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Abstract

Large reasoning models (LRMs) demonstrate
impressive logical capabilities and are able to
solve complex problems through multi-step de-
duction. However, they often generate unneces-
sarily long chains of thought that significantly
increase inference cost without yielding pro-
portional gains in accuracy. We present an
efficient logical reasoning framework that uses
a dynamic router to instantly assess the diffi-
culty of the question. For simple questions,
the router dispatches them to a reinforcement
learning—trained model that enforces strict con-
trol of the output length through learned poli-
cies during inference; for complex questions,
they are dispatches to LRMs employing cus-
tomized prompt strategies for different type of
questions that ensures computational resources
are invested only where they are truly valuable.
Comprehensive experiments on arithmetic, log-
ical, and commonsense benchmarks show that
our framework reduces token usage, outper-
forming prior reasoning systems and demon-
strating that efficiency stems from thinking just
enough and only when necessary.

1 Introduction

In recent years, Large Reasoning Models
(LRMs)(Xu et al., 2025), such as OpenAI’s o1(Wu
et al., 2024), Alibaba’s Qwen3(Qwen3, 2025), and
DeepSeek’s R1(DeepSeek-Al et al., 2025), have
achieved remarkable progress in solving complex
tasks like mathematical reasoning and code gener-
ation. These models often rely on reasoning tech-
niques such as Chain-of-Thought (CoT) prompt-
ing(Wei et al., 2022), where intermediate steps are
explicitly generated to improve answer accuracy
and interpretability.

Existing reasoning frameworks such as CoT,
ToT(Yao et al., 2023), and GoT (Besta et al., 2024),

these frameworks typically involve problem de-
composition, multi-path generation, and answer
aggregation. However, this step-by-step generation
process often leads to substantial computational
overhead and excessive token consumption. We
observe that many of these frameworks are being
out of date: even simple zero-shot prompts can
now achieve comparable accuracy, making tradi-
tional reasoning pipelines increasingly redundant
in some cases.

To validate our observation, we compare the av-
erage number of output tokens and the correspond-
ing accuracies across multiple benchmark datasets,
as shown in Figure 1. We observe a clear trend: as
the number of output tokens increases, the accuracy
does not improve accordingly. For instance, on
AIME24, Qwen3-32B generates over 7,500 tokens
per correct answer, and more than 10,000 tokens
when the prediction is incorrect. This indicates
that excessive token usage—rather than ensuring
correctness—often reflects a behavioral pattern in
which LRMs "overthink" even moderately difficult
questions. In some cases, even simple problems
can trigger unnecessarily long outputs, leading to
significant inefficiency without accuracy gains.

To address the inefficiency and overthinking be-
haviors (Sui et al., 2025) , where the model gen-
erates overly elaborate reasoning chains, even for
problems that may not require them that leads to ex-
cessive computational cost. Inspired by the LLM
cascade(Yue et al., 2024) design, we employ a
weaker LLM for simple queries and a stronger
LLM for more complex questions. We propose a
reasoning framework, which integrates reasoning
awareness with token efficiency. It highlights the
key components of our system including routing,
prompt strategies, and model length control.

Experimental results on a range of benchmarks
demonstrate that our framework reduces average
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Figure 1: Comparison of token consumption and accuracy across reasoning models and datasets. Harder benchmarks
(AIME24 and MATH) drive substantially higher token usage, whereas easier tasks (GSM8K and HELLASWAG)
require fewer tokens. Overall, reasoning models consume more tokens for only marginal accuracy improvements,

and incorrect answers incur the highest token cost.

token consumption by 10-50% compared to strong
baselines, while keeping accuracy drops within
acceptable bounds. As shown in Figure 2, our
method achieves a competitive accuracy of 0.84
on GSMS8K while using only 820 tokens signifi-
cantly fewer than other methods such as COT and
SPP. Our method achieves the highest reasoning
efficiency among all compared approaches, as re-
flected by the largest circle in the plot.

To sum up, our contributions are stated as fol-
lows:

* We conduct a systematic evaluation of the log-
ical reasoning capabilities of LRMs and find
they tend to generate excessively long out-
puts without significant improvements in ac-
curacy. Further analysis reveale that even sim-
ple problems often trigger unnecessary deep
reasoning, resulting in wasted computational
resources.

* We propose a dynamic framework that en-
ables the system to adaptively invoke different
types of models based on task difficulty, im-
proving overall efficiency. We explore prompt
strategies originally designed for LLMs and
demonstrated their effectiveness when applied
to LRMs.

* Our experimental results show that our frame-
work achieves higher efficiency across diverse
tasks while significantly reducing token con-
sumption, outperforming existing reasoning
frameworks.
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Figure 2: Comparison of our and other reasoning meth-
ods on GSM8K where the x-axis shows total token
usage. Circle size reflects reasoning efficiency (accu-
racy per 1,000 tokens). Larger circles indicate higher
efficiency with our method achieving competitive accu-
racy at substantially lower token cost.

