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ABSTRACT

Scaling network depth has been a central driver behind the success of modern
foundation models, yet recent investigations suggest that deep layers are often
underutilized. This paper revisits the default mechanism for deepening neural
networks, namely residual connections, from an optimization perspective. Rig-
orous analysis proves that the layout of residual connections can fundamentally
shape convergence behavior, and even induces an exponential gap in convergence
rates. Prompted by this insight, we introduce adaptive neural connection reassign-
ment (ANCRe), a principled and lightweight framework that parameterizes and
learns residual connectivities from the data. ANCRe adaptively reassigns residual
connections with negligible computational and memory overhead (< 1%), while
enabling more effective utilization of network depth. Extensive numerical tests
across pre-training of large language models, diffusion models, and deep ResNets
demonstrate consistently accelerated convergence, boosted performance, and en-
hanced depth efficiency over conventional residual connections.

1 INTRODUCTION

Foundation models have demonstrated remarkable success across a broad spectrum of domains and
impactful applications (Achiam et al.,|2023};|Chen et al.,|2021;|Ho et al.,2020; |Radford et al.,[2021]).
One of the key factors underlying these advances is the increasing capacity of modern backbone
architectures, with a particularly noticeable trend toward greater depth. For instance, the Llama
3.1 family employs 32, 80, and 126 Transformer layers for its 8B, 70B, and 405B variants, respec-
tively (Grattafiori et al., 2024). Moreover, (Csordas et al., |2025) shows a clear positive correlation
between depth and performance across 132 open-source LLMs (see their Figure 1). This trend is
also supported by theories. It is proved in (Telgarsky, 2015) that polynomially deep networks can
express functions that would require exponential width in shallow ones.

Despite the documented success of deep networks, scaling model depth can be less efficient than
it first appears. For example, (Csordas et al.l [2025) shows that skipping an early layer in the
Llama 3.1 70B has a remarkably greater impact on the outputs of subsequent layers than omitting
a deep layer, and that deeper layers often behave as near-identity mappings. Since the identity
function is essentially available “for free”, this suggests that late layers are highly underutilized.
Complementary evidence also occurs in multimodal foundation models, where the most informative
vision embeddings are frequently found in intermediate layers of the Perception Encoder rather than
the final layer (Bolya et al., [2025). Collectively, these observations reveal that the representational
potential of depth is not fully exploited yet.

Given that residual (skip) connections are the default strategy and dominant mechanism for scaling
model depth, this work revisits their design to enable more efficient depth scaling. Residual connec-
tions were proposed in (Srivastava et al., |2015; He et al., 2016a) to avoid vanishing and exploding
gradients, and they have become almost universal across architectures. For example, the backbone
architecture of LLMs, i.e., the Transformer (Vaswani et al., [2017), introduces residual connections
around each self-attention and feedforward network modules. From an optimization perspective,
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Figure 1: Visualization of linear neural network (LNN) of K = 3 layers.

residual connections are credited with smoothing the loss landscape, which facilitates training by
improving the (local) condition number (Li et al., [2018]).

This work continues on the optimization perspective of residual connections, and demonstrates an
intuitive yet often overlooked factor: where residual connections are placed within a deep archi-
tecture, i.e., the residual fopology, can play a crucial role in optimization. We provide quantitative
theory showing that different topologies can induce an exponential gap in convergence for deep lin-
ear neural networks. This large gap motivates a principled redesign of residual layout. To this end,
we term our approach adaptive neural connection reassignment (ANCReB), which learns an optimal
residual topology from data. Our method not only achieves a linear convergence rate for deep lin-
ear networks, but also integrates seamlessly into modern architectures including LLMs, DiTs, and
ResNets with consistent empirical gains. In a nutshell, our contributions are as follows:

* A theoretical characterization of residual connection topology is established using deep linear
neural networks, showing that different layouts can induce exponential gaps in convergence rates.

* ANCRe is proposed to parameterize residual connections and learn a data-driven topology on the
fly with appropriately normalization. It incurs negligible computational and memory overhead.

» Extensive numerical evaluations are conducted under varying data modalities and network depths
to systematically examine the efficiency of ANCRe. As an illustrative example, ANCRe achieves
a 1.85x training speedup on LLaMA-1B over conventional residual topology.

2 RELATED WORK

Residual connections. Residual (skip) connections are a primary mechanism for scaling neural
networks to greater depth (Srivastava et al., [2015; |[He et al.,|2016a). They were rapidly popularized
in computer vision with plenty of variants (Bachlechner et al.| 2021} [Huang et al., 2017)). This
technique has also been widely adopted in modern foundation models (Team et al.| [2025; Touvron
et al., 2023 [Yang et al., [2025} [Peebles & Xiel 2023). More recently, hyper-connections (HC) (Zhu
et al., 2025) and manifold-constrained hyper-connections (mHC) (Xie et al.| 2025) were proposed
for foundation models as architectural alternatives. Our work is orthogonal to these lines of research:
while they focus on intra-layer designs, we emphasize the inter-layer topology.

Understanding of residual connections. Residual connections are known to stabilize training by
mitigating vanishing and exploding gradients (Haber & Ruthotto| 2017; Balduzzi et al.,|2017). Em-
pirical visualizations of ResNets also suggest that residual connections lead to a smoother loss land-
scape (Li et al.| 2018). Theoretical understandings are often acquired by contrasting deep linear
neural networks (Arora et al.l 2019) with their residual counterparts. For example, the convergence
of deep linear networks can degrade exponentially with depth (Shamir, [2019)), whereas residual con-
nections alleviate this slowdown (Wu et al., 2019). Moreover, residual connections can relax net-
work width requirements (Du & Hul 2019; Zou et al.l 2020). Our work enriches this line of results
by showing that the fopology of residual connections can affect convergence exponentially. More
importantly, we translate this insight into a practical design that yields consistent improvements in
modern architectures. Due to space limitation, other related work is deferred to Appendix B}

Notation. Bold lowercase (capital) letters denote vectors (matrices); || - || and || - ||¢ stand for ¢5-
and Frobenius-norm.

