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ABSTRACT

Recent theory has sharpened OOD generalization, yet most analyses are
weight-space and assume fixed activations, offering little guidance when non-
linearities are learned, as in Kolmogorov-Arnold Networks (KANs). We develop
Nonlinearity–Phase–Generalization (NPG): a function-space framework that links
per-nonlinearity smoothness (total variation of the derivative, TVD) to phase preser-
vation (via global cross-bispectrum, GCB) and, in turn, to the source–target risk gap.
The resulting bounds are finite-width, additive in depth, and architecture-aware,
placing KANs and MLPs on common footing. NPG yields actionable rules: select
smaller-TVD nonlinearities; for polynomial KANs, keep degree×range small and
decorrelate layers; within MLPs, Softplus reduces the model term vs ReLU under
bounded inputs. Controlled PACS/VLCS studies follow these predictions (e.g.,
OOD gap: 21.85 vs 26.53 on PACS; 9.87 vs 12.67 on VLCS), and TVD/GCB
operate as training diagnostics. By tying nonlinearity design to OOD error, NPG
enables principled architecture choices and reproducible tuning under domain shift.
Code is available at: https://github.com/***

1 INTRODUCTION

Out-of-distribution (OOD) generalization has advanced substantially, clarifying behavior under
domain shift and informing robust training practices. However, most analyses reason in weight
space and assume fixed nonlinearities, which leaves open how to assess architectures with learned
nonlinearities, notably, Kolmogorov–Arnold Networks (KANs), which is shown to be competitive
across modalities. As a result, we still lack a principled answer to a practical question: when (if ever)
should we expect KANs to generalize OOD better than MLPs? Failing to answer this costs us
reliable design principles for safety-critical deployment and blurs comparisons across architectures.

Why existing tools are insufficient. Fig 1(a) summarizes two dominant lines and their limitations for
KANs. Model-agnostic approaches (e.g., H-divergence) cannot distinguish architectures, producing
bounds that are too loose to guide design. Model-aware analyses (PAC-Bayes, NTK, norm/margin) as-
sume fixed nonlinearities and/or infinite width; when nonlinearities are learned, the required constants
become parameter-dependent and depth-wise multiplicative, yielding exploding or non-informative
guarantees at realistic depth. More fundamentally, weight-space metrics are function-space blind:
they do not connect how we design nonlinearities to the invariances that matter under domain shift.

Our premise and framework. We introduce Nonlinearity–Phase–Generalization (NPG) (Fig. 1(b)),
which puts KANs and MLPs on the same footing via Fourier phase. The premise, supported by
classical signal processing and deep-learning evidence, is that phase is relatively domain-stable and
label-informative (formalized notions in Section 3.2). NPG connects nonlinearity-level properties
to OOD generalization in two steps: 1. Nonlinearity → Phase. It quantifies how each nonlinearity
scrambles phase using a bispectral measure and shows that this disturbance is controlled additively
in depth by a per-nonlinearity smoothness proxy: the total variation of the derivative (TVD). 2.
Phase → Generalization. It links phase preservation to a shrinking source-target risk gap, yielding
nonlinearity-aware OOD bounds that are additive in depth, valid at finite and infinite width, and that
operate in function space. Composed, these steps produce a predictive, depth-explicit bounds that
link nonlinearity design to OOD error for both KANs and MLPs.
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Figure 1: (a) Existing OOD theories: model-agnostic (loose) vs model-aware (fixed nonlinearity);
neither certifies KANs. (b) NPG: unifying; width-robust; additive in depth and captures function-space
properties. (c) KAN prediction accuracy: OOD accuracy drops linearly with polynomial degree and
input range, as NPG predicts. (d) MLP prediction accuracy: NPG accurately predicts the scaling of
MLP networks, and ranks Softplus > ReLU for OOD generalization.

Predictive consequences. Specializing NPG to polynomial KANs vs ReLU MLPs, we show that,
under normalized inputs and weight decay, polynomial KANs can achieve strictly smaller TVD than
ReLU when the degree–range product is small, leading to tighter OOD guarantees. NPG predicts that
OOD performance will degrade linearly with d and ρ, cf. Fig. 1(c), and within MLPs it predicts that
Softplus should outperform ReLU under bounded inputs because its TVD is smaller, cf. Fig. 1(d).

The theory’s predictions match behavior in controlled studies: On PACS and VLCS, polynomial
KANs outperform ReLU baselines in leave-one-domain-out setting, and their accuracy drops linearly
with O(dρ). Within MLPs, Softplus > ReLU for OOD generalization when linear-layer norms are
small; the same constants estimated on ReLU transfer to predict Softplus gains.

Our contributions: 1. Novel NPG theory. A rigorous predictive theory that connects the total variation
of learned nonlinearities to a phase measure, yielding depth-explicit OOD generalization bounds.
2. First theoretical comparison of KANs vs MLPs in OOD generalization. Specialization to
ReLU vs polynomial nonlinearities establishes when KANs admit strictly tighter OOD generalization
guarantees. 3. Practical training diagnostic per-layer TVD and a cross-bispectral score that correlate
with OOD behavior and provide actionable guidance for nonlinearity design. 4. Empirical validation
on standard DG settings. KAN vs MLP (PACS/VLCS), degree/range sweeps for KANs and several
common fixed nonlinearity choices within MLPs.

2 PRELIMINARIES

Background. Kolmogorov-Arnold Networks (Liu et al., 2024). Unlike MLPs, which place fixed
element-wise nonlinearities on nodes, KANs place learnable, univariate nonlinearities on edges.
Formally, a KAN realizes a composition N =ΨL ◦· · · ◦ Ψ1 where each layer operator Ψi maps
Rdi−1 →Rdi via learnable univariate functions {ψ(i)

j,k}j≤di,k≤di−1 as
[
Ψi(x)

]
j
=

∑
k ψ

(i)
j,k

(
xk

)
, in

contrast to an MLP layer with a fixed nonlinearity σ and learnable scalar weights.

Fourier transform and phase. For a signal x(t), its Fourier transform is X(ω) =
∫∞
−∞ x(t) e−iωt dt,

which admits the polar form X(ω) = A(ω) eiϕX(ω), where ϕX(ω) is the Fourier phase. For discrete
signals, x[n], the DFT is denoted X[k]; for a network output z = N (x) we write z[n] and Z[k].

Normalized cross-bispectrum is given by cbsxxy(ω1, ω2) = UX(ω1ω2)Y (ω1+ω2)√
PX(ω1)PX(ω2)PY (ω1+ω2)

where

UX(ω1, ω2) = (X(ω1)X(ω2)− E[X(ω1)X(ω2)]) and PX(ω) = E
[
|X(ω)|2

]
denotes the power

spectrum. Principal simplex PS. Due to symmetries of cbsxxy , information is redundantly represented
over (ω1, ω2). The nonredundant region PS is called the principal simplex.

Input space and OOD domains (X ,D). Input space X is the set from which inputs x are drawn.
Family of OOD domains D is a collection of related data distributions over X that instantiate
the OOD setting. Each Q ∈ D denotes a specific domain (e.g., photo, art, cartoon, sketch in
PACS), i.e., a probability distribution on X . The source and target distributions, P and Q, may
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differ while both belonging to D. Hypothesis, loss, and risk. Let h : X → Y be a hypothesis
and ℓ : Y × Y → R+ an arbitrary loss function. For a distribution R on X × Y , the expected
risk is ER(h) := E(x,y)∼R

[
ℓ
(
h(x), y

)]
. No specific structure on h, ℓ, or ER is assumed unless

stated otherwise. Mutual information. For random variables X and Y , the mutual information
I(X;Y ) = H(Y )−H(Y |X) measures the reduction in uncertainty about Y after observing X .

