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ABSTRACT

Large language models (LLMs) have demonstrated remarkable progress in reasoning, often
through supervised fine-tuning (SFT). However, SFT is resource-intensive, relying on large
curated datasets, rejection-sampled demonstrations, and uniform optimization across all to-
kens—even though only a fraction carry meaningful learning value. In this work, we explore
a counterintuitive idea: can smaller language models (SLMs) teach larger language models
(LLMs) by revealing high-value reasoning moments that reflect the latter’s unique strength? We
propose LightReasoner, a novel framework that leverages the behavioral divergence between
a stronger expert model (LLM) and a weaker amateur model (SLM). LightReasoner operates
in two stages: (1) a sampling stage that pinpoints critical reasoning moments and constructs
supervision examples capturing the expert’s advantage through expert–amateur contrast, and
(2) a fine-tuning stage that aligns the expert model with these distilled examples, amplifying
its reasoning strengths. Across seven mathematical benchmarks, LightReasoner improves ac-
curacy by up to 28.1%, while reducing time consumption by 90%, sampled problems by 80%,
and tuned token usage by 99%, all without relying on ground-truth labels. By turning weaker
SLMs into effective teaching signals, LightReasoner offers a scalable and resource-efficient ap-
proach for advancing LLM reasoning. For reproducibility, the implementation is available at:
https://anonymous.4open.science/r/LightReasoner.

1 INTRODUCTION

Driven by large-scale pre-training and various post-training strategies, large language models (LLMs) have
achieved remarkable progress in language understanding and generation (Kaplan et al., 2020; Touvron et al.,
2023). However, they continue to struggle with systematic reasoning tasks that demand step-by-step logical pre-
cision, particularly in mathematics. A prevalent strategy to address this limitation is to align models with demon-
strations of correct problem-solving trajectories. To this end, recent approaches (Yang et al., 2024; Guo et al.,
2025) often integrate rejection sampling (Yuan et al., 2023) into supervised fine-tuning (SFT), reducing the direct
reliance on fully human-curated data. While effective, this strategy is resource-intensive: it requires generating
multiple candidate solutions, filtering them against ground-truth answers to retain only correct trajectories, and
then fine-tuning on every token of those trajectories, treating trivial and crucial reasoning steps as equally valuable.

These limitations have motivated researchers to explore more targeted strategies for strengthening LLM reasoning.
As early as the Chain-of-Thought paper (Wei et al., 2022), it was shown that LLMs acquire latent reasoning
abilities during pre-training, which can be elicited through appropriate prompting. Complementary to this, recent
works (Zhao et al., 2025; Prabhudesai et al., 2025) show that LLMs can improve by exploiting internal feedback
signals, such as self-certainty, instead of relying on external rewards or labeled data. Another line of research
(Lin et al., 2024a) finds that during pre-training, learning progress is disproportionately concentrated on a small
subset of tokens. Instead of uniformly training on entire trajectories, selectively optimizing these high-impact
tokens offers significant gains in both efficiency and performance. Together, these insights highlight the promise
of harnessing natural learning dynamics to improve LLM reasoning.

Motivated by these insights, we pose a counterintuitive possibility: can smaller, weaker models help guide the
training of their larger, stronger counterparts? Rather than viewing the former as merely inferior, we treat it as
a valuable teaching signal—one that precisely reveals where reasoning complexity begins to challenge weaker
model capabilities. Specifically, we ask whether the divergent behaviors between a strong expert model and
a weaker amateur model can pinpoint the high-impact reasoning moments where learning should focus, and
whether these moments can be transformed into effective training signals to enhance model reasoning. In §2.2,
we analyze the Expert-Amateur behavioral dynamics through the Kullback–Leibler (KL) divergence between
their next-token predictions at each generation step. The intuition is straightforward: when models of different
capabilities disagree strongly, those moments often mark critical reasoning steps that distinguish successful from
failed problem-solving. Our analysis shows that such steps, where the Expert confidently predicts the correct
token while the Amateur diverges or shows uncertainty, are signaled by pronounced KL values. Exploiting these
moments yields targeted supervision signals that reinforce the Expert’s reasoning strengths.
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Total Time

Sampled Problems

Performance Gain

4 hours
0.5 hours

4K probs

1K probs

+7.7%

+11.8%

Qwen2.5-Math-1.5B
+ LightReasoner
+ SFT

(a) Qwen2.5-Math-1.5B

Total Time

Sampled Problems

Performance Gain

9.5 Hours
0.75 Hours

6K Probs

1K Probs

+4.5%
+4.7%

Qwen2.5-Math-7B
+ LightReasoner
+ SFT

(b) Qwen2.5-Math-7B

Total Time

Sampled Problems

Performance Gain

3.6 Hours
0.5 Hours

6K Probs

1K Probs

+3.0%

+5.6%

DeepSeek-R1-Distill-1.5B
+ LightReasoner
+ SFT

(c) DeepSeek-R1-1.5B

Total Time

Sampled Problems

Performance Gain

3.4 Hours
0.4 Hours

7K Probs

1K Probs

+0.1%+0.1%

Qwen2.5-Math-1.5B-Ins
+ LightReasoner
+ SFT

(d) Qwen2.5-Math-1.5B-Ins

Figure 1: Efficiency and performance comparison between SFT and LightReasoner across different base models.
LightReasoner achieves competitive or superior accuracy while substantially reducing resource consumption.

Building on these analyses, we introduce LightReasoner, a novel framework that leverages expert-amateur diver-
gence to enhance LLM reasoning. As illustrated in Figure 4, LightReasoner operates in two stages: (1) Sampling
stage. For each reasoning trajectory, both Expert and Amateur models generate next-token predictions under
identical prefixes. Steps where the KL divergence between their distributions exceeds a threshold are retained
(§2.3.1). From these selected steps, we construct supervision examples that encode Expert’s relative advantage
by contrasting the two models’ prediction distributions (§2.3.2). (2) Fine-tuning stage. The same Expert model
is then trained to align with these contrastive signals, increasing probability of tokens where its advantage over
Amateur is most pronounced, thereby reinforcing its strengths and avoiding amateur-like tendencies (§2.3.3).

Our experimental evaluation highlights four key advantages of LightReasoner: • Strong Performance Gains
(§3.2). LightReasoner consistently achieves comparable or superior performance to supervised fine-tuning (SFT)
across 5 models and 7 mathematical reasoning benchmarks. •Order-of-Magnitude Efficiency (§3.3). LightRea-
soner delivers substantial computational savings: reducing total time cost by 90%, requiring 80% fewer sampled
problems, and tuning 99% fewer tokens compared to SFT with rejection sampling, while entirely eliminating the
need for ground-truth labels. • Domain Expertise Drives Effective Contrasts (§3.4). Our analysis shows that
the most effective expert-amateur contrasts arise not from model size gaps, but from domain-specific expertise
differences. This reinforces our insight that weaker models, when used in a novel way, can provide effective
teaching signals for stronger models. • Synergistic Design (§3.5). Ablation studies confirm the essential roles
of divergence-based step selection and contrastive supervision, along with their mutually-reinforcing effect, in
enabling LightReasoner to strengthen the expert model’s reasoning efficiently and reliably.

2 METHODOLOGY

2.1 PRELIMINARIES

Autoregressive Language Model Generation. Given vocabulary A and input prompt a0, a language model
generates a response a1:T = [a1, . . . , aT ] autoregressively. At each step t, the model predicts the next token based
on the prefix st = [a0, . . . , at−1] and outputs distribution πLM(· | st) over A. The joint likelihood factorizes as:

P (a1:T | a0) =
T∏

t=1

πLM(at | st). (1)

In this autoregressive framework, the quality of reasoning emerges from the accumulation of individual token-
level decisions. Thus, improving a model’s reasoning ability fundamentally amounts to refining its policy πLM. A
central challenge, then, is to determine which token-level decisions truly matter for reasoning quality, and how to
provide learning signals that target them effectively.

Learning from Behavioral Divergence. Existing approaches often depend on costly human annotations or ex-
ternal verification mechanisms, which suffer from scalability and resource limitations, hindering their practicality
for continuous improvement. We observe that models of different capabilities exhibit systematic differences in
their token-level decision patterns. This insight motivates our approach: leveraging behavioral divergence be-
tween models to automatically identify critical decision points and extract effective learning signals.

Critical Decision Points for Reasoning Enhancement. The foundation of our approach lies in the observa-
tion that reasoning ability is shaped not by uniform performance across all tokens, but by a handful of critical
decision points. Cognitive science shows that expert problem-solving hinges on key moments where the correct
logical choice determines success Chi et al. (1981). These are precisely where expert and amateur models diverge
most. Certain reasoning steps exert disproportionate influence on final outcomes, creating natural bottlenecks in
reasoning chains. Recent studies further confirm that language models benefit most from training on such critical
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token subsets (Lin et al., 2024a;b). We therefore propose that targeting these high-stakes decision points creates
a leverage effect: small improvements at bottlenecks can yield large overall gains. This mirrors human expertise
development, where experts master the pivotal transitions that challenge beginners Ericsson & Smith (1991). Our
method operationalizes this intuition by exploiting expert–amateur differences to identify reasoning bottlenecks
and focus enhancement where it matters most.

To this end, we leverage two models with distinct reasoning capabilities: (1) an Expert model πE , which we aim
to improve, and (2) an Amateur model πA, serving as a weaker baseline. As πE generates a response a1:T through
a sequence of prefixes s1:T , we evaluate both models at each step t on the same prefix st. This produces paired
distributions (πE(· | st), πA(· | st)), whose divergences reveal exactly where the Expert departs from amateur-
level reasoning, providing targeted supervisory signals that concentrate on the most consequential decisions.

