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Abstract

We examine generative modelling approaches
based on the construction of Schrodinger bridges
between Gaussian noise and a target distribu-
tion. It is known that the solution of the dynamic
Schrodinger problem is a diffusion process with
a drift associated with Doob’s h-transform of
a Schrodinger potential. Although its accurate
restoration from finite samples is crucial for re-
liable, high-quality data generation, the exist-
ing literature lacks theoretical guarantees regard-
ing this question. In our work, we establish
theoretical upper bounds on the complexity of
Schrddinger potential approximation and estima-
tion via neural networks. These bounds are de-
termined by the effective dimension of the tar-
get distribution. To our knowledge, this is the
first result demonstrating that generative mod-
elling methods based on Schrodinger bridges and
stochastic optimal control can escape the curse of
dimensionality.

1. Introduction

Denoising diffusion (Ho et al., 2020} |Song et al.|[2021) and
flow-based (Liu et al., 2023} Lipman et al.l [2023)) mod-
els showed themselves as a powerful tool for modelling
complex multimodal distributions. The idea of using diffu-
sion processes for data generation and translation was fur-
ther developed in approaches based on Schrodinger bridges
(De Bortoli et al., 20215 [Shi et al.l 2023 [Korotin et al.|
2024} Gushchin et al.}|2024) and stochastic optimal control
(SOC) (Domingo-Enrich et al., 2025; Rapakoulias et al.,
2025; Puchkin et al., 2025), which have recently gained
much popularity. In general, the Schrodinger bridge be-
tween two probability distributions Py and P on R” is a
stochastic process {X; : 0 < t < T'} such that Xj ~ Py,
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X7 ~ Prp, and X, deviates from a given base (or refer-
ence) process {X? : 0 < t < T} as less as possible
(in terms of the Kullback-Leibler divergence between the
corresponding path measures). In what follows, we will
assume that the source and the target distributions are ab-
solutely continuous with the densities py and pr, respec-
tively, and {X? : 0 < t < T'} is the Ornstein-Uhlenbeck
(OU) process: Xg ~ po,

dX? = —bXdt + /v dW,,

Here b > 0 and v > 0 are some parameters and W, is
the standard Brownian motion in R”. Such a choice of the
reference process is motivated by exponentially fast mix-
ing and a recent paper (Puchkin et al) 2026) demonstrat-
ing advantages of the OU process over the standard scaled
Wiener process {,/y dW; : 0 < t < T'} in unconditional
generation and data-to-data translation tasks. It is known
that (see, for instance, Theorem 2.4 in (Léonard, 2013))) the
joint density of X and X7 is given by

0<t<T. ()

™ (z,y) = v5(x) ar(y | z) vi(y), (2)
where
B —e—bty|2
qe(y|x) = (v/2myoy) P exp {—W},
1— 6_2bt
2 _
Ut - 2b ) (3)

is the transition density of the base process and (v, v7y) is
a uniquely determined (up to positive multiplicative con-
stants) pair of o-finite measures on R” referred to as
Schrodinger potentials. The right potential v, plays a cru-
cial role in generative modelling, since the solution of the
Schrodinger bridge problem (as well as the optimally con-
trolled process in the SOC approach) admits a representa-
tion

AX; = —bX} dt +~ Vlog Tr_i[v3](X7) dt + 7 AW,

where 7; stands for the Ornstein-Uhlenbeck operator. For
any measurable function f on R, it is defined as

7A@ = [fWalady, R @
]RD
Unfortunately, as it will become clear a bit later, theoretical
study of 7 remains quite limited.
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Related work. The factorization () is the core of the
Sinkhorn algorithm, which was extensively studied in the
literature. Some significant results on its rates of conver-
gence appeared in the last years (Conforti et al.l 2023}
Chizat et al.| 2024;|Chiarini et al., [2024). However, in gen-
erative modelling, the target density pr is accessible only
through i.i.d. samples Y7,...,Y,, while (Conforti et al.,
2023 |Chizat et al., 2024 |Chiarini et al.| 2024) assume that
the source and the target distributions are known. One of
the ways to overcome this issue is to apply the Sinkhorn al-
gorithm to the empirical measure associated with the train-
ing sample, as, for instance, in (Pooladian and Niles-Weed,
2025)). This approach has an evident drawback that the es-
timated potential (or the corresponding drift) requires ad-
ditional smoothing. In (Pooladian and Niles-Weed, |2025)),
the authors use nonparametric kernel-type estimates for this
purpose, which usually suffer from the curse of dimension-
ality.

Several recent papers (Korotin et al., |2024; [Puchkin et al.
2025;2026; |Belomestny et al.,|2026)) suggested procedures
for direct estimation of the continuous potential 7. or a
related quantity pr /v based on empirical risk minimiza-
tion. The framework of (Puchkin et al., [2025; Belomestny
et al.l 2026) naturally incorporates neural networks, which
proved their ability to adapt to the intrinsic data structure
and to succeed in high-dimensional practical tasks. In addi-
tion, these methods directly optimize the corresponding ob-
jectives, avoiding splitting into smaller subproblems, which
is usual for iterative proportional (De Bortoli et al., 2021}
Vargas et al.l 2021} |Chen et al., [2022)) or Markovian (Chen
et al., [2023; |Peluchettil, 2023) fitting.

Rates of convergence and the curse of dimensionality.
The ERM-based approach (Korotin et al., [2024; |Puchkin
et al., 2025} Belomestny et al.| [2026) is supported by rig-
orous theoretical study. In (Korotin et al., [2024), (Puchkin
et al., 2025)), and (Puchkin et al.l [2026)), the authors elabo-
rate on the statistical error and report their results in terms
of the excess risk and complexity of the learnable class
of potentials, leaving analysis of the approximation error
out of the scope. This gap was recently addressed by (Be-
lomestny et al.l 2026), who studied an approximation of
the ratio pr /v in the L?(p7) norm. However, our work
focuses on approximating log v with respect to KL diver-
gence rather than the ratio itself, addressing a distinct prob-
lem. To our knowledge, (Belomestny et al.,[2026)) were the
first ones who derived non-asymptotic O(log” (n)/\/n)
rates of convergence. Unfortunately, the unfavourable de-
pendence on the ambient dimension D is inevitable, unless
we impose additional assumptions on py. While the ability
of deep generative models to adapt to the data structure was
extensively studied in the context of denoising diffusion
models (Chen et al., 2023 [Tang and Yang, 2024} |Azan-

gulov et al.| 2024} [Yakovlev and Puchkin, [2025} [Yakovlev
et al., [2025)), there are no results on approximation or es-
timation of Schrodinger potentials without the curse of di-
mensionality. The present paper aims to make the first step
towards filling this gap.

Contributions. We consider an affine-subspace model,
which has recently got considerable attention in the context
of score estimation and generative diffusion models (Sasaki
et al.l [2016;|Chen et al., 2023} |Oko et al.| [2023)). Our main
contributions are following.

* We prove that the right log-potential log v/}. can be ap-
proximated with any prescribed accuracy € > 0 in
terms of KL divergence via a feedforward neural net-
work with polylogarithmic in e ~! number of weights
(Theorem [3.4). This represents the first such result in
the literature that avoids the curse of dimensionality.

* We prove an O(polylog(n)/n) rate of convergence in
KL divergence under the affine-subspace model (The-
orem [3.6), thereby escaping the curse of dimensional-
ity (Theorem [3.4). We substantially improve over the
O(n=2/(445)) bound of (Chen et al., [2023) and the
O(n~"/?) rate of (Pooladian and Niles-Weed, 2025).
In addition, our bound does not depend on the stop-
ping time provided that the underlying data distribu-
tion possesses intrinsic variability.

* The proofs of Theorems [3.4] and [3.6] rely on sharp
bounds on the || - ||o-norms of higher-order deriva-
tives of log pr and log v}, (see Lemmata|[5.1]and [5.2)),
which could be of independent interest.

Notation. We use the following notation throughout the
paper. For a vector v and a tensor A with real entries,
||v]|oo and ||A]lo denote the maximum absolute value of
their entries. Similarly, for a vector v and a matrix A, the
number of non-zero entries is denoted by ||v||o and ||A]|o,
respectively. We often replace max {a, b} and min {a, b}
by shorter @ V b and a A b, respectively. The opera-
tion ® stands for the outer product. For a function f :
(@) = SUP,eq |f(x)]. Fors > 1, the
Ly (p) -norm of a measurable function f is ||f]|z, ) =
(J1f(x x) dx)'/*. For two probability densities p and
qonR? such that p < q, the Kullback Leibler (KL) diver-
gence is KL(p,q) := [ p(z)log(p(z)/a(z)) dz. For any
s > 1, the Orlicz l/is-norm of a random variable is defined
as

€]l = inf{u >0 Eelél/v 2}.

For a random vector X € R, we define || Xy, :=
sup,ega—1 || (v, X) |y, where S471 := {v € RY : ||o|| =
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1} is the Euclidean unit sphere. For some 2 C R", we
define the class of 5-Holder functions with parameter H as

HP(Q,H) = {f Q=R Z 10% £l o< (0

|k|<B
ok — ok
e L R 0] <H}.
ki1 7Y Il —ylls

Finally, f < gand g 2 f are equivalent to f = O(g), and
f < gmeansthat f < g < f.

Paper structure. The rest of the paper is organised as
follows. Section [2] introduces the Schrodinger-bridge for-
mulation, our notation, and the function classes we will use.
Section [3| states the main approximation result and its sta-
tistical corollary, including a comparison with (Chen et al.,
2023)). Section [Z_f] discusses limitations and an extension to
factorisable density models. Section [5]provides high-level
insights of our proof strategy. The proofs of all auxiliary
results are deferred to the appendix.

2. Problem setup

We consider a problem of unconditional data genera-
tion from Gaussian noise. That is, given i.i.d. samples
Y1,...,Y, drawn according to an unknown probability
density pr over R”, our goal is to produce a new sam-
ple from approximately the same distribution. We use the
Schrodinger bridge framework for this purpose. Let pg be
the density of the standard Gaussian distribution N'(0, Ip)
in RP. Given a reference stochastic process {X? : 0 <
t < T} obeying the dynamics (I)), we aim to construct
{X} : 0 <t < T} of the form

dX; = —bX; dt +u(t, X)) dt + /ydW;, 0<t<T,

such that X ~ po, X7 ~ pr, and the Kullback-Leibler
divergence between the path measures of {X; : 0 < ¢ <
T} and {X? : 0 < ¢t < T} is as small as possible. It is
known that the optimal u(x, t) is given by

u(z,t) =~ Viog Tr—i[vr](2), (5)

where v}, and 77— stand for the right Schrodinger po-
tential and the Ornstein-Uhlenbeck operator defined in
and (@), respectively. Let us note that u(z,t) from (B
also solves a stochastic optimal control problem (Dai Pral
1991).

