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ABSTRACT

We present a first-order algorithm for nonconvex-nonconcave min-max optimiza-
tion problems such as those that arise in training GANs. Our algorithm provably
converges in poly(d, L, b) steps for any loss function f : R? x R? — R which
is b-bounded with L-Lipschitz gradient. To achieve convergence, we 1) give a
novel approximation to the global strategy of the max-player based on first-order
algorithms such as gradient ascent, and 2) empower the min-player to look ahead
and simulate the max-player’s response for arbitrarily many steps, but restrict the
min-player to move according to updates sampled from a stochastic gradient oracle.
Our algorithm, when used to train GANS on synthetic and real-world datasets, does
not cycle, results in GANSs that seem to avoid mode collapse, and achieves a training
time per iteration and memory requirement similar to gradient descent-ascent.

1 INTRODUCTION

We consider the problem of min-max optimization min,cgs max,cra f(z,y), where the loss func-
tion f may be nonconvex in x and nonconcave in y. Min-max optimization of such loss functions has
many applications to machine learning, including to GANs (Goodfellow et al.,2014) and adversarial
training (Madry et al.| |2018)). In particular, following Goodfellow et al.|(2014), GAN training can
be formulated as a min-max optimization problem where = encodes the parameters of a “generator’
network, and y encodes the parameters of a “discriminator” network. Unlike standard minimization
problems, the min-max nature of GANs makes them particularly difficult to train (Goodfellow)
2017), and has received wide attention. A common algorithm to solve these min-max optimization
problems, gradient descent ascent (GDA), alternates between stochastic gradient descent steps for =
and ascent steps for y The advantage of GDA is that it just requires first-order access to f and each
iteration is efficient in terms of memory and time, making it quite practical. However, as many works
have observed, GDA can suffer from issues such as cycling (Arjovsky & Bottoul 2017) and “mode
collapse” (Dumoulin et al., 2017} |Che et al.} 2017} [Santurkar et al.,[2018).

il

Several recent works have focused on finding convergent first-order algorithms for min-max opti-
mization (Rafique et al.,[2018]; |Daskalakis et al.| 2018} Liang & Stokes| 2019;|Gidel et al., 2019bj
Mertikopoulos et al.,[2019; Nouiehed et al.| 2019; |Lu et al.| 20205 [Lin et al., 2020} [Mokhtari et al.,
2019; [Thekumparampil et al.,[2019; Mokhtari et al., 2020). However, these algorithms are also not
guaranteed to converge for general nonconvex-nonconcave min-max problems. The challenge is
that min-max optimization generalizes nonconvex minimization, which, in general, is intractable.
Algorithms for nonconvex minimization resort to finding “local” optima or assume a starting point
“close” to a global optimum. However, unlike minimization problems where local notions of optima
exist (Nesterov & Polyakl 2006), it has been challenging to define a notion of convergent points for
min-max optimization, and most notions of local optima considered in previous works (Daskalakis &
Panageas| 2018} Jin et al., 2020; [Fiez et al.,|2019) require significant restrictions for existence.

Our contributions. Our main result is a new first-order algorithm for min-max optimization (Al-
gorithm [1)) that for any £ > 0, any nonconvex-nonconcave loss function, and any starting point,
converges in poly(d, L, b, /<) steps, if f is b-bounded with L-Lipschitz gradient (Theorem2.3).

'In practice, gradients steps are often replaced by ADAM steps; we ignore this distinction for this discussion.
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A key ingredient in our result is an approximation to the global max function max,cga f(z, 2).
Unlike GDA and related algorithms that alternate between updating the discriminator and generator
in an incremental fashion, our algorithm lets the discriminator run a convergent algorithm (such as
gradient ascent) until it reaches a first-order stationary point. We then empower the generator to
simulate the discriminator’s response for arbitrarily many gradient ascent updates. Roughly, at each
iteration of our algorithm, the min-player proposes a stochastic (batch) gradient update for x and
simulates the response of the max-player with gradient ascent steps for y until it reaches a first-order
stationary point. If the resulting loss has decreased, the updates for z and y are accepted; otherwise
they are only accepted with a small probability (a la simulated annealing).

The point (*, y*) returned by our algorithm satisfies the following guarantee: if the min-player
proposes a stochastic gradient descent update to =*, and the max-player is allowed to respond by
updating y* using any “path” that increases the loss at a rate of at least £ — with high probability, the
final loss cannot decrease by more than e. See Section 2] for our convergence guarantees, Section 4]
for the key ideas in our proof, and Appendix [C]for a comparison to previous notions of convergence.

Empirically, we apply our algorithm for training GANs (with the cross-entropy loss) on both synthetic
(mixture of Gaussians) and real-world (MNIST and CIFAR-10) datasets (Section [3). We compare our
algorithm’s performance against two related algorithms: gradient/ADAM descent ascent (with one or
multiple discriminator steps), and Unrolled GANs (Metz et al.,[2017)). Our simulations with MNIST
(Figure[T) and mixture of Gaussians (Figure[2) indicate that training GANs using our algorithm can
avoid mode collapse and cycling. For instance, on the Gaussian mixture dataset, we found that by
around the 1500’th iteration GDA learned only one mode in 100% of the runs, and cycled between
multiple modes. In contrast, our algorithm learned all four modes in 68% of the runs, and three modes
in 26% of the runs. On 0-1 MNIST, we found that GDA tends to briefly generate shapes that look
like a combination of 0’s and 1’s, then switches between generating only 1’s and only 0’s. In contrast,
our algorithm seems to learn to generate both 0’s and 1’s early on and does not stop generating either
digit. GANSs trained using our algorithm generated both digits by the 1000’th iteration in 86% of
the runs, while those trained using GDA only did so in 23% of the runs. Our CIFAR-10 simulations
(Figure [3) indicate that our algorithm trains more stably, resulting in a lower mean and standard
deviation for FID scores compared to GDA. Furthermore, the per-step computational and memory
cost of our algorithm is similar to GDA indicating that our algorithm can scale to larger datasets.

Related work

Guaranteed convergence for min-max optimization. Several works have studied GDA dynamics in
GANSs (Nagarajan & Kolter, [2017; [Mescheder et al., 2017} |Li et al., [2018}; Balduzzi et al., [2018};
Daskalakis & Panageas| [2018; [Jin et al., 2020) and established that GDA suffers from severe
limitations: GDA can exhibit rotation around some points, or otherwise fail to converge. Thus, we
cannot expect global convergence guarantees for GDA. To address these convergence issues for GDA,
multiple works have proposed algorithms based on Optimistic Mirror Descent (OMD), Extra-gradient
method, or similar approaches (Gidel et al.| |2019b; Daskalakis et al., 2018} |Liang & Stokes| 2019
Daskalakis & Panageas|, [2019; |[Mokhtari et al., 2019} 2020). These algorithms avoid some of the
pathological behaviors of GDA and achieve guaranteed convergence in poly(k, log(1/<)) iterations
where « is the condition number of f. However, all these results either require convexity/concavity
assumptions on f, which usually do not hold for GANSs, or require that the starting point lies in a small
region around an equilibrium point, and hence provide no guarantees for an arbitrary initialization.
Some works also provide convergence guarantees for min-max optimization (Nemirovski & Yudin,
1978} [Kinderlehrer & Stampacchia, |1980; Nemirovskil 20044 Rafique et al.,|2018; |Lu et al., 2020;
Lin et al.,|2020; Nouiehed et al., 2019 Thekumparampil et al., 2019). However, they require f to be
concave in y, again limiting their applicability.

As for nonconvex-nonconcave min-max optimization, |Heusel et al.[ (2017) prove convergence of
finite-step GDA, under the assumption that the underlying continuous dynamics converge to a local
min-max optimum (this assumption may not even hold for f that is bi-linear). Jin et al.| (2020)
present a version of GDA for min-max optimization (generalized by [Fiez et al.|(2019)) such that if the
algorithm converges, the convergence point is a local min-max optimum. Both these results require
that the min-player use a vanishingly small step size relative to the max-player, resulting in slow
convergence. |Wang et al.|(2020) present an algorithm that can converge for nonconvex-nonconcave
functions, but requires the initial point to lie in a region close a local min-max optimum (such
optima are not guaranteed to exist). In contrast to the above works, our algorithm is guaranteed to
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converge for any nonconvex-nonconcave loss, from any starting point, in poly(d, L, b, 1/<) steps, if f
is b-bounded with L-Lipschitz gradient.

Greedy paths. The paths along which the max-player is allowed to make updates in our equilibrium
definition are inspired from the work of Mangoubi & Vishnoi|(2020), which gives a second-order
algorithm for min-max optimization. The “greedy paths” considered in their work are defined such
that at every point along these paths, f is non-decreasing, and the first derivative of f is at least € or
the 2nd derivative is at least /. In contrast, we just require a condition on the first derivative of f
along the path. This distinction gives rise to a different notion of equilibrium than the one presented
in their work. The first-order condition on the paths crucially also results in our algorithm being
applicable to machine learning settings where only first-order oracles are available, because unlike
Mangoubi & Vishnoi| (2020), traversing such a path only requires first-order access to f.

Training GANs. Starting with|Goodfellow et al.|(2014), there has been considerable work to develop
algorithms to train GANs. One line of work focuses on modifying the loss to improve conver-
gence (Arjovsky et al.,[2017; Bellemare et al., 2017; [Lim & Ye,[2017; Mao et al.,|2017; |Salimans
et al., 2018 Metz et al., 2017). Another line of work regularizes the discriminator using gradient
penalties or spectral normalization (Gulrajani et al.,|2017; |[Kodali et al.| 2017; Miyato et al.,[2018]).

Metz et al.| (2017) introduced Unrolled GANs, where the generator optimizes an “unrolled” loss
function that allows the generator to simulate a fixed number of discriminator updates. While this
has some similarity to our algorithm there are two important distinctions: 1) the discriminator in
Unrolled GANs may not reach a first-order stationary point, and hence their algorithm does not come
with any convergence guarantees, and 2) unlike our algorithm, the implementation of the generator
in Unrolled GANs requires memory that grows with the number of discriminator steps, limiting its
scalability. We observe that our algorithm, applied to training GANS, trains stably and avoids mode
collapse, while achieving a training time per iteration and memory requirements that are similar to
GDA, and much lower than Unrolled GANs (Metz et al.,[2017) (see also the discussion in Section EI)

Remark 1.1 (Loss functions in GANSs). Loss functions f : R? x R? — R which take bounded values
on R x R? arise in many GAN applications. For instance, GANs with mean-squared error loss
Mao et al.|(2017) have uniformly bounded f. GANs with cross entropy loss|Goodfellow et al.|(2014)
have f uniformly bounded above, and Wasserstein GANs |Arjovsky et al.|(2017)) have a loss function
f(x,y) which is bounded above as a function of y and is uniformly bounded below.

