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Abstract

Estimating the tangent spaces of a data manifold is a fundamental problem in data
analysis. The standard approach, Local Principal Component Analysis (LPCA),
struggles in high-noise settings due to a critical trade-off in choosing the neigh-
borhood size. Selecting an optimal size requires prior knowledge of the geometric
and noise characteristics of the data that are often unavailable. In this paper, we
propose a spectral method, Laplacian Eigenvector Gradient Orthogonalization
(LEGO), that utilizes the global structure of the data to guide local tangent space
estimation. Instead of relying solely on local neighborhoods, LEGO estimates the
tangent space at each data point by orthogonalizing the gradients of low-frequency
eigenvectors of the graph Laplacian. We provide theoretical motivation for LEGO
with a differential geometric analysis on a tubular neighborhood of a manifold.
We show that gradients of low-frequency Laplacian eigenfunctions align closely
with the tangent bundle, while an eigenfunction with high gradient in directions
orthogonal to the manifold lie deeper in the spectrum. We demonstrate that LEGO
yields tangent space estimates that are significantly more robust than those from
LPCA, resulting in marked improvements in downstream tasks such as manifold
learning, boundary detection, and local intrinsic dimension estimation.

1 Introduction

Tangent space estimation is a fundamental geometric task with broad applications across numerous
domains, including manifold learning [[1H5]], data denoising [[6], multi-manifold structure learning [[7-
10], local intrinsic dimension estimation [[11]], connection Laplacian approximation [12H14]], and
regression on manifolds [[15], among others. The most commonly adopted approach for tangent
space estimation is LPCA [[1H3} 15} 16, [13} [15]], which constructs the local covariance matrix using
the k;,-nearest neighbors of a data point and extracts the leading d eigenvectors, d being the local
intrinsic dimension, as an estimate of the tangent basis at that point.
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The local formulation of LPCA makes it an efficient approach for tangent space estimation. However,
as demonstrated in Figures [Ta] and [TB] it also leads to significant degradation of the quality of
the estimates in the presence of noise. In fact, there is a well-known trade-off in the choice of
neighborhood size for LPCA: small neighborhoods are prone to noise corruption, while larger ones
introduce bias due to the underlying curvature and reach of the manifold [16-20]. One approach to
improve robustness of LPCA involves selecting an adaptive neighborhood size [17]] that balances
these competing effects. However, implementation of such adaptive schemes is hindered by the fact
that the geometric quantities—curvature, reach, and the noise level, are typically unknown.

In contrast, taking cues from the global structure of the data may offer an alternative route to robust
tangent space estimation, avoiding the complexities of adapting neighborhood sizes while allowing
them to remain small. This idea builds on [21] which shows that, for each point = on a d-dimensional
Riemannian manifold [22]], there exist d eigenfunctions of the manifold Laplacian which yield a
bilipschitz local parameterization of a sufficiently small neighborhood of x into RY. This approach is
practically realized in [4] where local parameterizations of the data manifold are constructed using
global eigenvectors of the graph Laplacian. These parameterizations typically have low distortion,
ensuring their Jacobians are full rank and span the d-dimensional tangent spaces. Together, these
works motivate an approach to estimate tangent spaces using the gradients of Laplacian eigenvectors.

In the noisy setting, however, these graph Laplacian eigenvectors may still exhibit non-zero gradients
orthogonal to the manifold, thereby picking up components in the noise directions [23H27]. Empir-
ically, and as demonstrated in Figure [Ic] it is often observed that the eigenvectors corresponding
to small eigenvalues are robust to noise unlike the ones lying deeper into the spectrum [23H27]].
Building upon this insight, we propose an algorithm to estimate tangent spaces using the gradients of
low-frequency global eigenvectors of the graph Laplacian.
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Figure 1: Tangent space estimation using LPCA and LEGO on a noisy point cloud generated by
non-uniform sampling of a closed curve—wave on a circle—with heteroskedastic noise added in the
normal direction. (a) Clean data points with ground truth tangent vectors, along with tangent vectors
estimated from the noisy data using LPCA (k,, = 14 and d = 1) and LEGO (k,,,, = 14, m¢ = 20,
m = 100 and d = 1). (b) Cosine dissimilarity between the true and the estimated tangent vectors.
(c) Eigenvectors of the graph Laplacian constructed from noisy data [28], highlighting that those
exhibiting high gradient in the noise direction lie deeper into the spectrum.

