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Abstract

Existing online learning algorithms for adversarial Markov Decision Processes
achieve O(+/T) regret after T rounds of interactions even if the loss functions are
chosen arbitrarily by an adversary, with the caveat that the transition function has
to be fixed. This is because it has been shown that adversarial transition functions
make no-regret learning impossible. Despite such impossibility results, in this
work, we develop algorithms that can handle both adversarial losses and adversarial
transitions, with regret increasing smoothly in the degree of maliciousness of the
adversary. More concretely, we first propose an algorithm that enjoys O(v/T + CF)
regret where C'” measures how adversarial the transition functions are and can be
at most O(T'). While this algorithm itself requires knowledge of C”, we further
develop a black-box reduction approach that removes this requirement. Moreover,
we also show that further refinements of the algorithm not only maintains the same
regret bound, but also simultaneously adapts to easier environments (where losses
are generated in a certain stochastically constrained manner as in Jin et al. [2021])

and achieves O(U + vV UCt 4 CP) regret, where U is some standard gap-dependent
coefficient and C" is the amount of corruption on losses.

1 Introduction

Markov Decision Processes (MDPs) are widely-used models for reinforcement learning. They are
typically studied under a fixed transition function and a fixed loss function, which fails to capture
scenarios where the environment is time-evolving or susceptible to adversarial corruption. This
motivates many recent studies to overcome these challenges. In particular, one line of research,
originated from Even-Dar et al. [2009] and later improved or generalized by e.g. Neu et al. [2010a,b],
Zimin and Neu [2013], Rosenberg and Mansour [2019a], Jin et al. [2020], takes inspiration from
the online learning literature and considers interacting with a sequence of 7' MDPs, each with an
adversarially chosen loss function. Despite facing such a challenging environment, the learner can

still ensure O(+/T') regret (ignoring other dependence; same below) as shown by these works, that is,
the learner’s average performance is close to that of the best fixed policy up to O(1/v/T).

*Equal contribution.

37th Conference on Neural Information Processing Systems (NeurIPS 2023).



However, one caveat of these studies is that they all still require the MDPs to have to the same
transition function. This is not for no reason — Abbasi Yadkori et al. [2013] shows that even
with full information feedback, achieving sub-linear regret with adversarial transition functions is
computationally hard, and Tian et al. [2021] complements this result by showing that under the more
challenging bandit feedback, this goal becomes even information-theoretically impossible without
paying exponential dependence on the episode length.

To get around such impossibility results, one natural idea is to allow the regret to depend on some
measure of maliciousness CF of the transition functions, which is 0 when the transitions remain the
same over time and O(T') in the worst case when they are completely arbitrary. We review several
such attempts at the end of this section, and point out here that they all suffer one issue: even when
CP = 0, the algorithms developed in these works all suffer linear regret when the loss functions are
completely arbitrary, while, as mentioned above, O(+/T') regret is achievable in this case. This begs

the question: when learning with completely adversarial MDPs, is O(\/T +C P) regret achievable?

In this work, we not only answer this question affirmatively, but also show that one can perform even
better sometimes. More concretely, our results are as follows.

1. In Section 3, we develop a variant of the UOB-REPS algorithm [Jin et al., 2020], achieving
O(VT + CP) regret in completely adversarial environments when C is known. The algorithmic
modifications we propose include an enlarged confidence set, using the log-barrier regularizer, and
a novel amortized bonus term that leads to a critical “change of measure” effect in the analysis.

2. We then remove the requirement on the knowledge of C in Section 4 by proposing a black-
box reduction that turns any algorithm with o (V/T + CP) regret under known C® into another
algorithm with the same guarantee (up to logarithmic factors) even if C is unknown. Our
reduction improves that of Wei et al. [2022] by allowing adversarial losses, which presents extra
challenges as discussed in Pacchiano et al. [2022]. The idea of our reduction builds on top of
previous adversarial model selection framework (a.k.a. Corral [Agarwal et al., 2017, Foster et al.,
2020, Luo et al., 2022]), but is even more general and is of independent interest: it shows that the
requirement from previous work on having a stable input algorithm is actually redundant, since
our method can turn any algorithm into a stable one.

3. Finally, in Section 5 we also further refine our algorithm so that it simultaneously adapts to the
maliciousness of the loss functions and achieves O(min{v/T, U + VUCL} + CP) regret, where
U is some standard gap-dependent coefficient and C* < T is the amount of corruption on losses
(this result unfortunately requires the knowledge of CP, but not U or C). This generalizes
the so-called best-of-both-worlds guarantee of Jin and Luo [2020], Jin et al. [2021], Dann et al.
[2023] from C? = 0 to any CP, and is achieved by combining the ideas from Jin et al. [2021]
and Ito [2021] with a novel optimistic transition technique. In fact, this technique also leads to
improvement on the dependence of episode length even when CP = 0.

Related Work Here, we review how existing studies deal with adversarially chosen transition
functions and how our results compare to theirs. The closest line of research is usually known as
corruption robust reinforcement learning [Lykouris et al., 2019, Chen et al., 2021, Zhang et al., 2021,
Wei et al., 2022], which assumes a ground truth MDP and measures the maliciousness of the adversary
via the amount of corruption to the ground truth — the amount of corruption is essentially our C,
while the amount of corruption is essentially our C* (these will become clear after we provide their
formal definitions later). Naturally, the regret in these works is defined as the difference between the
learner’s total loss and that of the best policy with respect to the ground truth MDP, in which case

(5(\/T + CP + C") regret is unavoidable and is achieved by the state-of-the-art [Wei et al., 2022].

On the other hand, following the canonical definition in online learning, we define regret with respect
to the corrupted MDPs, in which case o (v/T + CP) is achievable as we show (regardless how large
C" is). To compare these results, note that the two regret definitions differ from each other by an
amount of at most O(C Py C’L). Therefore, our result implies that of Wei et al. [2022], but not vice

versa — what Wei et al. [2022] achieves in our definition of regret is again (5(ﬁ +CP + Ch,
which is never better than ours and could be Q(T') even when CP = 0.

In fact, our result also improves upon that of Wei et al. [2022] in terms of the gap-dependent
refinement — their refined bound is O(min{v/T, G} + C? + C*) for some gap-dependent measure



G that is known to be no less than our gap-dependent measure U; on the other hand, based on earlier
discussion, our refined bound in their regret definition is O(min{v/T, U + VUC'} + C? + Ct) =
O(min{V/T,U} +CP + C") and thus better. The caveat is that, as mentioned, for this refinement our
result requires the knowledge of C'”, but Wei et al. [2022] does not.”> However, we emphasize again
that for the gap-independent bound, our result does not require knowledge of C* and is achieved via
an even more general black-box reduction compared to the reduction of Wei et al. [2022].

Finally, we mention that another line of research, usually known as non-stationary reinforcement
learning, also allows arbitrary transition/loss functions and measures the difficulty by either the
number of changes in the environment [Auer et al., 2008, Gajane et al., 2018] or some smoother
measure such as the total variation across time [Wei and Luo, 2021, Cheung et al., 2023]. These results
are less comparable to ours since their regret (known as dynamic regret) measures the performance of
the learner against the best sequence of policies, while ours (known as static regret) measures the
performance against the best fixed policy.

2 Preliminaries

We consider the problem of sequentially learning 7" episodic MDPs, all with the same state space
S and action space A. We assume without loss of generality (similarly to Jin et al. [2021]) that the
state space S has a layered structure and is partitioned into L + 1 subsets Sy, . .., Sy, such that Sy
and Sy, only contain the initial state sy and the terminal state s, respectively, and transitions are only
possible between consecutive layers. For notational convenience, for any k < L, we denote the set of
tuples Sk X A X Siy1 by Wi. We also denote by k(s) the layer to which state s € S belongs.

Ahead of time, knowing the learner’s algorithm, the environment decides the transition functions
{P;}I_, and the loss functions {Et}thl for these 7" MDPs in an arbitrary manner (unknown to the
learner). Then the learner sequentially interacts with these 7" MDPs: for each episode ¢t = 1,...,T,
the learner first decides a stochastic policy m; : S x A — [0, 1] where m,(a|s) is the probability
of taking action a when visiting state s; then, starting from the initial state s; o = s¢, for each
k = 0,...,L — 1, the learner repeatedly selects an action a; j sampled from m;(-|s 1), suffers
loss £;(s¢,k,ar k) € [0,1], and transits to the next state s; ;41 sampled from P;(-|s; x, ar k) (until
reaching the terminal state); finally, the learner observes the losses of those visited state-action pairs
(a.k.a. bandit feedback).

Let {y(m) = ]E[ ﬁ;& L (sp, ap)|Pr, 77] be the expected loss of executing policy 7 in the ¢-th MDP
(thatis, {(sp, ah)}ﬁ;(% is a stochastic trajectory generated according to transition P; and policy 7).
Then, the regret of the learner against any policy  is defined as Reg; () = E[ Zthl O () — Ly ()].
We denote by 7 one of the optimal policies in hindsight such that Reg,.(7) = max, Reg, () and
use Reg, = Reg,(7) as a shorthand.

Maliciousness Measure of tlle Transitions If the transition functions are all the same, Jin et al.
[2020] shows that Reg, = O(L|S|\/|A|T) is achievable, no matter how the loss functions are
decided. However, when the transition functions are also arbitrary, Tian et al. [2021] shows that
Reg, = Q(min{T, vV2LT}) is unavoidable. Therefore, a natural goal is to allow the regret to
smoothly increase from order v/7" to T' when some maliciousness measure of the transitions increases.
Specifically, the measure we use is

T L—1
CP 2 min 3% P([s,a) = P'(|s,a)ll; , !
IIDIlléI%) 2.2 (s,ar)réasfo“ +(+]s,a) (ls,a)lly (M

where P denotes the set of all valid transition functions. Let P be the transition that realizes the
minimum in this definition. Then C” can be regarded as the same corruption measure used in Chen
et al. [2021]; there, it is assumed that a ground truth MDP with transition P exists, and the adversary
corrupts it arbitrarily in each episode to obtain P;, making CP the total amount of corruption measured
in a certain norm. For simplicity, in the rest of this paper, we will also take this perspective and call

>When C® + C" is known, Lykouris et al. [2019] also achieves O(min{/T, U} + C* + C") regret, but
similar to earlier discussions on gap-independent bounds, their regret definition is weaker than ours.



CP the transition corruption. We also use C7 = Zé;ol max(s q)es, x4 | P (:|s,a) — P(:|s,a)]|; to
denote the per-round corruption (so C* = Zthl CP). Tt is clear that CP = 0 when the transition
stays the same for all MDPs, while in the worst case it is at most 27°L. Our goal is to achieve
Reg, = O( VT + CP) (ignoring other dependence), which smoothly interpolates between the result
of Jin et al. [2020] for CP = 0 and that of Tian et al. [2021] for CP = O(T).

Enlarged Confidence Set A central technique to deal with unknown transitions is to maintain a
shrinking confidence set that contains the ground truth with high probability [Rosenberg and Mansour,
2019a,b, Jin et al., 2020]. With a properly enlarged confidence set, the same idea extends to the
case with adversarial transitions [Lykouris et al., 2019]. Specifically, all our algorithms deploy the
following transition estimation procedure. It proceeds in epochs, indexed by ¢ = 1,2, - - -, and each
epoch ¢ includes some consecutive episodes. An epoch ends whenever we encounter a state-action
pair whose total number of visits doubles itself when compared to the beginning of that epoch. At the
beginning of each epoch i, we calculate an empirical transition P; as:

Pi(s'|s,a) = mi(s,a,s")/mi(s,a), V(s,a,s') € Wy, k=0,...L—1, )

where m; (s, a) and m;(s, a, s") are the total number of visits to (s, a) and (s, a, s") prior to epoch 4.3
In addition, we calculate the following transition confidence set.

Definition 2.1. (Confidence Set of Transition Functions) Let § € (0, 1) be a confidence parameter.
With known corruption CF, we define the confidence set of transition functions for epoch i as

P = {P € P:|P(s'|s,a) — Pi(s'|s,a)| < Bi(s,a,s), ¥(s,a,s") € Wi,k =0,...,L - 1},

3
where the confidence interval B;(s, a, s') is defined, with 1 = |SI1AIT/s as
Pi(s 1 Pyl
Bi(s,a,5") = min 4 1,16, L1018 0) g 7 +log (W) | @)
m;(s,a) m;(s,a)

Note that the confidence interval is enlarged according to how large the corruption C* is. We denote
by Econ the event that P € P; for all epoch 4, which is guaranteed to happen with high-probability.

Lemma 2.2. With probability at least 1 — 26, the event Ecoyn holds.

Occupancy Measure and Upper Occupancy Bound Similar to previous work [Rosenberg
and Mansour, 2019a, Jin et al., 2020], given a stochastic policy 7 and a transition function

F_’: we define the occupancy measure g7 as the mapping from S x A x S to [0, 1] such that
q""™ (s, a, s") is the probability of visiting (s, a, s’) when executing policy 7 in an MDP with tran-
sition P. Further define ¢”"(s,a) = 3, c5q"""(s,a, s') (the probability of visiting (s, a)) and
q"™(s) = > ,ead" ™ (s,a) (the probability of visiting s). Given an occupancy measure g, the
corresponding policy that defines it, denoted by 7%, can be extracted via w4 (a|s) x ¢(s, a).

Importantly, the expected loss ¢;(7) defined earlier equals <qP e €t>, making our problem a variant
of online linear optimization and enabling the usage of standard algorithmic frameworks such as
Online Mirror Descent (OMD) or Follow-the-Regularized-Leader (FTRL). These frameworks operate
over a set of occupancy measures in the form of either Q(P) = {¢©"™ : 7 is a stochastic policy}
for some transition function P, or Q(P) = {¢""™ : P € P, is a stochastic policy} for some set of
transition functions P.

Following Jin et al. [2020], to handle partial feedback on the loss function ¢;, we need to construct
loss estimators ¢; using the (efficiently computable) upper occupancy bound uy:

~ I l 5

l(s,a) = M, where u;(s,a) = max qF ™ (s,a), 3)
Ut(S,a) PEP,,(t)
L:(s,a) is 1if (s, a) is visited during episode ¢ (so that ¢;(s, a) is revealed), and 0 otherwise, and i(t)

denotes the epoch index to which episode ¢ belongs. We also define u;(s) = > . 4 us(s, a).

*When m; (s, a) = 0, we simply let the transition function to be uniform, that is, P;(s’|s, a) = 1/ ‘Sk(5/> ‘



3 Achieving O(v/T + C?) with Known C?

As the first step, we develop an algorithm that achieves our goal when CP is known. To introduce our
solution, we first briefly review the UOB-REPS algorithm of Jin et al. [2020] (designed for C' P =0
and point out why simply using the enlarged confidence set Eq. (3) when CP # 0 is far away from
solving the problem. Specifically, UOB-REPS maintains a sequence of occupancy measures {qt}t 1

via OMD: ¢;11 = argmmqeﬂ(p’_(tﬂ)) 7{(q, €t> + Dy(q,q:). Here, n > 0 is a learning rate, 7, is the
loss estimator defined in Eq. (5), ¢ is the negative entropy regularizer, and Dy, is the corresponding
Bregman divergence.* With g, at hand, in episode t, the learner simply executes 7; = 7% . Standard

analysis of OMD ensures a bound on the estimated regret REG = E[_, (g, — ¢©%, E)] and the rest
of the analysis of Jin et al. [2020] boils down to bounding the difference between REG and Reg ..

First Issue This difference between REG and Reg- leads to the first issue when one tries to analyze
UOB-REPS against adversarial transitions — it contains the following bias term that measures the
difference between the optimal policy’s estimated loss and its true loss:

T Pimi(s — ug(s,a
E ZZqPﬁ(s,a)ft(s,a) (q (q;t(i a) : )>

t=1 s,a

T

Z <qP’7ﬂr»Zt - €t>

t=1

E (6

When CP = 0, we have P = P, and thus under the high probability event .oy and by the definition
of upper occupancy bound, we know ¢7*™ (s, a) < u(s, a), making Eq. (6) negligible. However,
this argument breaks when C” # 0 and P # P,. In fact, P, can be highly different from any
transitions in P;(;) with respect to which v, is defined, making Eq. (6) potentially huge.

Solution: Change of Measure via Amortized Bonuses Given that ¢""™ (s, a) < u;(s,a) does
still hold with high probability, Eq. (6) is (approximately) bounded by

[ZZ%”|qpm(si)<s_§;m 1 [qum Pm(qft(sfpm(”]

t=1 s,a

N P

which is at most E {Zthl > g7 (s) ufc(fs)} since |¢"*™(s) — ¢P™(s)]| is bounded by the per-

round corruption C (see Corollary D.3.6). While this quantity is potentially huge, if we could
N P

“change the measure” from ¢©>* to g;, then the resulting quantity E [Zthl Do @(s)%@} is at most

|S|CP since Gy (s) < uy(s) by definition. The general idea of such a change of measure has been
extensively used in the online learning literature (see Luo et al. [2021] in a most related context) and

can be realized by changing the loss fed to OMD from Et to ét by for some bonus term b;, which, in

P
our case, should satisfy b;(s,a) ~ %(S) However, the challenge here is that CF is unknown!

Our solution is to introduce a type of efficiently computable amortized bonuses that do not change
the measure per round, but do so overall. Specifically, our amortized bonus b, is defined as

be o~ ity 0 I Tlogy ur(s)] = Mogy ui(s)]} < &7 ;
t(8,0) 0 else 2

which we also write as b;(s) since it is independent of a. To understand this definition, note
that —[log, u¢(s)] is exactly the unique integer j such that u,(s) falls into the bin (27771, 2779].
Therefore, the expression Y% _, 1{[log, u, (s)] = [log, u(s)]} counts, among all previous rounds

7 =1,...,t, how many times we have encountered a u,(s) value that falls into the same bin as

we apply a bonus of u4(L L which is (two times of) the

b
maximum possible value of the unknown quantity C( s ; otherwise, we do not apply any bonus. The

idea is that by enlarging the bonus to it maximum value and stopping it after enough times, even

uz(s). If this number does not exceed <,

s
though each b;(s) might be quite different from utc(ts) , overall they behave similarly after 7" episodes:

“The original loss estimator of Jin et al. [2020] is slightly different, but that difference is only for the purpose
of obtaining a high probability regret guarantee, which we do not consider in this work for simplicity.



Algorithm 1 Algorithm for Adversarial Transitions (with Known C)

Input: confidence parameter § € (0, 1), learning rate > 0.

Initialize: epoch index i = 1; counters m1 (s, a) = m1(s,a,s’) = mo(s,a) = mo(s,a,s’) = 0 for
all (s, a, s'); empirical transition P; and confidence width B; based on Eq. (2) and Eq. (4); occupancy
measure ¢ (s, a,s’) = Wl\skm for all (s, a, s'); and initial policy 7w = w9".
fort=1,...,Tdo

Execute policy 7, and obtain trajectory (s; i, as ) fork=0,...,L — 1.

Construct loss estimator ¢; as defined in Eq. (5).

Update b, (s) for all s based on Eq. (7).

Increase counters: for each k < L, m;(s¢ i, Gt i, St k+1) & 1, mi(St.k, aek) &

if 3k, mi(se k. ar k) > max{l,2m;_1(s¢k, ac )} then > entering a new epoch

Increase epoch index &1
Initialize new counters: V(s, a, s'), m;(s,a,s") = m;_1(s,a,s"),m;(s,a) = m;_1(s, a).
Update confidence set P; based on Eq. (3).

Let Dy(-, -) be the Bregman divergence with respect to log barrier (Eq. (11)) and compute

Qi1 = argminn <q,l7t - bt> + Dg(q,qt)- (®)
q€Q(P;)

| Update policy 741 = w0+,

Lemma 3.1. The amortized bonus defined in Eq. (7) satisfies Zt 13 ( Zt 1 be(s) and
Y im1 @(s)bi(s) = O(CP log T) for any s.

Therefore, the problematic term Eq. (6) is at most E[>_,(¢"", b;)], which, if “converted” to
E[>",(G, b:)] (change of measure), is nicely bounded by O(|S \CP logT). As mentioned, such
a change of measure can be realized by feeding Kt — b; instead of ét to OMD, because now standard
analysis of OMD ensures a bound on REG = E[}_,(g; — ¢©* .y — b;)], which, compared to the
earlier definition of REG, leads to a difference of E[ ", (g — qP7 by)] (see Appendix A.5 for details).