2.2 TOKEN INFORMATIVENESS VIA EXPERT-AMATEUR DIVERGENCE

To pinpoint critical decision points, we quantify the disagreement between Expert and Amateur models at each
generation step t using Kullback–Leibler (KL) divergence:

DKL(πE(· | st) ∥πA(· | st)) =
∑
a∈A

πE(a | st) log
πE(a | st)
πA(a | st)

. (2)

Large KL values signals reasoning bottlenecks where the Expert’s knowledge departs sharply from amateur-level
choices. In mathematical problem solving, these pivotal moments are especially consequential: solution trajecto-
ries often hinge on recurring decision points where expert guidance proves decisive (Ji et al., 2025; Prabhudesai
et al., 2025). Our analysis highlights three consistent patterns that validate this perspective:
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Figure 2: Most tokens show minimal KL divergence,
with only few exhibiting elevated values.
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Figure 3: Predictable tokens yield near-zero KL diver-
gence, while critical steps trigger notable spikes.

•Divergence Concentrates on Critical Tokens (Figure 2): 60% of tokens exhibit negligible divergence (KLD ∈
[0.0, 0.1)), while only 20% exceed 0.4, confirming that reasoning bottlenecks arise at specific moments.

• Divergence Tracks Reasoning Complexity (Figure 3): KL divergence stays near zero for routine tokens but
spikes at demanding steps such as arithmetic operations and logical transitions, tracking underlying complexity.

• Divergence Reveals Hidden Disagreements: When the Expert and Amateur disagree on top-1 tokens, the
average KL jumps to 1.99, versus 0.166 under agreement. Even among agreements, 10% of tokens still show
KLD > 0.4, exposing subtle hidden misalignments beneath apparent consensus.

2.3 LIGHTREASONER: SELF-SUPERVISED ENHANCEMENT THROUGH MODEL CONTRAST

We present LightReasoner (Figure 4), a self-supervised framework for enhancing LLM reasoning without re-
liance on human annotations or external verifiers. It is built on three core components: (1) an informative step-
selection mechanism that pinpoints critical reasoning steps via divergence-based metrics (§2.3.1); (2) a method for
constructing contrastive soft labels that capture the Expert’s reasoning advantage (§2.3.2); (3) a training objective
that distills this contrastive signal back into the Expert (§2.3.3). The full procedure is summarized in Algorithm 1.

2.3.1 INFORMATIVE STEP SELECTION

Reasoning trajectories consist of tokens with uneven learning value. Routine steps often yield close Ex-
pert–Amateur agreement, while valuable supervision arises at critical decision points where expert reasoning
is decisive. To capture these moments, we introduce informative step selection, which uses KL divergence to
quantify reasoning criticality: large divergences mark bottlenecks where expert knowledge separates success from

3



174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231

Under review as a conference paper at ICLR 2026

same 
prefixes

Contrastive 
Samples

1K Problems
(Weng earns 

$12 ... did 
she earn?)
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20K
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Encode E’s 
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Figure 4: Overview of the LightReasoner framework. Sampling Stage: Expert and Amateur models generate
distributions πE and πA. Informative step selection retains steps with DKL(πE ∥ πA) > β, and contrastive
supervision constructs soft labels vC capturing the Expert’s advantage through Expert-Amateur contrast. Fine-
tuning Stage: The Expert model is enhanced by minimizing the KLD between its output and vC .

Algorithm 1 LightReasoner: A self-supervised framework for LLM reasoning enhancement

Input: Expert model πE , Amateur model πA, dataset Q
Output: Enhanced Expert model π′

E
1: // Phase 1: Contrastive Sampling
2: for all problem q ∈ Q do
3: Generate a CoT trajectory using πE : {(st, πE(· | st))}Tt=1
4: for t = 1 to T do
5: Compute πA(· | st)
6: Compute DKL(πE(· | st) ∥ πA(· | st))
7: if DKL(πE(· | st) ∥ πA(· | st)) > β then
8: for all ai ∈ A do
9: if πE(ai | st) ≥ α ·max

a
πE(a | st) then

10: Add ai to Amask

11: Compute v′C(ai | st)← log
(

πE(ai|st)
πA(ai|st)

)
12: Normalize: ṽC(· | st)← softmax (v′C(· | st)) over Amask
13: for all ai ∈ A do
14: if ai ∈ Amask then
15: vC(ai | st)← ṽC(ai | st)
16: else
17: vC(ai | st)← 0

18: Store (st, vC(· | st)) for training
19: // Phase 2: Contrastive Fine-tuning
20: for all stored (st, vC(· | st)) do
21: Compute current output πE(· | st)
22: Compute loss L(st)← DKL

(
vC(· | st)

∥∥πE(· | st)
)

23: Update πE using gradient∇L(st) to obtain the fine-tuned model π′
E

failure. We implement this via β-filtering, retaining only steps where the Expert’s advantage is pronounced. For a
given prefix st, a step is selected if

DKL(πE(· | st) ∥πA(· | st)) > β. (3)

This filtering concentrates fine-tuning on the reasoning steps that matter most, preventing the learning signal from
being diluted by trivial token predictions.

4
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2.3.2 CONTRASTIVE DISTRIBUTIONAL SUPERVISION

After identifying informative steps, we convert Expert–Amateur disagreement into effective training signals. In-
stead of one-hot targets, which discard distributional information, we construct contrastive soft targets that encode
the Expert’s relative advantage. For a step st passing the β-filter, we first define the masked support set:

Amask =

{
a ∈ A : πE(a | st) ≥ α ·max

b∈A
πE(b | st)

}
, (4)

where α ∈ (0, 1](Li et al. (2022)) removes low-confidence tokens, preventing noisy tail probabilities from distort-
ing the supervision signal. For each a ∈ Amask, we compute the unnormalized contrast score (Li et al., 2022):

v′C(a | st) = log
(
πE(a | st)

)
− log

(
πA(a | st)

)
, (5)

which quantifies the Expert’s advantage margin. We normalize these scores via softmax to to form a valid distri-
bution ṽC and then extend ṽC to the full vocabulary:

vC(a | st) = ṽC(a | st) · 1[a ∈ Amask] , a ∈ A. (6)

The resulting vC(· | st) ∈ R|A| encodes the expert superiority as structured probabilistic supervision, enabling
targeted refinement that reinforces expert-like decisions.

2.3.3 SELF-DISTILLATION TRAINING OBJECTIVE

The framework is completed with a self-distillation objective that transfers the signal encoded in vC back into the
Expert model. Specifically, the Expert distribution πE is trained to match vC by minimizing the KL divergence:

L(st) = DKL

(
vC(· | st)

∥∥πE(· | st)
)
=

∑
a∈A

vC(a | st) [log vC(a | st)− log πE(a | st)] (7)

Since the first term is constant with respect to πE , equation 7 is equivalent to cross-entropy minimization:

L̃(st) = −
∑
a∈A

vC(a | st) log πE(a | st), (8)

which reinforces the Expert’s probability mass on tokens where its advantage over the Amateur is most pro-
nounced. Detailed derivations and further discussions are provided in Appendix C and Appendix D.

3 EXPERIMENT

To assess the effectiveness of LightReasoner, we structure our experiments around four research questions: •RQ1:
How does LightReasoner improve performance across different baseline models? • RQ2: To what extent does
LightReasoner reduce training costs while preserving performance? • RQ3: Which factors drive the success of
Expert–Amateur collaboration? • RQ4: How do specific design choices influence LightReasoner’s effectiveness?

3.1 EXPERIMENTAL SETUP

3.1.1 MODELS AND DATA

LightReasoner leverages Expert–Amateur model pairing to generate supervision signals. The Expert models
include Qwen2.5-Math-1.5B and 7B, their Instruct counterparts, and the DeepSeek-R1-Distill variant (Yang et al.,
2024; Guo et al., 2025). The Amateur is fixed as Qwen2.5-0.5B (Yang et al., 2024), a base model with general
linguistic reasoning ability but without specialized mathematical pretraining.

For generating supervision samples, we use the GSM8K training set (Cobbe et al., 2021), exclusively selected
for its emphasis on step-by-step, broadly applicable logical reasoning rather than domain-specific notation. This
ensures that the Amateur, despite lacking math-specific training, can still produce interpretable outputs suitable for
contrastive supervision. Chain-of-thought prompting (Wei et al., 2022) is employed to elicit reasoning trajectories.
Comprehensive model specifications and dataset descriptions are provided in Appendix G.1 and Appendix G.2.

3.1.2 TRAINING CONFIGURATION

We fine-tune the same Expert model used during sampling on the curated LightReasoner dataset using LoRA (Hu
et al., 2022) for parameter-efficient training, reducing computational cost while preserving general knowledge.
Key hyperparameters are as follows: a masking threshold of α = 0.2 to filter out low-probability Expert to-
kens (Li et al., 2022); a KL divergence threshold of β = 0.4 to isolate informative reasoning steps; and reasoning
trajectories capped at 128 tokens, as early steps are typically less error-prone (Ji et al., 2025). Models are fine-
tuned for 1000 steps, with each step comprising 16 contrastive samples, which we find sufficient for convergence.
Full configuration details are provided in Appendix G.3.

5
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Model GSM8K MATH SVAMP ASDiv Minerva
Math

Olympiad
Bench

MMLU
STEM AVG.

