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On approximation and estimation of Schrödinger potentials without the curse
of dimensionality

Anonymous Authors1

Abstract
We examine generative modelling approaches
based on the construction of Schrödinger bridges
between Gaussian noise and a target distribu-
tion. It is known that the solution of the dynamic
Schrödinger problem is a diffusion process with
a drift associated with Doob’s h-transform of
a Schrödinger potential. Although its accurate
restoration from finite samples is crucial for re-
liable, high-quality data generation, the exist-
ing literature lacks theoretical guarantees regard-
ing this question. In our work, we establish
theoretical upper bounds on the complexity of
Schrödinger potential approximation and estima-
tion via neural networks. These bounds are de-
termined by the effective dimension of the tar-
get distribution. To our knowledge, this is the
first result demonstrating that generative mod-
elling methods based on Schrödinger bridges and
stochastic optimal control can escape the curse of
dimensionality.

1. Introduction
Denoising diffusion (Ho et al., 2020; Song et al., 2021) and
flow-based (Liu et al., 2023; Lipman et al., 2023) mod-
els showed themselves as a powerful tool for modelling
complex multimodal distributions. The idea of using diffu-
sion processes for data generation and translation was fur-
ther developed in approaches based on Schrödinger bridges
(De Bortoli et al., 2021; Shi et al., 2023; Korotin et al.,
2024; Gushchin et al., 2024) and stochastic optimal control
(SOC) (Domingo-Enrich et al., 2025; Rapakoulias et al.,
2025; Puchkin et al., 2025), which have recently gained
much popularity. In general, the Schrödinger bridge be-
tween two probability distributions P0 and PT on RD is a
stochastic process {X∗

t : 0 ⩽ t ⩽ T} such that X∗
0 ∼ P0,
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X∗
T ∼ PT , and Xt deviates from a given base (or refer-

ence) process {X0
t : 0 ⩽ t ⩽ T} as less as possible

(in terms of the Kullback-Leibler divergence between the
corresponding path measures). In what follows, we will
assume that the source and the target distributions are ab-
solutely continuous with the densities p0 and pT , respec-
tively, and {X0

t : 0 ⩽ t ⩽ T} is the Ornstein-Uhlenbeck
(OU) process: X0 ∼ p0,

dX0
t = −bX0

t dt+
√
γ dWt, 0 < t < T. (1)

Here b > 0 and γ > 0 are some parameters and Wt is
the standard Brownian motion in RD. Such a choice of the
reference process is motivated by exponentially fast mix-
ing and a recent paper (Puchkin et al., 2026) demonstrat-
ing advantages of the OU process over the standard scaled
Wiener process {√γ dWt : 0 ⩽ t ⩽ T} in unconditional
generation and data-to-data translation tasks. It is known
that (see, for instance, Theorem 2.4 in (Léonard, 2013)) the
joint density of X∗

0 and X∗
T is given by

π∗(x, y) = ν∗0 (x) qT (y |x) ν∗T (y), (2)

where

qt(y |x) = (
√

2πγσt)
−D exp

{
−∥y − e−btx∥2

2γσ2
t

}
,

σ2
t =

1− e−2bt

2b
, (3)

is the transition density of the base process and (ν∗0 , ν
∗
T ) is

a uniquely determined (up to positive multiplicative con-
stants) pair of σ-finite measures on RD referred to as
Schrödinger potentials. The right potential ν∗T plays a cru-
cial role in generative modelling, since the solution of the
Schrödinger bridge problem (as well as the optimally con-
trolled process in the SOC approach) admits a representa-
tion

dX∗
t = −bX∗

t dt+ γ∇ log TT−t[ν
∗
T ](X

∗
t ) dt+

√
γ dWt,

where Tt stands for the Ornstein-Uhlenbeck operator. For
any measurable function f on RD, it is defined as

Tt[f ](x) =
∫
RD

f(y) qt(y |x) dy, x ∈ RD. (4)

Unfortunately, as it will become clear a bit later, theoretical
study of ν∗T remains quite limited.
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On approximation and estimation of Schrödinger potentials without the curse of dimensionality

Related work. The factorization (2) is the core of the
Sinkhorn algorithm, which was extensively studied in the
literature. Some significant results on its rates of conver-
gence appeared in the last years (Conforti et al., 2023;
Chizat et al., 2024; Chiarini et al., 2024). However, in gen-
erative modelling, the target density pT is accessible only
through i.i.d. samples Y1, . . . , Yn, while (Conforti et al.,
2023; Chizat et al., 2024; Chiarini et al., 2024) assume that
the source and the target distributions are known. One of
the ways to overcome this issue is to apply the Sinkhorn al-
gorithm to the empirical measure associated with the train-
ing sample, as, for instance, in (Pooladian and Niles-Weed,
2025). This approach has an evident drawback that the es-
timated potential (or the corresponding drift) requires ad-
ditional smoothing. In (Pooladian and Niles-Weed, 2025),
the authors use nonparametric kernel-type estimates for this
purpose, which usually suffer from the curse of dimension-
ality.

Several recent papers (Korotin et al., 2024; Puchkin et al.,
2025; 2026; Belomestny et al., 2026) suggested procedures
for direct estimation of the continuous potential ν∗T or a
related quantity pT /ν

∗
T based on empirical risk minimiza-

tion. The framework of (Puchkin et al., 2025; Belomestny
et al., 2026) naturally incorporates neural networks, which
proved their ability to adapt to the intrinsic data structure
and to succeed in high-dimensional practical tasks. In addi-
tion, these methods directly optimize the corresponding ob-
jectives, avoiding splitting into smaller subproblems, which
is usual for iterative proportional (De Bortoli et al., 2021;
Vargas et al., 2021; Chen et al., 2022) or Markovian (Chen
et al., 2023; Peluchetti, 2023) fitting.

Rates of convergence and the curse of dimensionality.
The ERM-based approach (Korotin et al., 2024; Puchkin
et al., 2025; Belomestny et al., 2026) is supported by rig-
orous theoretical study. In (Korotin et al., 2024), (Puchkin
et al., 2025), and (Puchkin et al., 2026), the authors elabo-
rate on the statistical error and report their results in terms
of the excess risk and complexity of the learnable class
of potentials, leaving analysis of the approximation error
out of the scope. This gap was recently addressed by (Be-
lomestny et al., 2026), who studied an approximation of
the ratio pT /ν

∗
T in the L2(pT ) norm. However, our work

focuses on approximating log ν∗T with respect to KL diver-
gence rather than the ratio itself, addressing a distinct prob-
lem. To our knowledge, (Belomestny et al., 2026) were the
first ones who derived non-asymptotic O(logD(n)/

√
n)

rates of convergence. Unfortunately, the unfavourable de-
pendence on the ambient dimension D is inevitable, unless
we impose additional assumptions on pT . While the ability
of deep generative models to adapt to the data structure was
extensively studied in the context of denoising diffusion
models (Chen et al., 2023; Tang and Yang, 2024; Azan-

gulov et al., 2024; Yakovlev and Puchkin, 2025; Yakovlev
et al., 2025), there are no results on approximation or es-
timation of Schrödinger potentials without the curse of di-
mensionality. The present paper aims to make the first step
towards filling this gap.

Contributions. We consider an affine-subspace model,
which has recently got considerable attention in the context
of score estimation and generative diffusion models (Sasaki
et al., 2016; Chen et al., 2023; Oko et al., 2023). Our main
contributions are following.

• We prove that the right log-potential log ν∗T can be ap-
proximated with any prescribed accuracy ε > 0 in
terms of KL divergence via a feedforward neural net-
work with polylogarithmic in ε−1 number of weights
(Theorem 3.4). This represents the first such result in
the literature that avoids the curse of dimensionality.

• We prove an O(polylog(n)/n) rate of convergence in
KL divergence under the affine-subspace model (The-
orem 3.6), thereby escaping the curse of dimensional-
ity (Theorem 3.4). We substantially improve over the
O(n−2/(d+5)) bound of (Chen et al., 2023) and the
O(n−1/2) rate of (Pooladian and Niles-Weed, 2025).
In addition, our bound does not depend on the stop-
ping time provided that the underlying data distribu-
tion possesses intrinsic variability.

• The proofs of Theorems 3.4 and 3.6 rely on sharp
bounds on the ∥ · ∥∞-norms of higher-order deriva-
tives of log pT and log ν∗T (see Lemmata 5.1 and 5.2),
which could be of independent interest.

Notation. We use the following notation throughout the
paper. For a vector v and a tensor A with real entries,
∥v∥∞ and ∥A∥∞ denote the maximum absolute value of
their entries. Similarly, for a vector v and a matrix A, the
number of non-zero entries is denoted by ∥v∥0 and ∥A∥0,
respectively. We often replace max {a, b} and min {a, b}
by shorter a ∨ b and a ∧ b, respectively. The opera-
tion ⊗ stands for the outer product. For a function f :
Ω → R, ∥f∥L∞(Ω) := supx∈Ω |f(x)|. For s ⩾ 1, the
Ls(p)-norm of a measurable function f is ∥f∥Ls(p) :=

(
∫
|f(x)|sp(x) dx)1/s. For two probability densities p and

q on Rd, such that p ≪ q, the Kullback–Leibler (KL) diver-
gence is KL(p, q) :=

∫
p(x) log(p(x)/q(x)) dx. For any

s ⩾ 1, the Orlicz ψs-norm of a random variable is defined
as

∥ξ∥ψs = inf
{
u > 0 : Ee|ξ|

s/us

⩽ 2
}
.

For a random vector X ∈ Rd, we define ∥X∥ψ2 :=
supv∈Sd−1 ∥⟨v,X⟩∥ψ2

, where Sd−1 := {v ∈ Rd : ∥v∥ =

2
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1} is the Euclidean unit sphere. For some Ω ⊆ Rr, we
define the class of β-Hölder functions with parameter H as

Hβ(Ω, H) =

{
f : Ω → R :

∑
|k|<β

∥∂kf∥L∞(Ω)

+
∑

|k|=⌊β⌋

sup
x̸=y

|∂kf(x)− ∂kf(y)|
∥x− y∥β−⌊β⌋

∞
⩽ H

}
.

Finally, f ≲ g and g ≳ f are equivalent to f = O(g), and
f ≍ g means that f ≲ g ≲ f .

Paper structure. The rest of the paper is organised as
follows. Section 2 introduces the Schrödinger-bridge for-
mulation, our notation, and the function classes we will use.
Section 3 states the main approximation result and its sta-
tistical corollary, including a comparison with (Chen et al.,
2023). Section 4 discusses limitations and an extension to
factorisable density models. Section 5 provides high-level
insights of our proof strategy. The proofs of all auxiliary
results are deferred to the appendix.

2. Problem setup
We consider a problem of unconditional data genera-
tion from Gaussian noise. That is, given i.i.d. samples
Y1, . . . , Yn drawn according to an unknown probability
density pT over RD, our goal is to produce a new sam-
ple from approximately the same distribution. We use the
Schrödinger bridge framework for this purpose. Let p0 be
the density of the standard Gaussian distribution N (0, ID)
in RD. Given a reference stochastic process {X0

t : 0 ⩽
t ⩽ T} obeying the dynamics (1), we aim to construct
{X∗

t : 0 ⩽ t ⩽ T} of the form

dX∗
t = −bX∗

t dt+ u(t,X∗
t ) dt+

√
γ dWt, 0 < t < T,

such that X∗
0 ∼ p0, X∗

T ∼ pT , and the Kullback-Leibler
divergence between the path measures of {X∗

t : 0 ⩽ t ⩽
T} and {X0

t : 0 ⩽ t ⩽ T} is as small as possible. It is
known that the optimal u(x, t) is given by

u(x, t) = γ∇ log TT−t[ν
∗
T ](x), (5)

where ν∗T and TT−t stand for the right Schrödinger po-
tential and the Ornstein-Uhlenbeck operator defined in (2)
and (4), respectively. Let us note that u(x, t) from (5)
also solves a stochastic optimal control problem (Dai Pra,
1991).

In our paper, we are interested in quantitative bounds on
complexity of approximation and estimation of ν∗T in the
presence of low-dimensional data structure via neural net-
works, in particular, via feedforward neural networks with
ReLU activation functions. Let us recall that the ReLU ac-
tivation is given by ReLU(x) = 0∨x. For a vector b ∈ Rr,

we define the shifted activation function ReLUb(x) =(
ReLU(x1 − b1), . . . ,ReLU(xr − br)

)⊤, where x ∈ Rr.
Given the number of layers L ∈ N and an architecture vec-
tor W = (W0, . . . ,WL) ∈ RL+1, a feedforward neural
network f : RW0 → RWL is a composition of linear and
nonlinear transforms of the form

f(x) = −bL +AL ◦ ReLUbL−1
◦AL−1 ◦ . . .

◦A2 ◦ ReLUb1 ◦A1 ◦ x, x ∈ RW0 . (6)

Here, Aj ∈ RWj−1×Wj is a weight matrix and bj ∈ RWj is
a bias vector for each j ∈ {1, . . . , L}. Finally, we introduce
the class of feedforward neural networks with at most S ∈
N non-zero weights, maximum width ∥W∥∞ ∈ N, and
weight magnitudes bounded by B > 0 as follows:

NN(L,W, S,B) =

{
f as in (6) :

L∑
j=1

(
∥Aj∥0 ∨ ∥bj∥0

)
⩽ S,

max
1⩽j⩽L

{
∥Aj∥∞ ∨ ∥bj∥∞

}
⩽ B

}
.

Once we constructed ν̃T approximating ν∗T , we can con-
sider the corresponding diffusion

dX̃t = −bX̃t dt+ γ∇ log TT−t[ν̃T ](X̃t) dt+
√
γ dWt,

where X̃0 ∼ p0. We measure the quality of ν̃T with
the Kullback-Leibler divergence between the correspond-
ing endpoint marginals of X∗

T and X̃T . Let us note that, in
view of (2), it holds that

p0(x) =

∫
RD

π∗(x, y) dy

= ν∗0 (x)

∫
RD

qT (y |x) ν∗T (y) dy

= ν∗0 (x) TT [ν∗T ](x)

and then

pT (x) =

∫
RD

π∗(x, y) dx

= ν∗T (y)

∫
RD

qT (y |x) ν∗0 (x) dx

= ν∗T (y)

∫
RD

qT (y |x)
TT [ν∗T ](x)

p0(x) dx.