Second Issue The second issue comes from analyzing REG (which exists even if no bonuses
are used). Specifically, standard analysis of OMD requires bounding a “stability” term,

which, for the negative entropy regularizer, is in the form of E[Y ", > (s, a)zt(s, a)?] =
E > @(s,a)w] <ED .. M} Once again, when C* = 0 and

ui(s,a)? i (s,0)
P, = P, we have ¢'*™ bounded by w;(s,a) with high probability, and thus the stability term is
O( ); but this breaks if CP # 0 and P; can be arbitrarily different from transitions in Pit)-

Solution: Log-Barrier Regularizer Resolving this second issue, however, is relatively straight-
forward — it suffices to switch the regularizer from negative entropy to log-barrier: ¢(q) =
- Z(sa snew, log (s, a,s’), which is first used by Lee et al. [2020] in the context

of learnmg adversarial MDPs but dates back to earlier work such as Foster et al. [2016] for
multi-armed bandits. An important property of log-barrier is that it leads to a smaller stabil-

ity term in the form of E[3>-, > . @ (s,a)20,(s,a)?] (with an extra g;(s, a)), which is at most
ED 2> qP 7 (s,a)li(s,a)?] = O(TL) since §;(s,a) < us(s,a). In fact, this also helps control
the extra stability term when bonuses are used, which is in the form of E[Y", > (s, a)?bi(s,a)?]
and is at most 4LE[Y", (g, b)) = O(L|S|CP log T) according to Lemma 3.1. l

Putting these two ideas together leads to our final algorithm (see Algorithm 1). We prove the following

regret bound in Appendix A, which recovers that of Jin et al. [2020] when C” = 0 and increases
linearly in CP as desired.



Theorem 3.2. With § = /T and ) = min { w, ﬁ } Algorithm 1 ensures

Reg; = O (LIS|\/[A[TTog (1) + LIS|*| Al log* (1) + CPLIS|*| Al log())

4 Achieving O(V/T + CP) with Unknown C*

In this section, we address the case when the amount of corruption is unknown. We develop a
black-box reduction which turns an algorithm that only deals with known CP to one that handles
unknown CP. This is similar to Wei et al. [2022] but additionally handles adversarial losses using
a different approach. A byproduct of our reduction is that we develop an entirely black-box model
selection approach for adversarial online learning problems, as opposed to the gray-box approach
developed by the “Corral” literature [Agarwal et al., 2017, Foster et al., 2020, Luo et al., 2022] which
requires checking if the base algorithm is stable. To achieve this, we essentially develop another layer
of reduction that turns any standard algorithm with sublinear regret into a stable algorithm. This
result itself might be of independent interest and useful for solving other model selection problems.

More specifically, our reduction has two layers. The bottom layer is where our novelty lies: it takes
as input an arbitrary corruption-robust algorithm that operates under known C* (e.g., the one we
developed in Section 3), and outputs a stable corruption-robust algorithm (formally defined later) that
still operates under known CP. The top layer, on the other hand, follows the standard Corral idea
and takes as input a stable algorithm that operates under known C*, and outputs an algorithm that
operates under unknown C. Below, we explain these two layers of reduction in details.

Bottom Layer (from an Arbitrary Algorithm to a Stable Algorithm) The input of the bottom
layer is an arbitrary corruption-robust algorithm, formally defined as:

Definition 4.1. An adversarial MDP algorithm is corruption-robust if it takes 0 (a guess on the
corruption amount) as input, and achieves the following regret for any random stopping time t' < T':

maxE | 3" (b(m) - to(m))| <E [ Bit! + (B2 + BsO)I{t' > 1}} +Pr[CP, > 0)LT

t=1

or problem-dependent constants and log(T) factors 1 > L? By > L,f3 > 1, where CF, =
1:
> 3:1 CPF is the total corruption up to time t'.

While the regret bound in Definition 4.1 might look cumbersome, it is in fact fairly reasonable: if the
guess 6 is not smaller than the true corruption amount, the regret should be of order \/77 +0; otherwise,
the regret bound is vacuous since LT is its largest possible value. The only extra requirement is that
the algorithm needs to be anytime (i.e., the regret bound holds for any stopping time ¢’), but even this
is known to be easily achievable by using a doubling trick over a fixed-time algorithm. It is then clear
that our algorithm in Section 3 (together with a doubling trick) indeed satisfies Definition 4.1.

As mentioned, the output of the bottom layer is a stable robust algorithm. To characterize stability, we
follow Agarwal et al. [2017] and define a new learning protocol that abstracts the interaction between
the output algorithm of the bottom layer and the master algorithm from the top layer:

Protocol 1. In every round ¢, before the learner makes a decision, a probability w; € [0, 1] is revealed
to the learner. After making a decision, the learner sees the desired feedback from the environment
with probability w;, and sees nothing with probability 1 — wy.

In such a learning protocol, Agarwal et al. [2017] defines a stable algorithm as one whose regret
smoothly degrades with pr = 1 For our purpose here, we additionally require that the

minge (7] we
dependence on C® in the regret bound is linear, which results in the following definition:
Definition 4.2 (%-stable corruption-robust algorithm). A %-stable corruption-robust algorithm is one
that, with prior knowledge on CF, achieves Reg < E [VBiprT + B2pr] + B3C P under Protocol 1
for problem-dependent constants and log(T) factors 31 > L?, 3o > L, and 33 > 1.

For simplicity, we only define and discuss the %-stability notion here (the parameter % refers to the
exponent of T"), but our result can be straightforwardly extended to the general «-stability notion for



Algorithm 2 STable Algorithm By Independent Learners and Instance SElection (STABILISE)

Input: C® and a base algorithm satisfying Definition 4.1.
Initialize: [log, 7'] instances of the base algorithm ALGy, ..., ALGyio,, 77, Where ALG; is config-
ured with the parameter

0=0;2277CP 116 L1og(T).

fort=1,2,...do
Receive w;.
if w; < 7 then
play an arbitrary policy m,

L continue (without updating any instances)
Let j; be such that w; € (277t~ 277].
Let 7, be the policy suggested by ALG;;, .
Output 7.

If feedback is received, send it to ALG, with probability

o—Jt—1
Wi

, and discard it otherwise.

o€ [%, 1) as in Agarwal et al. [2017]. Our main result in this section is then that one can convert any
corruption-robust algorithm into a %-stable corruption-robust algorithm:

Theorem 4.3. If an algorithm is corruption robust according to Definition 4.1 for some constants

(51, B2, B3), then one can convert it to a %-stable corruption-robust algorithm (Definition 4.2) with

constants (B, 85, B%) where 81 = O(B1logT), B = O(B2 + BsLlogT), and B = O(BslogT).

This conversion is achieved by a procedure that we call STABILISE (see Algorithm 2 for details). The
high-level idea of STABILISE is as follows. Noticing that the challenge when learning in Protocol 1
is that wy varies over time, we discretize the value of w; and instantiate one instance of the input
algorithm to deal with one possible discretized value, so that it is learning in Protocol 1 but with a
fixed wy, making it straightforward to bound its regret based on what it promises in Definition 4.1.

More concretely, STABILISE instantiates O(log, T') instances {ALG; } ][_1;%2 T of the input algo-

rithm that satisfies Definition 4.1, each with a different parameter 6;. Upon receiving w, from the
environment, it dispatches round ¢ to the j-th instance where j is such that w; € (2771, 277], and
uses the policy generated by ALG;; to interact with the environment (if w; < %, simply ignore this
round). Based on Protocol 1, the feedback for this round is received with probability w;. To equalize
the probability of ALG receiving feedback as mentioned in the high-level idea, when the feedback
is actually obtained, STABILISE sends it to ALG; only with probability 2;;1 (and discards it

otherwise). This way, every time ALG; is assigned to a round, it always receives the desired feedback
9—i—1

with probability wy - = 277~1, This equalization step is the key that allows us to use the

original guarantee of the base algorithm (Definition 4.1) and run it as it is, without requiring it to
perform extra importance weighting steps as in Agarwal et al. [2017].

The choice of 6; is crucial in making sure that STABILISE only has C' P regret overhead instead of
prCP. Since ALG ; only receives feedback with probability 2771, the expected total corruption
it experiences is on the order of 277~1CP. Therefore, its input parameter 6; only needs to be of

this order instead of the total corruption CP. This is similar to the key idea of Wei et al. [2022]
and Lykouris et al. [2018]. See Appendix B.1 for more details and the full proof of Theorem 4.3.

Top Layer (from Known CP to Unknown CP) With a stable algorithm and a regret guarantee
in Definition 4.2, it is relatively standard to convert it to an algorithm with (’)(\/T + CP) regret
without knowing CP. Similar arguments have been made in Foster et al. [2020], and the idea is to
have another specially designed OMD/FTRL-based master algorithm to choose on the fly among a
set of instances of this stable base algorithm, each with a different guess on C" (the probability w; in
Protocol 1 is then decided by this master algorithm). We defer all details to Appendix B. The final

regret guarantee is the following (O(-) hides log(T') factors).



Theorem 4.4. Using an algorithm satisfying Definition 4.2 as a base algorithm, Algorithm 3 (in the
appendix) ensures Regp = O (\/B1T + Bo + BgCP) without knowing C.

5 Gap-Dependent Refinements with Known CP

Finally, we discuss how to further improve our algorithm so that it adapts to easier environments and
enjoys a better bound when the loss functions satisfy a certain gap condition, while still maintaining

the O(ﬁ + CP) robustness guarantee. This result unfortunately requires the knowledge of C”

because the black-box approach introduced in the last section leads to /T regret overhead already.
We leave the possibility of removing this limitation for future work.

More concretely, following prior work such as Jin and Luo [2020], we consider the following general
condition: there exists a mapping 7* : S — A, a gap function A : S x A — (0, L], and a constant
C" > 0, such that for any policies 7, . .., 77 generated by the learner, we have

T T
Elz@f’mqm*,et}] >E|Y Y Y d"(s.a)A(sa)| - Ch ©)

t=1 t=1 s#sp aFmw*(s)

It has been shown that this condition subsumes the case when the loss functions are drawn from a
fixed distribution (in which case 7* is simply the optimal policy with respect to the loss mean and P,
A is the gap function with respect to the optimal Q-function, and C* = 0), or further corrupted by an
adversary in an arbitrary manner subject to a budget of C; we refer the readers to Jin and Luo [2020]
for detailed explanation. Our main result for this section is a novel algorithm (whose pseudocode is
deferred to Appendix C due to space limit) that achieves the following best-of-both-world guarantee.

Theorem 5.1. Algorithm 4 (with 6 = /12 and ~y; defined as in Definition 5.2) ensures
Reg, () = O <L2|S\|A\ log (1) VT + (CP + 1) L2|S|*| A|* log? (L))
always, and simultaneously the following gap-dependent bound under Condition (9):
Reg, (1) = O (U +VUCE + (CP 4 1) L2|S|*|A]2 10g2(L)) :

_ L?[S|?|Allog?(v) L?|S||Allog®(+) _ :
where U = R ZS#L Eaiﬂ*(s) T AGa and Ayix = s;éer,%l;?ﬂ*(s) A(s,a).

Aside from having larger dependence on parameters L, S, and A, Algorithm 4 maintains the same
O(VT + CP) regret as before, no matter how losses/transitions are generated; additionally, the v/T'

part can be significantly improved to O(U + v UCL) (which can be of order only log* T when C*-
is small) under Condition (9). This result not only generalizes that of Jin et al. [2021], Dann et al.
[2023] from C® = 0 to any C, but in fact also improves their results by having smaller dependence
on L in the definition of U. In the rest of this section, we describe the main ideas of our algorithm.

FTRL with Epoch Schedule Our algorithm follows a line of research originated from Wei and
Luo [2018], Zimmert and Seldin [2019] for multi-armed bandits and uses FTRL (instead of OMD)
together with a certain self-bounding analysis technique. Since FTRL does not deal with varying
decision sets easily, similar to Jin et al. [2021], we restart FTRL from scratch at the beginning of
each epoch i (recall the epoch schedule described in Section 2). More specifically, in an episode

¢ that belongs to epoch 4, we now compute g; as argmin, (g, S, - b-)) + ¢¢(q), where t;

T=1;
is the first episode of epoch i, ¢; is the same loss estimator defined in Eq. (5), b; is the amortized
bonus defined in Eq. (7) (except that 7 = 1 there is also changed to 7 = ¢; due to restarting), ¢, is a
time-varying regularizer to be specified later, and the set that q is optimized over is also a key element
to be discussed next. As before, the learner then simply executes 7, = 7% for this episode.

Optimistic Transition An important idea from Jin et al. [2021] is that if FTRL optimizes g over
Q(P;) (occupancy measures with respect to a fixed transition P;) instead of Q(P;) (occupancy
measures with respect to a set of plausible transitions) as in UOB-REPS, then a critical loss-shifting
technique can be applied in the analysis. However, the algorithm lacks “optimism” when not using
a confidence set, which motivates Jin et al. [2021] to instead incorporate optimism by subtracting



a bonus term BONUS from the loss estimator (not to be confused with the amortized bonus b; we
propose in this work). Indeed, if we define the value function V™ (s; £) as the expected loss one
suffers when starting from s and following 7 in an MDP with transition P and loss £, then they show
that the BONUS term is such that V7 (s; ¢ — BoNUS) < V™ (s; /) for any state s and any loss
function ¢, that is, the performance of any policy is never underestimated.

Instead of following the same idea, here, we propose a simpler and better way to incorporate
optimism via what we call optimistic transitions. Specifically, for each epoch 7, we simply define an
optimistic transition function P; such that P;(s'|s, a) = max {0, P;(s'|s,a) — B;(s,a, s')} (recall
the confidence interval B; defined in Eq. (4)). Since this makes ), P;(s’|s,a) less than 1, we
allocate all the remaining probability to the terminal state sy, (which breaks the layer structure but
does not really affect anything). This is a form of optimism because reaching the terminate state
earlier can only lead to smaller loss. More formally, under the high probability event Eqox, We prove

VP (s;4) < VP (s;4) for any policy , any state s, and any loss function £ (see Lemma C.8.3).

With such an optimistic transition, we simply perform FTRL over Q(P;) without adding any additional
bonus term (other than b;), making both the algorithm and the analysis much simpler than Jin et al.

[2021]. Moreover, it can also be shown that V7™ (s; £ — BONUS) < VP17 (s; £) (see Lemma C.8.4),
meaning that while both loss estimation schemes are optimistic, ours is tighter than that of Jin et al.
[2021]. This eventually leads to the aforementioned improvement in the U definition.

Time-Varying Log-Barrier Regularizers The final element to be specified in our algorithm is
the time-varying regularizer ¢,. Recall from discussions in Section 3 that using log-barrier as the
regularizer is critical for bounding some stability terms in the presence of adversarial transitions. We
thus consider the following log-barrier regularizer with an adaptive learning rate y; : § x A — R:
0t(q) = — X gss, 2oaca Vt(s:a) - logq(s,a). The learning rate design requires combining the
loss-shifting idea of [Jin et al., 2021] and the idea from [Ito, 2021], the latter of which is the first
work to show that with adaptive learning rate tuning, the log-barrier regularizer leads to near-optimal
best-of-both-world gaurantee for multi-armed bandits.

More specifically, following the same loss-shifting argument of Jin et al. [2021], we first observe that
our FTRL update can be equivalently written as

gy = argmin <q, 2(@ - b‘r)> + ¢+(q) = argmin <q, 2 (9+ — bT)> + ¢4(q),

qGQ(ISi) T=t; mGQ(ﬁi) T=t;

where g, (s,a) = QP (s,a; ZT) — yPums (s; ET) for any state-action pair (s, a) (Q is the standard
Q-function; see Appendix C for formal definition). With this perspective, we follow the idea of Ito
[2021] and propose the following learning rate schedule:

Definition 5.2. (Adaptive learning rate for log-barrier) For any t, if it is the starting episode of

an epoch, we set (s, a) = 256L2|S|; otherwise, we set 141 (s,a) = vi(s,a) + 2zl

Dri(s.a) where

_ ~ = - N2
D = o), vi(s,a) = qF®™ (s, a)? (Qp'i(tw”t(S,a;Et) - VPi<t)77”(3;£t)) , and i(t) is the
epoch index to which episode t belongs.

Such a learning rate schedule is critical for the analysis in obtaining a certain self-bounding quantity
and eventually deriving the gap-dependent bound. This concludes the design of our algorithm; see
Appendix C for more details.

6 Conclusions

In this work, we propose online RL algorithms that can handle both adversarial losses and adversarial
transitions, with regret gracefully degrading in the degree of maliciousness of the adversary. Specifi-
cally, we achieve (’)(\/T +C P) regret where C* measures how adversarial the transition functions
are, even when CF is unknown. Moreover, we show that further refinements of the algorithm not
only maintain the same regret bound, but also simultaneously adapt to easier environments, with the
caveat that C” must be known ahead of time. We leave how to further remove this restriction as a key
future direction.
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Important Notations Throughout the appendix, we denote the transition associated with the

occupancy measure g; by Pt so that ¢; = qP ™t Recall i() is the epoch index to which episode
t belongs. Importantly, the notation m;(s, a) (and similarly m;(s, a,a’)), which is a changing
variable in the algorithms, denotes the initial value of this counter in all analysis, that is, the
total number of visits to (s, a) prior to epoch i. Finally, for convenience, we define m;(s,a) =
max {m;(s,a),C” +log (1)}, and it can be verified that the confidence interval, defined in Eq. (4)

as
P‘ 4 1 P 1
Bi(S,a,S/)zmin{l,m\/ 5(8']s, a) Og(L)+64'C’ + og(L)}7

mi(s7 a’) mi(sv a)

can be equivalently written as

Pi(s’ 1 CP +1
Bi(s.a,s') = mm{l,lﬁw L6 ng}

m;i(s,a) m;(s,a)

since whenever m; (s, a) # m;(s, a), the two definitions both lead to a value of 1.

A Omitted Details for Section 3

In this section, we provide more details of the modified UOB-REPS algorithm as shown in Algo-
rithm 1. In the algorithm, the occupancy measure for each episode ¢ is computed as

G = argmin (a0 — b )+ Do(a, @), (10)
a€Q(Pi(i11))
where 1 > 0 is the learning rate and Dy (g, ¢) is the Bregman divergence defined as
Dy(q:q') = d(q) — ¢(q") = (Vo(d),qa = ¢) . (1)

The Bregman divergence is induced by the log-barrier regularizer ¢ given as:
TYY Y () 12
k=0 s€S, a€A s’€Sk41

We note that the loss estimator is constructed based upon upper occupancy bound u;, which can be
efficiently computed by CoMP-UOB [Jin et al., 2020].

In the rest of this section, we prove Theorem 3.2 which shows that the expected regret is bounded by
o (L\S|\/ |A|T log(1) + L|S|*|A|log?(1) + CPL|S|*| 4] log(L)> .

Our analysis starts from a regret decomposition similar to Jin et al. [2020], but with the amortized
bonuses taken into account:

T
Regr = E lz (qPom —g"r, €t>]
t=1
T . T R R
— |y (i) e[S ()
t=1 t=1
ERROR BIAS,
A . R T R T
B[S ()] e [ () - ()
Lt=1 t=1 t=1
REG BiAS2

+E

] =

<qP,ﬁ- - qPMﬁagt>‘| )
Lt
where the last term can be directly bounded by O (LCP) using Corollary D.3.7, and ERROR, BIAS1,
REG, and BIAS; are analyzed in Appendix A.2, Appendix A.3, Appendix A.4 and Appendix A.5

respectively.

1
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A.1 Equivalent Definition of Amortized Bonuses

For ease of exposition, we show an alternative definition of the amortized bonus b;(s), which is
equivalent to Eq. (7) but is useful for our following analysis. Recall from Eq. (7) that

bi(s) = by(s,a) = {uf(Ls) ifZi:I I{[logy ur (5)] = [logy u(s)]} < § 2L (13)

0 else,

In Eq. (13), the value of b;(s) relies on the cumulative sum of I{[log, u,(s)] = [logy us(s)]} and
whether the cumulative sum exceeds the threshold . To reconstruct this, we define y;(s) as the

unique integer value j = —[log, u;(s)] such that ut( ) € (27971,277] and define 2] (s) as the total
number of times from episode 7 = 1 to 7 = t where y,(s) = j holds. With these definitions, the

condition under which b:(s) = uf‘L can be represented by > I{y:(s) = j}1 {zi(s) < CP/QL}

(s)
where the summation is over all integers that —[log, u:(s)] can take. Notice that since u;(s) > ﬁ
holds for all s and ¢ (see Lemma D.2.8), the largest possible integer value we need to consider is
[log, (|S|T')]. Therefore, b (s) can be equivalently defined as:
[log, (151T)]

, P
Z H{yt(s):j}ﬂ{zg(s)ﬁSL},VSES,VL‘E{L...,T}.

Jj=0

4L

ui(s)

be(s) = be(s,a) =

(14)
A.2 Bounding ERROR

Lemma A.2.1 (Bound of ERROR). Algorithm 1 ensures

ERROR = O (L|S|«/|A|Tlog ) + L|S|2| Al log(z) log(T) + CPL|S||A| log(T +6LT)

Proof. For this proof, we consider two cases, whether the event Eqon A Egst holds or not, where Eqn,
defined above Eq. (4), and &gy, defined in Proposition D.5.2, are both high probability events.