Measures. Nonlinearity measure. Total variation of derivative (TVD) for functions f : R → R is
defined as

∫
|df ′| when f ′ has bounded variation. For convenience, with slight abuse of notation, we

also use TVD(σ(∥Ai:∥2u+ bi)) = ∥Ai:∥2 TVD(σ) for MLPs, and TVD(ψi) =
√∑

j TVD(ψij)2

for KANs. Phase measure. Global cross bispectrum (GCB) is calculated by integrating cbs over the
principal simplex: GCB =

∫
PS

|cbsxxy(ω1, ω2)|2dω1dω2. GCB(h) implies y = h(x).

3 NONLINEARITY-PHASE-GENERALIZATION THEORY AND IMPLICATIONS

The section opens with the main theoretical result (Theorem 1). Sec. 3.1 establishes the nonlinearity-
phase control (Theorem 2). Sec. 3.2 introduces domain invariance and label informativity of phase
(Defs. 1, 2), posits Assumption 1, and derives the phase-gap bound (Theorem 3). Sec. 3.3 instantiates
TVD for concrete nonlinearities: ReLU and learnable polynomials (Props. 1, 2, 3, 4), summarized
in Lemma 1. Sec. 3.4 composes these constants with Theorem 1 to produce the theoretical ReLU-
MLP vs. polynomial-KAN comparison (Theorem 4) and the resulting design rule.

Figure 2: Method overview: nonlinearity → phase (Thm. 2: TVD controls GCB) → generalization
(Thm. 3: GCB bounds OOD gap), composing to the main TVD bound (Thm. 1); Sections3.3–3.4
instantiate TVD for ReLU/polynomials and yield the KAN–MLP comparison.

Theorem 1 (Main theorem, TVD bound for |Esrc − Etgt|). Let N be a depth-L network, N =

ξ(L) ◦ ξ(L−1) ◦ · · · ◦ ξ(1) and Mℓ denote the width of the layer ξ(ℓ). Under Assumption 1 with
κ as defined there, for environments E where Fourier phase has (1−δ)-domain-invariance and
γ-label-informativity,

∣∣Etgt(N )−Esrc(N )
∣∣ ≤

√
δ H(E |Y )

2
+ κ

√
H(Y ) (1− γ)

√√√√ L

128π

L∑
ℓ=1

Mℓ∑
i=1

TVD
(
ξ
(ℓ)
i

)2

(1)

where ξ(ℓ)i (x) = σ(∥Ai:x+ bi) for MLPs and ξ(ℓ)i (x) =
∑

j ψ
(ℓ)
ij (xj) for KANs. If layer bispectra

are mutually orthogonal, replace L/128π by 1/128π.

Proof. Directly follows from Theorems 2 and 3.

This decomposes the OOD error into a domain term and a model term that depends only on the non-
linearities. Consequences. 1. A unified treatment of KANs and MLPs and is function-space aware,
finite-width valid, and depth-additive. 2. To keep the model term fixed as depth L grows, it suffices
to keep

∑
ℓ,i TVD(ξ

(ℓ)
i )2 controlled, so that deeper nets remain OOD-stable when nonlinearities are

smoothed at an appropriate rate. 3. Design guidance for fixed nonlinearities, e.g., TVD(ReLU) = 1
while TVD(Softplus) = tanh(βρ/2) < 1, so Softplus yields a strictly smaller model term than
ReLU. 4. Because the model term is driven by TVD/GCB, it can be acted on: penalize TVD of
learned nonlinearities; promote inter-layer decorrelation (orthogonal init/regularizers) to remove the
L prefactor; monitor TVD/GCB during training to predict and prevent OOD degradation.

3
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3.1 FROM NONLINEARITIES TO PHASE

Theorem 2 establishes the nonlinearity–phase link in a depth-explicit manner: GCB summa-
rizes network-level phase scrambling, while TVD controls each layer’s ability to create coupling.
Weight–space proxies miss this nonlinear phase coupling that drives OOD failures. This formulation
captures function-space properties, which are key to distinguishing between nonlinearities.

Theorem 2 (TVD bound for GCB). Let N be a depth-L network, N = ξ(L) ◦ ξ(L−1) ◦ · · · ◦ ξ(1)
and Mℓ denote the width of the layer ξ(ℓ). For i.i.d. and Gaussian inputs with zero-mean and
unit-variance, the global cross-bicoherence of N is bounded by

GCB(N ) ≤ L

128π

L∑
ℓ=1

Mℓ∑
i=1

TVD
(
ξ
(ℓ)
i

)2

(2)

Specifically, the multiplying constant L drops when bispectra of layers are mutually orthogonal.

The detailed proof is presented in the Appendix C.1. The network’s phase scrambling is controlled by a
sum of squared layer TVDs. In the near-orthogonal case, the extra prefactor vanishes. Consequences:
1. choosing nonlinearities with smaller TVDs directly suppresses phase scrambling; 2. encouraging
inter-layer decorrelation prevents worst-case growth; 3. TVD becomes an actionable diagnostic that
can be used to keep GCB small.

3.2 FROM PHASE TO OOD GENERALIZATION

To make precise the idea that phase may improve OOD generalization, we separate two properties: (1−
δ)-domain invariance and γ-label-informativity. These definitions clarify the underlying assumptions
of the field’s hypothesis that emphasizing phase features improves OOD generalization.

Let E be a discrete domain index, X an input, and Y a label. A phase feature map is a measurable
Φ : X → Rm that outputs phase–based statistics of X (e.g., bicoherence, projections). All definitions
depend only on the joint law of (E,Φ(X), Y ) not on how Φ is implemented.
Definition 1 ((1− δ)-domain-invariance). The (normalized) class-conditional domain leakage is

δ :=
I(E; Φ(X) |Y )

H(E |Y )
∈ [0, 1]. (3)

The phase features are said to have (1−δ)-domain-invariance.

With this definition, δ = 0 describes the perfect phase covariate shift scenario, Φ(X)⊥⊥ E | Y , that
is when class-conditional phase features do not move across domains. Larger δ means more domain
information leaks through Φ(X) even after conditioning on the label.
Definition 2 (γ-label-informativity). The (normalized) label information explained by phase is

γ :=
I(Y ; Φ(X))

H(Y )
∈ [0, 1]. (4)

The phase features are said to have γ-label-informativity.

γ measures the fraction of label uncertainty removed by observing phase features. Specifically γ = 1
if and only if phase alone determines the label, H(Y |Φ(X)) = 0.

When δ ≈ 0, the optimal phase-based Bayesian classifier N ⋆ is invariant across E. If moreover
γ ≈ 1, any residual OOD error is due to deviations of a learned predictor N from N ⋆ along phase
features, summarized by GCB. This motivates the following assumption.
Assumption 1 (phase-disagreement control). Under (δ, γ) ≈ (0, 1), there exists κ > 0 such that, for
any target environment with the same label mechanism,

P(N (Φ(X)) ̸= N ⋆(Φ(X))) ≤ κ2

2
GCB(N ).

Theorem 3 converts these into an upper bound on the OOD error which tightens to a
√
GCB law.