Our contributions are as follows. In Section 2] we present a spectral algorithm, LEGO (Laplacian
Eigenvectors’ Gradients Orthogonalization), for estimating tangent spaces at each data point by
orthogonalizing the gradients of low-frequency global eigenvectors of the graph Laplacian derived
from a noisy point cloud. A geometric justification of our method based on a tubular neighborhood
noise model is provided in Section[3] In Section ] we demonstrate that LEGO yields tangent
space estimates that are significantly more robust to noise than those obtained via LPCA, resulting in



signi cant improvements across multiple downstream tasks, including bottom-up manifold ledkning [
2,129/ 3/ 5[ 30], boundary detection [81+33], and local intrinsic dimension estimation [11].

2 Tangent space estimate via low-frequency Laplacian eigenvectors gradients

Here, we introduce our algorithm, LEGO, for estimating tangent spaces at noise-perturbed data
points sampled from a tubular neighborhood of a smooth embedded submanifold. Our approach
estimates orthonormal bases of the tangent spaces at the clean points by orthogonalizing the gradients
of low-frequency global eigenvectors of the graph Laplacian constructed from the noisy data.

obtained using the Euclidean metricRR. LetL 2 R " " be the graph Laplacian constructed from

X using either the random walR8, 34,(35], the self-tuned36g] or the doubly stochasti@[/] kernel.

These strategies ensure that, under appropriate scaling of the kernel bandwidth and sampling density,
L converges with high probability to the manifold Laplacian | on a tubular neighborhood &.

Recent results [36, 38] also establish the convergence of the spectiumo ¢fiat of o

Let ; 2 R" be thei-th eigenvector of. corresponding to theth smallest eigenvalue, amd ; 2

RP " be a matrix whos¢-th column,r ;(X;) 2 RP, represents the gradient of atX;. The

p components of the ; are modeled as a smooth functionXni.e. a vector in the span of the
eigenvectors of . Since the eigenvectors associated with higher eigenvalues are more susceptible
to noise (see, e.g!3g, 27] and the next section), we estimate ; using only the rstmg n
eigenvectors. To ensure local delity, we require j to approximate i, up to rst order, on the
neighborhood X;_ : js 2 Njgof each poinX; . Precisely, we de ne

X5 =[X5, XponXpe Xplhand (X)) =1 (X)) i) (X)) i1t
respectively. Then, the estimale ;| 2 RP " of the gradients ; is given by,
P
&

& U T whereU is an orthonormal basis of the rangeef[ 1; 2;::5; meland (1)

oAX _
argmin = Xir (X)) i(Xp) 2 suchthatr ;= CiU T: ()
cizre mo M,y

Using the factthal TU = I, the least squares solution of the above optimization problem is,
h [

®= XV (X)) i X T(Xa) U (3)
Having obtained the gradient estimates of the eigenvettars ::; mgatX; given by,
P o(Xj)= P (X)) i P o(X) 2RPM; (4)

we obtain an estimate of the orthonormal b&3js2 RP d of the d-dimensional tangent space at the
j th point by orthogonaliziné) (Xj) i.e. using its top left singular vectors. If the local intrinsic
dimensiond is not known then it can be estimated by selecting the smallest number of top eigenvalues

of P (Xj) whose normalized cumulative sum exceeds a user de ned threshold. Finally, unlike
LPCA which takes linear time in, knn, p andd, LEGO takes quadratic time minf k,,; pg and
linear in all other hyperparameters.

3 Laplacian eigenfunctions with high gradient along the cross sections of a
tubular neighborhood lie deeper in the spectrum

Noisy data is often modeled as a sample drawn from a tubular neighborhood of an underlying smooth
submanifold 1042, [19, [20, [43]. The graph Laplacian constructed from such d2i [B6, 37

converges to the continuous Laplacian of the tubular neighborhood. This motivates the study of
the Laplacian eigenfunctions on the tube to better understand the behavior of the graph Laplacian



eigenvectors derived from noisy data. Here, we show that eigenfunctions exhibiting high gradients
across the cross sections of the tube necessarily correspond to higher eigenvalues. Consequently,
eigenfunctions associated with low eigenvalues exhibit minimal gradient in directions normal to the
submanifold. The practical implication is that the gradients of low-frequency Laplacian eigenvectors
have small components in the noise directions, making them suitable for tangent space estimation.