Suppose that Eqon A Egsr holds. We have
T

<th77Tt _ qﬁt7ﬂt7‘€t>
t=1
T L1 R
SZ ‘th’”f(s,a)—th’”t(s,a)‘
t=1 k=0 s€S) acA
T L—1
=33 3 [ -
t=1 k=0 s€S),
T L—1 k—1 R
< Z g™ (u, v) Pt(w|u v) — Py(wlu, v)| g™ (s|w)
t=1 k=0 s€Sy h=0ueS, veA ’LUGS}L+1
1

P, 0) = PulCfu, )|,

t=1 h=0ueS, vEA
T L-1
<L) D, 0™ () (1P v) = PCJuas )y + | PeCclus o) = PCLu,v)| )
t=1 h=0 ueS, veA
T L-1 T L-1
<Ly Y g7 (u,0) | Pi(cfuv) = P(lu,o)| +LY > CF,
t=1 h=0 ueS, veA t=1 h=0
T L-1
Ly 0" (u,0) | PeClu, 0) = PCfu,v)| 4+ L7, (15)
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where the first step follows from the fact that ¢, (s, a) € [0, 1] for any (s, a); the third step applies
Lemma D.3.3; the fourth step rearranges the summation and uses the fact that Zs,a qﬁ“”t (s,alw) <
L; and in the sixth step we define Czh = maxXses, aca |Pi(:|s,a) — P(-|s,a)||;, so that CP =
Zthl Zf;& CE n- We continue to bound the first term above as:

T L-1

2.2 2 ) e ||

UGS}L vEA

i S a"m ww) ([Pl v) = Py Clus)| | + [Py (s o) = PCL o))

=1 h=0u€eSy veEA

d P |Sni1llog(t) | CP +[Spyalog(r)
Z > Do dm(uw) ~ +—
(1) (ua U) Mi(t) (ua U)

Pi(-lu,v) (-|u7v)H1

h=0 t=1 ueS, veA
L-1
<0 (Z (V/ISalIShs1lTATT 1o () + Sl | A]10g(T) (|Sh-1| log(2) + C7) + log >))
h=0
L-1
0< (1Sl + Shs1]) VIATTTog(0) + Sl | A[Tog(T) (|Sh+1]log(e) + C7) +log<b>)>
h=0
< O (ISIV/IAIT1og(1) + S| Al log(r) log(T) + C7|5]| Al log(T) ), (16)

where the first step uses the trlangle inequality; the second step applies Corollary D.2.6 to bound two

norm terms based on the fact that Pt, Pz(t € Pi(t); the third step follows the definition of sy from
Proposition D.5.2; the fourth step uses the AM-GM inequality. Putting the result of Eq. (16) into
Eq. (15) yields the first three terms of the claimed bound.

Now suppose that Econ A Egst does not hold. We trivially bound Zthl <qP 6Tt q’3 LN €t> by LT.

As the probability that this case occurs is at most O (), this case contributes to at most O (6LT)
regret. Finally, combining these two cases and applying Lemma D.1.1 finishes the proof. O

A.3 Bounding B1As,

Lemma A.3.1 (Bound of B1AS1). Algorithm I ensures
Bias; = O (L|S|\/|A|Tlog(L) + 1514 Allog?(c) + CPLIS|*|A] log(:) + 5LT) .

Proof. We can rewrite BIAS; as

BIAS; — XT:E |:<qﬁf,,m,’€t _ Zt>:| = XT:]E |:<qﬁt7ﬂt7Et [Et - Zt:| >:| )
t=1 t=1

where the second step uses the law of total expectation and the fact that ¢”*™ is deterministic given
all the history up to ¢. For any state-action pair (s, a), we have

By [tu(s,0) — Tu(s,0)| = (5, 0) (1 - W) — 0y(s,a) (“t(s’a) - qp“m(s’“)) .

u(s, a) ut (s, a)

Then, we can further rewrite and bound BIAS; as:

T N ug(s,a) — ¢ (s, a
Bias; =E [ZZ(]H,M(S,G)&(S,G)( (s, )ut(g»a) (s, )>]

t=1 s,a

< E [ZZqﬁ*’ﬂt(s,a) <|ut(87a)ut—(g ;,)m(S,a)|>]

t=1 s,a
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ZZ|ut Ptﬂrt S)| ]

t=1 seS

where the third step follows from the fact that qP ©7t (s, a) < u(s, a) according to the definition of
the upper occupancy measure.

Similar to the proof of Lemma A.2.1, we first consider the case when the high probability event
Econ N Exst holds:

> fuels) — g (s)]

SES
SZ|Ut( Pm |+Z|qu Pt‘ll't(s)’
ses seS
<> fu(s) = g™ ()| + LCT
seS
. k(s)—1 . P(wlu,v)log (1) p.,
SO(LEP+3. 3 3. a"(wo) | =5 s (sl
s€S k=0 (u,v,w)EWy B
CP 4 log (1)
+0 |S|3 qP’”t(s,a)Ai
( ; mi(t)(saa)
L-1
P 1
co(LPLY Y P, Pl
=0 mi(t)(sa Cl)
=0 (u,v,w)EW}
CP +log (1)
+O[[SP) ¢" ™ (s,a) =——F—+ |,
(' | Sza: ( )mi(t)(sva)

where the first step uses the triangle inequality; the second step uses Corollary D.3.6; the third step
uses Lemma D.3.8; the last step follows from the fact that Y- o ¢""™ (s|w) < L.

Taking the summation over all episodes yields the following:

>3 futs) - 4"

t=1 seS
T L-1
P ,v)1
<0 ZLCPJrLZZ S P ) M
t=1 k=0 Mty (u,v)
(u,v,w)EW},
T
CP +log (1)
+0[]|S] P (s, 0) ———-2
( ;; mi(t)(saa)
L—1
<0 (LCP + |53 Z (CP +1log (1)) |Sk|| Al log (L)>
k=0
T L—1
|Sk1|log (1)
+O (L Pre (v —
ZZ_: Z a (1:0) mi(t)(%”)
t=1 k=0 (u,v)ESL X A
4 P ~— Py |Sk1|log (1)
<O [|S[*1A] (CP +1og (1)) log (1) + LY > ¢ (u) )
t=1 k=0 (u,0)ESKx A i)\
X P, o 15110g (1)
+ O LZZ Z ’q Tt (u,v) — gt ’ uv)
t=1 k=0 (u,0)ESKx A i)



T L-1

<O [ISA[(CP +log (1) log () +LY D > ¢ (u,v)

t=1 k=0 (u,v)ESEL X A

|Sk+1]log (¢)
M) (u, v)

T L-1

+0 L\/@ZZ Z lg"™ (u,v) — ¢ (u, v)|

t=1 k=0 (u,v)ESEL X A

s0<|S4A|<CP+log< log (¢ +LZ¢|Sk+nlog (¢|sk||A|T+|Sk|A|log(b>)>
:O(|S|4\A|(Cp+log( )) log (1) +L\S|«/|A\Tlog )

where the second step uses the Cauchy-Schwartz inequality: ) . Siir VP(wlu,v) < \/|Sk11]

and also applies Lemma D.5.3; the fourth step bounds M) (u,v) > log(t) for any (u,v)
and |Sk+1| < |S]; the fifth applies Proposition D.5.2, and Corollary D.3.7 to bound

Zt 1 Z Z(u V)ESkx A lg"™ (u,v) — ¢F™ (u,v)| by O (LCP); the last step uses the fact that
Vzy < x + y for any z,y > 0, and thus we have Eﬁ;ol VISk|1Sk+1] < 225;& |Sk| =215

Finally, using a similar argument in the proof of Lemma A.2.1 to bound the case that Ecox A Egst
does not hold, we complete the proof. O

A.4 Bounding REG

Lemma A.4.1 (Bound of REG). Iflearning rate ) satisfies nj € (0, SL] then, Algorithm 1 ensures

2
REG =0 <S||mlmg(b) +n (L|S|CPlog T + LT) + §LT> .
U

Proof. We consider a specific transition P defined in Lee et al. [2020, Lemma C.4] and occupancy

measure u such that
1
= (1= P, - Po, 7ra
( T) i T|A\ 2.1

where 7, is a policy such that action a is selected at every state.

By direct calculation, we have
L—1 ~
—~ Q1(5aa,sl) u(s,a,s’)
D = I -1
i =Y, 3 (e (S )+ 5ee
L_ —
-Y Y ( ) 5> (1Sul1AlISicnlus,a,8) ~ 1)

k=0 (s,a s’)EVV;C

where the second step uses the definition Gi (s, a, s') = m fork =0,---,L —1and

the fourth step lower-bounds u(s, a, s’) > from [Lee et al., 2020, Lemma C.10], thereby

1
T3ISPP[A]
u(s,a,s') > %, and upper-bounds gy (s, a, s') < 1.

According to [Lee et al., 2020, Lemma C.4], we have g € n; Q (P;). Therefore, u is a convex
combination of points in that convex set, and we can use Lemma A.4.2 (included after this proof) to
show

<qﬁt’ﬂ-t - U,Zt - bt>
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_W (ZZth’msa%sa LYY P sa) bt<>>- an

t=1 s,a t=1 s,a

On the one hand, we bound the first summation in Eq. (17) as

li(s,a)?T{s,a}
Pf 7Tf 27 P,,m 2 t\o, IAGS)
E E q (s,a)%l:(s,a) g g q (s,a) —ut(s,a)z < LT,

t=1 s,a t=1 s,a

since qP ©t (s, a) < ug(s, a) by definition of the upper occupancy bound.

On the other hand, we bound the second summation in Eq. (17) as

T T
DD g (s,a)%bi(5)? <ALD D g (s)be(s) = O (LIS|CPlog T),  (18)
t=1 s

t=1 s,a
where the first step uses the facts that b;(s)? < 4Lb;(s) and ), qPm (s,a)? < ¢Po™ (s), and the
last step applies Lemma 3.1.

Putting these inequalities together concludes the proof. O

Lemma A4.2. Withn € (0, &), Algorithm I ensures

T
Z<§t—u,€:—bt>fD @) +2nZthsa (Etsa) +bt(s)2>, (19)

t=1 t=1 s,a

forany u € N; Q(P;).

Proof. To use the standard analysis of OMD with log-barrier (e. g see [Agarwal et al., 2017, Lemma

12]), we need to ensure that ng;(s, a, s) (Zt(s a) — bt(s)) > —1,sincelog (1 + ) > x — 2% holds

forany x > —5 Clearly, by choosing 1 € (0 we have

’SL]

ii(s,0,5) (T(s,a) = bi(s))

Z —U@\t(&%sl)bt(s)
Z _4L77(/]\t(57 a’ 5/)
ug(s)
> —4Ln
1
> —a
- 2

where the first step follows from the fact that Zt(s, a) > 0 for all ¢, s, a; the second step follows from
the definition of amortized bonus in Eq. (7); the third step bounds g;(s, a, s’) < u(s).

Now, we are ready to apply the standard analysis to show that

T
Z<@—U7Zﬁ—bt>

t=1

T ~ ~ T 9
< Zt:l (Dti)(ua(hz] D¢(U7Qt+1)) +nz Z @(8,@78/)2 (@(8760 . bt(S))

t=1 s,a,s’
~ ~ T
— D¢(u7q1) _nD¢(ua QT+1) +nz Z (@(s,a)ﬁt(s’|s,a))2 (Zt(s,a) _ bt(S))2
t=1 s,a,s’
Q1 +WZZ%SG ( (s,a) — bi(s ) (ZPt '|s,a) >
t=1 s,a
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SD +nZthsa (ftsa)*bt( ))2
SD wq) +2772qu«9@ (ﬁtsa) +bt(5)2)7

t=1 s,a

where the second step uses the fact that §;(s, a, s') = Gi(s,a) - Pi(s'|s, a) (see [Jin et al., 2020,
Lemma 1] for more details); the third step follows from the fact that the Bregman divergence is
non-negative; the fourth step follows from the fact ), P;(s'|s,a) = 1; the last step uses the fact
that (z — y)? < 2 (2® + y?) forany ,y € R. 0O
A.5 Bounding BIAS,

Lemma A.5.1 (Bound of B1ASs). Algorithm 1 ensures

BiaSy = O (|S|CFPlog T+ 6LT) .

Proof. We first rewrite BIAS, as

iEt [<qp’ﬁ,zt - €t>} - XT: <QP’T}, bt>

t=1

Bias, = E

|3 (a0

t=1

= =:(I)

where (II) is bounded by O (|S |CP log T ) by Lemma 3.1 (whose proof is included after this proof).
Now, we show that (I) is bounded by O (6 LT"). Suppose that Eqox holds. We then have

(o)

- sza: q"" (s, a) (QPN” (Z:&_a)z%(& a)>

, Pomi(s a) — qPme (s, a)| 4+ ¢ (s,a) — ui(s,a
qup,ﬂ(saoq ) — a"™ (5,0)| + ¢ (s,) — ui(s,a)

ui(s,a)

P,,Trt P

_ P (s q) ‘q o )’ Pi(g o q"m (s, a) — ug(s, a)
_Zq ut(s) +Zq (s, )( u (s, a) )
P, Prr Pﬂt(saa) _ut(57a)
SZq (s,a) - Zq (s,a ( w(5.0) )
. CP
P, s.a) - t
S ;q ( 3 ) ut(g)?

where the fourth step applies Corollary D.3.6 to bound |¢*™(s) — ¢"*™(s)| < CF, and in the last
step, the second term (in the fifth step) is bounded by 0 under Eqon.

Since ¢©7 (s, a) is fixed over all episodes, we apply Lemma 3.1 to show

zi:Et [<qP,7“r7Zt _gtﬂ _ZT: P7 bt ZqPﬂ s,a) XT: (uii) —bt(8)> <0,

t=1

For the case that £,y does not occur, we bound the expected regret by O (6 LT'). Combining two
cases via Lemma D.1.1, we conclude the proof. O

Lemma A.5.2 (Restatement of Lemma 3.1). The amortized bonus defined in Eq. (7) satisfies
P
Zthl %(’S) < Zthl be(s) and Zthl G (s)bs(s) = O(CT log T)) for any s.
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Proof. In the following proof, we use the equivalent definition of b;(s) given in Eq. (14). We first
show 7, Ut(s < S, bi(s). On the one hand, we have

(i

t=1

T Tog(ISIT)] P
Hy(s) = j} —7

)X 2, M =0
T .

DS Hun(s) = ) gty

[log(IS|T)]1

Zt 1]1{2%( )—j}ctp

2-i-1

§=0
[log(|ST)1

< ¥ min{2L 32, Hyi(s) = j}, CF}

251 ’

(20)
§=0

where the second step uses the construction of the bin, i.e., if u;(s) falls into a bin (2771, 277], then,
it is lower-bounded by 2-7~1: the fourth step follows the facts that CtP < 2L and Zthl Ctp < CP.

On the other hand, one can show

T MosSI1 Iy, (s) = T {2f(5) < §

T
th( —4LZ Z
nog%s:m S Hyi(s) = j}H{Zf( ) < %P}

S
——

ug(8)

> 4L :
27
=0
[og(ISIT)T . T
min{>>,_ Hye(s) =5}, 57
> 2L Z 92—j—1
[log(IS|T)] . ;
_ gZ min{2L 37,7, Hyi(s) = j},C7} @1)
2-i-1 ’

Jj=0

where the second step uses the construction of the bin, i.e., if u;(s) falls into a bin (277", 277], then,
it is upper-bounded by 277, and the third step follows the definitions of y;(s) and 2 (s).

Combining Eq. (20) and Eq. (21), we complete the proof of 23:1 uc—(fs) < Zle be(s).
For the proof of Zthl 3:(5)b(s) = O(]S|CF log T), one can show

. . P
T Nos(ISIT gPerm (5)T{yi(s) = i1 {z{(s) < §5 }

PRACLIC _4LZ Z w(5)

T flog(ISITﬂ

) cP
<A4L I =i}I42(s) <
YT D Hul) =i {se) < o |

[log(|S|T)] T ‘ P
=4 ) Ytuls) =) < o |

[og(ISIT)] ~p

C
<4L —
o , 2L
=0
=0 (CPlog (|S|T)) = O (CPlog (1)) ,
where the first inequality uses the fact qﬁ ©7t(s) < u(s), and the last equality uses | S| < T O
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A.6 Proof of Theorem 3.2

— mi /1S12|Allog(+) 1 : : 1.
For REG, we choose 77 = min { s, 811}' First consider the case ) # ¢

2
REG = O (lSHAM +1n (L|S|CF> logT + LT) + LT(5>
n
2
<0 (WM + LT + |S|CP log T + LT5>
n

-0 (|S|\/|A| log (1) LT + |S|CP log T + LT(S) :

L
8L

For the case of = g, we have T’ < 64L|S|?|A|In(¢) and show

where the second step uses < and the third step applies choice of 7 in the case of ) # 8%.

REG = O (L|S|*|A|log (1) + |S|CP log T + LT'6)..

Finally, choosing 6 = % and putting the bound above together with ERROR, BIAS;, and BIAS,, we

complete the proof of Theorem 3.2.
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B Omitted Details for Section 4

B.1 Bottom Layer Reduction: STABILISE
Proof of Theorem 4.3. Define indicators

gtj =Huw, € (27771277}
hi,; = I{ALG; receives the feedback for episode ¢}.

Now we consider the regret of ALG;. Notice that ALG; makes an update only when g; jh; ; = 1.
By the guarantee of the base algorithm (Definition 4.1), we have

T
E > (be(m) = (7)) gt e
t=1
<E ﬁlzgmhw (B2 + Bs0;) ma g5 | + Pr Zq ge.iheg > 0; (22)
t=1
We first bound the last term: Notice that E[h; j|gs,;] = 277! g; ; by Algorithm 2. Therefore,
T T '
> CPguiBlhujlge;]l =2777" Y Clgr; <2777'CP (23)
t=1 t=1
By Freedman’s inequality, with probability at least 1 — =5,
T T
> Clgushi; =Y CrgiElhelg:5]
t=1 t=1
T
< 2,23 " (CPY2g0Elbnlgn)1oB(T) + AL log(T)
=1
T
<4, LY CPgi Bl jlge.5]10g(T) + AL 1og(T) (CF <2L)
t=1
T
Z + 9t,;E[he |ge,] + 8L log(T) (AM-GM inequality)

which gives

T T
> Clgiihey <2 CPgrElhylg:;] + 8L1og(T)

t=1 t=1

<279CP + 8Llog(T) < ;

with probability at least 1 — T2 using Eq. (23). Therefore, the last term in Eq. (22) is bounded by
&HLT < £

Next, we deal with other terms in Eq. (22). Again, by E[hy ;|g: ;] = 2771 g¢ ;, Eq. (22) implies

2= i= 161 th,j

: L
277K (B2 + B3b )mant,j + —

<E .
- T

T
Z Et 7Tt - ét )gt,j

which implies after rearranging:

E [Z(ét(ﬂt) - ft(ﬂ))gt,j]

t=1
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T
1 B2 B30; L
<E 72—3'—151 t_zlgt,j + (2—]‘—1 + =1 Igia%(gt] + To—i-1

T
291, 2032 + 163 L log(T)
<]E \ﬂlg wy + ( 2—j 45C maxgt] +W
i (using that when g; ; = 1, 5= J — < w%, and the definition of 6;)
Now, summing this inequality over all j € {0,1,..., [log, T'| }, we get
d 1
| S (e — et > T}]
t=1
"1 1
<O|E || NB Y —+ (B + BsLlog(T))————— + NBsCP| + L

=1 Wi ming < Wt

< 0 (E [VBiTlog(T)pr + (B + s Llog(T))pr| + B5C7 log T + L)

where N < O(log T) is the number of ALG;’s that has been executed at least once.
On the other hand,

E [i(ﬁt(ﬂt) = &(m)1 {wt = 11“}

< LTE[I{pr > T}] < LE [p7].
t=1

Combining the two parts and using the assumption 35 > L finishes the proof. [

B.2 Top Layer Reduction: Corral

In this subsection, we use a base algorithm that satisfies Definition 4.2 to construct an algorithm

with v/T 4 CP regret under unknown CP. The idea is to run multiple base algorithms, each with a
different hypothesis on CP; on top of them, run another multi-armed bandit algorithm to adaptively
choose among them. The goal is to let the top-level bandit algorithm perform almost as well as the
best base algorithm. This is the Corral idea outlined in Agarwal et al. [2017], Foster et al. [2020],
Luo et al. [2022], and the algorithm is presented in Algorithm 3.

The top-level bandit algorithm is an FTRL with log-barrier regularizer. We first state the standard
regret bound of FTRL under log-barrier regularizer, whose proof can be found in, e.g., Theorem 7 of
Wei and Luo [2018].

Lemma B.2.1. The FTRL algorithm over a convex subset ) of the (M — 1)-dimensional simplex

A(M):
t—1
wy = argmin w, L, log —
i {2 ) 2w

z:l

ensures for all u € <),

T T M
St < B DD
t=1 i=1

t=1

as long as nwy ;|4 ;| < %for all t,i.