4
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Theorem 3 (GCB bound for |Esrc − Etgt|). Let δ, γ, κ be as in Assumption 1. Then,

∣∣Etgt(N )− Esrc(N )
∣∣ ≤

√
δ H(E |Y )

2
+ κ

√
GCB(N )H(Y ) (1− γ). (5)

Proof idea. (i) Decompose error around the Bayes rule via the exact excess-risk identity and bound
the disagreement term by Cauchy–Schwarz, controlling its factors by H(Y | U) and the phase-
disagreement control. (ii) Control the Bayes error shift between Esrc and Etgt by class-conditional
total variation; upper bound it with Pinsker and relate the resulting KL sums to I(E;U | Y ) =
δ H(E | Y ) using the nondegenerate environment prior. (iii) Symmetrize to obtain the absolute
difference.

The bound splits the source→target gap into two parts: Domain term.
√
δ H(E |Y )/2 measures

class-conditional phase shift; it is 0 when δ = 0. Model term.
√
GCB(N )H(Y ) (1− γ) measures

phase mismatch; it shrinks as phase becomes label-informative and as the network preserves phase
(small GCB). Consequences: 1. When (δ, γ) ≈ (0, 1), the gap scales as

√
GCB; 2. If δ is large or γ

small, phase-centric modeling will not close the OOD gap; improve invariance or label signal first.

3.3 CASE STUDY: ReLU VERSUS LEARNABLE POLYNOMIAL NONLINEARITIES

This section quantifies how concrete nonlinearities distort phase and converts those distortions into
measurable TVD constants that feed the main bound. The analysis isolates input-dependent effects
and coefficient control (weight decay), producing nonlinearity-level design rules.

A nonlinearity alters phase via cross-frequency coupling; here, the magnitude of the induced phase
shift is used for the main bounds. The next result makes this explicit for ReLU by tying distortion to
the negative-mass ratio X−[k]/X[k].

Proposition 1 (ReLU’s effect on phase). Decompose x = x+ + x− where x+ (x−) denotes the
positive (negative) parts of the signal. Then ReLU(x) = x+, yielding the phase distortion

|wrap(ϕZ [k]− ϕX [k])| ≤ ϕ

(
1− X−[k]

X[k]

)
, (6)

and for small X−[k]
X[k] , ϕ

(
1− X−[k]

X[k]

)
≈ arcsin X−[k]

X[k] .

Fig. 6 (a) demonstrates the tightness of the bounds. Proposition 1 suggests that lower (arcsin) and
upper (arccos) bounds for total phase error for ReLU are determined by input statistics. ReLU
induces a unit jump in σ′ and a phase error controlled only by input sign asymmetry; leaving little
architectural control beyond input centering and clipping.

For learnable polynomials (denoted pd), explicit coefficient control enables tunable phase-distortion.

Proposition 2 (Polynomials’ effect on phase). Let pd denote a polynomial nonlinearity of degree d.
Then z[n] = pd(x[n]) and d[n] =

∑
r ̸=1 arx

r[n]+(a1−1)x[n]. Let C = |a0|+ |a1−1|+ · · ·+ |ad|.
Then the energy in d[n] is O(C2). The phase distortion is

N−1∑
k=0

∣∣wrap(ϕZ [k]− ϕX [k]
)∣∣ ≤ N2C. (7)

For polynomials, phase distortion scales with the aggregate coefficient mass C, yielding TVD(pd)≲
cC for some c. Because worst-case bounds can be pessimistic, a concentration envelope is required
to capture typical behavior under i.i.d. bounded inputs.

Proposition 3 (Phase envelope for bounded iid inputs). Let x[n] be i.i.d. zero-mean unit-variance
random variables, and |x[n]| ≤ 1, and C ≤ 1. Then, for every length N ,

N−1∑
k=0

∣∣wrap(ϕZ [k]− ϕX [k]
)∣∣ ≈ N

√
N arcsin(C) with probability 1− e−Ω(N). (8)

5
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Under bounded i.i.d.inputs, the cumulative phase error concentrates near N3/2 arcsin(C). Empirical
curves, Fig. 6 (b), track the predicted envelope, validating the use of TVD in the main OOD bound.

To translate design choices into TVD, coefficient growth must be controlled. Weight decay on
polynomial coefficients provides that control, linking data range ρ and degree d to a small-C regime.

Proposition 4 (Polynomials learned with weight-decay). Assume the training loss L

L =
1

2

N−1∑
n=0

(pd(x[n])− t[n])
2
+ λ

d∑
r=0

a2r,

where t[n] is the target function and consider |x[n]| ≤ ρ ≤ 1. Then around the equilibrium point
∂L
∂ar

≈ 0 we have |ar| = O(ρr). The coefficient C in Proposition 2 is bounded by dρ, yielding

|wrap(ϕZ [k]− ϕX [k])| = O(dρ). (9)

With |ar| = O(ρr), the aggregate coefficient mass satisfies C =O(dρ), hence TVD(pd)≲ c∗ dρ.
Thus degree and input range act as a smoothness budget: reducing d or ρ tightens the TVD term and,
via the main theorem, contracts the predicted OOD gap.

Lemma 1. For ReLU, TVD is fixed and is given as TVD(ReLU) = 1. For polynomial ϕij and
inputs |x| ≤ ρ ≤ 1, by Proposition 4, |ar| = O(ρ r) which implies TVD

(
ϕij

)
≤ c∗dρ.

3.4 NPG IMPLIES POLYNOMIAL KANS (CAN) GENERALIZE BETTER

The TVD constants from Lemma 1 can be substituted in Theorem 1 to produce a comparative OOD
gap bound for ReLU-MLPs and weight-decayed polynomial KANs. at equal depth and widths. In
the following, architectures are depth and width matches to isolate the effect of nonlinearity terms.
The result is a decision rule in terms of degree-input scale product and inter-layer decorrelation.

Theorem 4 (Comparative TVD bound: ReLU vs.polynomial KAN). Let NReLU and Npoly be
depth-L networks that differ only in their scalar nonlinearities. Assume Defs. 1, 2 and Assumption 1..
With ∆dom :=

√
δ H(E | Y )/2 and S :=

∑L
ℓ=1Nℓ, Theorem 1 and Lemma 1 give

∣∣Etgt − Esrc
∣∣(NReLU) ≤ ∆dom + κ

√
H(Y )(1− γ)

√
L

128π
S,

∣∣Etgt − Esrc
∣∣(Npoly) ≤ ∆dom + κ

√
H(Y )(1− γ)

√
L

128π
S
(
c∗dρ

)2
.

If layer bispectra are mutually orthogonal, replace L by 1 in both bounds. In particular, under
matched S the polynomial model term is a factor c∗dρ times the ReLU model term; it is strictly
smaller whenever c∗dρ < 1.

Take-away. Polynomial KANs dominate when dρ is small and layer bispectra are near-orthogonal
(the depth prefactor drops from L to 1); otherwise the advantage diminishes. Practically, decreasing
d or ρ by a factor s reduces the model term by ∼ s and the predicted OOD gap by ∼

√
s; lack of

decorrelation or large dρ erases the benefit, matching the theory’s failure regime.

