost between a particle j from pp(Xo) and a particle
k from p9(Xo) is given by

c{Xg,hm [fo (hc(Xg))}} =1, {h (Xg,) fo [hc(Xg)]} Vi k € [n],
where [, is a metric between two complete vectors in R%.

A.1. Proof for Lemma 3.2.

Lemma 3.2. For h., h,, defined as above, if h. is optimal in the sense that h. recovers the original data i.e., hc(Xé) =
X7,Vj € [n], we have

We [1p(Xo). 19(Xo)] = Wi, [hetpn(Xo). no(X)].
where h.#pup(Xo) = n=* Z?:l 9, (x7)> which also represents empirical distribution over the true data.
c(Ro
Proof.
We [up(Xo), po(Xo)]

min_ Y e {Xg,hm [fo (hc(X’(j))]}Pj”"
7.k

T PeU(1,,1,) 4

ettty 2ol 1P (Xé) o [ne(xb) } Pt
Peténlml Zl { (Xk)}ij

=W, [hc#,up(Xo), e (X)),

@

where the minimum is taken over all possible couplings in the Birkhoff polytope U(1,,/n,1,,/n). Note that the equality W

follows from Definition 3.1. We further have @ since h, is optimal. [

A.2. Proof for Theorem 3.3.

Given a set of observed samples Xo = {XO}” , and an imputer h. with parameters &, let f1¢ (X X)=n13" =1 0%, define

an empirical distribution over the set of samples {X I =he(X} J )} .
j=1

Theorem 3.3. Given any complete data distribution ug(:f ), let ¢ : R"*4 s R™*4 be a stochastic map such that
(b#ug(ij) = pe(X) and A, {(b(f)} = Xo. For a fixed value of 6,

wi. {NE(X)EHO(X)] = m{;n EXN/LE(X) Y ~o(X) { (X Jo(Y ))} ()

where [, is a metric between two complete vectors in R%.
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Proof. A sample X7 ~ 119(X) is realized from an SCM by first sampling from the model the values for the root nodes and
then generating the data for the remaining nodes via ancestral sampling. If a sample X J is indeed generated by the model,
we should be able to reconstruct X7 via the mechanisms fj, where every feature X7 is only determined by the features
corresponding to the parent nodes of node ¢, while the effect of the non-parental features is zero-ed out by W (f).

In practical implementation, amortized optimization is often employed where fy is parameterized with a single, yet deep
neural network. fy is a sufficiently expressive function that can factor in the noise effect. In light of the insight, one thus can
relax the setting by viewing X as its own parents and X reconstructs itself deterministically i.e., X = fp(X).

We consider three distributions: zi¢(X) over A = R"*%, 115(Y") over B = R"*? and py(X) over C = R™*?. Note that
the establishment of B and C over the same distribution follows from the above mechanism where X reconstructs itself and
we denote the data matrix as Y to distinguish the roles of the two distributions.

LetI'™ € P (/,&g (X), po(X )) be the optimal joint distribution over the pi¢ (X') and 119 (X)) of the corresponding Wasserstein
distance. Let o = (id, f)#ue(Y') be a deterministic coupling or joint distribution over 15(Y") and p9(X).

The Gluing lemma (see Lemma 5.5 in Santambrogio, 2015) indicates the existence of a tensor coupling measure o over
A x B x Csuchthat (m4 ¢)#0 = T and (7p,c)#0 = a, where 7 are the projectors. Let 8 = (w4 )70 be a joint

distribution over ¢ (f ) and pe(Y).

Let ¢(X) = (-] X) further denote a stochastic map from A to B. Let opc = (7g,¢)#0. It follows that

Wi, [e(X): 10(X)| = E (XX = Bix g x) 1o X))

zC(XV,X)}

(X, X)~T*

= ER e (%)Y ~B(1%), Xmone (1¥) {

Dgp_ _
T X e (X) Y ~o(X), X =fo(Y)

@ Ef e () v o) [lc (f - Q(Y))}

>min Eg . f) yeo®) 1 (X, )] )

[zC(S(’,X)}

Let ¢* be the optimal backward map satisfying ¢# s (X) = pg(Y"). The joint distribution § over pe(X) and p9(Y") is
now constructed by first sampling X from ¢ (X)), then sampling Y from ¢*(X) and finally collecting (X ,Y") ~ £.

