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ABSTRACT

Neural networks often plateau far above machine precision, limiting their use in
scientific computing pipelines. A central question is whether this reflects an ex-
pressivity limit or a failure of optimization. In the interpolation setting, we show
that optimization is the primary bottleneck by constructing the first explicit MLP
interpolant that provably achieves machine-precision accuracy with log(1/¢) pa-
rameter scaling while remaining implementable in floating-point arithmetic. Our
construction, based on quasi-interpolation theory, exposes a dimensionless band-
width parameter A that controls the tradeoff between approximation error and
numerical stability. Comparing this construction to trained MLPs, we find that
optimization drives A — 0, causing the network to collapse to an overly nar-
row length-scale regime and utilize capacity redundantly, even though the quasi-
interpolant itself remains reasonably conditioned. These results provide a princi-
pled lens on precision failures in scientific machine learning.

1 INTRODUCTION

Machine learning has the potential to dramatically accelerate scientific workflows by replacing ex-
pensive physics-based subroutines with learned surrogates, from neural operators for weather mod-
eling to surrogates for aerodynamics simulations (Pathak et al.| 2022} [Li et al., 2025} |Alkin et al.,
2025; Mao et al) 2024). However, numerical precision remains a central barrier to deployment:
many scientific pipelines require tight residual tolerances and stable long-horizon rollouts, yet cur-
rent methods struggle to reliably reach the required fidelity (McGreivy & Hakiml [2024). In fact,
neural networks already struggle to reach machine precision in the simple controlled setting of noise-
free interpolation of smooth functions from exact samples (Michaud et al.,[2023a;|Liu et al., 2025a).
Even for analytic 1D targets like f(z) = sin(27x), standard training of single-layer-hidden multi-
layer perceptrons (MLPs) stalls 6-10 orders of magnitude above fp64 limits (~ 1071) for (Lz)
relative error, plateauing around Ly = 1075 to 1071 (Figure[p).

Surprisingly, increasing model size or training time does not reliably yield additional digits of accu-
racy (Wang et al., 2024;[Liu et al.,|2025b)). Current techniques do not characterize how precision can
successfully scale with increased model capacity or compute. This stands in contrast to numerical
analysis, where decades of work provide provable convergence guarantees (Trefethen & Baul [2022;
Boyd, |1989), and modern language models, where empirical scaling laws predictively relate perfor-
mance to model size (Hoffmann et al., |2022; |Kumar et al., 2024). Understanding whether precision
can scale predictably with capacity is therefore a foundational question to unlock broader adoption
of machine learning across scientific domains.
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Figure 1: Left: Quasi-interpolants represent f as a sum of localized, translated shift-invariant ker-
nels, with additional “halo” nodes outside the interpolation interval Q = [—1, 1] (shaded) to reduce
boundary error. Middle: Relative Lo error versus width for interpolating sin(27x): the explicit
QI interpolant displays geometric scaling towards the fp64 floor, while end-to-end trained MLPs
plateau three orders of magnitude higher. Right: Dimensionless bandwidth A versus width for inter-
polating sin(27x): the QI construction reaches a A plateau, whereas trained networks drive A — 0,
indicating a length-scale mismatch.

Motivated by recent diagnostic work (Michaud et al., [2023aj; [Wang & Lai, [2023), we study one-
hidden-layer MLPs in the noise-free 1D interpolation regime to understand why precision fails to
scale with model size and compute. We decompose this problem into two questions:

1. Expressivity. What machine-precision representations are numerically realizable as MLPs?
Universal approximation theorems (Hornik et al.| |[1989) guarantee that high-precision inter-
polating MLPs exist, but classical results either provide vacuous parameter bounds (achiev-
ing ¢ error requires poly(1/e) parameters) or require constructions with exponentially large
weight magnitudes (Mhaskar, |1993). We lack explicit representations that are simultaneously
(1) machine-precise, (ii) parameter-efficient (log(1/¢) scaling), and (iii) numerically realizable in
finite-precision arithmetic.

2. Optimization. Why does training fail to discover high-precision solutions? Even when numer-
ically stable representations exist in principle, training often fails to find them. We lack under-
standing of why trained networks converge to sub-optimal solutions, and kow attainable precision
depends on the interplay between width, optimizer choice, and training dynamics.

We address both gaps by constructing explicit MLP interpolants using tools from quasi-interpolation
theory (Trefethen, 2019; Buhmann & Jager, 2022). Our contributions are:

* We provide an explicit construction for high-precision MLP interpolation. Ours is the first
MLP construction that provably achieves machine-precision interpolation with log(1/¢) param-
eter scaling, matching classical polynomial methods. Unlike previous universal approximation
results, our construction remains implementable in floating-point arithmetic, yielding a realiz-
able route to machine precision with provable scaling. Critically, our construction also exposes
a dimensionless bandwidth parameter \ that balances aliasing error against conditioning. We
show that A eventually plateaus as the parameter count scales, yielding deterministic MLP weight
scalings.

* We study why optimization fails to discover high-precision solutions. Trained MLPs with
standard second-order optimizers (Urban et al., |2025) achieve geometric convergence at small
widths, but plateau as capacity increases — the opposite of desirable scaling behavior. Our quasi-
interpolant (QI) construction provides a diagnostic lens: we find that (i) trained MLPs learn
sparse, non-uniform representations that violate the conditioning requirements exposed by our
construction, and (ii) learned weights fail to follow the scalings predicted by our construction.

These results represent a first step towards a principled framework for understanding and achieving
machine-precision interpolation with neural networks.



2 RELATED WORK

High-precision scientific ML, Precision ceilings in fp64 training are increasingly recognized as
a bottleneck in scientific ML. Across settings ranging from function regression to operator learning,
researchers report plateaus far above floating-point limits that persist despite increased model capac-
ity, compute, or data, motivating a range of responses (Michaud et al.l [2023b; [Wang & Lai, 2023
Cao et al., 2023). Prior attempts to improve the precision floor broadly span architectural changes,
optimizer design, and refinement-based training paradigms:

* Architecture. Architectural modifications raise attainable precision by mitigating spectral bias
(improving high-frequency fitting) or reshaping training geometry to improve conditioning and
capacity allocation. Recent works attempt to address spectral bias via sinusoidal activations with
principled initialization (Sitzmann et al., 2020), reweight objectives to focus capacity on high-
error regions using residual-adaptive mechanisms (Wang et al., 2024), and expose precision-
conditioning tradeoffs through barycentric-weight parameterizations (Liu et al., 2025al).

* Optimizer. Second-order and geometry-aware optimizers improve precision by providing better-
conditioned update directions on ill-conditioned loss landscapes. Recent works attempt to stabi-
lize Shampoo-style preconditioning by operating in the preconditioner’s eigenbasis (Vyas et al.|
2025}, |Gupta et al. 2018)), leverage natural-gradient structure for faster convergence (Miiller &
Zeinhofer, [2023)), and apply quasi-Newton refinement to push PINN training toward lower resid-
uals (Urban et al., 2025; Kiyani et al.| 2025)).

* Training paradigms. Other works propose to decompose or reframe the learning problem into
better-behaved alternatives. For example, Wang & Lai|(2023) attempt to train successive networks
on spectrum-normalized residuals (Wang & Lail |2023)), and Bacho et al.| (2025) learn surrogates
for Cholesky factors of Gauss—Newton operators to amortize solver structure.

Although these advances show that higher precision is achievable, they do not yet explain (i) how at-
tainable precision should scale with width/compute for a single end-to-end MLP in the interpolation
setting; and (ii) the training pathologies that yield diminishing or non-monotone returns even when
more accurate solutions exist. We address both gaps using a classical constructive approximation
framework, quasi-interpolation, that makes the relevant length scales and conditioning constraints
explicit and links them to the optimization dynamics seen in practice.

Universal approximation theorems for MLPs Universal approximation theorems guarantee that
one-hidden-layer MLPs can approximate continuous functions arbitrarily well (Cybenko, [1989).
Classical constructions require width scaling as O(1/¢) or worse, which is infeasible in practice —
this implies requiring > 1016 parameters for £p64 machine precision. For analytic targets, Mhaskar
(1993) and De Ryck et al.| (2021])) establish MLP constructions whose precision converges exponen-
tially with width. However, these constructions involve numerically computing W-th order deriva-
tives for TV neurons. We show in Table [I] that these constructions demand weight magnitudes that
far exceed the range of fp64.

Interpolation and quasi-interpolation Classical polynomial interpolation achieves exponential
convergence for analytic targets—a rate that is minimax optimal (Trefethen| [2019)—but becomes
ill-conditioned as degree increases. Quasi-interpolation sidesteps this by replacing global poly-
nomials with weighted sums of localized kernels, providing explicit stability guarantees through
cardinal function constructions (Buhmann & Jager, 2022). We show that one-hidden-layer MLPs
with smooth activations (e.g., tanh, GELU) can exactly represent such quasi-interpolants, with the
activation’s derivative determining the underlying kernel.