2 THEORETICAL RESULTS

We consider the problem min, max,, f(z,y), where z,y € R4, and f is a function R x R — R. We

consider f that is an empirical risk loss over m training examples. Thus, we have f = % > ic[m] fi

and are given access to f via a randomized oracle F' such that E[F] = f. We call such an oracle a
stochastic zeroth-order oracle for f. We are also given randomized oracles G, G, for V. f, V, f,
such that E[G,] = V,f, and E[G,| = V, f. We call such oracles stochastic gradient oracles for
f. In practice, these oracles are computed by randomly sampling a “batch” B C [m] and returning

F =183 icp fisGe =1Y1B1Y icp Vafi,and Gy =1/B1 Y, cp Vy fi-

For our convergence guarantees, we require bounds on standard smoothness parameters for
functions f; : b such that for all ¢ and all x,y, we have |f;(z,y)] < b, and L such that
IV fi(z,y) — Vfi(z',y)||a < Lz — 2'||2 + L||y — ¢||2- Such smoothness/Lipschitz bounds are
standard in convergence guarantees for optimization algorithms (Bubeck, |2017; Nesterov & Polyakl,
20064 Ge et al., 2015), and imply that f is also continuous, b-bounded, and L-gradient-Lipschitz.

Our algorithm is described informally in Algorithm[]and formally as Algorithm 2)in the Appendix.

Intuition for the algorithm. To solve the min-max problem, the max-player would ideally find
the global maximum max, f(z, z). However, since f may be nonconcave in y, finding the global
maximum may be computationally intractable. To get around this problem, roughly speaking, in our
algorithm the max-player computes its update by running gradient ascent until it reaches a first-order
e-stationary point ¢/, that is, a point where ||V, f(z,y’)|| < . This allows our algorithm to compute
an approximation L. (x,y) = f(x,y’) for the global maximum. (Note that even though max, f(x, z)
is only a function of z, £, may depend on both z and the initial point y.)
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Algorithm 1 Algorithm for min-max optimization

input: A stochastic zeroth-order oracle F for loss function f : R% x R? — R, and stochastic gradient
oracles G, for V f, and G, for V,, f. An initial point (z,y), and an error parameter €.

output: A point (z*, y*)

hyperparameters: r,,,, (maximum number of rejections); 7; (hyperparameters for annealing);
ADAM hyperparameters

Setr <+ 0,1+ 0
while r» < rp. do
f01d<—F($,y), t—i1+1
Set G, + Gy (x,y) {Compute a stochastic gradient}
Use stochastic gradient G, to compute a one-step ADAM update A for x
Setx' <z + A {Compute the proposed update for the min-player}
Starting at point y, use stochastic gradients G (z’,-) to run multiple ADAM steps in the
y-variable, until a point 3’ is reached such that |G, (2',y")||1 < € {Simulate max-player’s update’}
Set frew  F(2',y') {Compute the new loss value}
Set Accept « True.
if foew > fold — /2, set Accept < False with probability max(0, 1 — e~/"1) {accept or reject}
if Accept = True then Setz « z’,y < v/, r + 0 {Accept the updates}
else Setr «—r—+1 {Reject the updates, and track how many successive steps were rejected.}
return (z,y)

We would like the min-player to minimize £.(x, y). Ideally, the min-player would make updates in
the direction —V, L.. However, L.(x, y) may not be differentiable and may even be discontinuous
in z (see Section 2.2 for an example), making it challenging to optimize. Moreover, even at points
where L. is differentiable, computing VL. may require memory proportional to the number of
max-player steps used to compute L. (for instance, this is the case for Unrolled GANs (Metz et al.,
2017)). For this reason, we only provide our min-player with access to the value of L..

One approach to minimize £. would be to use a zeroth-order optimization procedure where the
min-player proposes a random update to z, and then only accept this update if it results in a decrease
in L£.. At each iteration of our algorithm, the min-player proposes an update roughly in the direction
—V.f(x,y). To motivate this choice, note that once the min-player proposes an update A to x, the
max-player’s updates will only increase f, i.e., L.(x + A,y) > f(z + A, y). Moreover, since y is a
first-order stationary point of f(z, -) (because y was computed using gradient ascent in the previous
iteration), we also have L. (z,y) = f(x,y). Therefore, we want an update A such that

f(gc—i—A,y) Sﬁs(m+Avy)Sﬂe(xvy):f(xay)v (D

which implies that any proposed step which decreases £. must also decrease f (although the converse
is not true). This motivates proposing steps in the direction of the gradient —V . f (z, y).

Unfortunately, updates in the direction —V,. f(x, y) do not necessarily decrease L. Our algorithm
instead has the min-player perform a random search by proposing a stochastic update in the direction
of a batch gradient with mean —V, f(x, y) (or, more precisely, the ADAM batch gradients), and
accepts this update only if £. decreases by some fixed amount. We show empirically that these
directions allow the algorithm to rapidly decrease the simulated loss. The fact that £. decreases
whenever the min-player takes a step allows us to guarantee that our algorithm eventually converges.

A final issue is that converging to a local minimum point does not guarantee that the point is desirable
from an applications standpoint. To allow our algorithm to escape undesirable local minima of
L:(-,y), we use a randomized accept-reject rule inspired by simulated annealing — if the resulting
loss has decreased the updates for = and y are accepted; otherwise they are only accepted with a
small probability e~/71 where 7 is a “temperature” parameter.

2.1 CONVERGENCE GUARANTEES

We first formally define “simulated loss” and what it means for f to increase rapidly.

Definition 2.1. For any z,y, and ¢ > 0, define £(g,x,y) C R to be points w s.t. there is a
continuous and (except at finitely many points) differentiable path ~(t) starting at y, ending at w,
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and moving with “speed” at most 1 in the Eoo-norm H %w(t) HOO < 1 such that at any point on ,

i f (1) > @)
We define L-(,y) := SUPyce (e 2,y [ (T, W), and refer to it as the simulated loss.

A few remarks are in order. Observe that £L_(z,y) = max, f(z,y). Further, if |V, f(z,y) |1 <e,
then £(g, z,y) = {y} and L.(x,y) = f(x,y) (this follows from Holder’s inequality, since () has
speed at most 1 in the /,,-norm, the dual of the ¢;-norm). Note that the path -y need not be in the
direction of the gradient, and there can potentially be infinitely many such paths starting at y.

Unfortunately, the simulated loss may not even be continuou in z, and thus, gradient-based
notions of approximate local minima do not apply. To bypass this discontinuity (and hence non-
differentiability), we use the idea to sample updates to x, and test whether £. has decreased (equa-
tion 35). This leads to the following definition of local min-max equilibrium (see also Section
2.3):

Definition 2.2. Given a distribution D, ,, for each x,y € R? and e* > 0, we say that (z*,y*) is an
e*-local min-max equilibrium with respect to the distribution D if

||Vyf(x*7y*)||1 S 5*7 and ) (3)
Pranp,. . [Lor(z* + A y*) < Los(2%,y) —€¥] < ¢&*, “4)

In our main result, we set D to roughly be the distribution of ADAM stochastic gradients for —V,, f.
Also note that from the above discussion, equation [34|implies that L.« (z*,y*) = f(z*,y*). To
allow convergence of ADAM (and avoid non-convergence issues such as those encountered in Reddi
et al.[(2019)), in our main result we constrain the values of the ADAM hyperparameters ﬂ Now, we
can state the formal guarantees of our algorithm.

Theorem 2.3. Algorithm 2} with appropriate hyperparameters for ADAM and some constant T, > 0,
given access to stochastic zeroth-order and gradient oracles for a function f = Zie[m] fi where
each f; is b-bounded with L-Lipschitz gradient for some b, L > 0, and € > 0, with probability at
least 9/10 returns a point (z*,y*) € R x R? such that, for some e* € [3e, |, the point (z*,y*)
is an €*-local min-max equilibrium point with respect to the distribution Dy, ,, where D, , is the
distribution of G, (x,y)// G2 (x,y), where the division “/” is applied element-wise. The number of
stochastic gradient and function evaluations required by the algorithm is poly(1/e,d, b, L).

We present key ideas in the proof in Section[d} and a proof overview in Section[B] The full proof
appears in Appendix @} Note that D, ,, is the distribution of the stochastic gradient updates with
element-wise normalizations. Roughly, this corresponds to the distribution of ADAM steps taken by
the algorithm for updating x if one uses a small step-size parameter for ADAM.

We conclude this section with a few technical remarks about the theorem. Our algorithm could
provide guarantees with respect to other distributions D, , in equation 35]by sampling update steps
for x from D, ,, instead of ADAM. The norm in the guarantees of the stationary point y* for our
algorithm is ¢; since we use ADAM for updating y. A simpler version of this algorithm using SGD
would result in an /5-norm guarantee.

Comparison to notions of local optimality. Definition provides a new notion of equilibrium
for min-max optimization. Consider the problem min, max, f(x,y), but with constraints on the
player’s updates to x, y — the max player is restricted to updating y via a path which increases
f(x,y) at a rate of at least £* at every point on the path, and the min player proposes an update for
x, A sampled from D. Then (x*, y*) satisfies Deﬁnitionif and only if (i) there is no update to
y* that the max player can make which will increase the loss at a rate of at least €* (equation [34),
and, (ii) with probability at least 1 — ¢* for a random step A ~ D proposed by the min player, the
above-constrained max player can update y* s.t. the overall decrease in the loss is at most €* from its
original value f(z*,y*).

2We use the £,-norm in place of the Euclidean £2-norm, as it is a more natural norm for ADAM gradients.
3In this equation the derivative % is taken from the right.

“Consider the example f(z,y) = min(z?y?, 1). The simulated loss function for ¢ > 0is Lc(z,y) =
f(z,y) if 22%y < ¢, and 1 otherwise. Thus L., is discontinuous at (1/2, 1).
>In particular, we set the ADAM hyperparameters 31, 32 to be 31 = B2 = 0.
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As one comparison to a previous notion of local optimality, any point which is a local optimum under
the definition used previously e.g. in[Daskalakis & Panageas (2018), also satisfies our Definition [2.2]
for small enough ¢ and distribution D corresponding to small-enough step size. On the other hand,
previous notions of local optima including the one in/Daskalakis & Panageas|(2018) are not guaranteed
to exist in a general setting, unlike our definition. (See Appendix [C|for a detailed comparison of how
Definition [2.2]relates to previously proposed notions of local optimality).

3 EMPIRICAL RESULTS

We seek to apply our min-max optimization algorithm for training GANSs on both real-world and
synthetic datasets. Following|Goodfellow et al.|(2014), we formulate GAN training as a min-max
optimization problem using the cross entropy loss, f(z,y) = log(Dy(¢)) + log(1 — Dy (G (£)),
where x, y are the weights of the generator and discriminator networks G and D respectively, ( is
sampled from the data, and £ ~ N (0, I). For this loss, the smoothness parameters b, L may not be
finite. To adapt Alg. [I]to training GANs, we make the following simplifications in our simulations:

(1) Temperature schedule: We use a fixed temperature 7, constant with iteration ¢, making it simpler
to choose a good temperature value rather than a temperature schedule. (2) Accept/reject rule: We
replace the randomized acceptance rule with a deterministic rule: If fhew < folq We accept the

. . .. . 1/7 .
proposed step, and if fhew > fola We only accept if ¢ is a multiple of e/, corresponding to an
average acceptance rate of e~ /7. (3) Discriminator steps: We take a fixed number of discriminator
steps at each iteration, instead of taking as many steps needed to achieve a small gradient.