Qwen2.5-Math-1.5B
Baseline 42.5 34.2 68.8 68.1 9.9 23.7 49.8 42.4
+ SFT 69.2 57.1 64.1 70.2 15.1 27.6 47.7 50.1
+ LightR 70.6 59.3 76.0 79.8 11.4 27.1 54.9 54.2

Qwen2.5-Math-1.5B-Instruct
Baseline 84.8 75.8 94.2 94.7 29.4 37.5 57.4 67.7
+ SFT 85.4 75.8 93.5 94.7 31.6 37.5 56.2 67.8
+ LightR 86.7 75.5 93.0 94.1 32.0 37.8 55.2 67.8

DeepSeek-R1-Distill-Qwen-1.5B
Baseline 75.2 54.2 79.9 84.9 16.2 19.1 22.3 50.3
+ SFT 78.2 60.3 81.5 87.4 18.4 21.2 26.2 53.3
+ LightR 79.5 60.2 83.5 87.5 18.0 36.5 26.2 55.9

Qwen2.5-Math-7B
Baseline 57.5 51.8 67.9 72.7 14.0 16.0 69.8 50.0
+ SFT 64.4 63.3 76.2 76.6 12.1 20.5 68.5 54.5
+ LightR 67.9 57.8 77.2 80.6 12.1 16.9 70.5 54.7

Qwen2.5-Math-7B-Instruct
Baseline 95.2 83.2 93.9 95.3 33.8 41.5 69.3 73.2
+ SFT 95.4 83.1 94.1 95.2 38.2 40.7 68.2 73.6
+ LightR 95.8 83.6 93.1 95.2 34.2 39.0 67.8 72.7

Table 1: Zero-shot pass@12 accuracy (%) across evaluation benchmarks. LightReasoner consistently achieves
comparable or superior performance over SFT across 5 baseline models and 7 mathematical benchmarks.

3.1.3 EVALUATION

For a strong competitor, we implement SFT on the baseline models (Appendix G.4), fine-tuning with LoRA on
demonstrations of correct reasoning trajectories collected via rejection sampling (Yuan et al., 2023). We evaluate
the baseline models, the SFT-trained variants, and the LightReasoner fine-tuned counterparts on a diverse suite of
benchmarks ranging from basic arithmetic to expert-level mathematical reasoning (Appendix G.1). All evaluations
are conducted with the official Qwen2.5-Math toolkit1, and we report zero-shot pass@12as the primary metric.

3.2 PERFORMANCE IMPROVEMENTS (RQ1)

Table 1 presents the zero-shot pass@12 accuracy across a comprehensive suite of mathematical reasoning bench-
marks. Across 5 models and 7 datasets, LightReasoner delivers consistent performance improvements and demon-
strates fundamental advances in mathematical reasoning capability. These results highlight LightReasoner’s strong
generalization, which we analyze through three perspectives below.

• Cross-Dataset Generalization for Reasoning Enhancement. Despite being trained exclusively on GSM8K,
our model achieves consistent gains across diverse benchmarks including MATH, SVAMP, and ASDiv. This
cross-domain success shows that LightReasoner cultivates fundamental reasoning patterns rather than memoriz-
ing dataset-specific heuristics. The power of contrast-based selection is particularly evident here: by focusing on
reasoning bottlenecks where expert knowledge diverges from amateur patterns, the method captures transferable
logical structures that extend beyond the training domain.

• Adaptive Enhancement across Model Architectures. Our approach delivers consistent improvements across
models of different capacities, though the mechanisms vary with model sophistication. For non-instruct models
(e.g., Qwen2.5-Math-1.5B), we observe dramatic gains (+28.1% on GSM8K and +25.1% on MATH), showing
that contrastive supervision can activate latent reasoning circuits previously dormant. For heavily optimized in-
struct models (e.g., Qwen2.5-Math-1.5B-Instruct), the improvements are modest but steady (+1.9% on GSM8K
and +2.6% on Minerva Math), suggesting our method refines existing reasoning pathways. This differential
effectiveness highlights how contrastive distributional supervision adapts flexibly to varying model capabilities.

1https://github.com/QwenLM/Qwen2.5-Math
2Tested on unseen datasets without task-specific demonstrations; performance measured as the percentage of problems
correctly solved in a single greedy attempt; MMLU STEM is evaluated using 5-shot; all others are zero-shot.
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Method Time Probs. Tokens Gain

Qwen2.5-Math-1.5B
+ SFT 4.0h 3952 1.77M +7.7%

+ LightR 0.5h 1000 0.02M +11.8%

Qwen2.5-Math-7B
+ SFT 9.5h 6029 2.20M +4.5%

+ LightR 0.75h 1000 0.02M +4.7%

DeepSeek-R1-Distill-Qwen-1.5B
+ SFT 3.6h 6023 5.95M +3.0%

+ LightR 0.5h 1000 0.02M +5.6%

Qwen2.5-Math-1.5B-Instruct
+ SFT 3.4h 7153 2.08M +0.1%

+ LightR 0.4h 1000 0.02M +0.1%

Table 2: Efficiency comparison between SFT and
LightReasoner. We report total time, sampled prob-
lems, tuned tokens, and average performance im-
provement across seven evaluation benchmarks.
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Figure 5: LightReasoner consistently improves
zero-shot pass@1 accuracy across 7 mathematical
evaluation benchmarks for baseline models.

• Superior Efficiency over SFT. Direct comparisons show that LightReasoner matches or surpasses SFT perfor-
mance while consuming substantially fewer resources. On Qwen2.5-Math-1.5B, it delivers an average perfor-
mance gain of +4.1% over SFT with 90% less training time and 99% fewer tuned tokens (§3.3). These efficiency
gains stem from two synergistic components: informative step selection (§2.3.1), which concentrates learning
on the ∼20% of tokens that drive reasoning (§2.2), and contrastive supervision (§2.3.2), which transforms these
steps into precise training signals that encode the expert’s advantage over amateurish tendencies.

3.3 EFFICIENCY STUDY (RQ2)

Table 3: Efficiency contrasts at a glance. ↑ and ↓ in-
dicate whether each aspect helps or hurts efficiency.

Attribute Efficiency SFT LightR

Full trajectories ↓ ✓ ✗
All-token tuning ↓ ✓ ✗
GT verification ↓ ✓ ✗

Prefix termination ↑ ✗ ✓
Selective tokens ↑ ✗ ✓
Verification-free ↑ ✗ ✓

The LightReasoner framework achieves remarkable effi-
ciency through targeted reasoning enhancement. We evaluate
the efficiency across three important dimensions: (1) Time
budget: the total sampling and fine-tuning time measured on
a single NVIDIA H200 GPU without inference accelerators
(e.g., vLLM); (2) Training instances: the number of dis-
tinct training set problems required to generate the supervi-
sion dataset; (3) Tuned tokens: the computational overhead
at the token level, where LightReasoner trains on selective
next-token predictions while SFT optimizes over full reason-
ing trajectories. As shown in Table 2 and Figure 1, LightRea-
soner consistently outperforms SFT while using only a fraction of the resources. These efficiency improvements
stem from three core design principles of LightReasoner that directly address SFT’s computational bottlenecks:

• Sampling efficiency through prefix termination. SFT must generate complete reasoning trajectories under
rejection sampling. By contrast, LightReasoner halts generation at 128 tokens, sharply reducing sampling cost
while preserving supervision quality. This approach leverages the observation that early reasoning steps provide
more reliable signals with fewer cascading errors (Ji et al., 2025), enabling LightReasoner to capture informative
patterns without expending computational resources on error-prone later steps.

• Training efficiency via selective token filtering. LightReasoner focuses on steps where expert–amateur di-
vergence peaks, concentrating learning on reasoning bottlenecks rather than redundant tokens. This selectivity
explains the large gap in token usage between SFT and LightReasoner. The benefit is further amplified by
contrastive supervision, which converts the Expert’s advantage into direct training signals. By avoiding SFT’s
indiscriminate tuning over full trajectories, LightReasoner achieves rapid reinforcement of reasoning ability.

• Data efficiency through verification-free supervision. Traditional SFT relies on costly “generate-and-verify”
loops that require explicit checking against ground-truth answers, imposing a major limitation. LightReasoner
avoids this by using the Amateur as a contrastive baseline, turning relative performance gaps into supervision
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Amateur Model ∆ Perf. GSM8K MATH SVAMP ASDiv MMLU
STEM AVG.

Expert: Qwen2.5-Math-1.5B
Qwen2.5-0.5B 38.2 70.6 59.3 76.0 79.8 54.9 68.1
Qwen2.5-1.5B 35.1 63.4 57.1 69.7 75.7 54.8 64.1
Qwen2.5-Math-1.5B-Ins -42.3 41.4 35.5 67.5 66.4 55.0 53.2
Expert Only (Baseline) / 42.5 34.2 68.8 68.1 49.8 52.7

Expert: Qwen2.5-Math-7B
Qwen2.5-0.5B 53.2 67.9 57.8 77.2 80.6 70.5 70.8
Qwen2.5-1.5B 50.1 69.0 56.0 77.6 78.9 69.5 70.2
Qwen2.5-Math-1.5B 15.0 56.9 50.2 63.5 63.4 70.7 60.9
Qwen2.5-Math-1.5B-Ins -27.3 59.4 49.0 68.3 69.6 70.3 63.3
Expert Only (Baseline) / 57.5 51.8 67.9 72.7 69.8 63.9

Table 5: Impact of expertise-driven contrast. We fix the Expert model and vary the Amateur to examine how
the expertise gap affects LightReasoner performance. The column ∆Perf. denotes the Expert–Amateur accuracy
difference on GSM8K. For extra clarity, each group concludes with the Expert’s original performance.