4 RESULTS

The experiments use the PACS dataset (Li et al., 2017) and VLCS dataset (Torralba & Efros, 2011),
the standard OOD benchmarks, each with four stylistic domains. All reported models share the same
architecture, training strategies, and augmentations. Appendix A details the experiment settings.

4.1 WHEN KANS GENERALIZE BETTER

KAN vs. MLP. NPG predicts that once phase is reasonably invariant across sources, the model term
is governed by nonlinearity smoothness (TVD). The data align with this. Polynomial KANs attain

6
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Table 1: Leave-one-domain-out generalization accuracy (%). Columns report accuracy (%) on the
target domain for models trained on the rest of the domains. Best are in bold, runner ups underlined.

Model PACS VLCS

Photo Art Cartoon Sketch
Avg ↑
Et

Avg ↓
|Es−Et| VOC LabelMe Caltech SUN

Avg ↑
Et

Avg ↓
|Es−Et|

ReLU 39.5± 2.9 23.8± 0.5 19.7± 2.7 35.1± 0.8 29.50 26.53 40.0± 1.0 48.0± 0.6 66.0± 2.1 41.4± 0.7 48.84 12.67
LReLU 40.5± 1.2 23.9± 0.5 19.6± 1.7 34.8± 0.8 29.71 26.37 39.4± 1.0 48.2± 0.9 65.5± 0.7 41.7± 0.8 48.69 12.65
PReLU 38.7± 1.6 24.2± 0.7 20.5± 5.1 34.4± 1.3 29.41 26.63 38.9± 1.3 48.1± 0.8 65.0± 1.9 40.1± 0.8 48.00 12.60
GELU 39.2± 1.3 23.8± 0.5 21.2± 4.7 36.0± 0.9 30.04 26.77 39.4± 0.7 47.9± 0.6 66.2± 1.9 41.4± 0.8 48.71 12.67
Mish 38.9± 1.0 24.4± 0.7 19.3± 5.6 36.1± 0.9 29.68 27.15 39.4± 0.6 47.7± 0.8 65.7± 1.8 41.4± 0.9 48.54 12.76
Tanh 37.3± 1.7 21.8± 0.5 17.1± 3.9 28.8± 1.5 26.23 22.27 42.4± 0.4 46.6± 0.8 63.9± 1.1 42.8± 0.4 48.94 10.15
Softplus 40.5± 1.9 24.2± 0.3 21.9± 3.8 32.7± 0.5 29.80 23.93 42.0± 0.6 48.2± 0.3 68.4± 0.5 43.6± 0.5 50.56 10.99
KAN-poly 42.5± 0.7 24.2± 0.6 25.2± 0.8 33.2± 0.8 31.29 21.85 41.8± 0.8 48.6± 1.1 60.7± 1.2 45.0± 1.0 49.01 9.87
KAN-Bspl 35.9± 1.6 22.5± 0.6 22.2± 6.0 31.0± 1.4 27.90 29.34 39.6± 0.7 48.5± 1.2 64.8± 1.0 43.1± 1.5 49.00 10.76

the smallest OOD gaps on both datasets (PACS: 21.85 vs. ReLU 26.53; VLCS: 9.87 vs. ReLU 12.67)
and the highest PACS target accuracy (31.29). Updated B-spline KAN results show dataset-dependent
behavior: on VLCS–LODO, it reduces the gap to 10.76 (below ReLU’s 12.67) and reaches the
second-best target accuracy (49.00); on PACS–LODO, it lags (avg 27.90; gap 29.34). This pattern
supports the theory’s mechanism: the KAN label alone is insufficient—benefits accrue when the
nonlinearity’s TVD is controlled (degree/range for polynomials; spline knot density/coefficients for
B-splines). The tighter standard deviations for polynomial KANs on PACS (≈ ±0.6–0.8) also match
the expectation of lower phase scrambling.

Within–MLP patterns. Softplus generally improves over ReLU when multiple sources are available
(LODO): it lifts VLCS target accuracy (50.56 vs. 48.84) and reduces the gap on both datasets (e.g.,
PACS 23.93 vs. 26.53), consistent with TVD(Softplus) < 1 on bounded inputs. In SDG, where
a single source inflates the domain term, gains compress: Softplus is better on VLCS (gap 25.17
vs. 25.36) but not on PACS (32.04 vs. 29.36). Tanh often shows smaller gaps but at the cost of
lower target accuracy (e.g., PACS avg 26.23), a saturation effect: shrinking phase disturbance by also
shrinking label informativeness. The extended ReLU family (ReLU, LReLU, PReLU, GELU, Mish)
clusters to similar target accuracies and OOD gaps across PACS/VLCS, exactly as NPG predicts
when their effective TV D ≈ 1; PReLU’s slight drops are possibly due to additional in-domain fitting
from the learned slope rather than a change in TVD.

Table 2 in Appendix B.1 reports single domain generalization results. All models admit large OOD
gaps (PACS ≈29–34pp; VLCS ≈23–27pp), and the KAN’s advantage largely disappears. This is
consistent with NPG’s decomposition: when class-conditional phase invariance is weak (large δ),
the domain term dominates and smoothing the nonlinearity cannot, by itself, close the gap. Taken
together with LODO results, this implies access to diverse sources (smaller δ) enables polynomial
KANs to realize their TVD-driven advantage.

4.2 NPG - MLP PREDICTIONS

NPG explains Softplus’ superior OOD performance over ReLU. Ji et al. (2024) reports
better OOD generalization results when the ReLU nonlinearity is replaced by Softplus(x) =
ln(1 + exp(x)). NPG provides a natural explanation for their observation: the TVD of Softplus
is lesser than or equal to that of ReLU, regardless of the domain of the integration (Fig. 3).

Figure 3: TVD(ReLU) is fixed, those
of Tanh and Softplus’ vary with the in-
tegration range. NPG predicts trained
Softplus leads to better OOD performance
than ReLU; while Tanh-networks depend
on learned weights.

Experiments on PACS dataset in leave-one-domain-out set-
ting reported in Table 1 align with the predictions of NPG,
where Softplus overfits less to the source domain and
achieves better OOD accuracy than ReLU, resulting in a
lower percentage drop in the accuracy. Although Tanh has
a slightly improved percentage drop compared to ReLU, it
is less preferable due to low absolute performance caused
by the well-known optimization problems of Tanh. NPG
estimations are accurate. Based on Barron’s estimate
on the model’s training error for in-domain distribution
with changing width, Esource = E∗ + Ctask/

√
width we

estimate E∗ and Ctask based on source accuracies. The
architecture and data-dependent constants of our theory,
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estimated on MLPs with ReLU nonlinearities. Since TVD of ReLU is fixed, it provides a clean
setting for the estimation of these variables. Fig. 4a demonstrates that NPG can accurately capture
OOD generalization scaling with width after finetuning the dataset-related constants.

(a) ReLU (fitting) (b) Softplus (predicting)

Figure 4: NPG theory’s predictive power is confirmed across different activation functions versus
network width on the PACS dataset. (a) For ReLU networks, the NPG prediction (dashed curve)
closely matches the empirical OOD error gap (markers) when parameters (γPACS , C∆) are fitted.
(b) NPG accurately predicts the performance for Softplus networks using the same parameters as the
ReLU case without retuning, highlighting its robustness.

