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Abstract

Dynamical systems minimizing an energy are ubiquitous in geometry and physics.
We propose a gradient flow framework for GNNs where the equations follow the
direction of steepest descent of a learnable energy. This approach allows to analyse
the GNN evolution from a multi-particle perspective as learning attractive and
repulsive forces in feature space via the positive and negative eigenvalues of a
symmetric ‘channel-mixing’ matrix. We perform spectral analysis of the solutions
and conclude that gradient flow graph convolutional models can induce a dynamics
dominated by the graph high frequencies, which is desirable for heterophilic
datasets. We also describe structural constraints on common GNN architectures
allowing to interpret them as gradient flows. We perform thorough ablation studies
corroborating our theoretical analysis and show competitive performance of simple

and lightweight models on real-world homophilic and heterophilic datasets.

1 Introduction and motivations

Graph neural networks (GNNGs) |38}]20}121/36,|7!|154|27] and in particular their Message Passing
formulation (MPNN) [19] have become the standard ML tool for dealing with different types of
relations and interactions, ranging from social networks to particle physics and drug design. One
of the often cited drawbacks of traditional GNN models is their poor ‘explainability’, making it
hard to know why and how they make certain predictions [46//47], and in which situations they
may work and when they would fail. Limitations of GNNs that have attracted attention are over-
smoothing [29!130} 8], over-squashing and bottlenecks [1}140], and performance on heterophilic data
[3141511113}141/45] — where adjacent nodes usually have different labels.

Contributions. We propose a Gradient Flow Framework
(GRAFF) where the GNN equations follow the direction of steep-
est descent of a learnable energy. Thanks to this framework we can
(1) interpret GNN5s as a multi-particle dynamics where the learned
parameters determine pairwise attractive and repulsive potentials
in the feature space. This sheds light on how GNNs can adapt to
heterophily and explains their performance and the smoothness of
the prediction. (ii) GRAFF leads to residual convolutional models
where the channel-mixing W is performed by a shared symmet-
ric bilinear form inducing attraction and repulsion via its positive
and negative eigenvalues, respectively. We theoretically investi-
gate the interaction of the graph spectrum with the spectrum of the
channel-mixing, proving that if there is more mass on the negative
eigenvalues of W, then the dynamics is dominated by the graph-
high frequencies, which could be desirable on heterophilic graphs.
We also extend results of [29|30!/8] by showing that when we drop
the residual connection intrinsic to the gradient flow framework,

Figure 1: GRAFF dynamics:
attractive and repulsive forces
lead to a non-smoothing pro-
cess able to separate labels.

Submitted to 36th Conference on Neural Information Processing Systems (NeurIPS 2022). Do not distribute.



39
40
e
42
43
44

45
46
47
48
49
50
51

52
53
54
55
56
57
58
59
60
61
62
63
64
65
66

67

68
69
70
71
72
73
74
75

76
77
78

79
80
81
82
83

84
85
86

graph convolutional models always induce a low-frequency dominated dynamics independent of the
sign and magnitude of the spectrum of the channel-mixing. We also discuss how simple choices
make common architectures fit GRAFF and conduct thorough ablation studies to corroborate the the-
oretical analysis on the role of the spectrum of W. (iii) We crystallize an instance of our framework
into a linear, residual, convolutional model that achieves competitive performance on homophilic and
heterophilic real world graphs whilst being faster than GCN.

Related work. Our analysis is related to studying GNNs as filters on the graph spectrum [15][24!
21125] and over-smoothing [29}|30} [8}|50] and partly adopts techniques similar to [30]. The key
difference is that we also consider the spectrum of the ‘channel-mixing’ matrix. The concept of
gradient flows has been a standard tool in physics and geometry [16], from which they were adopted
for image processing [26], and recently used in ML [35] for the analysis of Transformers [41] — see
also [18] for discussion of loss landscapes. Our continuous-time evolution equations follows the spirit
of Neural ODES [22,|12}|3] and the study of GNNs as continuous dynamical systems [44/[10}/17}9].

QOutline. In Section we review the continuous and discrete Dirichlet energy and the associated
gradient flow framework. We formalize the notion of over-smoothing and low(high)-frequency-
dominated dynamics to investigate GNNs and study the dominant components in their evolution. We
extend the graph Dirichlet energy to allow for a non-trivial norm for the feature edge-gradient. This
leads to gradient flow equations that diffuse the features and over-smooth in the limit. Accordingly,
in Sectionwe introduce a more general energy with a symmetric channel-mixing matrix W giving
rise to attractive and repulsive pairwise terms via its positive and negative eigenvalues and show
that the negative spectrum can induce high-frequency-dominant dynamics. In SectionE]we first
compare with continuous GNN models and then discretize the equations and provide a ‘recipe’ for
making standard GNN architectures fit a gradient flow framework. We adapt the spectral analysis to
discrete-time showing that gradient flow convolutional models can generate a dynamics dominated by
the high frequencies via the negative eigenvalues of W while this is impossible if we drop the residual
connection. In Sectionwe corroborate our theoretical analysis on the role of the spectrum of W
via ablation studies on graphs with varying homophily. Experiments on real world datasets show a
competitive performance of our model despite its simplicity and reduced number of parameters.