Proof of Theorem 4.4. The Corral algorithm is essential an FTRL with log-barrier regularizer. To
apply Lemma B.2.1, we first verify the condition nw, ;|¢; ;| < % where ¢, ; = ¢é,; — r¢,;. By our
choice of 7,

1
nwy il éi| < megi < T (because B2 > L by Definition 4.2)
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Algorithm 3 (A Variant of) Corral

Initialize: a log-barrier algorithm with each arm being an instance of any base algorithm satisfying
Definition 4.2. The hypothesis on C* is set to 2¢ forarm i (i = 1,2,..., M £ [log, T).
Initialize: po ; = M, Vi

fort=1,2,...,Tdo
Let

~
|

Wy = argmin w,
wEA(]W),wiZ%,Vi T

_ 1
where 1) = 75T 5y

For all 7, send w; ; to instance <.
Draw i; ~ wy.
Execute the 7; output by instance i,

Receive the loss ¢; ;, for policy 7, (whose expectation is ¢;(7;)) and send it to instance ;.
Define for all 4:

. 1L 1
(ér —r7>> + Zlog}
1 = W

- Ct7iﬂ[it = Z]
Cti = )
Wy 4
1
Pt,i = Min
T<t U)‘,-’Z',

res =BT (\/m - \/pt—l,i) + B2 (pr.i — pe—1i) -

nwirei = N\ LT (/Pri — /Pr—1.i) + 1B2wei (Pr,i — Pr—1) -

The right-hand side of the last equality is non-zero only when p; ; > p;_1 ;, implying that p; ; = ﬁ
Therefore, we further bound it by

NWt,iTt,i

1 1
<V BT — (/P — /Pt—1,) + 1P (pt,i — pr—1,)

Pt,i Pt,i

1 VPt—1,2 —1,¢
77‘/51T< ptl’)+nﬂz <1pt1>
\ Pt,i Pt,i Pt,i

1 1 pt—l.i> 1 Vb 1 1
<n/BT _ + 1 ==t (== — Y2 < == — —=fora,b>0)
o <m \ﬁpm) 2 ( Pri Ve e T Vb Ve
(24)
</ BT + npe (pr,i > 1)
1
=1 (definition of 7)

which can be combined to get the desired property nwy ;|é; — ;| < %

Hence, by the regret guarantee of log-barrier FTRL (Lemma B.2.1), we have

T
E Z(Ct,z‘t—ct,i*)]
t=1
T M M
MlogT
t=1 =1 t=1 =1

stability-term bonus-term

where * is the smallest i such that 2 upper bounds the true corruption amount CP.
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Bounding stability-term:

T M
stability term < 27 Z Z wi (& + 717,
t=1 i=1

where
T M T M
MY > wiiE, =2m) > o i =i} < O(ML*T)
t=1 1=1 t=1 1=1
and
) T M ) 2<4 TM\/i712 1 1 A T M ,Dt_171‘2
0323wt <30S (WAD (= W) + n52;;< L)

(continue from Eq. (24))

T M
<4n61T><ZZ( — F)W@ZZm Pti

t=1 i=1 (=1i=1 Pt—1
<land1l—a < —Ina)

(m \/7
< 477ﬂ1TM% +4nBM InT. (telescoping and using pg; = M and p7; < T)

Bounding bonus-term:

bonus-term = E E Wy, ﬂ’m—g T4 ix

t=1 i=1

<\/5TT§T:§:(\/T ﬁ>+62§:§:10g

t—1 i=1 =1 i=1 Pt—1

- (\/ pr,i+ 1T + pr,i« B2 — v/ po,i+ b1 — Po,i*ﬁ2>

(continue from Eq. (24) and using 1 —a < —Ina)

<0 <\/ﬁ17TM3 + BQMIOgT) - (\/ pr.ix BT + PT,i*52> .

Combining the two terms and using n = © (ﬁ), M = 0O6(logT), we get

Z Cy(me) — Cpn 1 =K lZ(Ct,it - Ctﬂ’*)}

t=1

=0 <\/ BT log” T + B log? T) —E {\/ pr,i+ BT + pT,i*ﬂ2] (25)

On the other hand, by Definition 4.2 and that C* € [Qi*’l, 2“], we have

t=1

T
E lZ(Ctm - ﬁt(fT))] <E {\/ pr,i+ BT + pT,i*BQ} + 2630, (26)

Combining Eq. (25) and Eq. (26), we get

T
E [Z(ft(m) —l(1)]| <0 (\/51T10g3 T + 32 log? T) +2835CF,

t=1
which finishes the proof. O
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Algorithm 4 Algorithm with Optimistic Transition Achieving Gap-Dependent Bounds (Known C)

Input: confidence parameter 6 € (0, 1).

Initialize: V(s, a), learning rate 71 (s, a) = 256L?|S|; epoch index i = 1 and epoch starting time
t; = 1;VY(s,a, s'), set counters m1(s,a) = mi(s,a,s’) = mo(s,a) = mo(s,a,s’) = 0; empirical
transition P; and confidence width B; based on Eq. (2); optimistic transition P; by Definition C.1.1.
fort=1,...,Tdo

Let ¢, be defined in Eq. (28) and compute

G = argmm< t}f (& v )> + 6e(a)- 27)

€Q(Pi) \  r=t;

Compute policy 7; from g; such that 7, (als) o< (s, a).

Execute policy 7, and obtain trajectory (s; i, ay ) fork=0,...,L — 1.
Construct loss estimator ¢; as defined in Eq. (5).

Compute amortized bonus b, based on Eq. (29).

Compute learning rate 7,41 according to Definition 5.2.

+
Increment counters: for each k < L, my; (st i, Gt i, St k1) < 1, mi(St.k, Gek) &,

if 3k, m; (s, ae k) > max{l,2m;_1(S¢k, ar k) } then > entering a new epoch
Increment epoch index < 1 and set new epoch starting time t; =t + 1.
Initialize new counters: Y(s, a, '), m;(s,a,s’) = m;_1(s,a,s"),m;(s,a) = m;_1(s, a).
Update empirical transition P; and confidence width B; based on Eq. (2).
Update optimistic transition P; based on Definition C.1.1

C Omitted Details for Section 5

In this section, we consider a variant of the algorithm proposed in Jin et al. [2021], which instead
ensures exploration via optimistic transitions and also switch the regularizer from Tsallis entropy
to log-barrier. We present the pseudocode in Algorithm 4, and show that it automatically adapts to
easier environments with improved gap-dependent regret bounds.

Remark C.1. Throughout the analysis, we denote by QT7 (s, a; ) the state-action value of state-
action pair (s, a) with respect to transition function P (P could be an optimistic transition function),
policy m and loss function v; similarly, we denote by V™ (s;r) the corresponding state-value
function.

Specifically, the state value function V™ (s; 1) is computed in a backward manner from layer L to
layer 0 as following:

VP (sr) = {

0, s =syg,

Sacanals) (r(5,0) + Sy, PE1s,aVPT(50) 5 # s

Similarly, the state-action value function QT™ (s, a;r) is calculated in the same manner:

Qpﬂ—( ) 0) S =S8,
T(s,a;r) =
(5,0) & Tesyg s P8150) Dea nl@$)QP7 (5, a'i7), s 51,

Clearly, VP (sq; 1), the state value of s, is equal to
VP (s057) ZZqP”sa (s,a) = (¢"7,7).
s#sp a€A
This equality can be further extended to the other state u as:
VP (uyr) = ZZqP”sam (s,a),
s#sp a€A

where q©™ (s, alu) denotes the probability of arriving at (s, a) starting at state v under policy T and
transition function P.
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C.1 Description of the Algorithm

The construction of this algorithm follows similar ideas to the work of Jin et al. [2021], while also
including several key differences. One of them is that we rely on the log-barrier regularizer, defined
with a positive learning rate (s, a) as

¢1(q) = =Y 1i(s,a)log (¢(s,a)). (28)

The choice of log-barrier is important for adversarial transitions as discussed in Section 3, while the
adaptive choice of learning rate is important for adapting to easy environments. The formal definition
of the learning rate is given in Definition 5.2, and further details and properties of the learning rate
are provided in Section C.7.

As the algorithm runs a new instance of FTRL for each epoch ¢, we modify the definition of the
amortized bonus b; accordingly,

. t P
(o) — b(s.) = ety 5, Hllomaur(s)] = Noga w9} < 67 o0
0 else.

The bonus b;(s) in Eq. (29) is defined based on each epoch 4, in the sense that

Zj—:l I{[logy u-(s)] = [logy us(s)]} counts, among all previous rounds 7 = ¢;, ..., ¢ in epoch 4,

the number of times that the value of u.(s) falls into the same bin as u¢(s).

Again, for the ease of analysis, in the analysis we use the equivalent definition of the bonus b;(s)

defined in Eq. (14), except that the counter zg (s) now will be reset to zero at the beginning of each
epoch i.

Next, we formally define the optimistic transition as follows.

Definition C.1.1 (Optimistic Transition). For epoch i, the optimistic transition P; : Sx Ax S — [0,1]
is defined as:

ﬁ( 15, a) = max{O,Pi(s’|s,a)—Bi(s7a,s’)}7 (s,a,s") € W,
186 = D sresy,, Min {P,(s'|s,a), Bi(s,a,s")}, (s,a) € Spx Aands = s,

where P is the empirical transition defined in Eq. (2).

Note that the optimistic transition P;(-|s, a) is a valid distribution as we have

Z min { 7 (s'[s,a), Bi(s,a,s')} =1 — Z max {0, P;(s'|s,a) — B;(s,a,s")} .

s'€Sk41 s'€Sk4+1
We summarize the properties of the optimistic transition functions in Appendix C.8.

C.2 Self-Bounding Properties of the Regret

In order to achieve best-of-both-worlds guarantees, our goal is to bound Reg,(7*) in terms of two
self-bounding quantities for some = > 0 (plus other minor terms):

Si(z)= |z-E ZZ Z gt (s,a) |,

t=1 s#sp a#n*(s)

T
Se(x) = Z Z z-E qut’“t(s,a)].

s#sp a#m*(s)

(30)

These two quantities enjoy a certain self-bounding property which is critical to achieve the gap-
dependent bound under Condition (9), as they can be related back to the regret against policy 7*
itself. To see this, we first show the following implication of Condition (9).
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Lemma C.2.1. Under Condition (9), the following holds.

Reg(m Z SN (s,a)A(sa) | - Ct—200P — L2CP. (3D
t=1 s7sr, ane (s)

Proof. From the definition of Reg,.(7*), we first note that:
Regy(7*)

T
—F Z <th,7rt _ th,W*7£t>

=E §T:<qut _(]P’ﬂ*7€t> + E Z<qptx7rt qP,rrt / > 1IE ET:<(]P’”* th ' >]
i t=1 t=1
2 E ZT: ("™ =g )| — 20C°

>E ZZ Z Pri(s,a)A(s,a) | —Ct —2LCP

| t=1 s#sL a#m*(s)

where the third step applies Corollary D.3.7 and the last step uses the Condition (9). We continue to
bound the first term above as:

ZZ Z qP’”t(s,a)A(s,a)

t=1 ssr, arknn(s)

T
ZZ Z th’”t(s,a)A(s,a)

1=1 ssp, agtnr(s)

CEIYY S 0 s,)] Als,a)

1=1 ssr, anr(s)

T
ZZ Z qP’f’m(&a)A(&a) — L2CP,

t=1 s#sp a#mw*(s)
where the last step uses A(s,a) € (0, L] and Corollary D.3.6. O
We are now ready to show the following important self-bounding properties (recall Ay =

minS#SL,(I?éTF* (s) A(Sa a))
Lemma C.2.2 (Self-Bounding Quantities). Under Condition (31), we have for any z > 0:

Si(z) < z (Regp(n*) + C +2LCP + L2CP) + 1(4; )
MIN

L P P
Sa(z) < z (Regp(m*) + CH+2LCT + L*CF) ; 7&2*( A

Besides, it always holds that S1(z) < vz - LT and Sa(z) < \/z - L|S||A|T.

Proof. For any z > 0, we have

S (x) = QZKMIN -E PETANIN Z Z Z qt (s, a)

t=1 s#sp a#m*(s)
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T
<E ZAMINZ Z Z thv'”t(&Q) + 4ZZMIN

t=1 s#sp a#n*(s)

2 (Regy (%) + Ct + 20CP + L2CP) + ———
4zAyx
where the second step follows from the AM-GM inequality: 2,/zy < = + y for any z,y > 0, and

the last step follows from Condition (31).

By similar arguments, we have Sy (z) bounded for any z > 0 as:

e e

s#SL aZ£m*(s) t=1

Z Z 4zAsa + 2B Z Z qutmsa (s, a)

s#sL aZm*(s) s#sp aZm*(s) t=1

= z (Regy () +C’L+2LCP+L2CP Z Z
S#SL a;éﬂ*(s

Finally, by direct calculation, we can show that

T
Si(z)= |z-E ZZ Z qPome(s,a)| < V- LT,

t=1 s#sp aFm*(s)

according to the fact that 35, >, c 4 qP#™(s,a) < L. On the other hand, Sy(x) is bounded as

T
So(w) < |- ISIIAE | DY D> D g¢Pmi(s,a)| < Vo LISJAIT,

S#SL aFm* (s) t=1

with the help of the Cauchy-Schwarz inequality in the first step. [

Finally, we show that Algorithm 4 achieves the following adaptive regret bound, which directly leads
to the best-of-both-worlds guarantee in Theorem 5.1.

Lemma C.2.3. Algorithm 4 with 6 = 1/T? and learning rate defined in Definition 5.2 ensures that,
for any mapping 7 : S — A, the regret Reg,(m*) is bounded by O ((CP + 1) L?|S|*| A|? log? (1)
plus

O (S1 (L%|S|*|A]log® (1)) + Sa (L?|S]|Allog? (1)) -
The proof of this result is detailed in Section C.3. We emphasize that this bound holds for any

mapping 7*, and is not limited to that policy in Eq. (9). This is important for proving the robustness
result when losses are arbitrary, as shown in the following proof of Theorem 5.1.

Proof of Theorem 5.1. When losses are arbitrary, we simply select 7* = 7 where 7 is one of the
optimal deterministic policies in hindsight and obtain the following bound of Reg(7):

o ((CP +1) L?S[*|A]? log® (1) + S1 (L3 S?|A|log” (¢)) + Sa (L?|S||Allog? (1))

=0 ((CP +1) L2[S| A1 log? (0) + / L4ISP AT log? (1) + \/L3|S[2| AP T log? m) ,

where the first step follows from Lemma C.2.3 and the second step follows from Lemma C.2.2.

Next, suppose that Condition (9) holds. We set 7* as defined in the condition and use Lemma C.2.3
to write the regret against 7* as:

Reg, (%) < pu (S1 (L?|S|?| A log? (1)) +S2 (L?|S]|A] log? (1)) +¢& (C’P +1),
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where x> 0 is an absolute constant and £ = O (L?|S|*| 4|2 1log”(1)).

For any z > 0, according to Lemma C.2.2 (where we set the z there as 2/2,), we have:

Reg,(1%) < z (Regy(7*) + Ct + 2LCP + L*CP)

2 3 2
p? [ L3|S|*|Allog® ( L ISIIA\log (¢) P
+— A +>> Go0) +e(CP+1).

s#sr a#m*(s)

— L3|S|?|A] log® L?|S||A|log? :
Letz =12 and U = W D stsr Dagtnr(s) W. Rearranging the above
inequality leads to

z (Ct+2LCP + L*CP) N p2U +g(cF’+1)
1-2 z(1—2) 1-2

Ct +2LCP + L2CP 1 1
(C+ x+ )+<x+2+x>u2U—i—(1+x>§(CP+1)

Regyp(m") <

%(OL+2LCP+L2(JP+u2U+§(CP+1))+z-u2U+2u2U+§(OP+1).

Picking the optimal = to minimize the upper bound of Reg(7*) yields

Reg (%) = 2\/(CL +2LCP + L2CP + p2U + € (CP + 1)) p2U + 2p°U + € (CP + 1)

< 2\/(CL +2LCP + L2CP + € (CP + 1)) p2U + 4p*U + € (CP + 1)

o) (\/(CL + L2|S|4|A]2 log? (1) CP) U + U + L2|S|*|A|log? (1) (CP + 1))
<O (VUCE+U + L*|S|'| AP 1og? (1) (CP + 1)),

where the second step uses \/z + y < \/x + /y for any z,y € R>( and the last step uses 2,/zy <
x + y for any x,y > 0. O

C.3 Regret Decomposition of Reg,(7*) and Proof of Lemma C.2.3

In the following sections, we will first decompose Reg,.(7*) for any mapping 7* : S — A into
several parts, and then bound each part separately from Section C.4 to Section C.7, in order to prove
Lemma C.2.3.

For any mapping 7* : § — A, we start from the following decomposition of Reg.(7*) as

Lt=1
. ERROR; ) ESTREG (32)
E Z <th77r*aZt - bt> - <qphﬂ—*7£t> )
t=1 i
ERROR»

where f’t = ﬁi(t) denotes the optimistic transition for episode ¢ for simplicity (which is consistent

with earlier definition such that g; = ¢*"™). Here, ESTREG is the estimated regret controlled by

FTRL, while ERROR; and ERRORj, are estimation errors incurred on the selected policies {wt}thl,
and that on the comparator policy 7* respectively.
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In order to achieve the gap-dependent bound under Condition (9), we consider these two estimation
error terms ERROR; and ERRORj, together as:

a0 = (a0 ) (4P ) = ()

t=1

-2 [0 (] ) o ] ) - ()

where E, [] denotes the conditional expectation given the history prior to episode t.

E

(33)

To better analyze the conditional expectation of the loss estimators, we define o, 5 : S x A — R as:

P, s,a)l(s,a R Py, s,a) — P,y s,a (s,a
(s, a) 2 1 (5, a)luls, ), Bi(s,a) = (g™ )th(s a)( ) (s, a)

u(s, a) ’

which ensures that E, [E(s, a)} = ay(s,a) + Bi(s, a) for any state-action pair (s, a).
With the help of ay, 8¢, we have
<qﬁt’m,Et {Zt} - bt> = <qﬁtm,04t> + <qﬁt’m75t - bt> )
(" Bx [B] = b)) = (¢™ ) + (" B = br)

which helps us further rewrite Eq. (33) as

t=1 t=1
+E i <qP,7rg7£t> _ <q13f,,m,7at> =+ <q13t,7r*7at> _ <qP,7r*7£t>‘| (34)
t=1
+E ET: <qﬁt’m, by — 5t> + ET: <qﬁt’ﬂ*75t - bt>‘| .
t=1 t=1

Based on this decomposition of ERROR; + ERROR3, we then bound each parts respectively in the
following lemmas.

Lemma C.3.1. Forany § € (0,1) and any policy sequence {m}L_,, Algorithm 4 ensures that

T
E|Y (g™ — P 0) +Z< Pt ghem ,£t>1 =0(C"L).
t=1

Lemma C.3.2. Forany 6 € (0,1) and any mapping n* : S — A, Algorithm 4 ensures that

E li <qﬁ"’”7bt —5t> + < Pem B — bt>

t=1

=0 (CPLIS)*|Allog” (T)) .

Lemma C.3.3. Forany 6 € (0,1) and any mapping ©* : S — A, Algorithm 4 ensures that

T
Z <qP¢7rt’ét> o <th,7rt’Oét> 4 <th,7r*7O[t> B <qP,w*7£t>]

t=1
= O (S1 (L*|S|?|Allog? (1)) + (CF + 1) L?|S|*| Al log? (¢) + 6L|S|?|A|T?) .

Lemma C.3.4. With the learning rates {;}1_, defined in Definition 5.2, Algorithm 4 ensures that

forany § € (0,1) and any mapping 7 that,

ESTREG(7™)
T

S (P ) - <qﬁt»wtabt>]

t=1
= O (S2 (L*|S||A]log® (1)) + (CP + 1) LIS[*|A]* log®(1) + 6T L*|S|*|Allog(¢)) -

E

=E
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Proof of Lemma C.2.3. According to the previous discussion, we have the regret against any mapping
7 : S — A decomposed as:

M=

Regy(m") = E

T
<th,7rt _ qP,wt,£t> + Z <qP”T* B th,ﬂ*7£t>]
t=1

t

Il
—

+E _XT: <qﬁt’ﬂt7bt >+XT:<Q o 76f_bt>]
Lt=1 t=1

iR XT:< Py €> < P”rt’at> < By >_<qpv.,,*7£t>]
Lt=1

+E ZT:<6113“7”725 _bt> —< Pem Et —bt>] ;
L t=1

where the first term is mainly caused by the difference between {P;}7_, and P, which is unavoidable
and can be bounded by O (C’PL) as shown in Lemma C.3.1; the second term is the extra cost of

using the amortized losses b, to handle the biases of loss estimators, which is controlled by @(CP)
as shown in Lemma C.3.2; the third term measures the estimation error related to the optimistic

transitions {Igt}tT:l, which can be bounded by some self-bounding quantities in Lemma C.3.2; the

final term is the estimated regret calculated with respect to the optimistic transitions {]St}thl, which
is controlled by FTRL as shown in Lemma C.3.4. Putting all these bounds together finishes the
proof. O

C.4 Proof of Lemma C.3.1

The result is immediate by directly applying Corollary D.3.7.
C.5 Proof of Lemma C.3.2

For this proof, we bound E [23:1 <q13t””,bt - ﬁtﬂ and E {ZtT:l <qﬁ"”*,ﬁt - bt>} separately.