Similarly, the marginal density of X̃T equals to

p̃T (y) = ν̃T (y)

∫
RD

qT (y |x)
TT [ν̃T ](x)

p0(x) dx.

3
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Hence, the performance of ν̃T is measured with

KL(pT , p̃T ) =

∫
RD

log

(
ν∗T (y)

ν̃T (y)

)
pT (y) dy

+

∫
RD

log

 ∫
RD

qT (y |x)
TT [ν∗T ](x)

p0(x) dx


−
∫
RD

log

 ∫
RD

qT (y |x)
TT [ν̃T ](x)

p0(x) dx

 .

In the next section, we address the following question.

Q1: Given a precision parameter ε > 0, how
large should be the parameters L, W , S, B of
an approximating neural network to ensure that
KL(pT , p̃T ) ⩽ ε?

Besides approximation guarantees, we are interested in
non-asymptotic rates of convergence for Schrödinger po-
tential estimation. In (Puchkin et al., 2025), the authors
studied theoretical properties an empirical risk minimizer

log ν̂T ∈ argmin
ψ∈Ψ

{
− 1

n

n∑
i=1

ψ(Yi)

− 1

n

n∑
i=1

log

 ∫
RD

qT (Yi |x)
TT [eψ](x)

p0(x) dx

}, (7)

where Y1, . . . , Yn ∼ pT are i.i.d. samples and Ψ is a refer-
ence class of potentials. In particular, they proved an oracle
inequality for the excess risk of ν̂T and specified the esti-
mation error. However, they left the question of approxi-
mation out of the scope of their paper. This brings us to the
following question.

Q2: Given a training sample of size n, what are
the rates of convergence of the estimate (7)?

3. Main results
In this section, we present our main theoretical results on
approximation and estimation of the right Schrödinger log-
potential. To avoid the curse of dimensionality, we intro-
duce the following assumption on the data distribution.

without suffering from the curse of dimensionality. We be-
gin with introducing the key assumptions on the , which
exhibits an underlying low-dimensional structure.

Assumption 3.1. The data distribution Y ∼ pT is gener-
ated by the following model:

Y = GZ + σdataξ,

where σdata ∈ (0, 1) and G ∈ RD×d has orthonormal
columnsG⊤G = Id. The random elements Z ∼ µ and ξ ∼
N (0, ID) are independent, with Z ∈ Rd being centered
and sub-Gaussian with ∥Z∥ψ2

⩽ τ < +∞.

Assumption 3.1 means that the data distribution is concen-
trated near d-dimensional unknown linear subspace, where
the effective dimension d can be significantly smaller than
the ambient dimension D. Similar models were consid-
ered in recent papers on score estimation and denoising
diffusion models (Sasaki et al., 2016; Chen et al., 2023;
Oko et al., 2023). The parameter σdata > 0 measures in-
trinsic data variability. In practice, it is unlikely that data
points lie exactly on a low-dimensional subspace or a man-
ifold but they may concentrate around a low-dimensional
set. In many practical settings access to noise-free mea-
surements is either expensive or impossible, see, for in-
stance, (Daras et al., 2024). Our model therefore in-
cludes an irreducible noise and still preserves the intrinsic
low-dimensional structure of the data. In addition, the re-
quirement σdata > 0 is crucial for the stochastic optimal
control approach to generative modelling, because, accord-
ing to (Dai Pra, 1991), the marginal endpoint distribution
of the base process {X0

t : 0 ⩽ t ⩽ T} must dominate the
target density pT .

In view of Assumption 3.1, we have that the target density
admits a decomposition

log pT (y) = log p||(G
⊤y)− D − d

2
log(2πσ2

data)

− ∥(ID −GG⊤)y∥2

2σ2
data

, (8)

where the on-support density is given by

p||(u) = (2πσ2
data)

−d/2

·
∫
Rd

exp

{
−∥u− z∥2

σ2
data

}
dµ(z), u ∈ Rd. (9)

It is important to note that we impose mild conditions on
the mixing measure µ. For instance, (Chen et al., 2023) re-
quires that p||(u) must be globally Lipschitz. This yields
that the log-density Hessian ∇2 log p||(u) must have a uni-
formly bounded operator norm. Direct computations show
that

∇2 log p||(u) =
1

2Z2(u)

∫
Rd

∫
Rd

[
(z1 − z2)(z1 − z2)

⊤

·
2∏
j=1

exp

{
u⊤zj
σ2
data

− ∥zj∥2

2σ2
data

}
dµ(z1)dµ(z2)

]
, (10)

where

Z(u) =

∫
Rd

∫
Rd

2∏
j=1

exp

{
u⊤zj
σ2
data

− ∥zj∥2

2σ2
data

}
dµ(z1)dµ(z2),

4
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While the right-hand side of (10) is obviously bounded on
Rd in the case when µ is Gaussian or has a bounded sup-
port, it is not clear, whether this claim holds for a general
sub-Gaussian measure µ. For this reason, Assumption 3.1
allows us to consider a more general framework compared
to (Chen et al., 2023).

We also impose a mild assumption on the potential ν∗T as-
suming that it is bounded from above.

Assumption 3.2. There exists a positive constant M such
that log ν∗T (y) ⩽ M for all y ∈ RD. In addition, it holds
that T∞[log ν∗T ] = 0.

Note that Assumption 3.2 is consistent with the analysis of
Schrödinger potential estimation in (Puchkin et al., 2025)
and (Puchkin et al., 2026). The requirement T∞[log ν∗T ] =
0 is not restrictive at all. Let us remind a reader that the po-
tentials ν∗0 and ν∗T are defined up to multiplicative constant.
Hence, the condition T∞[log ν∗T ] = 0 should be considered
as a normalization.

We now establish that, under the assumptions formulated
above, the right Schrödinger log-potential can be approxi-
mated without the curse of dimensionality. The key obser-
vation is that the log-potential admits the following decom-
position.

Lemma 3.3 (log-potential decomposition). Assume pT
satisfies Assumption 3.1, and let p0 be the standard
Gaussian density on RD. Let ρ||(u) and q||(u |x) be
the densities of the Gaussian distributions N (0, Id) and
N (e−bTx, γσ2

T Id), where σ2
T is defined in (3), respectively.

For any measurable function f : Rd → R, introduce

T||[f ](x) =
∫
Rd

f(u)q||(u |x) du, (11)

and let ν∗|| : R
d → R be a solution of the equation

log ν∗||(u) = log p||(u)

− log

∫
Rd

q||(u |x)ρ||(x) dx
T||[ν∗||](x)

, u ∈ Rd, (12)

such that
∫
Rd log ν

∗
||(u)e

−∥u∥2/(2γσ2
∞) du = 0. Then, the

log-potential log ν∗T admits a decomposition

log ν∗T (y) = log ν∗||(G
⊤y)

− ∥(ID −GG⊤)y∥2 − γσ2
∞(D − d)

2

·
(

1

σ2
data − σ2

− 1

γσ2
T

)
,

where σ2
∞ = (2b)−1 and σ is the positive root of the

quadratic equation γσ2
Tσ = e−bT (σ2

data − σ2). Further-
more, T∞[log ν∗T ] = 0.

The proof of Lemma 3.3 is postponed to Appendix A.1.
We would like to note that ν∗|| is well-defined, since it is the
right Schrödinger potential for the marginals ρ||(x), p||(u)
and the Markov kernel q||(u |x). Importantly, Lemma 3.3
shows that the approximation of the right Schrödinger log-
potential log ν∗T can be achieved by approximating log ν∗||,
a d-dimensional function, thus avoiding the curse of di-
mensionality associated with the ambient D-dimensional
space. Nevertheless, existing approximation results from
the literature do not apply to log ν∗||. Overcoming this ob-
stacle is the main technical challenge of the present paper.
It is also worth mentioning that the restriction of log ν∗T (y)
onto the orthogonal complement of Im(G) is bounded from
above if and only if γσ2

T ⩾ σ2
data. Thus, the inequality

γσ2
T ⩾ σ2

data is a necessary condition for Assumption 3.2
to hold. It poses no problems, since a learner is free to
choose the parameters γ, b, and T .

Theorem 3.4. Grant Assumptions 3.1 and 3.2. Assume fur-
ther that bT is sufficiently large in the sense that it satisfies

bT ≳ log log(1/ε) + log(Dσ−2
data) + log log σ−2

data. (13)

Then, for every 0 < ε < A∧M||∧1, whereA ≍ σ−2
data and

M|| ≍ M +Dσ−2
data, there exists an approximation ν̃T (y)

of the right Schrödinger potential ν∗T of the form

log ν̃T (y) = log ν̃||(G
⊤y)

− ∥(ID −GG⊤)y∥2 − γσ2
∞(D − d)

2

·
(

1

σ2
data − σ2

− 1

γσ2
T

)
,

such that log ν̃|| ∈ NN(L,W,S,B) fulfils −A(1+∥z∥2) ⩽
log ν̃∗||(z) ⩽ M|| for all z ∈ Rd and the terminal density
p̃T , corresponding to ν̃T , satisfies KL(pT , p̃T ) ⩽ ε. Here
σ2
∞ = (2b)−1 and σ is the positive root of the quadratic

equation γσ2
Tσ = e−bT (σ2

data − σ2). Furthermore, the
neural network architecture satisfies

L ≲ log3(1/ε)
(
log σ−2

data + log log(Dσ−2
data)

)
,

B ≲
√

log(ε−1(Dσ−2
data)),

∥W∥∞ ∨ S ≲
(log(1/ε))3d+6

σddata
(log

D

σ2
data

))d/2+2.

The hidden constants depend solely on the parameters γ, b,
M , and d.

The proof of Theorem 3.4 is postponed to Appendix A.2.
Theorem 3.4 establishes that the right Schrödinger log-
potential log ν∗T can be approximated within the accuracy ε
in terms of the KL divergence via a quite small neural net-
work with only Õ

(
log(1/ε)

)
weights. It is a consequence

of the favourable bounds on the higher-order derivatives of

5
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the log-potential (see Lemmata 5.1 and 5.2). To the best of
our knowledge, Theorem 3.4 provides the first approxima-
tion result of such kind. A very recent paper (Belomestny
et al., 2026) considered a related problem but focused on
the approximation of pT /ν∗T in the L2(pT ) norm. Our goal
is different. We also would like to note that the condition
(13) should be considered as a condition on the product bT ,
rather than on the time horizon T . We still can take T = 1
but it will require larger values of b.

We proceed with theoretical guarantees on accuracy of esti-
mation of the potential ν∗T from n i.i.d. samples Y1, . . . , Yn
drawn according to pT . Lemma 3.3 and Theorem 3.4 sug-
gest us to use a class of neural networks of the following
form.

Definition 3.5. We denote by FNN(L,W,S,B, σmin) the
class of neural networks of the form

ψ(y) = φ(V ⊤y)− a
(
∥(ID − V V ⊤)y∥2 − γσ2

∞(D − d)
)
,

where φ ∈ NN(L,W, S,B), the matrix V ∈ RD×d has
orthonormal columns, 0 < σmin ⩽ σ < 1 for some σmin ⩽
σdata, and |a| ≲ σ−2

min ∨ (γσ2
T )

−1. We further assume that

−A(1 + ∥z∥2) ⩽ φ(z) ⩽M||, for all z ∈ Rd,

where A ≲ σ−2
min and M|| ≲ M + Dσ−2

min. Moreover, we
assume that T∞[φ] = 0.

In Definition 3.5, since σdata is unknown, we make it learn-
able and use the decomposition given by Lemma 3.3. Cru-
cially, we assume that we have an access to a lower bound
to σdata, which we denote by σmin > 0. Moreover, since
the linear subspace given byG from Assumption 3.1 is also
unknown, we introduce a learnable matrix V with orthonor-
mal columns. Finally, we emphasize that the log-potential
ψ satisfies the normalization constraint T∞[ψ] = 0. We
now formulate our main result on the estimation of the
Schrödinger potential.

Theorem 3.6. Assume conditions of Theorem 3.4 hold. Let
log ν̂T be an empirical risk minimizer (7) over the class
Ψ = FNN (see Definition 3.5) with the parameters

L ≲ log3 n
(
log σ−2

min + log log(Dσ−2
min)

)
,

B ≲
√

log(n(Dσ−2
min)),

∥W∥∞ ∨ S ≲ (log n)3d+6σ−d
min(log(Dσ

−2
min))

d/2+2.

Assume further that bT ≳ log logn+ log(Dσ−2
min). Let p̂T

be the density associated with the estimate ν̂T . Then, for
every δ ∈ (0, 1/2), with probability at least (1 − 2δ), it
follows that

KL(pT , p̂T ) ≲
D2L(n,D, σmin) log(1/δ)

nσdmin

,

where

L(n,D, σmin) = (log n)3d+16(log(Dσ−2
min))

d/2+5.

Here, the hidden constants depend on γ, b, M , and d only.

The proof of Theorem 3.6 is moved to Appendix A.3. Let
us elaborate on comparison of Theorem 3.6 with relevant
results in the existing literature. By a straightforward appli-
cation of the Girsanov theorem, Theorem 2 in (Chen et al.,
2023) yields that

EKL(pT−t0 , p̂T−t0)

= Õ
(

1

t0

(
n−

2
d+5 +Dn−

d+3
d+5

))
, (14)

where t0 is a stopping time. By contrast, Theorem 3.6 sig-
nificantly improves the dependence on the sample size. The
underlying reason is the approximation theory developed
in Theorem 3.4. Our construction guarantees that the num-
ber of non-zero parameters scales polylogarithmically with
ε−1, thereby enabling the faster convergence rate in the
sample size. While the results of (Yakovlev and Puchkin,
2025) extend beyond linear subspace assumption of (Chen
et al., 2023), their bound with the smoothness parameter
β ≍ log n does not recover the Õ(n−1) convergence rate.
This is due to the fact that the dependence on the ambient
dimension D is worse than in Theorem 3.6. Moreover, the
bounds (14) and those of (Yakovlev and Puchkin, 2025)
explode as t0 → 0. The same issue appears in the anal-
ysis of diffusion and flow-based generative models (Oko
et al., 2023; Yakovlev and Puchkin, 2025; Fukumizu et al.,
2025), even when the target distribution is absolutely con-
tinuous. On the other hand, the bound established in Theo-
rem 3.6 circumvents this limitation and eliminates the need
for stopping time t0. The dependence on the noise level
appears only through σ2

min, which plays a role analogous
to t0.

