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Abstract001

Large reasoning models enhanced by reinforce-002
ment learning with verifiable rewards have003
achieved significant performance gains by ex-004
tending their chain-of-thought. However, this005
paradigm incurs substantial deployment costs006
as models often exhibit excessive verbosity007
on simple queries. Existing efficient reason-008
ing methods relying on explicit length penal-009
ties often introduce optimization conflicts and010
leave the generative mechanisms driving over-011
thinking largely unexamined. In this paper,012
we identify a phenomenon termed length shift013
where models increasingly generate unneces-014
sary reasoning on trivial inputs during train-015
ing. To address this, we introduce Dynamic016
Outlier Truncation (DOT), a training-time in-017
tervention that selectively suppresses redundant018
tokens. This method targets only the extreme019
tail of response lengths within fully correct roll-020
out groups while preserving long-horizon rea-021
soning capabilities for complex problems. To022
complement this intervention and ensure sta-023
ble convergence, we further incorporate auxil-024
iary KL regularization and predictive dynamic025
sampling. Experimental results across multi-026
ple model scales demonstrate that our approach027
significantly pushes the efficiency-performance028
Pareto frontier outward. Notably, on the AIME-029
24, our method reduces inference token usage030
by 78% while simultaneously increasing accu-031
racy compared to the initial policy and surpass-032
ing state-of-the-art efficient reasoning methods.033

1 Introduction034

A widely used way to improve the reasoning capa-035

bility of large language models (LLMs) is to make036

them “think longer” (Snell et al., 2024). Recent037

reasoning models (OpenAI et al., 2024; DeepSeek-038

AI et al., 2025a; Yang et al., 2025) have system-039

atized this idea by combining mid-training data040

refinement with post-training reinforcement learn-041

ing with verifiable rewards (RLVR) (Zhang et al.,042

2025a), yielding policies that allocate more com-043

putation at inference time via longer reasoning tra- 044

jectories. This paradigm delivers substantial gains 045

on challenging benchmarks, making long chain-of- 046

thought (CoT) (Wei et al., 2022) nearly a standard 047

component of state-of-the-art models. 048

Nonetheless, this paradigm incurs substantial de- 049

ployment costs. Long-CoT policies often expend 050

excessive tokens on trivial queries, manifesting as 051

repetitive restatements, backtracking, and post-hoc 052

self-checks that rarely alter the final answer (Chen 053

et al., 2025). Given that modern reasoning models 054

are predominantly post-trained via RLVR, recent 055

efforts on efficient reasoning naturally targets the 056

RL objective and encodes brevity by directly cou- 057

pling response length with reward. These methods 058

commonly introduce explicit length-aware shaping 059

through intra-group comparisons (Luo et al., 2025a; 060

Team et al., 2025a; Shen et al., 2025a; Cheng et al., 061

2025), explicit budget adherence (Aggarwal and 062

Welleck, 2025), or thresholded rewards for correct- 063

ness under a target length (Hou et al., 2025; Zhang 064

et al., 2025b; Liu et al., 2025b; Wen et al., 2025; 065

Liu et al., 2025a), demonstrating that significant 066

token reduction can be achieved with little or no 067

accuracy loss. Despite these empirical successes, 068

such shaping induces optimization conflicts, as gra- 069

dients for length reduction often diverge from ac- 070

curacy maximization. This misalignment hinders 071

convergence and suppresses exploration, forcing re- 072

liance on heuristic schedules or sensitive tuning to 073

sustain a fragile trade-off. More importantly, exist- 074

ing methods primarily penalize overthinking as an 075

outcome, leaving its generative mechanisms under- 076

investigated. This motivates a mechanism-centric 077

treatment that reduces response length without sac- 078

rificing the model’s exploration capabilities. 079

In this paper, we first provide an empirical anal- 080

ysis of why reasoning models become verbose on 081

easy inputs during mid and post-training. We term 082

this phenomenon length shift: prompts that are 083

already solved correctly tend to elicit longer re- 084
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Figure 1: Performance-efficiency comparison on AIME-24 across two model scales.

sponses as training progresses. We find that length085

shift is accompanied by a higher propensity to emit086

reasoning words such as verification and hesitation087

markers; these behaviors are useful under uncer-088

tainty, but under a shared policy across difficulty089

regimes they are over-triggered on trivial queries090

and inflate length. This calls for an asymmetric091

intervention that selectively prunes habituated ver-092

bosity on trivial inputs, while strictly insulating093

hard queries from restrictive length constraints.094

To achieve this, we propose Dynamic Outlier095

Truncation (DOT). DOT identifies redundancy096

solely within fully correct rollout groups, using097

group-wise length statistics to truncate trajectories098

exceeding a dynamic threshold T = µ+α·σ. Since099

T is determined a posteriori, DOT leaves hard100

queries unconstrained during generation; mean-101

while, its reliance on dynamic distribution statistics102

minimizes susceptibility to reward hacking. Fur-103

ther analysis shows that although DOT affects only104

a tiny fraction of responses (e.g., ∼ 0.5%) it can105

still induce global entropy reduction. We there-106

fore introduce auxiliary KL regularizer (Cui et al.,107

2025) to prevent premature entropy collapse, and108

propose a predictive dynamic sampling strategy to109

avoid late-stage training being dominated by all-110

correct queries. As shown in Fig. 1, DOT moves111

the Pareto frontier outward by a large margin. For112

example, on DeepSeek-R1-Distill-Qwen-1.5B,113

DOT uses only 21.6% of the average tokens on114

AIME-24 while improving pass@1 from 30.0% to115

43.1%. Moreover, compared with state-of-the-art116

efficient reasoning methods (e.g., SIRI), DOT uses117

only 33.3% of the average tokens on AIME-24118

with essentially the same accuracy. In summary,119

we make the following contributions:120

• An empirical analysis of the length shift phe-121

nomenon, revealing that redundancy in reasoning122

models stems from the over-triggering of reason- 123

ing words on trivial queries during training. 124

• Dynamic Outlier Truncation (DOT), a training- 125

time intervention based on group-wise statistics 126

that selectively truncates redundant rollouts in all- 127

correct groups, minimizing reward hacking while 128

preserving long-horizon reasoning capacity. 129

• Results across 1.5B, 7B and 32B models demon- 130

strate that our training recipe generalizes ro- 131

bustly across scales and consistently pushes the 132

efficiency–performance Pareto frontier outward 133

on challenging reasoning benchmarks. 134

2 Preliminary 135

In this work, we ground our analysis and discus- 136

sion in the framework of Group Relative Policy 137

Optimization (GRPO) (Shao et al., 2024). GRPO 138

estimates advantages in a group-relative manner 139

and avoids fitting an explicit value function. For 140

each query–answer pair (q, a), the behavior pol- 141

icy πθold samples a rollout group of G responses 142

{oi}Gi=1 ∼ πθold(· | q). Let Ri denote the reward as- 143

signed to oi. The advantage for the i-th response is 144

obtained by normalizing rewards within the group: 145

146
Âi =

Ri −mean
(
{Rj}Gj=1

)
std

(
{Rj}Gj=1

) . (1) 147

GRPO updates the policy by maximizing the fol- 148

lowing objective: 149

JGRPO(θ) = E(q,a)∼D,{oi}Gi=1∼πθold
(·|q)

[
1

G

G∑
i=1

1

|oi|

|oi|∑
t=1

min
(
ri,t(θ)Âi, clip

(
ri,t(θ), 1− ϵ, 1 + ϵ

)
Âi

)]
,

(2) 150

where ϵ is the clipping range of importance sam- 151

pling ratio: 152

ri,t(θ) =
πθ(oi,t | q, oi,<t)

πθold(oi,t | q, oi,<t)
. (3) 153
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Figure 2: Evolution of average response length on all-
correct queries during RL and SFT training.
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Figure 3: Co-evolution of reasoning word count and
response length on test problems of varying difficulty.