2 Gradient-flow formalism

Notations adopted throughout the paper. Let G = (V, E) be an undirected graph with n nodes.
We denote by F € R™*d the matrix of d-dimensional node features, by f; € R4 its i-th row
(transposed), by f" € R" its 7-th column, and by vec(F) € R"? the vectorization of F obtained
by stacking its columns. Given a symmetric matrix B, we let )\E‘., AB denote its most positive and
negative eigenvalues, respectively, and pg be its spectral radius. If B = 0, then gap(B) denotes the
positive smallest eigenvalue of B. f(t) denotes the temporal derivative, ® is the Kronecker product
and ‘a.e.” means almost every w.r.t. Lebesgue measure and usually refers to data in the complement
of some lower dimensional subspace in R™*¢. Proofs and additional results appear in the Appendix.

Starting point: a geometric parallelism. __To motivate a gradient-flow approach for GNNs, we start
from the continuous case (see Appendix for details). Consider a smooth map f : R® — (R, h)
with h a constant metric represented by H = 0. The Dirichlet energy of f is defined by

1 1 d n
st =5 [ I =5 303 [ ity 0,57 @) 0

g,r=1j=1

and measures the ‘smoothness’ of f. A natural approach to find minimizers of £ - called harmonic
maps - was introduced in [[16] and consists in studying the gradient flow of £, wherein a given map
f(0) = fo is evolved according to f(t) = —VE(f(t)). These type of evolution equations have
historically been the core of variational and PDE-based image processing; in particular, gradient
flows of the Dirichlet energy were shown [26] to recover the Perona-Malik nonlinear diffusion [32].

Motivation: GNNs for node-classification. We wish to extend the gradient flow formalism to node
classification on graphs. Assume we have a graph G, node-features F and labels {y; } on Vipain C V,
and that we want to predict the labels on Vst C V. A GNN typically evolves the features via some
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parametric rule, GNNg (G, Fy), and uses a decoding map for the prediction y = )pg(GNNy(G, Fy)).
In graph convolutional models [15|27]], GNNj consists of two operations: applying a shared linear
transformation to the features (‘channel mixing’) and propagating them along the edges of the graph
(‘diffusion’). Our goal consists in studying when GNNy is the gradient flow of some parametric class
of energies & : R"*¢ — R, which generalize the Dirichlet energy. This means that the parameters
can be interpreted as ‘finding the right notion of smoothness’ for our task. We evolve the features by
F(t) = —Vp&(F(t)) with prediction y = ¢pg (F(T)) for some optimal time 7.

Why a gradient flow? Since &(F(t)) = —||VeEs(F(t))||?, the energy dissipates along the gradient
flow. Accordingly, this framework allows to explain the GNN dynamics as flowing the node features
in the direction of steepest descent of £. Indeed, we find that parametrizing an energy leads to
equations governed by attractive and repulsive forces that can be controlled via the spectrum of
symmetric ‘channel-mixing’ matrices. This shows that by learning to distribute more mass over the
negative (positive) eigenvalues of the channel-mixing, gradient flow models can generate dynamics
dominated by the higher (respectively, lower) graph frequencies and hence tackle different homophily
scenarios. The gradient flow framework also leads to sharing of the weights across layers (since we
parametrize the energy rather than the evolution equations, as usually done in GNNs), allowing us to
reduce the number of parameters without compromising performance (see Table [T).

Analysis on graphs: preliminaries. Given a connected graph G with self-loops, its adjacency
matrix A is defined as a;; = 1if (4, j) € E and zero otherwise. We let D = diag(d;) be the degree
matrix and write A := D~1/2AD~1/2 Let F € R™*? be the matrix representation of a signal. Its
graph gradient is (VF);; = f;/\/d; — f;/\/d;. We define the Laplacian as A := —1div V (the
divergence div is the adjoint of V), represented by A =1 — A > 0. We refer to the eigenvalues of
A as frequencies: the lowest frequency is always 0 while the highest frequency is pa < 2 [[14]. As
for the continuum case, the gradient allows to define a (graph) Dirichlet energy as [49]

ir . _ 1
EHE) =12 T IVRIF= X - fH? Strace(FTAF), )

i ji(i,5)€EE (w )EE

where the extra 5 is for convenience. As for manifolds, EP* measures smoothness. If we stack the
columns of F into vec(F) € R™, the gradient flow of P yields the heat equation on each channel:

Vec(F(t)) = —Vvec(mgmr(vec(F(t))) =—(I; ® A)vec(F(t)) — f'r(t) =—Af"(t), 3

for 1 < r < d. Similarly to [8], we rely on EP™ to assess whether a given dynamics ¢ — F(t)isa
smoothing process. A different choice of Laplacian L = D — A with non-normalized adjacency
induces the analogous Dirichlet energy EP* (F ) = %trace(FTLF). Throughout this paper, we rely
on the following definitions (see Appendix|A.3|for further equivalent formulations and justifications):

Definition 2.1. ¥ (t) = GNN(F(t), t) initialized at F(0) is smoothing if EP" (F(t)) < C + o(t),
with C' a constant only depending on EP(F(0)) and ¢(t) < 0. Over-smoothing occurs if either
EPI(F(t)) — 0 or EPT(F(¢)) — 0 fort — oc.