Notably, (Pooladian and Niles-Weed, 2025) obtained that
expected squared total variation distance between the path
measures, corresponding to {X∗

t : 0 ⩽ t ⩽ T} and the
process with the estimated drift {X̂t : 0 ⩽ t ⩽ T}, scales
as O(n−1/2 + n−1(1− τ)−k−2), where 1− τ denotes the
stopping time and k represents the dimension of the man-
ifold supporting the target distribution. Our Theorem 3.6
correctly captures the dependence on σmin through the ef-
fective dimension d. Notably, unlike (Pooladian and Niles-
Weed, 2025), our result avoids the slow n−1/2 convergence
rate, achieving improved statistical efficiency.

The above findings indicate possible gaps in theoretical
guarantees for generative diffusion models and flow-based
models. We suppose that these problems are primarily re-
lated to the properties of the corresponding loss functions
(in denoising score matching and flow matching), which

6
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blow up as t0 approaches zero, rather than to the prop-
erties of the score function and the velocity field, which
may remain bounded. We emphasize that this comparison
does not imply that the approaches, relying on construc-
tion of Schrödinger bridges or stochastic optimal control,
inherently outperform diffusion- and flow-based methods.
Our analysis focuses solely on upper bounds, while lower
bounds remain an open question in this context.

4. Extensions and future directions
In view of (8), the target density pT can be represented as a
product of two probability densities on orthogonal spaces.
Such a model is quite popular in statistics in the context
of non-Gaussian component analysis and linear dimension
reduction (see, for instance, (Blanchard et al., 2006) and
the references therein). It has a natural extension when pT
is represented as a product of J ⩾ 2 components:

pT (y) =
J∏
j=1

p
(j)
T (Sjy), y ∈ RD, (15)

where the matrices Sj ∈ Rdj×D, j ∈ {1, . . . , J}, d1 +
. . . + dJ = D, are such that SjS⊤

j = Idj , for every 1 ⩽
j ⩽ J , and SjS⊤

k = 0 for all j ̸= k, and, for each j ∈
{1, . . . , J}, p(j)T is a probability density on Rdj . In this
case, it is also possible to approximate and estimate the
Schrödinger potential ν∗T , because it is also factorizable.
We provide the corresponding result below.

Lemma 4.1. Assume that pT admits a decomposition
(15), and let p0 be the density of N (0, ID). For
each j ∈ {1, . . . , J}, let ρ(j)(ỹj) and q

(j)
T (ỹj | x̃j)

denote the densities of the Gaussian distributions
N (0, Idj ) and N (e−bT x̃j , γσ

2
T Idj ), respectively. Let

(ν
(j)
0 , ν

(j)
T ) be the Schrödinger potentials of the cor-

responding sub-problem on Rdj with initial density
ρ(j), target density p

(j)
T , and transition kernel q(j)T . Then

the Schrödinger log-potentials admit the decompositions

log ν∗0 (x) =

J∑
j=1

log ν
(j)
0 (Sjx), x ∈ RD,

log ν∗T (y) =

J∑
j=1

log ν
(j)
T (Sjy), y ∈ RD.

The proof of Lemma 4.1 is postponed to Appendix B. Fur-
ther extensions of Assumption 3.1 can include situation
when the support of the mixing measure µ is a union of
affine spaces (Chakraborty and Nguyen, 2026) or nonlin-
ear (Yakovlev and Puchkin, 2025). The nonlinear model
with low intrinsic dimension has a practical impact, be-
cause real-world data sets often exhibit nonlinear under-
lying structures (Brown et al., 2023).

5. Proof Insights
In this section, we provide some intuition behind the proofs
of our main results, Theorems 3.4 and 3.6. Lemma 3.3 es-
sentially reduces the problem to approximation and estima-
tion of the on-support log-potential log ν∗|| defined in (12).
We rely on a well-known result of (Schmidt-Hieber, 2020)
(Lemma A.5) to approximate the summands in the right-
hand side of (12) via feedforward neural networks with
ReLU activations. However, the most challenging and the
most technical part of the proof is to provide sharp bounds
on ∥ · ∥∞-norms of higher-order derivatives of

log p||(u) and log

∫
Rd

q||(u |x)ρ||(x) dx
T||[ν∗||](x)

.

We provide the corresponding results below and believe
that they could be of independent interest.

Lemma 5.1. Assume that the target distribution pT satis-
fies Assumption 3.1, and let p|| be the on-support density
defined in (9). Then, for every integer k ⩾ 2 and every
u ∈ Rd, ∥∥∥∥∇k

(
log p||(u) +

∥u∥2

2σ2
data

)∥∥∥∥
∞

⩽

(
36(∥u∥+ 2τ

√
d+ σdata)

√
C

σ2
data

)k
k!,

where C ⩾ 1 is an absolute constant.

Lemma 5.2. Let ρ|| and q||(· |x) be the densities of
N (0, Id) and N (e−bTx, γσ2

T Id), respectively. Let ν|| :

Rd → R satisfy T∞[log ν||] = 0 and log ν|| ⩽ M||, and
assume that bT obeys

8e2−bT ⩽ γσ2
T

√
d and 14e2

√
d e−bT/2 ⩽ log 2. (16)

Then, for every integer k ⩾ 3 and every y ∈ Rd,∥∥∥∥∥∥∇k log

∫
Rd

q||(y |x)ρ||(x) dx
T||[ν||](x)

∥∥∥∥∥∥
∞

⩽

(
3 · 22+d/2 e−bT

√
C

γσ2
T

)k

· exp
{
k(2M|| + 3) +

k e−2bT ∥y∥2

2(γσ2
T )

2

}
k!,

where T|| is defined in (11) and C ⩾ 1 is an absolute con-
stant.

The proofs of Lemmata 5.1 and 5.2 are moved to Appen-
dices C.1 and C.2, respectively. The main obstacle is that
the density ρ||(x) as well as the mixing measure µ have

7
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unbounded supports. This makes the proof significantly
more complicated compared to, for instance, (Yakovlev and
Puchkin, 2025) (Lemma 4.1). In the proofs of Lemmata 5.1
and 5.2, we derive explicit expressions for the k-th order
derivatives and reduce the problem to upper bounds on the
expectations of homogeneous shift-invariant polynomials
of sub-Gaussian random variables of degree k (see Lemma
D.2). The proof of Lemma 5.1 significantly exploits the fol-
lowing fact from probability theory, which, to our knowl-
edge, was not presented in the literature before.

Lemma 5.3. Let X and Y be independent random vec-
tors such that X ∼ N (0, σ2Id), σ > 0, and EY = 0 and
E∥Y ∥2 ⩽ dτ2. Set S = X + Y . Then, for any s ∈ Rd, the
conditional distribution ofX given S = s is sub-Gaussian.
Moreover, its conditional ψ2-norm and the conditional ex-
pectation µ(s) := E[X | S = s] satisfy the inequalities

∥X − µ(s)∥ψ2(·|S=s) ⩽ 6R+ 6σ

and
∥µ(s)∥ ⩽ 3R+ 3σ,

where R = ∥s∥+ 2τ
√
d.

We provide the proof of Lemma 5.3 in Appendix 5.3. No-
tably, the random vector Y in Lemma 5.3 is not necessarily
sub-Gaussian, it should just have a finite second moment.

Lemmata 5.1, 5.2, and 5.3 are the main ingredients of the
proof of Theorem 3.4. Once we quantified the complexity
of Schrödinger potential approximation, the proof of Theo-
rem 3.6 is not very hard. It just requires to carefully check
that all the conditions of Theorem 1 from (Puchkin et al.,
2025) are satisfied and combine this results with Theorem
3.4.
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A. Proofs of the results from Section 3
A.1. Proof of Lemma 3.3

First, observe that the density of XT satisfies

pT (y) +
D

2
log(2πσ2

data) = −∥(ID −GG⊤)y∥2

2σ2
data

+ log

∫
Rd

exp

(
−∥G⊤y − u∥2

2σ2
data

)
dµ(u).

We now show that the Ornstein-Uhlenbeck operator also admits a similar decomposition. Let G⊥ ∈ RD×(D−d) be
the matrix that completes G to an orthonormal basis of RD. Let us find the log-potential in the form log ν∗T (y) =
log ν∗||(G

⊤y) + log ν∗⊥(G
⊤
⊥y). Then, it holds that

TT [ν∗T ](x) = Eξ∼N (e−bT x,σ2
T γID)[ν

∗
||(G||ξ)ν

∗
⊥(G⊥y)] = Eξ[ν∗||(G||ξ)] · Eξ[ν∗⊥(G⊥ξ)],

where we used the fact that G⊤ξ and G⊤
⊥ξ are independent. Consequently, defining

T||[ν||](u) = Eξ∼N (e−bTu,σ2
T γId)

[ν||(ξ)], u ∈ Rd,

T⊥[ν⊥](v) = Eξ∼N (e−bT v,σ2
T γID−d)[ν⊥(ξ)], v ∈ RD−d,

we conclude that

TT [ν∗T ](x) = T||[ν∗||](G
⊤x) · T⊥[ν∗⊥](G⊤

⊥x).

We now define transition densities

log q||(u
′ |u) = −d

2
log(2πγσ2

T )−
∥u′ − e−bTu∥2

2γσ2
T

, u′, u ∈ Rd,

log q⊥(v
′ | v) = −D − d

2
log(2πγσ2

T )−
∥v′ − e−bT v∥2

2γσ2
T

, v′, v ∈ RD−d.

Let us also define the standard Normal density in Rd and RD−d as p|| and p⊥ respectively. Thus, it follows that

log

∫
RD

qT (y |x)p0(x) dx
TT [ν∗T ](x)

= log

∫
Rd

q||(G
⊤y |x)p||(x) dx
T||[ν∗||](x)

+ log

∫
RD−d

q⊥(G
⊤
⊥y |x)p⊥(x) dx
T⊥[ν∗⊥](x)

.

Therefore, we conclude that the potentials ν∗|| and ν∗⊥ can be found from the corresponding Schrödinger systems:

log ν∗||(z) = −d
2
log(2πσ2

data) + log

∫
Rd

exp

(
−∥z − u∥2

2σ2
data

)
dµ(u)− log

∫
Rd

q||(z |x)p||(x) dx
T||[ν∗||](x)

,

log ν∗⊥(v) = −D − d

2
log(2πσ2

data)−
∥v∥2

2σ2
data

− log

∫
RD−d

q⊥(v |x)p⊥(x) dx
T⊥[ν∗⊥](x)

.

Here, z ∈ Rd and v ∈ RD−d. Note that ν∗⊥ solves the Schrödinger problem between two Gaussian distributions
N (0, ID−d) and N (0, σ2

dataID−d). This problem has a closed-form solution, which we formalize in the following lemma.

Lemma A.1. Let the base process be given by (1) Let also p0 = N (0, ID) and pT = N (µT , σ
2
dataID) for some µT ∈ RD

and σdata ∈ [0, 1). Then, the coupling between X∗
0 and X∗

T in the optimally controlled process has the form(
X∗

0

X∗
T

)
∼ N

((
0
µT

)
,

(
ID σID
σID σ2

dataID

))
,

σ

σdata
=

−1 +
√
1 + 4C2

2C
, C =

σdatae
−bT

γσ2
T

.

In addition, for all x, y ∈ RD, the Schrödinger potentials are given by

log ν∗T (y) = −∥y∥2

2

(
1

σ2
data − σ2

− 1

γσ2
T

)
+

y⊤µT
σ2
data − σ2

11
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On approximation and estimation of Schrödinger potentials without the curse of dimensionality

and

log ν∗0 (x) = −∥x∥2

2

(
σ2
data − e−bTσ

σ2
data − σ2

)
− x⊤µT σ

σ2
data − σ2

− ∥µT ∥2

2(σ2
data − σ2)

− D

2
log

(
2π(σ2

data − σ2)

γσ2
T

)
.

The proof of Lemma A.1 is postponed to Appendix A.4. Therefore, applying Lemma A.1, we obtain the explicit form of
log ν∗⊥:

log ν∗⊥(v) = −∥v∥2 − γσ2
∞(D − d)

2

(
1

σ2
data − σ2

− 1

γσ2
T

)
.

This log-potential satisfies the normalization condition T∞[log ν∗⊥] = 0. Finally, we observe that ∥G⊤
⊥y∥2 = ∥(ID −

GG⊤)y∥2, for all y ∈ RD. The proof is now complete.

□

A.2. Proof of Theorem 3.4

Lemma D.1 together with condition (13) implies that, for all z ∈ Rd,

−A(1 + ∥z∥2) ⩽ log ν∗||(z) ⩽M||, A ≲ σ−2
data, M|| ≲M +Dσ−2

data. (17)

Furthermore, Lemma D.1 claims that T∞[log ν∗||] = 0. Next, we approximate the right log-potential on a compact. This is
established by the following lemma.

Lemma A.2. Grant the assumptions of Theorem 3.4. Fix an arbitrary R ⩾ e and assume that

bT ≳M|| + logR, (18)

where M|| is given by (17). Then, for any ε ∈ (0, 1), there exists a ReLU-neural network f̃ ∈ NN(L,W, S,B) such that

(i) ∥f̃ − log ν∗||∥L∞([−R,R]d)) ⩽ ε, (19)

(ii) min
u∈[−R,R]d

log ν∗||(u)− ε ⩽ f̃(x) ⩽M|| + ε, for all x ∈ Rd.

Furthermore, we have that

L ≲ log2(1/ε) log(σ−2
dataR), B ≲ R,

∥W∥∞ ∨ S ≲ (log(1/ε))5d/2+5(Rσ−1
data)

d log(σ−2
dataR).

The proof of Lemma A.2 is deferred to Appendix A.5. In what follows, we assume that ε ⩽ M|| ∧ A, which implies that
the approximation log ν̃|| from Lemma A.2 satisfies

−A · d∥x∥2 − 2A ⩽ log ν̃||(x) ⩽ 2M||, for all x ∈ Rd.