2 Related work

Research can be broadly grouped into three cat-
egories. In this section, we first introduce the
relevant foundational concepts, then review com-
mon reasoning frameworks, and finally examine
approaches for reducing token consumption.

2.1 LRMs, Reinforcement Learning

Large Reasoning Models (LRMs)(Xu et al.,
2025),such as O1(Wu et al., 2024),Qwen(Qwen3,
2025),DeepSeek(DeepSeek-Al et al., 2025) have
emerged as a powerful extension of large language
models, specifically targeting complex reasoning
tasks such as mathematical problem solving, multi-
step logical inference, and structured question an-
swering. By using Chain-of-Thought(Wei et al.,
2022) reasoning chains, these models explicitly
break down their thought process into ordered,



step-by-step sequences before delivering a final
answer, which greatly enhances their performance
on complex reasoning tasks.

Reinforcement learning has been proven to be
effective in further improving the mathematical
reasoning ability of LLMs after the Supervised
Fine-Tuning(Lu et al., 2023)stage. It is used
to further optimize model outputs in terms of
correctness, structural coherence, and token effi-
ciency. PPO(Schulman et al., 2017)is a widely
used method that optimizes generation behavior
based on a learned reward model, as applied in
systems like InstructGPT(Ouyang et al., 2022).
DPO(Rafailov et al., 2024)is a method that directly
learns from human preference rankings between
outputs, without explicitly modeling reward func-
tions. GRPO(Shao et al., 2024)is a flexible opti-
mization framework that supports complex reward
signals, such as format consistency, content quality,
and length control.

2.2 Structured Reasoning Framework

Prior works such as Chain of Thought prompt-
ing (Wei et al., 2022), Automatic Chain of
Thought Prompting(Zhang et al., 2023),Tree
of Thoughts(Yao et al., 2023) and Graph of
Thoughts(Besta et al., 2024) frameworks have
demonstrated the importance of guiding model
reasoning through intermediate steps, allowing
models to break down tasks into solvable steps.
In addition, other reasoning frameworks include
Self-Refine (Madaan et al., 2023), which itera-
tively produces self-feedback and refines its output
for up to four rounds; LLLM-Cascade (Yue et al.,
2024), which dynamically routes between weaker
and stronger models using a CoT-2D-Vote strat-
egy; SPP (Wang et al., 2024b), which instantiates
multiple personas of a single LLM to collabora-
tively solve problems; and MAD-judge (Feng et al.,
2025), which orchestrates a three-agent debate with
a judge module over three rounds. These meth-
ods cover a broad spectrum of Chain-of-Thought
enhancements and provide a fair benchmark for
evaluating our proposed framework.

2.3 Token Saving Framework

Researchers are shifting their focus toward reduc-
ing token usage. The survey Stop Overthinking(Sui
et al., 2025) systematically categorizes current

methods for efficient LLM reasoning, addressing
the “overthinking” problem by reviewing model
design, output control, prompt adaptation, and eval-
uation strategies.

DGoT framework(Ning et al., 2024a) aligns
with this trend by dynamically optimizing the rea-
soning structure to achieve more cost-effective gen-
eration. SoT(Shang et al., 2024) leverages the syn-
ergy between small and large LLMs to mimic hu-
man intuitive and reflective thinking. CPO(Zhang
et al.,, 2024) improves CoT reasoning by fine-
tuning LLMs with preference signals from ToT.
FrugalGPT(Chen et al., 2024) leverages LLM cas-
cading to intelligently route queries across mod-
els. Skeleton-of-Thought(Ning et al., 2024b) intro-
duces a parallel generation framework that reduces
LLM inference latency by decoupling structure
planning and content generation. TRIM(Garrachén
Ruiz et al., 2024) reduces LLM inference cost
by first generating a concise output with a large
model, then reconstructing the full text using a
smaller model. Token-Budget-Aware LLM Rea-
soning(Han et al., 2024) reduces unnecessary ver-
bosity in CoT-style outputs by dynamically allo-
cating token budgets, enabling efficient reasoning
with minimal performance loss.

3 Our Method

To accomplish this, we propose our method, which
consists of three part: (i) Router Dispatch, (ii)
Token-Efficient Policy Optimization(TEPO) and
(iii) Adaptive Prompt Optimization. This section
provides detailed descriptions of them, as illus-
trated in Figure 3.

3.1 Problem Formulation

Let X be the universe of math problem texts
and Y the set of correct solutions. A sample
(x,y) € D C X x Y contains a problem = and
its ground-truth answer y. Each problem also pos-
sesses a difficulty label ¢ € {0, 1}, we pre-evaluate
the model on various datasets and assign a binary
difficulty label:

1, if the answer on z is correct
0, otherwise

Here, = denotes the input math problem; s is the
difficulty score output by the router Myouter; T €
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(0,10) is the difficulty threshold—if s > 7, follow
the high branch, otherwise the low branch; M eax
and Mgrong are the weak and strong LLMs (the
former with length-control policy ey, the latter
with prompt strategy P); ¢ is the final answer; and
TR, Tweaks Tstrong denote the token consumption
of the router, weak LLM, and strong LLM stages,
respectively.

