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Abstract

We present the adjoint sampler for infinite-dimensional function spaces, a stochas-
tic optimal control (SOC)-based diffusion sampler that operates directly in function
space and targets Gibbs-type distributions on infinite-dimensional Hilbert spaces.
Our Function space Adjoint Sampler (FAS) generalizes Adjoint Sampling [16] to
Hilbert spaces based on a SOC theory called stochastic maximum principle, yield-
ing a simple and scalable matching-type objective for a functional representation.
Through experiments, we show its effectiveness on transition-path sampling.

1 Infinite-Dimensional Sampling Problem

Sampling from a Gibbs distribution is a fundamental task across many fields. The goal is to draw
samples from a target distribution π that is known only through an unnormalized energy U : H → R:

dπ(x) =
1

Z
e−U(x)dν(x), Z =

∫
H
e−U(x)dν(x), (1)

where ν is the measure defined on some space H. In finite dimensions, e.g.,H = Rd, the Gibbs
density can be expressed with respect to Lebesgue measure i.e., dπ(x) ∝ e−U(x)dx. However, due
to the absence of an equivalent formulation of Lebesgue measure for arbitrary Hilbert spaces, the
expression in (1) is well-defined only after specifying an appropriate reference measure ν. The
following lemma states a condition for the target law to be well defined.

Lemma 1 (Finite Partition). Let U(x) ≥ β ∥x∥2H − C with β,C > 0. Then, for any Tr(Q) < ∞,
choosing ν = N (0, Q) in (1) results in a finite partition function Z <∞.

Lemma 1 implies that a valid reference measure ν is the centered Gaussian N (0, Q) with any
trace-class covariance Q, i.e.,Tr(Q) < ∞. This choice guarantees Z < ∞, so the target π in (1)
is well-defined on H. In this setting, a dynamical approach samples from (1) on H by evolving
an H-valued stochastic process that follows the gradient flow of U , in direct analogy overdamped
Langevin dynamics [9, 3, 22]. Convergence guarantees rely on the choice of reference dynamics:

dXt = AXtdt+ σtdW
Q
t , X0 = x0 ∈ H, (2)

where A : H → H is a linear operator, σt : R>0 → R>0 is a noise schedule, and WQ
t is an infinite

dimensional Wiener process. Under the mild assumptions, (2) admits an invariant Gaussian law

ν∞ = N (0, Q∞), Q∞ = σ2
∞

∫ ∞

0

etAQetA
†
dt, (3)

where † denotes the Hermitian adjoint.1 While convergence is guaranteed and direct simulation
from (1) can be achieved via spatial and temporal discretization of theH-valued processes in [9, 3, 22],

1An overview of relevant concepts on infinite-dimensional Hilbert spaces appears in Appendix A.
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the chains are of limited practical use as the mixing is effective only near equilibrium as t ↑ ∞. They
rely on asymptotic convergence to the invariant reference measure ν∞ in (3) by Lemma 1.

Non Equilibrium Sampling To reach the target distribution (1) within a finite time horizon T <∞,
we recast the problem as a non-equilibrium sampling (NES) problem. In contrast to Langevin-type
processes that use an invariant reference ν∞ discussed above, we apply an importance-sampling (IS)
via change of measure to sample the target in finite time:

dπ(x) ∝ e−U(x) dν∞(x)

dνx0

T (x)
dνx0

T (x) = e−U(x)−log
dν

x0
T

(x)

dν∞(x) dνx0

T (x), (4)

where νx0

T is marginal law of the reference dynamics (2). Hence, for NES in infinite dimensions we
need an extra correction term in the importance weight, given by the Radon–Nikodým derivative
(RND). It corrects the mismatch between the two Gaussian measures so that after reweighting,
samples drawn from νx0

T have the desired target π, while guarantees the π to be well-defined as
stated in Lemma 1. However, the infinite dimensional RND exists only when the two measures are
exactly compatible. Outside that narrow compatibility the measures are singular, and no density can
be written. Luckily, we can derive the RND under Ornstein–Uhlenbeck semigroup i.e., the dynamics
has form in (2). Then, νt and ν∞ becomes mutually absolutely continuous Gaussian measures [7]:

Theorem 2 (Explicit RND). Suppose Assumption B.1 holds. Then, For any t > 0 and initial
condition x0 ∈ H, νx0

t = N (etAx0, Qt) and ν∞ = N (0, Q∞) are mutually absolutely continuous.
Moreover, for any x ∈ H, the RND qt(x0,x) :=

dνx0
t (x)

dν∞(x) is given by:

qt(x0,x) = C exp

[
− 1

2 ⟨Θ
−1
t mx0

t ,mx0
t ⟩∞ + ⟨Θ−1

t mx0
t ,x⟩∞ − 1

2 ⟨e
2tAΘ−1

t x,x⟩∞
]
, (5)

where we denote mx0
t := etAx0, Θt = 1−e2tA, C = det(Θt)

− 1
2 and ⟨u, v⟩∞ = ⟨Q

− 1
2∞ u,Q

− 1
2∞ v⟩H.

Theorem 2 provides an explicit RND, so IS can in principle generate samples from π in (1). In
practice, unfortunately, the importance weights are computed on a finite grid, and when that grid is
refined the number of samples required grows exponentially. IS therefore becomes impractical.

2 Infinite Dimensional Adjoint Sampler

Inspired by recent advances in neural samplers [26, 2, 24, 25], we here to reformulate the NES
problem as a variational inference problem on path space Ω = C([0, T ],H) to build an efficient
sampler by introducing a learnable control to steer the process (2) to the π in finite horizon T <∞.
Let us introduce a target path measure P⋆, which is an extension of target π in (1) into path space Ω:

dP⋆(X) ∝ e−U(XT )−log qT (x0,XT )dP(X), (6)

where P is path measure induced by the process in (2). We consider that a variational path measures
Pα induced by following infinite-dimensional additive controlled SDEs [14]:

dXα
t =

[
AXα

t + σtQ
1/2αt

]
dt+ σtdW

Q
t , Xα

0 = x0, t ∈ [0, T ], (7)

where α(·) : [0, T ]×H → U is infinite dimensional Markov control. Then, by invoking generalized
Girsanov theorem [8, Theorem 10.14], we can represent our NES problem for (1) into the following
infinite-dimensional SOC problem inH [15, 23]2:

min
α

DKL(Pα|P⋆) = EPα

[∫ T

0

1
2 ∥αt∥2H dt+ U(Xα

T ) + log qT (x0,X
α
T )

]
s.t. (7), (8)

Applying the optimal control α⋆ to the controlled SDE in (7) yields the desired distribution [20,
Theorem 3.2]. In other word, it is possible to achieve exact sampling from π in (1), namely Xα⋆

T ∼ π.

2Full proofs and necessary derivations are provided in Appendix B.
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2.1 Infinite Dimensional Adjoint Matching

The SOC problem in (8) follows the least-action principle in path space, where the goal is to find the
global optimal control minimizes the terminal cost g(x) := U(x) + log qT (x0,x) while minimizing
the running costs. In practice, solving this global problem by direct path-wise minimization is
expensive because every update requires gradients through the full trajectory [16]. A practical
workaround is to move to the dual formulation. Adjoint Matching [AM; 11] offers a scalable route by
reformulating the global SOC problem into the local minimization problem.

Extending AM to infinite dimensions requires a rigorous definition of the first-order adjoint process
that appears in the corresponding infinite-dimensional SOC formulation. Below, we will demonstrate
that a specific mathematical concept in SOC called Stochastic Maximum Principle [SMP; 1] provides
existence and uniqueness of the adjoint process via coupled Forward-Backward SDEs [FBSDEs; 12]
system and an necessary condition for the optimal control.
Lemma 3 (Stochastic Maximum Principle [12]). Consider the infinite-dimensional SOC problem:

min
α∈A

EPα

[∫ T

0
l(t,Xα

t , αt)ds+ h(Xα
T )
]
, (9)

s.t. dXα
t = [AXα

t + f(t,Xα
t , αt)] dt+ g(t,Xα

t )dW
Q
t , Xα

0 = x0. (10)

Now, let Assumption B.1-B.2 holds and define the Hamiltonian H : [0, T ]×H×H×H×H → R:

H(t,X, α,Y,Z) := l(t,X, α) + ⟨Y, f(t,X, α)⟩H + ⟨Z, g(t,X)⟩H. (11)

Suppose X⋆ is the optimally controlled process driven by optimal control α⋆. Then, the following
first-order adjoint infinite-dimensional backward SDEs has a unique (weak) solution:

dY⋆
t = −

[
A†Y⋆

t +DxH(t,X⋆
t , α

⋆
t ,Y

⋆
t ,Z

⋆
t )
]

dt+ Z⋆
t dWQ

t , Y⋆
T = Dxh(X

⋆
T ) (12)

Moreover, we get necessary condition of optimal control α⋆
t = argminα∈A H(t,X⋆

t , α,Y
⋆
t ,Z

⋆
t ).

Lemma 3 states that, for the controlled forward SDE in (10) associated with the general SOC
problem (9), there exists a first-order adjoint pars (Yt,Zt) solving a backward SDE in (12). This
result provides a necessary condition for optimality: any control that violates the backward BSDE
in (12) or the point-wise minimisation of Hamiltonian for all t ∈ [0, T ] cannot be optimal.