Ablation Setting GSM8K MATH SVAMP ASDiv Minerva
Math

Olympiad
Bench AVG.

Qwen2.5-Math-1.5B 42.5 34.2 68.8 68.1 9.9 23.7 41.2
+ SFT 69.2 57.1 64.1 70.2 15.1 27.6 50.6
+ GT Supervision 39.4 34.8 70.4 69.7 6.2 13.8 39.1
+ Full LightReasoner 70.6 59.3 76.0 79.8 11.4 27.1 54.0
✗ Select ✓ Contrast 67.6 58.8 78.7 80.5 11.0 26.4 53.8
✓ Select ✗ Contrast 62.0 53.1 56.6 61.0 10.7 25.5 44.8
✗ Select ✗ Contrast 55.5 50.2 50.0 65.4 10.4 24.0 42.6

Table 6: Ablation study on the LightReasoner framework. We progressively remove key components, step
selection and contrastive supervision, from the LightReasoner framework to isolate their contributions.

signals without correctness validation. This design removes the dependency on ground-truth verification and
naturally extends to domains where definitive solutions may be unavailable. By decoupling learning from out-
come validation, LightReasoner focuses on strengthening reasoning processes rather than merely outcomes.

3.4 BEYOND SCALE: DOMAIN EXPERTISE DRIVES CONTRAST (RQ3)

Table 4: Key differences between traditional Contrastive Decod-
ing (CD) methods and LightReasoner. ↑ and ↓ denote whether
each attribute helps or hurts the practicality of the method.

Attribute Practicality CD LightR

Contrast usage / Inference Training
Size-based contrast ↓ ✓ ✗

Expertise contrast ↑ ✗ ✓

Persistent benefits ↑ ✗ ✓

Independent inference ↑ ✗ ✓

Prior contrastive methods rely on rigid parameter-
size disparities to create Expert–Amateur contrast
(e.g., OPT-13B vs. OPT-125M in Contrastive De-
coding (CD) (Li et al., 2022); 65B vs. 1.5B in its
follow-up study (O’Brien & Lewis, 2023)), restrict-
ing applicability to only scenarios with very large
Expert models and introducing substantial computa-
tional demands. To overcome this limitation, we hy-
pothesize that domain-specific expertise provides a
more flexible and broadly applicable axis of contrast
than the raw model scale. To validate this hypothe-
sis, we fixed the Expert model and systematically varied the Amateur, progressively narrowing their expertise
gap. As shown in Table 5 and Figure 6, this design demonstrates how Expert–Amateur expertise relationships
determine LightReasoner’s effectiveness and offers valuable insights into optimal contrastive pairings.

• Domain expertise as a superior axis of contrast. Our results demonstrate that domain-specific knowledge,
rather than parameter count, is the primary driver of effective contrastive supervision. The clearest evidence
comes from pairing the Qwen2.5-Math-1.5B expert with the generalist Qwen2.5-1.5B amateur, which yields
striking performance gains (+12.1% average gain) despite identical model sizes. This finding frees LightRea-
soner from rigid scale requirements and extends contrastive supervision to a broader range of models.

• Effectiveness depends on the expertise gap. As illustrated in Figure 6, performance gains are closely corre-
lated with the size of the expertise gap. When Amateur capabilities approach those of the Expert, contrastive
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signals weaken and benefits diminish. In the extreme case of pairing the Math-1.5B or Math-7B Expert with the
stronger Math-1.5B-Instruct model—where the expertise gap is effectively negative—fine-tuning yields negli-
gible gains or even degradation, confirming that expertise differentials are essential for contrastive learning.

3.5 ABLATION STUDY (RQ4)

To assess the contribution of each core component in the LightReasoner framework, we conducted a systematic
ablation study. By progressively removing individual mechanisms and measuring the resulting impacts, we isolate
how each design contributes to overall performance. The results, presented in Table 6, highlight the essential role
of every component and provide key insights into the design of LightReasoner. We summarize the findings below:
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Figure 6: Expert-Amateur Pairing Effects. Each
point represents an amateur model paired with a fixed
expert model. The performance gains achieved by
LightReasoner decrease as the expertise gap closes.
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Figure 7: Impact of Ablation. Removing key compo-
nents from LightReasoner consistently degrades per-
formance, emphasizing the critical role of both step se-
lection and contrastive supervision.

• Impact of Informative Step Selection. To assess the role of step selection, we removed this mechanism, leaving
LightReasoner as a full-sampling pipeline without KL-based pruning. This ablation led to a clear performance
decline (e.g., –3.0% on GSM8K), indicating that many steps contribute noise rather than meaningful learning.
The step-selection filter addresses this by discarding trivial cases, enabling more targeted training.

• Impact of Contrastive Distributional Supervision. Removing contrastive supervision reduces LightReasoner
to fine-tuning the Expert on its own paths (filtered by step selection). Without the Amateur’s contrast to capture
the Expert’s relative margin, average performance drops by 9.2%. This demonstrates the central role of con-
trastive supervision in amplifying the Expert’s strengths while steering it away from amateur-like tendencies.

• Synergy Between Contrastive Supervision and Step Selection. When both mechanisms are removed, perfor-
mance drops by 12.4%—greater than the sum of the individual ablations (–9.2% and –0.2%). This superadditive
decline reveals their mutual dependence: without step selection, the contrastive signal is diluted by trivial steps;
without contrastive supervision, selected steps cannot be transformed into effective learning signals. Together,
these mechanisms form a tightly coupled system, explaining the amplified benefits when used jointly.

• Insights from Competitive Approaches. To further validate our method, we compared LightReasoner against
alternative strategies (Table 6). Fine-tuning on human-curated GSM8K solutions (GT Supervision) yielded weak
results, while conventional SFT on correct self-generated trajectories provided clear gains but still lagged behind
the ablation variant with contrastive supervision alone. These findings highlight a key principle: pretrained
models learn most effectively from signals grounded in their own behavior. By selectively amplifying the
Expert’s advantage on the most informative reasoning steps, LightReasoner achieves faster and more robust
improvements than either human-curated supervision or conventional SFT.

4 CONCLUSION

In this work, we introduced LightReasoner, a novel framework for advancing reasoning in large language models
(LLMs) by exploiting the behavioral divergence between expert and amateur models. Grounded in the insight that
critical reasoning steps carry disproportionate learning value, LightReasoner integrates targeted step selection with
contrastive supervision to amplify the expert’s strengths while minimizing resource demands and training com-
plexity. Experiments across diverse benchmarks demonstrate that LightReasoner not only outperforms traditional
supervised fine-tuning (SFT), but also delivers order-of-magnitude efficiency gains by reducing computation, data
usage, and reliance on labeled ground truth. Taken together, these results highlight LightReasoner as a scalable
and practical solution for building more capable reasoning models.
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REPRODUCIBILITY STATEMENT

We have taken extensive measures to ensure the reproducibility of our work. Sampling, training, and evaluation
protocols for LightReasoner and competitive baselines are detailed in Sections §2 and §3. Additional support-
ing materials are provided in the appendix: theoretical aspects, including assumptions and proofs, are given in
Appendix C, D, E, and F; empirical details, such as dataset descriptions and backbone model specifications, are
presented in Appendix G.1 and G.2, with further experimental setup information reported in Appendix G.3 and
G.4. The complete LightReasoner framework code, along with complementary analysis scripts, is available in an
anonymous repository at https://anonymous.4open.science/r/LightReasoner.
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A RELATED WORK

A.1 CONTRASTIVE DECODING

Contrastive decoding (CD) has emerged as a novel technique for improving inference-time decoding in lan-
guage models by contrasting output distributions from a strong expert and a weaker amateur model (Li et al.,
2022). Follow-up work shows that CD can enhance reasoning by promoting confident, expert-aligned predictions
(O’Brien & Lewis, 2023). More recently, Chang et al. (2024) present a theoretical framework that interprets
contrastive scores as approximations to an idealized model and propose training procedures to align the amateur
model accordingly. In parallel, Phan et al. (2024) apply distillation techniques such as dropout and quantization
to the expert model to create a weaker variant, which replaces the amateur model as the contrast source during
inference, thereby reducing memory cost.

Despite their promise, existing contrastive approaches are restricted to the inference stage. By contrast, our method
is the first to leverage the model-contrast paradigm during training, distilling expert–amateur divergence into
persistent supervision without requiring concurrent model execution at inference, thereby avoiding memory and
latency overheads. This novel direction, combined with our informative step-selection mechanism and the use of
expertise gap in place of size disparity, leads the contrastive paradigm into a new domain with broader utility and
flexibility.

A.2 POST-TRAINING

Post-training techniques refine pre-trained large language models (LLMs) by adapting their general knowledge
for downstream applications and aligning them more closely with human intent. We organize the discussion into
three main categories.

Supervised Fine-Tuning (SFT). SFT adapts pre-trained models by fine-tuning them to capture desired behav-
iors. Early approaches relied on human-annotated instruction datasets, with instruction tuning (Ouyang et al.,
2022; Longpre et al., 2023) becoming widely adopted by training on instruction–response pairs to bridge the
gap between next-token prediction and user intent. To reduce reliance on costly manual annotation, automated
methods such as Self-Instruct (Wang et al., 2023) and Evol-Instruct (Xu et al., 2025) use large LLMs to generate
synthetic instruction–response pairs at scale. In reasoning domains, SFT is often combined with rejection sam-
pling (Yang et al., 2024; Guo et al., 2025), where model-generated trajectories are filtered for correctness before
being used for supervision.