These simplifications do not seem to significantly affect our algorithm’s performance (see Appendix
[E3] for simulations showing it effectively trains GANs without most of these simplifications). More-
over, our simulations show a smaller number of discriminator steps & is usually sufficient in practice.

Datasets and Metrics. We perform simulations on MNIST (LeCun et al, 2010) and CIFAR-10
(Krizhevsky et al.)) datasets to evaluate whether GANSs trained using our algorithm converge, and
whether they are able to learn the target distribution. Convergence is evaluated by visual inspection
(for MNIST and CIFAR), and by tracking the loss (for MNIST) and FID scores (for CIFAR).

As noted by previous works (Borji, 2019; |[Metz et al.,[2017; Srivastava et al.,[2017), it is challenging
to detect mode collapse on CIFAR and MNIST, visually or using standard quantitative metrics such
as FID scores, because CIFAR (and to some extent MNIST) do not have well-separated modes. Thus,
we consider two datasets, one real and one synthetic, with well-separated modes, whence mode
collapse can be clearly detected by visual inspection.

For the real dataset we consider the 0-1 MNIST dataset (MNIST restricted to digits labeled O or
1). The synthetic dataset consists of 512 points sampled from a mixture of four Gaussians in two
dimensions with standard deviation 0.01 and means at (0, 1), (1,0), (—1,0) and (0, —1).

Hyperparameters and hardware. The details of the networks and hyperparameter choices are
given in Appendix [E| Simulations on MNIST and Gaussian datasets used four 3.0 GHz Intel Scalable
CPUs, provided by AWS. On CIFAR-10, we used one High freq. Intel Xeon E5-2686 v4 GPU.

3.1 EVALUATING THE PERFORMANCE OF OUR ALGORITHM

We compare our algorithm’s performance to both GDA and unrolled GANs. All algorithms are
implemented using ADAM (Kingma & Bal 2015).

MNIST. We trained a GAN on the full MNIST dataset using our algorithm for 39,000 iterations
(with k = 1 discriminator steps and acceptance rate e~ /" = 1/5). We ran this simulation five times;
each time the GAN learned to generate all ten digits (see Appendix [F.1]for generated images).

0-1 MNIST. We trained a GAN using our algorithm on the 0-1 MNIST dataset for 30,000 iterations
and ploted a moving average of the loss values. We repeated this simulation five times; in each of the
five runs our algorithm learned to generate digits which look like both the “0” and “1” digits, and the
loss seems to decrease and stabilize once our algorithm learns how to generate the two digits. (See
Appendix |[F.3|for the generated images and loss value plots.)
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Figure 1: We trained a GAN using our algorithm on 0-1 MNIST for 30,000 iterations (with k¥ = 1 discriminator
steps and acceptance rate e T = 1/5). We repeated this experiment 22 times for our algorithm and 13 times for
GDA. Shown here are the images generated from one of these runs at various iterations for our algorithm (right)
and GDA (left) (see also Appendix@]for images from other runs).

GDA Unrolled GANs with 6 unrolling steps
. . . . X . . & . & 1
0 200 400 600 1000 1500 0 200 400 600 1000 1500
GDA with 6 discriminator steps
. t A s k\‘ “x) .
. # . R SN . j . . N V- . *
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Figure 2: Our algorithm (bottom right), unrolled GANs with k£ = 6 unrolling steps (top right), and GDA with
k = 1 (top left) and k£ = 6 discriminator steps (bottom left). Each algorithm was trained on a 4-Gaussian
mixture for 1500 iterations. Our algorithm used k = 6 discriminator steps and acceptance rate e VT = /4,
Plots show the points generated by each of these algorithms after the specified number of iterations.

CIFAR-10. We ran our algorithm (with k& = 1 discriminator steps and acceptance rate e~/ = 1/2)
on CIFAR-10 for 50,000 iterations. We compare with GDA with k£ = 1 discriminator steps. We
plotted the FID scores for both algorithms. We found that both algorithms have similar FID scores
which decrease over time, and produce images of similar quality after 50,000 iterations (Figure [3).

Clock time per iteration. When training on the 0-1 MNIST dataset (with k£ = 1 discriminator steps
each iteration), our algorithm took 1.4 seconds per iteration on the AWS CPU server. On the same
machine, GDA took 0.85 seconds per iteration. When training on CIFAR-10, our algorithm and GDA
both took the same amount of time per iteration, 0.08 seconds, on the AWS GPU server.

Mitigating mode-collapse on 0-1 MNIST. We trained GANs using both GDA and our algorithm on
the 0-1 MNIST dataset, and ran each algorithm for 3000 iterations (Figure [T). GDA seems to briefly
generate shapes that look like a combination of 0’s and 1’s, then switches to generating only 1’s, and
then re-learns how to generate 0’s. In contrast, our algorithm seems to learn how to generate both 0’s
and 1’s early on and does not mode collapse to either digit.

We repeated this simulation 22 times for our algorithm and 13 times for GDA, and visually inspected
the images at iteration 1000. GANs trained using our algorithm generated both digits by the 1000’th
iteration in 86% of the runs, while those trained using GDA only did so in 23% of the runs at the
1000’th iteration (see Appendix |F.4|for images from all runs).

Mitigating mode-collapse on synthetic data. We trained GANs on the 4-Gaussian mixture dataset
for 1500 iterations (Figure [2)) using our algorithm, unrolled GANs with k = 6 unrolling steps, and
GDA with k£ = 1 and k = 6 discriminator steps. We repeated each simulation 10-20 times.

By the 1500°th iteration GDA with k = 1 discriminator steps seems to have learned only one mode
in 100% of the runs. GDA with k = 6 discriminator steps learned two modes 65% of the runs, one
mode 20% of runs, and four modes 15% of runs. Unrolled GANSs learned one mode 75% of the runs,
two modes 15% of the runs, and three modes 10% of the runs. In contrast, our algorithm learned all
four modes 68% of the runs, three modes 26% of the runs, and two modes 5% of the runs.
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Figure 3: GAN trained using our algorithm (with k = 1 discriminator steps and acceptance rate e~ /" = 1/2)
and GDA on CIFAR-10 for 50,000 iterations. The images generated from the resulting generator for both our
algorithm (middle) and GDA (left). Over 9 runs, our algorithm achieves a very similar minimum FID score
(33.8) compared to GDA (33.0), and a better average FID score over 9 runs (mean p = 35.6, std. dev. 0 = 1.1)
compared to GDA (u = 53.8, 0 = 53.9). Images are shown from one run each; see Appendix [F.2| for full results.

4 KEY IDEAS IN THE PROOF

For simplicity, assume b = L = 7 = 1. There are two key pieces to proving Theorem [2.3] The first
is to show that our algorithm converges to some point (z*, 4*) in poly(d, /) gradient and function
evaluations (Lemma . Secondly, we show that, y* is a first-order e-stationary point for f(z*, ")
and z* is, roughly, a e-local minimum for the simulated loss function £ (-, y*) (Lemma.

Step1: Bounding the number of gradient evaluations: After @(log(%)) steps, the decaying accep-
tance rate of the simulated annealing step ensures that our algorithm stops whenever 7, = O(1/¢)
proposed steps are rejected in a row. Thus, for every O(7max/<?) iterations where the algorithm
does not terminate, with probability at least 1 — ¢ the value of the loss decreases by more than ¢.
Since f is 1-bounded, this implies our algorithm terminates after roughly O (7max/<?) iterations of the
minimization routine (Proposition [D.6).

Next, since f is 1-bounded with 1-Lipschitz gradient, in each iteration, we require at most poly(¢/¢)
gradient ascent steps to reach an e-stationary point. Since each step of the maximization subroutine
requires one gradient evaluation, and each iteration of the minimization routine calls the maximization
routine exactly once, the total number of gradient evaluations is poly(d, /<).

Step 2: Show z* is an c-local minimum for £_(-,y*) and y* is an e-stationary point. First, we
note that since our algorithm runs the gradient ascent maximization subroutine until it reaches an
e-stationary point, we have, |V f(z*, y*)|1 <e.

Our stopping condition for the algorithm implies the last 7, updates A proposed by the max-player
were all rejected, and hence were sampled from the distribution Dy » of the ADAM gradient at
(z*, y*). Roughly, this implies

Pracp,. . [f(@* +A,y) > f(a*,y*) —e] > 1 —¢, (5)

where the maximization subroutine computes y' by gradient ascent on f(z* + A, -) initialized at y*.
In other words, equation says that at the point (z*, y*) where our algorithm stops, if the min-player
samples an update A from the distribution D,« ,«, followed by the max-player updating y* using
gradient ascent, with high probability the final loss value cannot decrease by more than ¢.

To show equation [33]holds, we need to replace f in the above equation with the simulated loss L.
We first show that the gradient ascent steps form an “c-increasing” path, starting at y* with endpoint
y’, along which f increases at rate at least & (Prop. . This crucially exploits that our algorithm
restricts the max player to only use such “e-increasing” paths. Since L. is the supremum of f at the
endpoints of all such e-increasing paths starting at y*, we get

F@* +Ay) < Lo(@* + A, y°). ©)
Finally, recall from Section]that ||V f(2*, y*)||1 < * implies L. (z*,y*) = f(2*,y*). Combining
the above observations implies the e-local minimum condition equation

Note that we could pick any distribution D for the updates and the proof still holds — the distribution
of ADAM gradients works well in practice. Also, we could replace simulated annealing with a
deterministic rule, but such an algorithm often gets stuck at poor local equilibria in GAN training.
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5 CONCLUSION

In this paper, we develop a convergent first-order algorithm for min-max optimization and show
how it can lead to a stable and scalable algorithm for training GANs. We prove that our algorithm
converges in time polynomial in the dimension and the smoothness parameters of the loss function.
Our simulations show that a version of our algorithm can lead to more stable training of GANs on
synthetic and real-world datasets. And yet the amount of memory and time required by each iteration
of our algorithm is competitive with GDA. Our algorithm synthesizes a first-order approximation
to the global strategy of the max-player, a look ahead strategy based on batch gradients for the min-
player, and simulated annealing. We believe that these ideas of imposing computational restrictions
on the min- and max-players should be useful in obtaining convergent and practical algorithms for
other applications of min-max optimization, such as adversarial learning.
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A THE FULL ALGORITHM

Algorithm 2 Algorithm for min-max optimization (formal version)

input: Stochastic zeroth-order oracle F for loss function f : R? x R? — R, and stochastic gradient
oracle G, for V; f, and G, for V, f
input: Initial point (xg, yo), Error parameter &
output: A point (z*, y*)
hyperparameters: r,,,, (max number of rejections); 71 > 0 (hyperparameter for simulated anneal-
ing); hyperparameters «, 7,9 > 0 and 31, f2 € [0, 1] for ADAM