This applies because the Hamiltonian for our SOC problem (8) is a convex functional in the control,
given the state control pair (Xᾱ, ᾱ), and is defined by:

H(t,Xᾱ
t , ᾱt,Y

ᾱ
t ,Z

ᾱ
t ) :=

1
2 ∥ᾱt∥2H + ⟨Yᾱ

t , σtQ
1/2ᾱt⟩H + ⟨Zᾱ

t , σtQ
1/2⟩H. (13)

Given convexity, we can find the optimal control as a critical point of H for any t ∈ [0, T ]:

∇αH(t,Xᾱ
t , αt,Y

ᾱ
t ,Z

ᾱ
t ) = αt + ⟨Yᾱ

t , σtQ
1/2⟩H = ∇α

1
2

∥∥∥αt + σtQ
1/2Yᾱ

t

∥∥∥2
H
. (14)

Thus, the local Hamiltonian minimization can be viewed as a matching problem that is computation-
ally convenient. Indeed, the Hamiltonian is the Fenchel conjugate of the original SOC problem. Hence,
the primal SOC problem enforces path-wise optimality, while the Hamiltonian provides a point-wise
optimality, allowing us to compute α⋆

t locally and avoid costly gradient propagation through entire
trajectories. Now, the critical point in (14) is found while the state variables (Xᾱ

t ,Y
ᾱ
t ,Z

ᾱ
t ) remain

fixed for the chosen control ᾱ. Leveraging this principle, we therefore introduce a dual objective:
Proposition 4 (Adjoint Matching inH). Consider the infinite-dimensional matching objective:

L(θ) =
∫ T

0
EPᾱ

[
1
2

∥∥αθ(Xᾱ
t , t) + σtQ

1/2Yᾱ
t

∥∥2
H

]
dt, ᾱ := stopgrad(αθ) (15)

dYᾱ
t = −A†Yᾱ

t dt+ Zᾱ
t dWQ

t , Yᾱ
T = Dxg(X

ᾱ
T ). (16)

Then, we get the critical point of L is optimal control α⋆ for the SOC problem in (8).

Note that whenH := Rd with Q = Id, (15) recovers the lean AM objective in [11]. In other words,
our formulation is a generalization of AM into the arbitrary Hilbert spaces.

Yet, for L in (15), the stochastic term Zᾱ
t can incur a computational burden because this term requires

simulating the BSDE in (16) to obtain the solution Yᾱ
t , which markedly increases the cost of each

optimization step. Since this BSDE is adapted to the filtration generated by the same Q-Wiener
process WQ

t , we substitute the adjoint process Yᾱ
t with its conditional expectation EPᾱ [Yᾱ

t |Xᾱ
t ].
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Proposition 5 (Unbiased Estimator). Let us define the sample-wise adjoint matching objective with
conditional expectation Ỹᾱ

t := EPᾱ [Yᾱ
t |Xᾱ

t ] for any sample trajectory Xᾱ
t ∼ Pᾱ:

L̃(θ) :=
∫ T

0
1
2 ||α

θ(Xᾱ
t , t) + σtQ

1/2Ỹᾱ
t ||2Hdt (17)

Then, we get unbiased gradient estimator d
dθEPᾱ [L̃(θ)] = d

dθL(θ) with same critical point.

In practice, we can estimate Ỹᾱ
t from the trajectory saved during simulation of Xᾱ

T for efficient
computation. This preserves the same critical point α⋆ for the SOC problem in (8) while reducing the
computational burden because the substitution yields a closed form solution of the BSDE:

Ỹᾱ
t = EPᾱ [Yᾱ

t |Xᾱ
t ] = e−(T−t)A†

EPᾱ [Dxg(X
ᾱ
T )|Xᾱ

t ] ≈ e−(T−t)A†
Dxg(X

ᾱ
T ). (18)

Finally, since the optimal path measure P⋆ in (1) admits the endpoint disintegration P⋆(Xt) =
P⋆(XT )Pt|T (Xt | XT )

3. Substituting these relations into (15) yields our proposed training objective
for the efficient and scalable sampling in function spaces:

LFAS(θ) =
∫ T

0
EPt|T Pᾱ

T

[
1
2

∥∥∥αθ(Xt, t) + σtQ
1/2e−(T−t)A†

Dxg(X
ᾱ
T )
∥∥∥2
H

]
dt. (19)

Note that the current control ᾱ may not satisfy this disintegration. We can project the path measure
onto a conditional path measure that does satisfy the disintegration [16].

3 Experiments

We evaluate FAS on the Müller-Brown (MB) potential, a standard benchmark for transition path
sampling between metastable states. Along three local minima, our goal is to sample paths that
connect the top left state and the bottom right state. We report three metrics. Target hit percentage
(THP) measures how often final positions reach the target metastable state. We also track the
maximum energy along each sampled path, and the log-likelihood of each path. A strong method
produces more probable paths (i.e., high log-likelihood), while accurate transition states (i.e., low
maximum energy) and reaches the target reliably (i.e., high THP)4.

Table 1: Performance on MB potential.
Methods THP (↑) Max-Energy (↓) Log-Likelihood (↑)

MCMC‡ - -13.77±16.43 -
DL [13] 82% -14.93±12.61 10.42±0.42

FAS (Ours) 100% -36.70±3.09 11.48±0.05

‡ result from [13].

Figure 1: Sampled paths on energy landscape.
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As shown in Table 1, FAS outperforms the baselines and produces the most reliable paths. In Figure 1,
the sampled paths transition between the two metastable states along low-energy regions. Unlike
finite-dimensional methods, DL, our infinite-dimensional formulation enables enforcement of fixed
boundary conditions through an appropriate choice of Hilbert spaces. This yields paths that satisfy
the required boundary constraints and keeping high values of THP.

4 Conclusion

We introduced the Function-space Adjoint Sampler (FAS), a scalable diffusion sampler for Gibbs-type
distributions on separable Hilbert spaces. FAS generalizes adjoint matching algorithms [11, 16] to
infinite-dimensional function spaces, enabling efficient sampling over functional representations such
as paths evaluated on a one-dimensional time grid, and it demonstrates superior performance on
transition path sampling tasks. A key limitation is the lack of validation on real-world molecular TPS
and across a broader spectrum of functional representations.

3See Appendix B.8 for details
4Further experimental details are provided in Appendix D.
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A Overview of Relevant Concepts

We first give a concise overview of core probabilistic notions in infinite dimensional spaces, then
describe stochastic differential equations on Hilbert spaces [7, 8].

A.1 Gaussian Measure and Generalized Wiener Processes.

Gaussian measures are central because the infinite dimensional setting lacks a Lebesgue reference
measure, and a Gaussian with a trace class covariance provides a natural baseline that keeps stochastic
integrals square integrable and provides explicit RND, both essential for our framework.

Gaussian Measure. Let (Ω,F ,Q) be a probability space and (H, B(H)) be a measurable state
spaces where H be a separable Hilbert space with inner product ⟨·, ·⟩H and norm ∥·∥H and B(H)
is Borel measure on H. We consider the H-valued random variable X : Ω → H. Now, define the
push-forward measure ν := X#Q by ν(B) = Q

(
X−1(B)

)
for every Borel set B ⊂ B(H). We call

ν Gaussian if every R-valued projection ⟨u,X⟩H is a Gaussian random variable for all u ∈ H. When
H = Rd with the standard inner product, this definition reproduces the usual Gaussian distribution.

For a Gaussian measure ν, there exists a unique mean function m ∈ H that statisfies:

m =

∫
H
Xdν, ⟨m, u⟩H = Eν [⟨X, u⟩H] , ∀u ∈ H. (20)

Moreover, there exists a unique bounded linear operator Q : H → H such that

Qu =

∫
H
⟨X, u⟩HXdν − ⟨m, u⟩Hm, ∀u ∈ H. (21)

A Gaussian measure is fully specified by its mean and covariance operator. If the mean is zero, so that
ν = N (0, Q), we say that ν is centred. The Fernique’s integrability theorem [8, Theorem 2.7] states
that for any centred Gaussian measure ν on a separable Banach space B (in particular onH) there
exists r > 0 such that

∫
H exp(r ∥X∥2H)dν < ∞. Consequently, it implies that every polynomial

moment is finite i.e.,Eν [∥X∥2H] <∞. Using definition (21) and an arbitrary orthonormal basis ofH,
{ϕ(k)}k≥1 for each ϕ(k) ∈ H for every k ∈ N:

Tr(Q) =
∑
k≥1

⟨Qϕ(k), ϕ(k)⟩H =
∑
k≥1

Eν

[
⟨X, ϕ(k)⟩2H

]
= Eν

[
∥X∥2H

]
<∞. (22)

This implies that the symmetric and non-negative covariance operator Q is trace class, i.e.,Tr(Q) <
∞, hence implies that Q is compact. Hence, there exists the eigen-system {(λ(k), ϕ(k)) ∈ R×H :
k ∈ N}, where {ϕ(k)}k≥1 is orthonormal eigen-basis and {λ(k)}k≥1 is positive eigenvalues such that

Qϕ(k) = λ(k)ϕ(k), and Tr(Q) =
∑
k≥1

⟨Qϕ(k), ϕ(k)⟩H =
∑
k≥1

λ(k) <∞. (23)

We now extend the notion of a Wiener process to an infinite dimensional SDE. In finite dimensions a
standard Rd Wiener process has independent increments Wt+∆t −Wt ∼ N (0,∆tId). When d tends
to infinity the covariance ∆tId blows up, so the operator is not trace class, no corresponding centred
Gaussian measure exists inH, and such increments cannot be defined directly.