Bounding [Zle <qf3m,bt - ﬁtﬂ. We have
i@ﬁ,m,bt )
_iz Pime ( A(s) — (¢ (s,a) uj(::)( ))ét(s,a)>
< tiz ( N Vil ut)@Z;m(S’a)’)
Siz Pumi (s, a)bi(s +ZZ|qP~ft s,a) — ¢ (s,0)]

t=1 s,a

T

SZZ Py, (s,a)by(s) + LCP,

where the second step bounds 44 (s, a) < 1; the third step follows the fact that qP 07t (s,a) < ug(s, a)
for all (s,a). Let E; be a set of episodes that belong to epoch ¢ and let N be the total number of
epochs through T episodes. Then, we turn to bound

ZZth”” s,a)b(s Z Z Zth”” s,a)b(s) < O (L|S[*|A|log® (T) CP) ;

t=1 s,a 1=1teE; s,a
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where the last step repeats the same argument of Lemma 3.1 for every epoch and the number of
epochs is at most O(|S||A|log T') according to [Jin et al., 2021, Lemma D.3.12].

Bounding E {Zthl <q}3 o By — bt>}. For this term, we show that for any given epoch ¢,
e <qﬁt»”*, By — bt> < 0 which yields 37| <q13“”*,6t - bt> < 0. To this end, we first
consider a fixed epoch ¢ and upper-bound

_ gPme

<qﬁ“ﬂ*75t> - Zqﬁ"ﬂ* (s,a) <(qptm(s) 7 (s)) gt(sﬂ)) < Zqﬁ“ﬂ* (s,a) ( o ) ;

u($) ug($)

where the second step uses Corollary D.3.6 to bound (¢F*™ (s) — ¢©™(s)) < CF.

For any epoch ¢ and episode ¢ € E;, we have I3t = ]Si(t), which gives that

i <qﬁt’ﬂ*,5t - bt> = i Z <qﬁi’ﬂ*75t - bt>

t=1 i=1tek;
N 5 . cP
<3S e X (5 )
i=1 s,a teE;
<0

b

where the last step applies Lemma 3.1 for every epoch ¢. Thus, E [Zle <q’3 o By — bt>} <0
holds.

C.6 Proof of Lemma C.3.3

We introduce the following lemma to evaluate the estimated performance via the true occupancy
measure, which helps us analyze the the estimation error.

Lemma C.6.1. For any transition function pair (P, ]3) (P and P can be optimistic transition), policy
w, and loss function ¢, it holds that <qP’”, €> = <qP7”, Zf’P’”>, where Zf’P’ﬂ is defined as

ZPP7(s,0) = QP (s,a:0) = Y P(s']s,a)V P (s 0)
S/ESk(S)+1
:ﬁ(&a)—‘r Z (P(s/|8’a)—ﬁ(s/‘8’a)) VP»ﬂ'(S/;g)
8'€Sk(s)+1

for all state-action pairs (s, a).

Proof. By direct calculation, we have:

VP (s0) = ZW(LL\S)QP’“(S, a; l)

a

=Y wals) | QP (s,as) = D P(s|s,a) VI (s:0)

8'€5k(s)+1

+ Zw(a\s) Z P(s|s,a)VP7(s';0)

8 €Sk (s)+1

= Y VI

s'€Sk(s)+1

+ Zw(a\s) QP (s,a;¢) — Z P(s'|s,a) V7 (s:0)

'€k (s)+1
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L—1
S S S P als) | QFT(sLai) — Y. P(s)s a)V (s 0)

k=k(s) s'€S a€ A €Sy (ary41

L-1 N
o X S P als) 2 (S a)

k=Fk(s) s'€Sk a€A

where the second to last step follows from recursively repeating the first three steps. The proof is
completed by noticing (¢"™, £) = V™ (s, {). O

According to Lemma C.6.1, we rewrite <qﬁf’7” , at> and <th’”* , at> with ¢©™ and ¢©™" for any

policy 7* as
P, _/ P P,,P,m; Py,m* _ [/ Px* ZP,Px*
<q tﬂtvat>_<q Trtvzatt ‘n—t>7 <q o 7at>_<q Trﬂzoétt " >
Therefore, we can further decompose as

E |:<qP77Tta€t> - <qﬁ“ﬂ—ta Oét> + <qﬁhﬂ—*7at> - <qPJr*7£t>i|
T —~ —~
Z <qP,m’€t _ ZOI:’:,P,m> B <qP,7r 0 — ZOILD:,PJT >1

T
Z P, Pr* P, P,r* P, P, P,r* PP,
<q ﬂ-t*q T 7£t*Zaf T >+<q Trt?Zaf T 720{: ﬂt>]

Il
HMH

Z Z (qPWt s,a) — "™ (s, )) (4y(s,a) —at(s,a))]
s#sg a€A

TERM 1(7*)
T
+E Z >3 (0" (s.0) — " (s,0)) S (PUS1si0) ~ Pulsls.a)) VPM*@’;at)]
t=1 s#s;, a€A $'€Sk(s)+1
TERM 2(7*)

+E

[M]=

Pry zP, Px* P, P
<q aZat - Zat .

~
Il

1

TERM 3(7*)

We will bound these terms with some self-bounding quantities in Lemma C.6.2, Lemma C.6.3 and
Lemma C.6.4 respectively. In these proofs, we will follow the idea of Lemma D.1.1 to first bound
these terms conditioning on the events Egsr and Eqoy defined in Proposition D.5.2 and Eq. (4), while
ensuring that these terms are always bounded by O (|S|?|A|T?) in the worst case.

C.6.1 Bounding Term 1

Lemma C.6.2. For any 6 € (0,1) and any mapping 7 : S — A, Algorithm 4 ensures that
E [TERM 1(7*)] is bounded by

O (S1 (L*S*|A]log” (1)) + 6]S|*|A|IT? + (CF + 1) L?|S]* Al log? (1)) -

Proof. Clearly, we have a;(s,a) < |S|T for every state-action pair (s,a), due to the fact that
ug(s) > 1/1s|7 (Lemma D.2.8). Therefore, we have TERM 1(7*) < |S|?|A|T? holds always. In the
remaining, our main goal is to bound TERM 1 (7*) conditioning on Ecox A Eggr-

For any state-action pair (s,a) € S x A and episode ¢, we have

uts, a Fm t(s,a ue(s) — g7 (s)) le(s, a
Zt(s,a)*at(s,a):(( )= Zt(s(a) a)) ):( (5) qw<s(>))€( )ZO’
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conditioning on the event Ecoy.

Therefore, under event Econ A Exsr, TERM 1(7*) is bounded by

T
S S (6P @) — 0P (5,0)) (s, ) — auls,a))

t=1 s#sr, a€A

Z [qP"”’(s7 a) — & (s, a)}
s, a€A

[¢77(s,0) — ¢P™ (s, 0)]

(ue(s) — g™ (s)) Le(s, a)
+ w(s)

E

o~

Il
-
w
S

[M]=

= Jue(s) = ¢ (s)]

t=1 s#s; a€A u(s)
T P,y s.a) — P s,a 2
=0 (| LISPAllog? ()3 S gPme(s) (Z g™ (s, >Ut(z) ( >J+>
t=1 s#sy, a

_|_

((CP +1log (1)) L?|S|*|A] log (1))

LIS|?|Allog? (1) ) > > [aP™(s.a) — ¢ (s,a)]

t=1 s#sr, a€A
((CP +1log (1)) L*|S|*|A|log (1))

+

T
L2|S)2Allog? ()Y > D aPme(s,a) + (CF +log (1)) L?|S]*] 4] log ()

t=1 s#sp a#n*(s)

IN
S

INA
S
/\6/\6/_\:

T
<O || L2SPIAlog? ()Y Y D aPmi(s,a) + (CF +1) L?S]*[ Al log? (1) | ,

t=1 ssy, atn(s)

where the first step follows from the non-negativity of /¢;(s,a) — a:(s,a); the third step
applies Lemma D.54 with G = 1 as ), [qP’”f(s,a)—qP’”*(s,a)]+ < ¢Pm(s) <
u(s); the fifth step follows from the fact that > . >, 4 [¢7™ (s,a) —¢"™ (s,a)], <
2L s, Za#ﬁ(s) qP™ (s, a) according to Corollary D.3.5; the last step applies Corollary D.3.6.

Applying Lemma D.1.1 with event Econ A gy yields that

E[TERM (%) = O [ E || L2|S]2|A[log® (1) > Y > ¢Fom(s,a)

t=1 s#sp aF#n*(s)
+ O ((C” +1og (1)) L*|S|*|Allog (¢) + 8|S [*|A|T?)
=0 (Sl (L2|S|2|A| log? (L)) +6|S|?|A|T? + (C’P + log (L)) L% S|*| Al log (L)) .
O
C.6.2 Bounding Term 2
Lemma C.6.3. For any 6 € (0,1) and any mapping ©* : S — A, Algorithm 4 ensures that
E [TERM 2(7*)] = O (S1 (L|S|*|A|log® (1)) + SL|S|*|A|T + LIS[*|A| (C* + log (1)) log (T)) .
Proof. Suppose that Ecox A Egst occurs. We have
P(s'|s,a) > ﬁt(s’|s,a) = ﬁi(t)(s’|s,a),V(s,a,s’) EWi,k=0,...,L—1.

Therefore, we can show that

0< Z (P(s’\s,a) - ﬁt(s’|s,a)) y P (s's a)

s €Sk(s)+1
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of s [1sTest |, ISIC 1o0) |\
M) (8, a) M) (s, a)

where the last step follows from the definition of optimistic transition and the fact that s (s, a) < 1.

By direct calculation, we have TERM 2(7*) bounded by

T
Pre(g. ) — P (s g Sllog (1), IS](C” +1log (1))
LY IS [0 s ) — g s, >L< R B S >

s#sp acA t=1

T o |S] log ()
<0 Y[ nn) - a" )] [ ZEED

s#sp a€A t=1

T P .

s#sp a€A t=1
S Sl1og (1
=0|L Pre(s a) — g™ (s, = + LIS|?1A4] (CP +1o log (T) | ,
;;;[q e G)L Mir) (5, a) ISPl & (1) lo& (1)
S#£SL a
where the last step follows from Lemma D.5.3.

Moreover, we have

2 ZET: {qp’m(s a) = ¢" (s a)} 15]1og (1)
| C | i (s, a)

s#sp a€A t=1

L e [aP(sa)lSllog ()
S Y laPm(s,a) - o (s,a)l \/ e

s#sr a€A t=1

L “tsa 0
)PP I IEIIRPIRAI D ob 3p st UL

s#sp a€A t=1 s#sp a€A t=1

T
=0 |\ |ISPlAllog® (1) Y0 - [aPme(s,a) — P (s,a)l

s#sp a€A t=1

<0 L|S|?|A|log? ( Z Z Z g7 (s, a)

t=1 s#sp a#n*(s)

IN

IN

<0 L|S|2| A] log? ( Z Z Z gt (s, a) +\/L2|S\ |A|log® CP | |

t=1 s#sp a#n*(s)

where the second step uses the Cauchy-Schwarz inequality; the third step applies Lemma D.5.3;
the fifth step follows from Corollary D.3.5; the last step uses Corollary D.3.6 and the fact that

vz +y <+ /yforany z,y > 0.
Finally, applying Lemma D.1.1 finishes the proof. O

C.6.3 Bounding Term 3
Lemma C.6.4. For any 6 € (0,1) and the policy 7*, Algorithm 4 ensures that
E [TERM 3(7*)] = O (S1 (L3|S[?|A|log? (1)) + SL|S[|AIT + (CF + log (1)) L*|S|*|A|log (1)) .

Proof. Suppose that Econ A Egsr occurs. We first have:
P P, Pr* P;,P,
<q 77Tt,Za:7 T 720(2, ,ﬂ't>
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= Z Z q7™ (s,a) Z (ﬁt(s’|s,a) - P(s’|s,a)> (Vﬁ“”* (s o) — VP (s at))

s#sp a€A s"€Sk(s)+1

<2 Z Z Z qP=”t(s7a)Bi(t)(s,a7s’) ‘VPM* (s'sap) — VP (s )

s#sp a€A S/ESk(s)+1

L-1
)1
Y Y Psa) |Sa Og ‘VPt, (") — VPO ()

m
k=0 (s,a,s’) W} Z(t

co LISt S g, (CHOg()) ,

st a€A Mi(t) (57 a)

where the last step follows from Lemma D.2.7 and the fact that VP ©7(s'; ) < L for any 7.

By applying Lemma D.5.3, we have the second term bounded by
O ((CP +1log (1)) L?|S|*|Allog (¢)). On the other hand, for the first term, we can bound

‘Vﬁt’”* (s's5 ) — VP (s'; ozt)‘ as

‘Vﬁ"”* (s'; ) — yPom (s’ )

< Z Z qﬁt’ﬁt (uls”) |me(v|u) — 7% (v]u)] Qﬁ“’”* (u,v; o)

u#sy vEA

< LN P (s (o) — 7 (v]u)]

ueSvEA

LS T Y )

s') u€Sk vE£T* (u)

LS TR el

s') u€Sk vE£T* (u)

where the first step follows from Lemma D.3.2; the second step follows from the fact that

Qﬁ 7" (u,v; o) € [0, L]; the third step uses the same reasoning as the proof of Corollary D.3.5; and
the last step uses Corollary C.8.2.

Finally, we consider the following term

T L-1

ZZ Z ¢ (5, ) (m|s a log Z Z Z g™ (u, 0] )
t=1 h=0 (s,a,s’")EW}, k=h+1u€ESk v#m*(u)
T 4P (5, a)gP (u, 0]5") og (1
B tZ; }z: Z Z Z Z mz(t)(sva)
=0 (s,a,s’")EWp, k=h+1uESk v£mr* (u)

\/qP”t (s,a)P(s'|s,a)gP™ (u,v|s")

L-1

d Pri(s,a)gPme (u,v|s') 1o
S;OZZ Zzzq (u, v|s’) log (¢)

m. S, a
t=1 (s,a.5')EWp, k=h+1 u€ S vr= (u) i) (5, @)

Z > Z S > qPm(s,a)P(s']s, a)gP (u, v]s)

t=1 (s,a,s’)EW}p, k=h+1u€Sy vr*(u)

~
|

1

S SRS 95 9b DL T RN 3 Sl DETITRS

M (s, a
t=1 s€5p, acA o t=1 uES v (u)

>
Il
=]
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L—1 T
( ¢L|sh+1||sh||Alog<>>~ S Y ¢Pm(u,)

h=0 =1 ueS v#n*(u)

=0 | | LIS|?|A|log” ( ZZ ST gPm(

t=1 s#sp a#n*(a)

o[ JusEag O S S s +/CR RSEAI ()

t=1 s#sr a#n*(a)

where the second step applies Cauchy-Schwarz inequality; the third step follows from the fact
that e, Suen Swes,,,., 47 (5,0)P(s'|s.a)g"™ (u,v]s') = ¢ (u,v): the fourth step
follows from Lemma D.5.3 conditioning on the event &ggr; the fifth step uses the fact that \/z + y <
Vv + /y for z,y > 0; the last step follows from Corollary D.3.6. O

C.7 Proof of Lemma C.3.4

In this section we bound ESTREG using a learning rate that depends on ¢ and (s, a), which is crucial
to obtain a self-bounding quantity. Another key observation is that the estimated transition function
is constant within each epoch, so we first bound ESTREG within one epoch before summing them.

Recall that £; is a set of episodes that belong to epoch ¢ and JV is the total number of epochs through

T episodes. By using the fact that P, = P, for episode ¢ belonging to epoch i, we make the following
decomposition ESTREG(7*)

ESTREG(7 lz > (g = gPm g —bt>]

i=1teEr;
<ElZEtz XEX gPome — gPem tht>]
te

This learning rate is defined in Definition 5.2 and restated below.

=E

N
> ESTREGi(W*)] .

i=1

Definition C.7.1. For any t, if it is the starting episode of an epoch, we set v;(s,a) = 256L>
otherwise, we set

_ Duy(s,a)
'7t+1(s7a) = ’Yt(sﬂa) + 2,%(8704) )
where D = = and
g( )
- - N 2
v(s,a) = qPi(t)aﬂ't(sya)2 (QPi(t)aWt(s’a;gt) V ORI T ft)) ) (35)

Importantly, both Qﬁi(ﬂ’“t(s, a;lZ) and Vﬁi(t)’”f(s; E) can be computed, which ensures that the
learning rate is properly defined.

C.7.1 Properties of the Learning Rate

In this section, we prove key properties of v4(s, a) and of v, (s, a). We first present some results in
Lemma C.7.2 that are useful to bound 14 (s, a), and then use these results to bound ~;(s, a).

Lemma C.7.2. For any state-action pair (s, a) and any episode t, it holds that
qﬁ“m(s a)Qﬁ“m(s,a;@) <L, and qﬁt””(s)Vﬁ“m(s;Zt) < L, ¥Y(s,a) € S x A,

which ensures qP“’”( ,a) (Qﬁ“”t (s, a;z\t) — Vﬁ‘*’”(s;z\t)> € [-L,L]. Suppose that the high-
probability event Ecox holds. Then, it further holds for all state-action pair (s, a) that

~ ~ —~ = ~ \2 5
P (s, 0)? - B, [(me(s,a;et) A CT) } < 0 (L2" ™ (s,a) (1 = m(als)) + LIS|CF),

where ﬁt here is the optimistic transition Igi(t) defined in Definition C.1.1.
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Proof. We first verify qﬁ“”f (s, a)Qﬁ“”f (s,a; Zt) <L

thﬂTt(S a)QPuﬂ't( )

a;l,

P””’ (s,a) Z ZZqﬁ“m(u,ds,a)lZ(u,v)
Z
u€es

SveA
Pt,ﬂ't

5 I
Z th’Trt (U,U|S,a) . M

=4 ug(u, v)

veEA

ﬁtaﬂ't( ﬁtﬂt(

Z Z ZL(U,’U) 4 57(3q(u 5 u,v|s, a)

h=k(s) u€Sp veA

S Y S L) <L

h=Fk(s) u€Sp vEA

IN

IA

where the second step follows from the definition of loss estimator, the fourth step follows
from g7 (s,a)qP ™ (u, v|s,a) < ¢ (u,v) < ug(u,v), and the last step uses the fact that

ZuESf > veali(u,v) = 1. Following the same idea, we can show that gPme (s)VPom(s;0,) < L
as well.

R N _ N2
Next, we have E, [(QP“”‘(S, a;ly) — VP (s; ét)) } bounded as
R R _ N2
B | (@7 i) - VI (i) |

=E, || Q"™ (s,a;0) — m(als)QP ™ (s,a:8) — Y mi(d|s) QP (s, a5 1)
a’#a
P > P 1)
<25 | (@7 () - m(al9Q™ (5.0 |
2

+2-E, Z 7rt(a'|5)Q13t””(s,a’;Zg)
a’#a

~ ~ \2 5 ~
=2(1 - m(als))’ E, {(pr’“(s,a;m) ]+2Et > mld]9)Q ™ (s,a"s k) | | (36)
a’#a

where the second step follows from the fact that (z + y)2 <2 (;v2 + y2) for any z,y € R.

By direct calculation, we have

E, [(Qﬁmm(&a;@))?
_E, Z 3 Y P s, )i )

k=k(s) x€Sr yc€A

2

<L-E

Z > qPm (@ yls, a)l(z,y)

zE€SE yeA

HM'

=~
—

=L-E Z Z Zqﬁt’”‘(x,y|s,a)2lz(m,y)2

| k=k(s) €Sk yeA
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L—1 R Pt"ﬂ't( )
<1 Y X Sl (100

k=k(s) z€Sk yEA ur(z,y)

Pt,Tft, z,yls,a qﬁtﬂ"'t s, a th,Jl't, x,
S S e (s ) (o)
0T (s, a) ug(s, a) uy(s,a)

k= k(s) zES) yeA

5 S g (£20)
nm(s,a) 2 hes) oCB neh us(s, a)
Pﬂ'f T CP
Sp ZZZqP’”’wylsa)( wy) , G ) (37)
©Ti (s, a)

k=k(s) z€Sk yEA (x’y) ut(x,y)

where the second step uses Cauchy-Schwarz inequality; the third step uses the fact that Et(s a) -
ét(s a’) = 0 for any (s, a) # (s',a’); the fourth step takes the conditional expectation of A (z,9)%

the sixth step follows from the fact that ¢©*™¢(x, y|s,a)qﬁf7“f (s,a) < qPmi(z,y) < w(w,y)
according to the definition of upper occupancy bound; the last step follows from Corollary D.3.6.