In this paper, an explicit KL penalty to a reference154

policy is omitted following DAPO (Yu et al., 2025),155

which encourages exploration during RL.156

3 Empirical Analysis157

In this section, we attempt to answer a fundamental158

question through empirical analysis: why do rea-159

soning models produce increasingly long responses160

on problems that can already be solved easily?161

Our key observation is that length growth persists162

even on all-correct queries for which GRPO yields163

zero advantages, indicating that overthinking arises164

from a global shift in policy behavior rather than165

any need to improve correctness on those problems.166

Concretely, under RL with GRPO, we construct167

an all-correct set consisting of queries that are al-168

ready solved correctly at the start of training, where169

each rollout group satisfies {Ri}Gi=1 = 1. For such170

queries, Eq. (1) implies that the group-wise reward171

has zero variance, yielding Âi = 0 for all responses.172

Consequently, these prompts contribute zero gradi-173

ent signal under Eq. (2) for improving correctness,174

and thus should not be systematically driven to be-175

come longer. Counterintuitively, Fig. 2 shows the176

opposite: both SFT (as a proxy for mid-training)177

and RL (post-training), starting from the same base178

model, increase the average response length E[|o|]179

on this all-correct set, and the trend consistently180

holds on both training and test splits, indicating a181

genuine distributional shift instead of overfitting.182

To go beyond this phenomenological trend and183

uncover the mechanism behind length shift, we184

ask what internal behavioral change accompanies185

this drift and could plausibly mediate it. Specif-186

ically, we track the model’s propensity to emit a187

set of reasoning words, lexical markers of hesita-188

tion, verification, and reflection (e.g., “however”189

and “wait”) that often precede a new reasoning seg-190

ment (Hu et al., 2025; Huang et al., 2025). Fig. 3191

shows that during RL these markers increase over 192

training steps on both easy (pass@1 = 1.0) and 193

hard (pass@1 ≤ 0.6) subsets, accompanied by a 194

co-evolving increase in E[|o|]. The hard subset ex- 195

hibits a larger growth, consistent with the view that 196

reasoning words supports exploration and helps 197

resolve complex problems (Yu et al., 2025). How- 198

ever, the concurrent upward drift on the easy subset 199

supports a different and more concerning implica- 200

tion: learning on hard queries increases the global 201

prior of emitting reasoning words under a shared 202

policy, and once such words are generated, they 203

tend to initiate additional reasoning spans that com- 204

pound into longer trajectories even when further 205

deliberation is unnecessary. Overall, this empiri- 206

cal analysis suggests that overthinking on trivial 207

inputs can be viewed as cross-difficulty policy in- 208

terference, where behaviors that are beneficial for 209

handling uncertainty on hard problems are overly 210

activated on easy ones. This perspective motivates 211

interventions that suppress only the redundant long 212

tail on already-solved queries, while preserving 213

exploration capacity where it is genuinely needed. 214

215

4 Methodology 216

In this section, we propose a simple RL training 217

recipe to counter length shift while preserving the 218

model’s exploration ability. Motivated by the anal- 219

ysis in Sec. 3, we depart from prior approaches 220

that explicitly incorporate response length into the 221

reward. Instead, we introduce Dynamic Outlier 222

Truncation (DOT), a training-time intervention 223

that trims only the extreme length tail after rollouts 224

are sampled, and only on prompts that the policy 225

already solves reliably (as illustrated in Fig. 9). 226

Furthermore, by inspecting the resulting training 227

dynamics, we incorporate two targeted auxiliary 228

techniques that further improve the stability and 229

scalability of RL training. 230
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Figure 4: Evolution of policy entropy during training.
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Figure 6: Distribution of observed sampling probabilities of reasoning words on AIME-24/25 during training.

4.1 Dynamic Outlier Truncation (DOT)231

DOT operates on rollout groups in GRPO-style232

RL. Given a query q with a rollout group {oi}Gi=1233

and rewards {Ri}Gi=1, we apply DOT only when234

{Ri}Gi=1 = 1, i.e., all sampled responses are cor-235

rect under the task reward. In GRPO, such groups236

exhibit no residual learning pressure for correct-237

ness (their group-relative advantages vanish due to238

zero reward variance), so an overly long trajectory239

should be understood as redundancy rather than240

uncertainty-driven exploration.241

To identify redundant verbosity without introduc-242

ing a length objective into the reward, DOT uses243

a-posteriori, group-wise statistics. Let Li = |oi|244

denote the response length in tokens. We compute245

the group mean and standard deviation,246

µL = mean({Li}Gi=1), σL = std({Li}Gi=1), (4)247

and define an outlier cutoff248

T (q) = ⌊µL + α · σL⌋ . (5)249

Using a “three-sigma”-style threshold makes DOT250

target only statistical outliers, leaving typical roll-251

outs unchanged.252

To avoid unstable behavior when σL becomes253

small late in training, we apply truncation only254

when the potential reduction is non-trivial, Li −255

T (q) ≥ m. This margin m prevents frequent minor256

edits from injecting gradient noise.257

Formally, DOT can be viewed as a post process-258

ing on sampled rollouts:259

ôi =

{
oi,1:T (q), if {Rj}Gj=1 = 1 and Li − T (q) ≥ m

oi, else
(6)260

After truncation, we recompute the reward on the 261

modified rollouts, ensuring that any dependence on 262

later tokens is reflected in the task reward, while 263

leaving the standard GRPO update unchanged. 264

4.2 Stabilizing and Scaling RL Training 265

Although DOT affects only a small fraction of roll- 266

outs within the all correct groups, it introduces 267

subtle yet critical shifts in the training dynamics. 268

Structural Degeneration of the Reasoning Sub- 269

space. Even rare interventions in the tail are as- 270

sociated with a rapid decline in policy entropy 271

(Fig. 9). This trend persists even when employ- 272

ing the asymmetric clipping strategy (Clip-Higher) 273

from DAPO, suggesting that the observed decline 274

is not merely an instance of indiscriminate entropy 275

collapse. Instead, it reflects a structural degener- 276

ation of the reasoning subspace. Once redundant 277

long tails are removed on already-solved prompts, 278

the policy update aggressively optimizes for effi- 279

ciency by rapidly driving the reasoning words that 280

originally facilitated exploratory branching into a 281

near-deterministic regime (see Fig. 6). To coun- 282

teract this behavior, we incorporate KL-Cov (Cui 283

et al., 2025) as a regularizer. This method identifies 284

the specific subset of tokens exhibiting high covari- 285

ance between their log-probabilities and advantage 286

estimates, which serves as a statistical signature for 287

aggressive policy shifts. By imposing a targeted KL 288

penalty DKL(πθ∥πold) exclusively on these high- 289

covariance tokens, KL-Cov effectively curbs the 290

drastic updates that lead to premature determinism, 291

thereby maintaining exploration stability without 292
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constraining the entire policy distribution.293

Sampling Inefficiency in Evolving Distributions.294

When training stronger base models or scaling RL295

to longer schedules, more prompts gradually be-296

come all correct. Consequently, although DOT297

affects a small absolute number of responses, these298

truncated trajectories increasingly dominate the RL299

training dynamics (Fig. 4). While previous work300

like DAPO addresses this via dynamic sampling,301

such approaches incur significant synchronization302

overheads and latency. In our context, the chal-303

lenge is further compounded because DOT dynami-304

cally reactivates a subset of zero-gradient groups by305

re-computing rewards on truncated outputs, mak-306

ing the effective group ratio difficult to tune with307

fixed oversampling. To address this, we propose308

Predictive Dynamic Sampling. Instead of rely-309

ing on costly iterative generation or wasteful fixed310

oversampling, we estimate the required oversam-311

pling factor based on the historical ratio of effective312

groups. This allows us to perform efficient single-313

round sampling that adapts automatically as the314

model improves and stabilizes the effective batch315

size. Formally, we present Predictive Dynamic316

Sampling with DOT in Algorithm 1 (Appendix B).317

5 Experiments318

In this section, we introduce the experimental setup319

and evaluate both the performance and generation320

efficiency of our method on challenging reasoning321

benchmarks, with additional analyses and results322

provided in Appendix C and E.323

5.1 Experimental Setup324

Datasets. We train our models on the dataset of325

DeepScaleR-Preview (Luo et al., 2025b) and evalu-326

ate on four challenging math benchmarks: AIME-327

241, AIME-252, AMC (AMC-22 and AMC-23)3,328

and MATH-500 (Hendrycks et al., 2021). Follow-329

ing the official recommendation, we use the prompt330

template: “Please reason step by step, and331

put your final answer within \boxed{}.”332

During evaluation, we decode with temperature333

t = 0.6, top_p = 0.95 and top_k = 20, and set the334

maximum generation budget to 32,768 tokens to335

avoid premature truncation. To reduce variance, we336

sample 32 outputs per problem and report average337

pass@1 accuracy. We adopt the Qwen-Math (Yang338

et al., 2024) evaluation tool to extract boxed final339

1HuggingFace dataset: Maxwell-Jia/AIME_2024
2HuggingFace dataset: yentinglin/aime_2025
3HuggingFace dataset: AI-MO/aimo-validation-amc

answers and compute accuracy, and additionally 340

report the average generated length. 341

Baselines. We conduct experiments with the 342

DeepSeek-R1-Distill-Qwen family as the base 343

model, covering three scales (1.5B, 7B and 32B). 344

We compare DOT against recent methods that tar- 345

get reasoning performance and efficiency, includ- 346

ing DeepScaleR-Preview, OverThink, DAST, O1- 347

Pruner, LCR1, Laser, AdaptThink, DLER-R1, and 348

SIRI. For baselines with released checkpoints, we 349

re-evaluate them under our unified protocol (same 350

prompt template, decoding configuration, token 351

budget, and the Qwen-Math evaluation tool) to en- 352

sure a fair comparison. Detailed descriptions of 353

these methods are provided in Appendix F. 354

Implementation Details. We instantiate DOT 355

with a standard GRPO-based RL pipeline, and 356

do not employ auxiliary tricks such as token-level 357

loss or asymmetric clipping (Yu et al., 2025). Re- 358

wards are computed using the rule-based math ver- 359

ifier from Luo et al. (2025b). Our implementa- 360

tion is built on verl (Sheng et al., 2025), using 361

FSDP (Zhao et al., 2023) for distributed training 362

and SGLang (Zheng et al., 2024) to serve rollouts 363

efficiently. For policy optimization, following Wen 364

et al. (2025), we sample 32 rollouts per prompt, 365

with a batch size of 128 and a mini-batch size of 366

32, i.e., the off-policy staleness is 4. Unless oth- 367

erwise stated, we cap the maximum training-time 368

generation length at 8K tokens (DOT-4K is trained 369

with a stricter 4K-token cap), setting the outlier 370

threshold α = 3 in Eq. (5) and the reduction mar- 371

gin m = 32 in Eq. (6). Models are trained with 372

a sampling temperature of 1.0 and a learning rate 373

of 1 × 10−6. For the KL-Cov regularization, we 374

adopt the default parameter setting from Cui et al. 375

(2025). A complete list of training configurations 376

is provided in Appendix G. 377

5.2 Main Results 378

Significant Extension of the Pareto Frontier. 379

As presented in Table 1, DOT consistently pushes 380

the efficiency–performance Pareto frontier outward 381

across varying model scales and benchmarks. In 382

contrast to prior length-penalty methods (e.g., O1- 383

Pruner, Laser) that often trade accuracy for brevity, 384

or threshold-based methods (e.g., SIRI) that neces- 385

sitate larger token budgets to sustain performance, 386

DOT achieves substantial gains in both dimensions 387

simultaneously. For instance, at the 1.5B scale, 388

DOT-8K improves AIME-24 accuracy from 30.0% 389
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AIME-24 AIME-25 AMC MATH-500
Method Acc Length Acc Length Acc Length Acc Length