3.2 LLM Router Dispatch

We implement the router as a dedicated LLM de-
noted M outer With prompt Prouter, Operating in
a no-thinking mode (switching the template as in
Qwen3(Qwen3, 2025) to conserve token resources)
to produce an score s € [0, 10]:

M router (l‘; Prouter)

where larger s indicates a complex problem. Given
a threshold 7 € (0, 10), we route each x via

S

Mstrong (.%') )
Mweak (.%') )

We show in Algorithm 5 about how to select the
optimal threshold 7.

To evaluate the quality of different routing strate-
gies, we compute the F1-score based on a binary
classification task: identifying whether a question
is simple or complex.

For each input question, the routing module out-
puts a binary decision:

3(x) = =T

s < T.

* Positive (complex): stronger model;

» Negative (simple): weaker model.
The F1-score is computed as:

Pl — 2 - Precision - Recall

(1

Precision + Recall

where Precision is defined as the ratio of true posi-
tives to the sum of true positives and false positives,
and Recall is the ratio of true positives to the sum
of true positives and false negatives. This metric
reflects how effectively the routing strategy dis-
tinguishes complex reasoning tasks from simple
ones.

3.3 Token-Efficient Policy Optimization

We adopt Generative RL with Policy Optimiza-
tion (Shao et al., 2024) whose surrogate loss for a
trajectory (x4, y<) is:

o (yf )
7o, o (yF [t)

L=F {min( RtG, clip (M

0 (U [24)
1—¢ 1+ 6>RtG) — A Dy, [7['9 H Wref]] .
)
where 7y is the trainable policy, 7. the fixed ref-
erence model, and f%f the normalised return.

To encourage concise, step-by-step reasoning
while enforcing output-length constraints, we de-
compose the reward for a generated answer y into
three interpretable components:

Tcorr = 1{ Yy = ygold}



1,  if format(y) = VALID,
0.5,

0, otherwise,

Tfmt = if format(y) = PARTIAL,

Tlen = 1{ Ty < Nbudget A Nstep > 2}-

where n,, is the output length in tokens and PAR-
TIAL denotes a response that satisfies the required
structure only partially (e.g., correct sections but
missing delimiters). Here, ngep is the number of
reasoning sentences in the generated response. In-
spired by the Qwen3(Qwen3, 2025) design philos-
ophy which consistently encourages step-by-step
reasoning, we consider explicit multi-step thinking
indispensable. To prevent the model from “lazy”
behavior that outputs only the final answer with-
out the intermediate thought process, we enforce
the constraint nge, > 2. The overall reward R(y)
is the sum of the three components. It serves as
the normalized return RtG in our TEPO surrogate
objective.

3.4 Adaptive Prompt Optimization

We have analyzed the existing prompt-based strate-
gies as illustrated in the Table 1. In our experi-
ments, we investigate the effectiveness of different
combinations of these prompt-based strategies.

Prompt method Content

Keep Concise Keep in concise

Step Count Use descending step order
Token Budget Use less than budget tokens
Vocab Banned Do not use words in vocab

Our Combined prompt Keep Concise and Step Count

Table 1: Illustrations of the other prompt methods and
our combined prompts.

The CCOT(Renze and Guven, 2024) method
encourages the model to keep responses concise
through prompt instructions.

The S1 paper(Muennighoff et al., 2025) and
TALE (Han et al., 2024) proposes prompt-based
strategies such as step control and token budget,
which guide the model to complete reasoning
within a limited number of steps or tokens. To de-
termine an appropriate token budget for different
reasoning tasks, we adopt a data-driven estimation
approach based on token consumption statistics, as
illustrated in Algorithm 1. We apply a step estima-
tion and token budget procedure to determine the
optimal number of reasoning steps and tokens for

a given model and prompt template. As shown in
Algorithm 3 and Algorithm 2.

The TRIM (Garrachén Ruiz et al., 2024) method
introduces a strategy that defines a forbidden word
list to guide the model away from verbose or ir-
relevant responses. In our approach, we collect
historical responses generated by the model and
feed them into a large language model to auto-
matically generate a forbidden vocabulary list, as
described in Algorithm 4.

3.5 Cost Analysis

We define T» (z) be the number of tokens con-
sumed by the router, Tyeax(x) the tokens con-
sumed by the weak model M yeak, and Tiirong ()
the tokens consumed by the strong model Mi;ong.
The total inference cost is then:

Tstrong(x)7 s>T

3
Tweak (1') ) ( )

Cost(z) = Tr(z) + {

s<T
Each T includes both the input token length and the
output token length, where the output consists of
the reasoning trace denoted as reasoning_content
and the final answer denoted as content.