In our paper, we are interested in quantitative bounds on
complexity of approximation and estimation of v7 in the
presence of low-dimensional data structure via neural net-
works, in particular, via feedforward neural networks with
ReLU activation functions. Let us recall that the ReLU ac-
tivation is given by ReLU(z) = 0V «. For a vector b € R",

we define the shifted activation function ReLU(z) =
(ReLU(z1 — b1),...,ReLU(z, — b)) ", where z € R".
Given the number of layers L € N and an architecture vec-
tor W = (Wy,...,Wr) € REFL a feedforward neural
network f : R"o — RWZ is a composition of linear and
nonlinear transforms of the form

f(x) = b+ A 0 ReLUbL71 oA;_qo0...
ocAyoReLUy, 0 Ajox, z€ R"e. ()
Here, A; € RWi-1xWj jg g weight matrix and b; € RWYi is
a bias vector foreach j € {1,..., L}. Finally, we introduce
the class of feedforward neural networks with at most .S €

N non-zero weights, maximum width ||| € N, and
weight magnitudes bounded by B > 0 as follows:

L

NN(L, W, S, B) = {f asin @ : > ([4llo V [Ibsllo) < S,
j=1

lrgj%{llfljlloo VIbjlle } < B}.

Once we constructed vy approximating v, we can con-
sider the corresponding diffusion

dj(:t = —b)?t dt —+ ’}/VIOg ﬁ"—t[;T](th) dt =+ ﬁth,

where )Z'O ~ po. We measure the quality of vy with
the Kullback-Leibler divergence between the correspond-
ing endpoint marginals of X7 and X7. Let us note that, in
view of (2)), it holds that

o) = / () dy
RD

(@) / ar(y| =) vi(y) dy
RD

= v (2) Trlvr](x)

and then

pr(a) = [ 7" (,)ds

RD
— () / ar(y|2) v (z) da
]RD
vy [ UL o o) e,

Trlvp)(z)
RD

Similarly, the marginal density of Xr equals to

qr(y| )

/ m po(l‘) dx.

pr(y) = vr(y)
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Hence, the performance of vy is measured with

KL(pr,pr) = /log <V%(y)) pr(y) dy

vr(y)
arle) o
+/log AT po(x)d
RD RD
arlle) o
B / e\ | Tl 2@
RD RD

In the next section, we address the following question.

Q1: Given a precision parameter € > 0, how
large should be the parameters L, W, S, B of
an approximating neural network to ensure that
KL(pr,pr) < €?

Besides approximation guarantees, we are interested in
non-asymptotic rates of convergence for Schrodinger po-
tential estimation. In (Puchkin et al., [2025), the authors
studied theoretical properties an empirical risk minimizer

- . RS
log Up € arfgln{ - ;1/)(3@)
1g qr (Yi| z)
225\ | e e O
= oo

where Y7,...,Y,, ~ pr arei.i.d. samples and ¥ is a refer-
ence class of potentials. In particular, they proved an oracle
inequality for the excess risk of U and specified the esti-
mation error. However, they left the question of approxi-
mation out of the scope of their paper. This brings us to the
following question.

0Q2: Given a training sample of size n, what are
the rates of convergence of the estimate (7))?

3. Main results

In this section, we present our main theoretical results on
approximation and estimation of the right Schrodinger log-
potential. To avoid the curse of dimensionality, we intro-
duce the following assumption on the data distribution.

without suffering from the curse of dimensionality. We be-
gin with introducing the key assumptions on the , which
exhibits an underlying low-dimensional structure.

Assumption 3.1. The data distribution Y ~ pr is gener-
ated by the following model:

Y=GZ+ Udataga

where 0gata € (0,1) and G € RP*4 has orthonormal
columns GG = I,. The random elements Z ~ i and & ~
N(0,Ip) are independent, with Z € R? being centered
and sub-Gaussian with || Z||y, < T < +00.

Assumption [3.Tmeans that the data distribution is concen-
trated near d-dimensional unknown linear subspace, where
the effective dimension d can be significantly smaller than
the ambient dimension D. Similar models were consid-
ered in recent papers on score estimation and denoising
diffusion models (Sasaki et al., 2016; |Chen et al.| 2023}
Oko et al., 2023). The parameter cqat, > 0 measures in-
trinsic data variability. In practice, it is unlikely that data
points lie exactly on a low-dimensional subspace or a man-
ifold but they may concentrate around a low-dimensional
set. In many practical settings access to noise-free mea-
surements is either expensive or impossible, see, for in-
stance, (Daras et all [2024). Our model therefore in-
cludes an irreducible noise and still preserves the intrinsic
low-dimensional structure of the data. In addition, the re-
quirement ogat, > 0 is crucial for the stochastic optimal
control approach to generative modelling, because, accord-
ing to (Dai Pra, [1991)), the marginal endpoint distribution
of the base process { X} : 0 < t < T} must dominate the
target density pr.

In view of Assumption [3.I] we have that the target density
admits a decomposition

log(Qﬂ-Ugata)

log pr(y) = logp(GTy) —
_tp = GGTyl?

2
2O-dauta

) ®)

where the on-support density is given by

Py (u) = (27T0-(21ata) —d/2

L2
-/exp{—w}du(z), uecRL (9)

O data
Rd

It is important to note that we impose mild conditions on
the mixing measure p. For instance, (Chen et al.l 2023) re-
quires that pj(u) must be globally Lipschitz. This yields
that the log-density Hessian V2 log p)(«) must have a uni-
formly bounded operator norm. Direct computations show
that

V2 log py|(u) = QZQI(U)// [(21 — 2z)(21 — 22) "

R4 Rd
2 T 2
u zj Zj
.||exp{ 2 -zl }du(a)dum)}, (10)
i Odata 2O-datau
7j=1

where
2

Z(u):/‘/Hexp{Z;Zj—

2
R pa j=1 data 2Udata

[EAS

banCenante).
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While the right-hand side of (I0) is obviously bounded on
R? in the case when y is Gaussian or has a bounded sup-
port, it is not clear, whether this claim holds for a general
sub-Gaussian measure p. For this reason, Assumption
allows us to consider a more general framework compared
to (Chen et al., |[2023).

We also impose a mild assumption on the potential v7 as-
suming that it is bounded from above.

Assumption 3.2. There exists a positive constant M such
that log v (y) < M for all y € RP. In addition, it holds
that Too[log vy] = 0.

Note that Assumption|3.2]is consistent with the analysis of
Schrodinger potential estimation in (Puchkin et al., 2025)
and (Puchkin et al., 2026). The requirement 7 [log v}.] =
0 is not restrictive at all. Let us remind a reader that the po-
tentials v and v are defined up to multiplicative constant.
Hence, the condition 7 [log v5.] = 0 should be considered
as a normalization.

We now establish that, under the assumptions formulated
above, the right Schrodinger log-potential can be approxi-
mated without the curse of dimensionality. The key obser-
vation is that the log-potential admits the following decom-
position.

Lemma 3.3 (log-potential decomposition). Assume pr
satisfies Assumption and let py be the standard
Gaussian density on RP.  Let pj(u) and q)(u|z) be
the densities of the Gaussian distributions N(0,1) and
N (e Tz, v02.1,), where o2 is defined in (B), respectively.
For any measurable function f : R¢ — R, introduce

Tilf)(x) = / Flwyay (u] 2) du, (11

and let Vﬁ : R? — R be a solution of the equation

log vjj (u) = log pj| (u)

—1og/q'(“|x)/’|(x)d:c

, R, 12
Tl " C (12)

such that [, log l/l*‘(u)ef"“”Q/@'V”io) du = 0. Then, the
log-potential log v} admits a decomposition
log v7-(y) = log vjj(GTy)
_ltzp = GGMy|? —03,(D — d)

2
( : : )
’ 2 2 52 )0
Odata — 9 Yo
where 0%, = (2b)~! and o is the positive root of the
quadratic equation yo2o = e T (02, . — 02). Further-

more, Too[log vy] = 0.

The proof of Lemma [3.3] is postponed to Appendix
We would like to note that I/ﬁ is well-defined, since it is the
right Schrodinger potential for the marginals py|(z), pj ()
and the Markov kernel q|(u | ). Importantly, Lemma
shows that the approximation of the right Schrédinger log-
potential log v}, can be achieved by approximating log Vﬁ,
a d-dimensional function, thus avoiding the curse of di-
mensionality associated with the ambient D-dimensional
space. Nevertheless, existing approximation results from
the literature do not apply to log v;i. Overcoming this ob-
stacle is the main technical challenge of the present paper.
It is also worth mentioning that the restriction of log v75(y)
onto the orthogonal complement of Im(G) is bounded from
above if and only if y07. > o3_,,. Thus, the inequality
yo% > o2, is a necessary condition for Assumption
to hold. It poses no problems, since a learner is free to
choose the parameters +y, b, and 7.

Theorem 3.4. Grant Assumptions[3.1|and[3.2] Assume fur-
ther that bT is sufficiently large in the sense that it satisfies

bT > loglog(1/e) + log(Do2,) +loglogoy2,. (13)

ata’

Then, for every 0 < e < ANM) A1, where A < o2, and
M < M + Da;fta, there exists an approximation v (y)
of the right Schrodinger potential v, of the form

log o7 (y) = log (G y)
_Up = GGTy|* = 702,(D —d)
2

(2 52)
O—c21ata70—2 ’)/O'% 7

such thatlog v); € NN(L, W, S, B) fulfils —A(1+|z]|?) <
log Zl*l(z) < M) forall z € R? and the terminal density
Pr, corresponding to Uy, satisfies KL(pr,pr) < €. Here
0% = (2b)7! and o is the positive root of the quadratic
equation yoto = e "T(c2 . — o%). Furthermore, the
neural network architecture satisfies

L S log®(1/e) (log oz, + loglog(Dogl,))

B < \/log(e=1(Do;2,),

(log(1/e))**** D\
IWleo v 5 SEEE— (10g 2 ))/242,
data data

The hidden constants depend solely on the parameters 7y, b,
M, and d.

The proof of Theorem [3.4]is postponed to Appendix
Theorem establishes that the right Schrédinger log-
potential log v} can be approximated within the accuracy €
in terms of the KL divergence via a quite small neural net-
work with only O(log(1/¢)) weights. It is a consequence
of the favourable bounds on the higher-order derivatives of
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the log-potential (see Lemmata[5.T]and [5.2). To the best of
our knowledge, Theorem [3.4] provides the first approxima-
tion result of such kind. A very recent paper (Belomestny
et al., |2026) considered a related problem but focused on
the approximation of pr /v in the L?(pr) norm. Our goal
is different. We also would like to note that the condition
@]) should be considered as a condition on the product b7,
rather than on the time horizon 7'. We still can take 7' = 1
but it will require larger values of b.