3 RESIDUAL TOPOLOGY MATTERS: A CASE STUDY

Popularized by ResNet (He et al.l 2016a), residual connections allow each layer k to learn a resid-
ual mapping 7, relative to its input Xy; i.e., gi(Xx) := 7% (Xx) + Xx. This architecture has been

't coincides with “anchor” in French, which stabilizes a ship.
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Figure 2: Convergence comparison of LNN under varying setups.
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extensively leveraged in foundation models to train the network at scale. Residual connections are
typically arranged in a cascaded structure as in Figure[Ib| with each shortcut bypassing a single layer
or block. Despite the popularity of residual connections, their topology, i.e., the shortcut layout, is
often fixed by default. This section revisits this simple design, and reveals a somewhat surprising
message: in a theoretically convenient case study, topology alone can provably induce exponentially
different optimization behaviors.

3.1 LINEAR NEURAL NETWORKS WITH RESIDUAL CONNECTIONS

Consider a commonly adopted prototype model, deep linear neural network (LNN), f(x) :=

Hszl Wix = Wg ... Wy W, x as sketched by Figure where W, € R4*? denotes the learn-
able weights per layer k. This idealized model is often adopted for understanding the optimization
and analyzing convergence of deep networks; see (Arora et al., [2019; Shamir, 2019). In addition,
consider also LNN augmented with residual connections. For brevity, we henceforth use ¢:5 to rep-
resent the shortcut bridging the outputs of layers 7 and j, where 0 < ¢ < 7 < K, and 0 represents
the input of the first layer; see Figure[Ic|for an example.

Case Study 3.1. Given a K-layer LNN and input—output X,Y € R¥™" (n > d), define objective

2

mln E({Wk}k 1)

in H W, X -Y

k=1
Using standard gradient descent (GD) for training, Figure [2a] outlines the loss evolution with depth
K = 2,3,4. Without the aid of residual connection, the convergence slows down when the net-
work grows deeper. Figure [2b|depicts the convergence behavior of a 3-layer LNN under different
residual connection topologies. While the conventional cascaded layout accelerates the convergence
relative to no connection, it is not an optimal choice in this setup. In contrast, incorporating a single
residual connection 0:1 or 0:2 yields remarkably faster convergence. Figure [2c| extends the case
study to a 4-layer LNN with 2 residual connections, and compares it with the optimal choice of a
single connection 0:3. Notably, the model does not necessarily benefit from the additional residual
connections, unless they are appropriately located.

F

Case Study - suggests that the configuration of residual connections can induce exponential dis-
crepancies in convergence behaviors, and thus must be chosen cautiously. Nevertheless, there are
currently neither rigorous theories supporting these observations, nor a principled approach for se-
lecting an optimal topology. These two challenges call for an analytical investigation and numerical
evaluations, which will be provided in the ensuing sections.

3.2 CONVERGENCE ANALYSIS OF EXPONENTIAL DISCREPANCIES

This subsection establishes theories characterizing the exponentially different convergence behav-
iors induced by residual connections. To simplify the setup, our analysis considers the 3-layer LNN
with a single residual connection (0:1 or 0:2), as illustrated in Figure 2b] while extension to non-
linear neural networks is left for future work. To eliminate the influence of step size, the analysis
is performed under gradient flow (GF), the continuous-time counterpart of GD. Specifically, GF in-
dexes the optimization time with a continuous variable ¢ > 0, and updates the weight matrix through
ordinary differential equation

dWy,(?)

= VWL k=1 K (1)
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Figure 3: Visualization of ANCRe and two normalization schemes on a 3-layer LNN.

where the dependency of £ on {W(t)}, is omitted for compactness. Moreover, we assume the
input data matrix X is whitened, so that it’s orthogonal; i.e., XX T =1,. Thisis a standard modeling
choice that avoids unnecessarily over-complicating the analysis while still capturing the essential
dynamics (Arora et al.|[2019; Wu et al., 2019; |Lion et al.,2025)).

Under these simplifications, the following two theorems establish respectively a lower bound for the
LNN with the 0:1 shortcut, and an upper bound for the 0:2 one.
Theorem 3.2 (Lower bound). Consider a 3-layer LNN with residual connection 0:1, and loss

2

F

For some sufficiently small initialization, GF in () cannot converge faster than a sublinear rate
Ly(t) > Q(1/t%). 3)
Theorem 3.3 (Upper bound). Consider a 3-layer LNN with residual connection 0:2, and loss

2

1
Lo(t) == 3 Wi(t) (W)W (t) + 1) X =Y “4)
F
Under any sufficiently small initialization, GF in (1) ensures linear convergence
La(t) < Lo(0)e >V 5)

where X € (0,1) is a constant associated with the initialization {W(0)}3_,.

The formal statements of Theorems [3.2]and[3.3]involving all details can be found in Appendix[C] We
remark that small random initialization is standard in deep networks for numerical stability. These
theorems corroborate our observation in Figure 2b} and validate that proper placements of residual
connections can exponentially accelerate the training convergence. It is worth stressing that these
results can be readily extended to K > 3; see Appendix[C.4]

4 LEARNING RESIDUAL CONNECTIONS FROM DATA

As observed in the previous section, even with the same network architecture, the residual topology
pattern for fast convergence can change with depth. More broadly, an optimal layout can also depend
on other architectures. It is thus difficult to prescribe a “panacea” of residual topology, especially
for complex foundation models. This motivates learning the desirable topology on the fly.

4.1 ANCRE: ADAPTIVE NEURAL CONNECTION REASSIGNMENT

Instead of exhaustively searching over all the 2(£+1DL/2 possible topologies, our key idea is to pa-
rameterize the layout, and adaptively reassign the connectivity based on the network architecture
and data distribution. Thus, we term our approach adaptive neural connection reassignment (AN-
CRe). In particular, ANCRe considers all possible shortcut connections ¢:5 (¢ < j), each associated
with a coefficient p;; that is optimized alongside the model parameters; cf. Figure @ We further
probe two schemes for normalizing these weights, which we refer to as outgoing and ingoing nor-
malizations, as exemplified in Figures [3band Outgoing normalization restricts the coefficients
originating from layer ¢ via a convex combination Zf:iﬂ pi; =1,0<p;; <1, V0<i<j < K.