Our notion of ‘over-smoothing’ is a relaxed version of the definition in [34] — although in the linear
case one always finds an exponential decay of EP'*. We note that EP7 (F(t)) — 0iff Af"(t) — 0 for
each column f”. As in [30], this corresponds to a loss of separation power along the solution where
nodes with equal degree become indistinguishable since we converge to ker(A) (if we replaced A
with L then we would not even be able to separate nodes with different degrees in the limit).

To motivate the next definition, consider ¥ (¢) = AF(t). Despite ||F(t)|| being unbounded for a.e.
F(0), the low-frequency components are growing the fastest and indeed F(¢)/||F(t)|| — Foo s.t.
Afl = 0for1 <r < d. We formalize this scenario — including the opposite case of high-frequency
components being dominant — by studying EP (F(¢)/||F(t)||), i.e. the Rayleigh quotient of I; ® A.

Definition 2.2. F(t) = GNNy(F(t),t) initialized at F(0) is Low/High-Frequency-Dominant
(L/HFD) if EP¥(F(t)/||F(t)|]) — 0 (respectively, EP (F(¢)/||F(t)]]) — pa/2) fort — oco.

We report a consequence of Definition[2.2]and refer to Appendix for additional details and
motivations for the characterizations of LF'D and HFD.

Lemma 2.3. GNNy is LFD (HFD) iff for each t; — oo there exist t;, — oo and F, s.t.
F(t;)/|IF ()l = Foo and Afl, = 0 ( AfL, = pafl,, respectively).
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If a graph is homophilic, adjacent nodes are likely to share the same label and we expect a smoothing
or LFD dynamics enhancing the low-frequency components to be successful at node classification
tasks [43}|28]]. In the opposite case of heterophily, the high-frequency components might contain more
relevant information for separating classes [4}|5] — the prototypical example being the eigenvector of
A associated with largest frequency pa separating a regular bipartite graph. In other words, the class
of heterophilic graphs contain instances where signals should be sharpened by increasing EP'* rather
than smoothed out. Accordingly, an ideal framework for learning on graphs must accommodate both
of these opposite scenarios by being able to induce either an LFD or a HFD dynamics.

Parametric Dirichlet energy: channel-mixing as metric in feature space. Ineq. . a constant
nontrivial metric / in R? leads to the mixing of the feature channels. We adapt this idea by considering
a symmetric positive semi- deﬁnlte H=W'TW with W € R?*? and using it to generalize £P™ as

ir r 1
W' (F) = LSS St (9,(vE), =1 Y IWEELE @
¢r=1 i j:(i,j)€E (i,5)€E

We note the analogy with eq. ' where the sum over the nodes replaces the integration over the
domain and the j-th derivative at some point ¢ is replaced by the gradient along the edge (4,5) € E.
We generally treat W as learnable weights and study the gradient flow of 5 i

F(t) = —~VrER'(F(t)) = —AF(H)W ' W. ©)
We see that eq. (5) generalizes eq. (3). Below ‘smoothing’ is intended as in Definition[2.1]
Proposition 2.4. Let P{,‘&r be the projection onto ker(W "W). Equation (5)) is smoothing since

gDir(F(t)) < 672f,gap(WTW)gap(A)HF(O)HZ + 5Dir((Pker ® In)vec(F(O))), t>0.

Infact F(t) — Foo s.t. 3oy € R foreach i € V we have (f-0); = V/dio + P£i(0).
Proposition|2.4|implies that no weight matrix W in eq. (5) can separate the limit embeddings F (o)
of nodes with same degree and input features. If W has a trivial kernel, then nodes with same degrees
converge to the same representation and over-smoothing occurs as per Deﬁnition Differently
from [29}130!18], over-smoothing occurs independently of the spectral radius of the ‘channel-mixing’
if its eigenvalues are positive — even for equations which lead to residual GNNs when discretized
[12]. According to Proposition we do not expect eq. (5) to succeed on heterophilic graphs where

smoothing processes are generally harmful — this is confirmed in Figure [2|(see prod-curve). To
remedy this problem, we generalize eq. (5) to a gradient flow that can be HFD as per Deﬁnition

3 A general parametric energy for pairwise interactions

We first rewrite the energy ERi" in eq. (4) as
1
DII‘ T
ERFF) = 3 ST WTWE) = 5 3 ay (£, WTWE). (®)

i 1,7

We then define a new, more general energy by replacing the occurrences of WTW with new
symmetric matrices 2, W € R%*? since we also want to generate repulsive forces:

ECUR) = 5 SO0.06) = 3 3 a (6, WE) = €5 (F) + €57 (F), )
i i,j

with associated gradient flow of the form (see Appendix[B})
F(t) = —VEEP (F(t)) = —F(1) + AF(t)W. (8)
Note that eq. (8) is gradient flow of some energy F — EY(F) iff both Q and W are symmetric.