We proceed with theoretical guarantees on accuracy of esti-
mation of the potential v}, from n i.i.d. samples Y;,...,Y,
drawn according to py. Lemma [3.3]and Theorem [3.4] sug-
gest us to use a class of neural networks of the following
form.

Definition 3.5. We denote by Fnn(L, W, S, B, 0min) the
class of neural networks of the form

Y(y)

where o € NN(L,W, S, B), the matrix V. € RP*? has
orthonormal columns, 0 < oy < 0 < 1for some oy <
Odatar and |a| < 02 V (yo2) =L We further assume that

p(z) <
where A < o’mm and M) < M + Dc;’m1

assume that Tol] = 0.

=o(VTy) —a(|(Ip —VVT)y|]> — 02 (D — d))

—AL+ 2]7) < M, forallz € R?,

o Moreover, we

In Definition[3.3] since o' qat, is unknown, we make it learn-
able and use the decomposition given by Lemma Cru-
cially, we assume that we have an access to a lower bound
t0 Odata, Which we denote by oy, > 0. Moreover, since
the linear subspace given by G from Assumption [3.1]is also
unknown, we introduce a learnable matrix V" with orthonor-
mal columns. Finally, we emphasize that the log-potential
1 satisfies the normalization constraint To[¢)] = 0. We
now formulate our main result on the estimation of the
Schrodinger potential.

Theorem 3.6. Assume conditions of Theorem[3.4hold. Let

log Ur be an empirical risk minimizer over the class
U = Fnn (see Definition[3.5) with the parameters

L < log n (log Urmn + log IOg(D mm)) )

log(n(Do2)),

HWHoo VS S (logn)*™ 6o, £ (log (Do) /22,
Assume further that bT 2 loglogn + log(Damm) Let pr
be the density assoczated with the estimate Ur. Then, for
every § € (0,1/2), with probability at least (1 — 20), it
follows that

D2%(n, D, omin) log(1/9)
d b

min

KL(pr,pr) S

no

where

< (nv D7 Umin) - 3d+16(

))d/2+5

(log n) log(Do

Here, the hidden constants depend on v, b, M, and d only.

The proof of Theorem [3.6)is moved to Appendix [A.3] Let
us elaborate on comparison of Theorem [3.6] with relevant
results in the existing literature. By a straightforward appli-
cation of the Girsanov theorem, Theorem 2 in (Chen et al.,
2023) yields that

EKL(pT—tO;BT—tO)
_5 (f (n~7 +Dn—:¢z)) ,
0

where t, is a stopping time. By contrast, Theorem [3.6] sig-
nificantly improves the dependence on the sample size. The
underlying reason is the approximation theory developed
in Theorem [3.4] Our construction guarantees that the num-
ber of non-zero parameters scales polylogarithmically with
¢~!, thereby enabling the faster convergence rate in the
sample size. While the results of (Yakovlev and Puchkin,
2025) extend beyond linear subspace assumption of (Chen
et al., [2023), their bound with tI~1€ smoothness parameter
B = logn does not recover the O(n~!) convergence rate.
This is due to the fact that the dependence on the ambient
dimension D is worse than in Theorem Moreover, the
bounds and those of (Yakovlev and Puchkin, 2025)
explode as tgp — 0. The same issue appears in the anal-
ysis of diffusion and flow-based generative models (Oko
et al.l 2023 |Yakovlev and Puchkin, [2025; [Fukumizu et al.,
2025), even when the target distribution is absolutely con-
tinuous. On the other hand, the bound established in Theo-
rem[3.6] circumvents this limitation and eliminates the need
for stopping time tg. The dependence on the noise level
appears only through o2 , which plays a role analogous
to tg.

Notably, (Pooladian and Niles-Weed, |2025) obtained that
expected squared total variation distance between the path
measures, corresponding to {X; : 0 < ¢t < T} and the
process with the estimated drift {)/(\’t : 0 <t < T}, scales
as O(n~Y/2 4+ n=1(1 — 7)7%=2), where 1 — 7 denotes the
stopping time and k represents the dimension of the man-
ifold supporting the target distribution. Our Theorem
correctly captures the dependence on o, through the ef-
fective dimension d. Notably, unlike (Pooladian and Niles-
‘Weed, 2025)), our result avoids the slow n—1/2 convergence
rate, achieving improved statistical efficiency.

(14)

min?

The above findings indicate possible gaps in theoretical
guarantees for generative diffusion models and flow-based
models. We suppose that these problems are primarily re-
lated to the properties of the corresponding loss functions
(in denoising score matching and flow matching), which
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blow up as ty approaches zero, rather than to the prop-
erties of the score function and the velocity field, which
may remain bounded. We emphasize that this comparison
does not imply that the approaches, relying on construc-
tion of Schrodinger bridges or stochastic optimal control,
inherently outperform diffusion- and flow-based methods.
Our analysis focuses solely on upper bounds, while lower
bounds remain an open question in this context.

4. Extensions and future directions

In view of (8)), the target density pr can be represented as a
product of two probability densities on orthogonal spaces.
Such a model is quite popular in statistics in the context
of non-Gaussian component analysis and linear dimension
reduction (see, for instance, (Blanchard et al.l 2006) and
the references therein). It has a natural extension when pr
is represented as a product of J > 2 components:

H p(J)

where the matrices S; € RLGXP 5 e {1,...,J}, di +
.+ dy; = D, are such that SijT = Iy, for every 1 <
< J,and S;S; = 0 forall j # k, and, for each j €
{1, L) p(” is a probability density on R%. In this
case, it is also possible to approximate and estimate the
Schrodinger potential v7., because it is also factorizable.
We provide the corresponding result below.

y € RP, (15)

Lemma 4.1. Assume that pr admits a decomposition
(13), and let py be the density of N(O,Ig)}. For
(

each j € {1,...,J}, let pY)(y;)andqi’ (y;|%;)

denote the densities of the Gaussian distributions

./\/'gQ),Id,% and N (e ""'Z;,vo%14,), respectively.  Let
3y G

(vy’,vy’) be the Schridinger potentials of the cor-

responding sub-problem on R%  with initial density
() (4) (4)

p\), target density pT , and transition kernel qT . Then

the Schrodinger log-potentials admit the decompositions

Zlog V(J)
Z log I/(J) ]y

log v (z z e RP,

logvp(y y e RP.

The proof of Lemmal4.]is postponed to Appendix [B] Fur-
ther extensions of Assumption [3.1] can include situation
when the support of the mixing measure p is a union of
affine spaces (Chakraborty and Nguyen, [2026)) or nonlin-
ear (Yakovlev and Puchkin, 2025). The nonlinear model
with low intrinsic dimension has a practical impact, be-
cause real-world data sets often exhibit nonlinear under-
lying structures (Brown et al., [2023).

5. Proof Insights

In this section, we provide some intuition behind the proofs
of our main results, Theorems[3.4] and 3.6} Lemma [3.3]es-
sentially reduces the problem to approximation and estima-
tion of the on-support log-potential log /] defined in (12).
We rely on a well-known result of (Schmidt-Hieber, 2020)
(Lemma [A.5) to approximate the summands in the right-
hand side of (T2) via feedforward neural networks with
ReLU activations. However, the most challenging and the
most technical part of the proof is to provide sharp bounds
on || - ||o-norms of higher-order derivatives of

qi(u|x)p)(z) dz
T vjil(z)

log p(u) and log/
Rd

We provide the corresponding results below and believe
that they could be of independent interest.

Lemma 5.1. Assume that the target distribution pr satis-
fies Assumption 3.1} and let p)| be the on-support density
defined in ). Then, for every integer k > 2 and every

u € RY
‘ || ||2 )H
dd.td
(36(|u||+27f+odm)ﬁ> "

Udata

\ (log pH(

where C' >

Lemma 5.2. Let p| and q)|(-|x) be the densities of
N(0,14) and N (e"Tx,y02.1y), respectively. Let v :
R? — R satisfy Teo[log )] = 0 and logv < M), and
assume that bT obeys

1 is an absolute constant.

8e2 7T < yo2Vd and 14e*Vd e PT/? <log2. (16)

Then, for every integer k > 3 and every y € RY,

k1 ai(y | z)p) (z) dw
v 1g/ Tl (=)

_ <3 . 92+d/2 e—be)

= 2
Yo

k —2bT 2
: cxp{k(ZMH +3)+ 6( ”)y” } K,
where || is defined in and C > 1 is an absolute con-

stant.

The proofs of Lemmata [5.1] and [5.2] are moved to Appen-
dices [C.T and [C.2} respectively. The main obstacle is that
the density pj|(x) as well as the mixing measure ;1 have
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unbounded supports. This makes the proof significantly
more complicated compared to, for instance, (Yakovlev and
Puchkin,|[2025) (Lemma 4.1). In the proofs of Lemmata@]
and we derive explicit expressions for the k-th order
derivatives and reduce the problem to upper bounds on the
expectations of homogeneous shift-invariant polynomials
of sub-Gaussian random variables of degree k (see Lemma
[D.2). The proof of Lemmal5.1]significantly exploits the fol-
lowing fact from probability theory, which, to our knowl-
edge, was not presented in the literature before.

Lemma 5.3. Let X and Y be independent random vec-
tors such that X ~ N(0,0%1,), o0 > 0, and EY = 0 and
E|Y||? < dr?. Set S = X + Y. Then, for any s € R, the
conditional distribution of X given S = s is sub-Gaussian.
Moreover, its conditional 1ps-norm and the conditional ex-
pectation p(s) = E[X | S = s] satisfy the inequalities

12X = 1) [|ps (-} 5=s5) < OR + 60

and
[(s)]| < 3R+ 3o,

where R = ||s|| + 27V/d.

We provide the proof of Lemma[5.3]in Appendix No-
tably, the random vector Y in Lemmal[5.3]is not necessarily
sub-Gaussian, it should just have a finite second moment.

Lemmata [5.1] 5.2} and [5.3] are the main ingredients of the
proof of Theorem [3.4 Once we quantified the complexity
of Schridinger potential approximation, the proof of Theo-
rem [3.6is not very hard. It just requires to carefully check
that all the conditions of Theorem 1 from (Puchkin et al.,
2025)) are satisfied and combine this results with Theorem

B4
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A. Proofs of the results from Section
A.1. Proof of Lemma[3.3]
First, observe that the density of X1 satisfies

D Ip — GGMy|? Gy —ul?
or() + 3 tou(2ro) = ~ 12 GEME g [anp (12210 )

2
2Udata 2Jdata

Rd

We now show that the Ornstein-Uhlenbeck operator also admits a similar decomposition. Let G, € RP*(P—d) pe
the matrix that completes G to an orthonormal basis of RP. Let us find the log-potential in the form log v (y) =
log i(Gy) + log v} (G y). Then, it holds that

Trvrl() = Ecanr(ev7a,02410) V| (G11EWVL(G LY)] = Ee[v)|(G)1€)] - E¢ [V (G LE)],
where we used the fact that G ¢ and G| € are independent. Consequently, defining

T l(w) = Eeanr(e-v7u,02410) [V (€] u € RY,
ﬁ[VL}(VU) = E§~N(e*bTv,a%'yID_d) [VL (5)}7 IS RD?da
we conclude that
Trlvil(z) = Ty WG 2) - TLvi (G ).