That says, the feature embedding from layer ¢ is decomposed as x; = ZJK:l 11 DijX;, and
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ANCRe to inputs of different modules.

[ _.w_LL | | Table 1: Validation perplexity (}) by adding
Po

MHSA FFN 60M 130M

X X 30.39 25.07
J X  29.62 24.48
X v 3043 2498
Figure 4: ANCRe applied to the standard Trans- v Vv 2973 2441

formers comprising LN, MHSA, and FFN modules.

each component is distributed to the subsequent layers. This ensures that the outgoing informa-
tion per layer is bounded. Conversely, ingoing normalization imposes the following constraint
Zg;& pij = 1,0 < pj; <1,V0 <4 < j < K, which preserves the input signal magnitude to
layer j and enhances numerical stability. An alternative interpretation of this scheme is that it forms
an ensemble over network depths. Letting fo(x) := x denote the initial input and f;(x) the output

of layer i, the aggregated shortcuts to layer j incur Zg;& pi; fi(x), which ensembles subnetworks
of depths 0, ..., j — 1, with p;; serving as the routing coefficient.

In practice, both normalization constraints can be conveniently enforced via a softmax
reparametrization. ~ For example, the ingoing normalization can be formulated as p;; =
exp(ci;/T)/ Zi;ll exp(ex;/7), V0 < i < j < K, where 7 > 0 is a temperature hyperparame-
ter. It is worth stressing that ANCRe introduces merely K (K + 1)/2 additional parameters c;;,
which is often fewer than a single feature dimension, and is negligible in modern deep networks. As
a result, ANCRe preserves the highly desired computational efficiency; cf. Table [f]

While both normalizations work well in practice, we often find that ingoing normalization slightly
outperforms the other at larger scale; see the ablation study in Section[5.4] We conjecture that this
is due to the more stable input magnitude to each layer. For this reason, we stick to ingoing normal-
ization throughout the paper. Regarding Case Study [3.1] ANCRe learns a data-driven connectivity,
and hence achieves a linear convergence rate on par with the optimal case; cf. Figure[2bjand[2c] The
learned coefficients for the 3-layer LNN under ingoing normalization are visualized in Figure [3d]
where certain shortcuts such as 0:3 and 2:3 are suppressed by the ingoing normalization. Aside from
LNN:Ss, the next subsection investigates how to effectively incorporate ANCRe into Transformers.

4.2 APPLYING ANCRE TO TRANSFORMERS

In modern Transformers, residual connections are applied separately to the multi-head self-attention
(MHSA) and feedforward network (FFN) modules in a cascaded way, as illustrated in the upper part
of Figure[d We consider two granularities for placing ANCRe: module-level and block-level. The
former introduces ANCRe connections from the input of the ¢-th FEN (resp. MHSA) to the input of
the j-th FEN (resp. MHSA), while the latter bridges the inputs of entire Transformer blocks. Note
that the block-level granularity coincides with the MHSA module-level one.

To determine the optimal granularity, a lightweight ablation study is performed by pre-training
LLaMA-60M and LLaMA-130M (Touvron et al., 2023) on the C4 dataset (Raffel et al., 2020).
As summarized in Table[T] establishing connectivity between MHSA inputs improves the validation
perplexity (lower the better), whereas shortcuts originating from FFN inputs are less informative.
Moreover, combining both connections yields performance comparable to using MHSA-only con-
nections. For this reason, we adopt the MHSA-only (i.e. block-level) ANCRe for all subsequent
tests involving Transformers; cf. Figure E} Next, tests are conducted on foundation models across
multiple domains to showcase ANCRe’s effectiveness.

5 NUMERICAL EXPERIMENTS

This section assesses the performance of ANCRe, and compare it with vanilla cascaded residual
connections (i.e., the standard architecture). All tests are conducted on servers with NVIDIA A100
and H100 GPUs. Additional setups including hyperparameters are detailed in Appendix
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Figure 5: Validation perplexity evolution during pre-training of LLaMA models of different sizes.
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Figure 6: Visualization of residual coefficients log(c;; /cmax, ;) learned by ANCRe, where horizontal
and vertical axes stand for ¢ and j.

5.1 PRE-TRAINING OF LLMs

The evaluation of ANCRe begins with pre-training LLMs. Following the setups in (Lialin et al.,
[2024; [Zhao et al|[2024), a series of LLaMA models (Touvron et al.l [2023) are trained on the widely
adopted C4 dataset (Raffel et al.| [2020), which consists of cleaned English text collected across
the Internet. The models span parameter counts of {60M, 130M, 350M, 1B}, with corresponding
depths of {8, 12, 24, 24}. All experiments are run in BF16 precision. Two optimization schemes are
considered: standard full pre-training (FullPT) and GaLore 2024), which applies low-
rank gradient projection for memory efficiency. For both schemes, learning rates are selected from
{5 x1074,1073,5 x 1073,1072,5 x 10~2}. ANCRe directly adopts the learning rate optimized
for cascaded residual connections without additional tuning.

Figure 3] plots the validation perplexity over pre- Taple 2 Perplexity (|) comparison by pre-

training iterations, while Table [2| reports quantitative training LLaMA models of varying sizes.
results evaluated with the pre-trained models. Across The better of the two are marked as bold.

all eight combinations of model sizes and optimization
schemes, ANCRe consistently converges faster, and Method 60M 130M 350M 1B
reduces perplexities by an average (£ standard devia- FylIPT 30.39  25.07 19.00 16.64
tion) of 0.734+0.33. Notably, ANCRe matches the per- +ANCRe 29.62 24.48 18.32 1541
plexity of cascaded residual connections using on av- Galore 3461 2556 1962 1655
erage 34.3% fewer training iterations. The advantage | ANCRe 33.69 24.68 19.01 16.45
grows from 24% to 46% as the network scales deeper.
This underscores not only the significance of residual
connection topology, but also the effectiveness of AN-
CRe in leveraging the increased depth.