A multi-particle system pomt of view: attraction vs repulsion. Consider the d-dimensional
node-features as particles in R? with energy £%°. While the term ES is independent of the graph
topology and represents an external field in the feature space, the second term 4" constitutes a
potential energy, with W a bilinear form determining the pairwise interactions of adjacent node
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representations. Given a symmetric W, we write W = ®I®+ -e'e_, by decomposing the

spectrum of W in positive and negative values.We can rewrite £°* = £ + Sgil — &8, ie.
1 1 1
ENR) = 5 3 (6, (2= W) + 1 D 1104 (VF)l[* = 7 D_IIO-(VF)|*. O
1) 1)

K2
The gradient flow of %% minimizes 53; and maximizes £5". The matrix W encodes repulsive
pairwise interactions via its negative-definite component ® _ which lead to terms ||©@_(VF),;||
increasing along the solution. The latter affords a ‘sharpening’ effect desirable on heterophilic graphs
where we need to disentangle adjacent node representations and hence ‘magnify’ the edge-gradient.

Spectral analysis of the channel-mixing. We will now show that eq. can lead to a HFD
dynamics. To this end, we assume that £ = 0 so that eq. (8) becomes F () = AF (t)W. According
to eq. @I) the negative eigenvalues of W lead to repulsion. We show that the latter can induce HFD
dynamics as per Deﬁnition We let P{;\; be the orthogonal projection into the eigenspace of
W ® A associated with the eigenvalue p_ := [AW|(pa — 1). We define expp explicitly in eq. .

Proposition 3.1. If p_ > AW, then ¥(t) = AF(t)W is HFD for a.e. F(0): there exists exrp s.1.
PR () = e2r= (L2 |PG FO)|[2 4+ O(e-200)) 120,
and F(t)/||F(t)|| converges to Fo, € R™*? such that A7, = paf?, for 1 <r < d.

Propositionshows that if enough mass of the spectrum of the ‘channel-mixing’ is distributed over
the negative eigenvalues, then the evolution is dominated by the graph high frequencies. This analysis
is made possible in our gradient flow framework where W must be symmetric. The HFD dynamics
induced by negative eigenvalues of W is confirmed in Figure(neg—prod—curve in the bottom chart).

A more general energy. Equations with a source term may have better expressive power [44}|11}/39].

In our framework this means adding an extra energy term of the form £"“*(F) := B(F,F(0)W)
to eq. (7) with some learnable 5 and W. This leads to the following gradient flow:

F(t) = -F(t)Q + AF(t)W — SF(0)W. (10)
We also observe that one could replace the fixed matrix A with a more general symmetric graph
vector field A satistying A;; = 0if (¢, j) ¢ E, although in this work we focus on the case A = A.

We also note that when £ = W, then eq. (8) becomes F(t) = — AF(t)W. We perform a spectral
analysis of this case in Appendix[B.2]

Non-linear activations. In Appendix we discuss non-linear gradient flow equations. Here
we study what happens if the gradient flow in eq. is activated pointwise by 0 : R — R. We
show that although we are no longer a gradient flow, the learnable multi-particle energy £%* is still
decreasing along the solution, meaning that the interpretation of the channel-mixing W inducing
attraction and repulsion via its positive and negative eigenvalues respectively is preserved.
Proposition 3.2. Consider a non-linear map o : R — R such that the function © — xo(x) > 0. If
t — F(t) solves the equation

F(t)=o (—F(t)ﬂ + AF(H)W — BF(O)W) ,

where o acts elementwise, then
tot
dEF() _
dt -

A proof of this result and more details and discussion are reported in Appendix[E] We emphasize
here that differently from previous results about behaviour of ReLU wrt £P'* [30[8], we deal with a
much more general energy that can also induce repulsion and a more general family of activation
functions (that include ReL U, tanh, arctan and many others).

4 Comparison with GNNs

In this Section, we study standard GNN models from the perspective of our gradient flow framework.
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4.1 Continuous case

Continuous GNN models replace layers with continuous time. In contrast with Proposition
we show that three main linearized continuous GNN models are either smoothing or LFD as
per Definition @’(The linearized PDE-GCNp model [17] corresponds to choosing 5 = 0 and
Q=W =K( (t) ineq. , for some time-dependent family ¢ +— K(t) € R4

Fppe_con, (t) = —AF(H)K (1) TK(t).
The CGNN model [44] can be derived from eq. by setting 2 =I—- QW =W =15 =1:
Feonn(t) = —AF(t) + F(1)Q + F(0).

Finally, in linearized GRAND [10] a row-stochastic matrix A(F(0)) is learned from the encoding
via an attention mechanism and we have

Forann (t) = —ArwF(t) = —(I - A(F(0)))F(t).
We note that if A4 is not symmetric, then GRAND is not a gradient flow.
Proposition 4.1. PDE — GCNp, CGNN and GRAND satisfy the following:

(i) PDE — GCNp is a smoothing model: SD“(FPDE_GCND (t)) <.