Wiener Processes on Hilbert Spaces. A natural way to generalize the Wiener process to a Hilbert
spaceH is through the cylindrical Wiener process. It is introduced as the formal series of independent
R-valued Wiener processes {W (k)}k≥1 along an orthonormal basis {ϕ(k)}k≥1:

Wt =
∑
k≥1

W
(k)
t ϕ(k), t ≥ 0. (24)

However, the series Wt dose not converge inH because

E
[
∥Wt∥2H

]
=
∑
k≥1

E
[
(W

(k)
t )2

]
= t

∑
k≥1

1 =∞, (25)
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thereby Wt fails to be an H-valued random variable. Hence, it can be used only under additional
smoothing to obtain H-valued noise process. This smoothing is done with trace class operator Q.
Define WQ

t = Q1/2Wt =
∑

k≥1

√
λ(k)W

(k)
t ϕ(k). Then, we have

E
[∥∥∥WQ

t

∥∥∥2
H

]
=
∑
k≥1

E
[
λ(k)(W

(k)
t )2

]
= t

∑
k≥1

λ(k) <∞, (26)

where {(λ(k), ϕ(k)) ∈ R × H : k ∈ N} is eigen-system of Q. Hence WQ
t is H-valued process.

This smoothed process is called a Q-Wiener process or coloured noise because the noise covariance
operator Q introduces a spatial correlation.

A.2 Stochastic Differential Equations in Hilbert Spaces

With the infinite dimensional Wiener process WQ
t well defined H, we then define the infinite-

dimensional SDEs as follows:

dXt = AXtdt+ σtdW
Q
t , X0 = x0 ∈ H, (27)

where A : H → H is a linear operator and σt > 0. We recall the classical mild formulation driven
by a general Q-Wiener process onH. We then restrict attention to a cylindrical Wiener process on
H0, introduce an appropriate Hilbert–Schmidt embedding that can be naturally aligned with our
framework, and outline the minimal assumptions that still guarantee existence of a solution for the
infinite-dimensional SDE under the choice of cylindrical Wiener process.

Mild solution. Let a linear operator A : H → H generate a strongly continuous C0 semi-group
{etA}t≥0 onH. Assume WQ is a centred Q-Wiener process with trace-class covariance operator Q
and that etAQ1/2 is Hilbert-Schmidt for any t > 0. Under these conditions, the infinite-dimensional
SDE (or stochastic PDE) in (2) admit the unique mild solution:

Xt = etAx0 + σt

∫ t

0

e(t−s)AdWQ
s , t ≥ 0. (28)

The resulting stochastic process {Xt}t≥0 is then H-valued random variable since the stochastic
convolution

∫ t

0
e(t−s)AdWQ

s =
∫ t

0
e(t−s)AQ1/2dWs is lies on H because e(t−s)AQ1/2 is Hilbert-

Schmidt. We can compute its mean mt and covariance operator Qt for any t > 0 as follows:

mt = etAx0, Qt = σ2
t

∫ t

0

e(t−s)AQe(t−s)A†
ds. (29)

Due to the Hille-Yosida Theorem [8, Theorem A.3], A satisfies
∥∥etA∥∥ ≤Me−wt for some M ≥ 1,

w ≥ 0. Hence, for every 0 ≤ s ≤ t, Tst := e(t−s)AQe(t−s)A†
satisfies:

Tr(Tst) ≤
∥∥∥e(t−s)A

∥∥∥Tr(Q)
∥∥∥e(t−s)A†

∥∥∥ ≤M2e−2w(t−s)Tr(Q) <∞. (30)

Implies that Tst is a trace class operator. Therefore, since the bound is integrable on [0, t],

Tr(Qt) = Tr(σ2
t

∫ t

0

Tstds) ≤ σ2
t

∫ t

0

Tr(Tst)ds <∞. (31)

Hence Qt is a trace-class operator for every t < ∞. Hence, we can conform that the H-valued
stochastic process Xt has a Gaussian law νt = N (mt, Qt).

Invariant Measure. Let A is dissipative (i.e., ⟨Ax,x⟩H ≤ −λ ∥x∥2H for some λ > 0), the integral
converges as t→∞ and we define the noise schedule such that supt σt <∞, σt → σ∞. Then, the
operator Qt solves the following differential Lyapunov equation:

Q̇t = AQt +QtA† + σ2
tQ, Qt = etAQ0e

tA†
+

∫ t

0

σ2
t−re

rAQerA
†
dr. (32)

Because Q0 = 0 since we assume Dirac delta initial condition x0 in (2), we obtain

Qt
t→∞→ Q∞ := σ2

∞

∫ ∞

0

etAQetA
†
dt (33)
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Now, let F (t) = σ2
∞etAQetA

†
. Then, we get:

d
dtF (t) = AF (t) + F (t)A† = Aσ2

∞etAQetA
†
+ σ2

∞etAQetA
†
A†. (34)

Since F (t)
t→∞→ 0 and F (0) = σ2

∞Q, by integrating (34) from 0 to∞, we get:

AQ∞ +Q∞A† =

∫ ∞

0

d
dtF (t)dt = lim

t∞
F (t)− F (0) = −σ2

∞Q (35)

Hence, we get the operator Lyapunov equation [7, Proposition 10.1.4]:
AQ∞ +Q∞A† + σ2

∞Q = 0, (36)
where Q∞ is trace class operator. soN (0,∞) is the unique invariant Gaussian measure of the process
in (2). Finally, if A is trace-class, self-adjoint operator (i.e.,A = A†) and A and Q are commute
(i.e., QA = AQ), we get Q∞ = − 1

2σ
2
∞A−1Q [7, Proposition 10.1.6].

B Proofs and Derivations

B.1 Assumptions

Assumption B.1. We assume a linear operator A : H → H that generates a C0-semigroup
and is exponentially stable, dissipative i.e., ⟨Ax,x⟩H ≤ −λ ∥x∥2H for some λ > 0, trace class
i.e.,Tr(A) <∞, and self-adjoint i.e.,A = A†. We also take a Q-Wiener process with a self-adjoint
trace-class operator Q that commutes with A i.e., QA = AQ.
Assumption B.2. For each (x, α) ∈ H × U , the maps t 7→ f(t,x, α), t 7→ g(t,x, α), and t 7→
l(t,x, α) are predictable. The function h(x) is FT -measurable. For each (t, α, ω) ∈ [0, T ]×U ×Ω,
the functions f , g, l, and h are globally twice Fréchet differentiable with respect to x. The derivatives
Dxf , Dxg, Dxxf , Dxxg, Dxxl, and Dxxh are continuous in x and uniformly bounded by a constant
K. Moreover, we assume the growth bounds:

|f(t,x, α)|+ ∥g(t,x, α)∥+ ∥Dxl(t,x, α)∥+ ∥Dxh(x)∥ ≤ K(1 + ∥x∥H + |α|U ), (37)

|l(t,x, α)|+ |h(x)| ≤ K(1 + ∥x∥H + |α|2U ). (38)
Assumption B.3. The function V : [0, T ] × H → R and its derivatives DxV, DxxV, ∂tV are
uniformly continuous on bounded subsets of [0, T ]×H and (0, T )×H, respectively. Moreover, for
all (t,x) ∈ (0, T )×H, there exists C1, C2 > 0 such that

|V(t,x)|+ |DxV(t,x)|+ |∂tV(t,x)|+ ∥DxxV(t,x)∥+ |A†DxV(t,x)| ≤ C1(1 + |x|)C2 , (39)
where A† is adjoint operator of A.

B.2 Preliminary

We recall two key ingredients. The first is the product rule for Hilbert space semimartingales, also
called stochastic integration by parts. We use this rule to derive the adjoint matching objective. The
second is a verification theorem that we use to establish the optimality.
Lemma B.4 (Stochastic integration by parts in H). Assume A,C are H–valued predictable pro-
cesses with

∫ T

0
E∥As∥2 ds < ∞ and

∫ T

0
E∥Cs∥2 ds < ∞ for every T > 0 and B,D are pre-

dictable processes with values in the Hilbert–Schmidt space L2(UQ,H) and
∫ T

0
E∥Bs∥2L2

ds <∞,∫ T

0
E∥Ds∥2L2

ds <∞ for every T > 0. Then, let us define two stochastic convolutions:

Xt = X0 +

∫ t

0

Asds+

∫ t

0

BsdW
Q
s , Yt = Y0 +

∫ t

0

Csds+

∫ t

0

DsdW
Q
s (40)

Then, for all t ≥ 0, almost surely, we get:

⟨Xt,Yt⟩H = ⟨X0,Y0⟩H +

∫ t

0

⟨Ys, As⟩Hds+
∫ t

0

⟨Xs, Cs⟩Hds (41)

+

∫ t

0

⟨Ys, BsdW
Q
s ⟩H +

∫ t

0

⟨Xs, DsdW
Q
s ⟩H +

∫ t

0

Tr
[
BsQD†

s

]
ds. (42)

Equivalently, in differential form,

d⟨Xt,Yt⟩H = ⟨Yt, At⟩Hdt+ ⟨Xt, Ct⟩Hdt+ ⟨Yt, BtdW
Q
t ⟩H + ⟨Xt, DtdW

Q
t ⟩H + Tr

[
BtQD†

t

]
dt.
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Proof. Let us define R-valued process Zt := ⟨Xt,Yt⟩H and C2 mapping f : H×H → R such that
f(x,y) = ⟨x,y⟩H for any x,y ∈ H. Since

Dxf(x,y) = y, Dyf(x,y) = x, Dxxf(x,y) = 0, Dyyf(x,y) = 0, (43)

and Dxyf(x,y) is the continuous bilinear form (h, k)→ ⟨h, k⟩H. Now, write the semi-martingale
decomposition onH×H:

(Xt,Yt) = (X0,Y0) +

∫ t

0

(As, Bs)ds+

∫ t

0

B̃sdW
Q
s , (44)

where B̃s : U → H × H such that B̃su = (Bsu,Dsu). By applying the infinite-dimensional Itô
formula [8, Chapter 4.4] for f onH×H gives:

dZt = ⟨Dxf(Xt,Yt), dXt⟩H + ⟨Dyf(Xt,Yt), dYt⟩H + 1
2Tr
[
Dxyf(Xt,Yt)(B̃tQB̃†

t )
]

dt,

(45)

where we compute the trace by expanding the function in any orthonormal basis {ϕ(k)}k≥1 of U :

1
2Tr
[
Dxyf(Xt,Yt)(B̃tQB̃†

t )
]
=
∑
k≥1

λ(k)
(
⟨Bt, ϕ

(k)⟩H + ⟨Dt, ϕ
(k)⟩H

)
= Tr

[
BtQD†

t

]
, (46)

where λ(k) is eigen-value corresponding eigen-basis ϕ(k) such that Qϕ(k) = λ(k)ϕ(k). Therefore,

d⟨Xt,Yt⟩H = ⟨Yt, dXt⟩H + ⟨Xt, dYt⟩H + Tr
[
BtQD†

t

]
dt. (47)

By plugging dXt = Atdt+BtdW
Q
t and dYt = Ctdt+DtdW

Q
t , we get the desired results.