Next, observe that

KL(pT , p̃T ) ⩽
∫
RD

pT (y) |log ν∗T (y)− log ν̃T (y)| dy

+

∫
RD

pT (y)

∣∣∣∣∣∣log
∫
RD

qT (y |x)p0(x) dx
T||[ν∗T ](x)

− log

∫
RD

qT (y |x)p0(x) dx
T||[ν̃T ](x)

∣∣∣∣∣∣ dy.
12
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On approximation and estimation of Schrödinger potentials without the curse of dimensionality

In view of Lemma 3.3, we have that

KL(pT , p̃T ) ⩽
∫
Rd

p||(z)
∣∣∣log ν∗||(z)− log ν̃||(z)

∣∣∣ dz
+

∫
Rd

p||(z)

∣∣∣∣∣∣log
∫
Rd

q||(z |u)p||(u) du
T||[ν∗||](u)

− log

∫
Rd

q||(z |u)p||(u) du
T||[ν̃||](u)

∣∣∣∣∣∣ dz.
To bound the second term in the above bound, we need to formulate the following helper lemma.

Lemma A.3 ((Puchkin et al., 2025), Lemma B.2, adapted). Consider arbitrary functions f0, f1 : Rd → R such that
T∞[f0] = T∞[f1] = 0. Assume that there exist constants M ∈ R, A ⩾ 0, and B ⩾ M ∨ 0 such that, for all x ∈ Rd and
i ∈ {0, 1},

−A∥x∥2 −B ⩽ fi(x) ⩽M.

Assume further that bT ≳ 1. Then, for all y ∈ Rd, it follows that∣∣∣∣∣∣log
∫
Rd

qT (y |x)p0(x) dx
TT [ef0 ](x)

− log

∫
Rd

qT (y |x)p0(x) dx
TT [ef1 ](x)

∣∣∣∣∣∣ ≲ (T∞[|f1 − f0|])1/K(T )

·
(
d2 + ∥y∥2

)1−1/K(T )
exp

{
O(d+ (M log(A ∨B))

√
de−bT + e−bT (1 + ∥y∥2))

}
.

Here, the hidden constant behind O(·) depends on γ and b only, and K(T ) is given by (36).

Applying Lemma A.3 and using the bound (43), we obtain

KL(pT , p̃T ) ≲ ∥ log ν∗|| − log ν̃||∥L1(p||) +
(
T∞[| log ν∗|| − log ν̃|||]

)1/K(T )

· exp
{
O(d+ (M|| log(A · d ∨B))

√
de−bT )

}
E
[
(d+ ∥ξ∥) exp{O(e−bT (1 + ∥ξ∥2))}

]
,

where ξ has density p||. Since the distribution of ξ coincides with the distribution of the convolution η + σdataζ, where
η ∼ µ and ζ ∼ N (0, Id) are independent, we deduce that ∥∥ξ∥2∥ψ1 ≲ d. Therefore, applying the Hölder inequality and
(Vershynin, 2018, Proposition 2.7.1), we arrive at

KL(pT , p̃T ) ≲ ∥ log ν∗|| − log ν̃||∥L1(p||) +
(
T∞[| log ν∗|| − log ν̃|||]

)1/K(T )

· exp
{
O(d+ (M|| log(A · d ∨B))

√
de−bT )

}√
d exp{O(d2e−2bT )}.

Thus, using condition (13), we deduce that

KL(pT , p̃T ) ≲ ∥ log ν∗|| − log ν̃||∥L1(p||) +
(
T∞[| log ν∗|| − log ν̃|||]

)1/K(T )

exp{O(d)}.

Using condition (17), we have that, for any R > 0,

∥ log ν∗|| − log ν̃||∥L1(p||) ≲ ∥ log ν∗|| − log ν̃||∥L∞(B(0,R)) +
√
(M|| +A · d+B)P(∥ξ∥ ⩾ R).

Applying the Gaussian concentration bound (Rigollet and Hütter, 2023, Theorem 1.19), we deduce that setting

R ≍
√
d log(ε−1(M|| +A · d+B))

yields

∥ log ν∗|| − log ν̃||∥L1(p||) ≲ ∥ log ν∗|| − log ν̃||∥L∞(B(0,R)) + ε ≲ ε,

13
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On approximation and estimation of Schrödinger potentials without the curse of dimensionality

where the last inequality uses Lemma A.2. Similarly, we have that

T∞[| log ν∗|| − log ν̃|||] ≲ ∥ log ν∗|| − log ν̃||∥L∞(B(0,R)) + ε ≲ ε.

In view of the bound (43) and condition (13), we have that

1− 1/K(T ) ⩽ 1− exp(−14e2
√
de−bT ) ⩽ 14e2

√
de−bT ≲

1

log(1/ε)
.

Hence, for any a ∈ (0, ε], we have a1/K(T ) ≲ a, and therefore

KL(pT , p̃T ) ≲ ε.

Finally, Lemma A.2 suggests that the architecture of log ν̃|| ∈ NN(L,W,S,B) with

L ≲ log3(1/ε)
(
log σ−2

data + log log(M|| +A+B)
)
, B ≲

√
log(ε−1(M|| +A+B)),

∥W∥∞ ∨ S ≲ (log(1/ε))3d+6σ−d
data(log(M|| +A+B))d/2+1 log σ−2

data.

By substituting the bounds for A and M|| as specified in (17), we derive

L ≲ log3(1/ε)
(
log σ−2

data + log log(M +Dσ−2
data)

)
, B ≲

√
log(ε−1(M +Dσ−2

data)),

∥W∥∞ ∨ S ≲ (log(1/ε))3d+6σ−d
data(log(M +Dσ−2

data))
d/2+1 log σ−2

data.

By appropriately rescaling ε with an absolute constant, we complete the proof.

□

A.3. Proof of Theorem 3.6

Step 1: proximity of log-potential estimates. Fix an arbitrary y ∈ RD. Consider ψ(1), ψ(2) ∈ FNN(L,W, S,B) of the
form

ψ(j)(y) = φ(j)(V ⊤
(j)y)− a(j)

(
∥(ID − V(j)V

⊤
(j))y∥

2 − γσ2
∞(D − d)

)
, (20)

where j ∈ {1, 2}. Let {A(j)
l , b

(j)
l }Ll=1 be the corresponding weight matrices and biases of φ(j) for each j ∈ {1, 2}. Then,

it follows that

|ψ(1)(y)− ψ(2)(y)| ≲ |φ(1)(V ⊤
(1)y)− φ(2)(V ⊤

(2)y)|

+ |a(1) − a(2)|
(
∥(ID − V(1)V

⊤
(1))y∥

2 +D
)

(21)

+ σ−2
min

∣∣∣∥(ID − V(1)V
⊤
(1))y∥

2 − ∥(ID − V(2)V
⊤
(2))y∥

2
∣∣∣ .

We now analyze each term individually. Let us denote

ε = max
1⩽l⩽L

(∥A(1)
l −A

(2)
l ∥∞ ∨ ∥b(1)l − b

(2)
l ∥).

Proceeding as in the proof of Lemma 5 in (Schmidt-Hieber, 2020), we obtain

|φ(1)(V ⊤
(1)y)− φ(2)(V ⊤

(2)y)|

=

∣∣∣∣φ(1)

(
(∥y∥∞ + 1)V ⊤

(1)

y

∥y∥∞ + 1

)
− φ(2)

(
(∥y∥∞ + 1)V ⊤

(2)

y

∥y∥∞ + 1

)∣∣∣∣
⩽ (∥W∥∞ + 1)L+2(L+ 1)(∥y∥∞ + 1)

(
ε+ ∥A(1)

1 V ⊤
(1) −A

(2)
1 V ⊤

(2)∥∞
)

14
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On approximation and estimation of Schrödinger potentials without the curse of dimensionality

Next, we note that ∥V(1)∥∞ ∨ ∥V(2)∥∞ ⩽ 1 and, therefore,

∥A(1)
1 V ⊤

(1) −A
(2)
1 V ⊤

(2)∥∞ ⩽ d∥A(1)
1 −A

(2)
1 ∥∞∥V(1)∥∞ + d∥A(2)

1 ∥∞∥V(1) − V(2)∥∞
⩽ d(ε+B∥V(1) − V(2)∥∞).

This immediately yields that

|φ(1)(V ⊤
(1)y)− φ(2)(V ⊤

(2)y)|

⩽ (d+ 1)(∥W∥∞ + 1)L+2(L+ 1)(B + 1)(∥y∥+ 1)(ε+ ∥V(1) − V(2)∥∞).

Next, we deduce that

|a(1) − a(2)|
(
∥(ID − V(1)V

⊤
(1))y∥

2 +D
)
≲ D(1 + ∥y∥2)|a(1) − a(2)|.

Put V (j)
⊥ = ID − V(j)V

⊤
(j). Then have that

|∥V (1)
⊥ y∥2 − ∥V (2)

⊥ y∥2| ⩽ ∥V (1)
⊥ − V

(2)
⊥ ∥ · ∥y∥(∥V (1)

⊥ y∥+ ∥V (2)
⊥ y∥) ⩽ 2∥V (1)

⊥ − V
(2)
⊥ ∥ · ∥y∥2,

where the last inequality uses the fact that ∥V (j)
⊥ ∥ ⩽ 1 for all j ∈ {1, 2}. Therefore, using the fact that ∥V (1)

⊥ − V
(2)
⊥ ∥ ≲

D∥V(1) − V(2)∥∞, we conclude that

|ψ(1)(y)− ψ(2)(y)| ≲ (∥W∥∞ + 1)L+2(L+ 1)(B + 1)(ε+ ∥V(1) − V(2)∥∞)(1 + ∥y∥2)
+D(1 + ∥y∥2)|a(1) − a(2)|+ σ−2

minD(1 + ∥y∥2)∥V(1) − V2∥∞. (22)

Recall from Lemma 3.3 that

σ

σdata
=

−1 +
√
1 + 4C2

2C
, C =

σdatae
−bT

γσ2
T

.

Since bT ≳ 1, we can assume that C ⩽ 1. Consequently, by the mean value theorem, we have that

σ2
data − σ2 = σ2

data

√
1 + 4C2 − 1

2C2
= σ2

data

4C2

4C2
√
1 + 4C2θ

⩾
σ2
data√
5
,

where θ ∈ (0, 1). Hence, we obtain∣∣∣∣( 1

σ2
data − σ2

− 1

γσ2
T

)∣∣∣∣ ≲ σ−2
data ∨ (γσ2

T )
−1 ⩽ σ−2

min ∨ (γσ2
T )

−1.

This observation, combined with Lemma 3.3, demonstrates that for any precision parameter ϵ, the approximation con-
structed in Theorem 3.4 belongs to the class of log-potential estimators defined in Definition 3.5 for appropriately chosen
neural network parameters L, ∥W∥∞, S, and B.

Deriving the final bound. We now apply the following generalization error bound result.
Lemma A.4 ((Puchkin et al., 2025), Theorem 1, adapted). Grant assumptions of Theorem 3.6. Let bT ≳ log σ−2

data. Assume
that there exist J > 0 such that, for every ψ(1), ψ(2) ∈ FNN of the form (20) and every y ∈ RD, it holds that

|ψ(1)(y)− ψ(2)(y)| ⩽ J(1 + ∥y∥)2

· max
1⩽l⩽L

(∥A(1)
l −A

(2)
l ∥∞ ∨ ∥b(1)l − b

(2)
l ∥∞) ∨ ∥V(1) − V(2)∥∞ ∨ |σ(1) − σ(2)|.

Then, for every δ ∈ (0, 1/2), with probability at least (1− 2δ), it follows that

KL(pT , p̂T )− inf
ψ∈FNN(L,W,S,B)

KL(pT , p
ψ
T ) ≲

√
Υ(n, δ) inf

ψ∈FNN(L,W,S,B)
KL(pT , p

ψ
T ) + Υ(n, δ),

where

Υ(n, δ) ≲ D2

(
log

Jn

δ
+ (M|| +Dσ−2

min +A)
√
De−bT

)
SL log(L(∥W∥∞ + 1)B) log n

n
.
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The proof of Lemma A.4 is a slight adaptation of the proof of Theorem 1 in (Puchkin et al., 2025). In that work step
6 establishes a uniform large–deviation bound that controls the difference between the empirical KL divergence and its
population counterpart uniformly over the parameter class. Since an empirical risk minimizer is selected over the class of
neural networks with at most S non-zero weights, we apply a union bound and observe that there are at most

S∑
s=0

(
L∥W∥∞(∥W∥∞ + 1)

s

)
⩽ (S + 1)LS(∥W∥∞ + 1)2S

ways to pick a sparsity pattern with at most S non-zero weights. In view of (22), we have that

log J ≲ L log(L(∥W∥∞ + 1)(B + 1)Dσ−2
min).

Applying Lemma A.4 together with the Young inequality, we obtain that, with probability at least (1− 2δ),

KL(pT , p̂T ) ≲ inf
ψ∈FNN(L,W,S,B)

KL(pT , p
ψ
T )

+
D2SL2 log2(L(∥W∥∞ + 1)(B + 1)) log2 n log(1/δ)

n
.

Applying Theorem 3.4 for some 0 < ε < A ∧M|| ∧ 1, which will be determined later in the proof, we deduce that

KL(pT , p̂T ) ≲ ε+
D2σ−d

min(log(1/ε))
3d+14(log(M +Dσ−2

min))
d/2+5 log2 n log(1/δ)

n
,

with probability at least (1− 2δ). Here, we put σmin instead of σdata into the architecture given by Theorem 3.4 to ensure
that the approximation log ν̃T belongs to the class FNN(L,W, S,B). Therefore, setting ε = (A ∧M|| ∧ 1)/n implies that,
with probability at least (1− 2δ),

KL(pT , p̂T ) ≲
D2σ−d

min(log n)
3d+16(log(M +Dσ−2

min))
d/2+5 log(1/δ)

n
.

Finally, from Theorem 3.4 we find that the architecture satisfies

L ≲ log3 n
(
log σ−2

min + log log(M +Dσ−2
min)

)
, B ≲

√
log(n(M +Dσ−2

min)),

∥W∥∞ ∨ S ≲ (log n)3d+6σ−d
min(log(M +Dσ−2

min))
d/2+2.