‘We now define transition densities

d r_ ,=bT, 12
log q)| (v | u) = —3 log(2my07) — W u',u € RY,

D—d oy v — eyl D-d
logq, (v'|v) = — 5 log(2myo4) — 2702 , v,veR”T4

Let us also define the standard Normal density in R? and R~ as pj and p_ respectively. Thus, it follows that

qr(y|z)po(z)dz q/(GTy|x)py(z) dx qL(Gly|2)p.(z)da
os [ s | Tivl@) rlog [ SRS

RD R4 RD—d

Therefore, we conclude that the potentials I/ﬁ and v’} can be found from the corresponding Schrodinger systems:

d — ul)? d
log v (2) = —ilog(Qwaﬁata) +log/exp <—”Z ul > dp(uw) —log/ a1 2)py (@) x,

2Uc21ata 7-H [Vﬁ](ﬂ?)
R4
D—d [v]? q.(v|z)py(z)dx
1 i =— log(2mo?2 — —1 .
ogv (U) 2 Og( ﬂ-a.data) 20'(2131:& og / TJ_ [Vj] (l’)

Here, z € R% and v € RP~¢ Note that v solves the Schrodinger problem between two Gaussian distributions
N(0,Ip_q) and N'(0,03,,,Ip—a). This problem has a closed-form solution, which we formalize in the following lemma.

Lemma A.1. Let the base process be given by (1)) Let also po = N(0, Ip) and pr = N (ur, Uﬁatalp)for some ur € RP
and o gata € [0,1). Then, the coupling between X§ and X} in the optimally controlled process has the form

<X5>NN(<0> (ID olp )) o _14VIFAC? L oawee

X% Hr olp agataID Odata 2C 70%

In addition, for all x,y € RP, the Schridinger potentials are given by

lylI? 1 1 y ur
log (1) = - S L)
2 Jﬁata —o? 70% O—ﬁata —o?

11
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and
1 l/*( ) _ _HZ‘HQ Uﬁata_e_bTU _ xTMTO- _ H/’LTHz
8 Yo\t) = 2 o —o? o . —o2 2%  —o02?)
data data data
o 91 27T(O'(21ata — 02)
g log| — 25— ).
YoT

The proof of Lemma [A-T]is postponed to Appendix [A-4] Therefore, applying Lemma[AT] we obtain the explicit form of
logvy:

2—~o2 (D—-d 1 1
oot = LEIRDZ0 (1 1),
2 Odata — 9 YoT
This log-potential satisfies the normalization condition 7o, [log %] = 0. Finally, we observe that |G| y||*> = ||(Ip —
GG T)y||?, for all y € RP. The proof is now complete.
O

A.2. Proof of Theorem 3.4
Lemmatogether with condition (T3] implies that, for all z € R,

—A(1+||2]?) <logvji(z) < My, ASogi,, M;SM+Doil,. (17)

Furthermore, Lemma D.1|claims that 7. [log yl*l] = (. Next, we approximate the right log-potential on a compact. This is
established by the following lemma.

Lemma A.2. Grant the assumptions of Theorem[3.4} Fix an arbitrary R > e and assume that

bTZMH—I—logR, (18)

where M| is given by (T7). Then, for any € (0, 1), there exists a ReLU-neural network f € NN(L, W, S, B) such that

@ If- log V||| o< (1= r,R)4)) < &, (19)
ji in_ logu(u) —e < f(z) < M) +e, Iz eR:
(i) ue[rzl}l%r,lR]d ogvj(u) —e < f(z) || +e& forallx

Furthermore, we have that
L< 10g2(1/5) log(a(;;taR)7 B <R,
[Wlleo VS < (log(1/))*"**5(Roy,, )" log(o g2, R).

The proof of Lemma is deferred to Appendix@ In what follows, we assume that ¢ < M| A A, which implies that
the approximation log v from Lemma satisfies

—Ad||x|\2—2A<10gDH(a:) <2MH’ fOI‘all.Z‘ERd.

Next, observe that

KL(pr, pr) < / or(y) llog v (y) — log 7y (y)| dy
RD

ary| Do) dr [ arly|a)pofa) da
< [ 1°gR[ Tibi@) ‘logR[ Tibrw |

RD

12
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In view of Lemma[3.3] we have that

KL(pr.pr) < [ py(2) log v ()~ log (=) d:
R4

q||(z|u)p||(u)du 1o qH(z\u)pH(u) du .
+/p”(z) logR[ Tl (w) 1 g[ [} (w) a

Rd
To bound the second term in the above bound, we need to formulate the following helper lemma.

Lemma A.3 ((Puchkin et al., 2025), Lemma B.2, adapted). Consider arbitrary functions fo, f1 : RY — R such that
Toolfo] = Toolf1] = 0. Assume that there exist constants M € R, A > 0, and B > M V 0 such that, for all z € R% and
i€ {0,1},

—A||(EH2 —B< fi(z) < M.

Assume further that bT > 1. Then, for all y € RY, it follows that

o qr(y | x)po(x) dz —lo ar(y | x)po(x) dx _ 1/K(T)
lgR[ Telel(@) lgR[ Teleh]) |~ Tl = hol)

1-1/K(T _ _
@+ )T exp {O(d + (Mlog(AV BY)VAT e (1 4 |ly]2) }
Here, the hidden constant behind O(-) depends on ~ and b only, and K(T') is given by (36).

Applying Lemma[A3|and using the bound {3)), we obtain

~ « ~ N A\ /K(T)
KL(pr,pr) < Hlog vy — IOgVH”Ll(pH) + (Too[|log1/H — log V|I|])

exp {O(d+ (M log(A - dV B)Vde ")} E [(d+ ] exp{Oe™T(1+ €12}

where ¢ has density p)|. Since the distribution of § coincides with the distribution of the convolution 7 + 0qata(, Where
n ~ wand ¢ ~ N(0, ;) are independent, we deduce that [|||¢||?||4, < d. Therefore, applying the H6lder inequality and
(Vershynin| 2018} Proposition 2.7.1), we arrive at

- . - . o\ VKT
KL(pr,pr) < |l 10gl/|| —log VH”Ll(pH) + (TooH log vy — IOnglﬂ)

- exp {(’)(d + (M) log(A-dV B))\/gebe)} Vdexp{O(d2e=2T)},
Thus, using condition (T3), we deduce that

)I/IC(T)

KL(pr,Br) < [ log o] — logllp2sy + (Tl log ] — log 7 exp{O(d)}.

Using condition (T7), we have that, for any R > 0,

[og v] —log 7 [[L1(p))) S | log vjj — log w|l| o= (1300, m)) + \/(Mn +A-d+ B)P([¢] > R).

Applying the Gaussian concentration bound (Rigollet and Hiitter, 2023, Theorem 1.19), we deduce that setting

R = \/d log(e=' (M) + A-d+ B))
yields

H logyﬁ — IOglj\lHLl(Pu) f/ ||loguﬁ — IOgDH”L“’(B(O,R)) + € ,S g,

13
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where the last inequality uses Lemma[A.2] Similarly, we have that
Toolllog v} —log ] < || log V]| — log V||| L= (5(0,R)) +€ S €.

In view of the bound (43)) and condition (I3)), we have that

1
1 _ < _ _14 2 —-bT < 4 2 —-bT < [
1/K(T) < 1 — exp(—14e*Vde™T) < 14e2Vde T < oz (1/5)

Hence, for any a € (0, <], we have a'/*(T) < q, and therefore

KL(pT,ET) 5 E.

Finally, Lemma|A 2] suggests that the architecture of log 77| € NN(L, W, S, B) with

L Slog’(1/e) (logoy 2, +loglog(M; + A+ B)), BX \/log(a—l(MH + A+ B)),
[Wlloo VS < (log(1/€))3 0031 (log(M) + A+ B))¥/* M logo 2.

By substituting the bounds for A and M) as specified in (T7), we derive

L Slog’(1/e) (logoy2, +loglog(M + Doi2,)), BS \/log(a_l(M + Doz ),
Wl V'S < (log(1/€))** 02 (log(M + Dog2, )Y logo 2, .

ata

By appropriately rescaling £ with an absolute constant, we complete the proof.

A.3. Proof of Theorem 3.6

Step 1: proximity of log-potential estimates. Fix an arbitrary y € RP. Consider (), 4(2) € Fyn(L, W, S, B) of the
form

b9 (y) = D (Vihy) = ag) (II(ID — Vi Vil = v (D — d)) : (20)

where j € {1,2}. Let {Al(j ), bl(j )}le be the corresponding weight matrices and biases of (7) for each j € {1,2}. Then,
it follows that

[P (y) — @ )| < 1™ (Vidyy) — P (Vi)
+laq = a| (b = Vi) Vi)l + D) @1

2
min

+o,

I = Ve VIl = 1o = Viey ViB |
We now analyze each term individually. Let us denote

— 1 _ 4@ 1 _ @
€= 121&XL(HAZ A oo V Iy b))

Proceeding as in the proof of Lemma 5 in (Schmidt-Hieber, [2020), we obtain
M (Vidyy) — P (V)]
— o T Yy ENE)) T__ Y
=¥ Ylloo + 1)V, ) © <yoo+1V )‘
o (s + 0] (lee Ve Ty
1 2
< (Wl + DE(L 4+ 1)(lylloo + 1) (= + 14V = APV 1)

14
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Next, we note that || V(1)[|oo V [|V(2)llcc < 1 and, therefore,

1 2 2
dAY — AP Vi) oo + I A s Vi) = Vi llo
d(e + B||Vi1) — Vigylloo)-

1 2
||A§ )V(I) - Ag )V(g)Hoo <
<

This immediately yields that

M (Vi) — ¢ (V)]
< (d+D)([Wloo + D*2(L+1D)(B+ Dyl + V(e + V) = Vi) llo)-

Next, we deduce that
o — aey| (IUp = Viy VWl + D) S DO+ yl)laq - o)l
Put Vl(j) =1Ip— V(j)V(}—). Then have that
VOl = IV < VS = v Il Av Pyl + vyl < 2v® = v - [lyli?,

where the last inequality uses the fact that HVL(j ) || < 1forall j € {1,2}. Therefore, using the fact that ||V¢(1) - VL(Q) I <
DI|Vi1y = V(2) | c» We conclude that

W0 () =@ W) < (Wl + DF2L+ 1B + 1) (e + Vo) — Vi lloe) (1 + 1y %)

+D(1+ [lyl*)aq) — a@)| + ot DO+ [yl*) Vi) = Valloo- (22)
Recall from Lemma[3.3] that
o —1+v1+ 402 C = O’dataeibT
Odata N 20 ’ B 70—’%

Since bT' 2 1, we can assume that C' < 1. Consequently, by the mean value theorem, we have that

2 2 2 V 1 + 402 - 1 2 402 ‘7c21ata
o — 0 =0 ——— = O, >
data data 202 data L2 ,71 20 = \/5 ’

Whel‘e 6 S (0, 1). Hence, we ()btain
1 1 <0'_2, \/(70.2)71 ga,—z \/(70.2)71
0.2 0.2 ,YO.Q ~ ~ data 1 min 1

This observation, combined with Lemma [3.3] demonstrates that for any precision parameter ¢, the approximation con-
structed in Theorem [3.4] belongs to the class of log-potential estimators defined in Definition [3.5] for appropriately chosen
neural network parameters L, |V ||, S, and B.