Lemma B.5 (Verification Theorem). Let V be a solution of Hamilton-Jacobi-Bellman (HJB) equation:

∂tVt +AVt + inf
α∈A

[
⟨α, σtQ

1/2DxVt⟩+ 1
2 ∥α∥

2
H

]
= 0, V(T,x) = g(x) (48)

which satisfying the Assumption B.3. Then, we have V(0,x0) ≤ J (α,Pα) for every α ∈ A. Now, let
(α∗,X⋆) be an admissible pair such that

α∗
t (t,X

⋆
t ) = arg inf

α∈A

[
⟨αt, σtQ

1/2DxVt⟩+
1

2
∥αt∥2H

]
= −σtQ

1/2DxV(t,X⋆
t ) (49)

for almost every t ∈ [0, T ] and P-almost surely. Then (α∗,Xα∗
) satisfying V(0,x0) = J (α⋆,P⋆).

Proof. To start the proof, we formally minimize F (DxV). Using results from [6], we obtain the
candidate minimizer and proceed accordingly:

F (x) = inf
α∈A

[
⟨x, α⟩+ 1

2
∥α∥2H

]
= −1

2
∥x∥2H . (50)

Thus, F (σtQ
1/2DxV) is minimized at at α∗ = −σQ1/2DxV . Next, applying Itô’s formula [8,

Chapter 4.4] to V and take the expectation on both sides to obtain

EPα [V(T,Xα
T )] = EPα [g(Xα

T )] = (51)

= V(0,x0) + EPα

[∫ T

0

(
∂tV(t,Xα

t ) +AV(t,Xα
t ) + ⟨σtQ

1/2DxV(t,Xα
t ), αt⟩H

)
dt

]
, (52)

Using that V satisfies (49), add EPα

[∫ T

0
1
2 ∥αt∥2H dt

]
to both sides. Then the LHS of (51) becomes:

EPα

[
g(Xα

T ) +
∫ T

0
1
2 ∥αt∥2H dt

]
= J (α,Pα). (53)
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Now for the RHS of the equation (51):

V(0,x0) + EPα

[∫ T

0

(
1
2 ∥αt∥2H + ∂tV(t,Xα

t ) +AV(t,Xα
t ) + ⟨σtQ

1/2DxV(t,Xα
t ), αt⟩H

)
dt

]
(54)

(i)
= V(0,x0) + EPα

[∫ T

0

(
⟨σtQ

1/2DxV(t,Xα
t ), αt⟩H + 1

2 ∥αt∥2H − F (σtQ
1/2DxV(t,Xα

t )
)

dt

]
.

(55)

Here (i) holds because we add and subtract EPα

[∫ T

0
F (DxV(t,Xα

t ))dt
]

and use again that V
satisfies (49). Therefore, we obtain the following equation:

J (α,Pα) = V(0,x0) (56)

+ EPα

[∫ T

0

(
⟨σtQ

1/2DxV(t,Xα
t ), αt⟩H + 1

2 ∥αt∥2H − F (σtQ
1/2DxV(t,Xα

t )
)

dt

]
.

(57)

By definition,
[
⟨σtQ

1/2DxV(t,Xα
t ), αt⟩H + 1

2 ∥αt∥2H
]
− F (DxV(t,Xα

t )) ≥ 0. Thus, taking the
infimum over α ∈ A on the RHS of (56) yields J (α,Pα) ≥ V(0,x0). We already verified that
F (σtQ

1/2DxV) attains the infimum at α⋆
t = −σtQ

1/2DxV , so choose u = α⋆. Then,[
⟨σQ1/2DxV(s,Xu

s ), us⟩+
1

2
∥us∥2

]
− F (σQ1/2DxV(s,Xu

s )) = 0. (58)

Thus, we get J (u,Pu) = V(t,x). Combining with (56), we conclude that (α⋆,Xα⋆

) is optimal for
(t,x) ∈ [0, T ]×H. This completes the proof.

B.3 Derivation of Divergence Between Path Measures

Here we present an infinite-dimensional generalization of Girsanov theorem [8, Theorem 10.14],
which plays a crucial role in estimating the divergence between two path.
Theorem B.6 (Generalized Girsanov). Let {ζt}0≤t≤T be aH0-valued predictable process such that

P

(∫ T

0

∥ζt∥2H0
dt <∞

)
= 1, E

[
exp

(∫ T

0

⟨ζt, dWQ
t ⟩H0

− 1

2

∫ T

0

∥ζt∥2H0
dt

)]
= 1. (59)

Then the process W̃Q
t = WQ

t −
∫ t

0
ζsds is a Q-Wiener process with respect to the filtration on the

probability space (Ω,F ,Q) where

dQ = exp

(∫ T

0

⟨ζt, dWQ
t ⟩H0

− 1

2

∫ T

0

∥ζt∥2H0
dt

)
dP. (60)

Or alternatively, by substituting WQ
t = W̃Q

t +
∫ t

0
ζsds to (65), we obtain

dQ = exp

(∫ T

0

⟨ζt, dW̃Q
t ⟩H0

+
1

2

∫ T

0

∥ζt∥2H0
dt

)
dP. (61)

Proof. Proof can be found in [8, Theorem 10.14]

Let us define ζt = Q1/2αt. For a Pα Q-Wiener process W̃Q
t , WQ

t = W̃Q
t +

∫ t

0
Q1/2αsds is a

Q-Wiener process on P because

dXt = AXtdt+ σtQ
1/2αtdt+ σtdW̃

Q
t (62)

= AXtdt+ σtQ
1/2αtdt+ σt

[
dWQ

t −Q1/2αtdt
]

(63)

= AXtdt+ σtdW
Q
t (64)
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Hence, we get

dPα = exp

(∫ T

0

⟨ζs, dW̃Q
t ⟩H0 +

1

2

∫ T

0

∥ζs∥2H0
dt

)
dP. (65)

Now, by change of measure in (6), we get the following relation:

dP⋆ =
1

Z̃
e−U(XT )−log qT (XT )dP (66)

=
1

Z̃
e−U(Xα

T )−log qT (Xα
T ) dP

dPα
dPα, (67)

where Z̃ = E
[

1
Z̃ e−U(XT )−log qT (XT )

]
is normalization constant. Combining (65) and (67) and take

logarthm on both sides, we get

log
dP⋆

dPα
= log

1

Z̃
e−U(Xα

T )−log qT (Xα
T ) + log

dP
dPα

(68)

= −U(Xα
T )− log qT (X

α
T )−

∫ T

0

⟨ζt, dW̃Q
t ⟩H0 −

1

2

∫ T

0

∥∥∥Q1/2αt

∥∥∥2
H0

dt− log Z̃. (69)

Since W̃Q
t is Pα Q-Wiener process, taking expecatation with respect to Pα on (69) we get

EPα

[
dPα

dP⋆

]
= EPα

[
1

2

∫ T

0

∥αt∥2H dt+ (U(Xα
T ) + log qT (X

α
T ))

]
+ log Z̃. (70)

Then, since Z̃ is constant, we get the desired KL-divergence minimization objective:

min
α

DKL(Pα|P⋆) = min
α

EPα

[
1

2

∫ T

0

∥αt∥2H dt+ (U(Xα
T ) + log qT (X

α
T ))

]
. (71)

B.4 Proof of Lemma 1

Lemma 1 (Finite Partition). Let U(x) ≥ β ∥x∥2H − C with β,C > 0. Then, for any Tr(Q) < ∞,
choosing ν = N (0, Q) in (1) results in a finite partition function Z <∞.

Proof. The Fernique’s integrability theorem [8, Theorem 2.7] states that for any centred Gaussian
measure ν = N (0, Q) with any Tr(Q) < ∞ on a separable Banach space B (in particular on H)
there exists r > 0 such that

∫
H er∥x∥

2
Hdν(x) < ∞. Because the energy satisfies quadratic lower

bound U(x) ≥ β ∥x∥2H − C, we obtain e−U(x) ≤ C̃e−β∥x∥2

, where C̃ = eC . Hence, we get:

Z =

∫
H
e−U(x)dν(x) ≤ C̃

∫
H
e−β∥x∥2

dν(x) ≤ C̃

∫
H
er∥x∥

2

dν(x) <∞, (72)

which confirms that the partition function Z is finite.