Reinforcement Learning (RL). RL extends beyond SFT by optimizing models against preference signals rather
than fixed demonstrations, enabling alignment with subjective human judgments. Reinforcement Learning from
Human Feedback (RLHF) (Ouyang et al., 2022) follows a three-stage pipeline: initialize with SFT, train a reward
model on human preference comparisons, and optimize the policy with Proximal Policy Optimization (PPO). To
improve scalability, Reinforcement Learning with AI Feedback (RLAIF) (Bai et al., 2022) replaces human labels
with judgments from stronger models. More recent approaches simplify this paradigm by directly optimizing from
preference comparisons, as in Direct Preference Optimization (DPO) (Rafailov et al., 2023) and Generalized RPO
(GRPO) (Guo et al., 2025). These methods reduce human effort but still rely on preference-based optimization to
guide alignment.

Unsupervised Post-Training. A related line of work explores unsupervised post-training methods that lever-
age internal model signals to improve performance without external supervision. For example, UPFT (Ji et al.,
2025) enhances reasoning by reinforcing self-generated intermediate prefixes, while methods such as Self-
Refine (Madaan et al., 2023) and Self-Rewarding Correction (Xiong et al., 2025) adapt model behavior using
self-evaluated feedback. These approaches reduce reliance on human supervision but often require additional
scaffolding or careful calibration of internal signals.

In contrast, LightReasoner provides a practical alternative to conventional post-training. By capturing token-level
divergences between an Expert model and a weaker Amateur, it isolates informative reasoning steps and uses their
behavioral contrast to reinforce the Expert’s strengths. This enables targeted fine-tuning without labels or external
verification, making LightReasoner an efficient and effective approach to LLM reasoning enhancement.

B THE USE OF LARGE LANGUAGE MODELS

We used OpenAI’s ChatGPT solely as a writing assistant to polish grammar, phrasing, and readability of the paper.
All research content is entirely the work of the authors.

13
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C FROM KL DIVERGENCE TO CONTRAST SCORE

In §2.2, we analyzed Expert–Amateur disagreement via KL divergence and observed that reasoning steps where
the Expert holds a clear advantage correspond to higher KL divergence values. A natural idea, therefore, is to train
the Expert model to maximize this divergence, which is equivalent to minimizing the loss:

LKL(st) = −DKL(πE(· | st) ∥πA(· | st)) . (9)
Treating πA as fixed, the gradient with respect to the Expert parameters θE is:

∇θE LKL(st) = ∇θE

[
−DKL

(
πE(· | st) ∥πA(· | st)

)]
(10)

= −∇θE

∑
a∈A

πE(a | st) log
πE(a | st)
πA(a | st)

(11)

= −
∑
a∈A
∇θE

[
πE(a | st) log πE(a|st)

πA(a|st)

]
(12)

By product rule:

∇θE LKL(st) = −
∑
a∈A

[
∇θEπE(a | st) log πE(a|st)

πA(a|st) + πE(a | st)∇θE log πE(a|st)
πA(a|st)

]
(13)

By chain rule:

∇θE LKL(st) = −
∑
a∈A
∇θEπE(a | st)

(
log πE(a|st)

πA(a|st) + 1
)
. (14)

At this point, the log-ratio naturally emerges:

w(a | st) = log
πE(a | st)
πA(a | st)

= log πE(a | st)− log πA(a | st), (15)

which coincides exactly with the contrast score proposed in Li et al. (2022). This observation motivates our
choice: rather than directly maximizing KL divergence, we adopt the contrast score as the central mechanism for
constructing the supervision signal to guide the Expert model.

D CONNECTION BETWEEN SELECTION, CONTRAST, AND TRAINING

As shown in §C, a central quantity in our framework is the contrast score (Li et al., 2022):
w(a | st) = log πE(a | st)− log πA(a | st), (16)

This log-ratio underlies step selection, contrastive supervision, and the training objective.

Step Selection. Expert–Amateur disagreement is quantified by the KL divergence:

DKL(πE(· | st) ∥πA(· | st)) =
∑
a∈A

πE(a | st)w(a | st). (17)

Contrastive Supervision. Restricting to a masked vocabulary Amask, we normalize w(a | st) via:

ṽC(a | st) =
exp(w(a | st))∑

b∈Amask
exp(w(b | st))

, a ∈ Amask, (18)

and extend to the full vocabulary by:
vC(a | st) = ṽC(a | st) · 1[a ∈ Amask] , a ∈ A, (19)

Training Objective. The Expert is distilled toward vC(a | st) by minimizing forward KL:

L(st) = DKL(vC(· | st) ∥πE(· | st)) =
∑
a∈A

vC(a | st) [log vC(a | st)− log πE(a | st)]. (20)

Unification. All three components are governed by the same log-ratio w(a | st):

1. Step selection quantifies divergence through w(a | st) and retains informative reasoning steps.
2. Contrastive supervision transforms w(a | st) into a learning signal, capturing the Expert model’s difference

margin from the Amateur.
3. Training propagates gradients implicitly weighted by w(a | st), guiding toward high-contrast tokens.

In this way, selection, supervision, and optimization are mathematically unified and mutually reinforcing, which
explains the coherence and effectiveness of our approach from a new angle.

14
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E RELATION TO REINFORCEMENT LEARNING

Policy gradient methods. In reinforcement learning, the objective of policy gradient methods is to maximize
the expected return

J(θ) = Eπθ

[
T−1∑
t=0

γt rt

]
, (21)

where rt is the reward at step t and γ ∈ [0, 1] is a discount factor. Under the actor–critic framework, the policy
gradient theorem states that

∇θJ(θ) = Eπθ

[
T−1∑
t=0

∇θ lnπθ(at | st)Aθ(at, st)

]
, (22)

where Aθ(at, st) denotes the advantage of action at at state st.

Parallel with our framework. In our case, the training objective is the KL loss

L(st) = DKL

(
vC(· | st) ∥πE(· | st)

)
=

∑
a∈A

vC(a | st)
[
ln vC(a | st)− lnπE(a | st)

]
. (23)

The first term in equation 23 is constant with respect to πE , and this reduces to the cross-entropy:

L̃(st) = −
∑
a∈A

vC(a | st) lnπE(a | st), (24)

Its gradient with respect to the Expert parameters is:

∇θEL(st) = −
∑
a∈A
∇θE lnπE(a | st) vC(a | st). (25)

Comparing the two forms equation 22 and equation 25, we see that our update shares the same structure as a
policy gradient step: a log-policy term ∇θE lnπE(a | st) weighted by a signal. In standard RL, this weight is the
advantage Aπθ (st, at); in our framework, the contrastive target vC(a | st) plays the role of the advantage signal.
The only distinction is the optimization direction: policy gradient methods perform gradient ascent to maximize
J(θ), while we perform gradient descent to minimize L(st).

Inner connection. This analogy suggests that our framework can be viewed as a variant of policy gradient
training, where the advantage signal arises from Expert–Amateur divergence rather than environment rewards
or human feedback. Unlike RL pipelines that depend on explicit reward models or preference annotations, our
approach is closer in spirit to Direct Preference Optimization (DPO) (Rafailov et al., 2023), since it bypasses
reward modeling and directly optimizes a divergence-based objective. Exploring how LightReasoner could be
extended into a full RL framework with explicit policy updates and reward signals remains an interesting direction
for future work.

F ENTROPY DYNAMICS

In reinforcement learning (RL), policy updates instantiate the exploration–exploitation trade-off. In LLM post-
training, recent work shows that this trade-off manifests as changes in policy entropy (Cui et al., 2025): without
explicit control, entropy often collapses early, leading to over-confident policies and performance saturation. Em-
pirically, pretrained models with higher initial entropy tend to achieve better downstream performance after RL,
while the RL process itself largely converts entropy into reward (Yue et al., 2025). This makes entropy preservation
a crucial aspect of LLM post-training.

Policy entropy. Formally, the entropy of a policy π relative to a dataset D is:

H(π,D) = −Ey<t∼D

[∑
yt

π(yt | y<t) log π(yt | y<t)

]
, (26)

Entropy change under policy gradient. For a single state s, the intrinsic policy entropy is:

H(π | s) := −
∑
a

π(a | s) log π(a | s). (27)

For a tabular softmax policy updated by one step of vanilla policy gradient with step size η, the stepwise entropy
change satisfies the first–order approximation:

H(πk+1 | s)−H(πk | s) ≈ −η Cova∼πk(·|s)
(
log πk(a | s), πk(a | s)Ak(s, a)

)
, (28)

where Ak(s, a) is the advantage, satisfying Ea∼πk [Ak(s, a)] = 0. Thus, when high-probability actions tend to
carry positive advantage (positive covariance), entropy decreases; whereas if advantage is concentrated on low-
probability actions (negative covariance), entropy can increase (Cui et al., 2025).