Tokens 1.1B 2.2B 64B 13.1B

In addition, Figure [6] sketches the residual coefficients learned by ANCRe. For clearer visualiza-
tion, the heatmap is normalized by the largest ingoing coefficient cyax; := max; c;; per row j,
and displayed on a logarithmic scale. Rather than relying solely on the shortcut from immediately
preceding layer, deeper layers under ANCRe ensemble subnetworks of different depths. The learned
connectivity patterns are also consistent across model sizes, with a predominant emphasis on short-
cuts originating from the first two layers. Furthermore, larger models (350M and 1B) exhibit denser
connectivity than the smaller ones, indicating more effective exploitation of network depth.
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Figure 8: Reinforcement learning using ResNets of 16 and 64 layers.

5.2 PRE-TRAINING OF DIFFUSION MODELS

Beyond LLMs, pre-training of dif- Table 3: Comparison of ANCRe and cascaded residual
fusion models is also inspected fol- connections by pre-training DiT models. The better of
lowing the experimental protocols in the two are marked in bold.

Diffusion Transformers (DiT) (Peebles

& Xid, 2023). Specifically, class- Model FID| sFID| ISt PrecisionT Recallt
conditional latent DiT-S/2 and DiT- DiT-S/2 69.40 12.45 19.66 3575% 55.82%
B/2 are trained on the ImageNet-1K +ANCRe 66.01 11.68 20.70 37.90% 57.80%
dataset (Krizhevsky et all [2012)), which DiT-S/2 (cfg=1.5) 45.78 9.08 33.48 46.08% 54.25%
contains over 1.4 million images across +ANCRe 4299 8.61 3504 48.53% 55.29%
1,000 classes, at 256 x256 resolution for  DIiT-B/2 4431 842 32.89 4793% 61.55%
400,000 iterations. All hyperparameters ~ +ANCRe 41.66 7.89 3440 50.42% 64.20%
including the learning rate are set to the DiT-B/2 (cfg=1.5) 22.41 635 6527 60.75% 52.41%
defaults in (Peebles & Xie, [2023) with- +ANCRe 20.53 5.81 7045 6591% 56.51%

out tuning. For evaluation, the standard

Fréchet inception distance (FID) (Heusel et al.,[2017) is calculated using 50,000 randomly sampled
images from 250 DDPM steps (Ho et al., 2020), without classifier-free guidance (cfg) unless oth-
erwise stated. Secondary metrics include spatial FID (sFID) (Nash et al.| |2021)), inception score
(IS) (Salimans et al.;|2016)), and improved precision/recall (Kynkadnniemi et al.| 2019).

The evolution of FID-50K over the pre-training iter- 110
ations is outlined in Figure[7] It is observed that the
incorporation of ANCRe remarkably accelerates the

-=-- DiT-S/2

100 DIT-B/2

. —— DIT-S/2 + ANCR
convergence, and leads to improved final performance, o % [ D:T—BiZ : ANCR:
thanks to the effective utilization of network depth. It 3 8\ Ss=o
is worth noting that the performance gains are rela- 2 70 . =~ w=s=---oo

tively smaller than those observed for LLMs, as DiT 60
are generally shallower. In addition to the FID-50K,
Table [3] reports auxiliary metrics computed using the
pre-trained models for a more comprehensive compar- *%0 100 150 200 250 300 350 400
ison. Again, ANCRe consistently outperforms cas- Tralning fteration (K}

caded residual connections by an average of approxi- Figure 7: FID-50K evolution when pre-
mately 6% among metrics, demonstrating its effective- ~ training DiT models.

ness for different data modalities.

50

5.3 REINFORCEMENT LEARNING WITH RESNETS

The third test examines reinforcement learning (RL) with “actions” as the modality. The test set-
tings follow from (Wang et all [2025), which demonstrates that scaling model depth in RL can
unlock new goal-reaching capabilities. The test involves an unsupervised goal-conditioned regime,
in which rewards are only available upon reaching the commanded goals. Given that the sparse
rewards provide rather limited feedback, the problem is considerably more challenging compared
to standard RL scenarios supervised by dense rewards or expert demonstrations. Consequently, it
necessitates deeper models of sufficient representational capacity. The models are ResNets (He
et al.| |2016a) of varying depths, with cascaded residual connections spanning consecutive blocks
of four layers. ANCRe is applied at the same granularity of blocks, after removing the original
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cascaded residual connections. The RL benchmark encompasses four locomotion and manipula-
tion tasks {Humanoid, Ant _Big Maze, Arm_Push_Hard, Arm Binpick_Hard} from Gym-
nasium (Towers et al., [2025). Training is performed with the contrastive RL (CRL) algorithm (Ey-
senbach et al.}[2022)) for 100 million environment steps.

Figure [8| sketches the time-at-goal metric (1) averaged across episodes. For all four tasks, ANCRe
consistently leads to considerably accelerated convergence than the vanilla ResNet baselines. No-
tably, when equipped with ANCRe, a 16-layer ResNet can match or even surpass the performance
of a 4x deeper ResNet. These results further corroborate that standard ResNet architectures tend to
underutilize increased network depth, and demonstrate that ANCRe provides an effective plug-and-
play remedy for improving depth efficiency.

5.4 ABLATION STUDY

The last of numerical tests perform ablation studies to justify ANCRe’s design choices. The setups
are as in Section[5.1]using the LLaMA-130M and LLaMA-350M models with FullPT.

The first test compares the two normalization schemes in Sec-
tion 4.1} From Table [] omitting normalization leads to diver-
gence, since the coefficients can grow unbounded. It is further

Table 4: Perplexity with differ-
ent normalization schemes.

observed that ingoing normalization yields smaller fluctuations Normalization 130M 350M
in the training loss and consequently achieves lower perplexity =~ None diverge diverge
than the outgoing one. This is because the former normalizes the =~ Outgoing 25.03  18.63
inputs to each layer, so that computations are numerically stabler. ~ Ingoing 2448 18.32

The second ablation study showcases that the effectiveness of

Table 5: Ablation study using

ANCRe does not stem from simply adding more connections or all or learnable shortcuts.
making coefficients learnable. To see this, we consider two vari-

ants of ANCRe: one containing all possible shortcuts i:5 (¢ < j)

Alli:j Learnable 130M 350M

but with constant coefficients ¢;; = 1/4, and another with learn- vV X diverge diverge
able cascaded residual connection on each Transformer block. As X Vv 27.18  21.72
shown in Table [5] these variants either diverges or achieves less v/ v 24.48  18.32

competitive performance. This highlights that ANCRe’s gains
arise from the synergistic interaction between its connection topology and adaptive coefficient learn-
ing rather than either component alone.