Furthermore, we have that bT ≳ log logn+ log(M +Dσ−2
min). The proof is finished.

□

A.4. Proof of Lemma A.1

Let π∗ be the joint density of (X∗
0 , X

∗
T ). Then, according to (Léonard, 2013) and (3), we have that, for all x, y ∈ RD,

log π∗(x, y) = log ν∗0 (x) + log qT (y |x) + log ν∗T (y)

= log ν∗0 (x)−
D

2
log(2πγσ2

T )−
∥y − e−bTx∥2

2γσ2
T

+ log ν∗T (y). (23)

Let us verify that the form of the coupling described in claim of the proposition has the above form. From now on, assume
that 0 < σ < σdata. Then, taking into account that

det

(
ID σID
σID σ2

dataID

)
= det

((
1 σ
σ σ2

data

)
⊗ ID

)
= (σ2

data − σ2)D,

we deduce that

log π∗(x, y) = −D log(2π)− D

2
log(σ2

data − σ2)− 1

2

(
x

y − µT

)⊤(
ID σID
σID σ2

dataID

)−1(
x

y − µT

)
.
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Applying the Schur complement argument, we obtain that

log π∗(x, y) = −D log(2π)− D

2
log(σ2

data − σ2)− 1

2
∥x∥2

(
1− σ2

σ2
data

)−1

+ x⊤(y − µT )

(
1− σ2

σ2
data

)−1
σ

σ2
data

− 1

2
∥y − µT ∥2

(
σ−2
data +

σ2

σ4
data

(
1− σ2

σ2
data

)−1
)
. (24)

Therefore, it suffices to take σ such that the terms with x⊤y coincide. Specifically, let(
1− σ2

σ2
data

)−1
σ

σ2
data

=
e−bT

γσ2
T

. (25)

Solving this quadratic equation, we conclude that

σ

σdata
=

−1 +
√
1 + 4C2

2C
.

Note that 0 < σ < σdata and, therefore, the first claim follows. In view of (23) and (24), we have that the right Schrödinger
potential is proportional to (up to additive constant)

log ν∗T (y) = log π∗(x, y)− log qT (y |x)− log ν∗0 (x) ∝ −∥y∥2

2

(
1

σ2
data − σ2

− 1

γσ2
T

)
+

y⊤µT
σ2
data − σ2

.

Therefore, we can choose ν∗T as shown on the right hand side of the above expression, and the second claim follows. Then,
the left Schrödinger potential is expressed as

log ν∗0 (x) = −∥x∥2

2

(
σ2
data

σ2
data − σ2

− e−2bT

γσ2
T

)
− x⊤µT σ

σ2
data − σ2

− ∥µT ∥2

2(σ2
data − σ2)

− D

2
log

(
2π(σ2

data − σ2)

γσ2
T

)
.

Consequently, using (25), we obtain

log ν∗0 (x) = −∥x∥2

2

(
σ2
data − e−bTσ

σ2
data − σ2

)
− x⊤µT σ

σ2
data − σ2

− ∥µT ∥2

2(σ2
data − σ2)

− D

2
log

(
2π(σ2

data − σ2)

γσ2
T

)
.

This completes the proof.

□

A.5. Proof of Lemma A.2

Recall that, by Lemma 3.3, the actual log-potential decomposes as

log ν∗||(u) = log p||(u) +
∥u∥2

2σ2
data

− log

∫
Rd

exp

(
e−bTu⊤x

γσ2
T

− e−2bT ∥x∥2

2γσ2
T

)
p0(x) dx

TT [ν∗||](x)
− d

2
log(2πγσ2

T ).

Consequently, it suffices to approximate the log-density term (including the quadratic component) and the log-integral term
separately.

Step 1: log-density approximation. Now we aim to approximate

f1(u) = log p||(u) +
∥u∥2

2σ2
data

on a compact set [−R,R]d. Our proof is based on the fundamental result on approximation capabilities of ReLU-neural
networks given below.
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On approximation and estimation of Schrödinger potentials without the curse of dimensionality

Lemma A.5 ((Schmidt-Hieber, 2020), Theorem 5, adapted). For any function f ∈ Hβ([0, 1]d, H) and any integers m and
N ⩾ (β ∨ 1)d ∨ (H + 1)ed, there exists f̃ ∈ NN(L,W, S, 1) with

L ≲ m log(d+ β), S ≲ (d+ β + 1)d+3Nm, ∥W∥∞ ≲ (d+ β)N,

such that

∥f̃ − f∥L∞([0,1]d) ≲ (H + 1)(d2 + β2)6dN2−m +H 3βN−β/d.

Let β ∈ N will be specified later in the proof. Note that, for any f ∈ Hβ(Ω, H),

∑
|k|<β

∥∂kf∥L∞(Ω) +
∑

k=⌊β⌋

sup
x̸=y

|∂kf(x)− ∂kf(y)|
∥x− y∥β−⌊β⌋

∞

⩽ max
|k|<β

∥∂kf∥L∞(Ω)|{k : |k| < β}|+
√
d max
|k|=β

∥∂kf∥L∞(Ω)|{k : |k| = β − 1}|

⩽ 2
√
d max
|k|⩽β

∥∂kf∥L∞(Ω)

(
d+ β − 1

d

)
.

Furthermore, we observe that, for any R > 0 and f ∈ Hβ([−R,R]d, H), it follows that x 7→ f(−R + 2Rx) ∈
Hβ([0, 1]d, 2β(R ∨ 1)βH). By Lemma 5.1, we have that

max
|k|⩽β

∥∂kf1∥L∞([−R,R]d) ⩽ 2

(
24

√
Cβ(

√
dR+ 2

√
d+ σdata)

σ2
data

)β
β!,

where C ⩾ 1 is an absolute constant. Using the bound(
d+ β − 1

d

)
⩽ (d+ β − 1)d ≲ βd, (26)

we deduce that f1 ∈ Hβ([−R,R]d,R,H(1)) with

H(1) ≲ βd
(
24σ−2

data

√
Cβd(R+ 3)

)β
β!.

Applying Lemma A.5, we obtain that there exists f̃1 ∈ NN(L(1),W (1), S(1), 2R) such that

∥f̃1 − f1∥L∞([−R,R]d) ≲ Rββd+2(N2−m + 3βN−β/d)
(
24σ−2

data

√
Cβd(R+ 3)

)β
β!.

Applying the Stirling approximation and setting m such that N2−m = 3βN−β/d, we arrive at

∥f̃1 − f1∥L∞([−R,R]d) ≲ βd+2

(
72σ−2

data

√
Cdβ3/2R(R+ 3)

e ·N1/d

)β
.

Consequently, setting β ≍ log(1/ε) and

N =
(
72σ−2

data

√
Cdβ3/2R(R+ 3)

)d
+ (β ∨ 1)d ∨ (H(1) + 1)ed

≍
(
σ−2
dataR

2
)d

(log(1/ε))
3d/2

,

we deduce that ∥f̃1 − f1∥L∞([−R,R]d) ≲ ε. In addition, we have that

m ≍ log(N1+β/d3−β) ≲ (1 + β) logN ≲ log(1/ε) log(σ−2
dataR log(1/ε)).

18



990
991
992
993
994
995
996
997
998
999
1000
1001
1002
1003
1004
1005
1006
1007
1008
1009
1010
1011
1012
1013
1014
1015
1016
1017
1018
1019
1020
1021
1022
1023
1024
1025
1026
1027
1028
1029
1030
1031
1032
1033
1034
1035
1036
1037
1038
1039
1040
1041
1042
1043
1044

On approximation and estimation of Schrödinger potentials without the curse of dimensionality

Therefore, by Lemma A.5, the architecture satisfies

L(1) ≲ log2(1/ε) log(σ−2
dataR),

S(1) ∨ ∥W (1)∥∞ ≲ (log(1/ε))5d/2+5(σ−2
dataR

2)d log(σ−2
dataR). (27)

Step 2: log-integral term approximation. We now aim to approximate

f2(u) = log

∫
Rd

exp

(
e−bTu⊤x

γσ2
T

− e−2bT ∥x∥2

2γσ2
T

)
p||(x) dx

T||[ν∗||](x)

on [−R,R]d. Using Lemma 5.2 together with the condition (18), we obtain

max
|k|⩽β

∥∂kf∥L∞([−R,R]d) ⩽

(
23+d/2e−bT

√
Cβ

γσ2
T

)β
β!.

Therefore, by Stirling’s formula,

max
|k|⩽β

∥∂kf∥L∞([−R,R]d) ≲
√
β

(
23+d/2

√
Cβ3/2

e γσ2
T

)β
.

Hence, applying Lemma A.5 with the Hölder norm parameter

H(2) = 2
√
d max
|k|⩽β

∥∂kf2∥L∞(Ω)

(
d+ β − 1

d

)
and using the bound (26), we obtain that there exists f̃2 ∈ NN(L(2),W (2), S(2), R) such that

∥f̃2 − f2∥L∞([−R,R]d) ≲ Rββd+1/2

(
23+d/2

√
Cβ3/2

e γσ2
T

)β (
β2N2−m + 3βN−β/d

)
.

Consequently, choosing m ∈ N such that N2−m = 3βN−β/d, we arrive at

∥f̃2 − f2∥L∞([−R,R]d) ≲ βd+3

(
3R · 23+d/2

√
Cβ3/2

e γσ2
TN

1/d

)β
.

Hence, setting β ≍ log(1/ε) and

N =

(
3R · 23+d/2

√
Cβ3/2

γσ2
T

)d
+ (β ∨ 1)d ∨ (H(2) + 1)ed ≍ Rd(log(1/ε))3d/2,

we conclude that

∥f̃2 − f2∥L∞([−R,R]d) ≲ ε.

In addition, we have that

m ≍ (1 + β) logN ≲ log(1/ε)(logR+ log log 1/ε).

Furthermore, Lemma A.5 suggests that the architecture satisfies

L(2) ≲ m log(1 + β) ≲ log2(1/ε) logR,

∥W (2)∥∞ ∨ S(2) ≲ βd+3Nm ≲ (log(1/ε))5d/2+5Rd logR. (28)
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On approximation and estimation of Schrödinger potentials without the curse of dimensionality

Step 3: ensuring regularity on the entire space. We now aim to clip the input of the resulting approximation to
[−R,R]d. In this step, we utilize standard results on concatenation and parallelization of ReLU neural networks (Nakada
and Imaizumi, 2020). For every x ∈ R define the clipping function:

fclip(x) = min(max(x,−R), R) = x+ReLU(−R− x)− ReLU(x−R).

Observe that fclip is a two-layer ReLU neural network. By applying parallel stacking, we extend fclip to clip a d-dimensional
vector component-wise onto [−R,R]d. Hence, the final approximation is of the form f̃(x) = f̃1(fclip(x))+ f̃2(fclip(x))−
d
2 log(2πγσ

2
T ) satisfies the bound

∥f̃ − log ν∗||∥L∞([−R,R]d) ⩽ ∥f̃1 − f1∥L∞([−R,R]d) + ∥f̃2 − f2∥L∞([−R,R]d) ≲ ε.

By rescaling ε to an absolute constant we can prove the desired approximation error bound (19). Furthermore, from (27)
and (28) it follows that f̃ ∈ NN(L,W, S,B) with

L ≲ log2(1/ε) log(σ−2
dataR), B ≲ R,

∥W∥∞ ∨ S ≲ (log(1/ε))5d/2+5(Rσ−1
data)

d log(σ−2
dataR).

Furthermore, for all x ∈ Rd, we have that

min
u∈[−R,R]d

log ν∗||(u)− ε ⩽ f̃(x) ⩽ max
u∈[−R,R]d

log ν∗||(u) + ε ⩽M|| + ε.

The proof is now complete.

□

B. Proof of Lemma 4.1
The proof proceeds in three steps.

Step 1: factorization of the Gaussian density and the OU kernel. Let S := (S⊤
1 , . . . , S

⊤
J )

⊤ ∈ RD×D. Since SjS⊤
k =

0 for j ̸= k and SjS⊤
j = Idj for every j, we have SS⊤ = ID. As S is square, it is orthogonal. Therefore, for every

v ∈ RD,

∥v∥2 = ∥Sv∥2 =

J∑
j=1

∥Sjv∥2.

Applying this identity with v = x and v = y − e−bTx, and using d1 + . . .+ dJ = D, we obtain

p0(x) = (2π)−D/2 exp

{
−∥x∥2

2

}
=

J∏
j=1

(2π)−dj/2 exp

{
−∥Sjx∥2

2

}
=

J∏
j=1

ρ(j)(Sjx),

qT (y |x) =
J∏
j=1

q
(j)
T (Sjy |Sjx), pT (y) =

J∏
j=1

p
(j)
T (Sjy).

Step 2: a product ansatz solves the full Schrödinger system. For each j ∈ {1, . . . , J}, the pair (ν(j)0 , ν
(j)
T ) satisfies

the Schrödinger system for the dj-dimensional sub-problem, namely

ρ(j)(u) = ν
(j)
0 (u)

∫
Rdj

q
(j)
T (v |u)ν(j)T (v) dv, u ∈ Rdj ,

p
(j)
T (v) = ν

(j)
T (v)

∫
Rdj

q
(j)
T (v |u)ν(j)0 (u) du, v ∈ Rdj .
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On approximation and estimation of Schrödinger potentials without the curse of dimensionality

Define

ν̂0(x) :=

J∏
j=1

ν
(j)
0 (Sjx), ν̂T (y) :=

J∏
j=1

ν
(j)
T (Sjy).

Consider the induced joint density

π̂(x, y) := ν̂0(x) qT (y |x) ν̂T (y), x, y ∈ RD.

Since all factors are non-negative, Tonelli’s theorem applies. Using the orthogonal change of variables (u1, . . . , uJ) = Sx,
whose Jacobian equals one, we get

∫
RD

π̂(x, y) dx =

J∏
j=1

ν(j)T (Sjy)

∫
Rdj

q
(j)
T (Sjy |uj)ν(j)0 (uj) duj


=

J∏
j=1

p
(j)
T (Sjy) = pT (y).

Similarly, using the orthogonal change of variables (v1, . . . , vJ) = Sy, we obtain

∫
RD

π̂(x, y) dy =

J∏
j=1

ν(j)0 (Sjx)

∫
Rdj

q
(j)
T (vj |Sjx)ν(j)T (vj) dvj


=

J∏
j=1

ρ(j)(Sjx) = p0(x).