15
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Entropy change with contrast score. As established in §E, our framework is equivalent to policy gradient when
the contrast score is used as the advantage. Consequently, the first–order change in policy entropy can be written
as:

H(πk+1
E | s)−H(πk

E | s) ≈ − η Cova∼πk
E(·|s)

(
log πk

E(a | s), πk
E(a | s) vkC(s, a)

)
. (29)

Let Amask(s) ⊆ A denote the masked action set and let mα(s, a) ∈ {0, 1} be its indicator:

mα(s, a) =

{
1, a ∈ Amask(s),

0, otherwise.
(30)

Define the masked, temperature–scaled contrast:

vkC(s, a) :=
1

τ
mα(s, a) v

′ k
C (s, a), v′ kC (s, a) := log

πk
E(a | s)

πk
A(a | s)

, (31)

with τ > 0 a temperature (scaling) parameter. Substituting equation 31 into equation 29 yields:

H(πk+1
E | s)−H(πk

E | s) ≈ −
η

τ
Cova∼πk

E(·|s)

(
log πk

E(a | s), πk
E(a | s)mα(s, a) log

πk
E(a|s)

πk
A(a|s)

)
. (32)

Intuitively, equation 32 highlights that the covariance is dominated by terms of the form:

πE(a | s)mα(s, a) log
πE(a|s)
πA(a|s) (33)

The α-mask restricts updates to actions with non-negligible probability under the Expert. If Expert and Amateur
agree on an action, the log-ratio is close to zero, so the contribution is negligible even when πE is large. In
contrast, when the Expert assigns mass to actions where it substantially outperforms the Amateur (large positive
log-ratio), the covariance is typically positive and entropy decreases. Thus, the contrastive advantage expends
entropy selectively on high-contrast, non-negligible tokens, rather than on aligned or low-value regions, thereby
improving the efficiency of the update process.

G SUPPLEMENTARY DETAILS

We provide additional details to complement the descriptions in §3.1.1 and §3.1.2, covering both our proposed
method, LightReasoner, and the competitive supervised fine-tuning (SFT) baseline.

G.1 DATASETS

We exclusively use the GSM8K (Cobbe et al., 2021) training set, a collection of grade-school math problems
emphasizing step-by-step reasoning, to generate contrastive samples. To evaluate the transferability of the learned
skills, we assess our models on a diverse suite of benchmarks: MATH (Hendrycks et al., 2021), a collection of
high school competition problems; SVAMP (Patel et al., 2021) and ASDiv (Miao et al., 2021), testing numerical
reasoning through linguistically varied arithmetic problems; Minerva Math (Lewkowycz et al., 2022), quanti-
tative problems from advanced STEM courses; OlympiadBench (He et al., 2024), challenging problems from
international math olympiads; and MMLU-STEM (Hendrycks et al., 2020), which evaluates broad knowledge
across science and math. This range spans from foundational arithmetic to expert-level reasoning, enabling a
thorough assessment of both generalization and specialization.

G.2 BASELINE MODELS

Our method leverages pairing between Expert and Amateur models to generate training signals:

• Expert Models span varying capabilities and sizes to ensure robust evaluation: (1) Qwen2.5-Math-1.5B and
(2) Qwen2.5-Math-7B are derived from Qwen2.5 base models via pretraining on a 1T-token math corpus
(Yang et al., 2024). (3) Qwen2.5-Math-1.5B-Instruct and (4) Qwen2.5-Math-7B-Instruct receive additional
multi-stage post-training, including supervised fine-tuning and GRPO-based reinforcement learning (Yang et al.,
2024). (5) DeepSeek-R1-Distill-Qwen-1.5B is fine-tuned based on the corresponding Qwen2.5-Math model,
using teacher-curated examples generated by DeepSeek-R1 (Guo et al., 2025).

• Amateur Model is fixed as Qwen2.5-0.5B, a base model without specialized mathematical pretraining but with
general linguistic reasoning ability (Yang et al., 2024). Being in the same model family as the Experts ensures
that performance differences reflect mathematical expertise rather than architectural discrepancies.

G.3 LIGHTREASONER

For LightReasoner, hyperparameters were selected to ensure training efficiency and final performance. Below we
report further details of the experimental setup.
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G.3.1 α-MASKING

Following Li et al. (2022), we apply α-masking to truncate the Expert distribution:

Amask =

{
a ∈ A : πE(a | st) ≥ α ·max

b∈A
πE(b | st)

}
. (34)

This operation trades off quality and diversity: larger α keeps only top-probability tokens, yielding higher quality
but reduced coverage, while smaller α admits more diverse candidates at the cost of reliability. In our framework,
the Expert and Amateur share the same vocabulary and tokenizer, and α ∈ [0, 1] controls how aggressively the
Expert’s next-token distribution is truncated. Tokens below the threshold are excluded, and contrastive supervision
is applied only over the surviving set.

We set α = 0.2 throughout, deviating from the α = 0.1 commonly used in Li et al. (2022) and O’Brien &
Lewis (2023). This choice was motivated by manual inspection across five different models: we compared α ∈
{0.1, 0.2, 0.4} on a variety of examples and found that α = 0.2 strikes the best balance. It preserves high-quality
candidates while avoiding distributional collapse into a near one-hot target, which can occur under more aggressive
α-truncation.

G.3.2 β-FILTERING

As discussed in §2.2 and §2.3.1, not all tokens in a reasoning trajectory are equally informative. We proposed
β-filtering to address this, retaining only those steps where the Expert–Amateur divergence exceeds a threshold:

DKL

(
πE(· | st) ∥πA(· | st)

)
> β. (35)

Here, we provide additional insight into the mechanism of β-filtering. Empirically, we observe two types of
contrastive supervision signals:

• Single-token labels: When the Expert’s distribution is sharply peaked, α-masking retains only the top-1 token,
yielding a degenerate label of [1.0].

• Multi-token labels: When the Expert’s distribution is more spread out, multiple tokens survive α-masking,
producing a distributed label.

In practice, β effectively regulates the balance between these two cases. Single-token labels almost always arise
from low-KL steps: a highly peaked Expert distribution indicates strong confidence, which typically occurs on
easier steps where Expert and Amateur agree, resulting in low divergence. Such cases contribute little useful
contrast.

Our ablation confirms this effect: removing β increases the proportion of single-token labels by +35.6% for
Qwen2.5-Math-1.5B, +33.5% for Qwen2.5-Math-7B, and +27.4% for Qwen2.5-Math-1.5B-Instruct. β-filtering
governs the proportion of contrast-rich samples and ensures that fine-tuning focuses on genuine Expert–Amateur
disagreements. We fixed β = 0.4 throughout, chosen via manual inspection of the collected examples, and leave
the exploration of potentially more optimal choices to future work.

G.3.3 PROMPTING

Recall the two central stages of LightReasoner:

• Sampling. For a given problem q, we prompt the Expert πE to generate a reasoning trajectory and record the
sequence of prefix–distribution pairs:

TE =
{(

st, πE(· | st)
)}T

t=1
. (36)

For each prefix st in equation 36, we query the Amateur πA with the same input (q, st) to obtain πA(· | st) and
construct the contrastive target vC(· | st) from the pair

(
πE(· | st), πA(· | st)

)
.

• Fine-tuning. For each supervision example (st, vC(· | st)), we re-query the current Expert to obtain πE(· | st)
and minimize the forward KL divergence:

L(st) = DKL(vC(· | st) ∥πE(· | st)) (37)

Throughout both stages we attach a fixed Chain-of-Thought (CoT) cue,

Please reason step by step, and put your final answer within \boxed{}. (38)

to every query. Using a single, shared prompt template for all calls (Expert/Amateur during sampling and Expert
during training) is critical: it ensures that (i) Expert–Amateur differences arise from the models rather than prompt
mismatch, and (ii) the context used to form vC(· | st) is exactly the context against which the training KL is
evaluated. This prompt consistency eliminates confounding from input formatting and yields stable, comparable
distributions πE(· | st) and πA(· | st) across the pipeline.
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G.3.4 LORA CONFIGURATION

For LightReasoner fine-tuning, we adopt a LoRA setup (Hu et al., 2022) for efficiency while maintaining stability.
The configuration is summarized in Table 7.

LoRA Parameter Value

Rank (r) 8
Scaling factor (α) 16
Target modules q proj, v proj

Dropout 0.05
Bias None
Task type Causal LM

Table 7: LoRA configuration used in LightReasoner,
shared across all models.
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Figure 8: Perplexity convergence. PPL curves show
training stabilizes around 1000 steps, supporting our
choice of tuning horizon.

Training was performed in bfloat16 precision on a single NVIDIA H200 GPU, with the following runtime
hyperparameters: batch size of 8 with gradient accumulation of 2 (effective batch size 16), learning rate 5× 10−5,
and 1000 total update steps. The same configuration was applied across all five backbone models studied in this
paper to ensure comparability, while avoiding model-specific hyperparameter tuning. The choice of 1000 steps
is further justified by the perplexity curves in Figure 8, which show convergence within this horizon for multiple
representative models.

G.4 SUPERVISED FINE-TUNING (SFT)

We provide additional details on the SFT configuration, which serves as the competitive baseline against our
method LightReasoner.

G.4.1 REJECTION SAMPLING

Recent works (Yang et al., 2024; Guo et al., 2025) commonly employ rejection sampling (Yuan et al., 2023) in SFT,
where models are aligned with demonstrations of correct problem-solving trajectories. This involves generating
multiple reasoning traces and retaining only those whose final answers match the ground truth.

In our setting, we adopt a simplified form. For each GSM8K training problem, the base model produces a single
reasoning trajectory under the CoT prompt shown in equation 38, ensuring fairness and comparability with the
LightReasoner pipeline. We then filter by checking whether the final answer matches the ground truth, retaining
only correct trajectories. Depending on the capability of the base model, this yields between 4000 and 7000
problems (see Table 2 in §3.3). The resulting set of verified trajectories is used to fine-tune each model.