Finally, we measure the runtime and GPU memory

Table 6: Overhead comparison.
usage to assess the efficiency of ANCRe. As shown

in Table[f] incorporating ANCRe introduces negligi- Model, GPU, BS ANCRe Runtime Memory
ble overhead across all model scales. In particular, [LaMA-60M, X 6h55min  29.59GB
the additional runtime remains within 1%, while the 1xA100, 256 Vv 6h57min 29.71GB
increase in peak GPU memory is consistently below LLaMA-130M < 14h45min_ 23.26GB
0.12GB. This efficiency arises because the forward |, A100, 128 ’ J  14h46min 23.36GB
and backward passes of the residual connections in- -
volve only a scalar—matrix multiplication and a ma- LLaMA-350M X 17h25min 27.21GB
4xA100, 64 Vv 17h32min 27.28GB

trix addition, which are ignorable compared to the
dominant computations in Transformers. Together,
these results demonstrate that ANCRe delivers performance gains with minimal overheads, ensur-
ing its practical merits of extracting more performance from deep foundation models.

6 CONCLUSION AND OUTLOOK

This paper investigated how the topology of residual connections fundamentally influences the con-
vergence and depth efficiency of deep networks, and introduced adaptive neural connection reas-
signment (ANCRe) as a principled approach to learn the optimal residual connectivity. One major
limitation of this work is that our analysis is limited to LNNs. Looking ahead, several directions
have been added to the research agenda. First, the convergence analysis will be broadened to more
general models. Second, more effective schemes for parameterizing and normalizing residual con-
nections tailored to foundation models will be explored. Finally, pre-training tests will be scaled to
larger models, for which efficient depth utilization becomes increasingly critical.
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A  IMPACT STATEMENT

This paper presents work whose goal is to advance the field of machine learning. There are many
potential societal consequences of our work, none of which we feel must be specifically highlighted
here. Nevertheless, caution is warranted when deploying the proposed method for generative ap-
plications. In such contexts, the outputs of language models should be carefully monitored, and
appropriate safeguards such as gating or filtering mechanisms should be employed to ensure the
safety, reliability, and trustworthiness of the generated content.

B ADDITIONAL RELATED WORK

Scaling deep. Broadly speaking, our work is also related to mechanisms for scaling neural networks
to greater depth. Normalization techniques are often believed to facilitate training at depth. For ex-
ample, the normalization in pre-activation ResNets (He et al.,|2016b) and transformers (Xiong et al.,
2020) has been shown to improve training stability. Moreover, it is shown in (De & Smithl [2020)
that batch normalization downscales the hidden activations on the residual branch by an order of
square root of the network depth at initialization. Proper normalization techniques, in conjunction
with residual connections, enable deeper LLMs (Wang et al., 2024) and vision transformers (Tou-
vron et al.|[2021)). At the same time, there are also works suggesting that normalization is not strictly
necessary, as some of its early training benefits can be reproduced by carefully designed initializa-
tion; see e.g., (Zhang et al., 2019; De & Smith| 2020). Nevertheless, residual connections remain a
central ingredient for modern deep neural networks.

Architecture-optimizer co-design. Recently, there has been a growing trend toward opening up
the “black box” of neural networks and co-designing architectures and optimizers for more efficient
training. For example, (Zhang et al.,|2025)) studies the gauge invariance underlying the optimization
of LoRA (Hu et al.| [2022)), while (Lion et al.l [2025) redesigns the architecture so that fine-tuning
performance scales more favorably with width (i.e., adapter rank). Our work aligns with this trend
by showing that residual connections can substantially reshape the loss landscape, and therefore
should be treated as a design choice rather than a fixed architectural default.

C MISSING PROOFS

This appendix offers the missing proofs for theories in the main paper. Our analysis leverages the
following notations.

Additional notation. (-, )r, Tr(-), rank(-) represent for Frobenius inner product, trace, and rank;
Ai(+) and o;(-) are the i-th largest eigenvalue and singular value. diag(v) is the diagonal matrix
whose diagonal entries are from vector v, while diag(M) refers to the vector formed by the diag-
onals of matrix M. For simplicity, the subscripts of £; and Lo are dropped when the objective is
clearly specified.

C.1 PROOF OF THEOREM[3.2]

Before presenting the proof, we first simplify the optimization objective and look into the associated
dynamics.

Recall that X is orthogonal, so (2)) can be equivalently rewritten as

% W5 ()W (t) (W1 (t)+1,) - YX '

2

. (6)

F

L(t) == (W2 (t)(W1(t)+14)X-Y

F

Defining A := YX T, the optimization dynamics then boil down to
E(t) = W3(t)Wa(t) (W1 (t) + 1) — A,

Vw, L(t) = Wa(t) "W ()E(t),
Vw, L(t) = W3 (t) "E(t) (W] (1) + 1),
Vw, L(t) = E(t) (W] (t) + L)W, (2).
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Given these, the gradient flow (]D can thus be written as
dW(¢) dWy(t) dW3(t)
dt dt dt
Theorem C.1 (Formal restatement of Theorem[3.2). There exists a problem instance of (6) with di-
agonally initialized weights, such that if W1[d, d](0) € [—0.5,0] and W3[d, d](0) = W3][d, d](0) €
(0,0.5], then gradient flow (7)) can only converge sublinearly at

L(t) > Q(1/t%).