Deriving the final bound. We now apply the following generalization error bound result.

Lemma A.4 ((Puchkin et al.,[2025), Theorem 1, adapted). Grant assumptions of Theorem Let bT Z log ad_aia. Assume
that there exist J > 0 such that, for every vV () € Fyn of the form [@0) and every y € RP, it holds that

W (y) =P () <L+ Jlyl)?

1 2 1 2
- max (47 = A7 oo V157 = 5 llo0) V [Via) = Vigy o V o) = 02 -

Then, for every § € (0,1/2), with probability at least (1 — 20), it follows that

KL(pr,pr) — inf KL Yy < IY(n, 6 inf KL YY £ T(n, s
(pT,PT) vermil o m) (pT,pT)N\/ (n, )wefNN?Ll,W,s,B) (pr, py) + Y(n,d),

where

SLlog(L([|[W|lo +1)B)logn
- :

Y(n,d) < D? <10g Jn (M| + Dol + A)\/BebT>

§ min

15
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The proof of Lemma is a slight adaptation of the proof of Theorem 1 in (Puchkin et al., [2025). In that work step
6 establishes a uniform large—deviation bound that controls the difference between the empirical KL divergence and its
population counterpart uniformly over the parameter class. Since an empirical risk minimizer is selected over the class of
neural networks with at most .S non-zero weights, we apply a union bound and observe that there are at most

S
Z <L||W||oo(||w||oo + 1)> < (S—|— 1)LS(||W||oo + 1)25

S
s=0

ways to pick a sparsity pattern with at most S non-zero weights. In view of (22), we have that

log J < Llog(L(||Wlleo + 1)(B + 1)Do

mll’l)

Applying Lemma together with the Young inequality, we obtain that, with probability at least (1 — 2J),

KL f KL i
(pr,Pr) S wem&l - (pr,PT)

N D2SL21og? (L(||W||oe + 1)(B + 1)) log® nlog(1/6)

- .

Applying Theorem@for some 0 < e < AA M) A1, which will be determined later in the proof, we deduce that

= D?g.¢ (log(1/€))**+ 1 (log(M + Do 2 ))*/** log® nlog(1/6
KL(pr,pr) < & + O min (l0g(1/2))*+* (log( . in)) g nlog(1/9)

with probability at least (1 — 20). Here, we put oy, instead of o 4at, into the architecture given by Theorem to ensure
that the approximation log 77 belongs to the class Fnn (L, W, S, B). Therefore, setting ¢ = (A A M| A 1) /n implies that,
with probability at least (1 — 24),

KL(pT /F;T) < D mlll(logn)3d+16(log(M + D0m111)>d/2+5 IOg 1/6)

n

Finally, from Theorem 3.4 we find that the architecture satisfies

L <logn (logo,? +loglog(M + Do 2)), BS \/log( M + Do,2),

mln

[Wllso v S < (log n)***Po 8 (log(M + Dﬁmm))d/ 2,

Furthermore, we have that bT' 2 loglogn + log(M + Damm) The proof is finished.
|
A.4. Proof of Lemma[A.1]
Let 7* be the joint density of (X, X7). Then, according to (Léonard, [2013) and (3), we have that, for all =,y € RP,
logm*(z,y) = log vy (2) +logar(y | x) + log v (y)
) D _ e—le, 2 .
=logyg(x) — 5 log(2my07) — Hy272” + log vy (y). (23)
Yo

Let us verify that the form of the coupling described in claim of the proposition has the above form. From now on, assume
that 0 < 0 < 04ata- Then, taking into account that

ID O'ID - 1 g _ 2 _ _2\D
det (m I) ‘d‘*(<a aﬁm)%) = (%data = )%

we deduce that

* D 1 T T I I —1 T
oo S5 (2505

Y — pr olp 051D Y — pr

16
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Applying the Schur complement argument, we obtain that

* D 2 2 1 2 o> \ 7
lOgTF ($7y) =-D 10g(2ﬂ') - 5 log(adata -0 ) - §||:E|| 1- 0_2

data
2 \ ! 2 2 \ 1
T o o 1 9 o o o
- 1— =y - 1— . 24
+ ! (y NJT) ( Ugata> Ogiata 2 Hy ’LLT || <O-data + Uéata ( Ugata> ) ( )

Therefore, it suffices to take o such that the terms with "y coincide. Specifically, let

2 -1 —bT
(1— 2 ) g _¢ (25)

2 - P
O data Odata Yo7

Solving this quadratic equation, we conclude that
o —1++V144C?
Odata B 2C .

Note that 0 < ¢ < 0qata and, therefore, the first claim follows. In view of (23)) and (24)), we have that the right Schrodinger
potential is proportional to (up to additive constant)

log vy (y) = logn*(x,y) —logqr(y|z) —log v (x) o — Iyl ! — ! + ypur .
2 0c21ata - 02 70’% Ugata - 02

Therefore, we can choose v as shown on the right hand side of the above expression, and the second claim follows. Then,
the left Schrodinger potential is expressed as

]2 < Odata 62bT> _alpro |
2 agata —o? 70’% Ocziata - 2(0c21ata - 02)

2
_ 2 log <2W(U§ata2_ UQ)) )
2 YoT

log vy (z) = —

Consequently, using (23), we obtain

B <a§atae”o> tTpro Dlog<2w<o§maa?>>_

2 _ 42 2 _ 42 2 _ 42 2
2 Odata o Odata g 2<Udata g ) 2 Yo

logvg(z) =

This completes the proof.

A.5. Proof of Lemmal[A.2]

Recall that, by Lemma[3.3] the actual log-potential decomposes as

log v/j(u) = log py| (u) + 7Hu2”2
2O.datta
e TuTz e 27|22\ po(x)dz d
— log/exp ( — ) * — —log(2ny02%).
d g 2 ) Tl 2 )

Consequently, it suffices to approximate the log-density term (including the quadratic component) and the log-integral term
separately.

Step 1: log-density approximation. Now we aim to approximate
[l
202

data

fi(u) =logpy(u) +

on a compact set [— R, R]%. Our proof is based on the fundamental result on approximation capabilities of ReL.U-neural
networks given below.

17



On approximation and estimation of Schrodinger potentials without the curse of dimensionality

Lemma A.5 ((Schmidt-Hieber,[2020), Theorem 5, adapted). For any function f € H?([0,1]%, H) and any integers m and
N > (BV 14V (H + 1)e?, there exists f € NN(L, W, S, 1) with

L<mlog(d+B), SS(A+B+1D)3Nm, |[Wew S (d+B)N
such that

If - Flleoo,s S (H +1)(d* + 267 N2~ + H3° NP/,

Let 3 € N will be specified later in the proof. Note that, for any f € H?(Q, H),

k _ 8k
S 10 ey + 3 sup 2 f<f>y||&_£§y>|

k<5 -y |
< oax 10" f 1| oo eyl {ke = K| < B} + \/g‘flilli% 10" f | oe ey [ {ke = K| = B — 1}]
d+p8—-1
k
< 2\/ﬁ|11£1§>g||3 f||L°°(Sz)( J )

Furthermore, we observe that, for any R > 0 and f € H?([-R, R]%, H), it follows that x ~ f(—R + 2Rz) €
#7([0,1]¢,2°(R v 1)’ H). By Lemmal5.1} we have that

B
24\/ \/>R + 2\/> + Odata
max [0 1]l oo (- r,Rj7) < 2 Alvd ta) Bl
[k|<p Udata
where C' > 1 is an absolute constant. Using the bound
d —1
( *5 ><(d+5—1>d56d, (26)

we deduce that f; € H?([-R, R]*,R, H)) with
B
HO 5 54 (24032,\/CBA(R+3)) " .
Applying Lemma we obtain that there exists f; € NN(L(), W1 S1) 2R) such that

B
1o = Fillpe o S RGN 487N (24032 /OBA(R +3)) B

Applying the Stirling approximation and setting m such that N2—™ = 38 N—F/¢ e arrive at

e- N1/d

||f1 - leLOC([fR_’R]d) 5 ﬁd+2 ( dat'l 6 ( )

Consequently, setting 5 =< log(1/¢) and

N = (72032,V/CdB** R(R + 3)) +(BV )TV (HD +1)ed
= (03B (tog(1/))*"%,
we deduce that || f; — fillos (= r,r])*) S €- In addition, we have that

m =< log(N'+F/4376) < (1 + B)log N < log(1/¢) log(o;2, Rlog(1/)).

18
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Therefore, by Lemma[A3] the architecture satisfies

LW < log?(1/¢)log(0.2,R),
SOVIWWY o < (log(1/2))>* (032 R*)? log(0 32, R).

ata

Step 2: log-integral term approximation. We now aim to approximate

fa(u) = log/exp (e_bTuTx — e_QbT”tz) P (x) dz
Vo7 2v0% ) Tlvl(=)

Rd
on [~ R, R]%. Using Lemmal5.2] together with the condition (T8), we obtain

(23+d/26—bTm> B 5

max 8kf 0o ([ ay <
P >

|k|<B
Therefore, by Stirling’s formula,

LT <
“@@ 0% fll L (I-R,R]%) N \/B

(23+d/2\@53/2 ) A

evo?