Let us consider the joint distribution « over pg(Y) and pp(X ) as defined above. By the Gluing lemma, there exists a joint
distribution o over A x B x C' such that (m4,5)#0 = B and (75,c)#0 = a. We denote I = (74, ¢ )#0 the induced joint

distribution over ¢ (X) and pg(X). Let opc = (mp,c)#o0.

min By, v [l (X £o(Y))
= B () ¥t (50 (K To(¥))]

G o ~ _ -
= ER e ()Y~ (X)X =fo(¥) [ZC(XvX)}

= E R e (%) Y~B(1%) X~ope([Y) {lc(ix)}

=E 2.y x)0 [10(35 X)}

=Ex x)~r [lc(kvv X)}

> min E(%.x)r {JC(Y,X)] — W, {Mg(i’);ug(x) . (10)

TP (e (X) (X))
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Note that the equality’s in (3) — (5) are due to the fact that « is a deterministic coupling and the expectation is reserved
through a deterministic push-forward map. From (9) and (10), we reach the desired equality.

B. Related Work

Missing data imputation. Besides basic imputation with mean/median/mode values, there are a plethora of advanced
methods for filling in the missing values. In one class of methods, data features are handled one at a time. The key
technique is to iteratively estimate the conditional distribution of the feature given the other features (Van Buuren et al.,
2006; Van Buuren & Groothuis-Oudshoorn, 2011; Liu et al., 2014; Zhu & Raghunathan, 2015). Methods in the other class
consider features altogether by learning their joint distribution explicitly or implicitly (Mattei & Frellsen, 2019; Yoon & Sull,
2020; Nazabal et al., 2020; Richardson et al., 2020; You et al., 2020; Dai et al., 2021; Peis et al., 2022; Fang & Bao, 2023;
Gao et al., 2023). A separate line of works focuses on refining existing imputation methods, which show improvements over
stand-alone methods (Yoon et al., 2018; Mohan & Pearl, 2021; Jarrett et al., 2022).

Causal discovery with complete data. Causal discovery algorithms primarily fall into two categories: constraint-based
and score-based approaches. Constraint-based methods such as PC (Spirtes & Glymour, 1991) and FCI (Spirtes et al., 2000)
extract conditional independencies from the data distribution to detect edge existence and direction. These approaches have
been adapted to address the issue of missing data through test-wise deletion and adjustments (Strobl et al., 2018; Gain &
Shpitser, 2018; Tu et al., 2019). On the other hand, score-based methods search for model parameters in the DAG space
by optimizing a scoring function (Ott & Miyano, 2003; Chickering, 2002; Teyssier & Koller, 2012; Cussens et al., 2017).
Historically, such methods come with significant computational burden due to combinatorial optimization complexities.
Continuous optimization of structures, pioneered by NOTEARS (Zheng et al., 2018), later lays the foundation for the
development of scalable causal discovery methods. NOTEARS introduces an algebraic characterization of DAGs via trace
exponential, extending its applicability to nonlinear scenarios (Lachapelle et al., 2019; Zhu et al., 2019; Wang et al., 2020;
2021; Ng et al., 2022b), time-series data (Pamfil et al., 2020), unmeasured confounders (Yuan et al., 2011), and topological
ordering (Deng et al., 2023). Alternative DAG characterizations also exist such as based on the polynomial formulation (Yu
et al., 2019) and log determinant (Bello et al., 2022). While early methods focus on the point estimation of graphs, modern
works adopt Bayesian approach learning distributions over graphs. These techniques can incorporate DAG formulations
seamlessly within their frameworks, capitalizing on the differentiability of DAG sampling and leveraging an amortized
inference engine for enhanced efficiency (Lorch et al., 2021; Ashman et al., 2022; Geffner et al., 2022; Lorch et al., 2022;
Charpentier et al., 2022).

Causal discovery with missing data. Extensions of the PC algorithm exist for learning causal graphs under missing
data (Tu et al., 2019; Gain & Shpitser, 2018), which utilizes all the samples without missingness while eliminating the
biases involved in the conditional independence test. A dominant family of methods is based on Expectation-Maximization
(EM, Dempster et al., 1977) that iteratively infers missing values and performs structural learning. Adel & de Campos
(2017) introduce a hill-climbing approximate algorithm for the completions of the missing values, which is followed by
structure optimization step by any off-the-shelf algorithm for structure learning. Friedman et al. (1997) and Singh (1997)
iteratively refine conditional distributions from which they sample missing values. These methods require the posterior exists
in closed form and can only discover the graph up to the Markov equivalence class. Leveraging continuous optimization
from NOTEARS (Zheng et al., 2018), MissDAG (Gao et al., 2022) focuses on continuous identifiable ANMs and develop a
method based on approximate posterior using Monte Carlo and rejection sampling where exact posterior is not available.
VISL (Morales-Alvarez et al., 2022) is a divergent line of approach based on amortized variational inference. Different from
OTM and MissDAG, VISL adopts Bayesian learning and assumes the existence of a latent, low-dimensional factor that
effectively summarizes the data based solely on the observed part. The model learns the latent factors of the data, using
which to discover the graph and reconstruct the full data.