(ii) For a.e. F(0) it holds: CGNN is never HFD and if we remove the source term, then
EPT(Foann(t)/||[Foann(t)]]) < e~ 82p(A),

(iii) If G is connected, Fgranp (t) — past — oo, with p” = mean(f"(0)), 1 <r < d.

By (ii) the source-free CGNN-evolution is LE'D independent of €2. Moreover, by (iii), over-smoothing
occurs for GRAND as per Deﬁnition On the other hand, Pro ositionshows that the negative
eigenvalues of W can make the source-free gradient flow in eq. (8) HF'D. Experiments in Section
confirm that the gradient flow model outperforms CGNN and GRAND on heterophilic graphs.

4.2 Discrete case

We now describe a discrete version of our gradient flow model and compare it to ‘discrete’ GNNs
where discrete time steps correspond to different layers. In the spirit of [12], we use explicit Euler
scheme with step size 7 < 1 to solve eq. ‘i and set W = I. In the gradient flow framework we
parametrize the energy rather than the actual equations, which leads to symmetric channel-mixing
matrices 2, W € R9¥4 that are shared across the layers. Since the matrices are square, an encoding
block ¥y : R?*P — R™*4 is used to process input features Fy € R™*? and generally reduce the
hidden dimension from p to d. Moreover, the iterations inherently lead to a residual architecture
because of the explicit Euler discretization:

F(t+7)=F()+7(-Ft)Q+ AF(t)W + 8F(0)), F(0) = ¢ex(Fo), (11

with prediction y = pg(F(T)) produced by a decoder ¢pr : R"*¢ — R™** where k is the
number of label classes and T integration time of the form 7" = mr, so that m € N represents the
number of layers. Although eq. is linear, we can include non-linear activations in ¢gn, ¥pg
making the entire model generally non-linear. We emphasize two important points:

* Since the framework is residual, even if the message-passing is linear, this is not equivalent
to collapsing the dynamics into a single layer with diffusion matrix A™, with m the number
of layers, see eq. in the appendix where we derive the expansion of the solution.

* We could also activate the equations pointwise and maintain the physics interpretation thanks
to Propositionto gain greater expressive power. In the following though, we mainly
stick to the linear discrete gradient flow unless otherwise stated.

Are discrete GNNs gradient flows? Given a (learned) symmetric graph vector field A € R™*™

satisfying \A;; = 01if (4, j) ¢ E, consider a family of linear GNNs with shared weights of the form
F(t+1)=F#)Q+ AF(HO)W + SF(OW, 0<t<T. (12)

Symmetry is the key requirement to interpret GNNSs in eq. in a gradient flow framework.
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Lemma '4.2. Equation 1| is thf unit step size discrete gradient flow of E§=, + 5%2;‘, - S‘S;(\);lrce’
with E_E{?‘r,v defined by replacing A with A in eq. , iff 2 and W are symmetric.

Lemma[4.2]provides a recipe for making standard architectures into a gradient flow, with symmetry
being the key requirement. When eq. is a gradient flow, the underlying GNN dynamics is
equivalent to minimizing a multi-particle energy by learning attractive and repulsive directions in
feature space as discussed in Section In Appendix we show how Lemmacovers linear
versions of GCN [271143], GAT [42], GraphSAGE [23] and GCNII [11] to name a few.

Over-smoothing analysis in discrete setting. By Proposition [3.1|we know that the continuous
version of eq. can be HF'D thanks to the negative eigenvalues of W. The next result represents a
discrete counterpart of Proposition and shows that residual, symmetrized graph convolutional
models can be HFD. Below P&; is the projection into the eigenspace associated with the eigenvalue

p— =AW |(pa — 1) and we report the explicit value of Sgrp in eq. in Appendix We let:
AWipa — 1) < DV < 2(7(2 - pa)) " (13)

Theorem 4.3. Given F(t + 1) = F(t) + TAF(t)W, with W symmetric, if eq. holds then

EVF(F(mr)) = (14 7p_)>" (”2A||P\§VF(0)|2 +0 <<1+TTI;FD> )) , Ourp < -,

hence the dynamics is HFD for a.e. F(0) and in fact F(m7)/||F(m7)|| = Foo s.t. Afl, = pafl.
Conversely, if G is not bipartite, then for a.e. F(0) the system ¥ (t + 7) = TAF ()W, with W
symmetric, is LFD independent of the spectrum of W.