Interpolation in neural networks A related line of work seeks to improve precision by embed-
ding interpolation structure directly into the model architecture. Kolmogorov-Arnold Networks
(KANSs) replace scalar weights with learnable spline-parameterized univariate functions, turning
each layer into an adaptive functional expansion (Liu et al.l 2025c¢)). Interpolating Neural Networks
(INNs) go further by making interpolation over learned nodes the core representational mecha-
nism (Park et al., 2024)). These approaches demonstrate that incorporating interpolation structure
can improve accuracy and representation efficiency. However, they do not explain why a standard
MLP fails to discover high-precision solutions, nor what representational constraints are required



for it to do so. Rather than replacing the MLP with an interpolation-native architecture, we identify
an explicit quasi-interpolant already realizable by a standard one-hidden-layer MLP, and use it to
characterize the scaling laws and geometric conditions that training fails to recover.

3 CONSTRUCTING HIGH-PRECISION MLPS WITH QUASI-INTERPOLANTS

In this section, we describe our cardinal quasi-interpolant construction for high-precision MLP in-
terpolants. Our main theoretical result is Theorem|[I] an explicit error decomposition with geometric
parameter convergence. Crucially, our construction is the first to achieve these rates while remain-
ing implementable in floating-point arithmetic (Table[I)). We show that one-hidden-layer MLPs with
standard activations can implement our constructions. Our analysis identifies a critical parameter A,
which controls a fundamental tradeoff between aliasing error and conditioning. We show that choos-
ing an optimal A requires the magnitudes of our construction’s weights to grow with the number of
neurons, contrary to typical initialization schemes.

We proceed by defining the quasi-interpolant and its finite-interval truncations (Section [3.1)), show-
ing its realization as a one-hidden-layer MLP (Section [3.2)), and finally deriving an error decompo-
sition that makes the geometric convergence rate explicit (Section [3.3)).

3.1 CONSTRUCTING FOURIER-NORMALIZED CARDINAL QUASI-INTERPOLANTS

We begin by constructing our quasi-interpolant operator as a cardinal series on R. We reparameterize
the cardinal functions to our desired kernels through a Fourier normalization. A boundary-aware
truncation is then performed to derive the final interpolant over the target interval Q = [—1, 1].

Notation. Fix N € N and define the step size h = 2/N, nodes x;, = —1 + kh, and index k € Z.
Let R, K. € N, and define the extended index range
Ik, ={-R—K.,...,N+ R+ K_}. (1)
Let K : R — R be a base kernel and define its scaled version
Ky(z) =9K(yz), ~v>0, Ai=q9h )

The dimensionless bandwidth parameter A\ couples the kernel bandwidth v with the grid scale h.
This dimensionless parameter controls a fundamental tradeoff between aliasing and stability by
controlling kernel localization, made precise in Theorem [T}

Cardinal Series. Let f be known through uniform samples on a grid of spacing h. Our cardinal
quasi-interpolant on R has the form:

@nf)(x) =Y flzx) Ln(x — k), @ :=—1+kh, 3)
keZ
where L, is a cardinal function.

Constructing L;, by Fourier normalization. We denote the Fourier transform of g by g. Define
the Fourier character:

~ h h y
Ch((x)) = = — _ = ZCje_ZJhw7 (4)
Dh(w) Yomez Ky (W + 2T> jez

where (c;) jez denote the Fourier coefficients and we assume the denominator Dy, is non-zero on R.
We define the stencil truncated cardinal function:

LELKC)(;C) = Z cj K"/(‘T — jh), (&)
l7I<Ke.

which approaches L, as K. — oo.



Finite operator on (). Consider samples f(x}) on the extended index set I .. The halo- and
stencil-truncated quasi-interpolant isF_]

N+R
(Qi(zKé)f)(x) = Z f(zk) L;LKC)(Q: — k), z e (©6)
k=—R

Re-indexing yields the equivalent single-kernel sum

N+R

QS N@) = > am Ky(@—am),  almli= Y ¢ flam-y), @)

m=—R [7I<K.

which defines a kernel network in the quasi-interpolant framework.

3.2 MLPS CAN IMPLEMENT QUASI-INTERPOLANTS

Although MLP activation functions often do not satisfy traditional kernel conditions, such as spatial
localization, an order derivative of a smooth activation often does ( sech? = tanh/ Assume there
exists a smooth activation ) : R — R and an order r € N such that

K (u) = " (u). ®)
Then, by the chain rule,
N+R » [ N+R
@SN = Y abm] Kyle— ) = ( > o ww—mm))). ©
m=—R m=—R

Therefore, defining the one-hidden-layer MLP

N alm]
guLp(z) = Y wm] ¢(y(z —zp)),  wlm] = ST (10)
m=—R
we obtain the exact identity
giie (@) = Q4 D(a). (an

Crucially, this shows that standard one-hidden-layer MLPs can exactly represent the quasi-
interpolant construction—the expressivity is not the bottleneck. In particular, applying the QI con-
struction to sampled data of an r-th derivative, then gy,p recovers the target up to an integration
polynomial of degree at most r — 1:

F(@) = pr_i(@) + gup (2), (12)

where p,_; can be fixed by boundary conditions. For tanh’(z) = sech?(z) this polynomial reduces
to a simple bias. For GeLU and Swish, the second-order derivatives satisfy our kernel conditions
(Appendix ?7?), and the polynomial reduces to a linear layer.

3.3 ERROR ANALYSIS

We present a numerical error bound on our quasi-interpolant construction. All kernel regularity and
non-degeneracy conditions, together with explicit prefactors, are deferred to Appendix ??; these
conditions hold for the kernels used in our experiments.

Theorem 1 (Numerical error bound). Let A\ = ~h. Assume f has exponential Fourier de-
cay, and assume the Fourier normalizer Dy, is uniformly bounded away from zero on a fixed

!The extended index set does not require training samples outside the interpolation interval in MLP training.
Although the quasi-interpolant utilizes these samples to stabilize boundary error, the MLPs can determine
arbitrary function values on the extended set to correct boundary error.

2 Appendix ?? describes the full set of assumptions we make on our kernels.
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Figure 2: Left: A quantifies the bandwidth of the kernel v relative to the grid size h. R halo nodes
are appended to the boundary of the domain to avoid truncating boundary effects. For wider kernels
(smaller \), wider halo regions are needed for high accuracy. For larger A, thinner halo regions
can sufficiently account for the boundary effects. Middle: Convergence plots for QI-constructed
MLP against different target functions. Regimes of geometric convergence for the difference target
functions (Appendix are clearly visible, before the relative Ly error plateaus near the conditioning
boundary around 10~ 3. X is lower bounded by an algebraic blow-up, and we see the scaling depart
the rate-theoretic rate. Right: Relative Ly error for the sin(27z) target across multiple sweeps of
(W, R), where the optimal ) is chosen. The error bounds predict a theoretical optimal envelope

(’)(e"/ﬁ), and a least squares fit shown through the dashed red line confirms the envelope scaling.
The error eventually plateaus around the conditioning floor of the construction, close to numerical
precision at larger widths.

strip (Appendix ??). Then there exist constants ci, sz, c3,cq4,Co > 0 and polynomial prefactors
C1(N), C5(X), Ca(N) > 0 such that, for all x € €,

1f = QS fllie) < CLNe™ ™+ Coe™ 3 4 Cy(A)e M Cy(N)e P e

resolution aliasing / normalization halo truncation Fourier stencil truncation

13)

The exponent p depends on the kernel family: for K = sech? one can take p = 1.

The full theorem including all the relevant pre-factors can be found in Appendix ??. Notably, the
pre-factors induce a conditioning on the error, as they blow up A — 0. In practice, this then defines
a viable operating regime for \ balancing conditioning and convergence.

Equation separates four error terms: the resolution term is controlled by the grid spacing h and
the target regularity, the aliasing term represents the aliasing error in our Fourier normalization of the
cardinal functions and is controlled by the dimensionless bandwidth A. Finally, the two truncation
terms are due to our projection into a finite sum, and they are controlled by the products AR and
MK respectively. Hence, A emerges as the key tradeoff parameter:

Decreasing \ suppresses aliasing error but worsens pre-factor conditioning and truncation errors.

Thus, high accuracy is obtained only in an intermediate regime that balances aliasing, conditioning,
and truncation cost. This tradeoff has immediate scaling consequences. By optimizing the error, we
discover that optimal \ consistently plateaus as the model width increases (Figure [Ik). As such,
the bandwidth v must then scale with MLP width in order to preserve the high-precision regime,
increasing as \ plateaus. This is the key structural requirement exposed by the construction.

Numerical validation. We validate our construction numerically in Figure 2p. For optimal A, the
quasi-interpolant achieves fp64-level accuracy with predictable scaling in N. This is in contrast
to trained MLPs, which fail to maintain the required bandwidth and weight scaling, resulting in a
precision plateau above what is achievable by our construction (Section ).