Hence, (ν̂0, ν̂T ) is a pair of Schrödinger potentials for the original problem on RD.

Step 3: identification with (ν∗0 , ν
∗
T ). By Step 2, (ν̂0, ν̂T ) is a non-negative pair of Schrödinger potentials for the original

problem on RD. By the uniqueness statement recalled above, see Theorem 2.12 in (Léonard, 2013), any such pair coincides
with (ν∗0 , ν

∗
T ) up to reciprocal multiplicative constants. Hence there exists c > 0 such that

ν̂0 = c ν∗0 , ν̂T = ν∗T /c.

Replacing (ν
(1)
0 , ν

(1)
T ) with (cν

(1)
0 , ν

(1)
T /c) leaves the first sub-problem unchanged, so we may absorb the constant c into

the gauge of the first factor. Taking logarithms then yields

log ν∗T (y) =

J∑
j=1

log ν
(j)
T (Sjy), log ν∗0 (x) =

J∑
j=1

log ν
(j)
0 (Sjx).

This completes the proof.

□

C. Proofs of the results from Section 5
C.1. Proof of Lemma 5.1

The proof is quite technical, so we divide it into two steps.

Step 1: exact expression for the k-th derivative. Recalling the definition of p|| (see (9)), we have that

∇k

(
log p||(u) +

∥u∥2

2σ2
data

)
= ∇k log

∫
Rd

exp

{
u⊤z

σ2
data

− ∥z∥2

2σ2
data

}
dµ(z).
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On approximation and estimation of Schrödinger potentials without the curse of dimensionality

Proceeding similarly to the proof of Lemma 5.2 (Step 1), we deduce that, for every k ∈ N,

∇k log

∫
Rd

exp

{
u⊤z

σ2
data

− ∥z∥2

2σ2
data

}
dµ(z)

=
(
σ2
dataZ(u)

)−k ∫
Rd

. . .

∫
Rd

Pk exp

u⊤(z1 + . . .+ zk)

σ2
data

−
k∑
j=1

∥zj∥2

2σ2
data


k∏
j=1

dµ(zk),

where

Z(u) =

∫
Rd

exp

{
u⊤z

σ2
data

− ∥z∥2

2σ2
data

}
dµ(z)

and Pk(z1, . . . , zk) satisfies the recurrence

P1 = z1, P2 =
1

2
(z1 − z2)⊗ (z1 − z2),

and
Pk+1 = Pk ⊗ (z1 + . . .+ zk − kzk+1), k ∈ N. (29)

Unrolling (29) yields the closed form

Pk =
1

2
(z1 − z2)⊗ (z1 − z2)⊗ . . .⊗

( k−1∑
j=1

zj − (k − 1) zk

)
.

Equivalently, defining

dπu(z) :=
1

Z(u)
exp

{
u⊤z

σ2
data

− ∥z∥2

2σ2
data

}
dµ(z), (30)

we observe that

∇k log

∫
Rd

exp

{
u⊤z

σ2
data

− ∥z∥2

2σ2
data

}
dµ(z)

=
1

2
E

(X1 −X2)⊗ (X1 −X2)⊗ . . .⊗
( k−1∑
j=1

Xj − (k − 1)Xk

) , (31)

where X1, . . . , Xk are independent samples from πu.

Step 2: reduction to sub-Gaussian conditional. We now reformulate the task using the notation above. Completing the
exponent of (30) gives

dπu(z) =
1

Z(u)
exp

{
u⊤z

σ2
data

− ∥z∥2

2σ2
data

}
dµ(z) ∝ exp

{
−∥u− z∥2

2σ2
data

}
dµ(z).

Let us introduce S := η + Z, where η ∼ N (0, σ2
dataId) is independent of Z ∼ µ. Then πu can be considered as the

conditional Law of Z given S = u. Applying Lemma 5.3 to the pair (η, Z) with R = ∥u∥+ 2τ
√
d, one obtains∥∥η − E[η | S = u]

∥∥
ψ2(·|S=u)

⩽ 6R+ 6σdata,
∥∥E[η | S = u]

∥∥ ⩽ 3R+ 3σdata.

Here and further in the proof, ∥ · ∥ψ2(·|S=u) stands for the Orlicz norm with respect to the conditional distribution given
S = u. Let us denote

µT := E[Z | S = u] and σ̃ :=
∥∥Z − µT

∥∥
ψ2|S=u

.

Since Z = u− η whenever S = u, we observe that

σ̃ ⩽ 6R+ 6σdata, and ∥µT ∥ ⩽ ∥u∥+ 3R+ 3σdata ⩽ 4R+ 4σdata. (32)
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On approximation and estimation of Schrödinger potentials without the curse of dimensionality

Introducing Zj = (Xj − µT )/σ̃, j ∈ {1, . . . , k}, we find that

E(X1 −X2)⊗ (X1 −X2)⊗ · · · ⊗

k−1∑
j=1

Xj − (k − 1)Xk


= σ̃k E(Z1 − Z2)⊗ (Z1 − Z2)⊗ · · · ⊗

k−1∑
j=1

Zj − (k − 1)Zk

 .

SinceZ1, . . . , Zk are independent, centered-sub-Gaussian with the conditional Orlicz norm at most 1, we can apply Lemma
D.2 and obtain that∥∥∥∥∥∥E(X1 −X2)⊗ (X1 −X2)⊗ · · · ⊗

k−1∑
j=1

Xj − (k − 1)Xk

∥∥∥∥∥∥
∞

⩽

(
6σ̃

√
C

σ2
data

)k
k!,

where C ⩾ 1 is an absolute constant. Substituting this bound into (31) and using (32), we deduce that∥∥∥∥∥∥∇k log

∫
Rd

exp

{
u⊤z

σ2
data

− ∥z∥2

2σ2
data

}
dµ(z)

∥∥∥∥∥∥
∞

⩽

(
36(R+ σdata)

√
C

σ2
data

)k
k!

=

(
36(∥u∥+ 2τ

√
d+ σdata)

√
C

σ2
data

)k
k!.

□

C.2. Proof of Lemma 5.2

Let us fix arbitrary i1, . . . , ik ∈ {1, . . . , d}. By the definition of the ℓ∞-norm, it is enough to show that∣∣∣∣∣∣∣
∇k log

∫
Rd

q||(y |x)
ρ||(x) dx

T||[ν||](x)


i1,...,ik

∣∣∣∣∣∣∣ ⩽ exp

{
k(2M|| + 3) +

ke−2bT ∥y∥2

2
(
γσ2

T

)2
}

·

(
23+d/2e−bT

√
Ck

γσ2
T

)k
k!.

The proof of this inequality is quite intricate, so we divide it into several steps to enhance readability.

Step 1: exact expression for the k-th derivative. Let us introduce

Φ(x, y) = exp

{
∥y∥2

2γσ2
T

}
·
q||(y |x)ρ||(x)
T||[ν||](x)

, Z(y) =

∫
Rd

Φ(x, y) dx, x, y ∈ Rd,

and show that, for any y ∈ Rd,

∇k

 ∥y∥2

2γσ2
T

+ log

∫
Rd

q||(y |x)
ρ||(x) dx

T||[ν||](x)


=

(
e−bT /(γσ2

T )

Z(y)

)k ∫
Rd

. . .

∫
Rd

Pk

k∏
j=1

Φ(xj , y) dx1 . . . dxk,

where

P1 =
e−bTx1
γσ2

T

, P2 = P2(x1, x2) =
1

2

(
e−bT

γσ2
T

)2

(x1 − x2)⊗ (x1 − x2),
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and

Pk+1 = Pk+1(x1, . . . , xk+1) =

(
e−bT

γσ2
T

)
Pk(x1, . . . , xk)⊗ (x1 + . . .+ xk − kxk+1). (33)

Indeed, for k = 1, it holds that

∇

 ∥y∥2

2γσ2
T

+ log

∫
Rd

q||(y |x)
ρ||(x) dx

T||[ν||](x)

 =

〈
∇ log

∫
Rd

Φ(x, y) dx, v

〉

=

 ∫
Rd

∂Φ(x, y)

∂y
dx

/ ∫
Rd

Φ(x, y) dx


=

(
e−bT /(γσ2

T )

Z(y)

)∫
Rd

x Φ(x, y) dx.

Differentiating the expression in the right-hand side once again, we obtain that

∇2

 ∥y∥2

2γσ2
T

+ log

∫
Rd

q||(y |x)
ρ||(x) dx

T||[ν||](x)


=

(
e−bT /(γσ2

T )

Z(y)

)2 ∫
Rd

∫
Rd

x1 ⊗ (x1 − x2)

2∏
j=1

Φ(xj , y) dx1dx2.

Due to exchangeability of x1 and x2 in the expression in the right-hand side, it holds that

∇2

 ∥y∥2

2γσ2
T

+ log

∫
Rd

q||(y |x)
ρ||(x) dx

T||[ν||](x)


=

1

2

(
e−bT /(γσ2

T )

Z(y)

)2 ∫
Rd

∫
Rd

x2 ⊗ (x2 − x1)

2∏
j=1

Φ(xj , y) dx1dx2

+
1

2

(
e−bT /(γσ2

T )

Z(y)

)2 ∫
Rd

∫
Rd

x1 ⊗ (x1 − x2)

2∏
j=1

Φ(xj , y) dx1dx2

=
1

2

(
e−bT /(γσ2

T )

Z(y)

)2 ∫
Rd

∫
Rd

(x1 − x2)⊗ (x1 − x2)

2∏
j=1

Φ(xj , y) dx1dx2.

Proceeding by the induction, we observe that, for any k ⩾ 2,

∇k+1

 ∥y∥2

2γσ2
T

+ log

∫
Rd

q||(y |x)
ρ||(x) dx

T||[ν||](x)


=

(e−bT /(γσ2
T )

Z(y)

)k ∫
Rd

. . .

∫
Rd

Pk

k∏
j=1

Φ(xj , y) dx1 . . . dxk


=

(
e−bT /(γσ2

T )

Z(y)

)k [ ∫
Rd

. . .

∫
Rd

Pk ⊗
∂

∂y

 k∏
j=1

Φ(xj , y)

 dx1 . . . dxk

− k

Z(y)

∫
Rd

. . .

∫
Rd

Pk

k∏
j=1

Φ(xj , y) dx1 . . . dxk ⊗∇Z(y)

]
.
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Since ∫
Rd

. . .

∫
Rd

Pk ⊗
∂

∂y

 k∏
j=1

Φ(xj , y)

 dx1 . . . dxk

=

(
e−bT

γσ2
T

)∫
Rd

. . .

∫
Rd

Pk ⊗ (x1 + . . .+ xk)

k∏
j=1

Φ(xj , y) dx1 . . . dxk

=
e−bT /(γσ2

T )

Z(y)

∫
Rd

. . .

∫
Rd

Pk ⊗ (x1 + . . .+ xk)

k+1∏
j=1

Φ(xj , y) dx1 . . . dxk+1

and

1

Z(y)

∫
Rd

. . .

∫
Rd

Pk

k∏
j=1

Φ(xj , y) dx1 . . . dxk ⊗∇Z(y)

=
1

Z(y)

∫
Rd

. . .

∫
Rd

Pk

k∏
j=1

Φ(xj , y) dx1 . . . dxk ⊗
∫
Rd

∂Φ(xk+1, y)

∂y
dxk+1

=
e−bT /(γσ2

T )

Z(y)

∫
Rd

. . .

∫
Rd

Pk ⊗ xk+1

k+1∏
j=1

Φ(xj , y) dx1 . . . dxk+1,

we conclude that

∇k+1

 ∥y∥2

2γσ2
T

+ log

∫
Rd

q||(y |x)
ρ||(x) dx

T||[ν||](x)


=

(
e−bT /(γσ2

T )

Z(y)

)k+1 ∫
Rd

. . .

∫
Rd

Pk ⊗ (x1 + . . .+ xk − kxk+1)

k+1∏
j=1

Φ(xj , y) dx1 . . . dxk+1

=

(
e−bT /(γσ2

T )

Z(y)

)k+1 ∫
Rd

. . .

∫
Rd

Pk+1

k+1∏
j=1

Φ(xj , y) dx1 . . . dxk+1.

It remains to note that ∇k∥y∥2 equals to zero for all k ⩾ 3. For this reason,

∇k

log

∫
Rd

q||(y |x)
ρ||(x) dx

T||[ν||](x)


=

(
e−bT /(γσ2

T )

Z(y)

)k ∫
Rd

. . .

∫
Rd

Pk

k∏
j=1

Φ(xj , y) dx1 . . . dxk (34)

for all k ⩾ 3 and y ∈ Rd.

Step 2: lower bound on Z(y). Let us recall that, according to the definition,

Z(y) =

∫
Rd

Φ(x, y) dx =

∫
Rd

exp

{
∥y∥2

2γσ2
T

}
·
q||(y |x)ρ||(x)
T||[ν||](x)

dx

= (2π)−d(γσ2
T )

−d/2
∫
Rd

exp

{
e−bT y⊤x

γσ2
T

− ∥x∥2

2

(
1 +

e−2bT

γσ2
T

)}
dx

T||[ν||](x)
.
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Taking into account that ν|| ⩽ eM|| due to the conditions of the lemma, we obtain that T||[ν||](x) ⩽ eM|| for all x ∈ Rd,
and then

Z(y) ⩾ (2π)−d(γσ2
T )

−d/2e−M||

∫
Rd

exp

{
e−bT y⊤x

γσ2
T

− ∥x∥2

2

(
1 +

e−2bT

γσ2
T

)}
dx.

The integral in the right-hand side admits a closed form. Namely, it straightforward to check that∫
Rd

exp

{
e−bT y⊤x

γσ2
T

− ∥x∥2

2

(
1 +

e−2bT

γσ2
T

)}
dx

= (2π)d/2
(
1 +

e−2bT

γσ2
T

)−d/2

exp

{
e−2bT ∥y∥2

2γσ2
T (γσ

2
T + e−2bT )

}
.