DeepSeek-R1-Distill-Qwen-1.5B

Original 30.0 15498 23.5 15604 64.1 10316 84.0 5483
DeepScaleR-Preview (Luo et al., 2025b) 40.3 9430 30.2 9778 73.8 5538 88.9 3102
OverThink∗ (Chen et al., 2025) 28.3 11269 — — — — 81.2 4131
DAST∗ (Shen et al., 2025a) 26.9 7745 — — — — 83.0 2428
O1-Pruner∗ (Luo et al., 2025a) 28.9 10361 — — — — 82.2 3212
LC-R1 (Cheng et al., 2025) 22.9 8000 21.0 7961 60.7 4568 81.8 2362
Laser-DE-L4096 (Liu et al., 2025b) 32.6 8349 23.6 7839 67.5 4994 84.8 2763
AdaptThink (Zhang et al., 2025b) 30.9 7917 23.3 8166 63.0 3710 82.5 1964
DLER-R1 (Liu et al., 2025a) 35.8 3354 25.6 3101 73.5 2544 87.1 1777
SIRI-low∗ (Wen et al., 2025) 40.4 7093 29.6 6509 74.6 4700 87.7 2881
SIRI-high∗ (Wen et al., 2025) 43.6 10049 32.2 9739 75.9 7396 88.4 4633
DOT-4K (Ours) 43.1 3342 29.2 2979 77.5 2281 89.2 1249
DOT-8K (Ours) 52.2 5151 34.2 5143 80.6 3140 89.9 1423

DeepSeek-R1-Distill-Qwen-7B

Original 55.1 13088 39.9 14240 82.5 7668 92.2 4026
DAPO-DeepScaleR 57.6 9983 40.8 10705 84.5 6508 92.5 3658
OverThink∗ (Chen et al., 2025) 53.1 8744 — — — — 89.4 2435
DAST∗ (Shen et al., 2025a) 45.6 7578 — — — — 89.6 2162
O1-Pruner∗ (Luo et al., 2025a) 49.2 9719 — — — — 86.6 2534
LC-R1 (Cheng et al., 2025) 48.5 7580 35.6 7984 79.2 3765 90.1 1536
Laser-DE-L4096 (Liu et al., 2025b) 53.5 5890 37.4 6324 83.0 3381 92.6 1883
AdaptThink (Zhang et al., 2025b) 55.2 10393 38.3 11723 81.5 5177 91.0 2008
DLER-R1 (Liu et al., 2025a) 50.6 3241 33.6 3357 83.5 2262 92.4 1438
SIRI-low∗ (Wen et al., 2025) 56.1 6122 41.5 6386 85.8 4015 93.5 2452
SIRI-high∗ (Wen et al., 2025) 57.1 8585 45.4 9106 86.7 5773 93.7 3378
DOT-4K (Ours) 54.8 2958 41.1 2835 86.1 1836 93.4 1008
DOT-8K (Ours) 62.6 4903 48.5 5464 87.6 2779 94.3 1293

DeepSeek-R1-Distill-Qwen-32B

Original 72.4 10299 56.0 12385 88.9 6578 94.3 3557
Laser-DE-L8192∗ (Liu et al., 2025b) 70.8 6785 — — — — 93.2 2314
DOT-4K (Ours) 65.3 2622 52.5 2782 87.4 1472 94.5 861
DOT-8K (Ours) 73.2 4151 59.6 5301 90.6 2786 95.0 1369

Table 1: Performance comparison on AIME-24, AIME-25, AMC, and MATH-500 benchmarks. We report pass@1
accuracy (%) and average response length (tokens). (For methods marked with an asterisk, we cite results from Wen
et al. (2025) and Liu et al. (2025b) as public checkpoints are unavailable.)

(Original) to 52.2%, while reducing the average390

response length by over 66%. Notably, concurrent391

work DLER (Liu et al., 2025a) shares our philoso-392

phy of avoiding explicit length-aware reward shap-393

ing, thus also achieving extreme length compres-394

sion. However, by employing a dynamic truncation395

strategy that eliminates redundancy without stifling396

the exploration essential for complex reasoning,397

our DOT-4K achieves equivalent extreme brevity398

while further lifting accuracy by 7.3%. Moreover,399

compared with the state-of-the-art method SIRI-400

high, DOT-8K achieves a 8.6% absolute accuracy401

gain on AIME-24 while consuming only half the402

inference budget. This trend holds robustly on the403

7B model, where DOT-8K establishes a new state-404

of-the-art with 62.6% accuracy, surpassing the orig-405

inal model by 7.5% while using only ∼37% of the406

response length. Synthesizing results across all407

four benchmarks, DOT successfully realizes adap- 408

tive reasoning, i.e., allocating extended computa- 409

tion to challenging problems while aggressively 410

pruning redundancy on simpler ones. 411

Scalability to Larger Models. The benefits of 412

DOT generalize effectively to the 32B scale. DOT- 413

8K consistently achieves superior accuracy across 414

all benchmarks while reducing token consumption 415

by∼60%. This substantial efficiency gain suggests 416

that DOT enables larger models to exhibit a distinct 417

scaling trend in “per-token intelligence”. 418

Generalization to Out-of-Distribution Domains. 419

DOT demonstrates robust transferability to out-of- 420

distribution code generation tasks. As shown in 421

Table 2, our method consistently outperforms all 422

baselines across both datasets. This indicates that 423

DOT has internalized a universal pattern of concise 424

6
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Figure 7: Impact of the hyperparameter of truncation threshold α. We report the curves for pass@1 accuracy,
average response length, and the ratio of truncated responses. The ‘X’ markers indicate training collapse.

HumanEval LiveCodeBench
Method Acc Length Acc Length

DeepSeek-R1-Distill-Qwen-1.5B

Original 64.7 4377 16.4 13706
DeepScaleR-Preview 69.6 4657 21.0 10076
LC-R1 59.8 2814 15.1 11128
Laser-DE-L4096 64.5 2372 17.5 6223
AdaptThink 64.4 3859 17.7 11117
DLER-R1 68.2 2350 20.8 4132
DOT-4K (Ours) 70.5 2306 21.7 4481
DOT-8K (Ours) 70.7 2860 22.6 6903

DeepSeek-R1-Distill-Qwen-7B

Original 81.9 3265 31.8 9718
LC-R1 81.2 2173 31.4 6634
Laser-DE-L4096 82.9 2118 33.0 6051
AdaptThink 81.6 2862 32.2 8767
DLER-R1 82.9 2118 33.0 6050
DOT-4K (Ours) 85.0 1474 33.0 3988
DOT-8K (Ours) 85.1 2019 34.8 5979

Table 2: Performance comparison on code generation
benchmarks (HumanEval (Chen et al., 2021) and Live-
CodeBench(v6) (Jain et al., 2024)).

reasoning, capable of adaptively allocating com-425

putational budget commensurate with the intrinsic426

difficulty of diverse problems.427

5.3 Ablation Study428

To investigate the contribution of each component429

in our training recipe, we conduct an ablation study430

as summarized in Table 3. The most critical finding431

lies in the effectiveness of Dynamic Outlier Trun-432

cation. Removing this mechanism results in sig-433

nificantly longer responses while yielding almost434

identical accuracy, demonstrating that our method435

successfully mitigates overthinking while preserv-436

ing reasoning capabilities. In contrast, omitting437

Group-Conditional Truncation causes a marked de-438

cline in performance, suggesting that applying a439

uniform threshold is detrimental to solving com-440

plex problems that necessitate extended CoTs. Re-441

garding optimization objectives, incorporating the442

token-level loss into the GRPO leads to increased443

AIME-24 AMC
Variant Acc Length Acc Length

DOT-8K 52.2 5151 80.6 3140

w/o Dynamic Outlier Truncation 51.5 6879 81.3 4851
w/o Group-Conditional Truncation 47.8 5071 79.7 3014
w/o Minimum Truncation Margin 50.0 5696 77.3 2902
w/o KL-Cov 47.9 6057 79.3 3856
w/o Predictive Dynamic Sampling 48.9 5637 79.1 3576
w/ Token-Level Loss 49.5 6334 79.4 3964

Table 3: Performance comparison of different variants
on DeepSeek-R1-Distill-Qwen-1.5B.

verbosity. This occurs because token-level aggrega- 444

tion inherently assigns larger gradient magnitude to 445

longer responses, thereby exacerbating the model’s 446

tendency towards length inflation. Moreover, the re- 447

moval of the KL-Cov or Predictive Dynamic Sam- 448

pling negatively impacts both accuracy and effi- 449

ciency, verifying their necessity in stabilizing the 450

training process. Furthermore, we examine the hy- 451

perparameter of truncation threshold α in Fig 7. 452

While moderate settings ensure stability, overly 453

aggressive thresholds (e.g., α = 1.0, 2.0) trigger 454

training collapse. This confirms that a three-sigma 455

deviation serves as a statistically robust boundary 456

for identifying genuine outliers, whereas tighter 457

bounds risk truncating valid reasoning steps essen- 458

tial for convergence. 459

5.4 Training Dynamics 460

Fig. 8 shows the training evolution of DOT-8K, 461

illustrating simultaneous gains in both reasoning 462

accuracy and token efficiency. 463

Decoupling Length from Performance. Our 464

method inverts the detrimental length shift. While 465

benchmark accuracy steadily improves (Fig. 8a, c), 466

response length monotonically decreases (Fig. 8b, 467

d). Rising reward (Fig. 8f) accompanied by re- 468

duced length verifies that the policy eliminates re- 469

dundancy while preserving reasoning capacity. 470

Systemic Correction via Minimal Intervention. 471

Substantial efficiency gains are achieved through 472
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Figure 8: Metric curves monitoring the DOT-8K training process on DeepSeek-R1-Distill-Qwen-1.5B.