Comparison to prior constructions. Table [T| compares our construction to prior universal ap-
proximation results. Classical constructions (Cybenko, [1989) scale as ©(¢~!) in parameters —
for fp64 machine precision, this implies = 10'° neurons. The construction of Mhaskar| (1993)
achieves 5(log(1 /€)) parameters, matching polynomial rates, but computing ¥ -th order finite dif-
ferences for TV neurons yields weights scaling with e ~'/* which exceeds fp64 dynamic range at



Method #params vs. € Bit complexity (working precision) Weight magnitudes

Cybenko)|(1989) (‘)(671) ©(log(1/¢)) Wllmax = @(571 IOg(l/E))
Mhaskar|(1993) O(log(1/¢) loglog(1/e)) Y log(1/e) loglog(1/¢)) W | max = © (e~ /%) (order k)
Quasi-interpolant (ours) O(log(1/e)) O(log(1/e) + loglog(1l/e)) [[Wlmax = O(log(1/¢€))

Table 1: Comparison of parameter count, working-precision bit complexity, and weight magnitudes
for prior MLP constructions on analytic targets.
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Figure 3: Direct training plateaus. Relative {5 error versus width in f1oat 64. Left: Optimizer
comparison on f(z) = sin(27z) with sech? activation (W = 4 to 2048). Middle: Activations under
a fixed two-stage optimizer (Adam—SSBroyden) on the same target. Right: Width scaling across
a range of target functions trained with tanh activation and 2-stage optimization. Across settings,
increasing width yields rapid initial gains followed by saturation well above machine precision.

high precision. In contrast, our construction achieves optimal parameter scaling with weight mag-
nitudes growing only as O(log(1/¢)). Our construction is also numerically realizable in £p64 in
practice (Figure2). Refer to Section [A]for details about these constructions.

4 EXPERIMENTS

Section [3]shows that machine-precision interpolation is achievable: the QI construction attains near
round-off error with one-hidden-layer MLPs once the relevant length scales and normalization are
set correctly. Yet in practice, direct training rarely reaches this regime (Figure [3).

We structure the remainder of this section around this gap. We (i) document the plateau phenomenon
(Section A1), (ii) verify that the QI parameterization is £p64-realizable with gradient training and
achieves the predicted width—error scaling when the geometry is fixed (Section[d.2)), and (iii) analyze
how trained networks deviate from the construction (Sectiond.3).

Experimental setup. We focus on noiseless 1D interpolation of smooth functions on [—1,1],
training on n = 256 uniformly spaced samples and evaluating relative /5 error on a dense grid
of 4096 points. All experiments use fp64 precision.

4.1 DIRECT TRAINING FAILS TO REACH MACHINE PRECISION

Figure [3] reports relative L, error versus width for one-hidden-layer MLPs trained on noiseless
samples from f(z) = sin(27z). We quantify the precision ceiling across different optimizers, acti-
vations, and target functions. We observe that optimization plateaus across methods: in Figure[3(a),
stronger optimizers reduce error by several orders of magnitude compared to Adam, but all tested
configurations saturate far above fp64 machine precision. Notably, widening beyond moderate
width yields diminishing or even non-monotone returns. Additionally, plateaus persist across acti-
vations and targets: Figures [3[b—c) show the same qualitative behavior under different activations
and target functions: geometric convergence at small widths followed by saturation well above ma-
chine precision.
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Figure 4: QI parameterization reaches £p64 precision. We fix the QI geometry and fit only the
output coefficients in f(z) ~ >, vj Ln((x — x;)/h). Left: Localized cardinal basis function Ly,.
Middle: Fitted coefficients v; match the samples f(z;) at grid points. Right: Relative {5 error
versus width for Gaussian and sinc kernels, showing geometric convergence to thefp64 floor.

4.2 MLPs CAN REALIZE QUASI-INTERPOLANTS

We verify that the cardinal quasi-interpolants are numerically realizable in fp64 via gradient de-
scent and exhibit the predicted width-to-error scaling when its geometric assumptions are enforced
by altering the activation functions of our MLPs.

We implement the cardinal-kernel parameterization on a uniform grid as described in Equation (3)
with a fixed grid and bandwidth ~, so training reduces to estimating only output coefficients
f(x). Figure 4| demonstrates that given a localized cardinal activation function Ly (x) (panel a),
(i) the learned coefficients -y; closely match the target samples at grid points, confirming that the
coefficient-recovery subproblem is numerically stable when the kernel geometry is specified cor-
rectly (panel b) and (ii) the resulting interpolant achieves geometric convergence to the fp64 floor
with increasing width (panel ¢). Thus, one-hidden-layer MLPs can reach machine precision under
our QI construction.

Trained networks place centers outside the domain, qualitatively matching the required halo struc-
ture.

4.3 EMPIRICAL DIAGNOSIS

Weight magnitude scaling. The QI construction requires width-dependent parameter scaling to
keep the dimensionless bandwidth A = ~h relatively constant as h ~ 1/W decreases. Figure
shows a clear mismatch in magnitude scaling. The explicit QI increases the inverse length-scale
with width to keep the dimensionless bandwidth A = vh roughly constant as h ~ 1/T decreases. In
contrast, end-to-end training keeps v = O(1) (so A — 0) and uses much larger outer-layer weights
than the QI solution across widths. We view this as evidence that training does not recover the QI
normalization/geometry, consistent with a less stable (more ill-conditioned) interpolation regime.

This scaling mismatch suggests trained solutions rely more on cancellation among overlapping fea-
tures, rather than the well-conditioned cardinal regime induced by the QI construction.

Rank saturation and node utilization. MLPs often admit highly compressible subnetworks
((Frankle & Carbin, 2019)). We test whether trained tanh-MLPs exhibit feature rank saturation
relative to the QI construction.

Consider a MLP and freeze its hidden layer. Let z; denote the training points and define the feature
map ¢;(x) = tanh(vy;(x — z;)) for j = 1,...,N. The induced linear system for the readout
a € RV is

Pa =10, D5 = dj(ws), b = f(xi) = f,

where f denotes the sample mean, so the bias mode is removed. If the learned features become
redundant as width grows, then ® becomes increasingly compressible: a small subset of columns
suffices to represent b to high accuracy, and additional neurons do not increase the effective degrees
of freedom.
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Figure 5: Weight magnitude scaling We compare the mean bandwidth v (Left) and mean abso-
lute outer weights |v;| (Right) across network widths, where v; are the second-layer weights that
combine activated features to produce f(z). The blue curve shows trained networks obtained via
Adam + SSBroyden optimization, and orange shows explicit quasi-interpolant (QI) constructions
computed using theoretical formulas.
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Figure 6: OMP pruning of frozen feature matrices ® for f(z) = sin(2mx). We report the fraction
of removable neurons (columns) while keeping L2RE below a prescribed threshold, as a function
of width. Left: trained MLP. Right: QI-constructed MLP. Trained networks are substantially more
compressible, indicating redundant features and rank saturation, whereas the QI-constructed net-
works distribute approximation across neurons and are less compressible.

Figure[6]quantifies this effect using Orthogonal Matching Pursuit (OMP) (Pati et al.,[1993). For each
width N we greedily select columns of ® that minimize the residual, refit a by least squares on the
selected columns, and record how many neurons can be removed while maintaining a target relative
Ly error (L2RE) on f(x) = sin(27zx). The trained networks are markedly more compressible: a
small subset of neurons attains most of the accuracy as the pruning curves are tightly clustered across
error tolerances. In contrast, the QI-constructed networks are less compressible: accuracy degrades
sooner under pruning, consistent with a more uniform allocation of approximation power across
neurons and reduced redundancy at fixed width. This gap is one manifestation of rank saturation in
trained feature maps, and displays how the trained MLPs fall short of the approximation power of
our QI construction by learning overly compressible representations.

Endpoint Hessian curvature alone does not explain the gap. A natural hypothesis is that the
trained networks prefer compressible features because those representations yield an easier opti-
mization problem. As a first diagnostic, we compare the largest eigenvalue of the empirical-loss
Hessian at convergence across widths and target functions. Figure[/|shows that the QI-constructed
networks do not exhibit systematically larger top Hessian curvature than the trained networks at
comparable widths. This observation does not rule out more subtle conditioning effects, but it sug-
gests that the performance gap is not explained by endpoint curvature alone. Combined with the
observed bandwidth-scaling mismatch and the greater compressibility of the trained MLPs, our cur-
rent evidence is more consistent with a representational mismatch in how width is utilized than
with a simple global-conditioning explanation. Further experiments are required to untangle this
hypothesis.
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Figure 7: Estimated Hessian largest eigenvalues at convergence. Left: trained MLP. Right: QI-
constructed MLP. The constructed networks do not exhibit worse conditioning than the trained net-
works.

5 DISCUSSION

Our results suggest that high-precision failures in trained MLPs are not primarily due to expres-
sivity. We construct an explicit quasi-interpolant realizable by a standard one-hidden-layer MLP
that 1) achieves machine-precision interpolation with ii) logarithmic parameter scaling while iii) re-
maining realizable in floating-point arithmetic. To our knowledge, ours is the first construction to
satisfy all three conditions simultaneously. The construction exposes a dimensionless bandwidth
parameter \ governing the tradeoff between aliasing suppression and numerical stability. Empiri-
cally, trained MLPs fail to maintain this regime: optimization drives A — 0, leading to length-scale
collapse and rank saturation even though the quasi-interpolant construction itself is not prohibitively
ill-conditioned. Altogether, these results suggest that optimization, rather than expressivity alone,
is the key bottleneck for high-precision neural interpolation. An important next step is to trans-
late these structural insights into optimization methods, for example through A-aware initialization,
bandwidth-preserving parameterizations, or training constraints that maintain the required scaling
regime. More broadly, we hope this framework helps motivate a more principled theory of scaling
laws for high-precision scientific machine learning.
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A DERIVATIONS FOR TABLE/I]

Here, we derive the scaling rules reported in Table|l|for analytic targets on 2 = [—1, 1]. We com-
pare three constructions: (i) classical one-hidden-layer constructions based on piecewise approxima-
tions (Cybenko, |1989), (ii) Mhaskar’s higher-order construction based on polynomial interpolation
(Mhaskar, [1993), and (iii) our Fourier-normalized quasi-interpolant (QI) construction (Section 3.1)).