Fig.4b reports the results for Softplus nonlinearity using the same dataset and architecture, providing
further support for accuracy of NPG predictions, and model-independence of the estimated constants.

4.3 POLYNOMIAL KANS: NPG PREDICTIONS UNDER DEGREE AND RANGE SWEEPS

NPG predicts that, fixing the architecture and training budget, the model term grows linearly with
TVD(pd) ∝ dρ. Figure 5 tests this prediction on PACS (target = Photo). Range (ρ) sweep. As ρ
increases, target accuracy drops while the OOD gap rises, both approximately linearly beyond ρ≈1.
This matches the O(ρ) scaling implied by TVD(pd). A small bump near ρ=2.25 is within variance
and does not alter the trend. Degree (d) sweep. Increasing d produces the same pattern: monotone
decrease in target accuracy and monotone increase in gap, close to linear over d ∈ [4, 15]. This is the
O(d) piece of the dρ law and gives a practical ceiling on degree for robust OOD behavior under a
fixed range. Take-away. Controlling either knob reduces TVD(pd) and contracts the gap; plotting
accuracy/gap against the product dρ (not shown) collapses the curves, providing a single design rule:
keep dρ small. This explains why polynomial KAN outperforms ReLU in Sec.3.3: the polynomial
nonlinearity can be tuned into a low-TVD regime where the model term is smaller.

5 RELATED WORK

Phase–centric analysis offers a complementary view of generalization by focusing on cross–frequency
structure rather than weight–space surrogates. The NPG perspective connects three strands: empirical
evidence that phase carries task and domain information; classical generalization analyses that are
phase–agnostic; and the recently trending exploration of learnable nonlinearities (including KANs).

Phase in vision and learning. A growing body of experiments suggests that Fourier phase is
label–predictive and relatively stable across domains: amplitude–phase swaps and phase–only
training alter model behavior while preserving task performance, and phase–stability augmentations
reduce the OOD gap (Chen et al., 2021; Xu et al., 2021; Li et al., 2024; Vaish et al., 2024; Xu et al.,
2021; Hu et al., 2023; Lee et al., 2024; Xu et al., 2023; Lei et al., 2023). Signal processing long ago
linked phase to perceptual identity in images and speech (Oppenheim & Lim, 1981; Gegenfurtner
et al., 2003). Bispectral tools (Nikias & Mendel, 1993) provide a way to quantify nonlinear phase
interactions, yet these ideas have not been integrated into generalization guarantees.

Generalization bounds (phase–agnostic). Margin/norm–based PAC analyses control risk via
products of spectral/Frobenius norms (Bartlett et al., 2017), with path–norm refinements (Neyshabur
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Figure 5: Polynomial KANs under input range (left) and degree (right) sweeps on PACS (Photo as
target). Target accuracy (blue) declines and the OOD gap (orange) grows approximately linearly
with the knob, as NPG predicts via TVD(p′d) ∝ dρ. The linear trend yields a single actionable rule:
maintain a small dρ to preserve OOD generalization.

et al., 2015), PAC–Bayesian and sharpness–aware approaches (Dziugaite & Roy, 2017; Foret et al.,
2020), and kernel/NTK or mean–field limits (Jacot et al., 2018; Mei et al., 2018). These treat the
nonlinearity as fixed and emphasize linear-weight capacity, often via linearization regimes. In KANs,
expressivity is carried by learnable nonlinearities, whose derivatives can vary with training; existing
bounds thus offer limited control and remain blind to phase structure. For KANs specifically, (Zhang
& Zhou, 2024) gives in–domain guarantees via RKHS–rank arguments; however phase interactions
and OOD behavior are not addressed.

Learnable nonlinearities and KANs. While non–polynomial activations enable universal approxi-
mation (Cybenko, 1989), recent work revisits polynomial forms (Dubey et al., 2022; Liu et al., 2021)
and replaces fixed activations with learned splines or bases (Goodfellow et al., 2013; Agostinelli
et al., 2014; Tavakoli et al., 2021; Liu et al., 2024; Chen et al.; Bozorgasl & Chen, 2024; Li, 2024).
Nonlinearity choice shapes capacity and optimization: depth and VC–dimension scale under ReLU
but not under linear/step units (Cybenko, 1989; Bartlett et al., 2019); dynamical analyses identify
activation–specific “edge of chaos” effects (Hayou et al., 2019); spectral studies show ReLU’s
low-to-high bias that smoother B-splines mitigate (Hong et al., 2022). Prior work, however, remains
largely weight–space or empirical. In contrast, NPG uses TVD of the learned nonlinearity and GCB
to obtain depth-explicit, finite-width bounds that link nonlinearity design to OOD generalization,
while remaining compatible with both MLPs and KANs.

6 CONCLUSIONS

NPG links nonlinearity design to OOD behavior by tying a layer’s total variation of the deriva-
tive (TVD) to phase scrambling (GCB) and, in turn, to a depth-additive source–target gap. This
function-space view unifies KANs and MLPs, yields actionable guidance (choose smaller-TVD
nonlinearities; encourage inter-layer decorrelation; monitor/penalize TVD), and explains when poly-
nomial KANs can outperform ReLU-MLPs—namely when the degree–range product is small and
phase is reasonably domain-stable and label-informative. The theory’s predictions matched controlled
studies on PACS/VLCS and within-MLP nonlinearity swaps, indicating practical utility for archi-
tecture selection and training diagnostics. Together, these results move beyond architecture-name
heuristics toward measurable design rules for OOD generalization.

Scope. NPG is developed for feed-forward MLP and KAN networks. Theoretical comparisons and
conducted experiments focuses on polynomial KANs and ReLU-networks. The empirical support
for NPG tests the hyperparameters internal to polynomial KANs and a range of fixed nonlinearities.
Limitations. Assumption 1 rigorously formalizes empirical observations from a wide range of
applications, including medical, audio and image processing. Nonetheless, we acknowledge the
assumption is not universally valid. Future work. Elaborate investigation of TVD regularization
as an OOD generalization strategy for a wider range of architectures (e.g., CNN, Transformer), and
estimation of the dataset constants, δ and γ, beyond curve fitting are promising future directions.
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A EXPERIMENT SETTINGS

All experiments use the PACS dataset (Li et al., 2017) and VLCS dataset (Torralba & Efros, 2011),
the standard OOD benchmarks, each with four stylistic domains. All networks, MLP and KAN, have
two hidden layers with 512 and 256 neurons, and trained with SGD optimizer (lr = 3× 10−3 and
wd = 6× 10−4) for 100 epochs using CosineAnnealing learning rate scheduler. For KAN variants
of both architectures we utilized B-spline Liu et al. (2024) and polynomial (Legendre) basis Chen
et al.. Models are trained with minimal augmentations: padding (4 px), and random horizontal flips
(probability 0.5). Each reported result is averaged over 10 runs per target/source domain.

B ADDITIONAL EMPIRICAL RESULTS

B.1 SINGLE DOMAIN GENERALIZATION

Table 2 per-domain target accuracy and OOD gaps for all activations (ReLU, LReLU, PReLU, GELU,
Mish, Tanh, Softplus) and KAN variants on PACS/VLCS. Protocols, budgets, and tuning are identical
to LODO experiments.

Table 2: Single-domain generalization accuracy (%). Columns report accuracy (%) per source
domain when models are tested on the rest of the domains. Best are in bold, runner ups underlined.