minimal interventions. Fig. 8h shows that DOT473

affects < 0.5% of generated responses, yet this474

suffices to drive a global length reduction (Fig. 8e).475

By targeting only extreme outlier tails in all-correct476

groups, DOT corrects the shared policy prior re-477

sponsible for redundancy rather than merely sup-478

pressing local symptoms.479

Optimization Stability and Efficiency. Train-480

ing remains robust against collapse, with policy481

entropy exhibiting a controlled decline (Fig. 8g) to482

sustain exploration. Furthermore, Fig. 8i demon-483

strates the precision of our predictive dynamic sam-484

pling. The effective batch size adheres strictly to485

the target with negligible variance. By adapting the486

oversampling rate to the improving pass rate, our487

predictive dynamic sampling eliminates the com-488

putational waste of fixed rate strategies of standard489

dynamic sampling.490

6 Related Work491

Recent reasoning models have demonstrated excep-492

tional problem-solving abilities through extended493

CoT. However, they frequently exhibit the over-494

thinking phenomenon (Chen et al., 2025), incur-495

ring high computational costs on simple tasks.496

While comprehensive literature also covers rea-497

soning compression and adaptive routing (see Ap-498

pendix I for extended discussion), RL has emerged499

as one of the most pivotal paradigm for explicitly500

refining reasoning efficiency.501

Early approaches in this domain, such as L1 (Ag-502

garwal and Welleck, 2025) and O1-Pruner (Luo503

et al., 2025a), impose explicit length penalties to504

harmonize token budgets. To address structural505

inefficiencies, LC-R1 (Cheng et al., 2025) em- 506

ploys dual rewards to prune invalid verification 507

steps, while DLER (Liu et al., 2025a) optimizes 508

truncation penalties to prevent training collapse. 509

Recognizing that optimal length varies by com- 510

plexity, DAST (Shen et al., 2025a) and Laser (Liu 511

et al., 2025b) introduce difficulty-aware shaping, 512

dynamically adjusting penalties to tolerate longer 513

chains for complex queries. Other works explore 514

autonomous mode switching (Zhang et al., 2025b) 515

or interleaved training schedules (Wen et al., 2025) 516

to optimize the trade-off. 517

In this work, we move beyond generic length 518

penalties to analyze the generative mechanisms 519

driving overthinking, proposing a targeted training 520

recipe that significantly pushes the Pareto frontier 521

of reasoning efficiency. 522

7 Conclusion 523

In this paper, we identified length shift as the pri- 524

mary driver of redundancy in reasoning models, 525

revealing how uncertainty-driven exploration on 526

complex problems inadvertently causes verbosity 527

on trivial inputs. To address this, we introduced Dy- 528

namic Outlier Truncation (DOT), a training-time 529

intervention that selectively eliminates statistical 530

outliers in all-correct groups. By complementing 531

this mechanism with entropy stabilization and pre- 532

dictive dynamic sampling, DOT achieves a signifi- 533

cant reduction in response length while preserving, 534

and often enhancing accuracy. Our results across 535

multiple scales demonstrate that DOT effectively 536

pushes the efficiency–performance Pareto frontier 537

outward, offering a simple, robust and scalable 538

paradigm for training efficient reasoning models. 539
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Limitations540

Despite significantly extending the efficiency-541

performance Pareto frontier, our study acknowl-542

edges certain limitations. As a training-time in-543

tervention rooted in RL, the effectiveness of DOT544

is inherently bounded by the quality of the train-545

ing data and the initial policy. Applying DOT546

to further refine state-of-the-art reasoning models547

(e.g., DeepSeek-V3.2 (DeepSeek-AI et al., 2025b),548

Qwen3-235B-A22B-Thinking (Yang et al., 2025))549

poses challenges, as these models have typically un-550

dergone extensive post-training on datasets vastly551

exceeding the scale of open-source counterparts.552

Consequently, they exhibit extremely low policy en-553

tropy on open-source datasets, making it nearly im-554

possible to extract further gains using current pub-555

lic resources. Nevertheless, given DOT’s simplic-556

ity and plug-and-play nature, it holds substantial557

promise for application in the post-training phase558

of next-generation foundation models, particularly559

when leveraged with high-quality in-house data or560

integrated with test-time reinforcement learning561

strategies (Zuo et al., 2025).562

Furthermore, our current investigation does not563

yet encompass agentic tasks. The core principle564

of length shift likely extends to these scenarios,565

manifesting as redundant tool invocations or cyclic566

planning steps. Although we leave this exploration567

for future work, extending the DOT mechanism568

to prune redundancy in agent trajectories, thereby569

optimizing action spaces rather than merely token570

spaces, represents a critical necessity for building571

efficient and scalable agents.572
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Figure 9: Illustration of Dynamic Outlier Truncation (DOT). By truncating statistical outliers in all-correct groups
during GRPO-style RL, DOT creates a negative signal for redundancy without hindering exploration.

Algorithm 1: Predictive Dynamic Sampling (with DOT)
Input: training prompts D; target prompt batch size B; rollout group size G; history window W
Initialize: history bufferH storing recent effective group ratio

1 for step = 1, . . . ,M do
2 p̄← mean(H), sp ← std(H) // effective group ratio stats

3 γ ← max
(
1.0, 1

p̄(1 + sp)
)

// predicted oversampling rate

4 Sample a prompt batch B ⊂ D with |B| = ⌈γB⌉
5 Sample G rollouts for each q ∈ B and compute rewards
6 Apply DOT and recompute rewards
7 Beff ← {q ∈ B | std({Ri(q)}Gi=1) > 0} // keep non-zero std groups
8 U ← Assemble exactly B groups from Beff by prompt-level dropping and masked padding
9 Execute an RL update on U

10 p← |Beff |/|B| // effective group ratio
11 H ← TailW (H⊕ [p]) // sliding-window update

Output: trained policy model

A Visual Illustration of820

Dynamic Outlier Truncation821

In Sec. 4, we introduce Dynamic Outlier Trunca-822

tion (DOT) as a training-time intervention to curb823

redundancy. To complement the formal definition,824

Fig. 9 provides a schematic overview of the process.825

It visually demonstrates how DOT selectively iden-826

tifies and truncates statistical outliers exclusively827

within "all-correct" rollout groups, thereby creating828

a precise negative signal for redundancy without829

hindering the exploration of unsolved queries.830

B Formal Description of Algorithms831

In Sec. 4, we propose Predictive Dynamic Sam-832

pling, which estimates the required oversampling833

factor based on historical pass rates to stabilize the834

effective batch size. Formally, the detailed algo-835

rithm is presented in Algorithm 1.836

C Case Study and Detailed Analysis 837

In this section, we provide both qualitative exam- 838

ples and quantitative statistical analyses to further 839

illustrate the impact of our approach. 840

Fig. 10 through 15 present a series of side-by- 841

side case studies across multiple benchmarks, com- 842

paring the reasoning trajectories of the original 843

long-CoT policy with our DOT-optimized model. 844

These cases consistently demonstrate that while 845

the original model often falls into redundant veri- 846

fication loops and overthinking, our model arrives 847

at the same correct answer through a significantly 848

more concise and purposeful path without sacrific- 849

ing logical rigor. 850

As a supplement to these qualitative case stud- 851

ies, Fig. 16 through 18 provide a macro-statistical 852

perspective on the response length distributions 853

and differences across various model scales and 854
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AIME-24 AIME-25 AMC MATH-500
Method Acc Length Acc Length Acc Length Acc Length

DOT-8K 52.2 5151 34.2 5143 80.6 3140 89.4 1423
w/o KL-Cov (Cui et al., 2025) 47.9 6057 33.3 6029 79.3 3856 90.5 1932

w/ GMPO (Zhao et al., 2025) 48.1 5745 34.3 5814 80.5 3550 90.7 1762
w/ GSPO (Zheng et al., 2025) 52.7 5007 37.1 5006 81.2 3163 90.6 1565

Table 4: Performance comparison on DeepSeek-R1-Distill-Qwen-1.5B. We examine the integration of DOT
with advanced policy optimization strategies, where KL-Cov is explicitly disabled.