Hence, it holds that

Z(y) ⩾ (2π)−d/2
(
γσ2

T + e−2bT
)−d/2

e−M|| exp

{
e−2bT ∥y∥2

2γσ2
T (γσ

2
T + e−2bT )

}
. (35)

Step 3: upper bound on Φ(x, y). An upper bound on Φ(x, y) is a bit more complicated. Let us introduce

K(T ) = (1− e−2bT )−5e2
√
d exp

{
2e2

√
d arcsin(e−bT )

}
(36)

and

α(T ) =
2be2K(T )

γ
√
d

arcsin(e−bT ). (37)

Applying Lemma B.3 from (Puchkin et al., 2025) and taking into account that∫
Rd

log
(
ν||(y)

)
e−∥y∥2/(2γσ2

T ) dy = 0,

we obtain that (
eM||

T||[ν||](x)

)
⩽ exp

{
α(T )∥x∥2

2
+
(
M|| + 2 logK(T )

)
K(T )

}
.

This yields that

(2π)d(γσ2
T )
d/2eM||Φ(x, y) = exp

{
e−bT y⊤x

γσ2
T

− ∥x∥2

2

(
1 +

e−2bT

γσ2
T

)}
· eM||

T||[ν||](x)

⩽ exp

{
e−bT y⊤x

γσ2
T

− 1

2

(
1− α(T ) +

e−2bT

γσ2
T

)
∥x∥2 +

(
M|| + 2 logK(T )

)
K(T )

}
. (38)

Step 4: summing up the two upper bounds. The expression (34) yields that∣∣∣∣∣∣∣
∇k log

∫
Rd

q||(y |x)
ρ||(x) dx

T||[ν||](x)


i1,...,ik

∣∣∣∣∣∣∣
=

∣∣∣∣∣∣
(
e−bT /(γσ2

T )

Z(y)

)k ∫
Rd

. . .

∫
Rd

(Pk)i1,...,ik

k∏
j=1

Φ(xj , y) dx1 . . . dxk

∣∣∣∣∣∣
⩽

(
e−bT /(γσ2

T )

Z(y)

)k ∫
Rd

. . .

∫
Rd

∣∣(Pk)i1,...,ik ∣∣ k∏
j=1

Φ(xj , y) dx1 . . . dxk.
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In view of (35) and (38), it holds that∣∣∣∣∣∣∣
∇k log

∫
Rd

q||(y |x)
ρ||(x) dx

T||[ν||](x)


i1,...,ik

∣∣∣∣∣∣∣
⩽ (2π)−kd/2

(
γσ2

T + e−2bT

γσ2
T

)kd/2
exp

{
k
(
M|| + 2 logK(T )

)
K(T )− ke−2bT ∥y∥2

2γσ2
T (γσ

2
T + e−2bT )

}
·
∫
Rd

. . .

∫
Rd

∣∣(Pk)i1,...,ik ∣∣ k∏
j=1

exp

{
e−bT y⊤xj
γσ2

T

− 1

2

(
1− α(T ) +

e−2bT

γσ2
T

)
∥xj∥2

}
dx1 . . . dxk.

Let us note that, due to the definition of Pk (see (33)), it is invariant under the substitutions

xj := xj −
e−bT y

σ̆2
, 1 ⩽ j ⩽ k, where σ̆2 = γσ2

T + e−2bT − γσ2
T α(T ). (39)

This implies that∣∣∣∣∣∣∣
∇k log

∫
Rd

q||(y |x)
ρ||(x) dx

T||[ν||](x)


i1,...,ik

∣∣∣∣∣∣∣
⩽ (2π)−kd/2

(
γσ2

T + e−2bT

γσ2
T

)kd/2
exp

{
k
(
M|| + 2 logK(T )

)
K(T )− ke−2bT ∥y∥2

2γσ2
T (γσ

2
T + e−2bT )

}
·
(
e−bT

γσ2
T

)k ∫
Rd

. . .

∫
Rd

∣∣(Pk)i1,...,ik ∣∣ k∏
j=1

exp

{
e−2bT ∥y∥2

2γσ2
T σ̆

2
− σ̆2∥xj∥2

2γσ2
T

}
dx1 . . . dxk.

Using the identity
e−2bT ∥y∥2

2γσ2
T σ̆

2
− e−2bT ∥y∥2

2γσ2
T (γσ

2
T + e−2bT )

=
e−2bTα(T )∥y∥2

2(γσ2
T + e−2bT )σ̆2

and rearranging the terms, we obtain that∣∣∣∣∣∣∣
∇k log

∫
Rd

q||(y |x)
ρ||(x) dx

T||[ν||](x)


i1,...,ik

∣∣∣∣∣∣∣
⩽ exp

{
k
(
M|| + 2 logK(T )

)
K(T ) +

ke−2bTα(T )∥y∥2

2(γσ2
T + e−2bT )σ̆2

}
(40)

·
(
e−bT

γσ2
T

)k (
γσ2

T + e−2bT

σ̆2

)kd/2
Jk,

where

Jk = (2π)−kd/2
(
γσ2

T

σ̆2

)−kd/2 ∫
Rd

. . .

∫
Rd

∣∣(Pk)i1,...,ik ∣∣ k∏
j=1

exp

{
− σ̆

2∥xj∥2

2γσ2
T

}
dx1 . . . dxk. (41)

Step 4: evaluation of Jk. The integral Jk defined in (41) can be considered as the expectation of a function of k i.i.d.
standard Gaussian random vectors. Indeed, let η1, . . . , ηk ∼ N (0, γσ2

T σ̆
−2Id), where σT and σ̆ are given by (3) and (39),

respectively. Unrolling the recursion (33) for Pk, we arrive at

Jk = E
∣∣∣(η1 − η2)i1(η1 − η2)i2(η1 + η2 − 2η3)i3 . . .

(
η1 + . . .+ ηk−1 − (k − 1)ηk

)
ik

∣∣∣ .
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Let ξ1, . . . , ξk ∼ N (0, Id), and let us introduce

Sj =

j∑
i=1

ξi, j ∈ {1, . . . , k}.

Then

Jk =

(
γσ2

T

σ̆2

)k
E
∣∣∣(S1 − ξ2)i1(S1 − ξ2)i2(S2 − 2ξ3)i3 . . .

(
Sk−1 − (k − 1)ξk

)
ik

∣∣∣ .
Applying Lemma D.2, we deduce that

E
∣∣∣(S1 − ξ2)i1(S1 − ξ2)i2(S2 − 2ξ3)i3 . . .

(
Sk−1 − (k − 1)ξk

)
ik

∣∣∣ ⩽ (6√C)k k!,
where C ⩾ 1 is a universal constant. Due to (40), this implies that∣∣∣∣∣∣∣

∇k log

∫
Rd

q||(y |x)
ρ||(x) dx

T||[ν||](x)


i1,...,ik

∣∣∣∣∣∣∣
⩽ exp

{
k
(
M|| + 2 logK(T )

)
K(T ) +

ke−2bTα(T )∥y∥2

2(γσ2
T + e−2bT )σ̆2

}
(42)

·
(
e−bT

σ̆2

)k (
γσ2

T + e−2bT

σ̆2

)kd/2 (
6
√
C
)k
k!.

Step 5: simplifying the bound (42). On this step, we aim to make the bound (42) more user-friendly using the inequali-
ties (16). First, note that

arcsinx ⩽ 2x for all x ∈ [0, 1] and − log(1− x) ⩽ 2x for all x ∈ [0, 1/2].

Then, in view of the definition of K(T ) (see (36)), we have that

1 ⩽ K(T ) ⩽ exp
{
−5e2

√
d log(1− e−2bT ) + 2e2

√
d arcsin(e−bT )

}
⩽ exp{14e2

√
de−bT } ⩽ 2, (43)

where the last inequality uses the conditions on bT from (16). This yields that(
M|| + 2 logK(T )

)
K(T ) ⩽ 2M|| + 4 log 2 ⩽ 2M|| + 3.

On the other hand, α(T ), given by (37), satisfies

α(T ) =
e2K(T )(1− e−2bT ) arcsin(e−bT )

γσ2
T

√
d

⩽
4e2−bT

γσ2
T

√
d
⩽

1

2
.

The last inequality is also due to (16). This implies that

α(T )

(γσ2
T + e−2bT )σ̆2

=
α(T )

(γσ2
T + e−2bT )

(
γσ2

T + e−2bT − α(T )γσ2
T

) (44)

⩽
α(T )

1− α(T )
· 1(
γσ2

T

)2 ⩽
1(

γσ2
T

)2 (45)

and that
γσ2

T + e−2bT

σ̆2
=

γσ2
T + e−2bT

γσ2
T + e−2bT − γσ2

Tα(T )
⩽

1

1− α(T )
⩽ 2. (46)
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Substituting (44) and (46) into (42), we conclude that∣∣∣∣∣∣∣
∇k log

∫
Rd

q||(y |x)
ρ||(x) dx

T||[ν||](x)


i1,...,ik

∣∣∣∣∣∣∣ ⩽ exp

{
k(2M|| + 3) +

ke−2bT ∥y∥2

2
(
γσ2

T

)2
}

·

(
3 · 22+d/2e−bT

√
C

γσ2
T

)k
k!.

The proof is now complete.

□

C.3. Proof of Lemma 5.3

Step 1: Gaussian conjugacy. Let us introduce

fS(t) = Eφσ(t− Y ), where φσ(u) = (2πσ2)−d/2e−∥u∥2/(2σ2)

Note that fS(s) > 0 for all s ∈ Rd. For any λ ∈ Rd and a test function g : Rd → R, the change of variables u = x + Y
gives

E
[
g(S)eλ

⊤X
]
= E

 ∫
Rd

eλ
⊤xg(x+ Y )φσ(x) dx

 =

∫
Rd

g(u)E
[
eλ

⊤(u−Y )φσ(u− Y )
]
du.

Hence,

fS(u)E
[
eλ

⊤X | S = u
]
= E

[
eλ

⊤(u−Y )⟩φσ(u− Y )
]
.

Using the identity

eλ
⊤vφσ(v) = eσ

2∥λ∥2/2φσ(v − σ2λ),

we obtain that

E[eλ
⊤X | S = s] = eσ

2∥λ∥2/2 fS(s− σ2λ)

fS(s)
, λ ∈ Rd. (47)

Step 2: two-sided control of fS . Trivially,

fS(t) ⩽ ∥φσ∥∞ = (2πσ2)−d/2.

On the other hand, by Markov’s inequality,

P(∥Y ∥ ⩽ 2τ
√
d) = P(∥Y ∥2 ⩽ 4dτ2) ⩾ 3/4.

On the event {∥Y ∥ ⩽ 2τ
√
d}, we have ∥s− Y ∥ ⩽ ∥s∥+ 2τ

√
d = R. Because φσ is radially decreasing,

φσ(s− Y ) ⩾ (2πσ2)−d/2e−R
2/(2σ2).

Thus,

fS(s) ⩾ E
[
φσ(s− Y )1{∥Y ∥ ⩽ 2

√
dτ}
]
⩾

3

4
(2πσ2)−d/2e−R

2/(2σ2).

Plugging both bounds into (47) yields

E[eλ
⊤X | S = s] ⩽

4

3
eσ

2∥λ∥2/2+R2/(2σ2)

for all λ ∈ Rd.
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Step 3: uncentered ψ2-norm via Gaussian integration. Fix an arbitrary unit vector v ∈ Sd−1 and let Xv := v⊤X .
Taking λ = αv gives the one-dimensional marginal bound

E[eαXv | S = s] ⩽
4

3
eR

2/(2σ2)eσ
2α2/2

for all α ∈ R. To convert this inequality into an upper bound on the ψ2-norm, we introduce a standard Gaussian random
variable ξ ∼ N (0, 1), which is independent of X and S. Using the Gaussian integral identity

eX
2
v/(8σ

2) = Eξ
[
eξXv/(2σ)

]
,

we can rewrite the conditional expectation as

E
[
eX

2
v/(8σ

2) | S = s
]
= EX|S

[
Eξ eξXv/(2σ) | S = s

]
= Eξ EX|S

[
eξXv/(2σ) | S = s

]
.

Using our moment generating function bound conditionally on ξ with α = ξ/(2σ), so that σ2α2/2 = ξ2/8, we obtain

EX|S

[
eξXv/(2σ) | S = s

]
⩽

4

3
eR

2/(2σ2)eξ
2/8.

Taking the outer expectation over ξ, we get

E[eX
2
v/(8σ

2) | S = s] ⩽
4

3
eR

2/(2σ2)Eξ
[
eξ

2/8
]
=

4eR
2/(2σ2)

3
√

1− 1/4
=

(
4

3

)3/2

eR
2/(2σ2).

Let u ⩾ 1 be a constant. Since the mapping x 7→ x1/u
2

is concave for x ⩾ 0, Jensen’s inequality yields that

E[eX
2
v/(8σ

2u2) | S = s] ⩽
(
E[eX

2
v/(8σ

2) | S = s]
)1/u2

⩽ exp

{
R2/σ2 + 3 ln(4/3)

2u2

}
.

We demand this bound to be at most e1/2 < 2, which requires u2 ⩾ R2/σ2 + 3 ln(4/3). Since 3 ln(4/3) ⩽ 1, we choose
u2 = R2/σ2 + 1, giving 8σ2u2 = 8(R2 + σ2). Consequently,

E[eX
2
v/(8(R

2+σ2)) | S = s] ⩽ e1/2 ⩽ 2.

By the definition of the Orlicz norm, the uncentered variable obeys

∥Xv∥ψ2(·|S=s) ⩽
√

8(R2 + σ2) ⩽
√
8(R+ σ) ⩽ 3R+ 3σ.

Step 4: centering via the triangle inequality. Let µv := E[Xv | S = s] denote the projection of the conditional mean.
Let us take K := 3R+ 3σ. By applying Jensen’s inequality to the strictly convex mapping x 7→ exp(x2/K2), we have

exp(µ2
v/K

2) ⩽ E[exp(X2
v/K

2) | S = s] ⩽ 2,

which implies |µv| ⩽ K
√
ln 2. Since the ψ2-norm of any constant c is given by |c|/

√
ln 2, we find

∥µv∥ψ2(·|S=s) ⩽ K = 3R+ 3σ.