Model PACS VLCS

Photo Art Cartoon Sketch
Avg ↑
Et

Avg ↓
|Es−Et| VOC LabelMe Caltech SUN

Avg ↑
Et

Avg ↓
|Es−Et|

ReLU 23.3± 0.8 29.2± 0.6 15.4± 1.2 28.7± 0.8 24.15 29.36 52.6± 1.0 41.2± 1.2 26.7± 1.5 41.8± 2.5 40.59 25.36
LReLU 22.8± 1.9 29.6± 0.8 14.4± 1.1 28.6± 1.3 23.85 30.53 52.2± 1.4 41.2± 1.4 26.7± 0.3 42.1± 2.6 40.54 27.05
PReLU 22.9± 1.3 28.1± 1.3 15.7± 0.4 28.8± 0.7 23.87 33.74 51.6± 2.0 41.5± 1.5 25.7± 0.7 42.5± 3.5 40.31 27.43
GELU 24.1± 0.8 29.2± 0.9 15.5± 0.5 27.9± 1.2 24.17 32.66 52.0± 1.6 40.5± 1.4 25.9± 0.4 43.0± 1.8 40.36 27.27
Mish 24.5± 1.2 28.8± 0.7 15.4± 0.5 28.8± 1.1 24.36 33.52 52.1± 1.3 41.3± 1.5 25.5± 0.8 43.5± 1.2 40.61 26.82
Tanh 22.1± 0.4 29.8± 0.5 16.1± 0.4 26.4± 0.5 23.59 28.41 52.2± 0.7 44.5± 0.4 28.6± 0.9 42.7± 0.7 41.99 23.46
Softplus 19.3± 1.3 29.3± 0.6 15.2± 0.3 30.1± 1.1 23.46 32.04 53.0± 0.5 44.6± 1.1 26.2± 1.0 43.0± 2.6 41.70 25.17
KAN-poly 17.6± 0.8 30.2± 0.6 18.0± 0.7 27.9± 0.7 23.41 32.39 50.7± 0.9 40.8± 2.8 28.7± 1.5 43.6± 3.2 40.96 24.19
KAN-Bspl 23.0± 2.0 27.0± 1.3 17.0± 0.5 27.9± 0.8 23.74 35.65 52.2± 1.9 41.0± 2.9 24.4± 1.1 45.9± 2.9 40.88 26.32

B.2 TIGHTNESS OF THE BOUNDS AND ESTIMATES

Figure 6 benchmarks the theory against synthetic data and confirms that the closed-form bounds in
Propositions 1&3 are numerically tight rather than merely asymptotic. Signals of length 256 were
drawn from three common distributions: white Gaussian, uniform, and 1/f (“pink”) noise. These
are then fed through either a single ReLU or a degree-20 polynomial nonlinearity with coefficients
sampled iid. For each trial the exact phase error

∑
k|wrap(ϕZ [k]−ϕX [k])| is measured and compared

to the analytical upper bounds predicted by the propositions.
Key observations. i) ReLU (Fig.6a). Across all input types the empirical phase error falls
between the upper and lower bounds, validating that the negative-part energy governs ReLU’s
spectral distortion. ii) Polynomial (Fig.6b. As predicted by Proposition 3, the phase error scales like
N3/2arcsin(C). Varying the regularization strength changes C and shifts the curve almost exactly
along the analytical slope, showing that the coefficient norm is a reliable control knob.
Take-away. The close match demonstrates that (i) the constants in the theory are not over-conservative,
and (ii) the total-variation–based metric TVD is a practical surrogate for real phase behavior. This
tightness justifies using the bounds later to interpret KAN generalization performance.

C DETAILED PROOFS

C.1 THEOREM 2

Proof. Fix ω1, ω2 and set ω3 = ω1 + ω2. Write U = X(ω1)X(ω2) and Ũ = U − E[U ].

Equalization is a contraction and preserves the normalized cbs magnitude. By construction Y is
replaced by Ỹ = H Y with E|Ỹ (ω)|2 ≡ 1 and ∥H∥∞ ≤ 1. Linearity yields (h ∗ y)(2) = h ∗ y(2).
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(a) (b)

Figure 6: (a) For ReLU (Proposition 1), input statistics determine the phase error; (b) for polynomial
nonlinearities (Proposition 3), polynomial coefficients-which are controllable-are the deciding
factors. The empirical verification as tight bounds/estimates on random inputs (uniform, Gaussian,
or pink noise) and for polynomials, randomly sampled coefficients (degree = 20).

Parseval identity gives

M∑
i=1

E |(h ∗ y(2))i|2 =
1

2π

∫ π

−π

|H(ω)|2 E |Y (2)(ω)|2 dω ≤
M∑
i=1

E |y(2)i |2.

The normalized cbs magnitude is invariant since both numerator and denominator acquire the common
factor H(ω3), (Brillinger, 2011). Hence it is enough to work after equalization, and we drop tildes on
Y .

Only the second chaos contributes. Each yi is a measurable function of a Gaussian vector and
admits a Wiener chaos expansion. Orthogonality of distinct chaoses implies

E
[
Ũ Y (ω3)

∗] = E
[
Ũ ⟨y(2), fω3

⟩∗
]
,

where fω3
is the unit norm DFT atom and y(2) is the second chaos projection of y, see for example

(Nourdin & Peccati, 2012; Janson, 1997).

Two Cauchy Schwarz estimates. Since ∥fω3∥2 = 1,

∣∣E[Ũ Y ∗]
∣∣ = ∣∣ M∑

i=1

fω3 [i]
∗ E[Ũ y(2)i ]

∣∣ ≤
( M∑

i=1

∣∣E[Ũ y(2)i ]
∣∣2)1/2

.

By Cauchy Schwarz in probability,∣∣E[Ũ y(2)i ]
∣∣2 ≤ E|Ũ |2 E|y(2)i |2.

Therefore,

|bxxy(ω1, ω2)|2 =

∣∣E[Ũ Y ∗]
∣∣2

E|Ũ |2 E|Y |2
≤

M∑
i=1

E|y(2)i |2,

and here E|Y |2 ≡ 1 by equalization. Controlling the second chaos by TVD. Let Z ∼ N (0, 1) and
let He2(z) = z2 − 1. For g ∈ G, the Hermite coefficient at order two is

a2 =
E[g(Z)He2(Z)]

2
=

E[g′′(Z)]
2

,

by Stein integration by parts (Nourdin & Peccati, 2012). Since Var(He2(Z)) = 2, the second chaos
variance is

Var
(
g(2)(Z)

)
= a22 Var(He2(Z)) =

(E[g′′(Z)])2

2
.
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Because supu φ(u) = (2π)−1/2 for the standard Gaussian density φ,

|E[g′′(Z)]| =
∣∣∣ ∫

R
φ(u) dg′′(u)

∣∣∣ ≤ ∥φ∥∞
∫
R
|dg′′(u)| = (2π)−1/2 TVD(g).

Hence
Var

(
g(2)(Z)

)
≤ 1

4π
TVD(g)2.