1: Seti 4= 0,74 0,0+ 0,mp + 0,09« 0,m <+ 0,v< 0,5« 0,61 = §

2: Set fola < 00 {Set fo1a to be oo (or the largest possible value allowed by the computer) to

ensure that the first step is accepted}

3: while r < r,, do

4. Setv+i+1

S: Set g¢; < G (xi, yi) {Compute proposed stochastic gradient}

6 Set M1 « Bim; + (1 — B1)gx i and Vigq < Bov; + (1 — 62)92,1‘ {Compute proposed ADAM

update for first- and second- moment estimates }

7. Set Xy ¢ x; — alﬁ%ﬂMHl/@ /M%HVFA + 8) {Compute proposed ADAM update of
—F1 P2

x-variable}

8:  Run Algorithm 3| with inputs x <— X1, yo < ¥, (m,v,s), and €’ «— ;(1 + 7). } Use ADAM optimizer to
9:  Set Vit1 < Ystationary and (M, V,S) <= (Mout, Vout s Sout) to be the outputs of Alg. simulate the
10:  Set frow ¢ F(Xit1,Vit1) max player’s response.
11: if foew > fola — i, then
12: Set Accept; < False with probability max(0,1 — 6_#) {Decide to accept or reject}
13: if Accept; = True then
14: Set 2,11  Xit1, Yi+1 < Vi1 {accept the proposed x and y updates}
15: Setmy1 < M1, vi41 ¢ Vigr,and (m,v,s) < (M, V,S) {accept the proposal’s ADAM
moment estimates }
16: Set folq < fnew
17: Set a + a + 1 {keep track of how many steps we accepted}
18: Setr <0
19: Set €it1 <—€i(1+77)2
20:  else
21: Set 2,11 < ®;, Yyir1 + y; {go back to the previous x and y values}
22: Set m;11 < my, vi41  v; {go back to the previous ADAM moment estimates }
23: r < 1 + 1 {Keep track of how many steps were rejected since the last acceptance. If too
many steps were rejected in a row, stop the algorithm and output the current weights. }
24 Seteir) <&

25: return (z*, y*) < (x;,y;)
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Algorithm 3 ADAM (for the max-player updates)

input: Stochastic gradient oracle G, for V, f
input: x,yg, m, v, &', number of steps s taken at previous iterations
output: A point ygiationary Which is a first-order ¢’-stationary point for f(x, -), and Sout, Mout, Vout
hyperparameters: 7 > 0; ADAM hyperparameters &, > 0 and (1,82 €
[0,1]

1: Setj <0

2: Set Stop = False

3: while Stop = False do

4: Setj<j+1

50 Setgy; + Gy(x,y;)

6: if ||gy)j||1 > ¢’ then

7: Setj«+—j+1

8: Set m; < Bim; + (1 — B1)gy,j, and vj <= Bav; + (1 — 52)937j {Compute proposed ADAM
update for first- and second- moment estimates}

9: Setyjr1 «— y; + dliﬂiﬁmj/( /Pﬁ;%vj + 6) {Compute proposed ADAM update of
y-variable}

10:  else

11: Set Stop = True

12: Set Ystationary — Yi and Sout = S+ j’ Mout < My, Vout — Vj

B PROOF OVERVIEW

To prove Theorem [2.3| we would like to show two things: First, that our algorithm converges to some
point (z*,y*) in a number of gradient and function evaluations which is polynomial in 1/, d, b, L
(Lemma in the appendix). Secondly, roughly, we would like to show y* is a first-order e-
stationary point for f(z*,-) and * is a e-local minimum for the simulated loss function L. (-, y*)

(Lemma|[D.9).

Bounding the number of gradient and function evaluations (Lemma [D.7) First, we bound the
number of gradient evaluations for the maximization subroutine for y (Line [6|of Algorithm [T}, and
then bound the number of iterations in the minimization routine for x (the “While” loop in Alg. [I).

Step 1: Bounding the number of gradient ascent steps for the maximization subroutine: Consider the
sequence of ADAM gradient ascent steps y = y1,%2...,%¢ = ¥y the max-player uses to compute
her update y’ in Line @ of Alg. |1} For our choice of hyperparameters, the ADAM update is ;1 =
yj + aGy(z,y;) /(G (z, y;))"/?, where « is the ADAM learning rate. Since the magnitude of our
ADAM gradient satisfies |Gy (z,y;)/(GZ(x,y;))"/?||l2 = ||Gy (2, y;) 1. our stopping condition for
gradient ascent (Line[6|of Alg. [1), which says that gradient ascent stops whenever |Gy (z, y;)||1 < ¢,
implies that at each step of gradient ascent our ADAM update has magnitude at least ae in £3-norm.
Using this, we then show that at each step y; of gradient ascent, we have with high probability that

fyie) = fy;) = Qas), ©)

if the ADAM learning rate satisfies o ~ ©(¢/(zd)) (Proposition |D.5). Since f is b-bounded, this
implies that the ADAM gradient ascent subroutine must terminate after O(%/(ac)) = O(bLd/<) steps.

Step 2: Bounding the number of iterations for the minimization routine: We first show a concentration
bound for our stochastic zeroth-order oracle (Proposition and use it to show that, for our
temperature schedule of 7; = 71/i, after Z := 7, log(2rma=b/c?) iterations, our algorithm rejects any
proposed step ' = x + A for which f(2',y’) > f(x,y) — e with probability at most roughly
l—eVmi<1-— 52/ (2rmaxb). Therefore, roughly, with probability at least 1 — ¢, for the first 2rmaxb/e
iterations after Z, we have that only proposed steps 2’/ = z + A for which f(2,y) < f(z,y) — ¢
are accepted. Moreover, our stopping condition (Line2]in Alg. [I)) stops the algorithm whenever rpax
proposed steps are rejected in a row. Therefore, with probability at least 1 — £ we have that the value
of the loss decreases by more than 25/ between iterations Zand T + "maxb/=2, unless our algorithm
terminates during these iterations. Since f is b-bounded, this implies our algorithm must terminate
after roughly O(maxb/<2) iterations of the minimization routine (Proposition |D.6).
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Now, each of the O(bLd/c) steps of the maximization subroutine requires one gradient evaluation, and
each of the O("maxb/=2) iterations of the minimization routine calls the maximization routine exactly
once (and makes one call to stochastic oracles for the function f and the x-gradient). Therefore, the
total number of gradient and function evaluations is roughly 0Ld/= x 7i.xb/<2, which, for our choice
of hyperparameter 7y, of roughly ry,.x = /e, is polynomial in /<, d, b, L.

Showing (z*, y*) satisfies Inequalities equation 34| and equation 35|(Lemma

Step 1: Show y* is a first-order e-stationary point for f(x*,-) ( equation Our stopping condition
for the maximization subroutine says |Gy (z*,y*)|1 < ¢ at the point y* where the subroutine
terminates. To prove equation [34] we show a concentration bound for our stochastic gradient Gy,
(the second part of Proposition and use this to show that the bound |Gy (z*,y*)||1 < € on the
stochastic gradient obtained from the stopping condition implies the desired bound on the exact
gradient, |V, f(2*, ") < e.

Step 2: Show x* is an e-local minimum for L.(-,y*) (equation First, we show our stopping
condition for the minimization routine implies the last r,,, steps A proposed by the algorithm were
all rejected. This implies the last 7.5 proposed steps were sampled from the distribution Dy« 4+
of the ADAM gradient G, (z*,y*)/(G2(x*,y*))"/* and, since they were rejected, our stopping
condition implies, roughly, f(z* + A, y*) > f(z*,y*) — ¢ for all these proposed steps A. Roughly,
we use this, together with our poly(1/e, d, b, L) bound on the number of iterations (Proposition ,
to show

PrANDI*,y* [f(.]?* + A7yl) 2> f(x*vy*) - 6] >1- g, 3
where the maximization subroutine computes y' by gradient ascent on f(z* + A, -) initialized at y*.

To show that equation [35]holds, roughly, we would like to replace “f” in the bound in Ineq. equation|g]
with the simulated loss function £.. Towards this end, we first show that the steps traced by the
gradient ascent maximization subroutine form an “c-increasing” path, with endpoint 3/, along which
[ increases at rate at least e (Prop. [D.8). Although we would ideally like to use this fact to show that
fla*+ Ay') = L(x* + A, y*), this equality does not hold in general since L. is defined using a
large set of such e-increasing paths, only one of which is simulated by the maximization subroutine.
To get around this problem, we instead use the fact that L. is the supremum of the values of f at the
endpoints of all e-increasing paths starting at y* which seek to maximize f(z* + A, ), to show that

far+Ay) < L@@ + A y7). ©)

Finally, we already showed that |V f(z*,3*)|l1 < €*; recall from Section [2] that this implies
L.(z*,y*) = f(z*,y*). Combing this with equation 8] equation [9] implies the e-local minimum
condition equation 35}

C COMPARISON OF NOTIONS OF LOCAL OPTIMALITY

In previous works |Daskalakis & Panageas|(2018); |Heusel et al.|(2017), a local saddle point (equiva-
lently a local Nash point) has been considered as a possible notion of local min-max optimum. A point
(z*,y*) is said to be a local saddle point if there exists a small neighborhood around z and y such
that y* is a first-order stationary point for the function f(z*,-), and z* is a local minimum for the
function f(-,y*). A key difference between a local saddle point and the local min-max equilibrium
we introduce in our paper (Definition [2.2)) is that a local saddle point does not take into account the
order in which the min-player and max-player choose x and y.

While a local saddle point is not guaranteed to exist in general nonconvex-nonconcave min-max
problems, if there exists a local saddle point, this saddle point is also a local min-max equilibrium as
given by Definition [2.2] More specifically, any local saddle point for a smooth function f is an e-local
min-max equilibrium for every € > 0, provided that we pick the step size for the min-player to be
small enough. This is because, if there if a point (z*, y*) is a local saddle, then y* is a first-order
stationary point for the function f(z*,-). Thus, the gradient at (z*, y*) must be zero and the first
condition (Inequality equation [34) is satisfied.

If we pick the step size small enough, the step A will be such that z* + A lies within this neighborhood
of * and hence

Le(a,y") = f@y") < f@™ +A,y7) < Le(z" + A, y7)
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foralle > 0 ﬂ Thus the second condition (Inequality equation is satisfied for any € > 0.

Another notion of a local minimax point was proposed inJin et al.[(2020). In their definition, the max
player is able to choose her move after the min-player reveals her move. The max-player is restricted
to move in a small ball around y*, but is always able to find the global maximum inside this ball.
In contrast, in our definition, the max-player is empowered to move much farther, as long as she is
following a path along which the loss function increases rapidly. Hence, in general these two notions
are incomparable. However, even under mild smoothness conditions, a local minimax point is not
guaranteed to exist|Jin et al.|(2020), whereas a local min-max equilibrium (Definition is.