G.4.2 MODEL FINE-TUNING

In canonical SFT, each training instance consists of a complete reasoning trajectory generated by the base model
that concludes with the correct final answer. For each training instance, the model is re-prompted with the fixed
CoT prompt shown in equation 38 along with the problem statement, and is trained under teacher forcing to predict
the next token along the gold trajectory until completion. The training objective is the standard cross-entropy loss,
computed over the gold trajectory tokens against the model’s predicted distributions. For comparability with
LightReasoner, we conducted SFT fine-tuning using the same LoRA configuration, as detailed in Table 8.

Training was performed in bfloat16 precision on a single NVIDIA H200 GPU, with the following runtime
hyperparameters: batch size of 4 with gradient accumulation of 4 (effective batch size 16), learning rate 5× 10−5,
and a total number of update steps set by the dataset size (e.g., 4K samples correspond to 250 steps). The same
configuration was applied to all five backbone models to ensure fair comparison and avoid model-specific tuning.
As shown in Figure 9, the training curves vary in length because each model yields a different number of correct
demonstrations, but all runs are trained to convergence.

H CASE STUDY

Here, we present case studies illustrating how LightReasoner enhances the base model’s reasoning. Specifically,
we show GSM8K test problems where Qwen2.5-Math-1.5B fails but its LightReasoner-enhanced counterpart
succeeds. Both are evaluated under the zero-shot pass@1 setting:
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LoRA Parameter Value

Rank (r) 8
Scaling factor (α) 16
Target modules q proj, v proj

Dropout 0.05
Bias None
Task type Causal LM

Table 8: LoRA adapter configuration used for SFT,
applied across all models.
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Figure 9: SFT training loss. Curve lengths vary
with the number of correct demonstrations, but all runs
reach convergence.

• Base model. We adopt the prompt in equation 39:

"Question: {input} Answer: ", "{output}" (39)

This choice is motivated by two factors. First, it yields the best base-model accuracy (42.5% on GSM8K with
equation 39 vs. 38.4% with equation 38). Second, under equation 38, the base model often degenerates into
repeated fragments of the question and partial solutions until the output limit, producing corrupted traces that
obscure rather than clarify its reasoning process.

• Enhanced model. For the LightReasoner-enhanced model, we use the prompt in equation 38, under which it
achieves its best accuracy and demonstrates more systematic CoT reasoning.

We emphasize that the use of different prompts is not a bias but a fairness criterion: each model is paired with
the prompt under which it performs best. For example, base models in the Qwen2.5 family cannot effectively
exploit CoT prompts such as equation 38, whereas instruct models require them to achieve their full potential.
For instance, on the GSM8K test problems, Qwen2.5-Math-1.5B achieves 42.5% with equation 39 compared to
38.4% with equation 38, whereas Qwen2.5-Math-1.5B-Instruct obtains 84.8% with equation 38 but only 56.5%
with equation 39.

Accordingly, all performance numbers in this paper are reported under each model’s best-fitting prompt, in line
with the common practice of evaluating models under conditions that best reflect their intended usage, thereby
ensuring that comparisons capture true model capability.

Case Study 1

? Question.
Toulouse has twice as many sheep as Charleston. Charleston has 4 times as many
sheep as Seattle. How many sheep do Toulouse, Charleston, and Seattle have
together if Seattle has 20 sheep?

★ Ground-truth Answer.
260

✗ Base Model Output (Incorrect).
200\n\nExplanation: If Seattle has 20 sheep, then Charleston has 4 times as
many, which is 80 sheep. Toulouse has twice as many sheep as Charleston, so
Toulouse has 160 sheep. Adding these together, Toulouse, Charleston, and
Seattle have 200 sheep in total.

✓ LightR-tuned Model Output (Correct).
Let’s break down the problem step by step and use Python to ensure our
calculations are accurate.\n\n1. We know that Seattle has 20 sheep.\n2.
Charleston has 4 times as many sheep as Seattle. So, Charleston has \\(4 \\
times 20 = 80\\) sheep.\n3. Toulouse has twice as many sheep as Charleston. So
, Toulouse has \\(2 \\times 80 = 160\\) sheep.\n4. To find the total number of
sheep that Toulouse, Charleston, and Seattle have together, we add the number
of sheep each has: \\(20 + 80 + 160 = 260\\).
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Case Study 2

? Question.
In a dance class of 20 students, 20% enrolled in contemporary dance, 25% of
the remaining enrolled in jazz dance, and the rest enrolled in hip-hop dance.
What percentage of the entire students enrolled in hip-hop dance?

★ Ground-truth Answer.
60

✗ Base Model Output (Incorrect).
40% of the students enrolled in hip-hop dance. To find the percentage of
students enrolled in hip-hop dance, we first need to determine the number of
students enrolled in each type of dance. 20% of 20 students enrolled in
contemporary dance, which is 4 students. The remaining students are 20 - 4 =
16 students. 25% of the remaining 16 students enrolled in jazz dance, which is
4 students. The rest of the students, which is 16 - 4 = 12 students, enrolled
in hip-hop dance. Therefore, 12 out of 20 students, or 60%, enrolled in hip-
hop dance. However, the question asks for the percentage of the entire
students, not the percentage of the remaining students. Since the remaining
students are 16 out of 20, the percentage of the entire students enrolled in
hip-hop dance is 12/16 = 0.75 or 75%.

✓ LightR-tuned Model Output (Correct).
Let’s break down the problem step by step and use Python to ensure the
accuracy of our calculations.\n\n1. First, we calculate the number of students
enrolled in contemporary dance. Since 20% of the 20 students enrolled in
contemporary dance, this is \(0.20 \times 20 = 4\) students.\n2. Next, we
calculate the number of students remaining after accounting for those in
contemporary dance. This is \(20 - 4 = 16\) students.\n3. Then, we calculate
the number of students enrolled in jazz dance. Since 25% of the remaining 16
students enrolled in jazz dance, this is \(0.25 \times 16 = 4\) students.\n4.
Finally, we calculate the number of students enrolled in hip-hop dance. This
is the remaining students after accounting for those in contemporary and jazz
dance, which is \(16 - 4 = 12\) students.\n5. To find the percentage of
students enrolled in hip-hop dance, we calculate \(\frac{12}{20} \times 100 =
60\%\).

Case Study 3

? Question.
Henry made two stops during his 60-mile bike trip. He first stopped after 20
miles. His second stop was 15 miles before the end of the trip. How many miles
did he travel between his first and second stops?

★ Ground-truth Answer.
25

✗ Base Model Output (Incorrect).
5 miles\n\nExplanation: Henry’s first stop was after 20 miles, and his second
stop was 15 miles before the end of the trip, which is 45 miles. To find the
distance between the first and second stops, we subtract the distance of the
first stop from the distance of the second stop: 45 miles - 20 miles = 25
miles. However, since the question asks for the distance between the first and
second stops, we need to subtract the distance of the first stop again: 25
miles - 20 miles = 5 miles.

✓ LightR-tuned Model Output (Correct).
To determine how many miles Henry traveled between his first and second stops,
we need to follow these steps:\n\n1. Determine the position of the first
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stop.\n2. Determine the position of the second stop.\n3. Calculate the
distance between the first and second stops.\n\nLet’s break it down:\n\n1.
Henry’s first stop is after 20 miles.\n2. His second stop is 15 miles before
the end of the trip, which means it is at \\(60 - 15 = 45\\) miles.\n3. The
distance between the first and second stops is \\(45 - 20 = 25\\) miles.

Case Study 4

? Question.
In a room, there are various toys: 5 red cars, 3 action figures, and a doll.
The doll cost as much as 3 action figures and one red car cost $4. How much
are all toys worth, of an action figure costs $5?

★ Ground-truth Answer.
50

✗ Base Model Output (Incorrect).
The total value of all toys is $33. Here’s the reasoning:\n\n1. The doll costs
as much as 3 action figures, and since each action figure costs $5, the doll
costs 3 * $5 = $15.\n2. Each red car costs $4, so 5 red cars cost 5 * $4 =
$20.\n3. The total value of the toys is the sum of the values of the red cars,
the action figures, and the doll: $20 (red cars) + $15 (doll) + 3 * $5 (action
figures) = $33.

✓ LightR-tuned Model Output (Correct).
Let’s break down the problem step by step and use Python to ensure our
calculations are accurate.\n\n1. We know the cost of one red car is $4.\n2. We
know the cost of one doll is equal to the cost of 3 action figures.\n3. We
know the cost of one action figure is $5.\n\nFirst, let’s calculate the cost
of the doll:\n- Since one action figure costs $5, three action figures cost
\\(3 \\times 5 = 15\\) dollars.\n- Therefore, the cost of one doll is $15.\n\
nNext, let’s calculate the total cost of all the toys:\n- There are 5 red cars
, each costing $4, so the total cost for the red cars is \\(5 \\times 4 =
20\\) dollars.\n- There are 3 action figures, each costing $5, so the total
cost for the action figures is \\(3 \\times 5 = 15\\) dollars.\n- There is 1
doll, costing $15.\n\nThe total cost of all the toys is the sum of the costs
of the red cars, the action figures, and the doll:\n\\[20 + 15 + 15 = 50\\]\n\
nSo, the total cost of all the toys is $50.

Case Study 5

? Question.
Luke is spending time at the beach building sandcastles. He eventually notices
that each level of a sandcastle will have half the square footage as the level
below it. If he makes a 4 leveled sandcastle where the top level has a square
footage of 16, what is the average square footage of a level?