Acc(z) x 1000

Eff (z) =
(@) Costinput(x) + Costouput ()

“4)

We define Eff as the amount of accuracy gained
per 1,000 tokens consumed. It reflects how effec-
tively a model utilizes its token budget to produce
correct answers. A higher Eff value indicates that
the model achieves better performance while con-
suming fewer tokens.

4 Experiments

In this section, we report experimental results that
highlight the efficiency and effectiveness of our
proposed framework, covering preliminary moti-
vation studies, framework validation experiments,
ablation analyses, and comparative evaluations.

4.1 Settings

We conduct experiments on a diverse set of
datasests, including GSM8K(Cobbe et al., 2021),
Game24(Yao et al., 2023), Sorting032(Besta
et al., 2024), HellaSwag(Zellers et al., 2019), and



Methods Game24 Sorting32 Gsm8k Hellaswag Math

Eff /T O/T Eff T O/T Eff /T O/T Eff IUT O/T Eff UT OT
COT (best of 1) 0.31 198 2808 0.10 655 8887 0.77 235 953 047 462 1234 021 625 2996
COT (best of 5) 0.19 694 3692 0.09 1283 8948 0.67 652 762 0.33 912 1011 0.13 1662 3550
GOT 0.09 692 9179 0.08 1904 9865 0.12 736 6653 0.08 1026 7237 0.08 1095 9331
LLM-CASCADE 0.25 212 3124 0.16 611 4612 0.50 211 1460 0.39 805 1337 0.20 1141 3010
SELF-REFINE 0.18 317 4414 0.12 350 6750 0.45 347 1274 0.32 915 1435 0.14 1037 4834
SPP 0.24 201 3144 0.18 311 4512 0.61 236 1291 0.40 445 1329 0.21 260 2768
MAD+JUDGE 0.20 307 4130 0.17 404 4923 0.62 340 894 0.36 519 1375 0.25 348 3232
Ours 0.33 387 2450 0.21 507 4318 1.02 403 417 048 641 659 0.26 518 1984

Table 2: Comparison of our method against baseline reasoning methods across multiple benchmarks. Our method
achieves superior Efficiency (Eff) while significantly reducing both avg input tokens (I/T) and avg output tokens
(O/T) compared to others. All methods use QwQ-32Bby default.

Prompt Strategy Deepseek-R1-Distill-Llama-70B  QwQ-32b Deepseek-R1-Distill-Qwen-32B Qwen3-32b
Keep Concise 51.9% 35.8% 47.9% 23.0%
Step Count 61.0% 25.0% 16.6% 25.8%
Token Budget 53.2% 45.0% 33.9% 12.7%
Vocab Banned 42.2% 34.6% 42.4% 24.2%
Our Combined Strategy 64.4% 47.3% 70.9% 36.8%

Table 3: Token savings (%) of each prompting strategy across different models. Evaluation of prompt strategies
on the GSMB8K dataset. Each strategy was applied individually and in combination, with our combined approach

achieving the best token savings.

Math500(Zellers et al., 2019).We evaluate the out-
of-distribution generalization ability of our frame-
work on the MMLUPro(Wang et al., 2024a) bench-
mark, which covers a wide range of domains that
are not seen during training. We provide compre-
hensive experimental configurations and additional
implementation details in the appendix B.

4.2 Main Results

As shown in Table 2, our method consistently
achieves the highest reasoning efficiency (Eff)
across all five benchmarks, outperforming prior ap-
proaches such as CoT, GOT, and LLM-CASCADE.
Notably, on datasets like GSM8K, Game24, and
Math, our method reaches Eff scores of 1.02, 0.33,
and 0.26, respectively substantially higher than all
baselines.

This demonstrates that our framework deliv-
ers more accurate reasoning per token consumed,
achieving up to 3x greater efficiency than multi-
step methods such as GOT or CoT, which require
significantly more output tokens.

Unlike prior pipelines that rely on multiple sam-
pled generations or lengthy intermediate chains,
our design focuses on dynamic routing and budget-
aware prompt strategies, yielding compact yet ef-
fective responses. While our method incurs slightly
longer input prompts due to adaptive routing and

prompt formatting, the resulting dramatic reduc-
tions in output length more than compensate for
this overhead.

Overall, our framework achieves a superior
trade-off between accuracy and computational cost,
making it highly suitable for resource-constrained
inference scenarios without compromising answer
quality.

4.3 Comparative Study

In this comparative study, we conduct comparison
experiments on each of the core modules of our
system.