Finally, in a parallel line of work, we prove the existence of a stronger, second-order notion of min-
max equilibrium for nonconvex-nonconcave functions motivated by the notion of approximate local
minimum introduced in Nesterov & Polyak|(2006). The advantage of the notion in our current paper
(Definition [2.2) is that it yields a concise proof of convergence and the accompanying algorithm, as
our empirical results show, is effective for training GANs.

D MAIN RESULT

Recall that we have defined D, , to be the distribution of the point-wise normalized stochastic

gradient G, (z,y)//G2(z, y). We also recall that we have made the following assumptions about
our stochastic gradient, which we restate here for convenience:

Assumption D.1 (smoothness). Suppose that f,(z,y) ~ Dy, is sampled from the data distribution
for any x,y € R Then, with probability 1, f, is b-bounded, L,-Lipschitz, and has L-Lipschitz
gradients V f.

Assumption D.2 (batch gradients).

bo
1
F(ﬂf,y) = bio th<xay)
t=1

xT

b,
1 &

G’Jf(xa y) = [17 Z vxft(x7y)v
t=1

b,
1 y
Gy(Z, y) = bi Z vyft(xay)a

Y ot=1

where, f1, ... f; are sampled iid (with replacement) from the distribution D, . and b, b, b, > 0
are batch sizes. Every time G, G, or F'is evaluated, a new, independent, batch is used.

Setting parameters: For the theoretical analysis, we set the following parameters, and we define
£:=1if 2 =0. We also assume 0 < ¢ < 1.

1. a=1
2. 61:0,62:0,5:0

3. w= 7236b22+16[(7'1 + 5) 28 log(m 28) log* (120 (7 + 1)(8 + 1))] 2

4. Tmax = % log? <120(7'1 + 1)(82 +1)+ 1og(i)>

5. Define Z := 7y log(Tmax) + 8Tmax£ +1

w

6. n= 227 — 1 (in particular, note that the fact that n = 297 —landZ > 1 implies that
1 1
77 <N<7)
L e(l-)

7.4 = —514

8. Define J := 2%

3ae

SRecall from Sec. that if Eq. equationis satisfied then L. (z*,y*) = f(z*, y").
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9. &1=5(1- 1)

10. b, =

11. by = £,2140%b% log(1/w)
12. b, = £,21402L3 log(V/w)

In particular, we note that w < =577 and rpax > 4 log(1%L),

sete’ = g;, we also have &’ < g9(1 + 1)*% < ¢ and hence that (% + LVda)Vd < (1 - ﬁ)éfo <

(1- ﬁ)s’.

Proposition D.3. For any é;,w > 0, if we use batch sizes b, = £,°140°L? log(1/w) and by =
£72140%b% log(1/w), we have that

At every iteration ¢, where we

€
P (16 (.0) = V@l = 55 ) <o (10)
and
P (1) - el 2 5 ) < (1)
Proof. From Assumption [D.2] we have that
b
1 Y
Gy(,y) = Vyf(2,9) = = Y_[Vofulo,y) = Vo f(z,9)],
Y t=1

where f1, . .. f; are sampled iid (with replacement) from the data distribution ©.

But by Assumption [D.T] we have (with probability 1) that
IVyfe(z, y) = Vy [z, y)ll2 < IVyfi(z,y)ll2 + IV f (2, 9)ll2 < 2L

Now,
E[V,fi(z,y) = Vyf(z,y)] = E[Vyfi(z,y) — E[V,fi(z,y)]] = 0.

Therefore, by the Azuma-Hoefding inequality for mean-zero bounded vectors, we have

by
1 Vo, +1
P b—z Vyfe(z,y) — Vyf(z, )| > %214 < 2¢l73® Vs > 0.

Y
2

Hence, if we set s = 610g/ ( ), we have that 7log"/? )\/by +1 > s4/by + 1 and hence that

Tlog”?(2),/b
> 0g b(w) y2L1

Y

< w.

by
P bi Z[Vyft(x, y) - Vyf(df, y)]
Y =1

2

Therefore,

b
1 5
Pl e Vufi(ey) = Vil @)l =5 | <
Yt=1
2

which completes the proof of Inequality equation [I0]

Inequality equation [TT|follows from the exact same steps as the proof of Inequality equation[I0] if we
replace the bound L, for ||V, f;(z,y)||2 with the bound b on |f;(z,y)|.

O

17



Under review as a conference paper at ICLR 2021

Proposition D.4. For every j we have

lyj1 = yjllz < aVd. (12)

Moreover, for every i we have,

|zis1 — zi])2 < aVd. (13)

Proof.

d 2
s = yilla < éllms /G5l =y | S (gvlK]/\ o2, 1K) = ava

k=1

This proves Inequality equation[I2} The proof of Inequality equation [I3]follows from the same steps
as above. O
Proposition D.5. Algorithm terminates in at most J = 20b iterations of its “While” loop, with
probability at least 1 — w X

Proof. Recalling that / and /- denote element-wise operations, we have

(m3/V75)s 953> = D (9v.3lK1/\/97.51K]) % gy.1K] (14)

bl
a |l Qu
—

\gy,j []]

ol
I |

wmm>s>5

since, whenever Algorithm |3|is called by Algorithm 2} Algorithm [2|sets Algorithm s input ' to
some value &’ > 5.

Therefore, we have that

Prop[D3] &

(Vi1 =i Vyf(y)) = {Yje1 = Yis Gy) — lyie1 —yjllz X 0 (15)

= (6(m; /) gy = llyjen = yﬂ”zxﬁ

Eq>@ € || ” y €1
G= — Ca — s s
= 9 Yj+1 Yill2 10
Pop[D] ¢ é1
> a- —avd x —
2 10
4
> —
O

with probability at least 1 — w, since £ < %

Since f has L-Lipschitz gradient, there exits a vector u, with ||ull2 < L|lyj+1 — y;||2, such that

fyie1) = f(y5) = (Vir1 — i Vyf(xys) +uw) (16)
= (yj+1 — Y5 Vyf(xy5)) +yj1 — 5, w)
Eq@

Toaa — Lllyj+1 —v;ll3

prop[] 4

— &e — L&2
10@5 a“d
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>3A5
—
_10 )

with probability at least 1 — w, since & < =

10Ld"
Since f takes values in [—b, b], Inequality equation implies that Algorithm terminates in at most
J = 2% jterations, with probability at least 1 — w x 7.

~ 3ae
O
Proposition D.6. Algorithm terminates in at most T := 1y log(™=2x) 4 8rmaxg + 1 iterations of
its “While” loop, with probability at least 1 — 2w x (rmax% +1).
4
Proof. For any i > 0, let E; be the “bad” event that both f(xiy1,yi41) — f(2i,v:) > —F and
Accept; = True.

.. . 571 €
Then by Proposition m since 3§ < g, we have that

P(E;) <e ™ +w. (17)

Define Z := 7 log (Fmax ),
Then for i > Z, from Line[12|of Algorithm |2| we have by Inequality equation |17|that

Define h := rmax% + 1. Then
4
I+h
P|JE: | <2wxh. (18)
i=1

Since f takes values in [—b, b], if UZI:I}L FE; does not occur, the number of accepted steps over the
iterations Z < ¢ < Z + h (that is, the size of the set {i : Z < i < Z + h, Accept, = True}) is at most
Therefore, since h = 7ax f—’; + 1, we must have that there exists a number i, with 7 <i<idrpax <
T + h, such that Accept, — False forall i € [i,1+ Tmax]-

Therefore the condition in the While loop (Line[9) of Algorithm 2]implies that Algorithm 2] terminates

after at most i + rpax < 7 + h iterations of its While loop, as long as UzI:JrZh FE; does not occur.

Therefore, Inequalityimplies that, with probability at least 1 — 2w x (rnlax% +1), Algorithm
4
terminates after at most

7qIIlELX

T+ h = log( "

b
) + 8”max— + 1

€
iterations of its “While” loop.

O

Lemma D.7. Algorithm|2|terminates after at most (11 log(™22x) + 47’max§ +1)x (J xby+bo+Dby;)
gradient and function evaluations.
Proof. Each iteration of the While loop in Algorithm [2|computes one batch gradient with batch size
b, and one stochastic function evaluation of batch size by, and calls Algorithm [3|exactly once.
Each iteration of the While loop in Algorithm computes one batch gradient with batch size b,,.
The result then follows directly from Propositions [D.6and [D.5] O
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Recall the paths ~(t) from Definition From now on we will refer to such paths as “c-increasing
paths”. That is, for any e > 0, we say that a path y(¢) is an “c-increasing path” if at every point along
this path we have that H %’y(t) Hoo and that %f(:r:, ~(t)) > € (Inequality equation .

Proposition D.8. Every time Algorithm3is called we have that, with probability at least 1 — 2w .7,
the path consisting of the line segments |y, y;+1] formed by the points y; computed by AlgorithmEI

. . . . 1 7. .
has a parametrization ~y(t) which is an 5 7 € -increasing path.

Proof. We consider the following continuous parametrized path ~y(¢):
’Y(t) =Yj + tvj te [d(j - 1>7dj]a JE [jmax]a
where v; 1= gy ;i /1/(gy,;)? and jmax is the number of iterations of the While loop of Algorithm

First, we show that this path has at most at most unit-velocity in the infinity-norm at all but a finite
number of time-points. For any point in one of the open intervals t € (&(j — 1), &j), we have that|Z|

d
I 7Olloo = llvjlleo = llgy.s/4/(9y.5)lloo < (L, Dlloe = 1.

This implies that the path ~(¢) has unit velocity in the infinity norm at all but a finite number of
time-points.

Next, we show that - f(x, (1)) > €'.
Now,
[vjl|2 = Vd (19)
and hence,
Iyj+1 = yill2 = llavs]l2 = avd (20)
at every step j.

By Line|12|of Algorithmwe have that || gy ;/+/|9y.;| |3 > €' for every j € [jmax], Where we define
Jmax € N'U {oc0} to be the number of iterations of the While loop in Algorithm Therefore, for
every j € [jmax], by Proposition|D.3]we have with probability at least 1 — w that

d
af(x,v(t)) > [Vyf(x,y5) = Lllyj+1 — yjll2u] Tv; 2n

PG, F(x,y;) — LVdau] To;

=[gy.; — %w — L\/gdu]—rvj

5
= g;jvj — [ﬁw + LVdau] v,

&1 R
=0y, (%ﬁj/\/@) - [Tow + LVdau] " v;

&1 .
= llgy.i/\/lgy.illl3 — [Tow + LV dwu] v,

&1 .
> llgy,i/\/lgy.lll3 — (E + LVda)||v]|

gy /\lgv 1 = (55 + LVd&)Va

|9y.j

> & — (55 + LVda)Vd

e vtela(-1),44],

>
1+n

"Recall that we use the convention 0/0 = 0 when computing the Adam update in our algorithm. This implies

that gy ; /+/(g¢.5)%| < (1,...,1).
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for some unit vectors u, w € RY, since (55 + LvVda)vd < (1 — )80 < (1— 135)¢’.