For each, we report the following quantities:

* Number of parameters. We report the width (number of hidden units) as a function of the
target uniform error €.

 Bit complexity (working precision). We report the number of mantissa bits by suf-
ficient (or, where indicated, necessary due to conditioning) so that the numerical error
incurred while forming or evaluating the construction does not dominate the approxima-
tion error €. Crucially, this is not the same as the number of bits required merely to store
the final parameters.

* Weight magnitudes. We report |V || max, the maximum absolute value among the MLP
parameters produced by the construction.

Classical piecewise linear construction (Cybenko), 1989). This construction approximates f
with a piecewise-constant function on a uniform partition of mesh h. It then implements each
jump using a steep sigmoid step o(a(z — ¢;)) and sums the resulting step increments to obtain a
one-hidden-layer network.

Parameter count, weight magnitude, and bit complexity scaling. For Lipschitz f, the discretization
error scales as ||f — frllco = O(h), so choosing h < ¢ yields N = O(1/¢) intervals and hence
O(1/¢) hidden units. To approximate a Heaviside step over width & with height error < ¢, one needs
slope o = ©(h~!log(1/¢)), yielding ||W || max = ©(e~* log(1/¢)). Finally, since this construction
does not require any high-precision cancellations, the working precision requirement is dominated
by resolving € and representing «. This gives byork = O(log(1/¢)).

Higher-order construction for analytic targets (Mhaskar, 1993). Mhaskar’s analytic construc-
tion first uses order-k sigmoidal activations (defined as functions with polynomial-rate growth of de-
gree k at +00) to approximate truncated monomial powers using a deep network. The construction
then uses these monomials to implement high-degree polynomial interpolants, whose coefficients
are computed explicitly from sampled values of f.

Parameter count scaling. For analytic targets, Mhaskar (1993) shows that exponentially small ap-
proximation error is achievable using O(n log n) neurons arranged in O(log n) layers, where n plays
the role of an effective polynomial degree. In the analytic regime, where polynomial interpolation
achieves geometric approximation error £ < p" for some p € (0, 1), we require n = ©(log(1/¢)).
Thus the construction’s parameter count is

N = O(nlogn) = 5( log(1/¢)loglog(1/e))
as reported in Table[I]

Weight magnitude scaling. To derive the stated ||W||max scaling, we study the “steepness” parameter
in the key monomial gadget within the construction. An order-k sigmoidal activation behaves like
z* for large > 0, so scaling o(x/4) yields an approximation to z* . Achieving uniform error &

requires § = ©(c'/*), and therefore the required parameter scaling is ||V ||max = 1/5 = ©(e~1/*).
Bit complexity scaling. The numerical bottleneck in implementing the construction from |Mhaskar
(1993) is in forming the polynomial interpolant coefficients. These coefficients are given by high-
order finite-difference functionals applied to function samples. Expanding an (r+1)-st difference
yields an alternating binomial sum with coefficients (TT), so roundoff is amplified by a factor that

is exponential in 7. A standard conditioning estimate for an (r+1)-st difference at mesh h ~ 1/n
yields a cancellation factor k ~ (2n)", so recovering e-level accuracy in coefficient formation
requires working precision on the order of

bwork =, logy (k) +1logy(1/e) =~ rlog(2n) + log(1/¢).
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In the analytic regime, the effective order r grows proportionally to n, and n < log(1/¢), so the

above conditioning-based estimate implies byoyc > Q(log(1/¢)loglog(1/c)). We emphasize that
this is a conditioning-based bit complexity estimate: it reflects the numerical stability barrier in
finite precision implementations, rather than an explicit bit-complexity theorem stated in |Mhaskar,
(1993).

Our quasi-interpolant (QI) construction. Our method constructs a Fourier-normalized cardinal
quasi-interpolant on a uniform grid (spacing h) with a bandwidth parameter - coupled via A = vh,
and then represents the resulting finite kernel expansion as a one-hidden-layer MLP. We refer to
Section [3.1] for the precise definition, truncations, and the MLP projection.

Parameter count scaling. We start from our analytic error decomposition (Theorem [I)), which in-
cludes a resolution term of the form e~¢/". Setting h = 2/N, the choice N = ©(log(1/¢)) makes
the resolution term < ¢/4. The halo and stencil truncation terms have the form e ~“*f* and e ~¢* K¢,
so choosing R, K. = ©(log(1/¢)/\) makes each < /4. In the viable regime where X is bounded
away from O and the normalizer remains well-conditioned, the resulting width is O(log(1/¢)) as
reported in Table[T]

Weight magnitudes scaling. To derive ||W ||max, We separate the three parameter types in the pro-
jected MLP: input scale v, biases b,, = —vy,,, and output weights w[m]. Since A = ~h and
h = 2/N, holding X constant and bounded away from 0 implies

7= A h=06(N) = 6O(log(1/e)).

Because z,, € [—1, 1], we have max,, |b,,,| < 7. Meanwhile, the output weights satisfy w[m| =
a[m] /4", where a[m)] is obtained by a length-O(K_.) convolution of samples with the character
coefficients. Under the mild ¢!-summability condition on these coefficients, ||as < || f]loollc|let
hence ||w|oo < ||f|loollcllexy~". For fixed r > 2, the dominant contribution to || W ||y is there-
fore v, yielding ||| max = O(log(1/¢)).

Bit complexity scaling. Finally, to derive the working-precision bound, we identify the computa-
tional bottleneck as forming the coefficients a[m] via a sum of O(K.) = O(log(1/¢)) terms. With
unit roundoff u = 27 Pwork the numerical error is on the order of O(K .u) times a bound on the
weight magnitudes. Thus, taking byorx = O(log(1/€) 4 loglog(1/¢)) ensures this arithmetic error
is below e.
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Table 2: Target functions used in the interpolation experiments.

Target function Definition
Single-frequency sine f(x) = sin(27x)
1
Runge function flz) = T 252
Multi-frequency sine f(z) = sin(27z) + sin(4wz) + sin(67x)
1
High-frequency mixture flx)=+—-

Tl Z ar sin(2rkx + ¢r),
keK

K =1{3,57,11,13,17,19,23}, ap = k=2
1
Chirp with ripples f(z) = sin(27r(3t + 12t2)) + 0.25sin(807t), T —2|_
Multi-scale sine mixture f(z) = 0.6sin(3wx) + 0.3sin(14wz + 0.5) + 0.1sin(707x)

1
exp 1_1u2>’ lu] <1, u:x—0.35
0.2

Compactly supported bump  f(z) =
0, lu| > 1,

Target Functions

sin(2 pi x) Multi-scale sine

x
Multi-frequency sine High-frequency mixture
3

x x
Runge Compact-support bump

f(x)
f(x)

Chirp + ripples

Figure 8: Target functions evaluated throughout the paper. Note the shaded regions denote the
interpolation domain 2 = [—1, 1].

B TARGET FUNCTIONS

Table [2] displays all the target functions used throughout the paper. The target functions are also
visualized in Figure ]
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C THEORETICAL RESULTS

C.1 UNIFORM-GRID SETTING AND FINITE OPERATOR

‘We work on

Q:=[-1,1], h:=—, x = —1+ kh, keZ, (14)

2
N
and, for a halo radius R € N, we set

Qg :=[-1— Rh, 1+ Rh). (15)

Let K : R — R be a kernel profile and define the scaled family
K, (z) == vK(yx), A= yh. (16)

For f € L'(R), we use the fourier transform convention

~ . 1 ~ .
flw) = / f(z)e ™ dx, flz) = o / f(w)e™® dw. (17)
R T JR
Define the lattice normalizer and Fourier character by
~ 2mm -~ h
D = K —_— = . 1
n(w) mze:Z 7<w+ ; ) Ch(w) D1 () (18)
Let ~ R
C,\(Q) = Ch(e/h), (19)
and let (¢;) jez be the Fourier coefficients of Cy:
C (0) = Z cje ', (20)
JEZ

Define the quasi-cardinal and its Fourier-stencil truncation by
Ln() =Y ik (x —jh), L (x)= > ;K (z — jh). Q1)
JEZL |] ‘ <K,

Then the direct finite halo+stencil operator is

N+R
(Qg{}%)f) (x) == Z f(xk)LglK“)(x — k), x e (22)
k=—R

C.2 KERNEL-SIDE ASSUMPTIONS AND STRUCTURAL CONSEQUENCES

Fix € € (0,1). We introduce five key assumptions on our kernels:

K1 (nonzero mass).