Theorem(4.3|shows that linear discrete gradient flows can be HF'D due to the negative eigenvalues of
‘W. This differs from statements that standard GCNs act as low-pass filters and thus over-smooth in
the limit. Indeed, in these cases the spectrum of W is generally ignored [43}/11] or required to be
sufficiently small in terms of singular value decomposition [29] 30}|8] when no residual connection
is present. On the other hand, Theorem emphasizes that the spectrum of W plays a key role to
enhance the high frequencies when enough mass is distributed over the negative eigenvalues provided
that a residual connection exists — this is confirmed by the neg-prod-curve in Figure

that the right hand side of inequality|13|is satisfied, F(t + 7) = F(t) + TAF(t)W is HFD for a.e.
F(0)if [AW|(pa — 1) > AV, i.e. ‘there is more mass’ in the negative spectrum of W than in the
positive one. This means that differently from [29}|30} 8], there is no requirement on the minimal
magnitude of the spectral radius of W coming from the graph topology as long as /\XV is small
enough. Conversely, without a residual term, the dynamics is LFD for a.e. F(0) independently of the
sign and magnitude of the eigenvalues of W. This is also confirmed by the GCN-curve in Figure

The residual connection from a stral perspective. Given a sufficiently small step-size so

Over-smoothing vs LFD. We highlight how in general a linear GCN equation as F(t + 7) =
TAF(t)W may avoid over-smoothing in the sense of Definition meaning that EP¥ (F(t)) — oo
as soon as there exist A® € (0, 1) and the spectral radius of W is large enough. However, this
will not lead to over-separation since the dominating term is the lowest frequency one: in other
words, once we re-set the scale right as per the normalization in Theorem we encounter loss of
separability even with large (and possibly negative) spectrum of W.

5 Experiments

In this section we evaluate the gradient flow framework (GRAFF). We corroborate the spectral
analysis using synthetic data with controllable homophily. We confirm that having negative (positive)
eigenvalues of the channel-mixing W are essential in heterophilic (homophilic) scenarios where the
gradient flow should align with HFD (LFD) respectively. We show that the gradient flow in eq.
— a linear, residual, symmetric graph convolutional model — achieves competitive performance on
heterophilic datasets.
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Methodology. We crystallize GRAFF in the model presented in eq. (11) with ¥y, ¥pg im-
plemented as single linear layers or MLPs, and we set €2 to be diagonal. For the real-world
experiments we consider diagonally-dominant (DD), diagonal (D) and time-dependent choices
for the structure of W that offer explicit control over its spectrum. In the (DD)-case, we consider
a WO € R symmetric with zero diagonal and w € R? defined by w, = qo > 5|W3 sl + 7o

and set W = diag(w) + WY, Due to the Gershgorin Theorem the eigenvalues of W belong to
Wa =25 (WOl wa + > 5 WY 5], so the model ‘can’ easily re-distribute mass in the spectrum of
W via g, 7. This generalizes the decomposition of W in [11] providing a justification in terms of
its spectrum and turns out to be more efficient w.r.t. the hidden dimension d as shown in Figurein
the Appendix. For (D) we take W to be diagonal, with entries sampled 2/[—1, 1] and fixed —i.e., we
do not train over W — and only learn ¢gN, ¥pr. We also include a time-dependent model where W
varies across layers. To investigate the role of the spectrum of W on synthetic graphs, we construct

three additional variants: W = W/ + W'', W = +W'TW’ named sum, prod and neg-prod
respectively where prod (neg-prod) variants have only non-negative (non-positive) eigenvalues.

Complexity and number of parameters. If we treat the number of layers as a constant, the discrete
gradient flow scales as O(|V|pd + |E|d?), where p and d are input feature and hidden dimension
respectively, with p > d usually. Note that GCN has complexity O(|E|pd) and in fact our model is
faster than GCN as confirmed in Figurein Appendix@ Since YN, ¥pr are single linear layers
(MLPs), we can bound the number of parameters by pd + d? + 3d + dk, with k the number of label
classes, in the (DD)-variant while in the (D)-variant we have pd + 3d + dk. Further ablation studies
appear in Figurein the Appendix showing that (DD) outperforms sum and GCN — especially in the
lower hidden dimension regime — on real-world benchmarks with varying homophily.

Synthetic experiments and ablation studies. " — d<en
To investigate our claims in a controlled environ- e
ment we use the synthetic Cora dataset of [S1} Ap- ,° - e

pendix G]. Graphs are generated for target levels
of homophily via preferential attachment — see
Appendixfor details. Figure conﬁrms the ”
spectral analysis and offers a better understanding
in terms of performance and smoothness of the

Test accuracy

predictions. Each curve — except GCN — repre- | i, T
sents one version of W as in ‘methodology’ and . B il =

we implement eq. with § = 0, 2 = 0. Fig- £ " s % s
ure |2|(top) reports the test accuracy vs true label E e T s
homophily. Neg-prod is better than prod on low- £, o, e

homophily and viceversa on high-homophily. This & . e 2 & s ° .

confirms Proposition where we have shown s & %

that the gradient flow can lead to a HFD dy- . %

00 02 08 10

namics — that are generally desirable with low- T label homoprily
homophily — through the negative eigenvalues of Figure 2: Experiments on synthetic datasets
'W. Conversely, the prod configuration (where we ~with controlled homophily.

have an attraction-only dynamics) struggles in low-

homophily scenarios even though a residual connection is present. Both prod and neg-prod are
‘extreme’ choices and serve the purpose of highlighting that by turning off one side of the spectrum
this could be the more damaging depending on the underlying homophily. In general though ‘neutral’
variants like sum and (DD) are indeed more flexible and better performing. In fact, (DD) outperforms
GCN especially in low-homophily scenarios, confirming Theoremwhere we have shown that
without a residual connection convolutional models are LE'D — and hence more sensitive to underlying
homophily — irrespectively of the spectrum of W. This is further confirmed in Figure