But by Proposition we have that j,.x < J with probability at least 1 — w x J. Therefore
inequality equation [2]|implies that

GO = e V(A= 1ad] Vi € D,

with probability at least 1 — 2w .7 .
O

Lemma D.9. Let i* be such that i* — 1 is the last iteration i of the “While” loop in Algorithm 2| for
which Accept; = True. Then with probability at least 1 — 2w J T — 2w X (rmdx 1. + 1) we have that

1

* * <
IV ) <

Eir. (22)

Moreover, with probability at least 1 — 155 — 2w X (rmax 1 + 1) we have that

Pawp.. . (c (0" + A, 9") < Lo (0 0) — 5l ) ox. 23)
and that
€
3 S<eir <S¢ (24
Proof. First, we note that (z*, y*) = (x;,1;) forall i € {i*,...,i* + r'max }, and that Algorithm 2]

stops after exactly ¢* + rp,.x iterations of the “While” loop in Algonthm |Zl

Define A; := gy ;/+/(9x,;)? for every i. Then A; ~ Dy, ..

Let H; be the “bad” event that, when Algorithm 3]is called during the ith iteration of the “While” loop
in Algorithm 2] the path traced by Algorithm [3]is not an e;-increasing path. Then, by Proposition [D.§]
we have that

P(H,) < 207 (25)

Let K; be the “bad” event that |Gy (;,y:) — Vy f(xi,yi)||2 > 55. Then by Propos1t10ns-and
[D.3l we have that

P(K;) < 2wJ. (26)
Whenever K¢ occurs we have that
IVyf (@i, i)l < NGy(@a yi)lly + |Gy (@i, 93) — Vi f (@i, i) 11 27)
<&+ Vd|Gy(wi,yi) — Vyf (@i yi)l2
Sl A
“14n " 10
< 1
Eiy
VA
where the second Inequality holds by Line [I2] of Algorithm [3] and the last inequality holds since
" 1
o<1
Therefore, Inequalities equation [26]and equation [27] together with Proposition [D.6|imply that
1
v * * < .
Vyf(@,y)lh < 1"’7761

with probability at least 1 — 2w JZ — 2w X (Fmax 22 1. + 1). This proves Inequality equation
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Inequality equationalso implies that, whenever K¢ occurs, the set S, 4, 4, of €;-increasing paths
with initial point y; (and x-value x;) consists only of the single point ;. Therefore, we have that

‘Csi (mia yZ) = f(x'u yl) (28)
whenever K¢ occurs.

Moreover, whenver Hf occurs we have that );y; is the endpoint of an €;-increasing path with starting
point (x; + A, y;). Now, L., (x; + A;, y;) is the supremum of the value of f at the endpoints of all
g;-increasing paths with starting point (x; + A;, y; ). Therefore, we must have that

Le,(xi + Ay yi) > flai + Ai, Vi) (29)
whenever HY occurs.
Therefore,
1
Pa~p,, ,, (L'si (@i + A, yi) > Le, (i, yi) — 5¢ xmyi) (30)

Eq@m el :%) —P(H;) — P(K;)

1
Panp,, ,, (f(l“i + A4, Vig1) > fiyi) — 3

Prop[D-3]
> Pa~p,,,, (F(Iz + A, Vit1) > F(zi,y) — <€

> P (Accepti = False|o:i,y,;) — 2w —P(H;) — P(K;)
Eq@@

l'zayz) — 2w — ]P)(HZ) — IP(KZ)

P (Accepti = False|x¢, y7) — 2w —2wJ —2wJ, Vi <7,
where the second inequality holds by Proposmon | since 51 <z

Define p; := Pa~p Lo (xi +Ayi) > Lo, (zi,y5) — 28

TiYq

:cl,y,> for every ¢« € N. Then In-
equality equation [30/implies that

1
P (Accepti = False|xi,yi) <pi+wl@dJ+2)<p+ §€ Vi<Z, 3D
since w < ?Q;W'

We now consider what happens for indices ¢ for which p; < 1 — 25 Since (ziys, Yits) = (zi, yi)
whenever Accept,, , = False for all 0 < k < s, we have by Inequality equatlonthat

1 € .
—g)max < —— Vi <Z — Pmax

P < ’f‘max {ACCEpt1+g = Fa|se} 4 — 1007

1
pz_1—2€>§(1—

since rpax > 2 log(120L).

Therefore, with probability at least 1 — 557 XZ = 1— 155, we have that the event N4 { Accept, , , =
False} does not occur for any ¢ < Z — 7,5 for which p; <1 — 15.

Recall from Proposition [D.6] that Algor1thm|2|term1nates in at most Z iterations of its “While” loop,
with probability at least 1 — 2w X (rmax I +1).

Therefore,

1 2b

In other words, by the deﬁn1t1on of p;x, Inequahty equation [32]implies that with probability at least

1 — 165 — 2w x (Tmax 22 I+ 1), the point (z*, y*) is such that
w*w*) <

N =
o

1
PANDI*,y* (ﬂfi* (CC* + A,y*) < )CE,:* ($*7y*) - 56
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This completes the proof of inequality equation 23]

Finally we note that when Algorithm 2]terminates in at most Z iterations of its “While” loop , we have
eir = e0(1+1)*" < &o(1+ 1) < e. This completes the proof on Inequality equation [24] O

We can now complete the proof of the main theorem:

Proof of Theorem First, by Lemma our algorithm converges to some point (z*, y*) after at
most (71 log(™max) 4 dryax 2 + 1) X (J % by, + by + b)) gradient and function evaluations, which
is polynomial in /e, d, b, L1, L. In particular, for L,b > 1, the number of gradient and function
evaluations is O(d?L2b0e—11).

By Lemma|D.9] if we set ¢* = &;+, we have that Inequalities equation [34]and equation 35| hold for
£* € (3¢, ¢] with probability at least 1 — 2wJZ — 2w X (rmax% +1) > 2. O
4

E SIMULATION SETUP

In this section we discuss the neural network architectures, choice of hyperparameters, and hardware
used for both the real and synthetic data simulations.

Datasets. We evaluate the performance of our algorithm on both real-world and synthetic data. The
real-world datasets used are MNIST and CIFAR-10. In one of our MNIST simulations we train our
algorithm on the entire MNIST dataset, and on the remaining simulations we train on the subset of
the MNIST dataset which includes only the digits labeled O or 1 (note however that the algorithms do
not see the labels). For simplicity, we refer to this dataset as the 0-1 MNIST dataset.

The synthetic dataset we use consists of 512 points points sampled at the start of each simulation
from a mixture of four equally weighted Gaussians in two dimensions with standard deviation 0.01;
and means positioned at (0, 1), (1,0), (—1,0) and (0, —1).

For all of our simulations on both real and synthetic datasets, following |(Goodfellow et al.|(2014) and
Metz et al.| (2017), we use the cross entropy loss function for training, where f(z,y) = log(D,(¢)) +
log(1 — Dy (G+(&)), where x are the weights of the generator’s neural network and y are the weights
of the discriminator’s neural network, where ( is sampled from the data distribution, and £ is a
Gaussian with identity covariance matrix. The neural network architectures and hyperparameters for
both the real and synthetic data simulations are specified in the following paragraphs.

Hyperparameters for MNIST simulations. For the MNIST simulations, we use a batch size
of 128, with Adam learning rate of 0.0002 and hyperparameter 5; = 0.5 for both the generator
and discriminator gradients. Our code for the MNIST simulations is based on the code of Renu
Khandelwal |Khandelwal| (2019) and Rowel Atienza|Atienza (2017), which originally used gradient
descent ascent and ADAM gradients for training.

For the generator we use a neural network with input of size 256 and 3 hidden layers, with leaky
RELUS each with “alpha” parameter 0.2 and dropout regularization of 0.2 at each layer. The first
layer has size 256, the second layer has size 512, and the third layer has size 1024, followed by an
output layer with hyperbolic tangent (“tanh”) acvtivation.

For the discriminator we use a neural network with 3 hidden layers, and leaky RELUS each with
“alpha” parameter 0.2, and dropout regularization of 0.3 (for the first two layers) and 0.2 (for the last
layer). The first layer has size 1024, the second layer has size 512, the third layer has size 256, and
the hidden layers are followed by a projection to 1 dimension with sigmoid activation (which is fed
as input to the cross entropy loss function).

Hyperparameters for Gaussian mixture simulations. For the simulations on Gaussian mixture
data, we have used the code provided by the authors of Metz et al.|(2017)), which uses a batch size 512,
Adam learning rates of 10~ for the generator and 10~ for the discriminator, and Adam parameter
B1 = 0.5 for both the generator and discriminator

8Note that the authors also mention using slightly different ADAM parameters and neural network architecture
in their paper than in their code; we have used the Adam parameters and neural network architecture provided in
their code.
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We use the same neural networks that were used in the code from Metz et al.|(2017): The generator
uses a fully connected neural network with 2 hidden layers of size 128 and RELU activation, followed
by a linear projection to two dimensions. The discriminator uses a fully connected neural network
with 2 hidden layers of size 128 and RELU activation, followed by a linear projection to 1 dimension
(which is fed as input to the cross entropy loss function). As in the paper Metz et al.| (2017), we
initialize all the neural network weights to be orthogonal with scaling 0.8.

Hyperparameters for CIFAR-10 simulations. For the CIFAR-10 simulations, we use a batch size
of 128, with Adam learning rate of 0.02 and hyperparameter 8; = 0.5 for both the generator and
discriminator gradients. Our code for the CIFAR-10 simulations is based on the code of Jason
Brownlee Brownlee| (2019), which originally used gradient descent ascent and ADAM gradients for
training.

For the generator we use a neural network with input of size 100 and 4 hidden layers. The first
hidden layer consists of a dense layer with 4,096 parameters, followed by a leaky RELU layer,
whose activations are reshaped into 246 4 x 4 feature maps. The feature maps are then upscaled to
an output shape of 32 x 32 via three hidden layers of size 128 each consisting of a convolutional
Conv2DTranspose layer followed by a leaky RELU layer, until the output layer where three filter
maps (channels) are created. Each leaky RELU layer has “alpha” parameter 0.2.

For the discriminator, we use a neural network with input of size 32 x 32 x 3 followed by 5 hidden
layers. The first four hidden layers each consist of a convolutional Conv2DTranspose layer followed
by aleaky RELU layer with “alpha” parameter 0.2. The first layer has size 64, the next two layers
each have size 128, and the fourth layer has size 256. The output layer consists of a projection to 1
dimension with dropout regularization of 0.4 and sigmoid activation function.

FID scores were computed every 2500 iterations. To compute each FID score we used 10,000
randomly selected images from the CIFAR-10 dataset, and 10,000 generated images.