K(0) = /R K(z)dz # 0. (23)
K2 (interior-band aliasing). Define
wei= (1= )7 (24)
Assume there exist constants Ciyjias(€) > 0, calias(€) > 0, and px > 1 such that
‘WS“»;I; 1 = Mp(w)| < Carias(€) exp <— cal)i\?,sf((e)> ) My (w) = Igzgz; (25)
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K3 (zero-free strip margin). Assume there exist 0 > 0 and dy(o, \) > 0 such that the rescaled
normalizer

satisfies ~
. < .
o< 0l <o Dk(e)‘ = do(o, ) 27)

K4 (spatial localization envelope). Assume there exist constants Ax > 0 and ax > 0 such that

|K,(z)| < Agye™ el g eR. (28)

KS (strict Fourier positivity). Assume

~

K(§) >0, £eR. (29)

Stability prefactors Under [K4] define

h
(A, o) = , 30
Co(\,0) :=AgyCe(N, 0) coth(ag/\) coth(%) , 31
and, assuming ax A > o,
A\
CrL(\ o) == AgyCu(), o) coth<aK20> . (32)
We also abbreviate
2 2A
Cy(\o):= M, Cs(A\ o) := K CCEA’U) coth(GK)\) . (33)
1—e° 1—e° 2
Lemma 2 (Coefficient decay). Assume|K3| Then
el < Ce(\a)e™Fl ez (34)

Proof. This is the standard contour-shift argument on the strip cell {|R6] < 7, |S6| < o}. Since

< Ce(M,0) (35)

ICA(0)] = ‘f)A(G)

on that strip, shifting the Fourier-coefficient contour to 30 = sign(j)o yields the factor e=?ll. [
Lemma 3 (Finite-operator stability). For every sampled sequence g on the halo nodes,

Q55 gl L~ () < Co(X )gllem 2nrnz)- (36)

In particular, the stability constant is independent of R and K.

Proof. Forx € (),

N+R

‘(Qﬁffg)g) (95)’ < lglle=@nnnz) Y ‘LEZKC)(JJ — xk)‘ . (37)
k=—R

Expanding LZKC), taking absolute values, and reindexing gives

N+R
S| < [ X lel | s S 1K (g - mh)) (38)
k=—R 1<K, Ve mez
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By Lemma[2]

3 el < S lel < Cero) Y el = G\, 0) coth(%) . (39)

liI<Ke JEZ JEZ

For the lattice sum, write y = ht and use

[ (y = mh)| < Agye @Ml (40)
Hence
A
sup Z | K (y —mh)| < Agysup Z e~ A=l < A~y coth a2 41)
YeR ez teR ez 2
Combining the estimates yields
(Kc) < Co(A 42
(Qh,R 9) ()] < Cq(A, o) l|glle= (@rnnz) (42)
with Cg(\, o) as defined above. O

Lemma 4 (Spatial decay of the full quasi-cardinal). Assume Lemma2|and[K4 If ax A > o, then
|Ln(z)] < Cp(\ o)e 7l g eR. (43)
Proof. From Ly(z) = >_, ¢; Ky (x — jh), Lemma and K4,
Ln(2)] < Ce(A, 0)e 7V Ay emexcrleminl,
JEZ
Consider ¢ := x/h so that y|z — jh| = At — j|. By the inverse triangle inequality:

e lilgmarAlt=il < e—0|t|e—(aK/\—0)\t—j|’ (44)

Summing the geometric lattice tail gives

Z e~ (arxA—o)lt=i| < Coth<aK>‘_J> , (45)

: 2
JEZL
which yields the claim. O

Lemma 5 (Fourier transform of the full quasi-cardinal). Assume Lemma Then . cq |cj| < oo,
and
Li(€) =K\ (&)Y cje ™ =nMy(§), E€R. (46)
JEL
In particular,
- m
Lu©) =hMe),  lel< T @)

Proof. By Lemma 2]

Z ;| < CC(A,U)Zeﬂ’Ul < 00.

JEL J€z
Hence the defining series for Lj, converges absolutely in L!(R), and we may take Fourier transforms
term-by-term:

Lu(€) =Y cje MR (6) = K\ (€)Y cje"e, (48)

JEL JEZ

Now C, is 2m-periodic with Fourier series

Cr(0) = Z cje .

JEZ

19



Since

we obtain, after setting § = h¢,

e = Gy (€) = : 49
j;z cje h(g) Dh (5) ( )
Therefore N
T~ R h By _
L) = Br(&) gy =M prigy = MM(O) (50)
This proves the claim. O

Lemma 6 (Nyquist-cell multiplier identity). Define the unshifted infinite-grid operator by

(@n9)(w) ==Y g(kh) Lu(y — kh). (51)
kEZ
Let g € S(R) satisfy
T
suppg C [ 7 h] (52)
Then .
Qng(6) = Mu(©) 7€), |l < T e (53)
Equivalently, if 11}, denotes Fourier projection onto the Nyquist cell
(T F)(€) = qje1<n/my F(E), (54)
then _
I (Qng) = F~(Mn3)- (55)

Proof. Since g € S(R), the sampled sequence (g(kh))ez decays rapidly, and the defining series
for Qh g converges absolutely in L{. (R). Therefore we may take Fourier transforms term-by-term:

Ongle (©)D glkh)e " e*" (56)
kEZ
By Lemma[3]
Ln(€) = h My (&). (57)

It remains to compute the sampled Fourier series. Apply the classical Poisson summation formula
to
u— g(u)e " € S(R).

Its Fourier transform is

Fg()e ) (m) = g(n +9).

—i 1 27rm
> glkh)e k= m >3 (f + h) . (58)

kEZ meZ

Hence

Now assume |£| < 7/h. Since g is supported in [—/h, 7/h], all terms with m # 0 vanish, and
therefore

i 1.
> glkhye " = S5(¢). (59)
k€EZ
Substituting this into the previous display yields

= 1. R
Qug() = hMy(E) - 73(6) = Mu(©F(E),  [¢] < 7. (60)
This proves the Nyquist-cell identity. O
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Lemma 7 (Exact full-lattice response on a Fourier mode). Assume Lemma | Define the shifted
full-lattice response by

Sh(z,w) = Zei“’x’“Lh(a? — k), xr = —1+ kh. (61)
kEZ
Then, for every |w| < w,,
Sp(z,w) = e My | w 271'm> e i2mmiz+1)/h, 62
n(@,w) mXEIZ h< + = (62)
In particular, the Nyquist-cell component of Sy (-, w) is

I, (Sh (- w)) = My (w)e™?, |w| < we. (63)

Proof. Ttis convenient to work first on the unshifted lattice. Define

Sn(y,w) =Y e Ly (y — kh). (64)
kez
Set _
D, (u) :==e "Ly (u). (65)
Then ~ ‘
Su(y,w) = VY~ B, (y — kh). (66)
kez
By Lemma Lj, decays exponentially, hence ®,, € L!(IR) and Poisson summation applies:
. 1 — (2mm i2rmy/h
Z@w(y—kh)_hZ%(h)e y/h, (67)
keZ mez

Since multiplication by e~ shifts Fourier transform,

®o,(n) = Ln(n +w). (68)
Using Lemmal[3]
— [ 2mm 2mm
b, — ) =hM, — . 6
(55) =+ 57) )
Therefore 5
~ . m™m :
Sh(y,w) = ™Y XG:ZM;L <w + h> e 2mmy/h (70)

Now return to the shifted lattice x;, = —1 + kh. Since
xr =—-1+kh and x—x, = (x+1)— kh,

we have o
Sh(I,W) = eizwsh(gj"_law)' (71)
Substituting the previous formula gives
, 2 ,
Sh(a:,w) — oW Z M, <w + 7;:”) elQWWl(1+1)/h- (72)
mEeZ
Finally, if |w| < w. < 7/h, then only the m = 0 term lies in the Nyquist cell, which yields
I, (S (- w)) = Mp(w)e™®. (73)
O
Lemma 8 (Halo response bound). Assume Lemma] Define
N+R
Sh.r(z,w) = Z et L (x — xy). (74)
k=—R
Then, for xz € Q and |w| < w,,
|Sh(z,w) — Sh.r(z,w)| < Cr(\,o)e 7. (75)

21



Proof. Since |e™%*| = 1,
|Sh(z,w) = Sh.r(z,w)| < Z |Lp(z — x)| + Z |Lp(z — xi)|. (76)
k<—-R k>N+R

Now apply Lemma 4}
|Ln(z — z1)| < CL(\, o)e~clz=2xl/h,

Therefore

|Sh(.’13‘,OJ) - Sh,R<wi)| < CL()\,U) Z e—o\m—m“/h + CL()VU) Z e_d‘x_mk‘/h~ (77)
k<—R k>N+R

Recall that x, = —1 + kh and x ;v = 1. For the left tail, write

k=—R—m, m > 1.
Then
zp =—1— (R+m)h,
soforz € Q=[-1,1],
M > R+ m.
Thus

9 oo
Z e—a|m—mk|/h < Z e—a(R+m) — e—aR Z e~ om.
m=1 m=1

k<—R
Similarly, for the right tail, write
k=N+R+m, m > 1.