We start by describing the necessary constructs fréfhthat are needed for our results. Let
B RY* be a smooth embedded compaatimensional submanifold with or without boundary,
equipped with the metrig; = 4+kjs induced by the Euclidean metrig. x. Let NB be the
normal bundle oB equipped with the metrig,?3 = g4+kijne - Assume that there exist a tubular
neighborhoodl' " of B suchthaB T ' RI* K wherer is any nite number bounded by
the global reach40]. Deneamap : NB ! R%kK:(x; )= x+ which, when restricted
toNB" = f(x; ) 2 NB : k kK, <Trg NB, is diffeomorphic to its imagd ". Let

:NB' I B be the canonical projection(x; ) = x ontoB. By equippingNB" with the
pullback metricg = d+ k., the tubular neighborhoofl" is isometric toNB ' . This also holds for
"-tubular neighborhood@ " of B and the normal bundiiB " for" 1. To keep the dependence
on" explicit, it is convenient to work witiNB " with the pullback metrig’ = D.g where the
mapD- : NB" | NB ' is given byD-(x; ) = (x;" ). Infact, NB" equipped withg" is
isometric toT " equipped with Euclidean metrig. . Due to this construction, the Laplacian ¢
onNB' is unitarily equivalent to the Euclidean Laplacian,,, on T™". Moreover, the metric
0. = Og + "?0g% turns into a Riemannian submersion i.e. an isometry froriTB) to TB.
Letgs = g™t be the"-independent unscaled version of the submersion metric.

Using g, we de ne the horizontal energls ( ) that captures the net gradient ofalong the
submanifoldB, and vertical energf; ( ) that measures the net gradient normaBtcacross tube's

orthonormal frame oNB " with respect tagi such that every normal vecto(x) 2 NxB can
be written as (x) = n e (x). Forf 2 C3 (NB"), de ne its canonical gradients asxf =
[@:f;::;@qaf]" 2 RYandr of = [@:f;:::;@«f]" 2 RX. Then, for 2 C§ (T"), the
horizontal energyes ( ) and the vertical energ? ( ) of are given by (her® = B. 1b isthe
unitary lift of ontoNB")

R
1 g LxPTgglr KBV
B ()= ngrx 98 T x Vg _

R
Ngr Fox bT g, 1r x Pdet(gg )dx™:::dxddn?::: dnk

8. e P2dVg, "\ P2 det(gg )dx?::dxddnt ;s dnk
R R ®)
E2( )= r2 NBbranrn'anS _ NB'rP\an klrnbdet(gB)dxlz::dxddnlz::dn":
Ck B bz‘dVgs NB ¢ b2 det(gg )dx? : ::dxddn? :: : dnk ©

Here, g, andCy=r? are the rst non-zero eigenvalues of g, ONB and . on a ball of radius

r in R¥, respectively. Her€y is a constant that depends on the dimengiand the choice of
the boundary conditions. The normalizations with these eigenvalues ensure that the horizontal and
vertical energies are on similar scale with respectamd"”.

Finally, we de ne a symmetric matrid (x) 2 RY ¢ and a rectangular matrix (x) 2 R * that
capture the coef cients of the scalar second fundamental forom B and the Christoffel symbols of
the normal connection ? with respect td e df, respectively. Speci cally,

Foreach 2 [Lk;(H )ij = h, =h| =gi(e; ( @;@)); wherei;j 2 [1;d]; and (7)
Foreach 2 [LK]( )i ag (r 7@ e ;e ); wherei 2 [1;d]; 2 [1;K]: (8)

Now we state our main result, the proof of which is provided in Appendix B.

Theorem 1. If (; ) is a Neumann or Dirichlet eigenpair of the Laplacian,,, onT" then
Ce (1 r ) .
ey e O ©)
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where =maxxzs (X) 2R gand ? =maxx2s ’(X) ,2 R o, and where (x) is the

absolute maximum principal curvaturexa? B and ? (x) 2 R, quanti es the maximum rate of
twisting ofe , 2 [1; k], in any direction in the tangent spad@gB (see Appendix B).

1@ )

The above result shows that the eigenvalisgales as  wyz (e

" d
BZH per unitincrease ifg ( ). Due tothe fact < 1, this simpli es to:

per unitincrease ifg; ( )
versusO
Corollary 1.1. Ifr P Ck= g, and(l ™% (1+ ")d"! tfor somet 2 (0;1) then

= " ZE() and =O(Bs()): (12)

Consequently, whehis suf ciently small such that is close tol, any eigenvalue of ., thatis
not too large—say, of ordéd(" 2 ) for some 2 (0;1=2)—has a corresponding eigenfunction
whose vertical energ; () is small, of ordelO("?" 2 ). The gradient of such an eigenfunction
has small component in the normal directiongtpmaking it a suitable candidate for tangent space
estimation.

4 Experiments

Here, we estimate tangent spaces on noisy datasets using LPCA and LEGO, compare the estimated
tangent spaces against the ground truth, and assess their utility in downstream tasks including manifold
learning, boundary detection, and local intrinsic dimension estimation (see Appendix C).