Optimal transport. Optimal transport (OT) studies the optimal transportation of mass from one distribution to another
(Villani et al., 2009). Through the notion of Wasserstein distance, OT offers a geometrically meaningful distance between
probability distributions, proving effectiveness in various machine learning domains (Huynh et al., 2020; Zhao et al., 2020;
Nguyen et al., 2021; Wang et al., 2022; Zhang et al., 2022; Bui et al., 2021; Nguyen et al., 2022; Vuong et al., 2023; Ye
et al., 2024; Gao et al., 2024; Luong et al., 2024; Vo et al., 2024). From the view of distribution matching, OT-based missing
data imputation has been proposed (Muzellec et al., 2020; Zhao et al., 2023). The key idea is to learn the missing values by
minimizing the distribution between two randomly sampled batches in the data. An emerging line of research is OT for
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causal discovery, initiated by Tu et al. (2021), who provide new identifiability results based on a dynamic formulation of OT.
This work considers a simple two-node setting solely for additive noise models. A modern extension is proposed in Akbari
& Ganassali (2023), yet only applicable to complete data.

C. Experiment Details

This section provides the implementation details for OTM and the baseline methods, as well as the mechanism used to
produce the missing data.

C.1. Training configuration

We apply the default structure learning setting of DAGMA to OTM and the imputation baselines: log MSE for the non-linear
score function, number of iterations 7" = 4, initial central path coefficient ;« = 1, decay factor a = 0.1, log-det parameter
s=1{1,0.9,0.8,0.7}. DAGMA implements an adaptive gradient method using the ADAM optimizer with learning rate of
2 x 107* and (y1,72) = (0.99,0.999), where v is the coefficient for I; regularizer included to promote sparsity.

OTM. As for OTM implementation, we note that OTM can be applied to various data types. As our experiments mostly
deal with continuous variables, we model the imputation network NN(-) with a local Gaussian distribution and design two
multi-layer perceptrons (with ReLU activation) that output the means and diagonal covariance matrices given the missing
data, where the missing entries are pre-imputed with zeros. The hidden units are equal to the number of nodes in the graph.
For real-world datasets only, we add an extra Tanh+ReLU activation as the final layer since the input values are between 0
and 1. The imputation network is integrated into DAGMA, and all parameters are optimized for 8 x 10 iterations. The
optimal values of \ are found to be 0.01 for MLP models (the correctly specified setting) and 1.5 for the other models
(mis-specified settings). For the divergence measure D, we use MMD with RBF kernel in our experiments.

The squared MMD between two set of samples U = {U7}7_, and V = {V7}"_,, where U7, V7 ¢ R9 is computed as

1 - 1 . 2 .
MMD*(U,V k) = ——— Ul U*) + ——— Vi vk - = Ui, vk 11
(U,V,k) n(n_l)sz( ) )+n(n—l)zm( ) ) nzzﬂ( ) )’ (1)
Jj#k J#k Ji.k
where k is the characteristic positive-definite kernel.

Baselines. For Mean imputation and Iterative imputation (the number of iterations is 50), we use Scikit-learn
implementation. For OT imputer (Muzellec et al., 2020), we set the learning rate to 0.01 and the number of iterations to
10, 000. Following their code, we run DAGMA on the imputed data for 8 x 10* iterations. MissDAG is currently built on
NOTEARS (Zheng et al., 2018). For MissDAG, we set the number of iterations for the EM procedure is 10 on synthetic
datasets and 100 for real datasets, while leaving the other hyper-parameters of MissDAG same as reported in the paper.

C.2. Missingness

We follow the setup of MissDAG (Gao et al., 2022) to generate the missing indicator matrix M that is used to mask the
original data. For completeness, we repeat the procedure here. Across the experiments, we set 30% of the variables to be
fully-observed. Let r,,, denote the missing rate.

* MCAR: This missing mechanism is independent from the variables. We sample a matrix M’ from a Uniform([0, 1])
and set M [t,i] = 0if M'[t, 1] < rp,.

* MAR: The missing mechanism is systematically related to the observational variables but independent from the
missing variables. The missingness of the remaining 70% variables are generated according to a logistic model with
random weights that are related to the fully observed variables.

* Logistic MNAR: The missing mechanism is related to the missing variables. The remaining 70% variables are split
into a set of inputs for a logistic model and a set whose missing probabilities are determined by the logistic model.
Then inputs are then masked MCAR, so the missing values from the second set will depend on masked values. Weights
are random and the intercept is selected to attain the desired proportion of missing values. This is the main setting
across the experiments.
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* Quantile MNAR: The missing mechanism is related to the missing variables. A subset of the remaining 70% variables
which will have missing variables is randomly selected. Then, missing values are generated on the g-quantiles at
random. Since missingness depends on quantile information, it depends on masked values, hence this is a MNAR
mechanism. This setting is part of our ablation studies.