Then
zp =14+ (R+m)h,
and again, for z € (Q,

[ O,

Hence

oo
§ efa\asfa:th < e*O’R § e~ oM

k>N+R m=1

Combining the two estimates,

—0

|Sn(@,w) = Sn.r(z,w)] < 2CL (A 0)e ™Y e = 20L (N 0) e R,
m=1

l—e“
Since
201(\0)3 < Cul\o),
the claimed bound follows. O
Lemma 9 (Fourier-stencil response bound). Define
N+R _
S}(:;“)(x,w) = Z e“‘””kLglKC)(as — Tp)- (78)
k=—R
Then, for x € Q and |w| < w,,
Shor(r,w) — S5 (@, w)’ < Cs(n, o)e Ko, (79)
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Proof. Since

Li(2) = Lif (@) = Y ¢jKy(x — jh), (80)
71> K.
we have
N+R
Sh.r(z,w) — S}(L{;f)(x,w)‘ = Z etk (Lh(x — ) — LgKC)(a: - xk))| (81)
k=—R
N+R
< Y |Lule =) = L @ — a0 (2)
k=—R
N+R
<D > lellEy (@ -z —jh)l. (83)
k=—R|j|>K.
Reordering the sums gives
N+R
K. .
Sh.r(z,w) — S}(L,R)(x,w)’ < S el S K, (@ — 2y — jh)|. (84)

[7]>Ke k=—R
Since xy, = —1 + kh, we have
T =Tk — jh =2 — 234y
Thus, for each fixed j,

N+R N+R
SR (@ —ap —jh) = Y Ky (x - apgg)| <sup Y K (y—mh). (85)
k=—R k=—R veR ez
Therefore
[Shr(@.w) = S5 @) < | D2 Jeil | sup Y 1K (y = m). (86)
l5]|>K. YeR ez
By Lemmal[2]
= 20.(\o) _,
Z |C]| S QCC(A,O') . Z e % = ﬁe (KC+1). (87)
|]|>Kc j=K.+1
For the lattice sum, write y = ht and use [K4}
[ (y — mh)| < Ageye @M, (88)
Hence \
sup Y |Ky(y —mh)| < Agy coth(‘”‘) : (89)
yER meZ 2
Combining the estimates,
2AYC.(A, AN
‘ShJ{(z,W) - S,(f;f)(x,w)’ < 11(7_ eAE(’ o) coth(ag ) e o Ket), (90)
Since e~7(Ket1) < =K the stated bound follows with the previously defined constant Cs (), o).

O

Lemma 10 (Reduction of the full mode-response alias term under Fourier positivity). Assume [K2]
and Define the full mode-response aliasing factor by

2mm .
Alll (X, e):=  sup 1- Z My, (w + h) e i2mm(z+1)/h| ©1)
z€Q, |w|<w. me’
Then
atas (X €) < 2 s 1 My(w)- 92)
w|<we
Consequently,
Al (X €) < 2C,11as(€) ex _ Catias(€) (93)
alias\ 7"y > alias 19 PR .
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Proof. Since[KS|implies K, (€) = K(£/y) > 0 forall € € R, we have

ZK(w+>>0, w € R.

meZ

Hence

3

2mm IA{’Y(‘*’JF%T)
M, = > 0.
h(“’* D ) Diw) "

Using the 27/ h-periodicity of Dy, we have

e 2mm
ZM;L<w+ 27;71) B SChte wl BSY

mEeZ

Thus, for every z € Q and |w| < w,,

1- Z My, (w + 27rm> e 2mm(z+1)/h

h
MEZL
Z M, <w N 27rm> (1 B ei27rm(m+l)/h>
m#0
<2y Mh<w + 27"”) =2(1 = My(w)).
m#0

Since 0 < Mp(w) < 1on |w| < w,, taking the supremum yields

Al (X, e) <2 sup |1 — My (w)|.

alias
lw|<we

The final estimate follows immediately from|[K2]

C.3 TARGET FUNCTION ASSUMPTION AND BANDLIMITED APPROXIMANTS

Let

L:=1+Rh, Qrp=I[-LL], gy :=[f(Ly), ye[-11]

For T' > 1, define the Fourier-extension map

5 cos(%y) - cos(%) 1

1-— cos(%)

mr(y) ==

the Bernstein ellipse of index ¢ > 1 by

1
B(p) := {2 (24271 1<z < g},
and the mapped Bernstein ellipse by

Dr() == mz" (B(0))-
Also set
E(T) := cot2<4T)

We make the following analyticity assumption on our target function:

24

(94)

(95)

(96)

o7)

(98)

99)

(100)

(101)

(102)

(103)



T1 (mapped-ellipse analyticity). There exist 7' > 1 and o, > E(T) such that g extends holo-
morphically to an open neighborhood of Dy (g, ) and continuously to Dy (o, ). We write

Myg(f) == sup [g(2)|= sup [f(z)] (104)
2€D7(0x) 2€LDr(0x)

Remark 11. Assumption [TT]is local and compact-domain based, and covers a broad range of func-
tions. It includes all polynomials, all entire functions, and more generally every function that is
analytic on an open set containing LD (o).

The purpose of writing the assumption this way is to leverage uniform convergence in Fourier ex-
tensions. Hence, for the exact continuous Fourier extension, define the approximation space

HE = Span{e”ky/T k| < m} (105)

Let G,, € HY denote the L?(—1, 1)-orthogonal projection of g onto H7,.

We use the standard uniform convergence theorem for exact Fourier extensions together with one
FE-side coefficient estimate:

Proposition 1 (Fourier extension uniform convergence (Webb et al., 2020, Theorem 3.1)). Assume
Fix any q with 1 < q < E(T). Then there exists a constant Crg(T, q) > 0 such that

lg — Gmlle(=1,1)) < Cre(T,q)Mre(f)g™ ", m > 0. (106)
Proof. This is exactly the standard uniform convergence theorem for exact Fourier extensions of
analytic functions. For the proof, see (Webb et al.|[2020). O

Proposition 2 (Fourier extension coefficient-growth input in the good regime). Assume Write
the exact FE in the exponential basis as

Gm(y) = Y bpe™v/T, (107)
[k|<m
Then there exists a constant Ceoot (T, 05) > 0 such that
Hb”[" < Ccoef(T7 Q*)MFE(f) (108)
Proof. Let

9(y) = f(Ly), yel[-L1],
and decompose

9y) + 9(~y 9(y) — 9(~y
9g=0et+Ggo,  gely):= % 9o(y) = ) 2 =
By the standard polynomialization of Fourier extension, there exist functions
hi, ha

analytic on the Bernstein ellipse 5(o,) such that

9e(y) = ha(mr(y).  goly) = sin T ) ha(mz(y)),

with
A1l Lo (B(oy)) + Nh2llLee (B(o,)) < Co(T) Mer(f).

Let {¢y, }n>0 and {¢y, }n>0 be the orthonormal polynomial families in the two weighted FE poly-
nomial spaces, and define

Ouy) = Gnmr(y)),  Waly) = sin( ) (mr(y)).
Then

m—1

CGn(y) =Y an®u(y) + Y Bu¥n(y),
n=0 n=0
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where o, 3, are the corresponding orthogonal projection coefficients of hq, ho.

Since hy is analytic on B(p, ), Bernstein—Walsh approximation gives, for each n > 0, a polynomial
Pn—1 € P,,_1 such that

A1 = Pr-1llze-1,17) < Cilea) Pl (Bo.))ox
Using the orthogonality of ¢, to P,,_1,
Qp = <h1 _pn717¢n>w17

and hence
|an| < ||h1 - pn—lHL2(w1) < CA(Ta Q*) MFE(f) Q;n
The same argument applied to ho yields

8] < Ca(T, 0x) Mre(f) 0"

Therefore,
lotn| + |Bn| < Ca(T, 0x) Mre(f) 0" (109)

Next, write the FE basis functions in the exponential basis:

D,(y) = Z dén)ezﬁrky/T7 U, (y) = Z egcn)emky/T.
[kl<n k] <n+1

Since ®,,,¥,, € HI,,, the standard FE continuation estimate implies that there exist constants
Cp(T) > 0,p > 0,and E(T) > 1 such that

[@nlloo (1)) + 1¥nllLoo (1)) < CB(T)(1+n)PE(T)".
By Parseval on [T, T7,
14|z = T) 21l L2177y < I @allpoe(m,1)):
and similarly for e(™) . Hence
14|z + [l [l < Cp(T)(1 +n)PE(T)". (110)
Let ‘
Gm(y) = Z bkezwky/T’

[k|<m.

and denote by b its exponential coefficient vector. Since

m m—1
b= Z Oénd(n) + Z ﬁne(n)a
n=0 n=0

the triangle inequality together with Equation (I09) and Equation (TI0) gives

[bllez < Ca(T, 04)CB(T)Mre(f) Z(l +n)? <E;T)>n

n=0

By[T1} 0. > E(T), so the series

>y (21

n=0 Ox
converges. Therefore the partial sums are uniformly bounded in m, and we obtain

||bH€2 < Ocoef(Ta Q*) MFE(f),

for some constant Ceoet (T, 0+) > 0 independent of m.
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Remark 12. Proposition[2]is the only additional FE-side input beyond the standard uniform conver-
gence theorem. With the uniform ¢? estimate above, the later £2-to-¢' passage contributes only a
(1 + we)'/? prefactor. A sharper target-side construction with an O(1) total-variation bound would
remove even that loss.