B.5 Proof of Theorem 2

Theorem 2 (Explicit RND). Suppose Assumption B.1 holds. Then, For any t > 0 and initial
condition x0 ∈ H, νx0

t = N (etAx0, Qt) and ν∞ = N (0, Q∞) are mutually absolutely continuous.
Moreover, for any x ∈ H, the RND qt(x0,x) :=

dνx0
t (x)

dν∞(x) is given by:

qt(x0,x) = C exp

[
− 1

2 ⟨Θ
−1
t mx0

t ,mx0
t ⟩∞ + ⟨Θ−1

t mx0
t ,x⟩∞ − 1

2 ⟨e
2tAΘ−1

t x,x⟩∞
]
, (5)

where we denote mx0
t := etAx0, Θt = 1−e2tA, C = det(Θt)

− 1
2 and ⟨u, v⟩∞ = ⟨Q

− 1
2∞ u,Q

− 1
2∞ v⟩H.
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Proof. From (32), we get the covariance idendity:

Qt =

∫ t

0

σ2
t−re

rAQerA
†
dr (73)

=

∫ t

0

σ2
∞erAQerA

†
dr +

∫ t

0

(σ2
t−r − σ2

∞)erAQerA
†
dr (74)

= Q∞ −
∫ ∞

t

erAQerA
†
dr +

∫ t

0

(σ2
t−r − σ2

∞)erAQerA
†
dr (75)

= Q∞ − etAQ∞etA
†
+

∫ t

0

(σ2
t−r − σ2

∞)erAQerA
†
dr. (76)

Since,
∫ t

0
(σ2

t−r − σ2
∞)erAQerA

†
dr → o(1) as we choose σt → σ∞, we get the relation:

Qt ≈ Q∞ − etAQ∞QtA†
= Q1/2

∞ ΘtQ
1/2
∞ . (77)

Hence, by applying [7, Proposition 1.3.11], for two centered Gaussians N (0, Qt) and N (0, Q∞),

qt(0,x) =
dN (0, Qt)

dN (0, Q∞)
(x) = det(Θ)−

1
2 exp

[
− 1

2 ⟨e
2tAΘ−1x,x⟩∞

]
. (78)

Now, for the shift from centered case to the general mean function etAx0, we utilize the Cameron-
Martin theorem [7, Theorem. 1.3.6]. It implies that:

dN (etAx0, Qt)

dN (0, Qt)
(x) = exp

[
⟨Q

− 1
2

t etAx0, Q
− 1

2
t x⟩H − 1

2 ⟨Q
− 1

2
t etAx0, Q

− 1
2

t etAx0⟩H
]

(79)

= exp

[
⟨Q

1
2∞Q−1

t etAx0, Q
− 1

2∞ x⟩H − 1
2 ⟨Q

1
2∞Q−1

t etAx0, Q
− 1

2∞ etAx0⟩H
]

(80)

(i)
= exp

[
⟨Θ−1Q

− 1
2∞ etAx0, Q

− 1
2∞ x⟩H − 1

2 ⟨Θ
−1Q

− 1
2∞ etAx0, Q

− 1
2∞ etAx0⟩H

]
(81)

= exp
[
⟨Θ−1mx0

t ,x⟩∞ − 1
2 ⟨Θ

−1mx0
t ,mx0

t ⟩∞
]
, (82)

where (i) follows from (77) such that Θ−1Q
−1/2
∞ = (Q

−1/2
t Q

1/2
∞ )†Q

−1/2
t = Q

1/2
∞ Q−1

t . Hence, by
chain-rule, we get the desired result:

qt(x0,x) :=
dN (etAx0, Qt)

dN (0, Qt)

dN (0, Qt)

dN (0, Q∞)
(x) (83)

= det(Θ)−
1
2 exp

[
− 1

2 ⟨Θ
−1mx0

t ,mx0
t ⟩∞ + ⟨Θ−1mx0

t ,x⟩∞ − 1
2 ⟨e

2tAΘ−1x,x⟩∞
]
(84)

It concludes the proof.

B.6 Proof of Proposition 4

Proposition 4 (Adjoint Matching inH). Consider the infinite-dimensional matching objective:

L(θ) =
∫ T

0
EPᾱ

[
1
2

∥∥αθ(Xᾱ
t , t) + σtQ

1/2Yᾱ
t

∥∥2
H

]
dt, ᾱ := stopgrad(αθ) (15)

dYᾱ
t = −A†Yᾱ

t dt+ Zᾱ
t dWQ

t , Yᾱ
T = Dxg(X

ᾱ
T ). (16)

Then, we get the critical point of L is optimal control α⋆ for the SOC problem in (8).

Proof. Let Xθ := Xαθ

be a controlled process with parametrized control policy αθ and ξt := ∂θX
θ
t

be the variation process of Xθ with respect to θ. Since diffusion coefficient σt is independent to θ, we
get the differential equation for the variation process by differentiate (7) with respect to θ as follows:

dξt = Aξtdt+ σtQ
1/2
(
Dxα

θ(Xθ
t , t)ξt + ∂θα

θ(Xθ
t , t)

)
dt, ξt = 0. (85)
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Now, let us define the cost functional with Pθ := Pαθ

:

J (αθ,Pθ) = EPθ

[∫ T

0

1

2

∥∥αθ(t,Xθ
t )
∥∥2
H dt+ g(Xθ

T )

]
. (86)

Then, differentiating cost functional (86) with respect to θ is given by,

d
dθJ (α

θ,Pθ) = EPθ

[∫ T

0

⟨αθ(Xθ
t , t), Dxα

θ(Xθ
t , t)ξt + ∂θα

θ(Xθ
t , t)⟩Hdt+ ⟨Dxg(X

θ
T ), ξT ⟩H

]
.

(87)

Next, by applying the Lemma B.4 to ⟨Yθ
t , ξt⟩H,we obtain:

d⟨Yθ
t , ξt⟩H = ⟨dYθ

t , ξt⟩H + ⟨Yθ
t , dξt⟩H (88)

(i)
= ⟨−A†Yθ

t , ξt⟩Hdt+ ⟨Zθ
tdW

Q
t , ξt⟩H (89)

+ ⟨Yθ
t ,Aξt + σtQ

1/2
(
Dxα

θ(Xθ
t , t)ξt + ∂θα

θ(Xθ
t , t)

)
⟩H (90)

(ii)
= ⟨Yθ

t , σtQ
1/2
(
Dxα

θ(Xθ
t , t)ξt + ∂θα

θ(Xθ
t , t)

)
⟩Hdt+ ⟨Zθ

tdW
Q
t , ξt⟩H (91)

where (i) follows since the quadratic covariation [ξ,Yθ]t canceled out because ξ has no martingale
term, and (ii) follows from the adjointness of A and Q1/2 such that i.e., ⟨A†u, v⟩H = ⟨u,Av⟩H.
Since ξ0 = 0 and Yθ

T = Dxg(X
θ
T ), by integrating (88) and takes expectation, we obtain:

EPθ

[
⟨Dxg(X

θ
T ), ξT ⟩

]
= EPθ

[∫ T

0

d⟨Yθ
t , ξt⟩H

]
(92)

= EPθ

[∫ T

0

⟨Yθ
t , σtQ

1/2
(
Dxα

θ(Xθ
t , t)ξt + ∂θα

θ(Xθ
t , t)

)
⟩Hdt

]
. (93)

Finally, substituting (92) into (87), we get:

d
dθJ (α

θ,Pθ)
(i)
= EPθ

[∫ T

0

⟨αθ(Xθ
t , t) + σtQ

1/2Yθ
t , Dxα

θ(Xθ
t , t)ξt + ∂θα

θ(Xθ
t , t)⟩Hdt

]
, (94)

where (i) follows from the adjointness of Q1/2 and scalar σt. Since ᾱ = stopgrad(αθ) only blocks
the gradient, ᾱ(t,x) = αθ(t,x) in pointwise manner. Hence, the forward law satisfies Pθ = Pᾱ.
Therefore, from (94), we can define

d
dθJ (α

θ,Pᾱ)
(i)
= EPᾱ

[∫ T

0

⟨αθ(Xᾱ
t , t) + σtQ

1/2Yᾱ
t , ∂θα

θ(Xᾱ
t , t)⟩Hdt

]
(95)

= EPᾱ

[∫ T

0

⟨αθ(Xᾱ
t , t), ∂θα

θ(Xᾱ
t , t)⟩H + ⟨σtQ

1/2Yᾱ
t , ∂θα

θ(Xᾱ
t , t)⟩Hdt

]
(96)

= EPᾱ

[∫ T

0

1
2∂θ

∥∥∥αθ(Xᾱ
t , t) + σtQ

1/2Yᾱ
t

∥∥∥2
H

dt

]
(97)

(ii)
= ∂θ

∫ T

0

EPᾱ

[
1
2

∥∥∥αθ(Xᾱ
t , t) + σtQ

1/2Yᾱ
t

∥∥∥2
H

]
dt (98)

= d
dθL(θ), (99)

where (i) follows by substituting Pᾱ into (94) while Dxα
θξt disappears due to stopgrad operation

blocks the gradient through Xᾱ
t in (85) (i.e., ξt = 0) and (ii) follows from dominate convergence.