Hence, applying Lemma[A.5| with the Holder norm parameter

d+ B -1
H® =24 O fol| 1o
fﬁﬁ?é” Fallo=() d

and using the bound (26)), we obtain that there exists f2 € NN(L®@ W@ 5@ R) such that

93+d/2, /0 33/2

Ifo = follL=(_r.mey S RPBHHY/2 ( 5
e’yUT

Consequently, choosing m € N such that N2=™ = 38 N—F/4 e arrive at

3R . 23+4/2,/C33/2 > A

e < d+3
1f2 = fallLos(=r,R)2) S B ( 7o N1/

Hence, setting 3 =< log(1/¢) and

N <3R,23+d/2\ﬁcﬁ3/2

d
5 ) +(BV 1)V (HP +1)e? < R (log(1/¢))34/2,
Yor

we conclude that

12 = foll e (mrmey S &
In addition, we have that
m < (14 B)log N <log(1/e)(log R + loglog1/e).
Furthermore, Lemma [A.3] suggests that the architecture satisfies
L® < mlog(l+ B) <log*(1/e)log R,
[W @ o v &) < 553N m < (1og(1/2))**+ R log R

19
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Step 3: ensuring regularity on the entire space. We now aim to clip the input of the resulting approximation to
[~ R, R]%. In this step, we utilize standard results on concatenation and parallelization of ReLU neural networks (Nakada
and Imaizumi, 2020). For every € R define the clipping function:

faip(2) = min(max(x, —R), R) =  + ReLU(-R — ) — ReLU(z — R).

Observe that f;p is a two-layer ReLU neural network. By applying parallel stacking, we extend f;p to clip a d-dimensional

vector component-wise onto [— R, R]%. Hence, the final approximation is of the form f(z) = fi (/. alip(2)) + fa(f clip(2)) —
4log(2my03.) satisfies the bound

IF = log il e (= 1y < 11 = Fill e (= romjay + 12 = Fall e (= Romja) S -

By rescaling ¢ to an absolute constant we can prove the desired approximation error bound (19). Furthermore, from
and it follows that f € NN(L, W, S, B) with

L <log*(1/e)log(og2, R), B SR,
[Wlleo VS < (log(1/€))*"**5(Roy,,) " log(og2, R).
Furthermore, for all x € R?, we have that

welin Jogvi(u) —e < flo) < | max, logjj(u) + < My +e.

The proof is now complete.

B. Proof of Lemma 4.1]

The proof proceeds in three steps.

Step 1: factorization of the Gaussian density and the OU kernel. Let S := (S],...,5])" € RP*P_ Since S;9, =
0 for j # k and SijT = Iy, for every j, we have SST = Ip. As S is square, it is orthogonal. Therefore, for every
veRDP,

J
loll? = ISvll* = Y I1S;0]1%.
j=1

Applying this identity with v = 2z and v = y — e~ T2, and using d; + ... + d; = D, we obtain

J

po(x)(mmexp{ ||x||2} H a2 {HSwH?} 15

J J
r(ylz) = H (Sjy1S5@),  pry) =[] p¥ (S;w)
j=1 j=1

Step 2: a product ansatz solves the full Schrodinger system. For each j € {1,...,J}, the pair (Z/(()j ), zxgpj )) satisfies
the Schrodinger system for the d;-dimensional sub-problem, namely

P = w) [ @@l ) de, we Y,

R%
pgfj)(v) = Vgpj)(v) / qg,f)(v | u)z/(()j)(u) du, veR%Y,
R%

20
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Define

J
)= [Tw(S52).  or Hu@
j=1

Consider the induced joint density

(z,y) = vo(x) qr(y|2) vr(y), =,y € RP.
Since all factors are non-negative, Tonelli’s theorem applies. Using the orthogonal change of variables (u,...,u ) = Sz,
whose Jacobian equals one, we get
J
/ = H / (J)( Jy|uj)l/é)(uj')du]'
RD Jj=1 R%

Py (Siy) = pr(y).

|
KE“

Jj=1
Similarly, using the orthogonal change of variables (vy,...,v;) = Sy, we obtain
J . .
[ A =TI [ [ @18 @ av,
RD Jj=1 R

(J)Sw —po()

|,:]g

Hence, (D, Ur) is a pair of Schrodinger potentials for the original problem on R”.

Step 3: identification with (v, v.). By Step 2, (o, Ur) is a non-negative pair of Schrodinger potentials for the original
problem on RPD, By the uniqueness statement recalled above, see Theorem 2.12 in (Léonard, 2013)), any such pair coincides
with (1, v) up to reciprocal multiplicative constants. Hence there exists ¢ > 0 such that

vy = cug, vr =vrp/ec.

Replacing (vé ) (1)) with (cué ) 7 () /c¢) leaves the first sub-problem unchanged, so we may absorb the constant ¢ into

the gauge of the first factor. Taking logarithms then yields
log v (y Z log vy (]) log v§ (z Z log l/(gj) S;x).

Jj=1

This completes the proof.

C. Proofs of the results from Section
C.1. Proof of Lemma [5.1]
The proof is quite technical, so we divide it into two steps.

Step 1: exact expression for the k-th derivative. Recalling the definition of p)| (see @), we have that
ull? u'z 2
vk (logp (u) + ”) = Vklog/exp{ — ——— rdu(2).
! 2Uc21ata Rd U?lata 2Uc21ata
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Proceeding similarly to the proof of Lemma[5.2](Step 1), we deduce that, for every k € N,
T 2
w z ]l
V¥ log / exp { - } dp(z)
Rd Ugata 2U§ata

21 z E oz |12 k
= (Jgataz(u))_k/"'/PkeXp ( ARELh. k Z jH Hdﬂ(zk)a

adata — Udata
R4 R4

where - | ”2
u'z z
Z(u) = — — d
(U) /eXp { Oﬁata 20(21ata } M(Z)
Rd'
and Py (21, ..., z;) satisfies the recurrence
1
Pr=z, P= 5(21 — 22) ® (21 — 22),
and
Py ZPk®(Zl+...+Zk—ka+1), k € N. 29)
Unrolling (29) yields the closed form
k-1
Po=-(s1—-2)®(z—-2)®...0 <sz (k — 1)zk>
j=1
Equivalently, defining
1 ulz l|2]1?
dmy(z) == —— exp { - dpu(2), (30)
Z(u) O—(Qiata 2J§ata

we observe that

T 2
u' oz z
\VA 1og/exp {2 — 22|} du(z)
Odata Odata

]Rd
k—1
1
=E (XI—X2)®(X1—X2)®...®(ZXJ—(k—l)Xk> , 31)
j=1
where X1, ..., X} are independent samples from .

Step 2: reduction to sub-Gaussian conditional. We now reformulate the task using the notation above. Completing the
exponent of (30) gives

dmy(2) = Z(lu) exp{ UQTZ - sznz }du(Z) X exp {—”Z;ZQ} dp(z).

Odata 2Udata data

Let us introduce S := 1 + Z, where  ~ N(0,0%,,.1,) is independent of Z ~ p. Then 7, can be considered as the
conditional Law of Z given S = u. Applying Lemmato the pair (1, Z) with R = ||u|| + 27/d, one obtains

||77 —E[n|S < 6R + 604ata, HE n|S=u H 3R + 304ata-

=l 52

* lp5(-|s=u) stands for the Orlicz norm with respect to the conditional distribution given
S = u. Let us denote
pro=EZ|S=u] and G:=|Z-ur|, s,

Since Z = u — 1) whenever S = u, we observe that

0 < 6R + 604ata, and ||/J,T|| < ||’LL|| + 3R 4+ 304ata < 4R + 404ata- (32)
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Introducing Z; = (X; — pr)/0, j € {1,...,k}, we find that

k—1
E(X1 - X2) @ (X1 - Xo) @@ | Y X; — (k= 1)X;
j=1
=" E(Zy — Z2) ® (Zy — sz -1)Z
Since 71, . . ., Zy, are independent, centered-sub-Gaussian with the conditional Orlicz norm at most 1, we can apply Lemma

and obtain that

E(X1 — Xo) @ (X1 — ZX < (6"*ﬁ>

Udata
9]

where C' > 1 is an absolute constant. Substituting this bound into (31)) and using (32), we deduce that

k
T 2
i [ 215 - S | < (020
R4 oo

data 2Udata Udata

B (36(||u|| +2rvVd+ o—dm)ﬁ> .

Uﬁata
O
C.2. Proof of Lemma[5.2]
Let us fix arbitrary i1, ...,i; € {1,...,d}. By the definition of the {-norm, it is enough to show that
z)dx ke 26T ||y||?
V’“log/q(ylx)p'() <exp{ k(2M) +3) + 67”3/2“
T v )(=) 2(70%)
R4 D1yeeeylk
93+d/2, —bTF
’YUT

The proof of this inequality is quite intricate, so we divide it into several steps to enhance readability.
Step 1: exact expression for the k-th derivative. Let us introduce

ly[I? } Cqy(y | )py (@)
2y07, Ty )(x)

@(x,wexp{ 20)= [®w0)dr, nyer,
Rd

and show that, for any y € R4,

2 ;

py(z) dz

\ lyl +10g/<1||(y|$)7”
R4

207 Ty vy )(2)
e—bT
- ( /7‘7T ) / /PkH<I> zj,y)dey ... dxg,
d
where )
e_bTatl 1 €_bT
P = P,=P — — —
1 70% ) 2 2 (21, 2) 5 (70%) (X1 —22) ® (21 — 22)
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and
e—bT

Pii1 = Pepa(21,. . 1) = (702 ) Pr(wy, .. o) @ (01 + .o+ 2 — kogg). (33)
T

Indeed, for £ = 1, it holds that

Hyll2 . aP@dz o o) de. v
v 2002 +1 gR/dm(yl )Tmyu](m) —<V1 g/q’( ,y) dz, >

Rd

/de/ /@(x,y)dx

R R4
- (Z558) [rstaa

Differentiating the expression in the right-hand side once again, we obtain that

o [ llull* p)|(x)dz
v 2v02 Hog/q' (ymT\[VH]()

7bT/ 2
= < ) //1‘1 X CCl — X9 H JC], dIldCC2

Due to exchangeability of x; and x5 in the expression in the right-hand side, it holds that

2
o (x) dx

2y02 J Ty vy ](2)
- % (W)QRZ]R[@@(@ —xl)jli[l‘l)(wy, y) dzidw;
-|-% (W)Q//m@(m —mg)jljl (xj,y)dzrdzy

7bT 2
( / 'YGT ) // T — xg 331 — T9 H x], d$1d$2
j=1

Proceeding by the induction, we observe that, for any k > 2

||(.r) dx

v 23” “OgR[m(ylx)W
() [ P I o o
(_bT/ ) / /Pk@’* H@%,y dzy ... day,

77/ Pqu) zj,y)der ... dz, @ VZ(y)|.

R R Jj=1
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Since
o k
Rd Rd Jj=1
—bT k
= (e 2)/~-~/Pk®($1+-~+xk H (xj,y)dar ... day
7T Rd Rd j=1
e—bT k+1
/’YJT / /Pk® T+ . erk)H‘I)(x],y)dzl codagg
Jj=1
and

k
1
—/.../PkH@(xj,y)dxl...dxk(XJVZ(y)
Z(y) A
0P ,
/ /PkH(b T,y dl’l dxk®/(l’5;_1)d Th41

]Rd
=T /(v k+1
:Z/((r;T/ /Pk®$k+1H(b T,y )dZEl dkarl?
Y 2 i
we conclude that
pj(x)dz
2703 Ty v )(2)
Rd
_bT/ k+1 k+1
- () / /Pk @ (x1 4 ... 4+ xp — kTpe) H O(zj,y)dz; ... dzg

k+1

7bT/ k+1
= () / /Pk+1 H (I) .’tj, diL’l dxk+1

It remains to note that V¥||y||? equals to zero for all k > 3. For this reason,

pj(x) dz

vF 10g/Q|(y|$)W

Rd

:<_bT/ )/ /PkH@acJ7 dzy ... dey, (34)

forall k > 3 and y € R%.