Theorem 13 (Bandlimited approximant from FE-A). Assume [I'l|and fix any cutoff w. > 0. Then
there exists a finite complex measure |1, supported in [—w.,w.| such that the bandlimited function

P (z) = / T g, () (111)
satisfies
If = Po.llpe@r) < CBLMFE(f)e =¥, (112)
and
e, lTv < Copee MpE(f)(1+ we)'/2. (113)

Here Cpr,, cBL, Cspec > 0 depend only on the chosen FE geometry (T, o4, q, L).

Proof. Fix q € (1, E(T)) once and for all. Given w, > 0, choose

TL
m = L wCJ . (114)
0
Let G,,, € HZ, be the exact FE of g, and define the scaled approximant on 2 by
P, (z) == Gpn(z/L). (115)
Since '
Gm(y) = Y bpe™v/T, (116)
[k|<m
we may write
Py ()= Y bpe'™*/(Th) = / " dptgy, (w), (117)
|k|<m
with the discrete spectral measure
Hoe =) b Sajcrr)- (118)
|k|<m
By construction,
m™m mm
SUPP o, C [Tty | € [—weswel: (119
Moreover, because « € Qg if and only if /L € [—1, 1],
If = Polle=@r) = 19 — GmllLe=-1,1)) < Crr(T,q)Mre(f)g™ (120)
by Proposition|[I] Since
TL
m> —w.— 1, (121)
™
we get
TL1
g " < qexp <Og 1 w) : (122)
0
Thus the interval error bound follows with
TLlo
CoLi=qCrp(T,q),  cpi= ——1. (123)
For the spectral mass, Proposition 2] gives
Hb”f2 < Ccocf(T7 g*)MFE(f) (124)
By Cauchy-Schwarz,
lcllry = bkl < V2m+ Tblle < C Men(f)(1+m)'/?, (125)
[k|<m
for a constant C' depending only on 7" and g,.. Since
TL
I1+m <1+ — we, (126)
™
this yields the desired total-variation bound after enlarging the constant once more. [
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C.4 FINITE-INTERVAL QUASI-INTERPOLATION THEOREM

We now present the full finite-interval quasi-interpolation theorem.
Theorem 14 (Final truncated Quasi-Interpolant Bound). Fix e € (0, 1) and set

we = (1 — e)%. (127
Assume [KIHK3] and[T1)| and suppose additionally that
ag\ > o. (128)

Then
1 = Q5% Fll (@) < Cor(1 + Co (X, 0)) Mip(f)e v
+ CspecMFE(f)(l + Wc)l/Q |:2Aalias(/\a 6) +Cx ()\7 U)e_UR + Cs(/\, 0)6_0K6:| y

(129)
where
Aalias( N, €) := ‘ s‘up 1 — Mp(w)]|- (130)
w|<we
In particular, K2 implies
Calias\€
2Aa1ias(A, €) < 2Caias(€) exp (_;pK()) : (131)

Equivalently, since w. = (1 — €)m/h, the first term is geometric in 1/h, while the remaining three
terms are the usual aliasing, halo, and Fourier-stencil contributions multiplied by the polynomial
spectral-mass factor (1 + w.)'/2.

Proof. Let
Q=0 P=r,, (132)
where P, is the bandlimited approximant from Theorem[I3] Consider the error decomposition:
f=Qf=({-P)+(P-QP)+Q(P - [). (133)

Step 1: resolution term. Since 2 C Qgp,
1f = Pllre@) < If = Pl (g < Cor.Mpr(f)e” PHee. (134)
Step 2: filtered tail. By Lemmal[3]
1Q(P = Nz~ < CoNa)lIP = flle=rnnzy < CoAo)IP = flle@n.  (135)
Using Theorem[I3]once more gives
QP — f)lle=() < Cq(A, 0)CLMrr(f)e “BH*. (136)
Combining Steps 1 and 2 yields the first resolution bound term in the theorem.

Step 3: modewise representation of P — QP. Write

P(x) = / T dpg, (). (137)
Define
N+R ‘
S}(:;f)(x,w) = Z e“”’“LﬁLKC)(:E — T). (138)
k=—R
Then "
P(z) — QP(z) = / (ei“”” - S}(:;“)(x,w» A, (w). (139)
Therefore, ‘
IP(x) = QP(@)] <l vy sup [e = 555 (@) (140)

w|<we
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Step 4: split the mode defect. Define the intermediate full-cardinal finite response

N+R
Sh.r(z,w) = Z ek Ly (x — ). (141)
k=—R
Then
e — S,(f;f)(x,w) = (e™* — Sp(z,w)) + (S (z,w) — Sp,r(z,w))
full-lattice aliasing / mode-response defect halo truncation
+ (Snr(z,w) = S5 (@,w)) - (142)
Fourier-stencil truncation
By Lemmal[]]
. 2 _
Sz, w) =" Y M, <w n 7;:”) ei2mm(a+1)/h, (143)
mEZ
Therefore
. 2 _
e — Sp(z,w)| = |1 — Z M, <w + 7;:”) e 2rm(e+)/h| (144)
mEZ
By the definition of A (X €) from Lemma
e — Sh(z,w)| < Alll (X €). (145)
By Lemmal§]
|Sh(z,w) — Sh.r(z,w)| < Cr(\,o)e 7. (146)
By Lemma[9
[Sh, () = S5 (@) < s, o)oK, (147)
Therefore, uniformly for z € Q and |w| < w,,
et — S (@) < AR\ )+ C(N 0)e ™ + Cs(\o)e Mo, (148)
Finally, by Lemma[T0}
AL (N €) < 24,5105(\, €). (149)
Therefore, uniformly for z € Q and |w| < w,,
elwr _ S}(L{;f)(x, w)’ < 2Au0as(\, €) + C(\, 0)e B 4 Cg(\, o)e 7 Ke, (150)
Step 5: integrate the mode bound against the spectral measure. Using Theorem|[I3]
||/~LwCHTV S CspecMFE(f)(]' +WC)1/2' (151)

Therefore,

|P = QPllr<(0) < CopeeMrmn(£) (1 +we) /2 [24uias(A,€) + Cr (X 0)e™ " + Cs(X, o) K¢
(152)

Combining this with the decomposition equation|[I33]and Steps 1-2 proves the theorem. [
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C.5 MLP REALIZATION

Corollary 15 (Derivative-trick realization). Assume there exists a smooth activation ¢ and an inte-

gerr > 1 such that
K(u) = v (u).
Then, for the finite kernel network

N+R

(@R @) = > almlK, (@ —2m),
m=—R
with
afml = Y ¢jf(@m—j),
l7|<K.
the one-hidden-layer MLP
N+R a[m]
gurp(z) = Z fyrflqﬁ(’Y(x—xm))
m=—R

satisfies

aite (@) = (@ ) (@).

(153)

(154)

(155)

(156)

(157)

Consequently, if f = ﬂr), then gyLp recovers fup to a polynomial of degree at most r — 1, fixed

by boundary conditions.

C.6 KERNEL VERIFICATIONS

We verify Assumptions for differnet kernels.

C.6.1 KERNEL VERIFICATION FOR THE NORMALIZED sech? FAMILY

We verify Assumptions for the normalized profile

1
K(x):= 3 sech?(x), K, (z)= % sech?(yx).
(mass). Since [, sech®(z) dz = 2, we have
K(0) = / K(z)dz = 1.
R

Closed-form Fourier transform. We have
~ B g g

~ sinh(Z¢)’

with continuous extension K (0) = 1. Consequently K (&) > 0forall £ € R.

§eR,

(Fourier positivity). By Equation

N1

(158)

(159)

(160)

For £ # 0, the numerator and denominator have the same sign because sinh is odd and strictly

increasing, hence K (£) > 0. At £ = 0, the continuous extension gives K& (0) = 1. Therefore

~

K() >0, ¢cR,
so[K3lholds.
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[K2|(interior-band aliasing) with p; = 1.
Proposition 3 (Interior-band aliasing for sech?). Fix ¢ € (0,1). There exists Cyiias(e) > 0 such
that for all h > 0, v > 0,
en?
sup |1 = My (w)| < Caias(€) exp (—A> , A=nqh (162)
lw|<(1—e)m/h

In particular, holds with prc = 1 and one may take c,jias(c) = em2.

Proof. By Equation [160} IA(v (w) > 0, hence Dy, (w) > K. +(w) and

Zm#)f( (w+ 27m/h) - Z w+27rm/h).

o= Di(w) @)

m#0

Write I?V(w) = I/(\'(w/'y) and set F'(t) := I?(t) for t > 0. On the interior band, |w| < (1 — ¢)7/h
implies ¢t := |w|/y < (1 — &)w/A\. For m > 1, the closest approach is at w = —(1 — &)n/h,
giving |w + 2wm/h|/y > (2m — 1 + €)x/A, hence the gap d,, > 2(m — 1 + €)m/A. Using

F(t) = % and the inequality sinh(a + b) > e’ sinh(a) for a,b > 0, one obtains F (¢ +

§)/F(t) < C(e)e~ /29 uniformly for t € [0, (1—¢)x /)] (after absorbing the mild (¢+6)/t factor
into C(¢)). Thus

K 2mm/h ~1 2
Ky(w+2mm/h) Cleyexp(~Zon) < C(e) exp(_<m+8>7f> .
Ky (w) 2 A
Summing the geometric series over m > 1 and using symmetry for m < —1 yields the claimed
bound. O

(spatial localization envelope). Using sech(t) < 2e~*,
| K (x)] = %sechz(’yx) < 2y e 2l (163)

so[K4]holds with (Ax,ax) = (2,2).