Similarly, for the second term in Eq. (36), we have
2
Ee | | D m(bls)QTm (s, b y)
b#a

2
L-1

SLE Y| | X mblsd™ T @ ylsb) | Bey)

k=k(s) \z€SLycA \b#a
2

=L E Z Z Z Zwt bls) P”” (z,y]s,b) | Ce(z,y)?

k=k(s) x€Sk y€EA \ b#a

2

<1 5 XY (St | (Tt

k=k(s) €S, yEA \ b#a uy(z,y)

5 5 (St ) (L)
- Pf m( k k(s)z€Sk yEA \b#a ut(z,y)
P,y P
S Em T & 8 S (S o) ) o

b#a k=k(s) €Sk yEA t(z,y) ug(z,y)

where the first three steps are following the same idea of previous analysis; the fourth step uses

the fact that 3 -, , qﬁt*“f (s)m(b\s)qﬁ““f (z,y|s,b) < qu ™t (x,y); the last step follows from Corol-
lary D.3.6 as well.

Conditioning on the event &y, we have the term in Eq. (37) further bounded as

Z ZZth’mxysa)< Pri(a,y) CF )

Ptv”t (s,a) )wESk =y ut(z,y) ut(z,y)

S Rt DID DD WL (P
qPrme (s, a) k=k S)IESk yEA ut(, y)

_ Py,

—Pmsa ZZZq”xylsa)

k=k(s) zES), yEA
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DD S LRV 9 (s <F:y>)

k=k(s) x€Sk y€A

L—-1 1771
< L? N LCP Z Z Z(mys@)? 39)

P,y Pnﬂ'f
q (85 Cl) S Cl k=k(s) z€Sr ycA

PtﬂTt 5 a

where the second step follows from the fact that ¢t (z, y) < u;(z,y) as P € Pj(1) according to
the event Ecox; the last step follows from the fact that 30, 5, > ca g (z,yls, a) < 1.

Following the same argument, for the term in Eq. (38), we have

ooy () | CF
Pt‘ﬂ't Zﬂ-t b|) Z qu y‘ b)( (7y) +Ut($,y)>

b;«éa k=k(s) €Sk y€A

Phﬂ't b
o) Zm bls) { L+ Z ZZ( ufj;) >

b#a k=k(s) t€S), yEA
L2 (l—ﬂ't(al P,, T(.’E y|5 b)
=T () gPome( Zﬂt bls) Z > |t Ty ) W
b#(l k=k(s) €Sk y€A

Plugging Eq. (39) and Eq. (40) into Eq. (36), we have

R N N - N2
g7 (s,0)? K, [(th’“(s,a;&) - VP“’”(S;&)) }

P 2 P* * x s.a
< 2P (5,0)% (1 = my(als))? | ——— + Y Yy <y|)>>

Py, Pt 7rt
gt (s, a) (s,0) 55 aes, yea

+ 2P (5,07 [ 2 (qlﬁ_:t(i()l gPome( Zm bls) Z 2 Z( e y|$ b)>

b;éa k=k(s) x€Sr ycA

<0 (12" (s,0) (1 - m<a|s>>)

+0 ch Pt7‘ﬂ't S a Z Z Z < Pt’Trt -'L' y)S a >

k=k(s) €S ycA

P P“ T,Y|s,
vo(LcP P () S ms) 3 Zz<y' b))

b#a k=k(s) €Sk yeA

<0 (LQQﬁ“’”( a) (1 —m(als

)
Pf’“f |s a)q Pf””(s a)
+o|Leh. Z 3 Z( (2.9
k=k(s) TESk yEA u(2,y)
)

cofir 5y 5 (Bt s)m<b|s>qu<x,y|s,b))

k=k(s) z€S, yEA u(2,y)
<0 (quﬁm (s,a) (1 — m(als)) + L|5|CF’)
where the third step follows from the facts that qﬁf”” (z,y|s, a)qﬁf”” (s,a) < qﬁ““t (z,y) < u(z,y)

for any (s,a), (z,y) € S x A,and 37, ,, qFome (s)my(b]s)gPo™ (x, yls, b) < ¢Fo™ (z, y) similarly.
O
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The first part of Lemma C.7.2 ensures that v4(s, a) € [0, L], which can be used to bound the growth
of the learning rate.

Proposition C.7.3. The learning rate vy, defined in Definition 5.2 satisfies for any state-action pair
(s, a):

'Yt(s, a) <

where i(t) is the epoch to which episode t belongs and t; is the first episode of epoch i.

Proof. We prove this statement by induction on ¢. The equation trivially holds for ¢ = ¢;(;) which

is the first round of epoch i(¢). For the induction step, we first note that Dv;(s,a) € [0, L?]. We
introduce some notations to simplify the proof: we use c to denote Duvy(s,a), x to denote (s, a),

and the induction hypothesis is 2 < /S + v where S = D Z] Loy Vi (s,a) and v = 7, (s, ).
Proving the induction step is the same as proving:

T+ 5 <VSFe+y. @1
First, we can verify that f(z) =  + o is an increasing function of z for z > \/c/2. As ¢ € [0, L?]

and 2 > v > L, we can use the induction hypothesis z < v/S + + to upper bound x in the left-hand
side of Eq. (41), and we get:

c  x2+4c/2
T4+ —=—""T"
2x T
S 429V S + % 4+ ¢/2
<
\/5—&-7

:S+’y\/§+c/2+7\/§+72
VS +y VS 4+
S S 442
:\F+7(\f5+ ¢ >+~y\ﬁ+»y
VS + 7 2/ S + 2y V'S +

=(\/§+

c
I +
2\/§+27> K

c
<(vs+ S
_< 2\/S+c>+7
<VS+c+7,

where the second to last step follows from ¢ < L? and v > L, which ensures that 2V/S + 27 >
2\/ S + 72 > 2v/S + c. The last step follows from the concavity of the square-root function which

ensures that v/'S < /S + ¢ — O

S+c

Then, we can use the second part of Lemma C.7.2 to continue the bound of Proposition C.7.3 and
derive a bound that only depends on the suboptimal actions.

Proposition C.7.4. If v, is defined as in Definition 5.2, we have for any deterministic policy 7 : S —
A and any state s # sy:

XS e 0 ¥

a€A t=t; a#m(s)

tip1—1

L2 )" qPome(s,a)
t—t,

tit1—1
+O [ SL2S||A] (tisr —t:) + (| LISIIAR2 Y CF

t=t;
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Proof. For each epoch ¢ and state-action pair (s, a), we have:

tiy1—1 tiy1—1
E, Z vi(s,a) | < 4| Eq l Z yt(s,a)]

t=t; t=t;

(42)
tir1—1
=0 E:, Z L2 gPrme(s,a)(1 — mi(als)) + LIS|CP| |,
t=t;
where the first step follows from Jensen’s inequality, and the second step uses Lemma C.7.2.
Note that, for a = 7(s), we have:
" (5,m(5) (1 = mi(m(s)]s)) < g™ (s) D m(bls) < D g (s,b).
b#m(s) b#m(s)
Therefore, we have
tip1—1
B | 24| D wlsa)
t=t;
tir1—1
=0 Z E:, Z L2 gPrme(s,a)(1 — m¢(als)) + L|S|CP
acA t=t;
tip1—1 tigt1—1
O[S EL |22 S dPm(sa) (1 —mals) | + 4| LIS S Cf
acA t=t; t=t;
tip1—1 tiy1—1
=0 D \|By |2 D qPm(s,a)| + | LIS|[A]R Y CF
a#m(s) t=t; t=t;
tigt1—1 tip1—1
SO SL2S|IA] (tipr — L —ta) + Y | |[L2 Y gPme(s,a)| + | LISIIAZ > P
a#m(s) L t=t; t=t;
tiy1—1 tip1—1
<O SLSIIA] (tigr —L—t) + D> 4| B |[L2 D qPome(s,a)| + [ LIS|IA]Z > ¢ |,
a#m(s) L t=t; t=t;

where the first step follows from Eq. (42); the second step uses the fact that /z +y < \/x + ,/y for
x,y > 0; the fourth step follows from Lemma D.1.1 with the event £y and Corollary C.8.2; the last
step applies Corollary D.3.6. O

C.7.2 Bounding ESTREG;(7*) for Varying Learning Rate

We now focus on bounding ESTREG; (7*) for an individual epoch .

Notations for FTRL Analysis. For any fixed epoch ¢ and any integer ¢ € [t;,¢;+1 — 1], we introduce
the following notations.

Fi(q) = <q, 5 (@ - b7)> +éi(a) . Gilg) = <q, S (7 - bT)> +ula),
r=t; T=t; (43)

@ = argmin F(q), ¢= argmin Gi(q).
qgeEQ(P;) qEQ(P;)
With these notations, we have q; = q; = ql3 6Tt = q}5 “7t_ Also, according to the loss shifting
technique (specifically Corollary D.4.2), ¢; and g; can be equivalently written as

t—1 t
g+ = argmin <q, > (g — br)> + ¢i(q), @ = argmin <q, > (g-— bT)> + ¢i(q), (44)

qEQ(P;) T=t; qeQ(P;) T=t;
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where g; : S X A — R is defined as
gi(s,a) = Qﬁt’m (s,a;a) — Vﬁf’m(s;lz),V(s,a) €S x A (45)

Finally, We also define u = ql3 »™ and

1 1
=(1-= S max 4
v ( T2>“+T2A||S|;:qéva’ (46)

is the occupancy measure associated with a policy that maximizes the probability of

max

where ¢35
,

visiting (s, a) given the optimistic transition P;. Then, we have v € Q(P;) because w, I5q € Q(P)

for all (s, a), and (P;) is convex [Jin and Luo, 2020, Lemma 10].
Therefore, ESTREG; (7*) can be rewritten as:

tip1—1
Z <Qt _U;Zt - bt>]

ESTREG,(7*) = E,,

i

t=t;
tigt1—1 tig1—1
=E | > {a-vl—b)|+E | <v—u,€t—bt>], (47)
t=t; t=t;
=D =:(II)
where term (I) is equivalent to
tir1—1
B | Y (o —v,g— b»] : (48)
t=t;

because <qt -V, 0t — Zt> = 0 according to Lemma D.4.1.

We then present the following lemma to provide a bound for ESTREG; (7*).

Lemma C.7.5. For g, define in Eq. (45), v defined in Eq. (46), and any non-decreasing learning rate
such that v, (s, a) > 256L2|S| for all (s, a), Algorithm 4 ensures that ESTREG; (7*) is bounded by

L+ L|S|CP
# +Et1 Z Z’Ytpd*l(s’a‘) IOg (L)

s#sp a€A

tipa=l ) tig1—1
+ O (min {Eti l Z Hft - thV*% « )] By l Z g — bt|2v2¢t(qt)] }) )
=t; t t t=

=t

O

Proof. We start from the decomposition in Eq. (47).
Bounding (I). By adding and subtracting F}(q;) — G¢(g: ), we decompose (I) into a stability term
and a penalty term:

tig1—1

Z <<Qt7z\t - bt> + Fi(qt) — Gt(@t))

t=t;

E,,

i

+E,

tiil (Gt(dt) - Ft(Qt) - <'U,Zt - bt>)] .

i

Stability term Penalty term

As y1(s,a) > 256L%|S|, Lemma C.7.6 ensures 3¢;(s, a) < g;(s,a) < 2¢,(s, a) for all (s, a), which
allows us to apply [Jin and Luo, 2020, Lemma 13] to bound the stability term by

tiyi—l 2
Stability t —0|E, /, —b ) 50
ability term ti Z t t V*r"tf)t(qt) ( )

i
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The penalty term without expectation is bounded as:

tig1—1

Z (Gt@t) — Fi(qt) — <U,?t - bt>)

t=t;

= —F,(qr,) + Z (Gi=1(Gt—1) = Fylar)) + Gy —1(Griny—1) — <U7 Z (Zt - bt>>

t=t;+1 t=t;
t'H»l —1

tig1—1
—Fi(g)+ Y (Gialar) = Fular)) + Grpp 1 (v) — <U, > (E - bt>>

t=t;+1 =t;
ti+1—1

~r(ar) + Y (De-1(ar) = 64(ar) + beiyy 1 (v)

t=t;+1

tig1—1
£35S realsia) = s og )+ a0

t=t;+1 s#sy a€A

IN

tip1—1

= —¢1,(gr.) + e () + D D> (els,a) —yi-1(s,a)) log (qvt((js)))

t=t;+1s#s a€A

= 3 3 i (s,a) log <qt ks ) E:l > D (nls,a) = n-a(s,a)) log (M)

s#sp a€A t=t;+1 s#sp a€A
tip1—1 Lth(s,a)
<D 2 ulsa)log (5, ) 2 2D nlsa) = v a)log | oS
s#sr, a€A 5a t=t;+1 s#sp, a€A s,a (55
tip1—1
SQZ Z% s,a)log (v) + 2 Z ZZ (ve(s,a) — vi—1(s,a)) log (1)
s#sp a€A t=t;+1 s#sp, a€A
=2 Z Z%Hl,l(s,a) log (¢), (51)
s#sp a€A

where the second step uses the optimality of ¢;—; and Gy, , 1 so that G;_1(G;—1) < Gy—1(q:) and
Gtir—1(Gti—1) < Gy, . 1(v); the third step follows the definitions in Eq. (43); the seventh step
lower-bounds v(s, a) by 5% (s, a) for each (s,a); the eighth step uses the definition of g%,

Now, by taking the equivalent perspective in Eq. (44) and Eq. (48) and repeating the exact same
argument, the same bound holds with ¢, repalced by g;. Thus, we have shown

@ = @ Eti Z Z ’Vti+1*1(sv a) IOg (L)

s#sr a€A (52)
tiy1—1 N 2 tit1—1
+O (minqEy, | Y Hft—th , B | Y Mg = bello g, (g0
— V=2¢¢(q¢) =t
Bounding (II). By direct calculation, we have
tigt1—1
an = E, l > (v-ubi- bt>]
t=t;
1 tip1—1
= —F,; max by —b
T2 tz[ Z <|A||S|Zq — U, Lt t>]
1 1 b
< By | |tarar QL e — U (e — be) :
T? [AllS] <7 f; '

oo
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where the first step uses the definition of v in Eq. (46) and the third step applies the Holder’s inequality.

Then, we further show:

1 1 e
1) < —<E,;. _— max _ )
(D) < 75 B, A5 éﬂqsa Ul t; (L t)oo
1 r tig1—1
) max | 0 —b
< 7ol <|A|5|ZH‘1 +|U||1> ; (€ — be) J
1 tip1—1 tiy1—1
< ﬁEti < Z 4 Z by )]
t=t; o t=t;
4 P
<E, [QL( it1 t%j 4LC |S|T]
P
_ 2L+ 4LC7)S )

T )
where the second step repeatedly applies the triangle inequality, and those terms are bounded by 2L in
the next step; the fourth step bounds ¢:(s,a) < 1forall (s,a) and bounds S0+~ Yb(s) < 2CP|S|T

by using the fact u;(s) > |S\T for all ¢, s (see Lemma D.2.8); the fifth step bounds tiy1 —t; by T.

Finally, we combine the bounds in Eq. (52) and Eq. (53) to complete the proof. O

Lemma C.7.6 (Multiplicative Stability). For q; and q; defined in Eq. (44), if the learning rate fulfills
Yi(s,a) > v1(s,a) = 256L2|S| for all t and (s, a), then, 3q;(s,a) < ¢(s,a) < 2q,(s, a) holds for
all (s,a).

Proof. We first show that

80 = X (i) o) 2

L(s,a) _ 1612 ) 0(5,0)?
< +
za: (ut(s a)?  uw(8)?) (s, a)
Li(s,a) 16L? - q4(s,a)?
<
Z 256L2[S| za: 256L2[ S| - uy(5)2

1 1 1
< <z 54
= %56L19] T ; EEE (>4)
SFES],

where the second step uses (z — y)? < 22 + y? for any z,y > 0; the third step bounds
li(s,a)? < 1 and by(s)? < ulfﬁ(i; according to the definition of Eq. (7); the fourth step holds
as vi(s,a) > v1(s,a) = 256 L2|S| and ¢;(s,a) < u.(s,a) for all (s, a); the fifth steps uses the fact

that 3=, ¢(s,0)* < (3, ae(s,a))* < ue(s)”.

Once Eq. (54) holds, one only needs to repeat the same argument of [Jin and Luo, 2020, Lemma 12]
to obtain the claimed multiplicative stability. O

Lemma C.7.7. Under the conditions of Lemma C.7.5, event Ecox, and the learning ~y.(s, a) defined
in Definition 5.2, the following holds for any deterministic policy 7* : S — A:

ti+171
2
Z Z 'Vti+1*1<s>a‘) log (L) + Z ”gt - thV’Q@(tIt)
s#sp a€A t=t;
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tir1—1

Z gPem (s,a)

t=t;

=0 By, [LVIog(t) > >

s#sp a#m*(s)

+ CPlog(|S|T)

tig1—1

+ O | Ey, |6L%S|?| Al log () (tip1 — ts) + 4| LIS|3|A]2 log (1) Z cP

Proof. We start by bounding the second part for each ¢:

1
gt = l%-20u000) = D gy (@) (el @) = ()

< u(s.a

vi(s,a) 1 9 9
<2 +2) ———a(s,a)"bi(s)”,
2w PR Gy )
where the second step uses the definition of v; and (z — y)? < 2(2? + 3?) forany =,y € R.
We first focus on bounding Zt”l ! dea mQt(Sy a)?by(s)%:

t1+1 1
Z Z qt S CL) bt(S)Q
1 tip1—1
2 2
< 5561773 - Z Z;‘qxs,a) bi(s)
tiy1—1
<
256L2|S\ tZ; ; qt(s)be(s
=0 (CPlog(|S|T)), 55)

where the first step uses the fact that (s, a) > 2562
and >_, q:(s,a)? < q:(s), and the last step applies Lemma 3.1.

(5)2 < 4Lby(s)
Then, we bound the remaining term:

tiy1—1
Z%L“ 1(s,a)log (1) + 2 Z ZVt ) ] (56)

Using Definition 5.2, we can bound Eq. (56) as:

tip1—1
Z%Hllsalog —l—QZzw ) ]

s,a 5 a

= Eti lz (r}/twrl—l(sva) log (1/) + %(’yti+1_1(s7a) - ’Vti(sv a)>‘|

4
< Ey, lz <log (¢) + D) Yerer—1(8, a)]
= Eti Z 510g (L) ’Yt11+1—1(53 a)]
i 1 tir1—2
2
< Ey, Sza: 5log (¢) oz () ; vi(s,a) + 256L%|S|
ti+171
Viog (E:, [ Y- D vils,a)| + L2ISP4]
s,a  j=t;
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tit1—1

<O |E, Z Z L2log (v Z qPeme(s,a)

s#sL atn(s) t=t;
tip1—1
+ O | By, [0L%SP|Allog (1) (tix1 —ti) + 4| L|S|3| A2 log (2) Z cP , (57)
t=t;
where the first step applies the definition of y; (s, @) which gives: ”’Ez Zg =2 (m41(s,a) — (s, ))
the second step simplifies the telescopic sum and uses v, (s, a) > 0; the third step uses D = log oL
the fourth step uses Proposition C.7.3; the sixth step applies Proposition C.7.4. [

C.7.3 Bounding ESTREG

Using the equality ESTREG(7*) = E[ Y1 | ESTREG;(7*)] where N is the number of epochs, we
are now ready to complete the proof of Lemma C.3.4.

Lemma C.7.8. Over the course of T episodes, Algorithm 4 runs at most O (|S||A|log(T')) epochs.
Proof. By definition, the algorithm resets each time a counter of the number of visits to a specific
state-action pair doubles. Each state-action pair is visited at most once for each of the T" rounds, so it

can trigger a new epoch at most log 7" times. Summing on all state-action pairs finishes the proof. [

Proof of Lemma C.3.4. Using Lemma C.7.5 and Lemma C.7.7, we have
ESTREG(7")

=E Z ESTREG; (7

N tiv1—1
L P
> L LCTISY | 52182 Allog (1) (tesn — 1) + | LISIF|AP 1og () > cr

= t;

tit1—1
Z CPlog(|S|T) + L\/1og (¢ Z Z E:, Z qPome(s, a)
i=1 s#sp a#m*(s) t=t;
_ L+ LCP|S| 2| a2 2 p
_O(<T |S||A|log(T) + 6L?|S)*|A|log (¢) T + |A]|S|? log(1)\/ L|A|C
N tit1—1
+ O | CP|S]|Allog(1)? + /L2 1og (¢ Z Z Z Z qPo (s, a)
S#ESL a#m* (s) =1 t=t;

L+ LCP|S
=0 (520 IslAllon(r) + SLAISPIAllog ()T + |4115P log() (14| + LC7) )

N tit1—1

+ O | CP|S]|Alog(1)? + /L2 1og (¢ Z Z E Z Z g (s, a)

s#sp a#m*(s) =1 t=t;

=0 (<L|S||ATlog(T)> + 5L2|S\2\A| log()T + CPL|S|2|A\ log (1) + |A|2|S210g(L))

+0 | CP|S||Allog(1)? + 1/ L?|S||Allog® (1) > > E

s#sr aZm*(s)
where the first step follows from the definition of ESTREG (7*); the third step uses the fact that
N = O (]|S]||A]log (T)) and the Cauchy-Schwarz inequality; the fourth step uses /Ty < x + y for

any z,y > 0 with 2 = LC® and y = |A|; the last step follows from Cauchy-Schwarz inequality
again. O
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C.8 Properties of Optimistic Transition

We summarize the properties guaranteed by the optimistic transition defined in Definition C.1.1.