Step 2: lower bound on Z(y). Let us recall that, according to the definition,

M otearde = [oxo 1HIE1 an@l@)ey@)
Z(y)_R[q)(’y)d _R[ p{%a%} Tl ¢

= (2m) " (y0%) /2 / Xp{;y; -kl (1 i wTT>} T [STJ@'

Rd
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Taking into account that v); < eI due to the conditions of the lemma, we obtain that 7} [1](z) < el for all z € RY,

and then —bT T 2 —2bT
Z(y) > (271_) (’70’ ) d/2 —M /exp{ y x H'TQH (1 I e ; )} de.
Rd

’YUT Yo

The integral in the right-hand side admits a closed form. Namely, it straightforward to check that

—bT, T 2 —2bT
/exp{e Z x_HxH (1+62)}dx
2 YoH 2 Yo

a2 26T —d/2 e 20T |y 12
= (2m) (1 + > exp { } .
Vo 2y0%(yoq + e=27)

Hence, it holds that

Z(y) > (zw)—d/Q( o2 +e—2bT)_d/2 e~ M| ox { e 2 ly|? } (35)
e o P12903(v0% + e 0) f

Step 3: upper bound on ®(z,y). An upper bound on ®(x, y) is a bit more complicated. Let us introduce

K(T)=@1- e_QbT)_&Q\/EeXp {262 darcsin(e_bT)} (36)
and 5
a(T) = Qbi\ljz(lT) arcsin(e”7). (37)

Applying Lemma B.3 from (Puchkin et al.| 2025) and taking into account that
[ 108 (1) €19/ gy —
Rd

we obtain that

(TH[VH}(:E))< p{ 2 +(M+21giC(T))lC(T)}.

This yields that
o—bT T 2 —2bT M,
90 (2426 Mi1 exp{ y'z |z (1+e >} e
(@ (or) ()= V0% 2 Vot Tl l(x)
eTyTe 1 o= 26T
< exp {%‘% —5 (1 —a(T) + o) > l=]* + (M) + 210gIC(T))IC(T)}. (38)

Step 4: summing up the two upper bounds. The expression yields that

V’“logR[qn(yI@% .
(—bT/ >R[ /Pk: ,ijliq)(mj,y)dxl...dxk
< (o) [+ /,mn vy o
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In view of (33) and (38)), it holds that

z)dx
Vklog/Q(yW)%

d . .
R LLyeeey 1k

ke 2T ly|? }

kd/2 yof +e > K T T) —
< (27 _— M) + 21
(2m)~ ( ) exp{k( I og K( ))IC( ) 0B (702 + e BT

70T
—-bT,, T 1

/|P Ile ¢ y:vj_i l—a(T)—i—e% ;)% ¢ de dx
i X j .
) ,k P ~ 5 ~o2 j 1 k

Rd

Let us note that, due to the definition of P, (see @), it is invariant under the substitutions

o= bT . } -
Tj =T - 3 y) 1<j<k, where 62=n~0%+e 2T —~o2 a(T). (39)
This implies that
p) () dz
Vklog/q Wle)Zz——
: ! Tilvy)(x)
R D1,eenylk
2 —2bT \ kd/2 —2bT||,,[|2
- +e ke |lyll
< (2m) ka2 (190 TC k(M) + 21og K(T))K(T) —
(2m) 2 exp § k(M) +2log K(T))K(T) 2702 (02 + e 27

Yor
e—bT k —2bT 1,12 ) 2
e yl* o lzyll
. (P) ; e - dzy...dzg.
(%, ) / / (Bl 1T o {Gam T} o an

Using the identity
e 2T ly? e 2T ly|? _ e Ta(D)|yl?

290252 2y02(yod +e=2T)  2(yol + e=2T)52

and rearranging the terms, we obtain that

dx
Vkl / p||($)
ong qn(y\w)imyu](x) o
I]; —2bT (T 2
< exp {k(M + 21log K(T))K(T) + 2(20% +ae(—2)b||1y)52 } (40)

o—bT k ,YJ%Jrefsz kd/2
. 70_% 5_2 jlm

—kd/2 k o
T = (2m)~kd/2 103\ o [ |(Poir,cia] [ exp M dzy ... day. (41)
5_2 Plyeeey 23 J O'T
Rd =

2y

where

Step 4: evaluation of 7;,.  The integral 7}, defined in (1)) can be considered as the expectation of a function of & i.i.d.
standard Gaussian random vectors. Indeed, let nq, ..., mx ~ N (0, *ya%&_QId), where o1 and ¢ are given by @) and @,
respectively. Unrolling the recursion (33) for Py, we arrive at

Jre =E ‘(771 = 12)iy (1 = 12)i (M + 12 = 203)ig - (1 + -+ =1 — (k= L)), |-
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Let &y, ..., & ~ N(0, I4), and let us introduce

J
Si=> & je{l,....k}.
=1

Then

2 k
Tk = <PY;QT) E ‘(51 — &), (S1 = €2)i (S2 — 2&3)i5 - (Sk—1 — (k= 1)),

Applying Lemma[D.2] we deduce that

E|(81 — €)0, (51— ) (52— 263)i, . (S — (k=D& | < (6vC) k1,

where C' > 1 is a universal constant. Due to @I} this implies that

pj(x) dz

Vklog/q||(yx)7w
Rd

U1y lk

ke a(T)|y|?
< exp {k(M +21log K(T)) K(T) + 2(y02 + e 2T 52 }

—bT\ F 2 —opT N Kkd/2 &
-(e )(WTH ) (6\@) k.

(42)

G2 G2

Step 5: simplifying the bound @2). On this step, we aim to make the bound (#2) more user-friendly using the inequali-
ties (I6). First, note that

arcsinz < 2¢ forallz € [0,1] and —log(l —z) <2z forallz € 0,1/2].
Then, in view of the definition of X(T') (see @), we have that
1< K(T) <exp {—562\/&105;(1 — e T 4 2¢2 darcsin(e_bT)}
< exp{14e2 deibT} < 2, (43)
where the last inequality uses the conditions on 7" from (T6). This yields that
(M) +21og K(T))K(T) < 2M)| + 4log2 < 2M; + 3.
On the other hand, «(T), given by (37), satisfies

2K(T)(1 — e~ 2T) arcsin(e™?T)  4e27tT o 1

The last inequality is also due to (T6). This implies that

a(T) =

(vof 4+ e 2T)52  (yo2 + e 2T) (o2 + e 2T — o(T)y03)
L o) 1 I s)
L=al) (yo3)" ~ (h07)
and that
52 o2 + e 2T —yo2a(T) ~ 1—a(T) = 7
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Substituting (@4) and (@6) into (@2), we conclude that

pj(z) dx Fee—26T|[/[12
v log/qu(ylw)% <exp{k(2M| +3)4+ #
J i@ ) 2(y02)
B yeensrik
k
. 92+d/2 ,—bT
(BERTVE)
Yor

The proof is now complete.

C.3. Proof of Lemma 5.3
Step 1: Gaussian conjugacy. Let us introduce
fs(t) =Ep,(t —Y), where ¢,(u)= (27‘(0’2)7(1/267‘@”2/(202)

Note that fs(s) > 0 for all s € R%. For any A € R? and a test function g : R? — R, the change of variables u = = + Y
gives

E [g(S)e“X] ~E / 9@ + V) gy (z)da | = / g(w)E [e/\T(“’Y)goa(ufY)] du.
Rd Rd

Hence,
fs(u)E [6)‘TX | S = u} =E [eAT(ufy»goa(u - Y)} .
Using the identity
A g (v) = e N2, (0 — 52),
we obtain that

NTX | g g eapefs(s = o)
Ele |S=s]=¢ 756)

, AER (47)
Step 2: two-sided control of fg. Trivially,
Fs(t) < llgolloo = (2ma®) =2,
On the other hand, by Markov’s inequality,
P(|Y] < 27Vd) = P(|Y||? < 4d7?) > 3/4.
On the event {||Y|| < 27V/d}, we have ||s — Y|| < ||s|| + 27v/d = R. Because ¢, is radially decreasing,
Yo(s—Y) > (27“72)_(1/26_32/(202).

Thus,

fs(5) > E [ (s = VI{IY || < 2Vdr}] > S (2mo?) =9/ 2e= R/,

e~ w

Plugging both bounds into (#7) yields
E[ed X | § = 5] < 2o N /24R%/(20%)
3
for all A € R%.
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Step 3: uncentered v;-norm via Gaussian integration. Fix an arbitrary unit vector v € S?~! and let X, := v' X.
Taking A = aw gives the one-dimensional marginal bound

E[eaXU | S = S] < %6122/(202)6020‘2/2

for all @ € R. To convert this inequality into an upper bound on the t)2-norm, we introduce a standard Gaussian random
variable £ ~ A/(0, 1), which is independent of X and S. Using the Gaussian integral identity

X/ — B, [eng/ma)} ’
we can rewrite the conditional expectation as
E [eXﬁ/(8”2) | S = s] =Ex|s [Eg et Xe/(20) | S = 8] =E:Exs [efX“/(%) | S = s] .
Using our moment generating function bound conditionally on ¢ with a = £/(20), so that 02a? /2 = £2/8, we obtain
Ex(s {eng/(zw 1S = s} < geﬁ/mo?)e&z/s_

Taking the outer expectation over &, we get

12/ (20° 3/2
E[eX3/65) | § — o < SR/, [e€'/5] = A/ (4> JRE/(20%)
3 3y/1—-1/4 3

1/u?

Let w > 1 be a constant. Since the mapping z — x is concave for x > 0, Jensen’s inequality yields that

: 1/u? 27,2
]E[exf/(SUQuz) 1S =35 < (E[exf/(sﬁ) 15 = S]) < eXp{R Jo? +31n(4/3) }

2u?