Apply this with

MLP: g(u) = ζi(u) = σ(∥Ai:∥2 u+ bi) ⇒ TVD(g) = ∥Ai:∥2TVD(σ),

and with

KAN: g(u) = ϕij(u), yi =
∑
j

ϕij(xj), Var(y
(2)
i ) =

∑
j

Var(ϕij(Z)
(2)),

using independence across j. Summing over i gives

M∑
i=1

E|y(2)i |2 ≤ 1

4π

M∑
i=1

TVD(ζi)
2. (10)

Integrate on the principal simplex. The area of PS is π2/4, so∫∫
PS

dω1 dω2

(2π)2
=

1

16
.

Combining the pointwise bound from Step 3 with equation 10,∫∫
PS

|bxxy|2
dω1 dω2

(2π)2
≤ 1

16
· 1

4π

M∑
i=1

TVD(ζi)
2.

Finally, by the definition of S,

S ≤ 1

2
· 1

16
· 1

4π

M∑
i=1

TVD(ζi)
2 =

1

128π

M∑
i=1

TVD(ζi)
2.

The network aggregation follows directly from taking the cross-terms involving GCB into account.

C.2 PROPOSITION 1

Proposition 1 (Extended to amplitude effect) Let the real-valued length–N signal x[n] be decom-
posed as x[n] = x+[n]+x−[n] with x+[n] = max{x[n], 0} and x−[n] = min{x[n], 0} ≤ 0. Define
the ReLU output z[n] = ReLU(x[n]) = x+[n], and let

X[k] =

N−1∑
n=0

x[n]e−i2πkn/N , Z[k] =

N−1∑
n=0

z[n]e−i2πkn/N

be the discrete Fourier transforms with phases ϕX [k] = argX[k] and ϕZ [k] = argZ[k]. Then

(i) Amplitude distortion.

N−1∑
k=0

(
|Z[k]| − |X[k]|

)2 ≤ N

N−1∑
n=0

(
x−[n]

)2
= O

(∑
x−[n]2

)
.

(ii) Phase distortion. Writing X−[k] := F{x−}[k] one has

|ϕZ [k]− ϕX [k]| ≤ arccos
(
1− |X−[k]|

|X[k]|

)
,

and for the small-ratio regime |X−[k]|/|X[k]| ≪ 1 the bound linearizes to |ϕZ [k] −
ϕX [k]| ≈ arcsin

(
|X−[k]|/|X[k]|

)
.

14
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Proof. (i) Amplitude part. For any complex numbers a, b, | |a| − |b| | ≤ |a− b| (triangle inequality
on the complex plane). Hence(

|Z[k]| − |X[k]|
)2 ≤ |Z[k]−X[k]|2.

Because Z = X −X− in the frequency domain, Z[k]−X[k] = −X−[k]. Summing and invoking
Parseval’s identity, ∑

k

|Z[k]−X[k]|2 =
∑
k

|X−[k]|2 = N
∑
n

|x−[n]|2.

Combining the two displays proves the amplitude bound.

(ii) Phase part. Fix k and denote A := Z[k], B := X−[k] so that X[k] = A + B. Let θ :=
|ϕZ [k] − ϕX [k]| be the angle between vectors A and A + B in the complex plane. Elementary
geometry gives the exact relation sin θ = |B| sin β

|A+B| , where β is the (unknown) angle between A and B.
The worst-case (largest) θ arises when β = π/2, whence sin θ ≤ |B|/|A+ B| = |X−[k]|/|X[k]|.
Because θ ∈ [0, π/2], θ ≤ arcsin

(
|X−[k]|/|X[k]|

)
≤ arccos

(
1− |X−[k]|/|X[k]|

)
, where the final

inequality uses arcsinu ≤ arccos(1 − u) for u ∈ [0, 1]. For small ratios u = |X−|/|X| ≪ 1 we
have arcsinu ≈ u and arccos(1 − u) ≈

√
2u; keeping the tighter linear approximation yields the

advertised θ ≈ arcsin(|X−[k]|/|X[k]|).

Interpretation. The proposition (i) shows that ReLU’s amplitude distortion is governed solely
by the energy of the negative input part. (ii) shows that the phase distortion per frequency bin is
controlled by the relative negative-energy contribution; for spectra where the negative component is
small, the phase shift scales like arcsin with that ratio, while in the worst case it is capped by arccos.

C.3 PROPOSITION 2

Proposition 2 (Extended to include amplitude) Let pd(u) =
∑d

r=0 aru
r with real coefficients and

write
z[n] = pd

(
x[n]

)
, d[n] := z[n]− x[n] =

∑
r ̸=1

arx
r[n] + (a1 − 1)x[n].

Define the coefficient slack C := |a0|+ |a1−1|+
∑d

r=2 |ar|. Assume the input is range-normalized:
|x[n]| ≤ 1 ∀n. Then

(i) Energy of the deviation.
N−1∑
n=0

d2[n] ≤ N C2.

(ii) Amplitude distortion. For the DFTs X[k], Z[k] of x, z

N−1∑
k=0

(
|Z[k]| − |X[k]|

)2 ≤ N2C2.

(iii) Aggregate phase distortion. With wrap(·) denoting principal-value phase wrapping,

N−1∑
k=0

∣∣wrap(ϕZ [k]− ϕX [k]
)∣∣ ≤ N2C.

Proof. Bounding the point-wise deviation. Because |x[n]| ≤ 1,

|d[n]| ≤ |a0|+ |a1 − 1| |x[n]|+
d∑

r=2

|ar| |x[n]|r ≤ C → d2[n] ≤ C2.

Summing over n proves (i).
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Amplitude distortion. Let D[k] be the DFT of d[n]. Triangle inequality on the complex plane gives
| |Z[k]| − |X[k]| | ≤ |D[k]|. Thus∑

k

(
|Z[k]| − |X[k]|

)2 ≤
∑
k

|D[k]|2 Parseval
= N

∑
n

d2[n]
(i)

≤ N2C2,

which is statement (ii).

Phase distortion. For each frequency bin write X[k] = Ak and D[k] = Bk, so Z[k] = Ak + Bk.
The wrapped phase difference is θk := arg

(
1 +Bk/Ak

)
. Using | arg(1 + u)| ≤ |u| for any complex

u,

|θk| ≤ |Bk|
|Ak|

.

Because |x[n]| ≤ 1, the trivial bound |Bk| ≤
∑

n |d[n]| ≤ NC holds, while |Ak| ≥ 0. Discarding
the denominator gives the crude but universal estimate |θk| ≤ NC. Adding over k yields

∑
k |θk| ≤

N2C, which is claim (iii).

Interpretation. Proposition 2 shows that if the coefficient deviation from the identity map is small
(C ≪ 1) and inputs are range-bounded, both the amplitude and phase distortions introduced by a
degree-d polynomial activation remain tightly controlled, scaling at most quadratically and linearly
in C, respectively.

C.4 PROPOSITION 3

Proposition 3 (Phase envelope for bounded iid inputs) Let x[n] (0≤ n<N ) be i.i.d. real random
variables with E[x[n]] = 0, E[x[n]2] = 1, |x[n]| ≤ 1. Let z[n] = pd

(
x[n]

)
be the output of

a degree-d polynomial non-linearity whose coefficient slack C := |a0| + |a1 − 1| + · · · + |ad|
obeys 0 < C ≤ 1. Denote by X[k] and Z[k] the (unnormalized) DFTs of x and z and write
ϕX [k] = argX[k], ϕZ [k] = argZ[k]. Then, for every N ≥ 1,

N−1∑
k=0

∣∣wrap(ϕZ [k]− ϕX [k]
)∣∣ = O

(
N3/2 arcsinC

)
with probability 1− e−Ω(N). (11)

Proof. Throughout, c1, c2, . . . denote positive numerical constants independent of N .