Lemma C.8.1. For any epoch i, any transition P’ € P;, any policy 7, and any initial state u € S, it
holds that
qﬁi’”(s,a|u) < qu’“(s,a|u), V(s,a) € S x A.

Proof. We prove this result via a forward induction from layer k(u) to layer L — 1.

P“’T(u7a\u) = ¢P"" (u, a|u) = 7(alu) for any action a € A. For

P“ﬂ'(

Base Case: for the initial state u, ¢

the other state s € Sy, we have ¢ (s, alu) = g7 (s, alu) = 0.

Induction step: Suppose qP (s, alu) < ¢ (s, a|u) holds for all the state-action pair (s, a) with
k(s) < h. Then, for any (s,a) € S, x A, we have

qﬁi”r(s alu) = 7(als) Z qu“”s da'[u)Pi(s|s’,a)

s’€Sp—1a’€A

> > TP (sl )
s'€Sp_1a’€A
/7
= qP ,ﬂ(57a|u)a

where the second step follows from the induction hypothesis and the definition of optimistic transition
in Definition C.1.1. O

Corollary C.8.2. Conditioning on the event Ecoy, it holds for any epoch i and any policy 7 that
qﬁ"’”(&a) < ¢P™(s,a), V(s,a) € S x A.

Lemma C.8.3. (Optimism of Optimistic Transition) Suppose the high-probability event Ecox holds.
Then for any policy w, any (s,a) € S x A, and any valid loss function { : S x A — R, it holds
that

QP (s,a;0) < QP (s,a;¢), and v P (5;0) < VP™ (5;0),¥(s,a) € S x A.

Proof. According to Corollary C.8.2, we have for all epoch ¢ that

qﬁi,ﬂ(s’a|u> < qu”(37a|u), YueS V(s,a) e S x A (58)

Therefore, we have

VP”SZ ZZqP””uM ,0)

ueSveA

< Z Z qu(u? ’U|S)€(u7 U)

ueSveA
=VPT(s0),

where the second step follows from Eq. (58). The statement for the (Q-function can be proven in the
same way. O

Next, we argue that our optimistic transition provides a tighter performance estimation compared
to the approach of Jin et al. [2021]. Specifically, Jin et al. [2021] proposes to subtract the following
exploration bonuses BONUS; : S x A — R from the loss functions

BoNUS;(s,a) = L-min< 1, Z Bi(s,a,s’) ¢,
8'€Sk(s)+1

where B;(s,a,s’) is the confidence bound defined in Eq. (4). This makes sure
QF™ (s,a; ¢ — BONUS;) is no larger than the true Q-function Q"7 (s, a; £) as well, but is a looser
lower bound as shown below.
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Lemma C.8.4. (Tighter Performance Estimation) For any policy m, any (s,a) € S X A, and any
bounded loss function ¢ : S x A — [0, 1], it holds that

QY™ (s,a; £ — BONUS;) < Qﬁi’7T (s,a;0),V(s,a) € S x A.

Proof. We prove this result via a backward induction from layer L to layer 0.

Base Case: for the terminal state s/, we have QF"™ (s,a; ¢ — BONUS;) = Qﬁi”T (s,a;¢) = 0.

Induction step: suppose the induction hypothesis holds for all the state-action pairs (s,a) € S x A

with k(s) > h. For any state-action pair (s,a) € S}, x A, we first have

Q7™ (s,a;¢ — BONUS;) = ((s,a) — BONUS;(s,a) + Y P;(uls,a)V™ (u;£ — BoNus;)
UESH 41
< {(s,a) — BONUS;(s,a) + Z P;(uls, a)Vﬁ“r (u; £).

UESh 41

Clearly, when 3 B;(s,a,u) > 1, we have QP (s,a; ¢ — BONUS;) < 0 by the definition

of BONUS;, which directly implies that QP (s,a; ¢ — BONUS;) < Qﬁi’” (s,a;¥). So we continue
the bound under the condition Bi(s,a,u) < 1:

uESk(s)-H

UESk(s)+1

QY™ (s,a; £ — BONUS;) < {(s,a) — BONUS;(s,a) + Z P;(uls, a)Vﬁ“7T (u; 0)

UESh 41
<l(s,a)+ Y (Pi(uls,a) — Bi(s,a,u)) VP (u: 0)
UESH 41
</{(s,a)+ Z P;(uls, a)Vﬁ“7T (u3 £)
1L€Sh+1
= Q"7 (s,4:0),

where the second step follows from the fact that Vﬁ ©T (u;£) < L; the third step follows from the
definition of optimistic transition F;.

Combining these two cases proves that Q7™ (s, a; £ — BONUS;) < Qﬁ“” (s,a;0) forany (s,a) €
Sy, x A, finishing the induction. O
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D Supplementary Lemmas

D.1 Expectation

Lemma D.1.1. ([Jin et al., 2021, Lemma D.3.6]) Suppose that a random variable X satisfies the
following conditions:

e X < R where R is a constant.

* X <Y conditioning on event A, where Y > 0 is a random variable.

Then, it holds that E [X] < E[Y] + Pr [A] - R where A€ is the complementary event of A.

D.2 Confidence Bound with Known Corruption

In this subsection, we show that the empirical transition is centered around the transition P. Let

[T]:={1,---,T}. Recall that F; := {t € [T] : episode t belongs to epoch i}, t = W, and we

define the following quantities:

Ti(s,a) = {t € UiZ} E; : Tk such that (s, x,arx) = (s,a)} V(s,a) € Sk x A,Vi>2,Vk < L;

Cf(s a,s'’) = |P(s'|s,a) — Pi(s'|s,a)], V(s,a,s") € Wy, Vi € [T],Vk < L;

CP(s,a,s) Z CFP(s,a,s") V(s,a,s") € Wi, Vi € [T)|,Vk < L.
teT;(s,a)

Note that based on definition of T;(s,a), we have m;(s,a) = |T;(s,a)|. Then, we present the

following lemma which shows the concentration bound between P(s’|s, a) and P;(s'|s, a).

Lemma D.2.1. (Detailed restatement of Lemma 2.2) Event Ecqy occurs with probability at least
1 — 6 where,

Econ = {V(s,a,s") € Wy,,Vi € [T|,Vk < L : |P(s'|s,a) — P;(s'|s,a)| < Bi(s,a,s")}, (59
and B;(s,a, s') is defined in Eq. (4) as:

—— ,
Bi(s,a, ') = min {1, 16\/3(3 5, a)log (1) |, (€7 + 1oz (1)) } . (60)

m;(s,a) m;(s,a)

Proving this lemma requires several auxiliary results stated below. For any episode ¢ € [T'] and any
layer k < L, we use SIMG to denote an imaginary random state sampled from P(-|s; i, @ ). For any

(s,a,8") € Wy, let

_ 1
PME(s'|s,a) = Y sy =91

mi(s, a) teT;(s,a)

We now proceed with a couple lemmas.

Lemma D.2.2 (Lemma 2, [Jin et al., 2020]). Event ' occurs with probability at least 1 — 36 /4
where

L= {V(&a,s') € Wy, Vi, k : |P(s’|s,a) — PZIMG(S’|S,a)‘ < wi(s,a,s’)} ,

and @;(s,a, ") for any (s,a,s’) € Wy, and 0 < k < L — 1 is defined as

(61)

Py(s'|s,a) 141
(A_}i(s,a75/) _mln{l’z (S |S;a) ogL 4 ogl }

m;(s,a) 3m;(s,a)

We note that as long as |A|T > 16/3, event £! can occur with probability at least 1 — 35/4 (unlike
1 — 46 in Lemma 2 of Jin et al. [2020] ).
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Lemma D.2.3. Event £? occurs with probability at least 1 — & /4 where
2= {V(s,a,5") € Wy, Vi, k : |[PMO(s'|s,a) — Pi(s']s,a)| < wi(s,a,8")},
and wi(s,a,s") for any (s,a,s’) € Wy and 0 < k < L — 1 is defined as

4CFP ! 24P(s' 1 61
wi(s,a,s’):min{l, i (50,5 +\/ (+'ls, a) o8t 28! } (62)

m;(s,a) mi(s, a) m;(s,a)

Proof. For any fixed (s, a,s’), if m;(s,a) = 0, the claimed bound in £2 holds trivially, so we
consider the case m;(s,a) # 0 below. By definition we have:

_ _ 1
PO s.0) ~ Bss,0) = b 3 (K = )~ T = 1).
LA teT;(s,a)

Then, we construct the martingale difference sequence { X (s, a, s")}72; w.r.t. filtration {F; 1) 224
(see [Lykouris et al., 2019, Definition 4.9] for the formal definition of these filtrations) where

Xi(s,a,8") = sl 1 = 8 = Usins1 = 8} = (P (']s,a) = P (s']s,a)) .
With the definition of X, (s, a, s’), one can show

S E[Xi(s 0,82 Fos)]

teT;(s,a)

< 3 B |l =) Mo =5} - (PE1s0) - P50 | Faco]

teT;(s,a)

IMG / )2 / / 2
< Z E {2 (]I{st,k(sH_1 =5} =St p(s)+1 =5 }) +2(P(s|s,a) — Py (s|s,a))” | ]:t,k(s):|

teT;(s,a)

< Z E {211{3%((}5)+1 = '} + 2I{s; ()11 = 8’} +2CF (s,a,8) | .7-'t7k(s)}

teT;(s,a)

=2 Y (P(s's,a) + Pu(s[s,a) + Cf (s,a,5)) , (63)

teT;(s,a)

where the second step uses (x — y)? < 2(z2 + y?) for any z, y € R; the third step uses (x — y)? <

2% + y? for 2,y € R and the fact that CF (s, a,s’) € [0, 1], thereby CF (s,a,5')? < CF (s, qa, 3’5;
the last step holds based on the definitions of T;(s, a), 3%((}3) 41 and sy 1(s)+1 as well as the fact that

CP(s,a,s)is Fi ie(s)-measurable.
By using the result in Eq. (63), we bound the average second moment o2 as

2 SeeneaB (X2 Fan] _ 2 i (P($'15.0) + P(s]s.0) + COF s.0,5))
B m;(s,a) -

m;(s,a) - (64)

By applying Lemma D.2.4 with b = 2 and the upper bound of o2 shown in Eq. (64), as well as using

the fact that m; (s, a) = |T;(s, a)l, for any (s, a, "), we have the following with probability at least
1 —6/(4T[S|?|Al),

|PiIMG(S,|Sv (1) - pi(8,|57 a’)|

EteT-( )Pt(sl|s,a) 4log (M)
< |P(s|s,a) — i 3"‘1 '
mi(s, @) 3mi(s, )
410g (w) ZtETi(s,a) (P(S/‘S’ a) + Pt(8/|37 a) + Cf(& a, 8/))
+

m?(s,a)
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Pi(s'|s,a
< P(s’|s,a) _ ZteT,;(s,a) +(s']s, a) 8logt
m;(s,a) 3m;(s,a)
12108 ¢ 37 e, 5.0y (P('|5,0) + Pi(s'[s,a) + Cf (s,a,5"))
! m¥(s.0)
< ZteT,,(s,a) P(s']s,a) B ZteTi(sﬂ) Py(s'[s,a) 8logt
- m;(s,a) m;(s,a) 3m;(s,a)
12108 ¢ 37 e 5.0y (P('|s,0) + P(s']s,a) + CF (s,a,5) + CF (s,a,5"))
! (s, a)

< CP(s,a,s") \/24P(s’|s,a) log ¢ 8logt \/24Cf(s,a,s’)logL

m;(s,a) m;(s,a) 3m;(s,a) m;(s,a)

< CP(s,a,s") 24P(s'|s,a)logt 8logt V6 (Cf(s, a,s’) + log L)
m;(s,a) m;(s,a) 3m;(s,a) m;(s,a)
S (4.}7;(3, a, S/),

where the first inequality applies Lemma D.2.4; the second inequality bounds all logarithmic terms
by log ¢ with an appropriate constant factor (using m;(s,a) < T and |A| > 2); the third step
follows the fact that P;(s'|s,a) < P(s'|s,a) + CF(s,a,s’); the fourth step uses the definition
CP(s,a,s") = ZtETi(s,a) CP (s, a, s'); the fifth step applies the inequality \/4zy < = +y, Va,y > 0
for 2 = CF(s,a, s') and y = log . Applying a union bound over all (s, a, ') and epochs i < T, we
complete the proof. O
Lemma D.2.4 (Anytime Version of Azuma-Bernstein). Ler {X;}3°, be b-bounded martingale
difference sequence with respect to F;. Let 0* = % Ef\il E[X2|F;_1]. Then, with probability at
least 1 — 6, for any N € N7, it holds that:

N
1 202log (4N2/8)  2blog(2N/6)
— X;| < .
N ; - N + 3N
Proof. This follows the same argument as Lemma G.2 in [Lykouris et al., 2019]. O

Lemma D.2.5. Event £ occurs with probability at least 1 — §, where
& :={V(s,a,s") € Wi,Vi,k : |P(s'|s,a) — P;(s'|s,a)| < wi(s,a,s") + @i(s,a,5)} .

Proof. Conditioning on events £ and £2, we have
|P(s'|s,a) — Pi(s]s,a)| < |P(s]s,a) — PMO(s'|s,a)| + |P/MO(s']s,a) — Pi(s']s,a)|
< wi(s,a,8") +wi(s,a,s). (65)

Using a union bound for £ and £2, we complete the proof. O
Armed with above results, we are now ready to prove Lemma D.2.1.

Proof of Lemma D.2.1. Conditioning on event &, for any fixed (s, a, s") with m; (s, a) # 0 (otherwise
the desired bound holds trivially), we have

wi(s,a,s’)
< 24P(s'|s,a)logt n 6logt  4CF(s,a,s")
- m;(s,a) m;(s,a) m;(s,a)
D () _ , 4Cf(s,a,s’) ,
< 4(131(8 |s,a)+wi(s,a,s)+ mi(s,a) +wi(s,a,s)) IOgL GlogL 402!3(57@,5’)
- m;(s,a) m;(s,a) m;(s,a)
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P. (! o ’
< \/24Pl(s |s,a)loge+\/24w1(8,a,s)logL

- m;(s,a) m;(s,a)

+

96 ;n(s(:;)) log ¢ N \/24wi(s,a,s’)logb N 6logt n 4CP (s, a, ")

m;(s,a) m;(s,a) m;(s,a) m;(s,a)

\/960 (s,a,s")loge eri(s,a,s’) n 24log + 4CF (s, a,s")

+@;(s,a,8) +

i(s,a)

m;(s, a) 2 m;(s, a)

< \/24P (8|8, a) log

< 24P;(s'|s,a)logt +an(s,a8) + 28CP (s, a, ") n wi(s,a,s) n 251log ¢ ’
m;(s,a) m;(s,a) 2 m;(s,a)

where the second step holds under &; the third step uses /Y., x; < >0 1 /z; forall z; € Rxg;

(2

the fourth step and the fifth step use 2,/zy < x + y for x, y > 0. Rearranging the above, we obtain

96Pi(s']s,a)] 56CP 501
wi(s, a,s") < \/ (&']3, 0) log ¢ + 2w;(s,a,8") + — (s,a,5) o 0loge (66)

m;(s,a) m;(s,a) m;(s,a)

Thus, conditioning on event £, one can show for all (s,a,s’) € Wyand k < L — 1

|P(S/|S7a) - pi(3/|57a)| < CUj,(S,a, S/) + LDi(S,(Z, 3/)

P.(c! P !
< 96P;(s'|s,a)loge + 3i(s, 0, 8') + 56C¢ (s,a,s’)  50loge
mi(sva‘) mi(sva) m’i(saa)

Pi(s'|s,a)logt  56CF(s,a,s’)  64loge

<16

o mi(57a) mi(57a) mi(saa)

<16 pi(S’\S,a)logL+64C (sas)—i—logL7 67)
m;(s,a) m;(s,a)

where the second step uses Eq. (66), the third step applies the definition of @; (s, a, s). Finally, using
the fact CiP (s,a,8") < CP, we complete the proof. O

Then, we present an immediate corollary of Lemma D.2.1.

Corollary D.2.6. Consider any epoch i and any transition P’ € P;. The following holds (recall m;
defined at the beginning of the appendix),

+38

_ 20FP Sks)+1] 1 32|k (s) 1] 1
\|Pl(~\s,a)fpi('|s,a)||1 < 2.min 17/\370 | k?/(\)-‘r1| Ogb+ | /Ii( )+1| ogL '
m;(s,a) m;(s,a) m;(s,a)

Proof. As P’ € P;, we start from Eq. (67):

_ 64CP (s, a, s’ P;i(s'|s,a)l 641
|P'(-|s,a) — P,(-|s, )|l < Z <1(‘9“‘9)+16 (s'|s,a) gL ogb>

s'€k(s)+1 mi(s, a) m;(s,a) m;(s,a)
64CP Sk(s loge  64]Sks log ¢
< 116, Srellos Sk 1| los )
mi(s’a) mi(saa‘) mi(s,a)
where the last step uses the Cauchy-Schwarz inequality and the fact that Zé rek(s)+1 CP( s,a,5") <

CP. Since || P(-|s,a) — P;(+|s,a)||1 < 2, we combine this trivial bound and the bound of || P(-|s, a) —
Pi(:|s,a)|1 in Eq. (68) to arrive at

_ 20" Shis)41]1 32[ S (5411
|P'<~s,a>pi('|s,a>||1g2.mm{1, 307 g Skt lloge | 325 >+1'°gL}

m;(s,a) m;(s,a) m;(s,a)
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m;(s,a) m;(s,a) m;(s,a)

i Sk(s)+1/1 32/ Sp(sy1] 1
22-min{1,A32C 18 |’“<>+1|Ogb+ |k<>+1|0gb}7

finishing the proof. O

We conclude this subsection with two other useful lemmas.
Lemma D.2.7. Conditioning on event Ecoy, it holds for all tuple (s, a, s") and epoch i that

!Pwmw—a@%mn<on{L P@ﬁ@bﬂ”+03”%@}>

m;(s,a) m;(s,a)

Proof. Fix the epoch i and tuple (s, a, s’). According to the definitions of .oy in Eq. (59) and 7,
we have

_ Py(s 1 P41
|P(s'|s,a) — Pi(s'|s,a)| <min{ 1,16 M 64 CYAJriOg(L) _
m;(s,a) m;(s,a)
Therefore, by direct calculation, we have
‘P(S/|Sa Cl) - Pi(s/|85 a)‘

<m¢qmﬂs@ %a|+P’B®ﬂ%(%+4(ffbg)

mi(s,a) i (
. <%am WWM/P’me L. C7 4 log()
- m;(s,a) m (s, m;(s,a)

_3 P(S/J\S', a)log (¢) 464 cP +log (v) \/’ (]s,a) — By(s']s,a)| - 64log (¢)
m;(s,a) ,a) m;(s,a)
P(s']s,a)log (¢) 496 CP +log (1)

=8 m;(s,a) mi(s,a)

1 _
+ 5 |P(5/|57a) - H(S/|57a)| )
where the second step and last step follow from the fact that \/zy < (x + y) for any z,y > 0.
Finally, rearranging the above inequality finishes the proof. O
Lemma D.2.8. (Lower Bound of Upper Occupancy Measure) For any episode t and state s # sy, it
always holds that us(s) > 1/|s|T.

Proof Fix the eplsode t and state s. We prove the lemma by constructing a specific transition
Pe Pi(¢)» such that qP ™(s) > 1/|s|T for any policy 7, which suffices due to the definition of w(s).

Specifically, P is defined as, for any tuple (s,a,s’) € Wyand k=0,...,L —1:

~ _ 1 1
P(s'|s,a) = P, s’s,a-<1—>—|—.
o) = Py (lsa)- (1= 1) + o

By direct calculation, one can verify that P is a valid transition function. Then, we show that
P &€ P by verifying the condition for any transition tuple (s, a,s’) € Wy andk =0,...,L —1:
1 1
— | < =<

|Se41l| = T

where the last step follows from the definition of confidence intervals in Eq. (4).