datasets. Our analysis shows that the response855

length ratio (Original / Ours) remains consistently856

high across different difficulty levels, confirming857

that the efficiency gains of DOT are not limited858

to simple queries but remain effective across the859

entire complexity spectrum. Furthermore, the scat-860

ter plots reveal a strong correlation between the861

original policy’s response length/variance and the862

resulting token savings. This indicates that DOT863

is particularly effective at optimizing policies that864

are inherently redundant, guiding the model to-865

ward a more efficient reasoning distribution during866

training while maintaining stable and high-quality867

performance at inference time.868

D Orthogonality with Advanced869

Policy Optimization Algorithms870

To investigate the orthogonality of DOT with state-871

of-the-art policy optimization algorithms, we inte-872

grated it with representative algorithmic enhance-873

ments (Zhao et al., 2025; Zheng et al., 2025) in-874

volving entropy control and importance-sampling875

estimation. The results in Table 4 demonstrate876

that DOT, functioning as an intervention on gen-877

erated rollouts, synergizes effectively with these878

algorithm-level improvements. Notably, this com-879

bination simultaneously amplifies performance and880

token efficiency, highlighting the substantial poten-881

tial of DOT to synergize with advanced optimiza-882

tion techniques to drive the next frontier of efficient883

and scalable reasoning.884

E Additional Training Dynamics885

Fig. 19 through 23 provide supplementary visual-886

izations of the training evolution across various887

model scales (1.5B, 7B, 32B) and hyperparameter888

settings. These results consistently demonstrate889

that our training recipe remains robust and sta-890

ble under diverse conditions. Across all settings,891

the policy successfully decouples reasoning perfor-892

mance from response length, achieving a steady893

increase in accuracy while simultaneously elimi- 894

nating redundant verbosity. 895

F Detailed Descriptions on Baselines 896

To comprehensively evaluate the effectiveness of 897

our proposed method, we compare it against a di- 898

verse set of state-of-the-art baselines: 899

• DeepScaleR-Preview (Luo et al., 2025b): A 900

strong unconstrained baseline that enhances 901

reasoning capabilities through iterative context 902

lengthening (scaling from 8K to 24K tokens) dur- 903

ing reinforcement learning. 904

• OverThink (Chen et al., 2025): A data-centric 905

approach that addresses the “overthinking” phe- 906

nomenon. It employs efficiency metrics to iden- 907

tify and filter out non-essential steps (such as 908

redundant post-answer verification) to construct 909

concise supervised fine-tuning data. 910

• DAST (Shen et al., 2025a): A difficulty-adaptive 911

framework that introduces a Token Length Bud- 912

get (TLB) metric. It dynamically adjusts re- 913

ward shaping during RL to penalize verbosity 914

on simple queries while tolerating longer reason- 915

ing chains for complex problems. 916

• O1-Pruner (Luo et al., 2025a): An off-policy 917

optimization method that introduces a length- 918

harmonizing reward. It aligns the student model’s 919

length distribution with a concise reference 920

model while penalizing accuracy degradation to 921

reduce inference overhead. 922

• LC-R1 (Cheng et al., 2025): A structural com- 923

pression framework utilizing a dual-reward mech- 924

anism. It combines a global length penalty 925

with a specific “compress reward” to target and 926

prune invalid thinking loops or redundant self- 927

verifications. 928

• Laser-DE (Liu et al., 2025b): A dynamic length- 929

based reward shaping method. The DE variant 930
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(Dynamic & Exploration) specifically encour-931

ages exploration by relaxing penalties for incor-932

rect responses while strictly constraining correct933

ones to be concise.934

• AdaptThink (Zhang et al., 2025b): A mode-935

switching framework that trains the model to ex-936

plicitly select between “Thinking” (long CoT)937

and “NoThinking” (direct answer) modes based938

on the estimated complexity of the input query.939

• DLER-R1 (Liu et al., 2025a): An optimization-940

focused approach that refines simple truncation941

penalties. It mitigates reward collapse issues in942

RL through batch-wise reward normalization and943

dynamic sampling strategies.944

• SIRI (Wen et al., 2025): A training schedul-945

ing method that alternates between compression946

and expansion phases. We compare against both947

SIRI-low and SIRI-high checkpoints to eval-948

uate performance at different points along its949

efficiency-accuracy Pareto frontier.950

G Detailed Training Configurations951

We conduct all experiments on NVIDIA H800952

and H20 GPUs. For 1.5B models, we use either953

16×H800 or 32×H20; for 7B models, we use954

32×H800 or 64×H20; and for 32B models, we955

use 64×H800 or 128×H20. The typical wall-clock956

training time reported here is measured on H800:957

approximately 7 days for 1.5B models, and around958

10 days for both 7B and 32B models; runs on H20959

are generally slower. The detailed training configu-960

rations are summarized in Table 5.961

H List of Reasoning Words962

In Sec. 3 and Sec. 4, we analyzed the behavioral963

propensity of the reasoning model to emit specific964

lexical markers to investigate the length shift phe-965

nomenon. These markers typically signal the onset966

of reasoning steps, self-correction, or verification.967

Table 6 provides the comprehensive list of these968

reasoning words.969

I Additional Related Work970

In addition to the RL-based efficiency methods dis-971

cussed in the main text, current research primarily972

addresses reasoning costs through reasoning com-973

pression and adaptive routing.974

Reasoning Compression and Model Merging. 975

To reduce inference latency, compression methods 976

transfer reasoning capabilities to compact formats. 977

Beyond standard distillation, approaches like To- 978

kenSkip (Xia et al., 2025) and Chain of Draft (Xu 979

et al., 2025) prune semantic redundancies. Further 980

pushing compression, CODI (Shen et al., 2025b) 981

maps explicit reasoning steps into continuous latent 982

representations. Alternatively, model merging tech- 983

niques, such as FuseO1 (Wan et al., 2024), Kimi 984

k1.5 (Team et al., 2025b) and CoT-Valve (Ma et al., 985

2025), interpolate weights between reasoning and 986

non-reasoning models to balance verbosity without 987

extensive retraining. 988

Adaptive Routing and Mode Switching. Dy- 989

namic routing frameworks allocate compute based 990

on query complexity. Systems like ThinkSwitcher 991

(Liang et al., 2025) utilize lightweight classifiers 992

to toggle between “Fast” and “Slow” thinking 993

modes. Similarly, Thinkless (Fang et al., 2025) 994

and LHRMs (Jiang et al., 2025) train models to 995

autonomously determine the necessity of reasoning 996

via special control tokens. 997

J Use of AI Assistants 998

In this paper, AI assistants are used for literature 999

retrieval and grammar checking. 1000
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Parameter Value

algorithm.adv_estimator grpo
actor_rollout_ref.actor.loss_agg_mode seq-mean-token-mean
actor_rollout_ref.actor.policy_loss.loss_mode kl_cov
actor_rollout_ref.actor.policy_loss.kl_cov_ratio 0.002
actor_rollout_ref.actor.policy_loss.ppo_kl_coef 1.0

data.train_batch_size 128
actor_rollout_ref.actor.ppo_mini_batch_size 32
actor_rollout_ref.actor.ppo_epochs 1

data.max_prompt_length 4096
data.max_response_length 4096/8192

actor_rollout_ref.actor.optim.lr 1.0× 10−6

actor_rollout_ref.rollout.temperature 1.0
actor_rollout_ref.rollout.n 32

actor_rollout_ref.actor.clip_ratio_low 0.2
actor_rollout_ref.actor.clip_ratio_high 0.2

Table 5: Training configuration specified in verl.

Reasoning Words

aha all alternatively although analyze appears
assume but check clearly compare confirm
consider contradiction correct define ensure even
finally hence hmm hold on however if
implies initially instead instead of invalid let
maybe might be moreover need to find next oh
oops otherwise perhaps reflect reflection so
some split suggests then therefore this means that
thus valid verify wait well

Table 6: The full list of reasoning words used in our empirical analysis.
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Question and Ground Truth

Question: There exist real numbers x and y, both greater than 1, such
that logx (yx) = logy

(
x4y

)
= 10. Find xy.

Ground Truth:

25

Response from DOT 959 Tokens

Okay, so we have this problem where we need to find real numbers x and
y, both greater than 1, such that:

logx(y
x
) = 10 and logy(x

4y
) = 10

We need to find xy.
Hmm. Let me rewrite these logarithms using logarithm properties. First
equation: logx(y

x) = 10. Using the power rule, log base x of (yx) is
x · logx(y). So:

x · logx(y) = 10

Similarly, logx(y) can be written as ln y/ ln x, so:

x · (ln y/ ln x) = 10 =⇒ (x/ ln x) · ln y = 10

Let me note that as equation (1).
Now the second equation: logy(x

4y) = 10. Again, using power rule:
4y · logy(x) = 10. Similarly, logy(x) is ln x/ ln y, so:

4y · (ln x/ ln y) = 10 =⇒ (4y/ ln y) · ln x = 10

Let me note that as equation (2).
So now we have two equations:

1) (x/ ln x) · ln y = 10 2) (4y/ ln y) · ln x = 10

From equation (1): ln y = (10 · ln x)/x. Let me call this equation (1a).
From equation (2): (4y/ ln y) · ln x = 10.
Let me rearrange equation (2):

4y · (ln x/ ln y) = 10

But notice that (ln x/ ln y) is equal to logy x, which is reciprocal of
logx y. Wait, maybe substitute ln y from equation (1a). From equation
(1a): ln y = (10 ln x)/x. Therefore, ln y = (10/x) · ln x.
So, let’s compute ln x/ ln y:

ln x

ln y
=

ln x

[(10/x) · ln x]
=

ln x

(10 ln x)/x
= ln x ·

x

10 ln x
=

x

10

So, ln x/ ln y = x/10.
Therefore, equation (2): 4y · (ln x/ ln y) = 10. Substitute
ln x/ ln y = x/10:

4y · (x/10) = 10

So: (4xy)/10 = 10 =⇒ 4xy = 100 =⇒ xy = 25. Therefore,
the answer is 25.

25

Response from R1-Distill-Qwen-1.5B 22514 Tokens

Alright, so I have this problem here... I remember that logarithms
can be rewritten using the power rule. Starting with the first equation:
logx(y

x) = 10 =⇒ x · logx(y) = 10. Similarly, the second
equation: logy(x

4y) = 10 =⇒ 4y · logy(x) = 10.