The triangle inequality yields that

∥Xv − µv∥ψ2(·|S=s) ⩽ ∥Xv∥ψ2(·|S=s) + ∥µv∥ψ2(·|S=s) ⩽ 2K = 6R+ 6σ.

Because this bound is uniform over all chosen test directions v ∈ Sd−1, taking the supremum over v establishes the final
sub-Gaussian vector estimate:

∥X − µ(s)∥ψ2(·|S=s) ⩽ 6R+ 6σ.

This completes the proof.

□
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D. Auxiliary results
Lemma D.1. Grant Assumption 3.1. Assume that there exists M > 0 such that log ν∗T (y) ⩽M for all y ∈ RD and

T∞[log ν∗||] = T∞[log ν∗⊥] = 0,

where log ν∗|| and log ν∗⊥ are defined in Lemma 3.3. Assume further that bT satisfies the conditions (16). Then, there exist
constants A > 0 and B > 0 such that

−A∥z∥2 −B ⩽ log ν∗||(z) ⩽M||, for all z ∈ Rd,

where A ≲ σ−2
data and B ≲ dτ2/σ2

data + d
∣∣log(γσ2

T )
∣∣ + M

√
d e−bT , and M|| ≲ M + Dσ−2

data with absolute hidden
constants.

Lemma D.2. Let k ∈ N and let Z1, . . . , Zk be independent random vectors in Rd satisfying ∥Zj∥ψ2
⩽ 1 for all j ∈

{1, . . . , k}. Then there exists an absolute constant C ⩾ 1 such that for any i1, . . . , ik ∈ {1, . . . , d} the following inequality
holds:

E

∣∣∣∣∣∣(Z1,i1 − Z2,i1)(Z1,i2 − Z2,i2) . . .

k−1∑
j=1

Zj,ik − (k − 1)Zk,ik

∣∣∣∣∣∣ ⩽
(
6
√
C
)k
k!.

D.1. Proof of Lemma D.1

Write G|| := G for the matrix from Assumption 3.1, and let G⊥ ∈ RD×(D−d) denote any matrix with orthonormal
columns satisfying G⊤

⊥G|| = 0, so that [G|| G⊥] is an orthonormal basis of RD and ∥G⊤
|| y∥

2 + ∥G⊤
⊥y∥2 = ∥y∥2 for every

y ∈ RD.

Step 1: latent decomposition and gauge. By Lemma 3.3, log ν∗T (y) = log ν∗||(G
⊤
|| y) + log ν∗⊥(G

⊤
⊥y). Moreover, since

log potentials are separable

T∞[log ν∗T ] = T∞[log ν∗||] + T∞[log ν∗⊥],

we may use this freedom to enforce both being equal to 0, thus, preserving T∞[log ν∗T ] = 0. In this gauge, the closed-form
expression of Lemma 3.3 reads

log ν∗⊥(v) = − f⊥
2

(
∥v∥2 − (D − d)γ

2b

)
, v ∈ RD−d, (48)

where f⊥ = 1/(σ2
data − σ2)− 1/(γσ2

T ) and σ solves (25), log ν∗⊥(0) = f⊥(D − d)γ/(4b). Conditions (16) together with
(25) imply σ2 ⩽ σ2

data/2, so that 0 < f⊥ ⩽ 2/σ2
data. Evaluating Lemma 3.3 at y = Gu for u ∈ Rd,

log ν∗||(u) = log ν∗T (Gu)− log ν∗⊥(0) ⩽M|| :=M − f⊥(D − d)γ

4b
, (49)

and consequently M|| ⩽M + f⊥(D − d)γ/(4b) ≲M +Dσ−2
data.

Step 2: lower paraboloid bound on log ν∗||. By Lemma 3.3,

− log ν∗||(u) = − log p||(u) + log

∫
Rd

q||(u |x)p0(x) dx
T||[ν∗||](x)

, u ∈ Rd. (50)

Introduce the probability measure µ̃ on Rd via

dµ̃(z) :=
(2πσ2

data)
−d/2

p||(0)
exp
(
− ∥z∥2

2σ2
data

)
dµ(z).

A direct computation shows that

p||(u) = p||(0) exp
(
− ∥u∥2

2σ2
data

)∫
Rd

exp
( u⊤z
σ2
data

)
dµ̃(z).
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Taking logarithms and applying Jensen’s inequality to the resulting integral, we obtain

− log p||(u) = − log p||(0) +
∥u∥2

2σ2
data

− log

∫
Rd

exp
( u⊤z
σ2
data

)
dµ̃(z) (51)

⩽ − log p||(0) +
∥u∥2

2σ2
data

− u⊤m̃

σ2
data

⩽ − log p||(0) +
∥u∥2

σ2
data

+
∥m̃∥2

2σ2
data

, (52)

where m̃ :=
∫
z dµ̃(z). The probability measure µ̃ is the conditional law L(Z |Z + σdata ξ0 = 0) for ξ0 ∼ N (0, Id)

independent of Z ∼ µ. Lemma 5.3 applied to the pair (σdata ξ0, Z) at s = 0, together with Z = −σdata ξ0 on the
conditioning event, yields ∥m̃∥ ⩽ 6

√
d τ + 3σdata, so by (a + b)2 ⩽ 2(a2 + b2) and σdata ⩽ 1, ∥m̃∥2/(2σ2

data) ≲
dτ2/σ2

data + 1. Markov’s inequality gives µ({∥z∥ ⩽ 2
√
d τ}) ⩾ 3/4, on which event e−∥z∥2/(2σ2

data) ⩾ e−2dτ2/σ2
data , so

p||(0) ⩾ (3/4)(2πσ2
data)

−d/2 exp(−2dτ2/σ2
data). Using σdata ⩽ 1 to bound (d/2) log(2πσ2

data) ⩽ (d/2) log(2π) ≲ d,
we obtain − log p||(0) ≲ d+ dτ2/σ2

data. Plugging into (51) yields

− log p||(u) ≲
∥u∥2

σ2
data

+
dτ2

σ2
data

+ d. (53)

Set

K(T ) := (1− e−2bT )−5e2
√
d exp

(
2e2

√
d arcsin(e−bT )

)
, α(T ) :=

2be2K(T )

γ
√
d

arcsin(e−bT ).

For the second summand of (50), the gauge on log ν∗|| together with the upper bound (49) allow us to apply Step 3 of the
proof of Lemma 5.2 on Rd with M|| in place of M , which gives

eM||

T||[ν∗||](x)
⩽ exp

{
1
2α(T )∥x∥

2 + (M|| + 2 logK(T ))K(T )
}
, x ∈ Rd, (54)

and multiplying by e−M|| and integrating against q||(u|x)p0(x),

log

∫
Rd

q||(u |x)p0(x) dx
T||[ν∗||](x)

⩽M||(K(T )− 1) + 2 logK(T ) · K(T ) (55)

+ log

∫
Rd

exp
(
1
2α(T )∥x∥

2
)
q||(u|x)p0(x) dx.

The remaining integral is Gaussian. Setting σ̆−2 := 1− α(T ) + e−2bT /(γσ2
T ) and completing the square in x,∫

Rd

exp
(
1
2α(T )∥x∥

2
)
q||(u|x)p0(x) dx = (2πγσ2

T )
−d/2σ̆d exp

{
−∥u∥2(1− σ̆2e−2bT /(γσ2

T ))

2γσ2
T

}
. (56)

Conditions (16) imply

K(T ) ⩽ 2, K(T )− 1 ≲
√
d e−bT , σ̆2 ⩽ 2,

σ̆2e−2bT

γσ2
T

⩽
1

2
. (57)

Taking logarithms in (56), the ∥u∥2 contribution is non-positive and may be dropped for an upper bound,
−(d/2) log(2πγσ2

T ) + d log σ̆ ≲ d | log(γσ2
T )| + d. Using (57) to further bound |M||(K(T ) − 1)| ≲ |M|||

√
d e−bT

and |2 logK(T ) · K(T )| ≲
√
d e−bT ≲ 1, we deduce from (55) that

log

∫
Rd

q||(u|x)p0(x) dx
T||[ν∗||](x)

≲ |M|||
√
d e−bT + d

∣∣log(γσ2
T )
∣∣+ d. (58)
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Combining (53) and (58) via (50),

− log ν∗||(u) ≲
∥u∥2

σ2
data

+
dτ2

σ2
data

+ d
∣∣log(γσ2

T )
∣∣+ d+ |M|||

√
d e−bT . (59)

Step 3: assembly on RD. Combining (59) with (48) via Lemma 3.3, using f⊥ ⩽ 2/σ2
data, ∥G⊤

|| y∥
2 + ∥G⊤

⊥y∥2 = ∥y∥2,
and |M||| ⩽M + f⊥(D − d)γ/(4b),

log ν∗T (y) = log ν∗||(G
⊤
|| y) + log ν∗⊥(G

⊤
⊥y)

≳ − ∥y∥2

σ2
data

− dτ2

σ2
data

− d
∣∣log(γσ2

T )
∣∣− d−M

√
d e−bT +

f⊥(D − d)γ

4b

(
1−

√
d e−bT

)
.

Conditions (16) imply
√
d e−bT ⩽ 1/2, so the last term is non-negative and may be dropped. This yields the claimed

bound and completes the proof.

□

D.2. Proof of Lemma D.2

Let us fix an arbitrary multi-index (i1, . . . , ik) ⊆ {1, . . . , d}k. Due to the triangle inequality, it holds that

E

∣∣∣∣∣∣(Z1,i1 − Z2,i1)(Z1,i2 − Z2,i2) . . .

k−1∑
j=1

Zj,ik − (k − 1)Zk,ik

∣∣∣∣∣∣ (60)

⩽ E
∑

(ω0,...,ωk)∈{0,1}k

|Z1,i1 |ω0 |Z2,i1 |1−ω0 ·
k−1∏
j=1

(∣∣∣∣∣
j∑
s=1

Zs,ij+1

∣∣∣∣∣
ωj

· j1−ωj · |Zj+1,ij+1
|1−ωj

)
.

For a fixed (ω0, . . . , ωk−1) ∈ {0, 1}k, by the Hölder inequality, we have that

E|Z1,i1 |ω0 |Z2,i1 |1−ω0 ·
k−1∏
j=1

(∣∣∣∣∣
j∑
s=1

Zs,ij+1

∣∣∣∣∣
ωj

· j1−ωj · |Zj+1,ij+1 |1−ωj

)
(61)

⩽
k−1∏
j=1

j1−ωj
(
E|Z1,i1 |3ω0 |Z2,i1 |3−3ω0

)1/3E
k−1∏
j=1

|Zj+1,ij+1
|3(1−ωj)

1/3E
k−1∏
j=1

∣∣∣∣∣
j∑
s=1

Zs,ij+1

∣∣∣∣∣
3ωj
1/3

=

k−1∏
j=1

j1−ωj
(
E|Z1,i1 |3ω0E|Z2,i1 |3−3ω0

)1/3k−1∏
j=1

E|Zj+1,ij+1 |3(1−ωj)

1/3E
k−1∏
j=1

∣∣∣∣∣
j∑
s=1

Zs,ij+1

∣∣∣∣∣
3ωj
1/3

.

Using properties of sub-Gaussian random variables (see, for instance, Proposition 2.5.2 in (Vershynin, 2018)), we obtain
that (

E|Z1,i1 |3ω0
)1/3

⩽ (3C)ω0/2,
(
E|Z2,i1 |2−2ω0

)1/3
⩽ (3C)(1−ω0)/2,

and (
E|Zj+1,ij+1

|3(1−ωj)
)1/3

⩽ (3C)(1−ωj)/2, for all 1 ⩽ j ⩽ k,
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where C ⩾ 1 is an absolute constant. Furthermore, let us introduce Ω = ω1 + . . . ωk−1. Then, applying the Hölder
inequality and taking into account that ∥Z1,ij+1 + . . .+ Zj,ij+1∥ψ2 ≲

√
j, we deduce thatE

k−1∏
j=1

∣∣∣∣∣
j∑
s=1

Zs,ij+1

∣∣∣∣∣
3ωj
1/3

=

E
∏

j:ωj=1

∣∣∣∣∣
j∑
s=1

Zs,ij+1

∣∣∣∣∣
3ωj
1/3

⩽

 ∏
j:ωj=1

E

∣∣∣∣∣
j∑
s=1

Zs,ij+1

∣∣∣∣∣
3Ωωj

1/(3Ω)

⩽
∏

j:ωj=1

(
3CΩj

)ωj/2
= (3CΩ)Ω/2

k∏
j=1

jωj/2.

Substituting these bounds into (61), we conclude that

E|Z1,i1 |ω0 |Z2,i1 |1−ω0 ·
k−1∏
j=1

(∣∣∣∣∣
j∑
s=1

Zs,ij+1

∣∣∣∣∣
ωj

· j1−ωj · |Zj+1,ij+1
|1−ωj

)

⩽
√
3C

k−1∏
j=1

(
j1−ωj · (3C)(1−ωj)/2

)
· (3CΩ)Ω/2

k∏
j=1

jωj/2

= (3C)k/2
√
(k − 1)! · ΩΩ/2

k−1∏
j=1

j(1−ωj)/2.

Let us note that the latter term in the right-hand side does not exceed

k−1∏
j=1

j(1−ωj)/2 ⩽

√
(k − 1)!

Ω!
.

Since l! ⩾ (l/e)l for all l ∈ N, we obtain that

ΩΩ/2
k−1∏
j=1

j(1−ωj)/2 ⩽ ΩΩ/2

√
(k − 1)!

Ω!
⩽ ek/2

√
(k − 1)!,

and then

E|Z1,i1 |ω0 |Z2,i1 |1−ω0 ·
k−1∏
j=1

(∣∣∣∣∣
j∑
s=1

Zs,ij+1

∣∣∣∣∣
ωj

· j1−ωj · |Zj+1,ij+1 |1−ωj

)
⩽ (3Ce)k/2(k − 1)!

Taking into account that the right-hand side of (60) includes 2k terms, we conclude that

E

∣∣∣∣∣∣(Z1,i1 − Z2,i1)(Z1,i2 − Z2,i2) . . .

k−1∑
j=1

Zj,ik − (k − 1)Zk,ik

∣∣∣∣∣∣ ⩽
(
2
√
3Ce

)k
k!

⩽
(
6
√
C
)k
k!.

The proof is finished.

□
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