= *leﬁ(t),

= *VWQE(t),

= —Vw,L(t). 7

Proof. We construct a specific instance of A and analyze the resultant gradient flow dynam-
ics. In particular, consider a diagonal matrix A with rank r4 < d. That is, A =
diag(o1,09,...,0.,,0,...,0), where the last singular value o4 = 0. Furthermore, since W1(0),
‘W5 (0) and W3(0) are diagonally initialized, it can be verified that the dynamics of gradient flow
is diagonally separable throughout training. Specifically, letting w;(t), u;(t) and v;(t) be the i-th
diagonal of W1 (t) + Iy, W2 (t) and W3 (t), the dynamics for Vi € {1,2...,d} can be written in a
decoupled and coordinate-wise form as

a; (t) = wl(t)uz(t)vl (t), (83)
dwill) _ e (6 (as(t) — o

e —u;(t)vi(t) (ai(t) — 03), (8b)

i —w; (t)v;(t) (az(t) 02), (8¢)
PO — s (wi(1) — ). (50)

We now focus on the coordinate ¢ = d, for which o4 = 0. Moreover, since we initialize u4(0) =
v4(0), Lemmal[C.2)leads to ug4(t) = vq(t) for V¢ > 0. Combining this with (8) we obtain

a0 100 228 4 g 1y0a() 2L 4 w1 yug ) 22
= —ub(B)ault) - 20 Daulr
a0
. T

Moreover, the initialization yields wq(0) = 1+ W [d, d](0) € [0.5,1] and u4(0) = v4(0) € (0,0.5].
It then follows from Lemma|[C.4]that 0 < uq(t) = va(t) < wa(t) < 1.
Therefore, it holds
aq(t) = wa(t)ua(t)va(t) = wa(t)ug(t) € [0,1].
Using this, we can further obtain
dag(t) _  ay(t)

dt - _wg(t) - de(t)ad(t)
(@) (13
=L

©
> —3ay(t)
where (a) is by Lemmas|C.4} (b) utilizes Lemma|C.5|with aq(t) > 0; and (c) follows from aq(t) < 1.

The inequality above implies that aq(t) > H%‘Zi%f as a result of Lemma Hence, we arrive at
_1 L 2 a3(0) 2
— —0)’ > = ) > —2 - =Q(1/t
T2 ; = 5(0a®)" = g oy ~ 20

where aq(0) = w4(0)uZ(0) > 0. The proof is thus completed.
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Lemma C.2. Ifug(0) = vgq(0), then uq(t) = vq(t), Vt > 0.

Proof. This symmetry follows immediately from the observation that % = d”j—t(t) whenever
ug(t) = vq(t). As ug(0) = v4(0), this symmetry always holds throughout the optimization. O
Lemma C.3. Under gradient flow (7)), it holds that
dag(t) _
dt —
Proof. 1t is straightforward to see that
1da(t dwi dug(t dog(t
Lday(t) _ aq(t)uq(t)va(t) ( ) + aq(t)wq(t)va(t) a(t) + wq(t)ua(t)aq(t) alt)
2 dt dt dt
—ug(t)az(t) - de( Jug(t)az(t) <0
where we used uq(t) = vq(t) given by Lemma|C.2] together with the dynamics in (B). O

Lemma C4. If0 < ug(0) = v4(0) < wq(0) <1, then 0 < ug(t) = va(t) < wg(t) < 1.

Proof. Leveraging (8) and Lemma|[C.2] it can be readily verified that

dwi(t) _ duj(t)

i = = 2wiua(t)va(t)ad(t) = —2a3(t) < 0.

This implies
wi(t) — wi(0) = ug(t) — ug(0) := A(t) <0,
which proves w?(t) > uZ(t) as wq(0) > uq(0) > 0.

Note that

‘dwd ‘ = ug(t)|aq(t)| = ug(t)|wa(t)| < ug(0)|wa(0)] < 1.

This suggests wqy(t) is a polynomial ODE that is locally Lipschitz, it has no jump according
to Picard-Lindeldf theorem. As wq(0) € (0,1] and w?3(¢) is non-increasing, we must have
0 < wq(t) < wgq(0) < 1. Likewise, it also holds 0 < ug(t) < ug(0) < 1.

Combining these results, we conclude that 0 < ug(t) = v4(t) < wq(t) < 1, which completes the
proof. O

Lemma C.5. If0 < u4(0) = v4(0) < wa(0) < 1, then w(t) > al/*(t).
Proof. 1t directly follows from Lemmas [C.2]and [C.4] that
ag(t) = ug(t)wi(t) < wi(t).
Given that wy(t) > 0 by Lemma we reach at wy(t) > atli/?’(t). O
C.2 PROOF OF THEOREM[3.3]

Similar to (6), the objective (@) can be simplified as

£(1) = 5| W) (Walt) W (1) + 1) X Y| = Wy () (Walt) W (1) + 1) — A| . ©)
The associated optimization dynamics are

E(t) :== W35(t)(W2(t)W1(t) + 1) — A, (10a)

Vw, L(t) = W (t) Wy ()E(1), (10b)

Vw,L(t) = W5(t) "E(t)W] (1), (10c)

Vw, L(t) = E(t) (W ()W (1) + 1) . (10d)

And the gradient flow is the same as (7).
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Theorem C.6 (Formal restatement of Theorem I WL 0)]lr <6 := \/g exp{—(l/\_i[i\()g) -
\2/(217[;)3 }, i =1,2,3 for some X € (0, 1), then gradient flow (1) achieves linear convergence

L(t) < £(0)e 207t
Proof. Recall from the last subsection that the ODEs involved are polynomial and locally Lipschitz,

and thus have no jump. Then we can define 7' := min{t > 0 | ||[W1(t)W2(t)|| > A} to be the first
time satisfying || W1 W3|| > A. Applying Lemma C.8] it follows that

L(t) < £(0)e 20"Vt wp < T
Next applying Lemma|C.T1] we acquire for all ¢ < T that

[Wi(t)Wa(t)|2 < [W1(t)|[r[[W2(t)|r < %(||W1(t)||% + ||W2(t)||%)
< %(HWl(O)H% + ||W2(0)||%> exp{%\/f

(L=X)? (1—)\) }
2 V V2mL(
= eXp{zfl —2§) (12—£>\) }

o5 (3)]
A
2

(@)

<2<

where (a) is due to § = \/;ex {- (”125)\()02) - ‘2/(2?&)3} \/g As |[W1(t)Ws(t)||2 has no

jump, this indicates our choice of § and A ensures |W1(t)Wy(¢)||2 < A always holds; that is,
T = 4o0. O

Lemma C.7. Under gradient flow , we have that

dc > )
== IVw L@ < 0.
=1

Proof. 1t is straightforward to see that

5E — (o0 3 (T, T2 1 (o 0, )

~IVw, L@IE = IVw. LO)IE — IVw, L(E)F < 0.
This concludes the proof. O

Lemma C.8. For A € (0,1), defining T := min{t > 0 | |W1(t)Ws(¢)|| > A}, then the loss
converges linearly at

L(t) < L0)e 20N ¢ <
Proof. We start with bounding
®
IV, L(t )”F 2 IIE( Miod(Ta+ Wa(t)Wi(1) > (1 -2 E@)]E

where (a) is by Lemma|C.13} and (b) comes from o4(Iq+ W1 (t)Wa(t)) > 1 —[[W(t)W2(t)]| >
1—Awhent <T.