4.3.1 Prompt Strategy Comparison

To analyze the impact of different prompt strate-
gies on token efficiency, we conduct experiments
on GSMSK using several reasoning LLMs. As
shown in Table 3, each strategy—including Keep
Concise, Step Count, Token Budget, and Vocab
Banned—demonstrates varying degrees of token
savings depending on the model architecture.
Based on the trends shown in Figure 4, we are
able to identify optimal values for both token bud-
get and step count. These observations allow us
to select balanced configurations that maintain
efficiency while preserving answer fidelity, and
are used to guide the budget and step parameters



Game24  Sorting32 Gsm8k Hellaswag Math
Cost Eff Cost Eff Cost Eff Cost Eff Cost Eff
Baseline(QwQ) 2837 0.33 4825 0.19 820 1.02 1300 0.48 2502 0.28
Qwen3-32B 2101 0.42 3221 0.25 1043 0.92 1202 0.52 2366 0.35
DeepSeek-R1-Distill-Qwen-32B 2390 0.36 3093 0.21 1010 0.93 1078 0.48 1831 0.40
DeepSeek-R1-Distill-Llama-70B 1581 0.56 2691 0.23 803 1.13 1096 0.53 1456 0.47
Qwen3-30B-MOE 2440 0.39 2468 0.29 956 0.99 1280 046 1476 0.48
DeepSeek-R1 1626 0.57 3166 0.23 953 1.00 1294 0.51 1582 0.44

Reasoning Models

Table 4: Evaluation of our prompting strategy across various RLMs and benchmarks. Shown are ACC (accuracy),
Cost (average token consumption), and Efficient (accuracy per 1000 tokens). The results shows that our method
consistently yields higher efficiency across different reasoning models, indicating its broad applicability.
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Figure 4: Conducted on the GSMS8K dataset, this experiment determines the optimal token budget and step count
for the following models: (a) Deepseek-R1-Distill-Qwen-32B; (b) Deepseek-R1-Distill-Llama-70B; (c) QwQ-32B;
(d) Qwen3-32B. Results indicate that each model has its own specific token budget and step count.

adopted in our final combined prompt strategy. reinforcing the robustness and transferability of
To fully exploit the strengths of each technique,  our strategy.

we propose the combined prompt strategy that in-

tegrates Keep Concise and Step Count. 4.3.3 Weaker LLM

As shown in Table 5, we evaluate the performance
4.3.2  Stronger LLM of several weaker language models on reasoning
As shown in Table 4, our prompting strategy ex- tasks. The Qwen2.5-1.5B model fine-tuned with
hibits strong generalization across a variety of  our TEPO method achieves a favorable trade-off
RLMs, including models from the Qwen series between accuracy and token efficiency compared
(Qwen3-32B, Qwen3-30B-MOE)(Qwen3, 2025), to both the base model and the distillation-based
DeepSeek-R1(DeepSeek-Al et al., 2025) variants. ~ DeepSeek-R1-Distill-Qwen-1.5B.

We observe that applying our combined Further insights can be drawn from the training
prompting strategy across different models con- ~ dynamics shown in Figure 5. As reinforcement
sistently achieves the highest token savings, learning progresses, the model’s output length
demonstrating its generality and effectiveness.  steadily decreases—dropping from over 100 to un-
Notably, models such as Deepseek-R1-Distill-  der 60 tokens—while the average reward increases
Qwen-32B and Deepseek-R1-Distill-Llama-70B  consistently.
achieve 70.9% and 64.4% token savings respec- The improvement in GSMSK is particularly no-
tively—substantially outperforming any single table, where TEPO reduces cost to 309 tokens
strategy. This indicates that our method is model- ~ while maintaining competitive accuracy. Although
agnostic and does not rely on specific architectural ~ accuracy on Sorting32 remains zero for all models,
features or training pipelines. Even smaller models  this indicates the inherent difficulty of this sym-
like QwQ-32B benefit significantly 47.3% savings,  bolic reasoning task for smaller-scale models.



Weaker Models Game24  Sorting32 Gsm8k Hellaswag Math
ACC Cost ACC Cost ACC Cost ACC Cost ACC Cost
DeepSeek-R1-Distill-Qwen-1.5B  0.68 2015 0 1571 0.71 602 0.48 806 0.56 3027
Qwen2.5-1.5B 0.62 2305 0 1068 0.62 376 0.40 452 0.40 683
Qwen2.5-1.5B-TEPO 0.65 663 0 738 0.64 309 043 386 0.45 581

Table 5: Evaluation of weaker language models on reasoning benchmarks.The Qwen2.5-1.5B model fine-tuned via
TEPO achieves consistently better accuracy and lower token cost across all tasks. For the Sorting32 task, all small
models exhibit zero accuracy that indicates the relative difficulty of the task for models of this scale.

Ablation Setting Gsm8k Math Hellaswag MMLUPro
ACC I/T O/T ACC /T O/T ACC I/T O/T ACC IT O/T
Ours w/o tepo 0.85 482 593 0.60 486 2256 0.46 676 1355 0.37 141 789
Ours w/o prompt 0.82 208 824 0.62 120 2833 0.52 574 1440 0.33 196 1160
Ours 0.84 403 417 0.70 518 1984 0.50 676 1181 0.38 361 721

Table 6: Ablation study evaluating the impact of TEPO and prompt strategy on both in-domain tasks (Gsm8k, Math,
Hellaswag) and out-of-domain task (MMLUPro). We report accuracy (ACC), input tokens (I/T), and output tokens
(O/T). The full system consistently achieves favorable accuracy while significantly reducing token consumption,
demonstrating strong generalization even on unseen domains.