We demand this bound to be at most e!/2 < 2, which requires u? > R?/o? + 31n(4/3). Since 31n(4/3) < 1, we choose
u? = R?/o? + 1, giving 80%u? = 8(R? + ¢?). Consequently,

E[exg/(8(32+g2)) | g — s} < 61/2 <2
By the definition of the Orlicz norm, the uncentered variable obeys

1 X[ 5=5) < V(B2 +02) < V8(R + o) < 3R+ 30.

Step 4: centering via the triangle inequality. Let i, := E[X,, | S = s] denote the projection of the conditional mean.
Let us take K := 3R + 30. By applying Jensen’s inequality to the strictly convex mapping x + exp(z?/K?), we have

exp(uy/K?) < Elexp(X;/K?) | § = 5] <2,
which implies |p,| < K+/In2. Since the 15-norm of any constant c is given by |c|/+/In 2, we find
10y (-5=5) < K = 3R + 30.
The triangle inequality yields that
1 X0 = pollya15=s) < 1 Xullpas=s) + 10l (15=s) < 2K = 6R + 60.

Because this bound is uniform over all chosen test directions v € S¢~1, taking the supremum over v establishes the final
sub-Gaussian vector estimate:

12X = 1($)llgs(15=s5) < 6R + 60

This completes the proof.
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D. Auxiliary results
Lemma D.1. Grant Assumption Assume that there exists M > 0 such that log v3(y) < M for all y € RP and
Toollog v = Teo[log v1 ] = 0,

where log vji and log v are defined in Lemma Assume further that bT satisfies the conditions (16). Then, there exist
constants A > 0 and B > 0 such that

—A||z||*> = B < log v (z) < My, forallz € RY,

where A < 032 and B S dr?/o3,,. +d [log(vo2)| + M+de T, and My S M+ Do with absolute hidden
constants.
Lemma D.2. Let k € N and let Z1,...,Zy be independent random vectors in R satisfying || Z;|y, < 1 forall j €

{1,...,k}. Then there exists an absolute constant C > 1 such that for any i1, . .. i, € {1,...,d} the following inequality
holds:

e

E|(Z1i, — Zoi)(Z1iy — Zosy) ... Zii — (k—1)Zna || < (6\/5) k.

j=1

D.1. Proof of Lemma

Write G| := G for the matrix from Assumption and let G, € RP*(P=9) denote any matrix with orthonormal
columns satisfying G| G|| = 0, so that [G)| G L] is an orthonormal basis of R” and HG’WyH2 + |G yl|*> = |ly||* for every
y € RP.

Step 1: latent decomposition and gauge. By Lemma log vy (y) = log u‘*‘(Gﬁy) +log v% (G ] y). Moreover, since
log potentials are separable

Toollog vr] = Too[log vjj] + Teo[log v1],

we may use this freedom to enforce both being equal to 0, thus, preserving Too [log v] = 0. In this gauge, the closed-form
expression of Lemma [3.3|reads

. f D —d)y
log v (v) = 2 (o2 — D7),

where f| = 1/(03,,, — 0%) — 1/(vo%) and o solves (Z3), log v* (0) = f, (D — d)7/(4b). Conditions (T6) together with
[3) imply 02 < Jﬁata/Q, sothat ) < f; < 2/J§ata. Evaluating Lemma aty = Gu for u € R?,

veRP (48)

fi(D—-d
log v} (u) = log vy (Gu) —log v (0) < M) := M — J'(T)’y, (49)
and consequently M| < M +f, (D —d)v/(4b) S M + Do,
Step 2: lower paraboloid bound on log /. By Lemma
. qj(u| z)po () d d
—logvj(u) = —logp (u)—i—log/—*7 u € R (50)
I I J T vjjl(z)

Introduce the probability measure 7 on R? via

27‘(0'2 —d/2 Py 2
( data) exp(— || 2” )du(z)
pH (O) 20data

dp(z) ==

A direct computation shows that

o) = py0)exp(~ L) [exp (=)o)

data Odata
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Taking logarithms and applying Jensen’s inequality to the resulting integral, we obtain

[|ul|? u'zy
—log p(u) = —logp}(0) + 292 log exp((72 )d,u(z) (51)
data data
]Rd
[ul>  u'm Jul® | lIm)?
< —logp)(0) + - < —logpy(0) + : (52)
H 2 (Qiata Ugata H O—?iata 20(21ata

where m := [ zdfi(z). The probability measure f is the conditional law £(Z | Z 4 0qata & = 0) for & ~ N(0, I4)
independent of Z ~ p. Lemma applied to the pair (0gata {0, Z) at s = 0, together with Z = —0qata & on the
conditioning event, yields ||| < 6vdT + 30data, 50 by (a + b)? < 2(a® + b?) and Gqata < 1, ||1]?/(202,0.) <

~

dr2 /o2, + 1. Markov’s inequality gives u({||z|| < 2v/d7}) > 3/4, on which event e~ I17II"/(208ui) > =247 /0w 50

pH(O) 2 (3/4) (27T0-(2iata)_d/2 exp(_2d72/ac21ata)' USng Odata < 1to bound (d/2) log(QTro-gata) g (d/2) 1Og(2ﬂ-) 5 d7
we obtain —log pj|(0) < d 4 dr?/03,,,. Plugging into (31) yields

Jul? ,

—logp|(u) S = — +d. (53)
Odata Odata
Set
2
K(T):=(1- e_2bT)_552‘/E exp(2¢*Vd arcsin(e_bT)), o(T) = M\I;Z(ZT) arcsin(e~T).
Y

For the second summand of (30), the gauge on log I/ﬁ together with the upper bound ([@9) allow us to apply Step 3 of the

proof of Lemmaon R? with M, || in place of M, which gives
eM

Tivi@) < exp{%a(T)Htz + (M) 4 2log K(T))) IC(T)}7 z € RY, (54)

and multiplying by e~ and integrating against q; (u|z)po(z),

1og/q|(ump()(x)dx < My (K(T) = 1) + 21og K(T) - K(T) (53)

Ty [vjl(=)

1 log / exp(La(T) [2]?) ay (ulz)po () dz.
Rd

The remaining integral is Gaussian. Setting 52 := 1 — a(T) + e~2*T /(y02) and completing the square in z,

/2. ul?2(1 — 5227 /(yo2
/exp(%a(T)HzHQ) q||(u\x)p0(x)dx = (2%70%) d/Qadexp{l [ 5707 /( T))} (56)
R4 T
Conditions (T6) imply
o 52e-20T
K(T)<2, K(T)-1<Vde™, 52<2, —— <=, (57)

yoi T 2

Taking logarithms in (56)), the ||u||?> contribution is non-positive and may be dropped for an upper bound,
—(d/2)log(2my0%) + dlogs < d|log(yo%)| + d. Using (57) to further bound |M(K(T) — 1)| < |M)|Vde T
and [2log K(T) - K(T)| < Vde " < 1, we deduce from (53) that

q(u]z)po(z) dz _
log/”ﬂf‘?@)ﬂMHI\/ﬁe "+ d|log(yo7)| +d. (58)
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Combining (33) and (38) via (30),

2 d 2
logvj(u) < HT;H +——+d ‘1og(fyo%)’ +d+ \M\||\/ae_bT. (39)
data O data

Step 3: assembly on R”. Combining (59) with @) via Lemma using f1 < 2/08,0., |Gyl +11G Tyl = [yl
and | M| < M +f.(D — d)vy/(4b),

log vy (y) = long(G”y)—i—logyj(GIy)

2 2
Y dr _ fi (D —d)y _
Z_(L(Qi”t —72“ —d|1og(’ya%)|—d—M\/&e bT—!—i( 0 ) (1—\/&6 oy,

Conditions (I6) imply Vde T <1 /2, so the last term is non-negative and may be dropped. This yields the claimed
bound and completes the proof.

O
D.2. Proof of Lemma[D.2]
Let us fix an arbitrary multi-index (i1, ...,4x) C {1,...,d}*. Due to the triangle inequality, it holds that
E(Z1i = 22 )(Z13y — Z2,4) Z Gin = (k= 1) 2., (60)
k=1 /| j g
< E Z |Zl,i1|wo|22,i1|1_w0 . H ( ZZS,’L'J'+1 'jl_Wj : |Zj+1,ij+1|1_wj> .
(wo,...,wr)€{0,1}F j=1 s=1
For a fixed (wo, . ..,wr_1) € {0, 1}*, by the Holder inequality, we have that
k—1 j “i
E|21;i1|w0|22;i1|1_wo . H ( ZZS7ij+1 | j+1, ZJ+1|1 ) (61)
j=1 \ls=1
k—1 s k—1 V3 ey 3w\ 1/3
<37 (BlZ0, 0] 22,0, [P50) E ] 12541, P0 ) ETT1D Zois
j=1 j=1 i=1 |s=1
_ s 1/3 k1| j 3w; 1/3
H % E|Zl Z1‘3WOIE|Z 711|3 Bwo H E|Zj11 ZJ+1|3 1) 2 H ZZs,iHl
j=1 j=1 j=1]s=1

Using properties of sub-Gaussian random variables (see, for instance, Proposition 2.5.2 in (Vershynin, 2018)), we obtain
that

(E‘Z 7“|3w0)1/3 (?)C)wo/27 (E|Zz)i1|2_2w0)1/3 < (30)(1—4,J(,)/27
and
1/3
(E|Zj+1,ij+1|3(l_”-’)) < (3C)1=@)/20 foralll < j <k,
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where C' > 1 is an absolute constant. Furthermore, let us introduce 2 = w; + ...wg—1. Then, applying the Holder
inequality and taking into account that || Z1;,,, + ...+ Zji, ., |ly. S +/J, we deduce that

J
§ :ZS»iHl
s=1

3w; 1/3 . 3w; 1/3

E H ZZ‘%‘H

Jiwji=1|s=1

H E ZZW‘HI

Jiwi=1 s=1

k
< [I Bew)“? = o2 />

Jiw;=1 j=1

k-1
E]]
j=1

30w, 1/(39)

N

Substituting these bounds into (61)), we conclude that

k—1
E|Zy i, || Zos |0 || <

Jj=1

j Wi

§ Zs,ij_*_l

s=1

: jliwj : |Zj+1,ij+1 |1wj>

k—1 k
< V3C H (jl_‘*’j . (30)(1—%‘)/2) . (309)9/2 ijj/Q
j=1

j=1
k—1

— (3C)k/2 /(k‘ — 1)' _QQ/2 H j(lfwj)/Q.
j=1

Let us note that the latter term in the right-hand side does not exceed

k—1

T]/02 < (k — 1)!.
Q!

Jj=1

Since I! > (I/e)! for all I € N, we obtain that

kol (k—1)!
Q2 Hju—wj)/z < QY2 T < eF/? (k—1)!
=1 '

b

and then
j “i

§ :Zs»ij+1

s=1

k—1
E|Z1i, % Zoa, | - T ] <

Jj=1

: jl_wj ! |Zj+1,ij+1 |1_wj> < (306)k/2(/€ - 1)!

Taking into account that the right-hand side of (60) includes 2* terms, we conclude that

S

-1

k
E (Zl,il — Z2,i1)(Zl,i2 — Z2,i2) N Zj,ik — (k — 1)Zk7ik < (2\/ 306) k!
1

< (G\FO>kk!.

The proof is finished.
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