[K3| (zero-free strip margin) via diagonal dominance. We include a convenient sufficient condi-
tion that makes the A\—o feasibility explicit.

Proposition 4 (Poisson form of the normalizer). Assume K., decays sufficiently fast for Poisson
summation. Then

Di(w) =hY_ K, (kh)e ™*"  Dy(0) = Du(0/h) = XY K(\k) e~ ™. (164)
kez kez
Proof. This is the standard Poisson summation identity applied to = — K., (z)e™™?. O

Proposition 5 (Diagonal dominance sufficient condition for K3: sech?). Ler K (z) = % sech?(z).
Fix o > 0 and assume 2\ > o. Then for all 6 € C with |36| < o,

. A 86—(2)\—0')
|DA(0)] > 5(1 —q(o, )\)), q(o, ) = T e-@a) (165)

In particular, if g(o, ) < 1 thenholds with do(o,A) > (1 —g(o,\)) > 0

Proof. By Proposition DA(0) = XY pcp K(AK)e™™ . Write § = 6, + i6; with |6;| < 0. Then
le=™*0| = k% < ¢olFl, Separating the k = 0 term and applying the triangle inequality,

[DA(0)] 2 AK(0) = A D K (M)le .

k#£0
Using [K(AK)| < 2e 2kl gives |[K(Ak)|e7Fl < 2e= A=)kl 5o 37, K (AR) [l <
43 s e—(2A—0)k _ 15(21%@ Since K (0) = 1/2, the claim follows. O
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C.6.2 KERNEL VERIFICATION FOR THE NORMALIZED GELU” FAMILY

We verify Assumptions [K1]-K5]for the GELU” profile
K(z)=(2-2%)¢(),  o(x):=2r) 22, (166)
Since [, K (x)dx = 1 below, no additional normalization is required.

(mass). Since ¢ is entire and z +— (2—22) is a polynomial, K is entire. Moreover, K € L'(R)
because it is a polynomial times a Gaussian. Using [, ¢(x) dz = 1and [; 2?¢(x) dz =1,

K(0) =/K(x) dxz?/d)(x) dx—/x2¢(m) dz =1, (167)
R R R
so[KT]holds.

Closed-form Fourier transform. One has
K(w) = 20(w) — 22p(w) = (1 +w)e /2, weR. (168)
[K3| (Fourier positivity). Equation equation [I68] gives
K(w) = (1+w?)e /2.
Both factors are strictly positive for every w € R, so
Kw) >0, weR, (169)
and hence [K3]holds.

(interior-band aliasing) with pxr = 2. Since K > 0, the same positivity reduction used in
the sech? proof applies: for |w| < (1 — &) /h,

‘:ZmeZ\{o}f?v(w+%Tm)< Z M

1= Mp(w) — (170)
Dy (w) mezn{0) Ky (w)
Write IA(,Y (w) = I/(\'(w/v) and set
|w] 1 2rm
s:= o m(w) = A

On the interior band, s < (1 —¢)n/A. For m > 1, the closest approach occurs at w = —(1 — &) /h,
giving

2m —1
(W) > w
Using equation [T68] define
F(t)=(1+t)e "2 t>o0.
Then R )
KW+ 552) _ Fln@) 1+ Sm(f)2 exp(—smw2 - 52) (171)
K, (w) F(s) 1+s 2
For A := s,,(w)? — s > 0, the prefactor obeys
2
L sm@) oy 44,
1+ 2

50 (1 + A)e™2/2 < Ce=2/* for a numerical constant C. Hence equation yields

F(sm(w) Sm(w)? — 52
(F(s)) s¢ exp(‘(f)-

In particular, for m = 1 one has s;(w) > (1 +&)r/Aand s < (1 —e)m/A, so
72 derm

w@? stz (4o -1 -9?) 5 = T

Summing equation [T70]over m # 0 and absorbing the geometric remainder into a constant gives

sup |1 — My (w)] < Cotias(2) exp(—caha;(s)), Catins (€) = 72, (172)
w|<(1—&)m/h A

so[K2]holds with pr = 2.
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(spatial localization envelope). Since |K(x)| < (2 + 22)¢(x) and ¢ decays faster than any

exponential, there exist constants Ag > 0 and ag > 0 such that
|K(z)] < Age™cl®l, zeR.
For instance, one may take a = 1 and

Ag = sup | K (z)|e”® < .
zER
After scaling,
Ky ()] = 7] K (ya)| < Agye™ e,
so[K4lholds.

(173)

[K3] (zero-free strip margin) via diagonal dominance. Using the spatial representation of the

normalizer,
Dx(0) =AY K (Me)e ™,
kez
write § = 0, + i6;. For |0;] < o, one has [e~**¢| < e?I¥I hence

IDAO) = AE©O) =AY [K(k)|e ! = MK (0) — 2/\i | (M\E)|eo®.
k=1

keZ\{0}

Using equation (173} | K (\k)|e”* < Age™(@6A=9)k 50 whenever ag) > o,
~ e—(aG/\—a')

|DA(0)] = AK(0) — 2AAg .

—(agA—0

where
2AG e~ (agA—0)

K(0) 1 —e=(agr=0)’
In particular, if g (o, A) < 1, then[K3|holds with

d0(07 >‘) > )‘K(O) (1 - QG(Ja )‘)) > 0.

qa(o,\) =

C.6.3 KERNEL VERIFICATION FOR THE NORMALIZED SWISH" FAMILY

We verify Assumptions[K1]-JK5|for the Swish” profile. Let
s(z):=(1+e ™)1, swish(z) := z¢(z),
and define
K(z) :=swish”(z) = ¢(z) (1 — ¢(2)) (2 +z(1- 2g(x))>

Using
s(z)(1—<(x) = isechz(x/Z), 1 —2¢(x) = —tanh(x/2),
this admits the even closed form

K(z)= H (2 - xtanh(x/Z)) sech?(x/2), K(x) = K(—x).

4

[K1](mass). Since K = swish” and
swish'(z) = ¢(z) + z¢(z) (1 — ¢(z))

satisfies
lim swish’(z) =1, lim swish’(z) = 0,
xr——+00 T—r—00
we have
I?(O) = / K (z) dz = swish’(+00) — swish’(—o0) = 1,
R
so[KT]holds.

33
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(174)
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Closed-form Fourier transform.
5 cosh(mw)

K(w) = (mw)? coth(rw) esch(mw) = (mw) sinh?(w)’

(182)

with the continuous extension (0) = 1. Moreover, K has exponential tails:
Kw) < (1T+w?e ™ as|w] = 0.
[K3| (Fourier positivity). From equation[T82] for w # 0 we may rewrite

o cosh(rw)
smh2( w)

Here (7w)? > 0, cosh(mw) > 0, and sinh?(7w) > 0, s0 K (w) > 0 for every w # 0. Atw = 0, the
continuous extension gives K (0) = 1. Therefore

K(w) >0, weR, (183)

K(w) = (mw)

and [K3lholds.

[K2] (interior-band aliasing) with pxx = 1. Since[K5]holds,
7> 2wm 7> Tm
ZmEZ\{O} Ky (w + =5 ) < Z K, (W + 2T) .

|1 — Mp(w)| = (184)

Dy (w) mezZN{0} KW(W)
Using the exponential tail in equation [T82] one obtains an interior-band alias-gap bound of the form
sup |1 — Mp(w)| < Chaiias(€) exp(—caliai;(g))7 A =~h, (185)
lw|<(1—e)w/h

so[K2]holds with px = 1. One convenient way to see equation [I83]is to bound the ratio

K(t+4d

M <Ce ™ (t,6>0),

K(t)

using
sinh(u 4 §) > %66 sinh(u), cosh(u 4 6) < e cosh(u), u,d >0,

and then proceed exactly as in the sech? proof.

(spatial localization envelope). From equation [180] |tanh(x/2)| < 1 and sech®(z/2) <
4e~ Il give

1
K (@) € 52+ [2) de7 1 = 2+ [a])e I < 2e7 1172,
SO |K($)| < ASe‘as|I| holds with (AS,GS) = (2’ 1/2). After scaling,
Ky (2)] = 7|K (y2)| < Agrye sl
so[K4holds.

(zero-free strip margin) via diagonal dominance. Using again
p g g gag
DA(0) =AY K(Me)e ™
kEeZ

and |e~*¢| < e?l*l for |36| < o, we have

|Dx(8)] > AK(0) — 2>\Z|K (AK)|
k=1
With the exponential envelope |K (z)| < Age=®s!*l, |[K(\E)|e?* < Age=(#5A=9)k hence for
asA > o,
e —(asA—o)

[DA(0)] > MK (0) — 2745 | (186)

—(agA—0o) "’
Since K (0) = swish”(0) = 1/2, equation_ylelds an exphc1t sufficient condition for K3.
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