4.3.4 LLM Router

As shown in Table 7, we compare the F1-scores
of different routing strategies across three bench-
marks: GSMS8K, Hellaswag, and Math. Our pro-
posed router consistently outperforms the random
baseline and also slightly surpasses the Small LLM
Router across all tasks. Specifically, our router out-
perform the Small LLM Router and Random.

These results demonstrate that our router is more
effective at distinguishing between simple and
complex questions, leading to more appropriate
model selection and improved efficiency down-
stream.

Routing Strategy Gsm8k Hellaswag Math
Random 0.559 0.447 0.429
Small LLM Router 0.687 0.512  0.465
Ours Router 0.694 0.526 0.472

Table 7: Fl-score evaluation of different routing strate-
gies. Our proposed router consistently achieves higher
F1-scores that demonstrates its effectiveness in distin-
guishing between simple and complex questions.

4.4 Ablation Study

As shown in Table 6, we conduct an ablation study
to assess the contributions of TEPO and our custom
prompt strategy on both in-domain (GSM8K, Math,
HellaSwag) and out-of-domain (MMLU-Pro) rea-
soning tasks.

Removing the TEPO component yields a mod-
est gain in Gsm8k accuracy from 0.84 to 0.85 but
inflates token usage by over 20%. Omitting the
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Figure 5: Reinforcement-learning dynamics: as train-
ing progresses, the model’s output length (yellow axis)
steadily contracts, while the reward (blue axis) consis-
tently rises.

prompt strategy cuts Math accuracy from 0.70 to
0.62 and drives token consumption up sharply. In
contrast, our full method maintains high accuracy
with balanced token costs, illustrating the comple-
mentary benefits of TEPO and prompt design.

5 Conclusion

This paper introduces LTMG, a token-efficient rea-
soning framework that combines prompt design
and reinforcement learning. Experiments on bench-
marks show that our method achieves competitive
efficiency while reducing output token usage by
up to 50%. The prompt strategy generalizes well
across diverse LLMs, and TEPO further improves
the efficiency of smaller models. Overall, LTMG
provides a scalable, cost-effective framework for
enabling efficient reasoning in language models.



Limitations

We acknowledge three limitations in our study.

First, reinforcement learning is only applied to
relatively small models (1.5B parameters); apply-
ing GRPO to larger models may further improve
performance, but also poses significant training
cost and stability challenges.

Secondly, our routing and prompting strategies
are designed and evaluated under a fixed routing
backbone and task types. Adapting these strategies
to more diverse tasks (multi-hop QA, code gener-
ation) or dynamic router-controller architectures
remains an open direction for future work.

Lastly, our experiments are conducted exclu-
sively on English datasets. For other languages
such as Chinese, the behavior of tokenization and
generation may differ significantly due to linguistic
and token structure differences, potentially affect-
ing both accuracy and token efficiency.

Potential Risks

Although our framework aims to reduce token us-
age via output length control, excessive compres-
sion may omit critical reasoning steps. This can
result in incorrect answers or shortcut behaviors,
particularly in multi-step or mathematical reason-
ing tasks. A balance between brevity and reasoning
completeness must be maintained.

The effectiveness of our system heavily depends
on the router’s ability to assess question difficulty.
Misclassification could lead to complex tasks being
assigned to weak models, reducing answer quality.
If the router is biased or poorly calibrated, it may
introduce systemic errors in downstream inference.
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A Algorithm

Algorithm 1 explains how we determine the token
range. Prior work(Garrachén Ruiz et al., 2024)
predicted the budget with a large model, and then
concatenated the resulting budget tokens into the
prompt template. Our approach derives it by ana-
lyzing historical usage data.

Algorithm 1 Token Range Analysis
Global constant: max_tokens

Input: Answer records D = {(¢;,7;)},, where
t; € N is token count, r; € {true, false}
Output: Average token usages: ficorr fOr correct

answers, [lwrong fOr wrong answers, fia for
all valid answers
1: Initialize: Scorr < 0, Ceorr <= 0 Swrong
07 erong 0
2: for (t;,7;) € D do
if t; = max_tokens then
continue
end if
if r; = true then
Scorr +=t;, C’corr +=1
else
Swrong +=t;, Owrong +=1
end if
end for
* Meorr Scorr/ccorr
* Mwrong Swrong/cwrong
D Mall £ (Scorr + Swrong) / (Ccorr + erong)
: return ficorr, fwrong, Mall =0

b

R e A

Algorithm 2 and Algorithm 3 illustrate the pro-
cess we use to select the optimal step and token
budget.