Setting hyperparameters. In our simulations, our goal was to be able to use the smallest number
of discriminator or unrolled steps while still learning the distribution in a short amount of time, and
we therefore decided to compare all algorithms using the same hyperparameter k. To choose this
single value of k, we started by running each algorithm with £ = 1 and increased the number of
discriminator steps until one of the algorithms was able to learn the distribution consistently in the
first 1500 iterations. This resulted in a choice of k = 1 for the MNIST datasets and a choice of k = 6
for the Gaussian mixture model data. For the CIFAR-10 dataset we simply used k¥ = 1 for both
algorithms (since for CIFAR-10 it is difficult to visually determine if all modes were learned).

Our temperature hyper-parameter was set by running our algorithm with temperatures in the set
{1,2,3,4,5,10}, and choosing the temperature which gave the best performance.

Hardware. Our simulations on the MNIST, 0-1 MNIST, and Gaussian datasets were performed on
four 3.0 GHz Intel Scalable CPU Processors, provided by AWS.

Our simulations on the CIFAR-10 dataset were performed on one GPU with High frequency Intel
Xeon E5-2686 v4 (Broadwell) processors, provided by AWS.

F ADDITIONAL SIMULATION RESULTS

In this section we show additional results from simulations which we did not have space to include in
the main body of the paper.

F.1 OUR ALGORITHM ON THE FULL MNIST DATASET

Here we show the results of the simulation of our algorithm on the full MNIST dataset (Fig. ).

F.2 OUR ALGORITHM AND GDA TRAINED ON THE CIFAR-10 DATASET.

In this section we show the results of all the runs of the simulations of our algorithm and GDA on the
CIFAR-10 dataset, which were mentioned in Section 3.1 (Figures [5]and [6).
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Figure 4: We ran our algorithm (with & = 1 discriminator steps and acceptance rate e~ = = é) on the full
MNIST dataset for 39,000 iterations, and then plotted images generated from the resulting generator. We
repeated this simulation five times; the generated images from each of the five runs are shown here.

F.3 OUR ALGORITHM TRAINED ON THE 0-1 MNIST DATASET.

Here we show the results of the simulations of our algorithm on 0-1 MNIST which were mentioned
in Section 3.1 (Figures[7]and g).

F.4 COMPARISON WITH GDA ON MNIST

In this section we show the results from the different runs of the simulations of our algorithm and
GDA on the 0-1 MNIST dataset, which were mentioned in Section 3.2 (Figures[9]and [I0).

F.5 RANDOMIZED ACCEPTANCE RULE WITH DECREASING TEMPERATURE

In this section we give the simulations mentioned in the paragraph towards the beginning of Section
which discusses simplifications to our algorithm. We included these simulations to check whether
our algorithm also works well when it is implemented using a randomized acceptance rule with a
decreasing temperature schedule.

F.6 COMPARISON OF ALGORITHMS ON MIXTURE OF 4 GAUSSIANS

In this section we show the results of all the runs of the simulation mentioned in Figure 2] where all
the algorithms were trained on a 4-Gaussian mixture dataset for 1500 iterations. For each run, we plot
points from the generated distribution at iteration 1,500. Figure [I3]|gives the results for GDA with
k = 1 discriminator step. Figure[I4]gives the results for GDA with k& = 6 discriminator steps. Figure
gives the results for the Unrolled GANs algorithm. Figure 16| gives the results for our algorithm.
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Figure 5: GAN trained using our algorithm (with k& =

e M =

1 discriminator steps and acceptance rate
1/2) and GDA. We repeated this simulation nine times; we display here images generated from

the resulting generator for each of the nine runs of GDA (top) and our algorithm (bottom). The final FID
scores at 50,000 iterations for each of the nine runs (corresponding to the images above from left to right
and then top to bottom) were {35.6, 36.3, 33.8, 35.2, 34.5, 36.7, 34.9, 36.9, 36.6} for our algorithm and
{33.0, 197.1, 34.3, 34.3, 33.8, 37.0, 45.3, 34.7, 34.7} for GDA.
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Figure 6: Plots of FID scores for GANs trained using our algorithm (with ¥ = 1 discriminator steps and

acceptance rate e~ /7 = 1/2) and GDA on CIFAR-10 for 50,000 iterations. We repeated this simulation nine
times, and plotted the FID scores for our algorithm (dashed blue) and GDA (solid red).
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Figure 7: We trained our algorithm on the 0-1 MNIST dataset for 30,000 iterations (with & = 1 discriminator

1 . . .
steps and acceptance rate e~ T = é). We repeated this experiment five times. For one of the runs, we plotted
25 generated images produced by the generator at various iterations. We also plotted a moving average of the

computed loss function values, averaged over a window size of 50.

0] 1 ]O]O]oBg o] /[1]) ol [(]1]/]0] /I

[/]o]o] \ ] /] o] 2]0]0] /1 BaEEE -

; nupnn - nEnnQg |

o]o]o]o] /e /]olo] i | [1]C]o] 1]

EnEne - [ o] /]o] /] neE@ng - -
pnEnea - nnnaeE -

@EEnmn - [o]ofo]]o]

EEBRaE E OB

[L]0]/]0] oS /[

/101 0] 0/ I ll][-]ll

Figure 8: We show the images generated at the 30,000’th iteration for all 5 runs of the simulation in Figure
together with a plot of their computed loss function values. Recall from the caption of Figure [7|that we trained
our algorithm on the 0-1 MNIST dataset for 30,000 iterations (with k£ = 1 discriminator steps and acceptance

1 . . . .
ratee” = %). We repeated this experiment five times. For one of the runs, we plotted 25 generated images
produced by the generator at various iterations. We also plotted a moving average of the computed loss function
values, averaged over a window size of 50.
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Figure 9: Images generated at the 1000°th iteration of the 13 runs of the GDA simulation mentioned in Figure
In 77% of the runs the generator seems to be generating only 1’s at the 1000’th iteration.
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mentioned in in Figure T}

nEnnn
ol 7T
nEnEn
NAEnE
Zle]7]]e
500
nnEEn
EOang
NEHAEN
EAEAR
nnnng

5,000

2y 2

I I
HIEHE

1,000
nneEneE
/] /] 7]o] \]
EnEnn
ololo] /]/]
nnEEn

10,000

ololols]
[cloft]o]t]
nnEnn
EREnn
nunEn
1,500
[1]o]o]/] 1]
olo]/]/]/]
[i]o]o]i]o]
oli]/]/]0]
nEnnon

20,000

nEEnn
nEnnn
nnnnn
HEunnn
HEnnn
2,000
QEEnn
nEannn
/] (]o] 7]\
olg] ] 1]O]
nannn

39,000

Figure 11: In this simulation we used a randomized accept/reject rule, with a decreasing temperature schedule.

_1
The algorithm was run for 39,000 iterations, with a temperature schedule of e 7i = . Proposed

steps which decreased the computed value of the loss function were accepted with probability 1, and proposed
steps which increased the computed value of the loss function were rejected with probability max(0,1 — e %)
at each iteration 7. We ran the simulation 5 times, and obtained similar results each time, with the generator
learning both modes. In this figure, we plotted the generated images from one of the runs at various iterations,
with the iteration number specified at the bottom of each figure (see also Figure[T2]for results from the other four
runs)
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Figure 12: Images generated at the 39,000’th iteration of each of the 5 runs of our algorithm for the simulation
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_1
mentioned in Figurewith arandomized acceptance rule with a temperature schedule ofe = = 4te(i/20000)2 °

GDA

Figure 13: The generated points at the 1500’th iteration for all 9 runs of the GDA algorithm with k = 1
discriminator step, for the simulation mentioned in Figure2] At the 1500°th iteration, GDA had learned exactly
one mode for each of the 9 runs.
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Figure 14: The generated points at the 1500’th iteration for all 20 runs of the GDA algorithm, with k = 6
discriminator steps, for the simulation mentioned in Figure[2] At the 1500’th iteration, GDA had learned two
modes 65% of the runs, one mode 20% of the runs, and four modes 15 % of the runs.
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Figure 15: The generated points at the 1500’th iteration for all 20 runs of the Unrolled GAN algorithm for the
example in Figure 2] with k£ = 6 unrolling steps. By the 1500th iteration, Unrolled GANs learned one mode
75% of the runs, two modes 15% of the runs, and three modes 10% of the runs.

Our algorithm

Figure 16: The generated points at the 1500’th iteration for all 19 runs of our algorithm, for the simulation
mentioned in Figure2] Our algorithm used k = 6 discriminator steps and an acceptance rate hyperparameter of
% = i. By the 1500’th iteration, our algorithm seems to have learned all four modes 68% of the runs, three

modes 26% of the runs, and two modes 5% of the runs.
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G EXTENSION TO FUNCTIONS WITH COMPACT CONVEX SUPPORT

In this section we introduce a version of our algorithm (Section[G.I)) for loss functions with compact
convex support, and run it on a simple bilinear loss function (Section [G.2). We also introduce
a version of our e-local min-max equilibrium (Section which applies to loss functions with
compact convex support. We then show that, if f is also convex-concave, then, for € = 0, this e-local
min-max equilibrium is equivalent to a global min-max point (Section[G.4).

G.1 PROJECTED GRADIENT MIN-MAX ALGORITHM FOR COMPACTLY SUPPORTED LOSS

Algorithm 4 Algorithm for min-max optimization on compact support

input: A stochastic zeroth-order oracle F' for loss function f : X x ) — R where X',) C R4
are compact convex sets. Stochastic gradient oracles G, for V, f, and G, for V,, f. Projection
oracles Py : R — X for X and Py : R% — Y for ). An initial point (z,y) € X x Y, and an error
parameter €.

output: A point (z*, y*)

hyperparameters: Tmax (maximum number of  rejections), n >
0.

Setr < 0,1+ 0
while r < r . do
f01d<—F(l‘,y), 141+ 1
Set G, + Gy (x,y) {Compute a stochastic gradient}
Set 2’ «— Px(x — nG,) {Compute the proposed update for the min-player}
Starting at point y, use stochastic gradients G',(2', -) to run multiple projected gradient ascent
steps in the y-variable, until a point y’ is reached such that |G, (z',y)||2 < e {Simulate max-
player’s update}
Setj <0
Sety < y and Stop = False
while Stop = False do
Setj+j+1
Set gy,j = Gy(x.y;)
if 1lly — Py(y — ngy,;)ll2 > ¢ then
Setj<«j+1
Sety < Py (y — 77gy7j) {Simulate max-player’s update via projected gradient ascent}
else
Set Stop = True
Set frew  F(2',y") {Compute the new loss value}
Set Accept < True.
if foow > fola — ©/2, set Accept < False {accept or reject}
if Accept = True then Setz < z’,y < v/, r < 0 {Accept the updates}
else Setr < 1 + 1 {Reject the updates, and track how many successive steps were rejected. }
return (z,y)

G.2 NUMERICAL SIMULATION ON COMPACTLY SUPPORTED BILINEAR FUNCTION

In this appendix, we discuss numerical simulations on the bilinear loss function f(x,y) = zy with
compact support (z,y) € [—1,1] x [—1, 1]. For this function, the gradient descent-ascent algorithm
is known to diverge away from the global min-max point (see for instance Jin et al.|(2020)).