Therefore, from the SMP stationarity:

αθ(Xθ
t , t) + σtQ

1/2Yθ
t = αθ(Xᾱ

t , t) + σtQ
1/2Yᾱ

t = 0, t ∈ [0, T ], (100)

we obtain d
dθJ (α

θ,Pθ) = d
dθL(θ) = 0. This implies that the SOC objective in (8) and matching

objective in (15) share the same critical points.
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Now, let us verify that the critical point αθ(Xᾱ
t , t) = −σtQ

1/2Yᾱ
t in (100) is optimal control α⋆ for

the SOC problem in (8). To do so, let us assume that there exists V be a solution of HJB equation (49)
satisfying Assumption B.3. Then, by applying Itô formula, we have:

dV(t,Xθ
t ) =

[
∂tVt + ⟨AXθ

t , DxVt⟩H (101)

+ 1
2Tr(σ2

tQDxxVt) + ⟨σtQ
1/2αθ

t , DxVt⟩H
]
dt+ ⟨DxV, σtdW

Q
t ⟩H (102)

(i)
=
[
⟨αθ

t , σtQ
1/2DxVt⟩H − F (σtQ

1/2DxVt)
]
dt+ ⟨DxV, σtdW

Q
t ⟩H, (103)

where (i) follows from the definition of HJB equation (49) and we define F (σtQ
1/2DxVt) :=

infα∈A

[
⟨αt, σtQ

1/2DxVt⟩H + 1
2 ∥αt∥2H

]
. Now, define Yθ

t := DxVt and Zθ
t := DxxZt and apply

the Itô formula, then we get

dYθ
t =

[
∂tDxVt + ⟨AXθ

t , DxxVt⟩H (104)

+ 1
2Tr(σtQDxx(DxVt)) + ⟨σtQ

1/2αθ
t , DxxVt⟩H

]
+ σtZ

θ
tdW

Q
t . (105)

Here, by differentiate the HJB in (49) with respect to x, we get:

∂tDxVt +A†DxV + ⟨AXθ
t , DxxVt⟩H (106)

+ 1
2Tr(σ2

tQDxx(DxVt)) +DxxVtσtQ
1/2DxF (σtQ

1/2DxV) = 0. (107)

Now, by substituting (106) into (104), we get the following:

dYθ
t =

[
−A†Yt + ⟨σtQ

1/2αθ
t − σtQ

1/2DxF (σtQ
1/2Yθ

t ), DxxV⟩
]

dt+ σtZ
θ
tdW

Q
t (108)

(i)
=
[
−A†Yθ

t + ⟨σtQ
1/2αθ

t + σ2
tQYθ

t , DxxV⟩
]

dt+ σtZ
θ
tdW

Q
t (109)

(ii)
= −A†Yθ

t dt+ σtZ
θ
tdW

Q
t , (110)

where (i) follows from F (σtQ
1/2Yθ

t ) = − 1
2

∥∥σtQ
1/2Yθ

t

∥∥2
H by definition of F and (ii) follows

from αθ
t = −σtQ

1/2Yθ
t . Since the stopgrad operation does not affect any step in the derivation,

therefore, if Yθ
t = DxV(t,Xθ

t ), then Yθ
t is the solution of (16) and the critical point in (100) satisfies

αθ
t = −σtQ

1/2Yᾱ
t = −σtQ

1/2DxVt. (111)

Hence, by Lemma B.5, this control satisfies the HJB and is optimal, hence αθ = α⋆. Conversely,
if we assume that the critical point αθ

t = −σtQ
1/2Yᾱ

t is optimal where Yᾱ
t is the solution of (16),

then the same verification immediately yields Yᾱ
t = DxV(t,Xᾱ

t ). This shows that the critical point
in (100) is the optimal control α⋆ for the SOC problem in (8). This completes the proof.

Sufficient Condition Indeed, in the special case i.e., when g is convex, the converse becomes
a sufficient condition. One may ask whether solving the adjoint equation and minimizing the
Hamiltonian ensures optimality. In general, SOC sampling needs non convex g, so this condition
often fails. We therefore do not apply it in our study. Instead, we formulate and prove a sufficient
optimality condition tailored to specific SOC problem in (8).

Proposition B.7 (Stochastic Maximum Principle). Assume the terminal cost g is convex. Let us fix
an admissible control ᾱ ∈ A and consider the corresponding infinite dimensional coupled FBSDEs:

dXᾱ
t =

[
AXᾱ

t + σtQ
1/2ᾱt

]
dt+ σtdW

Q
t , Xᾱ

0 = x0, (112)

dYᾱ
t = −

[
A†Yᾱ

t +DxH(t,Xᾱ
t , ᾱt,Y

ᾱ
t ,Z

ᾱ
t )
]

dt+ Zᾱ
t dWQ

t , Yᾱ
T = Dxg(X

ᾱ
T ). (113)

Then, under the state variables is fixed (Xᾱ
t ,Y

ᾱ
t ,Z

ᾱ
t ) for a choosen control ᾱ, if following holds:

H(t,Xᾱ
t , α

⋆
t ,Y

ᾱ
t ,Z

ᾱ
t ) = min

α∈A
H(t,Xᾱ

t , α,Y
ᾱ
t ,Z

ᾱ
t ), ∀t ∈ [0, T ], (114)

the resulting sequence of controls {α⋆
t }t∈[0,T ] is the optimal control α⋆ for a given SOC problem (8).
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Proof. We adapt the proof of the sufficient condition in [4, Theorem 4.14] into our infinite-
dimensional control problem. Fix β ∈ U be a admissible control, let us write X⋆

t := Xα⋆

t and
define ∆Xt := Xβ

t −X⋆
t . By convexity of g, we get

g(Xβ
T )− g(X⋆

T ) ≥ ⟨Dxg(X
β
T ),X

β
T −X⋆

T ⟩H = ⟨Y⋆
T ,∆XT ⟩H. (115)

Now, apply the Hilbert space product rule B.4 to ⟨Y⋆
T ,∆XT ⟩H. Then, by using the dynamics of Xβ

and X⋆ and the adjoint equation for Y⋆, we get:

E [⟨Y⋆
T ,∆XT ⟩H] = E

∫ T

0

⟨−A†Y⋆
t −DxH(t,X⋆

t , α
⋆,Y⋆

t ,Z
⋆
t ,∆Xt⟩Hdt (116)

+ E
∫ T

0

⟨Y⋆
t ,A∆Xt + σtQ

1/2βt − σtQ
1/2α⋆

t ⟩Hdt (117)

(i)
= −E

∫ T

0

⟨DxH(t,X⋆
t , α

⋆,Y⋆
t ,Z

⋆
t ,∆Xt⟩Hdt (118)

+ E
∫ T

0

⟨Y⋆
t , σtQ

1/2βt − σtQ
1/2α⋆

t ⟩Hdt, (119)

where (i) follows from the adjointness of A. On the other hand, using the definition of J in (86):

J (β)− J (α⋆) = E

[∫ T

0

(
1
2 ∥βt∥2H −

1
2 ∥α

⋆
t ∥

2
H

)
dt+ g(Xβ

T )− g(X⋆
T )

]
(120)

≥ E

[∫ T

0

(
1
2 ∥βt∥2H −

1
2 ∥α

⋆
t ∥

2
H

)
+ ⟨Y⋆

t , σtQ
1/2βt − σtQ

1/2α⋆
t ⟩Hdt

]
(121)

− E
∫ T

0

⟨DxH(t,X⋆
t , α

⋆,Y⋆
t ,Z

⋆
t ,∆Xt⟩Hdt (122)

(i)
= E

∫ T

0

[
H(t,Xβ

t , βt,Y
⋆
t ,Z

⋆
t )−H(t,X⋆

t , α
⋆,Y⋆

t ,Z
⋆
t )− ⟨DxH(t,X⋆

t , α
⋆,Y⋆

t ,Z
⋆
t ,∆Xt⟩H

]
dt,

(123)

where (i) follows by the definition of Hamiltonian (13). By convexity ofH with respect to (x, α),

H(t,Xβ
t , βt,Y

⋆
t ,Z

⋆
t ) ≥ H(t,X⋆

t , α
⋆,Y⋆

t ,Z
⋆
t ) (124)

+ ⟨DxH(t,X⋆
t , α

⋆,Y⋆
t ,Z

⋆
t ,∆Xt⟩H + ⟨DαH(t,X⋆

t , α
⋆,Y⋆

t ,Z
⋆
t , βt − α⋆

t ⟩H.
(125)

Then, the point-wise minimality of α⋆ implies that ⟨DαH(t,X⋆
t , α

⋆,Y⋆
t ,Z

⋆
t , βt−α⋆

t ⟩H ≥ 0 for any
admissible control β. Therefore, it implies that J (β) ≥ J (α⋆) because of (114). Finally, since we
choose β arbitrary, resulting α⋆ is optimal control for all t ∈ [0, T ]. This concludes the proof.