Algorithm 4 describes how we determine our
vocabulary. Prior approaches built it via rule-based
statistical counting, our method leverages a large
language model to analyze and select the vocabu-
lary.

Algorithm 5 presents our strategy for selecting
the routing threshold: by tuning this threshold, we
achieve the highest F1 score.

B Implementation

In this appendix, we provide supplementary experi-
mental details and supporting information omit-
ted from the main text. Specifically, we cover

12

Algorithm 2 Token Estimation

Input: Budget range [ftwrong; ficorr] With step size
A = 100; evaluation set D = {¢;}!"_;; model
M; prompt template Prompt(c, b)

Output: Optimal budget b*

1: Initialize: results < []
2: for all b = piwrong, fwrong + A, ...
3: Cp<« 0, Tp«+0
forallc € D do
P < Prompt(c, b)
(ryt) < M(P) {r € {0,1}, t € N}
Cy+=r, T)+=t

end for

Qap < C’b/n, Ty < Tb/n

Append (b, oy, 3,) to results

: end for

. Let Typin < min{my, | (b, ap, 73,) € results}

: B+ {(b,ap) | (byawp, ) € results, T

7_min}

D b* «— argmax(y o, )eB Qb

: return b* =0

y Mcorr do

© X DR

Algorithm 3 Step Estimation

Input: Candidate steps S = {3,4,5,6,7}; eval-
uation set D = {¢;}!_;; model M; prompt
template Prompt(c, k)

Output: Optimal step k*

1: Initialize: results < []
2: forallk € Sdo

3: Cp«0, T+ 0

4. forallce D do

5: P + Prompt(c, k)

6: (r,t) < M(P) {r €{0,1}, t € N}

7: Cp4+=r, Tp+=t

8:  end for

9: ak<—Ck/’l’L, Tk<—Tk/n

10:  Append (k, oy, Tj) to results

11: end for

12: Let Tyin < min{7Ty | (k, ax, T)) € results}

13: K < {(k,on) | (k,op, T)) € results, T}, =
Tmin}

14: k* <= argmax(j o, )ek Ok

15: return k* =0

dataset statistics and partitioning, prompt templates
and parameter configurations, and the experimen-
tal environment along with hyperparameter set-
tings. These materials are intended to enhance



Algorithm 4 Vocabulary Estimation

Input: Historical responses D = {¢;}¥|; model
M; prompt template Prompt,,p,(¢); refine-
ment template Prompt, g, (V)

Output: Final vocabulary V*

: Viaw < 0

: forallc € Ddo

P« Promptvocab(c)
W« M(P) {W is token list}
Viaw < Viaw U Set(W)

end for

P+ Promptreﬁne(v;aw)

V* « set(M(P))

return V* =0

R A U A > i e

Algorithm 5 Threshold Search over 7 € [0, 10]

Input: Dataset D = {(d;,c;) fil, d; € 10,10]
router score, ¢; € {0, 1} ground-truth: 0=diffi-
cult, 1=easy

Output: Best threshold 7*

1: Extract all ground-truth labels: Labels <
[ci ]z‘]\il

2: Initialize bestFl < 0, 7% < null

3: forr=0to 10 do

4:  Preds < ]

5. forall (d;,c;) € D do

6: ifd; > Append 0 to Preds
7: else Append 1 to Preds

8:  end for

9:  FIl < F1(Labels, Preds)
10:  if FI > bestFI then

11: bestFl < Fl, 7* + 1
12:  end if
13: end for

14: return 7* =0

reproducibility and give readers deeper insight into
the key steps of our model training and evaluation.

B.1 Dataset Statistics

The Grade School Math 8K (Cobbe et al., 2021)
dataset contains approximately 8,500 problems fo-
cused on elementary to middle-school-level word
math. Each problem comes with a detailed step-
by-step solution, making it ideal for evaluating a
model’s arithmetic reasoning and chain-of-thought
capabilities.

The 2024 AIME (American Invitational Mathe-
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matics Examination)(Examination, 2024) question
bank includes around 2,500 challenging algebra
and combinatorics problems. It tests a model’s
problem-solving ability and mathematical expres-
siveness in high-difficulty competition settings.

The professional version of the Multi-domain
Language Understanding benchmark (Hendrycks
et al., 2021a) covers about 57 disciplines (includ-
ing STEM, social sciences, and humanities) with
roughly 20,000 multiple-choice questions. It as-
sesses a model’s knowledge and reasoning in aca-
demic and professional domains.

CEVAL is a Chinese professional evaluation
set(Hendrycks et al., 2021a) containing around
13,000 multiple-choice questions drawn from li-
censure exams in fields like science, medicine, and
law. It specifically measures a large model’s un-
derstanding and application of specialized Chinese
professional knowledge.