In Figure[2|(bottom) we compute the homophily of the prediction (cross) for a given method and we
compare with the homophily (circle) of the prediction read from the encoding (i.e. graph-agnostic).
The homophily here is a proxy to assess whether the evolution is smoothing, the goal being explaining
the smoothness of the prediction via the spectrum of W as per our theoretical analysis. For neg-prod
the homophily after the evolution is lower than that of the encoding, supporting the analysis that
negative eigenvalues of W enhance high-frequencies. The opposite behaviour occurs in the case of
prod and explains that in the low-homophily regime prod is under-performant due to the prediction
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Texas ‘Wisconsin Cornell Film Squirrel Chameleon Citeseer Pubmed Cora

Hom level 0.11 0.21 0.30 0.22 0.22 0.23 0.74 0.80 0.81
#Nodes 183 251 183 7,600 5,201 2,277 3,327 18,717 2,708
#Edges 295 466 280 26,752 198,493 31,421 4,676 44,327 5,278
#Classes 5 5 5 5 5 5 7 3 6
GGCN 84.86 +4.55 86.86£3.29 85.68+6.63 37.54+£1.56 55.174+1.58 T71.14+1.84 77.144+145 89.15+0.37 87.95+1.05
GPRGNN 5 82944421 80.27+£8.11 3463+£1.22 31.614+1.24 46.58+1.71 77.13+£1.67 87.544+0.38 87.95+1.18
H2GCN 87.65+4.98 82.70+£5.28 35.70+1.00 36.48+1.86 60.114+2.15 77.11+£1.57 89.494+0.38 87.87+1.20
GCNII T7.57+3.83 80.39+£340 T77.86+3.79 37.44 38.47+1.58 63.86+£3.04 77334148 90.15+£0.43 88.37+1.25
Geom-GCN 66.76 £2.72  64.51 £3.66 60.54 & 3.67 38.15+0.92 60.00£2.81 78.0241.15 89.95+0.47 +1.57
PairNorm 60.27 +4.34 4843+£6.14 58.92+3.15 50.44+2.04 62.74£2.82 73.594 147 87.53+0.44 .79 £ 1.01
GraphSAGE 82.43+6.14 81.18 £5.56 41.61 £0.74 58.73+1.68 76.04+£1.30 88.4540.50 86.90+1.04
GCN 55.14 £5.16  51.76 & 3.06 53.43+2.01 64.824+2.24 76.50+1.36 88.4240.50 86.98+1.27
GAT 52.16 +6.63  49.41 +4.09 .0F 4 40.72+1.55 60.26 £2.50 76.55+1.23 87.30+£1.10 86.33+0.48
MLP 80.81+4.75 85.29+3.31 81.89+6.40 36.53+£0.70 28.77+1.56 46.21+£2.99 74.02+1.90 75.69+2.00 87.16=+0.37
CGNN 71.35+4.05 T431£726 66.224+7.69 3595+£0.86 29.244+1.09 46.89+1.66 7691+1.81 87.70+0.49 87.10+1.35
GRAND 75.68+7.25 T79.41+£3.64 8216+7.09 3562+£1.01 40.0541.50 54.67+£2.54 76.46+1.77 89.02+0.51 87.36+0.96
Sheaf (max) 85.95+5.51 89.41+£4.74 84.86+4.71 37.81+£1.15 56.344+1.32 68.04+£1.58 76.70+1.57 89.49+0.40 86.90+1.13
GRAFF (DD) 88.38+4.53 87.45+294 83244649 36.09+£081 54524137 T7L.O8+£1.75 76.92+1.70 88.95+0.52 87.61+0.97
GRAFF (D) 88.11+5.57 88.83+£329 84.05+6.10 37.11+£1.08 47.3641.89 66.78+£1.28 77.30+1.85 90.04+0.41 88.01+1.03

GRAFF-timedep (DD)  87.03+4.49 87.06+4.04 8216+£7.07 3593+1.23 53.97+1.45 69.56+1.20 76.59+1.53 88.26+0.41 87.38+1.05

Table 1: Results on heterophilic and homophilic datasets

being smoother than the true homophily. (DD) and sum variants adapt better to the true homophily.
We note how the encoding compensates when the dynamics can only either attract or repulse (i.e. the
spectrum of W has a sign) by decreasing or increasing the initial homophily respectively.

Real world experiments. We test GRAFF against a range of datasets with varying homophily
1370 1331131] (see Appendixfor additional details). We use results provided in [45} Table 1],
which includes standard baselines as GCN [27], GraphSAGE [23], GAT [42], PairNorm [48] and
recent models tailored towards the heterophilic setting (GGCN [45], Geom-GCN [31], H2GCN
|51 and GPRGNN [13]). For Sheaf [5], a recent top-performer on heterophilic datasets, we took
the best performing variant (out of six provided) for each dataset. We also include continuous
baselines CGNN [44] and GRAND [10] to provide empirical evidence for Proposition Splits
taken from |31]] are used in all the comparisons. The GRAFF model discussed in ‘methodology’
is a very simple architecture with shared parameters across layers and run-time smaller than GCN
and more recent models like GGCN designed for heterophilic graphs (see Figurein the Appendix).
Nevertheless, it achieves competitive results on all datasets, performing on par or better than more
complex recent models. Moreover, comparison with the ‘time-dependent’ (DD) variant confirms
that by sharing weights across layers we do not lose performance. We note that on heterophilic
graphs short integration time is usually needed due to the topology being harmful and the negative
eigenvalues of W leading to exponential behaviour (see Appendix .