B.7 Proof of Proposition 5

Proposition 5 (Unbiased Estimator). Let us define the sample-wise adjoint matching objective with
conditional expectation Ỹᾱ

t := EPᾱ [Yᾱ
t |Xᾱ

t ] for any sample trajectory Xᾱ
t ∼ Pᾱ:

L̃(θ) :=
∫ T

0
1
2 ||α

θ(Xᾱ
t , t) + σtQ

1/2Ỹᾱ
t ||2Hdt (17)

Then, we get unbiased gradient estimator d
dθEPᾱ [L̃(θ)] = d

dθL(θ) with same critical point.
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Proof. Under the stopgrad operation, the forward law Pᾱ does not depend on θ. By the dominated
convergence theorem we pass the derivative through the expectation and the integral:

d
dθEPᾱ

[
L̃(θ)

]
= EPᾱ

[
d

dθ

∫ T

0

1
2 ||α

θ(Xᾱ
t , t) + σtQ

1/2Ỹᾱ
t ||2Hdt

]
(126)

= EPᾱ

[∫ T

0

⟨αθ(Xᾱ
t , t) + σtQ

1/2Ỹᾱ
t , ∂θα

θ(Xᾱ
t , t)⟩Hdt

]
(127)

=

∫ T

0

[
EPᾱ

[
⟨αθ(Xᾱ

t , t), ∂θα
θ(Xᾱ

t , t)⟩H
]
+ EPᾱ

[
⟨σtQ

1/2Ỹᾱ
t , ∂θα

θ(Xᾱ
t , t)⟩H

]]
dt (128)

=

∫ T

0

[
EPᾱ

[
⟨αθ(Xᾱ

t , t), ∂θα
θ(Xᾱ

t , t)⟩H
]
+ EPᾱ

[
⟨σtQ

1/2EPᾱ

[
Yᾱ

t |Xᾱ
t

]
, ∂θα

θ(Xᾱ
t , t)⟩H

]]
dt

(129)

(i)
=

∫ T

0

[
EPᾱ

[
⟨αθ(Xᾱ

t , t), ∂θα
θ(Xᾱ

t , t)⟩H
]
+ EPᾱ

[
⟨σtQ

1/2Yᾱ
t , ∂θα

θ(Xᾱ
t , t)⟩H

]]
dt (130)

= EPᾱ

[∫ T

0

⟨αθ(Xᾱ
t , t) + σtQ

1/2Yᾱ
t , ∂θα

θ(Xᾱ
t , t)⟩Hdt

]
(131)

(ii)
= d

dθL(θ), (132)

(133)

where (i) follows from the tower property and (ii) follows from (95). Hence, we get d
dθEPᾱ

[
L̃(θ)

]
=

d
dθL(θ) = 0 at αθ(Xᾱ

t , t) = −σtQ
1/2Yᾱ

t . It shows that the critical point remains unchanged to
d

dθL(θ). It concludes the proof.

B.8 Endpoint Disintegration

From (6), let us denote X := {Xt}t∈[0,T ] ∈ Ω and define the IS as follows:

w(X) = e−U(XT )−log qT (x0,XT ). (134)

Then, the RND for P⋆ with respect to reference measure P is given by:

dP⋆

dP
(X) =

w(X)

EP[w(X)]
. (135)

Then, for any bounded functional F : Ω→ R, we have the expectation:

EP⋆ [F (X⋆)] =
EP[F (X)w(X)]

EP[w(X)]
. (136)

Since terminal law of P admits the density qT with respect to ν∞ based on Theorem 2, we can
disintegrate P with respect to XT to obtain:

EP[F (X)w(x)] =

∫
H

(∫
H
F (X)P·|T (dX|XT = y)

)
e−U(y)−log qT (x0,xT )qT (x0,y)dν∞(y)

(137)

=

∫
H

(∫
H
F (X)P·|T (dX|XT = y)

)
e−U(y)dν∞(y) (138)

(i)
=

∫
H

(∫
H
F (X)P·|T (dX|XT = y)

)
EP [w(X)] dπ(y), (139)

where (i) follows from the definition of target distribution π in (1). Hence, we obtain that

EP⋆ [F (X⋆)] =

∫ (∫
F (X)P·|T (dX|XT = y)

)
π(dy) (140)

= EP·|T P⋆
T
[F (X)] . (141)
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C Numerical Computation

C.1 Enforcing Boundary Condition

To properly define a transition path between two metastable states, say A and B, we must fix these
states as the boundary conditions for a desired path. Our method achieves this by decomposing the
path Xt into two parts: a fixed reference path x0 and a fluctuating residual path Rt. Then, the total
path is given by Xt = x0 + Rt, where x0 lifting the residual path (boundary values are zero) to
the path that have desired boundary values. The reference path x0 provides the direct connection
from A to B, while the residual path Rt is forced to be zero at the boundaries. This construction
guarantees that the full path Xt always begins at A and ends at B. We define the lifting x0 ∈ H0 as
a continuous function from a coordinate u ∈ [0, L] to the configuration space:

x0[u] = c0(u)A+ c1(u)B, (142)

where c0(0) = 1, c1(0) = 0, c0(L) = 0 and c1(L) = 1 ensuring x0[0] = A and x0[L] = B.

Dirichlet Space Now, consider the Dirichlet eigen-basis ϕ(k)[u] = ( 2
L )

1/2 sin
(
πku
L

)
for all k ∈ N

and defineH = L2([0, L]) andH0 = span{ϕ(k)}, which has zero boundary andH0 ⊂ H. Then, we
define theH0-valued residual process Rt on the Dirichlet spaceH0 as follows:

dRt =
[
ARt + σtQ

1/2α(t,x0 +Rt)
]

dt+ σtQ
1/2dWt, R0 = 0, (143)

where A be a generator with homogeneous Dirichlet domain on [0, L] and Q1/2 : U → H0 is
Hilbert-Schmidt with noise schedule σt. Hence, we get

σtQ
1/2α(t,Xt) ∈ H0, σtQ

1/2dWt ∈ H0. (144)

Then, since the spaceH0 is spanned by the Dirichlet eigen-basis, it implies that(
σtQ

1/2u(t,Xt)
)
[0] =

(
σtQ

1/2u(t,Xt)
)
[L] = 0,

(
σtQ

1/2dWt

)
[0] =

(
σtQ

1/2dWt

)
[L] = 0.

(145)

In other words, by expanding Rt =
∑

k≥1 R
(k)
t ϕ(k) results that the residual process Rt is guaranteed

to be Rt[0] = 0 and Rt[L] = 0 for any t ∈ [0, T ] since ϕ(k)[0] = 0 and ϕ(k)[L] = 0 for any k ∈ N.
Consequently, since Xt = x0 +Rt, we can deduce the followingH-valued SDE:

dXt =
[
A(Xt − x0) + σtQ

1/2α(t,Xt)
]

dt+ σtQ
1/2dWt, Xt = x0. (146)

To enable this construction, we choose A and Q1/2 so that the operators satisfy Assumption B.1 for
well-posedness and closed-form formulas used in FAS. We set A = ∆ with the Laplacian operator
∆ on L2(Dom) with Dirichlet boundary, where Dom is bounded and C∞. Then −A is positive
self-adjoint. We set Q = (−A)−s with s > d

2 . We verify Assumption B.1 as follows.

• (A) Trace-class Let {ϕ(k)}k≥1 be an eigen-basis with Aϕ(k) = −λ(k)ϕ(k). Then, we have

Qx =
∑
k≥1

(λ(k))−sx(k)ϕ(k). (147)

Hence the eigenvalues of Q are (λ(k))−s and it implies that Tr(Q) =
∑

k≥1(λ
(k))−s. By the Weyl

law λ(k) ≍ k
2
d on a bounded C∞ domain in Rd, therefore Tr(Q) <∞ if s > d

2 .
• (B) Self-adjoint Since Laplacian ∆ is self-adjoint, we get adjointness of A directly, and for Q:

Q† = ((−A)−s)† = ((−A)−s) = Q (148)

• (C) Dissipative Since 0 < λ1 < λ2, · · · < λk < · · · for k ∈ N, we obtain:

⟨Ax,x⟩H = −
∑
k≥1

λ(k)
∥∥∥⟨x, ϕ(k)⟩H

∥∥∥2 ≤ −λ(1)
∑
k≥1

∥∥∥⟨x, ϕ(k)⟩H
∥∥∥2 = −λ(1) ∥x∥2H . (149)
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• (D) Commute For any x ∈ H, we get:

AQx = A

∑
k≥1

(λ(k))−sx(k)ϕ(k)

 =
∑
k≥1

(λ(k))−sx(k)(Aϕ(k)) (150)

=
∑
k≥1

(λ(k))−sx(k)(−λ(k)ϕ(k)) = −
∑
k≥1

(λ(k))1−sx(k)ϕ(k) (151)

and

QAx = −Q

∑
k≥1

λ(k)x(k)ϕ(k)

 = −
∑
k≥1

λ(k)x(k)(Qϕ(k)) (152)

=
∑
k≥1

λ(k)x(k)((λ(k))−sϕ(k)) = −
∑
k≥1

(λ(k))1−sx(k)ϕ(k). (153)

Therefore, we get AQ1/2x = Q1/2Ax. It implies that A and Q1/2 are commute.

Moreover, with this choice, we can effectively calculate the RND in Theorem 2 as follows:

log qt(x0,x) = −
1

2

∑
k≥1

(q(k))
− 1

2∞

e2tλk − 1

[∥∥∥x(k)
0

∥∥∥2 − 2etλk⟨x(k)
0 ,x(k)⟩+

∥∥∥x(k)
∥∥∥2] , (154)

where q
(k)
∞ is diagonal component of Q∞ in (3) such that Q∞ϕ(k) = q

(k)
∞ ϕ(k). From (36), we get

Q∞ = − 1
2σ

2
∞A−1Q, therefore we get q(k)∞ = 1

2σ
2
∞(λ(k))(1+s).

C.2 Finite Approximation

Numerical Simulation For Dirichlet boundary condition, we set ϕk[u] = ( 2
L )

1
2 sin

(
πku
L

)
for all

k ∈ N with λk = (πKL )2. Hence, we can express Rt as an infinite-system of real-valued SDEs:

dR(k)
t =

[
−λ(k)R

(k)
t + σt⟨α(t,x0 +Rt), (Q

1/2)†ϕ(k)⟩
]

dt+ σt(λ
(k))−

s
2 dβ(k)

t , R
(k)
t = 0,

(155)

=
[
−λ(k)R

(k)
t + σt(λ

(k))−
s
2 ⟨α(t,Xt), ϕ

(k)⟩
]

dt+ σt(λ
(k))−

s
2 dβ(k)

t (156)

where {β(k
t }k≥1 are standard Wiener processes. Note that, to compute (Q1/2)†ϕ(k), we choose

U = H, means Wt =
∑

k≥1 ϕkβ
(k)
t . Even though Wt is not an H-valued random variable, it is a

cylindrical process indexed byH, applying Hilbert-Schmidt Q1/2 before stochastic integral yields
the resulting process remain square integrable.