Math500 is a subset of high-level math prob-
lems(Hendrycks et al., 2021b) consisting of about
500 high-school and competition-grade questions
spanning algebra, geometry, number theory, and
more. It evaluates a model’s advanced reasoning
and formal expression skills on difficult math tasks.

HellaSWAG is a commonsense reasoning
dataset(Zellers et al., 2019) with roughly 70,000
multiple-choice questions, each offering four pos-
sible endings. It probes a model’s understanding
of everyday physical and causal scenarios, known
for its highly deceptive distractors.

Sorting32 is a synthetic sequence manipulation
task(Besta et al., 2024) with about 5,000 problems
requiring a model to sort sequences of up to 32 ele-
ments according to specified rules (e.g., ascending
order or custom patterns). It measures algorithmic
thinking and structured data processing.

Game?24 is The “24-point” game dataset (Yao
et al., 2023) featuring around problems in which
the model must use the four basic arithmetic oper-
ations to combine four given numbers into 24. It
tests a model’s elementary arithmetic operations
and search strategy integration.

B.2 Model and Prompt Settings

We evaluate six representative models. QwQ-
32B(QwQ-32B, 2025) is built on Qwen2.5-
32B-Instruct(Qwen et al., 2025) and has been
instruction-tuned on general QA data. Qwen3-



32B(QwQ-32B, 2025) is the official instruction-
tuned release of the Qwen3-32B series. DS-R1-
Qwen-32B and DS-R1-Llama-70B are both dis-
tilled via the DeepSeek-R1(DeepSeek-Al et al.,
2025) recipe—with GRPO fine-tuning applied to
Qwen2.5-32B and Llama-70B, respectively—to
compress model size while retaining reasoning
ability. Qwen3-30B-MOE augments Qwen3-30B
with a Mixture-of-Experts layer to sparsely activate
parameters. Finally, DeepSeek-R1 is the distilled
Llama-70B model produced by the DeepSeek-R1
pipeline without any additional prompt tuning,
serving as a compact baseline optimized for ef-
ficient reasoning.

For each model, we designed a dedicated prompt
template. RouterLLM:You are an expert question
classifier. Please evaluate the following question
and assign a difficulty score from 1 to 10. Weak-
erLLM: Please strictly follow the XML format
below and adhere to the following constraints:
<reasoning> </reasoning> <answer> </answer>
StrongerLLM:Our combined Prompt. bannde-
vocab-prompt ["Alright", "Okay", "Let me", "Al-

ternatively”, "maybe", "so", "Wait", "but", "Hmm",
"however", "therefore", "next", "first", "should",
"also", "yet", "that", "moreover", "meanwhile", "al-

non

though", "despite", "hence", "yeah", "in addiction",
"for example", "such as", "etc", "because"] token-
budget-prompt "Answer the question within budget
tokens" prompt-vocab "When answering the fol-
lowing question, please avoid using any of these
words or phrases: vocab" step-prompt "Present
your solution in descending step order, starting
from Step step down to Step 1. Label each step ex-
actly as “Step X: ...”." concise-prompt = "Answer

the question in concise"

B.3 Experimental Setup

For reinforcement learning, we assembled a train-
ing corpus by concatenating the training splits of
GSMS8K, Math500, and HellaSWAG into a sin-
gle set of 80,000 examples. After fine-tuning on
this combined dataset, we evaluated out-of-domain
generalization by measuring performance on the
MMLU-Pro test set.

For the routing component, we use a RLM as a
router. In head-to-head tests, this stronger model
achieves a higher F1 score than a lighter-weight
counterpart, indicating its superior ability to rec-
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ognize the intrinsic complexity of a question. We
quantify “complexity” via three heuristics in de-
scending order of priority:

Numeric count: the number of numeric values
appearing in the question (more numbers higher
complexity). Sentence breaks: the number of peri-
ods (.) in the text, which correlates with the number
of reasoning steps. Question length: the overall
character length, used as a secondary tiebreaker.

For the router module, we use QwQ-32B(QwQ-
32B, 2025) as the default model for routing deci-
sions. We modify the model’s prompt template
to avoid long thinking and set the sampling tem-
perature to 0.1 to ensure deterministic and stable
routing decisions.

For the weaker LLM, we adopt the Qwen2.5-
1.5B-Instruct(Qwen et al., 2025) model from the
Tongyi Qianwen series as our base model for exper-
imentation. To further enhance performance, we
apply the GRPO reinforcement learning method.
The model is trained on approximately 80,000
samples for 2 epochs, with a learning rate of 5e-6
and a maximum generation length of 128 tokens
to encourage concise output. All reinforcement
learning experiments are conducted on a cluster of
8 NVIDIA RTX 4090D GPUs, with a total training
time of approximately 2 hours.

For the reasoning phase, we use VLLM’s(Kwon
et al., 2023) official default settings—temperature
(0.7 and no maximum token cap—so that the model
can generate full, uninterrupted answers without
being cut off by external constraints, thereby pre-
serving accuracy.