This function has global min-max point at every point in the set {(x,y) : = 0,y € [—1,1]}. We
ran Algorithm [ on this function with hyperparamters 7 = 0.2, ¢ = 0.06, and rmax = 5, value oracle
F(z,y) = f(z,y), gradient oracle G, (x,y) = V, f(z,y), stochastic gradient oracle V, f(z,y) + ¢
where £ ~ N (0, 1), and initial point (z,y) = (0.4,0.4). After 341 iterations of the outer loop, our
algorithm reached the point (0.0279, —0.9944), which is very close to one of its true global min-max
points, (0, —1).
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G.3 LOCAL MIN-MAX EQUILIBRIUM FOR COMPACTLY SUPPORTED LOSS FUNCTIONS

Global min-max point. First, we recall the definition of global min-max point:
Definition G.1. We say that (z*,y*) € X' %) is a global min-max point for a function f : Xx) — R
if
¥, y*) = max ,
Fa®,y") = max f(a", y)
and

f(=",y") = minmax f(z, y).

rzeX ye)y

Local min-max equilibrium for projected subgradients. In this section we introduce a version
of the local min-max equilibrium which applies to compactly supported loss functions (Definition
[G.3). The main difference with our previous definition (Definition is the need for a projected
gradient to deal with the compact support of the objective function.

In the following we assume that f : X x J — R, where X', ) C R are two compact convex sets,
and that f is continuously differentiable on X x ). We denote by V;’ the projected gradient in the y
variable for the set ).

We first formally define “simulated loss” and what it means for f to increase rapidly.

Definition G.2. For any x,y, and ¢ > 0, define E(,x,y) C Y to be points w s.t. there is a
continuous and (except at finitely many points) differentiable path ~y(t) contained in E] starting at
y, ending at w, and moving with “speed” at most 1 in the £, t) ||OO < 1 such that at

any point on vy, [115]

i f @ (1) > (33)
We define L-(,y) := SUPyce (e 2,y (T, W), and refer to it as the simulated loss.

Definition G.3. Given a distribution Dz o WithPrap, (v + A € X) = 1 for each x,y € R,
and £* > 0, we say that (x*,y*) is an e*-local min-max eqmllbrlum with respect to the dlstrlbutlon

Dif
IVYf@*,y"): <€, and | (34)
Pracp,. . [Lo (@ + A y*) < Los (2%, y%) —€*] < €7, (35)

Remark G.4. As a simple application of Algorzthm I 4| consider the bilinear loss function f (a: y) =

xy where x and y are constrained to the set [~ 5 2] It is easy to see that the set of global min-max

points consists of the points (x,y) where x = 0 and y is any point in [—%, %] The local min-max
equilibria accordmg fo our definition are the set of points (x,y) where x is any point in [—¢, €] and y
is any point in [—1, 1].

202
This is because, when running Algorlthmlon this example, if x is outside the set [ , €], the max-
player will follow an increasing trajectory to always return a point y = —1 or Yy =3 whlch means

that, roughly speaking, the min-player is attemptlng to minimize the funcnon ST Thzs means that the

algorithm will accept all updates x + A for which 1 sle+Al< 3 L| — lmplymg that the algorithm
converges towards a point with |z| < e.

Thus, as € goes to zero, the set of local min-max equilibrium points coincides with the set of global
min-max optima for the function f(z,y) = zy.

This latter fact holds more generally for any convex-concave function with compact convex domain
(see Theorem .

G.4 COMPARISON OF LOCAL MIN-MAX AND GLOBAL MIN-MAX IN THE COMPACTLY
SUPPORTED CONVEX-CONCAVE SETTING.

The following theorem shows that, in the compactly supported convex-concave setting, a point
(x*,y*) is a local min-max equilibrium for ¢ = 0 (in the sense of Definition|G.3)) if and only if it is a
global min-max point:

°In other words there is some 7 > O such thaty : [0, 7] — V.
1n this equation the derlvatlve 7 is taken from the right.
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Theorem G.5. Let f : X x Y — R be convex-concave, where X,)) C R? are compact convex sets.
And let D, ,, be a continuous distribution with support on Y such that, for every (z,y) € X x ),
D,y there is some open ball B C R? containing x such that D,y has non-zero probability density
at every point in BN Y. Then (x*,y*) is a e-local min-max equilibrium for e = 0 if and only if it is
a global min-max point.

Proof. Define the “global max” function ¢ (z) := maxyecy f(z,y) for all x € X. We start by
showing that the function () is convex on the convex set X'. Indeed, for any z1, x5 € X and any
A € [0, 1] we have

AMp(Az1 + (1 — N)zo) = max FOx1 + (1 = Nxa,y)
< max[Af(z1,y) + (1 = ) f(22,y)]
yey
< Apmaxc f(z1,y)] + (1 — A)max f (22, y)]
= Mp(z1) + (1 = Ny (22),
where the second inequality holds by convexity of f(-,y).

Moreover, we note that, since, for all z € X, f(z,-) is continuously differentiable on a compact
convex set, every allowable path (with parameter ¢ = 0) can be extended to an allowable path whose
endpoint ¢ has projected gradient Vg’ fl@*,g) =0.

Therefore, for every (x,y) € X x ), there exists an allowable path with initial point y whose endpoint
1 satisfies

VY f(z, ) = 0. (36)
Since f(z,-) is concave, equation [36]implies that
f(=,9) = max f(z,y), 37
and hence that
Lo(x,y) = f(x,9)- (38)
Thus, equation [37and equation [38]imply that
Lo(z,y) =¢(x)  V(z,y) e X xY 39)

since ¥ (z) = maxyecy f(z,y).

1. First we prove the “only if”’ direction:

Suppose that (z*,4*) is a e-local min-max equilibrium of f for ¢ = 0. Let y' be a global
maximizer of the function f(x*,-) (the function achieves its global maximum since it is
continuous and ) is compact). Then the projected gradient at this point is

Yy * 1) —
VY f(a*,yh) =0, (40)

Since f(x,-) is concave for all z, and V}J,}f(x*, y*) = 0, at every point y along the line
[yT,y*] connecting the points ' and y*, equationimplies that

VWit y) =0,  Wyelyhyl. (41)
Therefore, equation 1] implies that

f@*y) = fa*,y),

and hence that

fa*, ") = mac f(a*,y), (42)

since max,cy f(z*,y) = f(a*,y").
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Now, since (z*, y*) is a e-local min-max equilibrium for e = 0,

Pr [Lo(z* + A,y*) < Lo(z*,y*)] = 0. 43)

A~D, e

Thus, equation [39)and equation 9] together imply that

BB+ 8) <wla)] =0, (44)

Since ) is convex, and since there is an open ball B for which D« 4~ has non-zero
probability density at every point in BN}/, equation 4] implies that z* is a global minimizer
for 1:

P(z") = miny(z). (45)

reX

Therefore, equation [42|and equation [45|imply that (z*, y*) is a global min-max point for
f: X x Y — R whenever (z*,y*) is a e-local min-max equilibrium of f fore = 0.

2. Next, we prove the “if”’ direction:

Conversely, suppose that (z*, *) is a global min-max point for f : X x J — R. Then
f(a*,y*) = maxycy f(z*,y). Since f is differentiable on X' x Y, this implies that

y * _
vy fa*,y*) =0. (46)
Moreover, since f(z*,y*) is a global min-max point, we also have that

f(a*,y*) = min (maxf(ar, y>) — min o (x),

zeX \ yeY TEX

and hence that

Y(a*) = min (). 47
Since we have already shown that 1) is convex, equation 47|implies that
Pr  [¢(z* 4+ A) < ¢(z¥)] =0. (48)
AND:E* 1y*

Since we have also shown in equation 39 that ¢(z) = Lo(,y) for all (z,y) € X x Y,
equation [48|implies that

LB L@+ A ) < Loty = 0. (49)

Therefore, equation @] and equation 49|imply that, for ¢ = 0, (z*, y*) is a e-local min-max
equilibrium of f : X x Y — R whenever (z*, y*) is a global min-max point for f.

O

H COMPARISON TO OTHER MIN-MAX ALGORITHMS WITH MAXIMIZATION
SUBROUTINES

Many algorithms for min-max games can be viewed as using an inner maximization subroutine
(e.g., unrolled GANs Metz et al.[|(2017), and even versions of the GDA algorithm where the max-
player’s update is computed using multiple gradient ascent steps (Goodfellow et al.| (2014), as well as
Maheswaranathan et al.|(2019); [Bolte et al.|(2020)). However, in contrast to these algorithms, our
algorithm has polynomial-time guarantees on the number of gradient and function evaluations when
f is bounded with Lipschitz Hessian.

In particular, while Bolte et al.| (2020) provides theoretical guarantees, there are two key differences
between their work and ours: (i) Their min-max algorithm (Algorithm 3 in their paper) requires
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access to an oracle which returns the global maximum argmax, f(z,y) for any input x. However,
since f can be nonconcave in y, computing the global maximum may be intractable and one therefore
may not have access to an oracle for the global maximum value in practice. In contrast, our algorithm
only requires access to a (stochastic) oracle for the gradient and function value of f. (ii) Bolte et al.
(2020) only prove that their algorithm converges asymptotically, and do not provide any bounds on
the time to convergence. In contrast, our algorithm has polynomial-time guarantees on the number of
gradient and function evaluations.

I COMPARISON TO MIN-MAX ALGORITHMS WITH CONVEREGENCE
GUARANTEES IN NONCONVEX-NONCONCAVE SETTINGS

Multiple works provide min-max optimization algorithms with convergence guarantees in various
settings where f may be nonconvex-nonconcave. However, the convergence results in these works
still require strong assumptions on the loss function. For instance, Mertikopoulos et al.|(2019); Lin
et al. (2018)); |Gidel et al.[(2019a)) provide convergence guarantees under the assumption that f satisfies
a variational inequality, such as the “‘coherence” condition of Mertikopoulos et al.|(2019). Specifically,
one of the assumptions of this coherence condition is that there exists a global min-max solution
point (z*, y*) for min, max, f(x,y) which satisfies the variational inequality (V, f(z,y), x —2*) —
(Vyf(z,y),y — y*) > 0forall (z,y) in RY x R% This is a relatively strong assumption since it
says that at every point (z,y) € R? x RY, the vector field (— V. f(x,y), V,, f(z,y)) must not point
in a direction “away” from the global min-max point (x*, y*).

Another setting where convergence guarantees have been show for min-max algorithms in the
nonconvex-nonconcave setting is when f satisfies a “sufficient bilinearity” condition|Abernethy et al.
(2019). Roughly, this condition says that there is a number v > 2 such that, at every =,y € R,
all the singular values of the cross derivative Viy f(z,y) are greater than ~. If, in addition, f is
1-Lipschitz then|Abernethy et al.|(2019) show that their algorithm reaches a first-order e-stationary
point—that is a point where the gradient for the min- and max- players has magnitude at most e—in
roughly O(= log(¢)) evaluations of a Hessian-vector product of f.

In contrast to these works, our main result only assumes that the loss function is bounded with
Lipschitz Hessian.
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