Let me denote logx(y) = a. Then, logy(x) = 1/a. So, substituting
back into the equations:

1) x · a = 10 =⇒ x = 10/a

2) 4y · (1/a) = 10 =⇒ 4y = 10a =⇒ y = 5a/2

Now, I need another equation to relate x and y. I know that a = logx(y).
So, xa = y. Substituting x and y:

(10/a)
a
= 5a/2

Let me take natural logarithm on both sides:

a · ln(10/a) = ln(5a/2)

=⇒ a ln(10) − a ln(a) = ln(5) + ln(a) − ln(2)

... (omitted: attempting to solve the transcendental equation numerically
using Newton-Raphson)
... (omitted: trial and error with integer values t = 1, 2, 3 leading to
contradictions)
Wait, let me think differently. From the first equation, logx(y

x) =
10 =⇒ x · (ln y/ ln x) = 10. From the second equation,
logy(x

4y) = 10 =⇒ 4y · (ln x/ ln y) = 10.

Let me denote u = ln x, v = ln y. 1. x · (v/u) = 10 =⇒
eu · (v/u) = 10 2. 4y · (u/v) = 10 =⇒ 4ev · (u/v) = 10

From (1): eu = 10u/v. From (2): ev = 10v/(4u) = 5v/(2u).
Let’s compute eu/ev :

eu

ev
=

10u/v

5v/2u
=

10u

v
·
2u

5v
=

20u2

5v2
=

4u2

v2

So eu−v = 4(u/v)2. Let k = u/v. Then u = kv. ekv−v =

4k2 =⇒ ev(k−1) = 4k2.
... (omitted: substitution u = kv and solving the resulting exponential
equation for k)
Wait, let’s look at the equations again. x·logx y = 10 4y·logy x = 10
Multiply them:

(x logx y) · (4y logy x) = 10 · 10

4xy(logx y · logy x) = 100

We know that logx y · logy x = 1. So:

4xy · 1 = 100 =⇒ 4xy = 100 =⇒ xy = 25

Let me verify this. If xy = 25, then y = 25/x. Substitute into first
equation:

x logx(25/x) = 10 =⇒ x(logx 25 − 1) = 10

logx(25
x
) = x + 10 =⇒ 25

x
= x

x+10

This seems solvable. Let’s try x = 5. 255 = (52)5 = 510. RHS:
55+10 = 515. 510 ̸= 515. So x = 5 is not the solution.
... (omitted: extensive re-verification with x = 10, 100, 32 and check-
ing constraints)
Let’s re-solve x logx y = 10 and 4y logy x = 10. We found xy =

25. Let’s check if there exist such x, y. x(ln y/ ln x) = 10 =⇒
ln y = (10 ln x)/x. We also have y = 25/x. Take ln: ln y =
ln 25 − ln x. So 10 ln x

x = ln 25 − ln x. (10/x + 1) ln x =

ln 25 =⇒ 10+x
x ln x = ln 25.

Let f(x) = 10+x
x ln x − ln 25. f(1) < 0. f(5) = 3 ln 5 −

2 ln 5 = ln 5 > 0. So there is a solution between 1 and 5.
So yes, real numbers x and y exist. The value required is xy. Calculation:
4xy = 100 =⇒ xy = 25.

25

Figure 10: Case study from AIME-24.
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Question and Ground Truth

Question: Sixteen chairs are arranged in a row. Eight people each select
a chair in which to sit so that no person sits next to two other people. Let
N be the number of subsets of the 16 chairs that could be selected. Find
the remainder when N is divided by 1000.

Ground Truth:

907

Response from DOT 1695 Tokens

Okay, so I have this problem with 16 chairs arranged in a row. Eight
people need to sit such that no one is next to two others. Hmm, so that
means no three people are sitting consecutively? Yes, if three people
sit in chairs 1, 2, 3, then the person in chair 2 is next to two others. So
the condition is equivalent to selecting 8 chairs such that no three are
consecutive.
This is a combinatorial problem where we need to count the number of
binary strings of length 16 with exactly 8 ones, such that there are no
three consecutive ones. We can model this using blocks. Let’s denote the
number of blocks as m. Each block is either size 1 or 2 (since size 3 is
forbidden). Let t be the number of blocks of size 1 and s be the number
of blocks of size 2. Total ones: t · 1 + s · 2 = 8. Total blocks: t + s.
Between these blocks, we need at least one zero separating them. Total
zeros: 16 − 8 = 8. Zeros used as separators: (t + s) − 1. Remaining
zeros: 8− (t+ s− 1) = 9− (t+ s). We distribute these remaining
zeros into t + s + 1 positions (before, between, after blocks). Using
stars and bars, the number of ways is:((9 − (t + s)) + (t + s + 1) − 1

(t + s + 1) − 1

)
=

( 9

t + s

)
Now we iterate over possible values of s (blocks of size 2): Since 2s ≤ 8,
s can range from 0 to 4. For each s, t = 8 − 2s. Number of ways to
arrange the blocks themselves:

(t+s
s

)
=

(8−s
s

)
. Total ways for a fixed

s:
(8−s

s

)
·
( 9
8−s

)
.

Let’s calculate the sum for s = 0 to 4: s = 0 :
(8
0

)(9
8

)
= 1 · 9 = 9.

s = 1 :
(7
1

)(9
7

)
= 7 · 36 = 252. s = 2 :

(6
2

)(9
6

)
= 15 · 84 =

1260. s = 3 :
(5
3

)(9
5

)
= 10 · 126 = 1260. s = 4 :

(4
4

)(9
4

)
=

1 · 126 = 126.
Total sum: 9 + 252 + 1260 + 1260 + 126 = 2907. The remainder
modulo 1000 is 907.

907

Response from R1-Distill-Qwen-32B 17061 Tokens

Alright, so I have this problem where there are 16 chairs arranged in a
row... The condition is that no person is sitting next to two other people.
That means no three people can be sitting consecutively. So, the problem
reduces to finding the number of ways to choose 8 chairs out of 16 such
that no three are consecutive.

Let’s define a recursive function f(n, k) as the number of ways to choose
k chairs from n with no three consecutive. The recurrence relation is:

f(n, k) = f(n − 1, k) + f(n − 2, k − 1) + f(n − 3, k − 2)

This seems correct. I need to compute f(16, 8).

... (omitted: lengthy manual computation of DP table for n=1 to 10,
checking base cases and encountering index errors)

Wait, let me think about another approach. Perhaps using generating
functions? The generating function for binary strings with no "111"
pattern is related to 1

1−x−x2 . But here we have a fixed number of ones
(8) and a fixed length (16). Maybe the generating function G(n) =
1 + x + x2 corresponds to coefficients? No, that’s for compositions.
The number of such subsets is the coefficient of x8 in some polynomial
related to length 16.

... (omitted: exploring the generating function G(n) = G(n − 1) +
xG(n − 2) + x2G(n − 3) and attempting to calculate coefficients)

Let’s try the Combinations with Blocks approach again. This seems more
robust. Let’s denote the number of blocks as m. Each block is either size
1 or 2. Let t be the number of blocks of size 2. Then m − t is blocks of
size 1. Total people: 2t+ (m− t) = t+m = 8 =⇒ m = 8− t.
Wait, t is number of size 2 blocks. So t can range from 0 to 4. For each t,
the total number of blocks is 8 − t.

Number of ways to arrange the blocks (order of 1s and 2s):( total blocks
blocks of size 2

)
=

(8 − t

t

)
Now we need to place these 8 − t blocks into the 16 chairs with at least
one empty chair between them. Let x0, x1, . . . , x8−t be the number
of empty chairs in the gaps. Total empty chairs is 8. Constraint: xi ≥ 1
for the internal gaps 1 ≤ i ≤ 8 − t − 1. Let yi = xi − 1 for these
internal gaps. The equation becomes a stars and bars problem. Total sum
of empty chairs available to distribute freely:

8 − (number of internal gaps) = 8 − (8 − t − 1) = t + 1

The number of bins is (8− t)+1 = 9− t. So we are distributing t+1

items into 9 − t bins. Number of solutions is
((t+1)+(9−t)−1

(9−t)−1

)
=( 9

8−t

)
.

So total ways for a fixed t is
(8−t

t

)( 9
8−t

)
. Let’s sum over t = 0 to 4.

... (omitted: calculation of each term: t=0 -> 9, t=1 -> 252, t=2 -> 1260,
t=3 -> 1260, t=4 -> 126)

Summing them up: 2907. Total N = 2907. Find remainder when
divided by 1000: 2907 (mod 1000) = 907.

Let me double check the DP calculation for a small case, say n=4, k=2.
Using blocks: t=0 (blocks of 1,1):

(2
0

)(3
2

)
= 3. t=1 (block of 2):(1

1

)(3
1

)
= 3. Total = 6. Matches manual count: 1,3, 1,4, 2,4, 1,2, 2,3,

3,4. Wait, 1,2 valid? Yes.

So the formula holds. Final answer is 907.

907

Figure 11: Case study from AIME-25.
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Question and Ground Truth

Question: The infinite product

3√
10 ·

3
√

3√
10 ·

3

√
3
√

3√
10 · · ·

evaluates to a real number
√
m. What is the value of m?

Ground Truth:

10.0

Response from DOT 464 Tokens

Okay, so I need to evaluate this infinite product:

3√
10 ·

3
√

3√
10 ·

3

√
3
√

3√
10 · · ·

And it’s supposed to equal
√
m. I have to find m.

Let me try to understand the structure of this product. First, each term
is a cube root of the previous term. Let’s write the terms out: First term:
3√10 = 101/3 Second term: 3

√
3√10 = (101/3)1/3 = 101/9

Third term:
3
√

3
√

3√10 = (101/9)1/3 = 101/27

So in general, the n-th term is 101/3
n

. Therefore, the infinite product
is:

∞∏
n=1

10
1/3n

= 10
∑∞

n=1(1/3)n

Because when you multiply exponents with the same base, you add the
exponents.
So sum of exponents is

∑∞
n=1(1/3)

n. That’s a geometric series with
first term a = 1/3 and common ratio r = 1/3. Sum S = a

1−r =
1/3

1−1/3
=

1/3
2/3

= 1
2 .