If we treat the finite path evaluations as samples on a uniform grid [0, L], we project onto the sine basis
with the discrete sine transform (DST). Since a finite-resolution path has a natural cutoff frequency
K as a number of evaluation points, projection to and from the sine basis is exact. Concretely,
approximate the Laplacian by ∆ ≜ EDE⊤, where E⊤ is the DST projection so that R̃t = E⊤Rt

and D is a diagonal matrix containing the eigen values λ(k). Hence, stochastic evolution in (143) is
described by the finite-dimensional model (configuration to spectral space):

dR̃t =
[
−DR̃t + σtD

− s
2E⊤α(t,Xt)

]
dt+ σtD

− s
2 dW̃t. (157)

The simulation algorithm for FAS is provided in detail in Algorithm 1.

Bridge Sampling Because the solution of the reference process in (2) defines an Ornstein-
Uhlenbeck semigroup with Gaussian marginals for all times, the conditional law at time t given time
T is:

Pt|T (Xt|xT ) = N (mt|T , Qt|T ), (158)
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where the conditional mean function and covariance operator is given by:

mt|T = x0 +Qt|TQ
−1
T (xT − x0), Qt|T = QT −Qt|TQ

−1
T QT |t (159)

Qt =

∫ t

0

e(t−s)Aσ2
sQe(t−s)A†

ds, (160)

Qt|T =

∫ t

0

e(t−s)Aσ2
sQe(T−s)A†

ds = Qte
(T−t)A†

, QT |t = (Qt|T )
†. (161)

Moreover, the coordinate process X(k)
t = ⟨Xt, ϕ

(k)⟩ of the Ornstein-Uhlenbeck semigroup in (2) is
also Gaussian and the coordinates are independent. Therefore we can compute coordinate-wise:

Pt|T (X
(k)
t |x

(k)
T ) = N (m

(k)
t|T , q

(k)
t|T ) (162)

where we denote q
(k)
t = ⟨Qt, ϕ

(k)⟩ for any t ∈ [0, T ] and

m
(k)
t|T = x

(k)
0 +

q
(k)
t

q
(k)
∞

e−(T−t)λ(k)

(x
(k)
T − x

(k)
0 ), (163)

q
(k)
t|T = q

(k)
t − (q

(k)
t )2

q
(k)
∞

e−2(T−t)λ(k)

(164)

q
(k)
t =

∫ t

0

σ2
se

−2(t−s)λ(k)

(λ(k))−sds, ∀t ∈ [0, T ]. (165)

Noise Schedule σt The closed-form simulation may be infeasible because computing q
(k)
t in (165)

requires numerical integration for arbitrary noise schedule σt. In this case, the two noise schedules
studied for adjoint sampling in [16, 19] can be adapted to our setting.

• The constant noise schedule sets σ(t) := σ. Then, we can can compute the integral in (165):

Q
(k)
t = (λ(k))−s (1− e−2tλk)

2λk
. (166)

• The geometric noise schedule [21, 17] decreases monotonically by predefined βmin and βmax:

σt =

βmin

(
βmax
βmin

)T−t√
2 log βmax

βmin
, t < T

βmin

√
2 log βmax

βmin
, t ≥ T.

(167)

Because choosing the noise schedule σt = βeαt gives a closed-form for the integral in (165),
we rearrange it as follows:

σt = βmin

(
βmax
βmin

)T−t√
2 log βmax

βmin
= βmin(

βmax
βmin

)T
√

2 log βmax
βmin

e
− log

(
βmax
βmin

)
t
. (168)

Therefore, we get β = βmin(
βmax
βmin

)T
√
2 log βmax

βmin
, α = − log

(
βmax
βmin

)
. This choice yields that:

q
(k)
t = β2(λ(k))−s e

2αt − e−2λkt

2(α+ λk)
(169)

Replay buffer B Following previous diffusion samplers [16, 19, 5], we maintain a replay buffer B
for the computation of the objective in (19). In this case, the expectation under Pα is approximated
by an average over B, which holds the most recent |B| samples. We refresh the buffer B by inserting
N new samples after every L gradient steps.

Parametrization fo control network We parameterize the control αθ with a neural operator to pre-
serve its functional form. Following [19], we parametrize the control as αθ(t,x) := σtQ

1/2uθ(t,x),
which absorbs the noise schedule into the control and removes its explicit appearance from the match-
ing objective in (19), yielding more stable training. For MB potential, we take uθ to be a Fourier
Neural Operator (FNO) [18] with 6 layers, 16 Fourier modes, and width 64. We also condition on the
time t and the grid coordinate U by providing Fourier-feature embeddings of both to u(t,x;U).

Clipping αmax We clip the energy gradient so its maximum norm does not exceed αmax

Time scaling λt As standard in AM, we apply a time scaling λt =
1
σ2
t

to improve numerical stability.
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Algorithm 1 FAS Sampling with path lifting
Require: Initial condition x0, linear operator A, trace-class operator Q, control α, discrete and

inverse sine transforms DST, iDST, set evaluation points U = {ui}Ki=1.
1: Set initial condition Xα

0 = x0 and Rα
0 = 0

2: for time t in range [0, T ] do
3: Estimate control αt = α(Xα

t , t)
4: Sample Gaussian noise ε ∼ N (0, IK)

5: Project state, control {R̃(k)
t }k∈U = DST(Rα

t ), {α̃
(k)
t }k∈U = DST(αt)

6: for k = 1, · · · , |U| do in parallel
7: R̃

(k)
t+δt

=
[
−λ(k)R̃

(k)
t + σt(λ

(k))−
s
2 α̃

(k)
t

]
δt + σt(λ

(k))−
s
2 ε
√
δt

8: end for
9: Get residual Rα

t+δt
= iDST({R̃(k)

t+δt
}k∈U)

10: Update Rα
t = Rα

t+δt
11: Get path Xα

t = x0 +Rα
t

12: end for
13: return Xα

T ∼ Pα
T

Algorithm 2 Function Space Adjoint Sampler (FAS)
Require: Initial condition x0, terminal cost g(x), control network αθ(x, t), replay buffer B, total

epoch M , resample sizes N , gradient steps L, time scaling λt, maximum energy norm αmax.
1: for epoch m in 1, 2, . . . ,M do
2: Sample N paths Xᾱm

T from Algorithm 1 with ᾱm = stopgrad(αθm
θ )

3: Compute adjoint Yᾱm

T = clip
(
∇g(Xᾱm

T ), αmax
)

4: Update buffer B ← B ∪ (Xᾱm

T ,Yᾱm

T )
5: for step in 1, 2, . . . , L do
6: Sample t ∼ U [0, T ], (XT ,YT ) ∼ B and Xt ∼ Pt|T (·|XT )
7: Compute the training objective:

LFAS(θ) = Et,(XT ,YT ),Xt

[
λt

∥∥∥αθs(Xt, t) + σtQ
1/2e−(T−t)A†

YT

∥∥∥2
H

]
8: Update θl+1

m with∇θLFAS(θlm).
9: end for

10: end for
11: return Approximated optimal control α⋆ ≈ αθM

Algorithms The overall algorithm of the implementation of FAS is summarized in the Algorithm 2.

D Experimental Details

D.1 Müller Brown Potential

The Müller–Brown potential V : R2 → R used in our experiments is given by

V (x, y) = −200 · exp(−(x1 − 1)2 − 10y2)− 100 · exp(−x2 − 10 · (y − 0.5)2) (170)

− 170 · exp(−6.5 · (x+ 0.5)2 + 11 · (x+ 0.5) · (y − 1.5)− 6.5 · (y − 1.5)2) (171)

+ 15 · exp(0.7 · (x+ 1)2 + 0.6 · (x+ 1) · (y − 1) + 0.7 · (y − 1)2). (172)

D.2 Baselines

For DL [13], we run their official codes using the default settings from their implementation.
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D.3 Evaluation Metrics

Target hit percentage (THP): THP is the indicator-based success rate of trajectories reaching the
target metastable state B. Given endpoints {X(i)

T }Ni=1 from N paths, we define THP as:

THP = 100×
|{i : X(i)

T ∈ B}|
N

, where B = {X|X−B < ϵ}. (173)

We set ϵ = 0.1 in this experiments.

Max-Energy: We measures how well the method find probable transition states when crossing the
energy barrier. Formally, given a transition path X of length L that reaches B, we define

Max-Energy(X) = max
u∈[0,L]

V (X[u]) (174)

Log-Likelihood: To sample trajectories under fixed boundary conditions, we target the
transition-path distribution [10]. Given an initial configuration X[0] ∼ πA and a discrete
MD/overdamped–Langevin evolution for L steps, a path X = X[0], . . . ,X[L] has probability:

π(X) = π0(A) ·
N−1∏
i=0

K(X[ti+1]|X[ti])πB(X[L]), (175)

where the one-step kernel (Euler–Maruyama discretization) is

K(x,y) = N (x|y − 1
γM∇xV (y)dt, 2

γ kBTdt). (176)

The most probable path maximizes log π(X) under V while connecting the metastable basins. We
therefore use U(X) = − log π(X) as the potential in the target cost functional (86). For evaluation
across different lengths, we report the length-normalized log-likelihood

log π(X) = log π0(X[0]) + 1
N

N−1∑
i=0

K(X[ti+1]|X[ti]) + log πB(X[L]). (177)
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