Now based on Lemma|C.7] it follows that
3
d.
P S IVw.LIE < = IVw, Lllz < —(1 = N2B@)]1F = —2(1 — X)°L(1).
i=1

This directly results in £(t) < £(0)e= 2=t O
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Lemma C.9. Under gradient flow (7)), it holds that

[Ws(t)llr < [[W3(0)[[r + /£(0).
Proof. From the gradient flow, it can be seen that

w3(t)=wg(0)—/0 Vi, £(s)ds.

Further taking norm on both sides, we have that
t
[Wa(®lle < [Wa(O)le + || | Tw,£(s)ds]
0

t
< [W(0)lle + / 1 |V, £(s) [ds
0

(@) t
< ||W3(0)||F+\/t/ IVw, L(s)]IEds
0

t 3
< [[W3(0)[|lr + \Jt/ > IVw, L(s)|3ds
0 =1

YW (0) [k + y/¢(£(0) — £(2))

W0 + VEL0)

where (a) comes from Cauchy—Schwarz inequality; (b) uses Lemma (c) is because the loss is
always greater than 0. O

Lemma C.10. Under gradient flow (), it follows that

AWl _ W)l

dt dt

Proof. Note that

d||W1(1)]|2 dW, (¢

% = (W, di( )> = 2T (W] ()W, ()W ()E(t)).
Similarly, we have

d||Ws(t)]|? dWo(t

% =W, di( )> = —2Tr (W () W3 (DE()W/ (1))

= —2Tr (W ()W ()W ()E(1)).

The proof is thus completed. O

Lemma C.11. When t < T, it holds that
IW(0)I2 + IW2(0)[13 < (IW1(0)[ + [IW(0) 2 )

where M is given by

ar o 2V2LOIWs )l | V2TL(0)
' (1—X)2 (1—A)3"
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Proof. Using Lemma|C.10] we obtain

dIWil[f + [[Wallf _
dt

AT (W] (W] (W3 (E(1)
S AGIN A AGINE Ol

< 2 Wa(®)[elIB@) - (IW1 (01 + [Wa(0) 1)

2 2 Wy (1) e /2LO)e OV (I\Wl(t)l\% +IWat)2)

(®) _ 2,

< 2([W5(0)ls + VEL(0)) - V2LO)e V- (IW(B)]F + [Wa()]3)
where (a) comes from Lemma which shows that £(t) = 3[|E(t)[|2 < £(0)e 21~V and (b)
is by LemmalC.9

Now applying Lemma , with ¢; = 24/2L(0)|W3(0) ||, c2 = 2v/2£(0) and c3 = (1 — \)?,
and z(t) = |[W1(t)||Z + ||[Wa(t)||%, we obtain for V¢ < T that

w, g = 2VEEOIW )l | V2RLO)

W03+ Wa )2 < (IW1(0) 3+ W(0)]2) e,

(1 —X)2 (1 - )3
The proof is thus completed. O
C.3 ADDITIONAL AUXILIARY LEMMAS
This subsection provides useful lemmas for proving our main results.
Lemma C.12. If %4 > —34%(t), it holds that a(t) > 59
Proof. We can rewrite %4 > —342(¢) as
1 da(t) > _3
a?(t) dt ~
Integrating both sides renders
1 1t
———| > -3t
a(s)lo
which concludes the proof. O

Lemma C.13. Given two matrices A € R™" and B € R™", it holds that || AB||gr > o,.(A)|B||3.

Proof. Let b; be the ith column of B. It then follows that
T T b,L 9
|AB|§ = Z |Ab;|3 = Z HAmHQHsz%
i=1 i g

2 min | Au]® ZHb I3 = o (A)IIBz-

The proof is thus completed. O
Lemma C.14. If z(t) > 0, Vt < T, and it holds for constant ¢; > 0,¢co > 0,c3 > 0 that

d
d—i < (c1 + eaVt)e @ta(t), Vt < T,

then we have
z(t) <z(0)eM, vt <T

where M := 2t + fc 2Cs 52,
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Proof. To start with, since z(t) > 0, V¢ < T, it follows

dinz(t) 1 da(t) st
dt  z(t) dt < (er +eavi)e

Integrating both sides, we acquire
t
Inz(t) — lnz(0) < / (c1 + c2v/s)e”%ds
0
< / (c1 + cav/s)e”“3°ds
0

C1 o
< =4 02/ V/se3%ds.
C3 0

Next, notice that

Jse~%ds @ 1 e du ®) 1 §) ©) 6—3/2111(1) _ ﬁc_3/2

—1( v
0 03/2 0 63/2 2 ° 2 2 2 °

where (a) is by change of variable u = c3s; (b) uses the definition of Gamma function I'(z) =
Jo S t*"te~tdt; and () relies on I'(z + 1) = 2I'(2) and I'(1/2) = /7.

Combining these together offers

Inz(t) — Inx(0) < a, gCQCQS/Q =M.
c3

The proof is thus completed. O

C.4 EXTENSION TO MORE THAN 3 LAYERS

The proof for LLNs of more than 3 layers follows the same strategy as the proceeding two theorems.
To avoid redundancy, we provide a proof sketch and omit the step-by-step details.