First, we samplen = 10700 uniformly distributed points from a high-aspect ratio Swiss roll
embedded ifR®, yielding the clean datas¥t as shown in Figure 2a. Next, we perturb each point in
the direction normal to the underlying tangent space. Speci cally, the noisy data points are given

by X; = Y; + ; j, where ; is outward normal to the tangent spacefaand the coef cient ;
is uniformly distributed in( ";") where" = 0:0175 The resulting noisy datas¥t is shown in
Figure 2a.

We then estimate an orthonormal ba&is of the 2-dimensional taBgent space at each point by
applying LPCA and LEGO on the noisy data. The discrepddcy id:l (1 cos(ji)),where

f i g, are the principal angles between the estin@teand the ground-trutly; obtained from

clean data, is plotted in Figure 2b. These results show that LEGO produces signi cantly more
accurate estimates across the noisy data while LPCA estimates are highly sensitive to noise. The
same holds for noisy variants of a truncated curved torus data too. Ablation studies in Appendix D
further reveal that LEGO estimates remain stable across different noise levels and hyperparameter
values.

To assess how the tangent space estimates affect downstream tasks, we use them to Gimpute a
embedding of the noisy data and to detect boundary points. As shown in Figures 2c and 2d, the
LPCA-based embeddings and the detected boundary points are severely degraded by noise, while
those based on LEGO closely match the results obtained from true tangent spaces. This is not
surprising as the accuracy of the tangent space estimation is critical to the performance of several
algorithms [L, 29, 3, 5, 32, 31] designed for these tasks. Finally, we evaluate the functional variance
explained by each of the three principal directions (see Appendix C.3). As shown in Figure 2e, LEGO
concentrates functional variance in the rst two directions, aligning with the true intrinsic structure.

In contrast, LPCA attributes signi cant variance to the third direction as well, indicating that the local
intrinsic dimension estimates due to LPCA are sensitive to noise.

In the next experiment, we use an image dataset feB}) €onsisting ofn = 8100 snapshots of
a platform with two objects—Yoda and a bulldog—each rotating about its vertical axis at distinct



Figure 2: (a) Clean and noisy high-aspect ratio Swiss rdR3rcolored by the “roll” parameter. (b)
Discrepancy between true and estimated tangent spaces due to KRCA®) and LEGO kn, =9,

m =40 andmg = 100). Note thatk,, > 9 creates erroneous “shortcuts” through the noisy data. (c,

d) 2d parameterization and the boundary points detected from noisy data using the estimated and the
true tangent spaces. (e) Functional variance explained across noisy points by eachfribipal
directions obtained from LPCA and LEGO, re ecting local intrinsic dimension estimates.

frequencies. Therefore, the intrinsic geometry of the datase-gimensional at torus. The original
images of siz820 240 3are rstnormalized to the randé; 1], followed by addition of uniformly
distributed noise if 1;1) to each pixel channel (Figure 3a). Due to the quadratic time complexity
of LEGO with respect to the ambient dimension, we apply PCA to reduce the dimensionality of the
noisy images t@ = 10 dimensions where the explained variance ratio saturates (Figure 3b).

We then estimate th2-dimensional tangent spaces using both LPCA and LEGO. These estimates
are then used to computealimensional “torn" embedding of noisy data following the bottom-up
manifold learning framework ird], 5]. As shown in Figure 3d, the LPCA-based embedding is non-
interpretable, whereas LEGO produces a clear rectangular embedding. When visualized with “gluing
instructions" i, 5]—which identi es the same-colored points along the embedding tear—it becomes
evident that opposite edges of the rectangle should be glued, revealing toroidal topology (Figure 3e).
Moreover, examining the clean images at the points along the opposite edges reveals that only one of
the two puppets undergoes rotation, further supporting the toroidal structure. Finally, Figure 3f shows
that LEGO concentrates the variance explained in the rst two directions, faithfully capturing the
underlying2d structure, while LPCA distributes the variance across multiple dimensions, highlighting
its inability to accurately recover the intrinsic geometry in the noisy setting.

A Pseudocode and time complexity of LEGO

Assuming that the local intrinsic dimensidris known apriori, the cost of estimating tangent space
at each point i.e., computing the tdgprincipal directions from the local neighborhood using LPCA

is O(knn pd). Therefore, the total time complexity of applying LPCA tomlpoints isO(nky, pd).

In contrast, the time complexity of each stage of LEGO is as follows: (i) Computing eigenvectors

O(nknnmgT) time whereT is the number of iterations required for convergent.[(ii) Estimating
the gradientﬂp i foralli 2 [1; m] (Line 2 in Algorithm 1) require®© (nk,, p(minf k,,; pg+ m)) +
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