Let d[n] := z[n]−x[n]. From Proposition 2 we have |d[n]| ≤ C. DefineD[k] =
∑

n d[n]e
−i2πkn/N .

Hoeffding’s inequality for the sum of N bounded, independent C-subgaussian variables yields, for
any t > 0,

Pr
(
|D[k]| ≥ t

)
≤ 2 exp

(
−t2/(2NC2)

)
. (12)

Setting t = c1C
√
N logN and union-bounding over k = 0, . . . , N − 1 gives the event

|D[k]| ≤ c1C
√
N logN ∀k (13)

with probability at least 1−N−3.

Write X[k] = Uk + iVk with Uk :=
∑

n x[n] cos(2πkn/N) and Vk := −
∑

n x[n] sin(2πkn/N).
BothUk, Vk are sums of independent ±1-bounded, zero-mean variables of variance ≈ N/2. Applying
Hoeffding again,

Pr
(
|X[k]| ≤ 1

2

√
N
)

≤ e−c2N . (14)

A union bound shows that, with probability at least 1− e−c2N ,

|X[k]| ≥ 1
2

√
N ∀k.

For each k write X[k] = Ak and Z[k] = Ak + Bk with Bk := D[k]. Let θk :=
∣∣wrap(ϕZ [k] −

ϕX [k]
)∣∣ = ∣∣arg(1 + Bk/Ak)

∣∣. Because | arg(1 + u) | ≤ |u|, θk ≤ |Bk|
|Ak| . On the high-probability

event Eq.13–Eq.14,

θk ≤ c1C
√
N logN

1
2

√
N

= 2c1
√
logN C.
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Since C ≤ 1, arcsinC ≍ C and θk = O
(√

logN arcsinC
)
.

Add the bound for all k:
N−1∑
k=0

θk ≤ 2c1N
√
logN C = O

(
N3/2 arcsinC

)
,

because logN ≤ N for N ≥ 2. The same union bound that delivered Eq.13–Eq.14 shows the
complement event has probability e−Ω(N), completing the proof.

C.5 PROPOSITION 4

Proposition (Polynomials learned with weight-decay) Let pd(u) =
∑d

r=0 aru
r and consider the

regularized training objective

La(x) = 1
2

N−1∑
n=0

(
pd(x[n])− t[n]

)2
+ λ

d∑
r=0

a2r,

where the inputs satisfy |x[n]| ≤ ρ ≤ 1. Write z[n] = pd(x[n]) and X[k], Z[k] for the DFTs of x, z
with phases ϕX [k], ϕZ [k]. At a stationary point ∇aL ≈ 0 we have

|ar| = O(ρr), r = 0, . . . , d,

so that the coefficient slack C := |a0|+ |a1 − 1|+
∑d

r=2 |ar| from Proposition 2 obeys

C ≤ dρ.

Consequently∑
k

(
|Z[k]| − |X[k]|

)2
= O

(
d2ρ2

)
, |ϕZ [k]− ϕX [k]| = O

(
dρ

)
∀k.

Proof. The gradient component w.r.t. ar is

∂arL =
∑
n

(pd(x[n])− t[n])x[n]r + 2λar.

At a local minimum this derivative is (close to) zero, giving

|ar| =
1

2λ

∣∣∣∑
n

(
t[n]− pd(x[n])

)
x[n]r

∣∣∣. (15)

Denote the training error by ϵ := maxn |t[n]− pd(x[n])|. Because |x[n]| ≤ ρ, |x[n]|r ≤ ρr. Hence
the right-hand side of equation 15 is bounded by (Nϵρr)/(2λ) = O(ρr), since N and ϵ/λ are
constants during training. Thus |ar| = O(ρr).

Split the sum:

C = |a0|+ |a1 − 1|+
d∑

r=2

|ar|.

For r ≥ 2 we have ρr ≤ ρ2 ≤ ρ, so each term |ar| = O(ρ). There are at most d such terms, whence
C ≤ dρ+O(ρ) = O(dρ); for concreteness we write C ≤ dρ.

Proposition 2 gave the generic bounds∑
k

(
|Z[k]| − |X[k]|

)2 ≤ N2C2,
∣∣ϕZ [k]− ϕX [k]

∣∣ ≤ NC.

Most empirical works scale the DFT by 1/N , in which case those bounds lose an N factor each.
Adopting that normalization (so our spectra match the usual “power spectrum” convention) we obtain∑

k

(
|Z[k]| − |X[k]|

)2 ≤ C2N0 = O(d2ρ2), |ϕZ [k]− ϕX [k]| ≤ C = O(dρ),

as claimed.

17



918
919
920
921
922
923
924
925
926
927
928
929
930
931
932
933
934
935
936
937
938
939
940
941
942
943
944
945
946
947
948
949
950
951
952
953
954
955
956
957
958
959
960
961
962
963
964
965
966
967
968
969
970
971

Under review as a conference paper at ICLR 2026

Interpretation. L2 regularization steers the learned polynomial towards the identity map by forcing
each coefficient to decay geometrically with exponent ρ. The resulting slack parameter C therefore
shrinks linearly with both the input scale ρ and the degree d, and the amplitude and phase distortions
inherit this favorable dependence.

C.6 LEMMA 1

Lemma 1 (Total–variation constants for the two activations) For ReLU, TVD is fixed and is given
as TVD(ReLU) = 1. For polynomial ϕij and inputs |x| ≤ ρ ≤ 1, by Proposition 4, |ar| = O(ρ r)
which implies TVD

(
ϕij

)
≤ c∗dρ.

Proof. (a) ReLU. The first derivative of ReLU is the Heaviside step function, and the second
derivative is the Dirac delta function.

∫ b

a
δ(x)dx = 1 over any interval [a, b] that includes 0.

(b) Polynomial. Let σpoly(u) =
∑d

r=0 aru
r with |ar| ≤ Kρr for a constant K = O(1) from

Proposition 4. Then

σ′
poly(u) =

d∑
r=1

raru
r−1, σ′′

poly(u) =

d∑
r=2

r(r − 1)aru
r−2.

Because the inputs satisfy |u| ≤ ρ ≤ 1, one may bound |u|r−2 ≤ ρ r−2. Hence

|σ′′
poly(u)| ≤

d∑
r=2

r(r − 1)|ar|ρ r−2 ≤ K

d∑
r=2

r(r − 1)ρ r−2ρ r = K

d∑
r=2

r(r − 1)ρ 2r−2.

Because ρ ≤ 1, ρ 2r−2 ≤ ρ for all r ≥ 2, so the right-hand side is bounded by Kρ
∑d

r=2 r(r − 1) ≤
Kρd(d − 1) = O(d2ρ). Since TVD(σ) =

∫
x
|σ′′(u)| du and the input support has length at most

2ρ, we obtain
TVD

(
σpoly

)
≤ 2ρ max

|u|≤ρ
|σ′′

poly(u)| ≤ c∗dρ.

D LLM USAGE

In this paper, LLMs are used for organizing the tables, polishing the writing, and keeping track of
notational consistency.
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