Therefore, the product is 101/2 =
√
10. But wait, the problem says it

evaluates to
√
m. So

√
m =

√
10, hence m = 10.

Wait, let me double-check. Yes, the exponents add up to 1/2, so 101/2

is
√
10, so m is 10.

10

Response from R1-Distill-Qwen-1.5B 23454 Tokens

Okay, so I have this infinite product to evaluate... It’s written as:

3√
10 ·

3
√

3√
10 ·

3

√
3
√

3√
10 · · ·

And it’s supposed to evaluate to a real number which is the square root of
some number m.

First, let’s try to understand the structure. Each term is a cube root of the
previous term. So, if I write out the first few terms, it’s: 101/3 · 101/9 ·
101/27 · 101/81 · . . . The exponents are 1/3, 1/9, 1/27, 1/81, etc.
The sum of the exponents is the sum of the infinite geometric series with
a = 1/3 and r = 1/3. S =

1/3
1−1/3

=
1/3
2/3

= 1
2 . Therefore, the

entire infinite product is 101/2 =
√
10. So

√
m =

√
10 =⇒ m =

10.

Wait, that seems too simple. Let me double-check. Let me compute the
partial products numerically to see. P1 = 101/3 ≈ 2.154. P2 =

101/3 · 101/9 = 104/9 ≈ 2.783. Wait, 4/9 ≈ 0.444 which is less
than 0.5.

... (omitted: detailed numerical computation of P3, P4, P5 finding P5
approx 2.887)

Wait, so P5 ≈ 2.887, which is less than
√
10 ≈ 3.162. My partial

products are approaching 2.8 something, not 3.16. Why? Let me compute
more accurately.

... (omitted: re-calculating P1 to P6 with more precision, still finding
discrepancy)

So the partial products are approaching approximately 2.815. This is
less than

√
10. Maybe my exponent series is wrong? The exponents

are 1/3, 1/9, 1/27... Sum is 1/2. So theoretically it is 101/2. But
numerically, it looks like it’s converging to something else.

... (omitted: questioning the geometric series sum formula and re-deriving
it)

... (omitted: calculating P7, P8... P12, finding values slowly creeping up
to 2.963)

P12 ≈ 2.9632. Still less than 3.162. This is confusing. The math says√
10, the numbers say 2.96. Maybe I need to compute even more terms.

... (omitted: computing up to P24, P30, P41, finding values like
2.9632263)

So up to P41, the product is approximately 2.963226. Wait, 101/2 ≈
3.162. Why is there such a gap? Is it possible the limit is not

√
10?

Let’s rethink. P =
∏∞

n=1 101/3
n

= 10
∑

1/3n . Sum is 1/2. So
P = 101/2. Why do my numbers disagree? Maybe my calculator
precision is the issue? Or maybe convergence is very slow? Actually, let’s
look at the partial sum of exponents. Sn =

∑n
k=1

1

3k
= 1

2 (1−
1
3n ).

So Pn = 100.5(1−3−n). As n → ∞, 3−n → 0, so Pn → 100.5.

Let’s check n = 2: P2 = 100.5(1−1/9) = 100.5(8/9) =
104/9. 4/9 ≈ 0.444. 100.444 ≈ 2.78. Correct. n = 10:
100.5(1−1/59049) ≈ 100.5 ≈ 3.162. Wait, earlier I calculated
P10 ≈ 2.96. Why? Ah, I must have been accumulating rounding errors
or multiplying wrong terms in my manual simulation.

The theoretical derivation is solid. The sum of the geometric series is
1/2. The product must be 101/2. The numerical confusion is likely due
to calculation errors or slow convergence interpretation. The problem
states it evaluates to

√
m. So

√
m =

√
10 =⇒ m = 10.

10

Figure 12: Case study from AMC.
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Question and Ground Truth

Question: Compute 997−1 modulo 1000. Express your answer as an
integer from 0 to 999.

Ground Truth:

333

Response from DOT 547 Tokens

Okay, so I need to find the inverse of 997 modulo 1000. That means I
need to find an integer x such that 997 · x ≡ 1 (mod 1000). Hmm,
so 997x− 1000y = 1 for some integer y. This is a linear Diophantine
equation.

Maybe I can use the Extended Euclidean Algorithm. Let’s see. First, let’s
compute gcd(997, 1000). 1000 divided by 997 is 1 with a remainder
of 3. So 1000 = 997 · 1 + 3. Then, 997 divided by 3 is 332 with a
remainder of 1. 997 = 3 · 332 + 1. Then, 3 divided by 1 is 3 with
remainder 0. So gcd is 1, which means inverse exists.

Now, to backtrack. 1 = 997 − 3 · 332. But 3 = 1000 − 997 · 1.
Substitute:

1 = 997 − (1000 − 997 · 1) · 332
= 997 − 1000 · 332 + 997 · 332
= 997 · (1 + 332) − 1000 · 332
= 997 · 333 − 1000 · 332.

So, 1 = 997 · 333 − 1000 · 332. Therefore, 997 · 333 ≡ 1
(mod 1000). So inverse is 333.

333

Response from R1-Distill-Qwen-32B 18984 Tokens

Alright, so I need to find the modular inverse of 997 modulo 1000.
Hmm, that means I need to find an integer x such that 997x ≡ 1
(mod 1000).

First, check if 997 and 1000 are coprime. 997 is prime, and 1000 is
divisible by 2 and 5. So yes, gcd(997, 1000) = 1. The inverse exists.

Method 1: Extended Euclidean Algorithm.

1000 = 997 · 1 + 3

997 = 3 · 332 + 1

3 = 1 · 3 + 0

Working backwards:

1 = 997 − 3 · 332
= 997 − (1000 − 997 · 1) · 332
= 997 · 333 − 1000 · 332

So x = 333. Let’s verify: 997 · 333 = 332001 ≡ 1 (mod 1000).
Correct.

Method 2: Solving Congruence directly. 997 ≡ −3 (mod 1000).
So −3x ≡ 1 (mod 1000). 3x ≡ −1 ≡ 999 (mod 1000). Di-
vide by 3: x = 333. Same result.

Method 3: Euler’s Theorem. ϕ(1000) = 1000(1 − 1/2)(1 −
1/5) = 400. So 997400 ≡ 1 (mod 1000). Inverse is 997399

(mod 1000). This seems tedious to compute manually.

Let’s try to compute 3399 (mod 1000) using exponentiation by squar-
ing. 399 = 256 + 128 + 8 + 4 + 2 + 1. Let’s calculate powers of 3:

3
1
= 3

3
2
= 9

3
4
= 81

3
8
= 6561 ≡ 561

3
16 ≡ 561

2 ≡ 314721 ≡ 721

3
32 ≡ 721

2 ≡ 519841 ≡ 841

3
64 ≡ 841

2 ≡ 707281 ≡ 281

3
128 ≡ 281

2 ≡ 78961 ≡ 961

3
256 ≡ 961

2 ≡ 923521 ≡ 521

Now multiply terms for 399: 521·961 ≡ 500681 ≡ 681 681·561 ≡
382041 ≡ 41 41 · 81 = 3321 ≡ 321 321 · 9 = 2889 ≡ 889
889 · 3 = 2667 ≡ 667 So 3399 ≡ 667. Since 997 ≡ −3,
997399 ≡ (−3)399 ≡ −667 ≡ 333. Matches.

... (omitted: attempting method 4: trial multiplication 997*1, 997*2...
inefficient)

Method 5: Inverse of 3. We need inverse of -3. Inverse of 3 is 667 (since
3 · 667 = 2001 ≡ 1). So inverse of -3 is −667 ≡ 333.

All methods confirm the result is 333.

333

Figure 13: Case study from MATH-500.
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Question and Examples

Prompt: Given a list of numbers, return the sum of squares of the
numbers in the list that are odd. Ignore numbers that are negative or not
integers.

Examples:

• ‘[1, 3, 2, 0]‘ → 12 + 32 = 10

• ‘[-1, -2, 0]‘ → 0

• ‘[9, -2]‘ → 81

• ‘[0]‘ → 0

Response from DOT 546 Tokens

Okay, I need to write a Python function called double_the_difference.
Hmm, wait, looking at the examples, the function’s name might be a
bit misleading because the docstring says it’s the sum of squares of odd
numbers, ignoring negatives and non-integers.
So the steps are: for each number in the list, check if it’s an integer and
not negative. Then, check if it’s odd. If all conditions met, square it and
add to sum.
First, iterate through each element in lst. For each element, check if
it’s an integer. Wait, but in Python, how to determine if it’s an integer.
Because for example, 3.0 is technically a float but represents integer. But
the problem says to ignore numbers that are not integers. So perhaps, the
element must be an instance of int.
So the condition is: type must be int, and the number must be >=0, and
odd. So for each num in lst: if type(num) is int and num >= 0 and num
% 2 != 0: then square it and add to sum.
Solution Code:

def double_the_difference(lst):
total = 0
for num in lst:

if isinstance(num, int) and num >= 0 and num % 2 == 1:
total += num ** 2

return total

This handles the examples: [1,3,2,0] -> 1 is odd (1), 3 is odd (9), 2 even,
0 even -> 10. Correct. [-1, -2, 0] -> negative/even -> 0. Correct.
The logic holds.

Response from R1-Distill-Qwen-32B 5486 Tokens

Okay, I need to write a Python function called double_the_difference.
Let me break it down. For each number in the list, I have to check two
things: is it a positive integer, and is it odd.

... (omitted: checking simple cases like [1,3,2,0] and confirming odd/even
logic)

The problem says to ignore numbers that are not integers. Question: Is
a float like 3.0 considered an integer? The examples only include pure
integers. If 3.0 is passed, isinstance(3.0, int) is False. If I use
num.is_integer(), it is True. Which one does the problem want?