★ Ground-truth Answer.
60

✗ Base Model Output (Incorrect).
To find the average square footage of a level, we first need to determine the
square footage of each level. Since each level has half the square footage of
the level below it, we can calculate the square footage of each level as
follows:\n\n- Top level: 16 square feet\n- Second level: 16 * 2 = 32 square
feet\n- Third level: 32 * 2 = 64 square feet\n- Bottom level: 64 * 2 = 128
square feet\n\nNow, to find the average square footage of a level, we add up
the square footage of all levels and divide by the number of levels:\n\
nAverage square footage = (16 + 32 + 64 + 128) / 4 = 64 square feet\n\
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nTherefore, the average square footage of a level is 64 square feet.

✓ LightR-tuned Model Output (Correct).
Let’s break down the problem step by step. We know that each level of the
sandcastle has half the square footage of the level below it. The top level
has a square footage of 16. Therefore, the second level from the top will have
\\(16 \\times 2 = 32\\) square feet, the third level will have \\(32 \\times 2
= 64\\) square feet, and the bottom level will have \\(64 \\times 2 = 128\\)
square feet.\n\nTo find the average square footage of a level, we need to sum
the square footage of all levels and then divide by the number of levels. The
total square footage is \\(16 + 32 + 64 + 128 = 240\\). Since there are 4
levels, the average square footage is \\(\\frac{240}{4} = 60\\).

Case Study 6

? Question.
Two girls each got 1/6 of the 24 liters of water. Then a boy got 6 liters of
water. How many liters of water were left?

★ Ground-truth Answer.
10

✗ Base Model Output (Incorrect).
1 liter\n\nExplanation: Each girl got 1/6 of the 24 liters of water, which is
4 liters each. So, the total amount of water given to the girls is 4 liters *
2 = 8 liters. The boy got 6 liters of water. Therefore, the total amount of
water given away is 8 liters + 6 liters = 14 liters. The remaining water is 24
liters - 14 liters = 1 liter.

✓ LightR-tuned Model Output (Correct).
Let’s break down the problem step by step and use Python to ensure the
accuracy of our calculations.\n\n1. First, calculate how much water each girl
got. Since each girl got \\(\\frac{1}{6}\\) of the 24 liters of water, each
girl got \\( \\frac{24}{6} = 4 \\) liters of water.\n2. Since there are two
girls, the total amount of water they got together is \\( 4 + 4 = 8 \\)
liters.\n3. The boy then got 6 liters of water.\n4. The total amount of water
used is \\( 8 + 6 = 14 \\) liters.\n5. The total amount of water initially was
24 liters, so the amount of water left is \\( 24 - 14 = 10 \\) liters.

Case Study 7

? Question.
Gene is sewing a quilt out of old souvenir t-shirts. He has one shirt from
each vacation he has been on. Every shirt is its own quilt block. Each row is
made of blocks from a different year of vacations. He goes on four vacations a
year and has been vacationing since he was 23 years old. He is now 34. How
many quilt blocks does he have in total?

★ Ground-truth Answer.
44

✗ Base Model Output (Incorrect).
Gene has been on 12 vacations (from age 23 to 34, inclusive). Since he goes on
four vacations a year, he has 12 / 4 = 3 years of vacations. Each year, he has
4 different vacation years represented in his quilt blocks. Therefore, the
total number of quilt blocks is 3 years * 4 vacation years/year = 12 quilt
blocks.

✓ LightR-tuned Model Output (Correct).
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To determine the total number of quilt blocks Gene has, we need to follow
these steps:\n\n1. Calculate the number of years Gene has been vacationing.\n2
. Determine the number of t-shirts (and thus quilt blocks) he has from each
year of vacation.\n3. Calculate the total number of quilt blocks by
multiplying the number of years by the number of t-shirts per year.\n\nLet’s
break it down:\n\n1. Gene is currently 34 years old and started vacationing
when he was 23 years old. Therefore, he has been vacationing for \\(34 - 23 =
11\\) years.\n2. He goes on 4 vacations each year, so he has 4 t-shirts (and
thus 4 quilt blocks) from each year of vacation.\n3. The total number of quilt
blocks is \\(11 \\text{ years} \\times 4 \\text{ t-shirts/year} = 44 \\text{
quilt blocks}\\).

Case Study 8

? Question.
Emily has 4 kids named Amy, Jackson, Corey, and James. Amy is 5 years older
than Jackson and 2 years younger than Corey. If James is 10 and is 1 year
younger than Corey, how old is Jackson?

★ Ground-truth Answer.
4

✗ Base Model Output (Incorrect).
Jackson is 7 years old. To find this, we can start by determining the age of
Corey. Since James is 10 and 1 year younger than Corey, Corey is 11 years old.
Given that Amy is 2 years younger than Corey, Amy is 9 years old. Since Amy is
5 years older than Jackson, Jackson is 4 years younger than Amy, which means
Jackson is 5 years old. However, this contradicts the information that James
is 1 year younger than Corey, who is 11 years old. Therefore, Jackson must be
7 years old, as this is the only age that satisfies all the given conditions.

✓ LightR-tuned Model Output (Correct).
Let’s break down the problem step by step and use Python to ensure our
calculations are accurate.\n\n1. We know that James is 10 years old.\n2. James
is 1 year younger than Corey, so Corey is \\(10 + 1 = 11\\) years old.\n3. Amy
is 2 years younger than Corey, so Amy is \\(11 - 2 = 9\\) years old.\n4. Amy
is 5 years older than Jackson, so Jackson is \\(9 - 5 = 4\\) years old.

Case Study 9

? Question.
In a neighborhood, the number of rabbits pets is twelve less than the combined
number of pet dogs and cats. If there are two cats for every dog, and the
number of dogs is 60, how many pets in total are in the neighborhood?

★ Ground-truth Answer.
348

✗ Base Model Output (Incorrect).
180\n\nExplanation: Let’s denote the number of cats as C and the number of
dogs as D. According to the problem, we have two cats for every dog, so C = 2D
. We are given that D = 60, so C = 2 * 60 = 120. The number of rabbits is
twelve less than the combined number of pet dogs and cats, so the number of
rabbits is (C + D) - 12 = (120 + 60) - 12 = 168. Therefore, the total number
of pets in the neighborhood is the sum of the number of cats, dogs, and
rabbits, which is 120 + 60 + 168 = 180.

✓ LightR-tuned Model Output (Correct).
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Let’s break down the problem step by step and use Python to ensure our
calculations are accurate.\n\n1. Let’s denote the number of dogs as \\(D\\),
the number of cats as \\(C\\), and the number of rabbits as \\(R\\).\n2.
According to the problem, the number of dogs \\(D\\) is 60.\n3. The number
of cats \\(C\\) is two times the number of dogs, so \\(C = 2 \\times D = 2
\\times 60 = 120\\).\n4. The number of rabbits \\(R\\) is twelve less than the
combined number of pet dogs and cats, so \\(R = D + C - 12 = 60 + 120 - 12 =
168\\).\n5. The total number of pets in the neighborhood is the sum of the
number of dogs, cats, and rabbits, so \\(D + C + R = 60 + 120 + 168 =
348\\).

Case Study 10

? Question.
Cars have lined up on the motorway. Some of the cars drive through in the
first 15 minutes of the traffic jam, then 20 more cars drive through in the
remaining 15 minutes of the jam. 5 cars from the line take an exit so they
don’t have to drive through the traffic jam. If there were originally 30 cars
on the motorway, how many cars drove through the traffic jam in the first 15
minutes?

★ Ground-truth Answer.
5

✗ Base Model Output (Incorrect).
To find out how many cars drove through the traffic jam in the first 15
minutes, we can use the information given. Initially, there were 30 cars on
the motorway. After 15 minutes, 20 more cars drove through, and 5 cars took an
exit. This means that the number of cars that drove through in the first 15
minutes plus the 20 cars that drove through in the next 15 minutes, minus the
5 cars that took an exit, equals the total number of cars that were on the
motorway after the traffic jam. Let’s denote the number of cars that drove
through in the first 15 minutes as \\(x\\). Therefore, we have:\n\\[x + 20 - 5
= 30\\]\nSolving for \\(x\\), we get:\n\\[x + 15 = 30\\]\n\\[x = 30 - 15\\]\n
\\[x = 15\\]\nSo, 15 cars drove through the traffic jam in the first 15
minutes.

✓ LightR-tuned Model Output (Correct).
Let’s break down the problem step by step and use Python to ensure our
calculations are accurate.\n\n1. We start with 30 cars on the motorway.\n2.
Let \\( x \\) be the number of cars that drove through the traffic jam in the
first 15 minutes.\n3. In the remaining 15 minutes, 20 more cars drove through
the traffic jam.\n4. After the 30 minutes, 5 cars took an exit.\n\nThe total
number of cars that drove through the traffic jam is \\( x + 20 \\). The
number of cars remaining on the motorway after the 30 minutes is \\( 30 - (x +
20) - 5 \\). Since all cars that drove through the traffic jam are accounted
for, the number of cars remaining on the motorway should be zero.\n\nSo, we
can set up the equation:\n\\[ 30 - (x + 20) - 5 = 0 \\]\n\nSimplifying the
equation:\n\\[ 30 - x - 20 - 5 = 0 \\]\n\\[ 5 - x = 0 \\]\n\\[ x = 5 \\]\n\nSo
, the number of cars that drove through the traffic jam in the first 15
minutes is 5.
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