6 Conclusions

In this work, we developed a framework for GNNs where the evolution can be interpreted as
minimizing a multi-particle learnable energy. This translates into studying the interaction between
the spectrum of the graph and the spectrum of the ‘channel-mixing’ leading to a better understanding
of when and why the induced dynamics is low (high) frequency dominated. From a theoretical
perspective, we refined existing asymptotic analysis of GNNs to account for the role of the spectrum of
the channel-mixing as well. From a practical perspective, our framework allows for ‘educated’ choices
resulting in a simple convolutional model that achieves competitive performance on homophilic
and heterophilic benchmarks while being faster than GCN. Our results refute the folklore of graph
convolutional models being too simple for heterophilic benchmarks.

Limitations and future works. We limited our attention to a constant bilinear form W, which
might be excessively rigid. It is possible to derive non-constant alternatives that are aware of the
features or the position in the graph. The main challenge amounts to matching the requirement for
local ‘heterogeneity’ with efficiency: we reserve this question for future work. Our analysis is also a
first step into studying the interaction of the graph and ‘channel-mixing’ spectra; we did not explore
other dynamics that are neither LE'D nor HFD as per our definitions. The energy formulation points
to new models more ‘physics’ inspired; this will be explored in future work.

Societal impact. Our work sheds light on the actual dynamics of GNNs and could hence improve
their understanding, which is crucial for assessing their impact on large-scale applications. We also
show that instances of our framework achieve competitive performance on heterophilic data despite
being faster than GCN, providing evidence for efficient methods with reduced footprint.
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Checklist

The checklist follows the references. Please read the checklist guidelines carefully for information on
how to answer these questions. For each question, change the default [TODO] to [Yes] , , or
[N/A] . You are strongly encouraged to include a justification to your answer, either by referencing
the appropriate section of your paper or providing a brief inline description. For example:

* Did you include the license to the code and datasets? [Yes] See Section ??.
* Did you include the license to the code and datasets? The code and the data are
proprietary.

* Did you include the license to the code and datasets? [N/A |

Please do not modify the questions and only use the provided macros for your answers. Note that the
Checklist section does not count towards the page limit. In your paper, please delete this instructions
block and only keep the Checklist section heading above along with the questions/answers below.

1. For all authors...
(a) Do the main claims made in the abstract and introduction accurately reflect the paper’s
contributions and scope? [Yes]
(b) Did you describe the limitations of your work? [Yes] , in Section@

(c) Did you discuss any potential negative societal impacts of your work? [Yes] in the
Societal impact paragraph in Section@

(d) Have you read the ethics review guidelines and ensured that your paper conforms to
them? [Yes]
2. If you are including theoretical results...

(a) Did you state the full set of assumptions of all theoretical results? [Yes]
(b) Did you include complete proofs of all theoretical results? [Yes] in Appendix
Appendixand Appendix
3. If you ran experiments...
(a) Did you include the code, data, and instructions needed to reproduce the main exper-

imental results (either in the supplemental material or as a URL)? [Yes] Code and
README in SM, dataloaders in code

(b) Did you specify all the training details (e.g., data splits, hyperparameters, how they
were chosen)? [Yes] Splits and hyperparameters provided in code zip

(c) Did you report error bars (e.g., with respect to the random seed after running experi-
ments multiple times)? [Yes] Standard deviations are stated in results table

(d) Did you include the total amount of compute and the type of resources used (e.g., type
of GPUs, internal cluster, or cloud provider)? [Yes] in appendix@
4. If you are using existing assets (e.g., code, data, models) or curating/releasing new assets...
(a) If your work uses existing assets, did you cite the creators? [Yes] datasets and standard
libraries cited in appendix[D]

(b) Did you mention the license of the assets? [Yes] industry standard libraries and
benchmark datasets were used in accordance with licences

(c) Did you include any new assets either in the supplemental material or as a URL? [Yes]
code provided in SM zip

(d) Did you discuss whether and how consent was obtained from people whose data you're
using/curating? [N/A]

(e) Did you discuss whether the data you are using/curating contains personally identifiable
information or offensive content? [Yes] no personal data is contained within bench-
marking datasets

5. If you used crowdsourcing or conducted research with human subjects...

(a) Did you include the full text of instructions given to participants and screenshots, if
applicable? [N/A]
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(b) Did you describe any potential participant risks, with links to Institutional Review
Board (IRB) approvals, if applicable? [N/A]

(c) Did you include the estimated hourly wage paid to participants and the total amount
spent on participant compensation? [N/A]
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