For the slow-convergence case (i.e., /{-layer LNN with the 0:1 shortcut), one can construct a diag-
onal initialization with W1 [d, d](0) € [—0.5,0], and W3[d,d](0) = ... = Wk][d, d](0) € (0,0.5],
and likewise a rank-deficient diagonal matrix A. By following the dynamic analysis in Lemma|C.2}
it can be shown that Wy [d, d](t) = ... = Wk[d, d|(t), ¥t > 0. As a consequence, Lemma|C.4|can
be extended to establish that 0 < Wy[d,d](t) = ... = Wk[d,d|(t) < 1+ W;[d,d](t) <1, Vt >
0. To this end, applying the same arguments as in the proof of Theorem to the dynamics of
aq(t) = (1 4+ Wql[d,d)(t)) Hf:z Wy[d, d](t) yields the sublinear convergence.

In contrast, K-layer LNN with the 0:/ ' — 1 shortcut can be shown to always converge linearly.
The core idea is to replace the term |W(t)Wy(¢)|| in the original proof with the more generic

I kK;ll W (t)||, and to generalize ||[W3||r in Lemmato W k ||r. Accordingly, Lemma
is extended to

dWidlle _ _ dIWk1(O]F
o m :

Finally, with the same steps in the proof of Theorem linear convergence then follows directly
upon choosing an appropriate d.

D EXPERIMENTAL SETUPS

This appendix offers the detailed setups for reproducing the results reported in the main paper. All
our codes are written in python. The LLM pretraining and RL tests are performed on a computing
node with 4 x A100 GPUs, while the diffusion models are trained on 2xH100 GPUs.
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Table 7: Hyperparameters for pre-training LLMs.

Hyperparameter FullPT(+ANCRe) GaLore(+ANCRe)

60M 130M 350M 1B 60M 130M 350M 1B
Max seq. len. 256
Learning rate 5x107% 1x107% 1x1072 5x107* 1x1072 5x 1072 5x 1072 5x 1072
Training steps 10K 20K 60K 100K 10K 20K 60K 100K
Warmup steps 1K 2K 6K 10K 1K 2K 6K 10K
Global batch size 512
Micro Batch size 256 128 64 16 256 128 64 16
GPUs IxXA100 1xA100 4xA100 2xHIO0 1xA100 1xA100 4xA100 2xHI100

D.1 DATASETS

In the following, we provide a brief introduction to the datasets used in our tests.

Colossal Clean Crawled Corpus (C4) (Raffel et al., [2020) is a large-scale English text dataset
derived from the April 2019 Common Crawl snapshot consisting of cleaned web text. It was intro-
duced as part of the development of Google’s TS model (Raffel et al., 2020), and has been widely
used as a standard pretraining corpus for LLMs due to its scale, diversity, and high quality. The
dataset is available online from TensorFlow dataset{?l

ImageNet-1K (Krizhevsky et al.,|2012) is a large-scale image classification dataset containing ap-
proximately 1.28 million training images and 50,000 validation images annotated across 1,000 ob-
ject categories. The dataset is a subset of the full ImageNet (ILSVRC-12) and is organized according
to the WordNet hierarchy, with images collected from the web and manually labeled. ImageNet-1K
has become a standard benchmark for training and evaluating visual recognition models, particularly
in large-scale image classification and representation learning. The dataset is available onlin for
non-commercial research and/or educational purposes.

D.2 MODELS

Nest, we elaborate the models adopted in our evaluation.

LLaMA (Touvron et al., 2023) is a family of decoder-only transformer-based large language
models introduced by Meta. In this work, LLaMA is implemented using the Hugging Face
transformers library, following the official architecture definitio

Diffusion Transformer (DiT) (Peebles & Xie, |2023) is a generative image model that replaces
conventional convolutional U-Nets in diffusion models with a vision transformer operating on image
patches. Reference implementations of DiT are publicly availableE] and released under the CC-BY-
NC license.

Residual Networks (ResNets) (He et al.,2016a) are a class of deep convolutional neural networks,
characterized by residual connections that enable the effective training of very deep architectures.
ResNets have become a foundational backbone for a wide range of tasks. Standard ResNet imple-
mentationsﬂ are released under permissive MIT license. Our test relies on the variants used in (Wang
et al.| 2025), where cascaded shortcuts are added to every block of four layers.

D.3 HYPERPARAMETERS

We next list the hyperparameters for running the experiments.

https://www.tensorflow.org/datasets/catalog/c4
*https://image-net.org
4https://qithub.com/huqqianace/transformers/blob/main/src/
transformers/models/llama/modeling_llama.py
>https://github.com/facebookresearch/DiT
®https://github.com/KaimingHe/deep-residual-networks
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Table 8: ANCRe temperature 7 for RL tests.

Environment ResNet-16  ResNet-64
Humanoid 0.01 0.01
Ant Big Maze 0.01 0.01
Arm Push Hard 0.1 0.1
Arm Binpick Hard 0.01 0.1

Pre-training of LLaMAs. The experimental setup follows (Lialin et al., |2024; Zhao et al.,|[2024),
with all hyperparameters except the learning rate fixed to their default values. We use the AdamW
optimizer (Loshchilov & Hutter} [2017)) with gradient accumulation. The learning rate is tuned over
{5x1074,1x1073,5x1073,1 x 1072,5 x 1072}; see Tablefor further details. For GaLore, the
rank, update projection gap, and scaling factor are set to their default values of 128, 200, and 0.25,
respectively. For ANCRe, the softmax temperature 7 is fixed to 0.01 without additional tuning.

Pre-training of DiTs. The experimental settings are from (Peebles & Xie}, [2023) without any mod-
ifications, including the learning rate. Specifically, we use images of size 256 x 256, a global batch
size of 256, a learning rate of 1 x 104, a patch size of 2 x 2, and train for 80 epochs (i.e., 400K
iterations) using BF16 precision. The ANCRe temperature is set to 7 = 0.1 for both DiT-S/2 and
DiT-B/2. All experiments are conducted on two H100 GPUs.

RL with ResNets. The numerical experiments follow the experimental setup of (Wang et al.,[2025)).
Specifically, the episode length is set to 1000, and training is conducted for 100M environment steps.
The number of training epochs and the batch size are 100 and 512, respectively, with 512 parallel
environments. The learning rate is fixed at 3 x 10~%. Both the actor and critic networks use a hidden
dimension of 256, while the network width is selected from {16,64}. For ANCRe, the softmax
temperature 7 is coarsely tuned from {1073, 102,107}, which can be found in Table
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