~ _ 1
|P(s')s,0) = Pigy (s'ls, )| = o

Pz(t) (S/|Sa a) -

Bz(t) (Sa a, Sl),

Finally, we show that qﬁ’”(s) > 1/|s|T as:

/\71- . A77T = 7T 1 1
s = Y Y Pl > Y Y ") TS|~ T|S|’

uGSk(S),l vEA uGSk(s) 1 vVEA

which concludes the proof. O
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D.3 Difference Lemma

Lemma D.3.1 (Theorem 5.2.1 of [Kakade, 2003]). (Performance Difference Lemma) For any policies
w1, o and any loss function £ : S x A — R,

VYP’Trl (So; f) — ‘/YP’772 (80; E)
=D D a"(s0) (VO™ (50 — QP (s, a50))

s#sp a€A

= Z ZqP” (m1(als) — ma(als)) Q™ (s, a; L).

s#sp a€A
In fact, the same also holds for our optimistic transition where the layer structure is violated. For
completeness, we include a proof below.

Lemma D.3.2. For any policies 71, w2, any loss function £ : S x A — R, and any transition P where
Do e S+ P(s'|s,a) < 1 for all state-action pairs (s, a) (the remaining probability is assigned to
sr), we have

Vﬁ’m(so;Z) v 72 (803 ¢) Z Zqu s,a (VP T (s;0) — Qﬁ’m(s,a;ﬂ)).

s#sp a€A

Proof. By direct calculation, we have for any state s # sy :

V]B’m(so;é) _yPm (s0;¢) = <Z 7T2(CL|SQ)> yPm (so0; ) — Z 7T2(a|30)Q13’“1(80,a,; £)

a€cA a€A

+ 3 malalso) (Q7 (s0,as6) — Q7™ (50, a3 )

a€A

=3~ "™ (s0,0) (VO (5036) = QP (50, 0310) )

acA
+ 303 malalso) P(s' s0,0) (V™ (.0) = VI (/30)
a€A s’€Sq
= Z qP 2 (80, a (VP T (595 0) — Qﬁ””(so, a;E))
a€A
+ Z Z qP 71'2 (VP 7r1( e) _ Vﬁ,ﬂ'g (S/,E))
a€As'€S:
=3 > d"s,0) (VI (550 - Q7 (5,50))
s#sL a€A
where the last step follows from recursively repeating the first three steps. O

Lemma D.3.3. (Occupancy Measure Difference, [Jin et al., 2021, Lemma D.3.1]) For any transition
functions Py, Py and any policy T,

¢ () =g ()= Y Y () (Pu(wlu, ) = Pa(wlu,v)) ¢ (sw)

= > a7 (ww) (Pu(wlu, v) — Po(wlu, v)) ¢ (slw),
k=0 (u,v,w)eW}

where g¥ /”T(s|w) is the probability of visiting s starting w under policy m and transition P’.

Lemma D.3.4. ([Dann et al., 2023, Lemma 17]) For any policies w1, mo and transition function P,

ZZMP“SCL—(]P”S@ <LZZqP“1 ) |m1(als) — ma(als)]| .

s#sp a€A s#sr a€A
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Corollary D.3.5. For any policies m, mapping ms : S — A (that is, a deterministic policy), and
transition function P, we have

Z Z |qP7’T1(s,a) —qP’”Q(s,a)| <2L Z Z g™ (s, a).

s#sp a€A s#sL aFma(s)

Proof. According to Lemma D.3.4, we have
ZZMP’”SCL—(]P”ZS& <LZZqP“1 ) |m1(als) — ma(als)]| .
s#sp a€A s#sL a€A
Note that, for every state s, it holds that
Y Im(als) —m(als)| = Y milals) +Im(m(s)ls) 1 =2 Y milals),
acA a#ma(s) a#ma(s)

where the first step follows from the fact that 72 (a|s) = 1 when a = m2(s), and 7 (b|s) = 0 for any
other action b # ma(s).

Therefore, we have
LZZqP’” ) |m1(als) — ma(als \<2LZ qumsa
s#sp a€A s#£SL aFma(s)
which concludes the proof. O

According to Lemma D.3.3, we can estimate the occupancy measure difference caused by the
corrupted transition function P; at episode .

Corollary D.3.6. For any episode t and any policy w, we have

|qP’”(s)—qP“7r(s)| < C’tP, Vs # sy, and Z |qP7T g (s )| < LC’tP.
SH#SL

Proof. By direct calculation, we have for any episode ¢ and any s # s,
k(s)—
477 (s) — g™ (s)| < Z Y d"(w0) [P(wlu,v) = Py(wlu,v)| ¢ (s]w)

k=0 (uvw)GWk
k(s)—

S Y S ) PG - Al

k=0 wueS,veA
< Cy,

IN

where the first step follows from Lemma D.3.3, the second step bounds ¢”*7 (s|w) < 1, and the last
two steps follows from the definition of CF .

Moreover, taking the summation over all states s # sy, we have

Z |qP7r Pt'n'(s)|

S#SL,
<> " (u,v) [P (wlu, v) — Py(wlu,v)| g7 (s|w)

= q"™ (u,v) |P(w|u, v) — Py(w|u, v)| Z ZqP’” slw)

w,v,w)EW) h=k+1 s€S),

<Ly q"7 (u,0) [P (Ju, v) = Po(-|u,0)lly

where the third step follows from the fact that > qFo™ (slw) = 1 forany h > k(w). O

SES}
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Corollary D.3.7. For any policy sequence {wt}thl and loss functions {Et}thl such that £, €
Sx A—1[0,1] foranyt € {1,--- , T}, it holds that

T
> g™ =" )| < LOP.

t=1

Proof. By direct calculation, we have

T T
P,y Py P,y Py
D g —gPm ) <3 |la g,
t=1 t=1
T
=>_ > > [d""(s.0) = a™" (5,0)]
t=1 s#s;, a€A
T
-y 177 (s) = 7™ (s)| ma(als)
t=1 s#s;, a€A
T
=575 g (s) — g (s)
t=1 s#sp,
T
<Y LC = LCP,
t=1
where the first step applies the Holder’s inequality; the third step follows form the fact that
qF' ™ (s,a) = qF ™ (s)m(a|s) for any state-action pair (s,a) and any transition function P’;
the fifth step applies Corollary D.3.6; the last step follows from the definition of CP. O

Following the same idea in the proof of [Dann et al., 2023, Lemma 16], we also consider a tighter
bound of the difference between occupancy measures in the following lemma.

Lemma D.3.8. Suppose the event Ecoy holds. For any state s # sy, episode t and transition function
P{ € P;1), we have

k(s)—1

thI;ﬂ't (8) . qu't (S)’ <0 Z Z qP,ﬂ't (u’ ’U) Mqﬂm (S|U))

k=0 (u,0,w)eWy mi(t)(% v)

o152 S S g, (mbgU)

s#sr a€A ml(t)(s a)

(69)

Proof. According to Lemma D.3.3, we have

a7 (5) = "7 (5)

<3 P 0) [Plwlu,v) — Plwlu, o) g7 (slw)

IN

" (u, v) |P(wlu,v) — P} (wlu, v)| g™ (s|w)

k(s)—1 k(s)—1
£ Y P [Plu,y) - Bl Y S ¢P (@ yhe) [P(slz,y) — Pz
k=0 (u,v,w)EW} h k41 (z,y,2) EW
R P(w]u,v) log (1)
wiu,v)1log (L
<0 g (u,0) | —= =g (sw)
k:zz() (u,v%EWk i) (’U,, U)
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k(s)—1

CP +1
+0 o) (B g
k=0 (u,v,w)EW; Mi(e) (u, v)
TERM (A)

k(s)—1 k(s)—
+ > > d"™ () [P(wlu,v) — P (wlu, v)] Z > @ (@ ylw) |P(zle,y) — Pl(2l, ),

k=0 (u,v,w)EW} h=k+1 (z,y,2)EW},

TERM (B)

where the second step first subtracts and adds ¢”**™ (s|w) and then applies Lemma D.3.3 again for
lgP ™ (s|w) — ¢P™ (s|w))|, and the third step follows from Lemma D.2.7 .

Clearly, we can bound term (a) as:

k(s)—1

Z Z qp,m(u’v)(CPJrlog()) P (5|) <|S|qupm ((JPHog())

=0 (u,v,w)EW) mz(t) (u U) s#sp a€A mZ( )(57 a)

On the other hand, for term (b), we decompose it into three terms in Eq. (70), Eq. (71), and Eq. (72):
k(s)—1 k(s
Z > " (w0) [P(w|u,v) — P (w]u,v) Z > dPm (@ ylw) |P(zlz,y) — Pl (2], y)]
k=0 (u,v,w)eEW} h=k+1 (z,y,z) W},
k(s)—1

] B D S N i D ATl e

Mi(e) (U, 0) h=k+1 (a,y,2)EWp M) (2, y)

(70)
k(s)—1 p
™ wlu,v)log (¢ - C" +log (¢
+ 0 q" ™ (u,v) % Z Z g (@, ylw) (ﬁz(x()))
k=0 (u,v,w)EW} Z(t) h=k+1 (z,y,2)EW), i(t) Y
(71)
k(s)—1 p k(s)—1
C"+1
+0 quf, (u7v) ( + Og ) Z Pm m y|w (72)
_ mv(t) u, ’U
k=0 (u,v,w)eW}) h=k+1 (z,y,z) W},

According to the AM-GM inequality, we have the term in Eq. (70) bounded as

k(s)—1 k(s)—1
" wlu, v)log (¢ ” P(z|x,y)log (¢
O S N e D DD DR N e e
ey ( M) (2, )
k=0 (u,v,w)eWy h=k+1 (z,y,z)EW},
k(s)—1 k(s)—1
” P(w|u,v)log (¢ ” P(z|z,y)log (¢
R S D D e Y e L e e
k=0 (uvw)EWk h=k+1 (z,y,z)eW}, QUMY QUM
K(s)=1 . -
Z Z Z Z q" (u, v)g"™ (@, y|w) P(z|2, y) log (1)
k=0 (u,v,w)EWk h=k+1 (z,y,z)eW}, MMi(e) (u’ U)
k(s)— k(s)—1 s Tt
n Z i Z g7 (u, v) P(wl|u, v)g"™ (x, y|w) log (v)
T/ﬁl(t)(xay)
k=0 (u,v,w)EW) h=k+1 (z,y,2)EW),
k(s)—1 P, k(s)—1
) 1
= " (u,0)log (1) > ¢ (@, ylw) P(zlz, y)
k=0 (u,v,w)EW) mi(t)(u’v) h=k+1 (z,y,2)eW},
k(s)—1 log (1) h—1
XY meaalX 2P (u,0) P, 0)gP (2, ylo)
h=0 (z,y,2)EW} HOAS k=0 (u,v,w)EW}
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P " P (3, y) log (1)

k(s)—1
q U, v log q
L ; (u Z z(t)(u v +L Z Z ﬁlz(t)(l',y)

J0,w)EW, =0 (z,y,z)eW)
1

<L|S|Z > Z—q mfa log (¢ )>,

k=0 s€Si acA
where the first step follows from re-arranging the summation; the second step applies the fact
that \/xy < x + y for any z,y > 0; the third step rearranges the summation order, and the
fourth step follows form the facts that Y-, g > 4 ¢ (z,y|w)P(2|z,y) = ¢"™(z|w) and
Pt (u, v) P(wlu, v)q™ ™ (z, ylw) = "™ (z,y) for any k and (2, y, 2).

IN

Z(u,v,w)EWk q
Similarly, we have the term in Eq. (71) bounded as

k(s)—1 k‘(s) 1 P
e P(w|u,v)log (¢ m C" +log (v)
DD S RN O U S ST A) (et
k=0 (u,v,w)eWj h=k+1 (z,y,2) EWp, i)\, Y
S
k=0 (u,v,w)eW) h=k+1 (r y,2)EW, mi(t)(uav)

k(s)—1

P oo (1
fY oy Sy " (0, 0P, 0™ o) (L)

m; x
k=0 (u,v,w)eEW}) h=k+1 (z,y,z)EW), Z(t)( ’y)

k(s)—1 P k(s)—

<> T wDlos) (5T S ey

k=0 (u,v,w)eW} i) (’U,, ’U) h=k+1 (z,y,z)EW},
L—1 k(s)—1 p
C" +log (v)
P, P, 7
LOIEDDEED Dl I DI (R i ) v
h=0 (z,y,z)eW};, k=0 (u,v,w)EW
k(s)—1 P k(s)—1

SEDYEDY w Z T quwy(cpﬂog())
k=0 (u,v w)EWk

e (u h=0 (z,y,2)EW), k=0 Mie) (2, Y)

)1 cP 1
<Isf 3 3 TRl s 3 5 o (TEEED).
M) (8, a) m; t) ,a)

s#sp a€EA i( ) s#sp a€A ()
where the first step follows from the fact that m,4)(s,a) > C + log( ) according to its
definition; the third step follows from the facts that >0 o > c4 qPmt (z,ylw) < 1 and
X wowyew, € (w, v) P(wlu, v)g™ (2, ylw) = g7 (2, y).

For the term in Eq. (72), we have

k(s)—1 oP +lo ) Ee
XY Py s Z S P ylw)
k=0 (u,v,w)eW} h=k+1 (z,y,z)EW},

k(s)—1 k(s)—
D330 ol IIIEEEILCH | Shp S

k=0 u€Sk veAwESps m(t)(u v) \,2 k1 2€8041

- C" +log (¢
<Y T (m o),
u#sp vEA i(t)

according to the fact that 3 g >°, ca g (z, y|w) < 1.

Putting all the bounds for the terms in Eq. (70), Eq. (71), and Eq. (72) together yields the bound of
TERM (B) that

k(s)—1 k(s) 1
o> @) [P(wlu,o) = Bl(wlu,v)] Y Y ¢P T (@ ylw) [P(2la,y) — Pl(zla,y)]
k=0 (u,v,w)eW} h=k+1 (z,y,2)EW},
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—o (152 Y Y e (M)

u#sp vEA

Combining this bound with that of TERM (A) finishes the proof. O

D.4 Loss Shifting Technique with Optimistic Transition

Lemma D.4.1. Fix an optimistic transition function P (defined in Section 5). For any policy 7 and
any loss function £ : S x A — R, we define function g : S x A — R similar to that of Jin et al.
[2021] as:

g7 (s.a:0) 2 (QP7(s,0:) = VI (5:0) — £(5,0)) .

where the state-action and state value function QT"™ and V'™ are defined with respect to the
optimistic transition P and m as following:

QP (s,a:0) = (s, a) + > P(s'|s,a) VT (s';0),

S/esk(s)+1

5 0 s = s,
Poms: ) = ’ ’
Vs {zae,u) (s,ai0), %5

Then, it holds for any policy 7' that,

(a7 g7y = 30 3 a" ™ (s,0) - g7 (s,030) = =V P (5050,

s#sp a€A

where VP T (s0; ) is only related to P, 7 and ¢, and is independent with 7'.

Proof. By the extended performance difference lemma of the optimistic transition in Lemma D.3.1,
we have the following equality holds for any policy 7’:

VP (s0:0) — VI (5034 Z Z L (s,a ( (s, a5 ) — Vﬁ’”(s;ﬁ)) :

s#sp a€A

On the other hand, we also have

’”so, qP”sa (s, a).
=22

s#sp a€A

Therefore, subtracting v P (s0; ) yields that

VPTr (so; Z ZqP” s,a (QP”(S a; l) — (8;6) —E(s,a)).

s#sp a€A

The proof is finished after using the definition of gﬁ) ™ O

Therefore, we have the following result for the FTRL framework which is similar to [Jin et al., 2021,
Corollary A.1.2.].

Corollary D.4.2. The FTRL update in Algorithm 4 can be equivalently written as:

t—1 t—1
at —argmm< (4 —b )> + ¢1(q) = argmin <q, > (g — br)> + ¢¢(a),

qeQ(P;) T= x€Q(P;)

=t;

where g.(s,a) = Qﬁi’"f (s, a; ZT) — VP (s; ET)for any state-action pair (s, a).
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D.5 Estimation Error

Lemma D.5.1. ([Jin et al., 2020, Lemma 10]) With probability at least 1 — §, we have for all
k=0,...,L—1,

> T o (s s ()

t=1 (s,0)eSpx A X {miw (s, a), 1}

and

T T
7t N
¢ (s, a) O( |Skl|AIT + [Sk|Allog (T') log(5)>'

t=1 (s,a)€S,x A \/max {mi(t)(s, a),1

Proof. Simply replacing the stationary transition P with the sequence of transitions {Pt}thl in the
proof of [Jin et al., 2020, Lemma 10] suffices. O

Proposition D.5.2. Let Exsr be the event such that we have for all k = 0, ..., L — 1 simultaneously

L P"’”(s a)
> o> > — O (|k]|Allog (T) + log (1))

t=1 (s,0)eSKxA 0% {mi(t)(& a), 1}

and
d g " (s,a)
Z 3 = O (VISKIIAIT + |S]| Al log (T) +log (1))
t=1 (s,a)ESKx A \/max{mz(t) (s,a),1}

We have Pr[&esr] > 1 — 6.

Pt’ﬂ't(

Proof. The proof directly follows from the definition of ¢, which ensures that ¢ > Z/s. O

Based on the event Egr, we introduce the following lemma which is critical in analyzing the
estimation error.

Lemma D.5.3. Suppose the event Egsr defined in Proposition D.5.2 holds. Then, we have for all
k=0,...,L—1,

t (Sva)

1 (s,a)E50xA ()

T Pm(s a)
YD 4 7859) _ 0 (15,1 Allog (T) + log (1)),
and,

T P oo (1
> S e (G ) =07 s ) sl Ales (),

t=1 (s,0)E5% X A M) (s, a)

Proof. According to Corollary D.3.6, we have

T P,
g (s,a)
; Z ﬁzi(t)(s,a)

—

s,a)ESE XA

gPom (s a7 (5.0) = 4" (s.0)
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where the second step follows from the definitions of CP and M1 (8, a), and the last step applies
Lemma D.5.1.

Similarly, we have

YO sa) (Cf“g”)

t=1 (s,a)ESK x A mi(t)(Saa)

T

g ™ m CP + log (¢

<> Y (ld™ (s a) = ¢P (s, 0)| + ¢ (s, a)) <77L(8gc§))>

t=1 (s,a)ESE XA i) (8,
3% (e (C2l))
- t=1 (s,a)€SKx A Mi(4)(s, a)

s a 1 X
T

T t,Tt
< 1541141 3" CF + (CP +log (1) Z y o ea)
t=1

t=1 (s,a)€ESE XA mi(t)(s’a)
= O (|Sk| A C7 + (CP +10g (1)) (Sk]|Allog (T) + log (1))
=0 ((C” +1og (1)) [Sk||Allog (1)) ,

where the first step adds and subtracts ¢”*™¢; the second step follows from Corollary D.3.6; the
fourth step uses Proposition D.5.2 due to the fact that 7i;(s, a) > max {m;(s,a),1}. O

Lemma D.5.4. (Extension of [Dann et al., 2023, Lemma 16] for adversarial transition) Suppose the
high-probability events Egsr (defined in Proposition D.5.2) and Eqox (defined in Lemma D.2.1) hold
together. Let P{ be a transition function in P;) which depends on s, and let g(s) € [0, G| for some
G > 0. Then,

T
S5 [ - 6t = 0 (|| LisPlAlIor 03 3 e (oo
t=1 s#sy, t=1 s#sy,

+ O (G (CP +1og (1)) L*|S[*|Allog (1)) -

Proof. By Lemma D.3.8, under the event £y, We have

>y 077 () = a7 ()] ()

t=1 s#s,
d Ho P(w|u,v)log (¢)

<O als Z D o e B ALl G
t=1 s#sp, k=0 (u,v,w)eWy A0

I P og (L
+0 G|S|3Z Z ZqP,m(S’a) (CA +1 g( ))

t=1 s#s;, a€A mi(t)(s’ Cl)

By Lemma D.5.3, the last two terms can be bounded under the event Eggr as
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L-1
<0 <G|53 S (CP + log (1)) |41 Al log (1)
k=0

=0 (G (CP +log (1)) L|S|*| Al log () .

64



For the first term in Eq. (73), we first rewrite it as
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P 1
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For any 6 > 0 and layer h, conditioning on the event gy, we have
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_ 2 1 P,y 2
= O | 0L - |SullSh+1]lAllog™ () + 5 - SN dP(s)auls)

t=1 s#sr,

where the second step uses the fact that \/zy < x + y for all z,y > 0, the fourth step follows from
Lemma D.5.3.

Then, for any layer h = 0, ... L — 1, picking the optimal 6 gives

T
)DL Iy L ACIE TR

t=1 s#sr (u,v,w)EW}, M(t) (U,’U)

T
= O | 4| LISullSn+1][Allog? (1) Y~ > aPme(s)ge(s)?
t=1 s#sy,

<O [ (15u] +[Shal) || LIAlog? ()37 37 Pme(s)gu(s)?

t=1 s#sp,
Finally, taking the summation over all the layers yields
L-1 T
ﬂ P(w|u,v)log (t) pn
D ID DD S LLIUION =t e
h=0 t=1 s£s7, (u,v,w)EWp, HONY
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T
<O | LISPIAlog® ()Y~ D aPme(s)gu(s)? |

t=1 s#sy,

which finishes the proof.
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