... (omitted: debating the ambiguity of "not integers" in Python context)

Let’s assume strict type checking. Only int is allowed.

Now, what about Booleans? In Python, True and False are instances of
int. isinstance(True, int) returns True. If the list contains True, it
acts like 1. 1 is positive and odd. So True would be squared and added
(1).

... (omitted: testing code snippet with isinstance against boolean inputs)

Is this desired behavior? The input is a "list of numbers". Booleans are
technically numbers in Python, but semantically usually distinct. If I want
to exclude Booleans, I must check the type explicitly.

Let’s compare:

• isinstance(x, int): Accepts True, False.

• type(x) is int: Rejects True, False.

... (omitted: considering if the problem implies strict number types only)

I think strict type checking type(num) is int is the safest bet to avoid
edge cases like Booleans or subclasses of int that might behave weirdly.

So the plan is: 1. Iterate over lst. 2. Check type(num) is int. 3.
Check num > 0. 4. Check num % 2 != 0.

... (omitted: verifying the negative number logic and zero handling)

Let’s double check example 3: [9, -2]. 9: int, positive, odd. Add 81.
-2: int, not positive. Skip. Result 81. Matches.

... (omitted: verifying empty list behavior)

Final check on the implementation details.

Solution Code:

def double_the_difference(lst):
total = 0
for num in lst:

# Strict type check to exclude bools
if type(num) is int:

if num > 0 and num % 2 != 0:
total += num ** 2

return total

Figure 14: Case study from HumanEval.
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Question and Examples

Problem: There are N beans, each with deliciousness Ai and color Ci.
You choose one color, then eat one bean of that color. The deliciousness
you get is the minimum among all beans of that color. Find the color that
maximizes this minimum value.

Input: N pairs of (Ai, Ci). Output: The maximum possible value of
the minimum deliciousness.

Response from DOT 999 Tokens

Okay, so I have this problem to solve. Let’s see what it’s about. Hmm.
The problem is about choosing a color to eat a bean. Each bean has a
deliciousness Ai and color Ci. When you choose a color, you eat one
bean of that color. But since multiple beans can have the same color, we
have to pick the optimal color that maximizes the minimum deliciousness.
So the goal is to select a color such that when you take all beans of that
color, the minimum Ai among them is as large as possible. Then, the
answer is the maximum of these minima.
So the approach is: 1. Group the beans by their color. 2. For each color
group, find the minimum Ai in that group. 3. Find the maximum value
among these minima.
That’s straightforward.
Code Implementation:

n = int(input())
from collections import defaultdict
groups = defaultdict(list)
for _ in range(n):

a, c = map(int, input().split())
groups[c].append(a)

min_per_color = [min(group) for group in groups.values()]
max_min = max(min_per_color)
print(max_min)

Testing with Sample 1: Color 1: 100, 40 -> min 40. Color 5: 20, 30 ->
min 20. Max of (40, 20) is 40. Correct.
This approach efficiently groups the beans and computes the required
values in linear time.

Response from R1-Distill-Qwen-7B 12018 Tokens

Okay, so I’ve got this problem to solve. Let’s see what it’s about. The
problem is about selecting a color of beans to maximize the minimum
deliciousness. For each color, we look at all the beans of that color. The
minimum deliciousness among those beans is what contributes to the
overall maximum.

... (omitted: initial confusion about binary search and threshold values)

Maybe the optimal is somewhere in between. Perhaps we can think of
this as trying to find a threshold value x such that there exists at least one
color group with all beans having Ai ≥ x.

Wait, maybe another approach. Let’s collect all the colors, and for each
color, compute the minimum Ai among its beans. Then, the answer is
the maximum of these minima. Let’s check Sample 2 with this logic. The
minima are 68, 5, 2, 4, 4, 5, 2, 1, 3. The maximum is 68. But the sample
output is 35. So that approach is incorrect.

... (omitted: lengthy confusion about why Sample 2 output is 35, suspect-
ing the max-of-min strategy is wrong)

Wait, I might be misunderstanding the problem. Let me re-read Sample 2
carefully. Colors and values: 68 (3), 17 (2), 99 (2), 92 (4), 82 (4), 10 (3),
100 (2), 78 (1), 3 (1), 35 (4).

Let’s group them properly: Color 3: 68, 10 -> Min is 10. Color 2: 17, 99,
100 -> Min is 17. Color 4: 92, 82, 35 -> Min is 35. Color 1: 78, 3 -> Min
is 3.

Minima list: 10, 17, 35, 3. Maximum of these is 35.

Ah! My manual calculation earlier was wrong. I thought the minima were
much different. Wait, previously I listed minima as "68, 5, 2..." where
did those come from? I must have misread the input format or mixed up
lines.

... (omitted: re-verifying the logic multiple times, still doubting the simple
solution because of previous calculation errors)

So, let’s confirm the logic again. The problem asks to maximize the
minimum possible deliciousness. 1. Group by color. 2. Find min
deliciousness for each group. 3. Find max of those minimums.

In Sample 2: - Color 3 group: 68, 10. Min = 10. - Color 2 group: 17, 99,
100. Min = 17. - Color 4 group: 92, 82, 35. Min = 35. - Color 1 group:
78, 3. Min = 3.

Max(10, 17, 35, 3) = 35. This matches the sample output perfectly.

So the initial "simple" approach was correct all along, I just failed to
parse the sample input correctly in my head. The confusion came from
misinterpreting the input lines or maybe grouping incorrectly in the
thought process.

... (omitted: final code construction using dictionary)

Solution seems robust. Solution Code:

import sys
from collections import defaultdict

def main():
n = int(sys.stdin.readline())
colors = defaultdict(list)
for _ in range(n):

a, c = map(int, sys.stdin.readline().split())
colors[c].append(a)

max_min = 0
for c in colors:

min_a = min(colors[c])
if min_a > max_min:

max_min = min_a
print(max_min)

if __name__ == "__main__":
main()

Figure 15: Case study from LiveCodeBench.
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Figure 16: Quantitative analysis of reasoning efficiency for DOT-8K on DeepSeek-R1-Distill-Qwen-1.5B. (a)
Density distribution of response length ratios between the original and DOT-optimized models. (b) Response length
ratio across problems of varying difficulty, represented by original and our accuracy. (c) Token savings relative to
the original response length. (d) Token savings relative to the standard deviation of the original response length.
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Figure 17: Quantitative analysis of reasoning efficiency for DOT-8K on DeepSeek-R1-Distill-Qwen-7B. (a)
Density distribution of response length ratios between the original and DOT-optimized models. (b) Response length
ratio across problems of varying difficulty, represented by original and our accuracy. (c) Token savings relative to
the original response length. (d) Token savings relative to the standard deviation of the original response length.
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Figure 18: Quantitative analysis of reasoning efficiency for DOT-8K on DeepSeek-R1-Distill-Qwen-32B. (a)
Density distribution of response length ratios between the original and DOT-optimized models. (b) Response length
ratio across problems of varying difficulty, represented by original and our accuracy. (c) Token savings relative to
the original response length. (d) Token savings relative to the standard deviation of the original response length.
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Figure 19: Metric curves monitoring the DOT-4K training process on DeepSeek-R1-Distill-Qwen-1.5B.
(a, c) Evolution of pass@1 accuracy on AIME-24 and AMC. (b, d) Decrease in average response length for
corresponding benchmarks. (e) Global training length reduction. (f) Progression of average training reward. (g)
Controlled policy entropy decline. (h) Frequency of truncated responses and average truncated tokens per response.
(i) Stability of oversampling rate and effective batch size via Predictive Dynamic Sampling
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Figure 20: Metric curves monitoring the DOT-4K training process on DeepSeek-R1-Distill-Qwen-7B.
(a, c) Evolution of pass@1 accuracy on AIME-24 and AMC. (b, d) Decrease in average response length for
corresponding benchmarks. (e) Global training length reduction. (f) Progression of average training reward. (g)
Controlled policy entropy decline. (h) Frequency of truncated responses and average truncated tokens per response.
(i) Stability of oversampling rate and effective batch size via Predictive Dynamic Sampling
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Figure 21: Metric curves monitoring the DOT-8K training process on DeepSeek-R1-Distill-Qwen-7B.
(a, c) Evolution of pass@1 accuracy on AIME-24 and AMC. (b, d) Decrease in average response length for
corresponding benchmarks. (e) Global training length reduction. (f) Progression of average training reward. (g)
Controlled policy entropy decline. (h) Frequency of truncated responses and average truncated tokens per response.
(i) Stability of oversampling rate and effective batch size via Predictive Dynamic Sampling
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Figure 22: Metric curves monitoring the DOT-4K training process on DeepSeek-R1-Distill-Qwen-32B.
(a, c) Evolution of pass@1 accuracy on AIME-24 and AMC. (b, d) Decrease in average response length for
corresponding benchmarks. (e) Global training length reduction. (f) Progression of average training reward. (g)
Controlled policy entropy decline. (h) Frequency of truncated responses and average truncated tokens per response.
(i) Stability of oversampling rate and effective batch size via Predictive Dynamic Sampling
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Figure 23: Metric curves monitoring the DOT-8K training process on DeepSeek-R1-Distill-Qwen-32B.
(a, c) Evolution of pass@1 accuracy on AIME-24 and AMC. (b, d) Decrease in average response length for
corresponding benchmarks. (e) Global training length reduction. (f) Progression of average training reward. (g)
Controlled policy entropy decline. (h) Frequency of truncated responses and average truncated tokens per response.
(i) Stability of oversampling rate and effective batch size via Predictive Dynamic Sampling
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