D. Additional Experiments

In this section, we present additional results following the same setup described in Appendix C. Figures 6 to 10 illustrates
the performance of methods on MAR and MNAR cases. Figure 11 and 12 further investigate the methods on different
configurations of noise types, graph degrees and acyclicity regularizers in MCAR cases at 10% missing rate. The effectiveness
of OTM remains stable across settings.

MLP-ER (1000 x 50) MLP-SF (1000 x 50) MIM-ER (1000 x 50) MIM-SF (1000 x 50)

o o o
30% 50% 10% 30% 50% 10% 30% 50% 10% 30%
Missing rate Missing rate Missing rate Missing rate
mm OTM H MissDAG I Mean Imputer B OT Imputer (SK) OT Imputer (RR) I BayesRidge Imputer MissForest Imputer

Figure 6. Nonlinear ANMs (MAR). SK refers to batch Sinkhorn imputation and RR refers to round-robin Sinkhorn imputation.
SHD | and F1 7.

MLP-ER (1000 x 50) MLP-SF (1000 x 50) MIM-ER (1000 x 50) MIM-SF (1000 x 50)

o o o
10% 30% 50% 10% 30% 50% 10% 30% 50% 10% 30% 50%
Missing rate Missing rate Missing rate Missing rate
N OTM EE MissDAG I Mean Imputer BB OT Imputer (SK) OT Imputer (RR) I BayesRidge Imputer MissForest Imputer

Figure 7. Nonlinear ANMs (Logistic MNAR). SK refers to batch Sinkhorn imputation and RR refers to round-robin Sinkhorn imputation.
SHD | and F1 1.

Linear ANMs. This section further reports the performance of methods in linear cases. We specifically study linear
Gaussian models with non-equal variances (LGM-NV). For linear models, we run OTM using NOTEARS (Zheng et al.,
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MLP-ER (1000 x 50) MLP-SF (1000 x 50) MIM-ER (1000 x 50) MIM-SF (1000 x 50)

0 0 0
30% 50% 10% 30% 50% 10% 30% 50% 10% 30%
Missing rate Missing rate Missing rate Missing rate
. OTM EEm MissDAG B Mean Imputer W OT Imputer (SK) OT Imputer (RR) EEm BayesRidge Imputer MissForest Imputer

Figure 8. Nonlinear ANMs (Quantile MNAR). SK refers to batch Sinkhorn imputation and RR refers to round-robin Sinkhorn imputation.
SHD | and F1 1.

SACHS (7456 x 11) DREAM4 (100 x 100) NEUROPATHIC PAIN (1000 x 222)

o
10% 30% 50% 10% 30% 50% 10% 30% 50%
Missing rate Missing rate Missing rate
Il OTM E MissDAG I Mean Imputer B OT Imputer (SK) OT Imputer (RR) Il BayesRidge Imputer MissForest Imputer

Figure 9. Real-world datasets (MAR). SK refers to batch Sinkhorn imputation and RR refers to round-robin Sinkhorn imputation.
SHD | and F1 1.

2018) as the underlying causal discovery method to show that OTM can be flexibly integrated into any existing DAG
learning methods. We use the default setting of NOTEARS (with L-BFGS-B optimizer) and model the imputation network
with a simple deterministic linear layer. Figures 13 demonstrates the competitive performance of OTM against MissDAG.
This is achieved without explicitly doing posterior inference.
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SACHS (7456 x 11) DREAM4 (100 x 100) NEUROPATHIC PAIN (1000 x 222)

o
10% 30% 50% 10% 30% 50% 10% 30% 50%
Missing rate Missing rate Missing rate
H OTM H MissDAG EEl Mean Imputer B OT Imputer (SK) OT Imputer (RR) Il BayesRidge Imputer MissForest Imputer

Figure 10. Real-world datasets (Logistic MNAR). SK refers to batch Sinkhorn imputation and RR refers to round-robin Sinkhorn
imputation. SHD | and F1 1.
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Figure 11. Results on different noise types and graph degrees in nonlinear ANMs (MCAR) at 10% missing rate. SK refers to batch
Sinkhorn imputation and RR refers to round-robin Sinkhorn imputation. SHD | and F1 1.
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Figure 12. Results of OTM with different DAG characterizations in nonlinear ANMs (MCAR) at 10% missing rate. SHD |, and F1 1.

LGM-NV-ER (1000 x 50) LGM-NV-SF (1000 x 50)

F1 (%)

o
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Figure 13. Linear ANMs at 10% missing rate. SK refers to batch Sinkhorn imputation and RR refers to round-robin Sinkhorn imputation.
SHD | and F1 1.
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